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1 Introduction

We consider the controlled stochastic system governed by the nonlinear Schro-
dinger equation

idX (t,€) = AX(t,g)dtJr)\\X(t,g)]a‘lX(t,f)dt—z’u(g)X(t,f)dt
+Vo()X tSdtJrZu] X(t,§)dt

+iX(t7§)dW(ta§)7 € (0,7), £ e R,
X(0) = z in R%

Here A = +1, a > 1, V; € Whe(RY), 0 < j < m, are real valued functions,
W is the Wiener process,

N
€)= e (&)B;(t), t >0, £ €RY, (1.2)
j=1

and
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ur(t), .o, um(t)) € R™, € (0,7),

N
D lwilPel(€),E eRY, d>1,

J=1

DO | —

with y; purely imaginary numbers (i.e. Repu; = 0), e;(§) real-valued functions
and (; independent real Brownian motions on a probability space (€2, F,P)
with natural filtration (F;);>0, 1 < j < N. For simplicity, we assume N < oo,
but the arguments in this paper easily extend to the case where N = oo.

The physical significance of (1.1) is well known. X = X(¢,&,w), € € R4,
t >0, w e, represents the quantum state at time ¢, while the stochastic
perturbation X dWW represents a stochastic continuous measurement via the
pointwise quantum observables R;(X) = p;e; X. The functin V4 describes
an external potential.

In the conservative case considered in this paper (i.e. Reu; = 0, 1 <
j < N), —ipXdt +iXdW is indeed the Stratonovitch differential. It follows
by Itd’s formula that | X (¢)|3 = |z|3, V& > 0. Hence, normalizing the initial
state |x|s = 1, we have | X (t)|s = 1, Vt € [0,T7], and so, the quantum system
evolves on the unit ball of L? and verifies the conservation of probability. See
e.g. [8,9].



We also mention that, for the general case when p; are complex numbers,
one of the main feature is that the mean norm square | X (¢)|3, ¢t € [0, 7], is a
continuous martingale. This fact enables one to define the “physical” prob-
ability law and implies the conservation of E|X ()3, t € [0,T], which plays
an important role in the application to open quantum systems. See, e.g., [4]
for more details. See also [1, 2] for global well-posedness with exponents of
the nonlinearity in the optimal subcritical range.

As regards the real valued input control u, in most situations it represents
an external applied force due to the interaction of the quantum system with
an electric field or a laser pulse applied to a quantum system.

Here, motivated by the optimal control of quantum mechanical systems
(cf. e.g. [24], [29]), we shall study an optimal control problem associated
with the control system (1.1) which, in a few words, can be described as
follows (see Problem (P) below): find an input control u that steers in time
T the state X as close as possible of a target state X; and a given trajectory
Xy, and with a reasonable minimum energy. Roughly speaking, this means
to find the quantum mechanical potential v from observation of the quantum
state X (T") at the end of time interval [0, 7.

It should be mentioned that, there is an extensive literature on the deter-
ministic bilinear control equation (1.1) mainly concerned with exact control-
lability in time T" of Schrodinger equations or with the optimal control prob-
lem (see, for instance, [5], [6], [7], [16], [18], [19], [23], [24], [29]). However,
there are very few results on optimal control problems governed by nonlinear
Schrodinger equations (i.e. a > 1) and, to the best of our knowledge, none
for stochastic control systems (1.1) with linear multiplicative noise. In the
latter case, the existence of an optimal control is largely an open problem,
since the cost functional is not simultaneously lower semicontinuous and co-
ercive in the basic control space. It is also very interesting to consider the
control in the diffusion coefficient (see e.g. [30]). In this paper, motivated
by the quantum control problem mentioned above, we will focus on the case
where the control acts in the potential of the quantum mechanical system.

The approach we used here is based on Skorohod’s representation theorem
and Ekeland’s variational principle, and this is one of the main novelties of
this work. The approach is also based on an existence result of the linearized
backward dual stochastic equation, which is also new in the literature and
uses sharp stochastic estimates for linear Schrodinger equations with time
dependent coefficients (see [1, 2]). As a matter of fact, a great effort of this
work is dedicated to this issue.



2 Formulation of problem and the main re-
sults

To begin with, we recall the definition of a strong solution to equation (1.1)
(see [1], [2]).

Definition 2.1. Let x € L? (resp. H'), 0 < T < oo. Let a satisfy 1 < a <
143 (resp. 1<a <1+ ﬁ), d > 1. A strong L?-(resp. H'-)solution to
(1.1) on [0, 7] is an L*-(resp. H'-)valued continuous (F;)¢o-adapted process
X = X(t) such that | X|*"'X € L}(0,T; H'), and P-a.s.,

X(t) =z — /0 (iAX(s) + pX (8) + M| X (5)|* 71X (s,6) + iV (6) X (5)

—i—iZuj(s)Vj({f)X(s))ds—i—/o X(s)dW(s), t €]0,T],

(2.1)
as an It equation in H 2 (resp. H~'). Here, the controller u = (uy, -+ , Uy,)
is in the admissible set U,4, defined by

Uug :{u € L2,(0,T;R™); u e U, a.e. on (0,T) x Q.}, (2.2)

where L2,(0,T;R™) is the space of all (F;)i>o-adapted R™-valued processes
w: [0,T] — R™ such that u € L*((0,T) x Q;R™), and U is a compact convex
subset of R™.

It is easy to check that fOtX(s)dW(s) in Definition 2.1 is an L*-(resp.
H'-)valued continuous stochastic integral. (We refer, e.g., to [10, 21] for
the general theory of infinite dimensional stochastic integrals.) Moreover,
SUp,erq,, |t o,rmmy < Dy < 0o, where Dy is the diameter of U.

Following [1, 2], we introduce the hypotheses below.

(HO) 1<a<1+ %. Foreach1 <j < N, e; € Cee(RY) satisfies
lim (€)[07e;(€)] = 0. (23)
|€]—00

where 7y is a multi-index such that 1 < |y| <2, and

()_{1+|§\2, if d # 2,
| @+ EPB + g3, ifd=2.



(H1) In the defocusing case A = -1, 1 <a <1+ T ) , and in the focusing

case A\ =1, 1<a<1+ 3. For each 1 < j < N, ¢; € C;°(RY) satisfies
(2.3) for any multi-index 1 < || < 3.

The global existence, uniqueness and uniform estimates of the solution to
(1.1) used in this paper are summarized in Proposition 2.2 below.

Proposition 2.2. Assume (HO) (resp. (H1)). For each x € L* (resp. H'),
u € Uyg and 0 < T < oo, there exists a unique strong L?-(resp. H'-)solution
X to (1.1), satisfying | X (t)|2 = |x|2, t € [0,T] (resp. for any p > 1,

sup E[X™ ) < 00). (2.4)

||C( 0,T);H!
uEU,q

Moreover, assuming that the exponent « is in the range specified in (H1)
and that ey are constants, 1 < k < N, we have for any p > 1,
sup ([| X)L @iLoo.riory) + 1 X | Lo@sLaqo,rwiry)) < oo, (2.5)

uEULq

. ‘ o,
where (p,q) is any Strichartz pair, i.e., i=3

and (p,q,d) # (00,2,2).

The global existence and uniqueness can be proved similarly as in [1,
2] by the rescaling approach and the Strichartz estimates for lower order
perturbations of the Laplacian. We refer to [1, Lemma 4.1] and [2, Lemma
2.7] for explicit formulations of Strichartz estimates in the L? and Sobolev
spaces respectively. The technical proof of the estimates (2.4) and (2.5) is
postponed to the Appendix for simplicity of the exposition.

We mention that, for controlled stochastic Schrodinger equations with
control also in the diffusion coefficient, i.e., iXdW and p in (1.1) are re-
placed by X Zjvzl o;(u)pje;dp;(t) and 1/2 Zj,vzl(aj(u))2|uj|26? respective-
ly, one also has global well—posedness by usmg the rescaling transformation
y = e * WX where ®(W J 1f0 s))pje;jdp;(s). However, the op-
timal control problem is techmcally more dlfﬁcult See Remark 2.9 below.

In the following, L2,(0,T;L?(£2; L?)) is the space of L?-valued (F;)¢>o-
adapted processes u such that E fOT lu(t)|3dt < oo.

The optimal control problem we study in the following is

(P) Minimize

- %7 (p,q) € [2700] X [2,00],

E (rxm = e+ [P0~ KO+ [ aluto)l +73|u’<t>|$n>dt)



on all (X,u) € L2,(0,T; L*(Q; L?)) X Uyaq subject to (1.1).

Here, u’ is the time derivative in the sense of distributions (®(u) = oo if
there is no such derivative), v; > 0, 1 < j < 3, Xy € L*Q, Fr,P; L?)
and X; € L2,(0,T; L*(Q; L?)) are given. In most situations, X; is a given
trajectory of the uncontrolled system or, in particular, a steady state solution.

As seen earlier, due to the conservation of |X(t)[3, by normalizing the
initial state we have | X (¢)] = 1, and so Problem (P) reduces to

gw%{ 9B Re (X(T), Xa), — 271 /0 Re (X(£), Xy (1)), dt

- <w|u<t>|$n+73|u'<t>|$n>dt}

It should be said that in the quantum model V' is a given potential which
describes the spatial profile of an external field, while the control input u =
{u;}7L, is its intensity. The objective of the control process is to steer the
quantum system from an initial state x to a target state X, and also into the
neighborhood of a given trajectory X;. The last term in the cost functional
is the energy cost to obtain the desired objective.

Taking into account that in quantum mechanics the wave function X
is not a physical observable, a more realistic situation is where in the cost
functional | X (T) — Xr|3 is replaced by (Q(X(T)) — X, X(T) — Xr),, where
Q is a self-adjoint operator in L?. However, its treatment is essentially the

same.
By @ : L2,(0,T;R™) — R we denote the objective functional

T

T
B(u) =E|X"(T) — X2 + 1E / XH(E) — X (1)[2dt + E / () 2, dt
0 0

T
 E / ol (1), dt, (2.6)
0

we may reformulate Problem (P) as
(P) Min{®(u); u € Uyg, X" satisfies (1.1)}. (2.7)

It should be said that, since Problem (P) is a nonconvex minimization
problem, in general it is not well posed. However, if v5,v3 = 0, we have the
following generic existence result.



Proposition 2.3. Assume Hypothesis (HO), and vo = v3 = 0. Then, there
s a residual set

G C L*(Q, Fr,P, L?) x L2,(0,T; L*(; L?))

such that, for every (Xr,X;) € G, Problem (P) has at least one solution
u € Z/{ad-

This is an immediate consequence of a well-known result of Edelstein [11] on
existence of nearest points of closed sets in uniformly convex Banach spaces.
Indeed, if we set ) = {Y = (X“(T), X"); u € Uyq}, it follows that Y is a
closed subset of L?(Q; Fr, P, L?) x L2,(0,T; L*(; L?)) (see e.g. the proof of
Lemma 3.2 and 3.3) and so, rewriting Problem (P) as

Min{||(Xp, Xp) = Y2 Y € V3,

where || - ||+ is the norm of L*(Q; Fr, P, L?) x L?,(0,T; L*(Q; L?)), we arrive
at the desired conclusion.

However, for the general cases 75,73 # 0, the existence of a solution
in Problem (P) does not follow by standard compactness techniques used
in deterministic optimization problems. The main reason is that, even if a
space Y is compactly imbedded into another space Z, one generally does not
have the compact imbedding from LP(£2;)) into LP(2; Z), 1 < p < oo. Here,
we consider the existence for relaxed versions of Problem (P) to be defined
below.

Definition 2.4. Let Y := L?(R%)x L2((0, T) xR%) x ([0, T); RN ) x L(0, T; R™)
x L2((0,T) x RY) and (Q*, F*, (F})i=0) be a new filtered probability space,
carrying (X4, X3, 8%, u*, X*) in Y. Define L2,.(0,T; L*(Q; L?)), Ung+ and
®*(u*) similarly as above on this new filtered probability space.

The system (Q, F*,P*, (F} )0, 8%, u*, X*) is said to be admissible, if
Xp € LAQ,Fp P L2), X € L2,.(0.T; L35 12), B = (B...,BY) is
an (F;)i>o-adapted RY¥-valued Wiener process, the joint distributions of
(X%, X3, 8%) and (X7, Xy, ) coincide, u* € U+, and X* is an (F})io0-
adapted L2-valued process that satisfies equation (1.1) corresponding to (3*, u*).

The admissible system (Q*, F*, P*, (F} )i>0, 8%, u*, X*) is said to be a re-
laxed solution to the optimal control problem (P), if

O*(u*) < inf{®(u); u € Uyq, X" satisfies (1.1)}. (2.8)



Similarly to martingale and strong solutions, one can have a non-relaxed
optimal control by using e.g. the Gyongy-Krylov argument as in [15], as long
as the uniqueness of the optimal control is obtained, which reduces to the
uniqueness of solutions to a forward-backward equation (see (1.1) and (2.9)
below with u replaced by (2.12)) and which is generally very difficult due to
the non-convexity of the optimal control problem (P).

We first prove that, under the regular condition of controls (i.e., y3 > 0),
there exists a relaxed solutions for the exponents of the nonlinearity in exactly
the mass-subcritical range. A similar problem was studied in [16] (see also
6], [19]) in the deterministic case. We have

Theorem 2.5. Consider ® with 3 > 0. Assume (HOQ). Then, for each
x € L% 0 < T < oo, there exists at least one relazed solution in the sense of
Definition 2.4 to the optimal problem (P).

The proof is mainly based on the Skorohod representation theorem and
pathwise analysis of solutions by the rescaling approach devoloped in [1].
We would also like to mention that the rescaling approach allows to obtain
pathwise continuous dependence of solutions on controls.

In order to construct a relaxed solution with equality in (2.8) in the more
difficult irregular case (i.e., v3 = 0), we will employ the Ekeland principle
and work with the dual backward stochastic equation below

dY = —iAY dt — Nihy (X")Ydt + Niho(X"“)Ydt + pY dt — iVoYdt —iu - VYdt

N N
(X = Xg)dt =Y TenZidt + > ZydBi(t), (2.9)
k=1 k=1
Y(T) = =(X“(T) — Xp),
where
a—+1 a—1

ha(X") = S X (X7 = S X (210)

The functions hj;, j = 1,2, are the complex derivatives of the complex func-

tion z — |2]* 71z, Le. hy(z) = 0,(]z|* '2) and hy(z) = d5(|2|*12), 2 € C.
However, the singular coefficient ho(X*) in (2.9) and the weak regularity

effect of the Schrodinger group make it quite difficult to obtain the existence

8



and integrability of the backward solution. The standard method to derive
a global estimate for E||Y'[|2, 71,72y from the It6 formula applied to [Y'(t)[3
are not, applicable in the nonlinear case.

The idea here is to apply duality analysis to reduce the analysis of the
backward stochastic equation to that of the dual equation (4.26) below (see
also the equation of variation (4.3) below). By virtue of the forward char-
acter of the dual equation, we will apply the rescaling approach and the
Strichartz estimates, instead of the Ito formula for |Y(#)|3, to control the
singular coefficient hy(X™) and to obtain pathwise estimates of solutions on
small intervals, which then by iteration yield the global pathwise estimates
(4.10), (4.27) below. To this aim, we consider in this case the following basic
hypothesis.

(H2) 2§a<1—|—§,1§d§3,andekareconstants,1§k:§N.

(In the case where e, are not constant, which is ruled out here, there arise
some delicate problems related to the nonintegrability of (Bj)C(BJ')Q/G, where
By, == supyeio.r [Be(t)], 0 € (0,1) and ¢ >0, 1 <k < N.)

It is easily seen that (H2) implies (H0) and (H1) and also that (H2) is
fulfilled in some important physical models, for instance the Gross-Pitaevskii
model when d = 1 ([16]). As a matter of fact, under Hypothesis (H2), one
has not only (2.8) with equality, but also that the optimal pair (X, u) satisfies
the stochastic maximum principle. The main result is formulated below.

Theorem 2.6. Consider ® with v3 = 0. Assume Hypothesis (H2), and
Xp € LP7(Q; HY), Xy € L*™(Q; L*(0,T; H')) for some small v € (0,1).

Then, for each x € H', 0 < T < oo, there ewists a relaxed solution
(QF, F* P* (F] )0, 5, u*, X*) in the sense of Definition 2.6 to Problem
(P), such that

O*(u*) = inf{P(u); u € Upq, X" satisfies (1.1)}. (2.11)

Moreover, we have (the stochastic maximum principle)

u*(t) = Py (i Im V({)X*(t,{)?(t,&)dﬁ) , YVt €[0,T], P*—a.s.

72 R4
(2.12)
where Py is the projection on U, and (Y*, Z*) is the solution to the dual back-
ward stochastic equation (2.9) with Xp, Xy, 8, u, X* replaced by X%, X3, 5%, u*,
X* respectively.



In the case where pup = 0, 1 < k < N, the noise W in (1.1) disappears
and so, (1.1) is the deterministic controlled nonlinear Schrédinger equation.
In this case, for the initial datum = € H*, the optimal control indeed exists
for the exponent « > 2 in the energy-subcritical case (H1), which is also new
in the literature.

Theorem 2.7. In the deterministic case (i.e. pp =0, 1 <k < N), consider
® in (2.6) with v3 = 0 and the exponent o > 2 in the range specified in
Hypothesis (H1). Assume that Xr € H' and Xy € L*(0,T; H').

Then, for each x € H*, 0 < T < oo, there exists an optimal control u to
Problem (P) such that

O(u) = inf{P(v); v € Uyq, X" satisfies (2.1)}. (2.13)

Moreover,

1 _

u)) =R (2t [ VOX@OTC.06), e DT )
2 R4

where Py is the projection on U, and Y s the solution to the backward

equation (2.9) with Z = 0.

Remark 2.8. Optimal bilinear control is also studied in [18] and [16] for
linear and nonlinear deterministic Schrodinger equations respectively. In
both papers, some compactness conditions of initial data or controls are
needed for the existence of the optimal control. More precisely, in [18] the
initial data belong to a compact subspace of L?, while in [16] the minimizing
controls are bounded in H'[0, T], hence compact in L?[0,T]. In contrast to
this, in Theorem 2.7 the existence of the optimal control is obtained without
these conditions, and, unlike in [16], less regularity of the initial data is
required for the maximum principle (2.14). The proof is quite different,
it applies to more general initial data and as well to the stochastic case.
Moreover, taking into account the importance of the energy state space H*,
we also expect the results and methods developed here to be applied to the
study of blow-up and scattering phenomena (see e.g. [20], [3]).

Remark 2.9. For the control in the diffusion coefficient, it is technically
more complicated to treat the equation of variation and the corresponding
stochastic backward equation. It also involves the analysis of a second-order
adjoint equation in the stochastic maximum principle (see e.g. Chapter 3 in
[30]). Including control in the diffusion coefficient will be one subject that
we plan to analyze in future.

10



The proof of Theorem 2.7 follows the lines of that of Theorem 2.6, the
main part of which are the analysis of equation of variation (4.3) as well as
of the backward stochastic equation (2.9), and the tightness of controls.

The key idea to obtain the tightness of controls in this irregular case is
to employ the Ekeland principle, as well as the directional derivative of ®,
to obtain the representation formula of the minimizing controls (see (5.10)
below). Then, by virtue of the integrability of the forward and backward
solutions to (1.1) and (2.9) respectively, one is able to obtain the tightness
of controls in the space L'(0,T;R?), which consequently yields equality in
(2.8) by analogous arguments as in the proof of Theorem 2.5.

As mentioned above, the proof of integrability of the stochastic backward
solution relies on duality analysis, which is also of independent interest.

The remaining part of this paper is organized as follows. Section 3 in-
cludes the proof of Theorem 2.5. Section 4 and Section 5 are mainly devoted
to the proof of Theorem 2.6. Section 4 is concerned with the directional
derivative of ®, which requires the analysis of the equation of variation (4.3)
and of the backward stochastic equation (2.9). Section 5 mainly contains the
proof for the tightness of controls. The proof of Theorem 2.7 is also included
there. For simplicity of the exposition, some auxiliary lemmas and technical
proofs are postponed to the Appendix, i.e. Section 6.

Notations. For 1 < p < oo, we denote by LP(R?) = LP the space of
all Lebesgue p-integrable (complex-valued) functions on the real Euclidean
space R%. The norm of L? is denoted by | - |z», and p’ € [1,00] denotes the
unique number such that % + ]% = 1. In particular, the Hilbert space L?*(IR%)
is endowed with the scalar product

.3 = [ WO y.2 € LR,

where Z is the complex conjugate of z € C. We also use |- |o = | - |2
Whr = WhP(RY) is the classical Sobolev space {v € LP; Vv € LP} with the
norm ||v||y1e = |v|ze + |Vo|rp, H' = W2 and H~! is the dual space of H'.

By L4(0,T; LP) we denote the space of all integrable LP-valued functions
w: (0,7) — LP with the norm

T % q
Hunmm,T;m:( [ ([ e.opac) dt) .

11



By C([0,T]; L?) we denote the standard space of all LP-valued continuous
functions on [0, 7] with the sup norm in ¢. L9(0,T;W'?) and C([0,T]; H')
are defined similarly. D(0,7;R™) is the set of all R™-valued smooth and
compactly supported functions, and D’(0, T; R™) is its dual space.

Let |- |, denote the Euclidean norm in R™ and w - v the scalar product
of vectors u,v € R™. We shall use standard notations to represent spaces of
infinite dimensional stochastic processes (see, e.g., [10, 21]).

Throughout this paper, we use C' for various constants that may change
from line to line.

3 Proof of Theorem 2.5.

We set I := inf{®(u);u € Uy, X* satisfies (1.1)} > 0 and consider a
sequence {u,} C Uyq such that

I <®(u,)<IT+n?t VneN. (3.1)

Since 3 > 0, this yields

supE/O (un ()2, + [ (£)[2 )t < oo. (3.2)

n>1

Lemma 3.1. Let Pou,! be the laws of u,, n > 1. Then, {Pou, '} is tight
on C([0, T];R™).

Proof. By the Arzela theorem, it suffices to show that

lim supP o u;l{v e C([0,T];R™) : sup |v(t)|m > R} =0, (3.3)

R—00 p>1 t€[0,7)

and for any € > 0,

limsup]P’ounl{v € C([0,T];R™) : sup |v(t) — v(s)|m > 5} =0. (34)

0—0 n>1 [t—s|<6

In fact, (3.3) follows immediately form the uniform boundedness of {u,},

12



while (3.4) follows by (3.2) and

supIP’ou,_Ll{v e C([0,T];R™) : sup |v(t) —v(8)|m > 5}

n>1 [t—s|<d

1
<-supE sup |u,(t) — un($)|m
€ n>1  |t—s|<d
1

S% sup El||uy, || .20,r,gmy — 0, as 6 — 0. (3.5)

n>1

O

Now, consider the sequence X, := (X7, Xy, B, u,) with 8 = (B, , On)

in the space Y := L2(R?) x L?((0,T) x RY) x C([0, T]; RY) x C([0, T]; R™).

Lemma 3.1 implies that the laws of &,,, n € N, are tight in the space ).

Then, by Prohorov’s theorem, they are weakly compact and so, by the Sko-

rohod representation theorem, there exist a probability space (2%, F* P*)

and X = ((X7)n, X7, By uy), & = (X3, X7, 6% u*) in Y, n € N, such
that the joint distribution of X¥ and X,, coincide, and P*-a.s., as n — o0,

By — B in C([0,T]; RY), (3.6)
(X7)n = X7, in LA(RY), Xi, = Xj, n L*((0,T) x RY), (3.7)

and
wr — u* in C([0,T];R™). (3.8)

Note that, ((X7)n, X7, 8;) has the same distribution as (Xr,X;, 3), and so
does the limit (X%, X1, 5%).

For each n > 1, define Fy, := o(X;(s),s < t). Then, X} (T') € L*(Q, F7,
P* 1), X}, € L2, (0, T3 LA(Q; L2)), il € Unge, and (B5(1), Fi), t € [0,T), is
a Wiener process. It follows from Proposition 2.2 that, under the hypothesis
(HO0), for each (87, u}) there exists a unique strong L?-solution X* to (1.1).
Hence, (Q*, F*,P*, (F} )0, 55, ul, X}) is an admissible system.

Moreover, since the solution to (1.1) is a measurable map of Brownian mo-
tions and controls, we also have that the distribution of ((X7),, X7, B, uy,
X}) is the same as that of (X, Xy, 3, u,, X,,), where X, is the solution to
(1.1) corresponding to (5, u,). In particular, ®*(u}) = ®(u,).

Similarly, set F; := o(X*(s),s < t) and let X* be the unique strong L*-
solution to (1.1) corresponding to (8*,u*). Then, (0%, F*, P*, (F; )0, 5%, u*,

X*) is an admissible system.
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Below, we consider the derivatives of u; and u*. For each n > 1, define
(uf) € D'(0,T;R™) in the distribution sense, i.e., ((u}),v) = —(uf,v"),Yv €
D(0,T;R™), where (, ) denotes the pairing between D’(0, T; R™) and D(0, T';
R™). We claim that (u})" has the same distribution as u/, in D'(0, T;R™),
and E*[|(up) 1720 7mm) = Ellupll7zoppmy- 1t follows from (3.2) that there
exists v* € L*(Q*; L?(0, T;R™)), such that

(ur) — v*, weakly in L*(0*; L*(0,T;R™)), n — ooc. (3.9)
Indeed, for any [ > 1, v; € D(0,T;R™), 1 < j <, and c € R

l

E*exp ZZ = Eexp(—i(u, Zcﬂ’}))

j=1

!
=Eexp(—i(uy, Z cjv;)) = Eeap(i Z cj(u]
=1

which implies that the distributions of (u})" and u/, coincide. Moreover, if
9 := {v,} is a dense subset in D(0, T; R™) (hence also dense in L*(0, T; R™)),
we have

*\/ 2 / 2
(AT TP (USSR

E* sup nllZ20,7mm) < 00,

n>1 ||'Un||L2(07T;Rm) n>1 HUTTHL2 (0,;R™)

which implies that ]E*||(u;§)/|]%2(07T;Rm) = ]E||unHL2(0’T;Rm), as claimed.
Similarly, define (u*)" € D’(0,7;R™) in the distribution sense. We have

u*) =v* in L*(0,T;R™), P* — a.s. 3.10
(u) , ,T;R™),

Indeed, for any v € Z and ¥ € L*>(Q2*), by (3.8), the dominated convergence
theorem and the weak convergence (3.9), it follows that

B () 0w = —E'( | w0 v (0t == T Eu( | (o) v

= lim E*/O (ur)'(t) - v(t)dt = E*/O v*(t) - v(t)dt = E*(v*,v).

Hence, ((u*)',v) = (v*,v), P*-as., v € . Since Z is countable and dense in
L?(0,T;R™), (3.10) follows.

Next, we show that the solutions to (1.1) depend pathwisely continuous
on the controllers, by using the rescaling approach developed in [1, 2].

14



Lemma 3.2. Let X (resp. X*) be the solution to (1.1) corresponding to
(B, uk) (resp. (*,u*)) as above, n > 1. Assume the conditions in Theorem
2.5 to hold. Then, for each x € L?, 0 < T < oo and each Strichartz pair
(p,q), we have P*-a.s., as n — oo,

1 X5 — Xl eqorie2y + 11X — X zao,r5z0y — 0. (3.11)

* N * * N *
Proof. Set Wi(t,&) = 32, ws€;(§)5;,(8), W*(t, &) = D25, mye; (€)55 (),
t >0, & € RY We may assume T > 1 without loss of generality.
Note that, in the conservative case,

| X (t)]2 = |x]a <00, t€][0,T], n>1, P*—a.s. (3.12)
Using the rescaling transformation,
yo = e WX, (3.13)

we deduce from (1.1) with X, u, §; replaced by X, u; and 3}, respectively
that

dyy, = A5 (t)yndt — Nilyy | tyndt + f(u,)yndt (3.14)
y’:;,<0) =z,

where A7 (t) = —i(A+b, (1)-V+c, (1)), b (1) = 2V (1), ci(t) = 305, (9, Wi (1))
+AWE(t), and f(uf) = —i(Vo +ul - V).
It suffices to prove that for each Strichartz pair (p, q), P*-a.s.,

lyn — vl zoeo.mi22) + 1y — 4" lLaco,riry — 0, as n — oo. (3.15)

Now, we will prove (3.15) for the Strichartz pair (p,q) = (a+ 1, 35323) The

general case will follow immediately from the Strichartz estimates (see, e.g.,
[1, Lemma 4.1] or [2, (A.1)]).

To this end, we prove first that

sup ynllaorry < 00, P* —a.s. (3.16)
n>1
Applying the Strichartz estimates to (3.14) yields

|a—1

[Ynll ooszry < O ||2l2 + 1INyR " wnll Lo 0oy + 1 (w)¥nllr0522) |-
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(Note that, the Strichartz coefficient C'r is independent of n, since by (3.6)
sup, > W lleqoyie) < oo, Pr-as.)
By Holder’s inequality,

[ Ailyy, [~ ! Ynll o Oy < t9||yn||Lq (0,T;LP)> (3.17)
where § = 1 — (a Y > 0, and by (3.12),
1 (wn)ynllzroszzy < T(Volze + DullV| Lo @egm)) |22
Thus,
vl ooy < Co(D(T) |l + 1yl 5o rosr): (3.18)

Where D(T) = 1 =+ T(’%’OO + DUHVHLOO(O,T;R"L))'
Choose t € [0, T] such that CrD(T)(|z]2 +1) = (1 — L) (aCyt?) s~ o1, fe.,

t=a i(a—1) (s + 1) 7 Cp ' D(T) 7 (< 7).

Then, by Lemma 6.1, we get

% (0
1yllaszry < —— CrD(T)]zle.

Iterating similar estimates on [jt, (j + 1)t AT], 1 < j < [£], we obtain

T ‘ o
*Nraco 7oy < [ [— 1
which yields (3.16).

It remains to prove (3.15). Applying the Strichartz estimates to the
equations of y* and y*, we have for any t € (0,7,

yn — ¥z ,22) + 1Yn — ¥ | Lagos:L0)
<Cr | If(up)yr = Fu)y romezy + Nynl* " un = 017 0 e o ezey | + wa(y™),

where w,(y*) = Cr(|(0, =) - Vorllz, |+ (6 =)y o), and Xy 5

is the dual space of the local Smoothlng space X o,r] introduced in [22] up
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to time 7' (see also the proof of Lemma 2.7 in [2]). Since y* € )A(/[o,T], by
Proposition 2.3(a) in [22] and (3.6), we note that P*-a.s. as n — oo,

w(y") < CrllBl = Blleqomam (I 1, 5, + 1571l 072%) = 0.

Proceeding as in [1, (4.12)], we have

|a 1 |a71 *

|||yn |y Yy HLq/ (0,¢;L7")
<at9(HynHLq (0,T;LP) + [ly* HLq 0,T;LP) My — ?/*HL‘?(O,t;LP)-

Moreover, for t <1,

* 1 * * * *
1f )y = F)y o2y < 2D (luy, — u(l2ommm) + lyh = ¥l 0422) -

where D = 2(|%|Lw + ||V”L<>0(Rd;Rm)(|l’|2 + DU))
Hence,

Yn = "l L0:z2) + 1Y — Y* [ Lacozr)

<Cr at0(||ynHLq o) T ||y*\|i§(B,T;Lp))’\yZ — Y LaopLr)

1 * * 1 * * *
+ 2 Dljuy, — u*[|L20,rmm) + 12 Dy, — y*l| Lo 0,22y | + wa(y®)

5 N * * * *
S(ta + tQ)CTD(T)(Hyn -y ||L°°(0,t§L2) + ||yn -y ||Lq(0,t;LP)
+ ||u:, - u*||L2(0,T;Rm)) + wn(y*>7 (320)

where D(T) := (supn>1 ”ynHLq 0,7;LP) + Hy*H%q_(%),T;Lp)) + D < oo, P*as.

Choosing ¢ small enough and independent of n, such that t/+¢2 < (21~?(T)C'T)*1

we get that P*-a.s. as n — oo,

lyn = ¥ 022y + 1Yn = Yl zaosszey < llug — w'llz2ormm) + 2wn(y®) — 0.
(3.21)

Since t is independent of the initial data, iterating this procedure finite times
we obtain (3.15), thereby completing the proof. O

Lemma 3.3. Let X, (X7),, X7, X*, X} and X7 be as above, n > 1. We
have P*-a.s., as n — oo,

E*Re (X;(T), (X3))y — B*Re (X*(T), X3, (3.22)

17

)



and

T T
E*/ Re (X7i(t),X] (1)), dt — ]E*/ Re (X*(t),X;(t)), dt. (3.23)
0 0
Proof. By (3.11) and (3.7), P*-a.s., as n — oo,

Re (Xo(T), (X7)n)y = Re (X7(T), X7),, (3.24)

/0R6<X dt—>/ Re (X*(t), X7 (t)), dt. (3.25)

Then, for any ¢ € (0,1) fixed, by the Young inequality ab < %alia +

e -2
b+ we get

sup B[ (X3(T), (X7 )n), | < sup B|.X (T )2 (X7 )nl2 "

n>1

1— * * 2(1+55) l+e * *
< supE | X (T, + sup E*|(X7 )3
n>1 n>1
1—eg, 242 1+¢
Sl L,

which implies the uniform integrability of {Re (X}(T), (X})n)y}n>1, thereby
vielding (3.22) by (3.24).
Similarly, for € € (0,1) fixed, we have

1+4¢

T
sup E*‘ / Re (X7(t), X7 ,(1)), dt
0

n>1

—€ 2i4e) 1+¢
sup E*[| X, HL2 0,7;L2) + o sup E*|‘X>{,n‘|%2(0,T;L2)
n>1 n>1
1 ge Q(HS) 1 +e
ST ],

1
<

T
IE/ X, (1)]3dt < oo,
0

which in view of (3.25) implies (3.23), as claimed. O
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Proof of Theorem 2.5. By (3.12) we have
T
" (up) =(1+ m)lal; + E|(X7)nl5 + NE" / X3, (8)ladt
0
T
= 2B Re (X(T), (55))y ~ 20E" | Re(X3(0,%5,(0),
0

T T
L E / (D).t + 75" / (ut) (1)[2,dt,
0 0

Note that, since the distributions of (X7, X}) and ((X%),,X] ) coincide
for n > 1, we have

T

T
B+ [ o= i (06,8 + 08 [ 5.0
0 e 0

(3.26)

Moreover, by (3.8) and the bounded dominated convergence theorem, it fol-
lows that

T T
+E* / it (1) [2.dt — E* / e (BR.dt, as n— oo
0 0

and by (3.9) and (3.10),

T T
E*/ [(u*) (t)|%,dt gliminfE*/ |(w?) (t)|2,dt.
0 0

n—oo

Thus, taking into account Lemma 3.3, we obtain

O*(u*) < liminf ®*(uw)) = liminf ®(u,) = I.

n—0o0 n—0o0

which completes the proof. O

Remark 3.4. The proofs above also show that, in the case v3 = 0, the
objective functional ® depends continuously on controls.

4 The directional derivative of function ¢

This section is devoted to the calculation of the directional derivative of the
function ® on the convex set U,y. Namely, one has
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Proposition 4.1. Assume that v3 = 0 and that the conditions of Theorem
2.6 to hold. Then, for each x € L* and all u,v € U,q, we have

lim & (®(u+ 7)) — (u)) = E /0 n(u)(t) - T(t)dt, (4.1)

e—0 €

where ©w = v — u, and

() = 2 (%u Im V(f)X“(f)W(f)dé) . (12)

Here (Y™, Z") is the solution to the dual backward stochastic equation (2.9).

R4

To prove Proposition 4.1, we first study the equation of variation associ-
ated with Problem (P), namely,

idp = Apdt + Mhy (X*)odt + Aho (X ™) @dt — ippdt
+ Vodt +u - Vdt + - VX dt + ipdW (),
¢(0) =0, (4.3)
where & = v —u, u,v € Uyq, X" is the solution to (1.1), and h;(X*), j =1,2,
are defined as in (2.10). The strong H'-(and L?-)solution to (4.3) can be
defined similarly as in Definition 2.1.

Lemma 4.2. (i) Under Hypothesis (~HO), for u,v € Uygq, u := v — u, there
exists a unique strong L*-solution ©“" to (4.3) on [0,T).
(12) Under Hypothesis (H2), for any Strichartz pair (p,q),

Sup (" @022 + 0l L(@290,7:27))) < 00 (4.4)
u,VEUGg
Moreover, set u. := u + eu and let X* and X" be the corresponding
solutions to (1.1) with the initial datum x € H'. Then,
HmE sup |e (X" (t) — X“(t)) — ""(t)|3 = 0. (4.5)
=20 tefo,1)

Remark 4.3. In comparison with (i7), the weaker Hypothesis (HO0) is suf-
ficient for the pathwise existence and uniqueness of the solution to (4.3),
thanks to the linear structure of (4.3). However, as mentioned in Section
2, Hypothesis (H2) is needed in order that the estimate (4.4) holds. The
arguments presented below, particularly in the proof of estimate (4.4), will
also be used in the analysis of the dual backward stochastic equation in the
proof of Proposition 4.4 below.
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Proof of Lemma 4.2. (i) We set 2%% := =W ¥ 3 := v — u, and for
simplicity, we omit the dependence of u,w in z** below. It follows from (4.3)
that

dz = A(t)zdt — Nih(X", 2)dt + f(u)zdt —iu - Ve W X dt, t € (0,T), (4.6)
2(0) =0,
where A(?) is similar to A% (¢) in (3.14), i.e., A(t) = —i(A +b(t) - V + ¢(t)),
b(t) = 2V (t), c(t) = Z;l:l(ajW(t))Q + AW (t), h(X* 2) = hy(X")z +
ho(X®)e 2ImWz and f(u) = —i(Vo +u- V).
It is equivalent to prove the existence and uniqueness of the solution to

(4.6) (see the proof of [1, Lemma 6.1]).
To this purpose, we reformulate (4.6) in the mild form as

t
z(t) = / U(t,s)[ — Mh(X", 2)(s) + f(u(s))z(s) —iu(s) - Ve VD X"(s)]ds,
0
(4.7)
where 0 <t < T, and U(t,s), 0 < s,t < T, are the evolution operators cor-
responding to the operator A(t) (see [1, Lemma 3..3]). Choose the Strichartz

Eair (p,q) = (a+1, igjg) Define the operator F on C([0, T]; L*)NL4(0, T; LP)
Yy

F@)(0) = [ U(t:9)[ = NBX,0)(6) + S(u()ols) i Ve X (5] s,

where 0 < ¢t < T, ¢ € C([0,T];L*) N L4(0,T5LF). Set Zj; = {¢ €
C((0, 1) L2) 1 L0, 71: 1) = [[@lleqomga + [6loonien < My}, where 7
and M, are two random variables to be determined later.

Note that, by Holder’s inequality, for any ¢; € C([0,T]; L*)NL(0,T; LP),
J=12,

IR, 61) = R, 6w iy < Q1K 550 0 161 = D2l o000
where 0 =1 —d(a—1)/4 € (0,1), and

1 () (@1 = @2)ll 102y < UL (W)l Lo |91 = dalleqonie?):

Then, let Ry(t) = at?| X*)[55 100 + 1 @)=y, ¢ € [0.T]. By the

Strichartz estimates and the above estimates we get for any ¢ € [0, 7],

| F(f1) — F(d2)llc(o.522)nLa (0,600 < CeRi(t)|| 01 — d2llc(o,:02)nL9(0,65L0) -
(4.8)
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Similarly, for ¢ € C([0,T]; L*) N L4(0,T; LP), t € [0,T],

||F(¢)HC([O,t];L2)ﬂLq(O,t;LP) < CtRl (t)||Cb||C([O,t];L2)mLQ(0,t;LP) + CtH’(’I VXU||L1(0¢;L2).

Settlng T = mf{t S [O, T] : CtRl(t) > %}/\T, M1 = 207'1||ﬂ'VXu||L1(O,7—1;L2)7
it follows by (4.8) that F' is a contraction map in Z}; , implying that there
exists z; € Zy; such that F'(z;) = z;. Setting 2(+) := 2z1(- A 71) and using
similar arguments as in [1], we deduce that z is (F;)-adapted, continuous
in L?, and solves (4.6) on [0, 7], and ||z1||c(jo,m);12)nLa(0,m;:00) < Mi. We also
note that 7 > o,, where

0. = inf{t € [0,T]; Z(t) > %} AT (4.9)

with Z(t) := " aCr|| X" 700100 + 71 f (@)l L0725, t € [0, T,

Suppose that at the n'"-step (n > 1) we have an increasing sequence of
stopping times {7;}7_, and an L*-valued continuous (F;)-adapted process
2, such that 1) = 0, 7, — 7,1 > 0., 1 < j < n, z, solves (4.6) on [0, 7,],
zn(+) = zp(- A 7y,), and

HZn‘|C([O,Tn];LQ)ﬂLq(O,Tn;LP) < Z(Qcm)n“ij - VXU||L1(TJ>1,TJ';L2)'
j=1
Set Z77 = {¢ € C([0,00); L)NLY(0, 005 LP) = || D]l (o022 1 0ll La(0,0520) <

M, 11}, where o, and M, are random variables to be determined later. De-
fine the operator F,, on C([0,T]; L*) N L(0,T; LP) by

F.(0)(t) :=U (1 + t, 1) 2n(Tn) + /0 Uty +t, 70+ 8) [ = MA(X"(75, + 5), ¢(5))
+ f(u(ry + 8)p(s) — iti(1, + 5) - Ve Wt xu(r, + s)]ds,

where 0 <t < T, ¢ € C([0,T]; L*) N L0, T; LP).
Similarly, for any ¢, € Z]‘\’/}lnﬂ, 7 =1,2,

1Fn (1) = Ful92) | c(o,0n)sL2)nLa(0,00:10)
SCTn+oan+1 (Un) H(bl - ¢2 HC([O,Un];LQ)ﬂLq(O,O'n;Lp)7
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where R,,.1(t) = O‘tBHXuHLq (T, Tn+4;LP) +t”f(u)HL‘x’(‘rn,TnH;L“’)v te[0,T -],
while for ¢ € Z""n we have

[ E (D)l c0.0m):22)nL8(0,0m:L7)
SCY"'n%’U'n |Zn(7—n) |2 + OTnJFUn ”a ' VXU |’L1(Tn77n+0'n;L2)

+ Crton Bng1 (00) ||l c0,00):22)nL9(0,0m:L7)
n+1

Z 207' +0n n+2 JHu VX" ”L1 (tj—1,75;L?)

+ C‘rn+0'n Rn+l (Un) ”¢“C’([O,Un];LQ)ﬂLq(O,Un;LP) .

Then, let 0,(t) = inf{t € [0,T — 7] : Cr,ptRu1(t) > 1} A (T — 70),
Tot1 i= Ty + O, and My, 41 := Z”H(QC’MH)"“*j || - VX“||L1(TJ i) It
follows that Tntl = Tn = On > o, F, is a contraction map in Z3;} Mhirs and so

there exists z,,1 € Z"”n+1 satisfying F,(Z,41) = Zns1- As in [1], letting

2 (t) = { in(t)a t €10, 7);

Zni1((t =) ANoay), t € (T,
it follows that z,,; is continuous (F;)-adapted, satisfies (4.6) on [0, 7,41,
Zn(+) = 2p(+ A Tpa1), and

n+1

HZTL”C ([0,7n+1];L2)NL(0,7r41;LP) < Z Tn+1)n+2—j Hﬁ VXuHLl(ijLTj;LQ)'
j=1

Iterating this procedure, since o, > 0., we see that after at most [T'/o.]+1
steps the stopping time 7,, reaches T. Hence, P-a.s. there exists a global
solution (denoted by z) on [0, 7] which satisfies

[T/ox]+1
||Z||C([07T];L2)QL(1(O7T;LP) < Z (2CT)[T/U*]+2—J ||ﬂ VXU‘|L1(Tj,1,Tj;L2)-

J=1

(4.10)

As regards the uniqueness, given any two solutions ¢;, we set z; = eV ;,
j =1,2. Then, similarly to (4.8), for any s,t € (0,T), s+t < T, we have

||Z1 - Z2||C ([s,5+t];L2)NLA(s,5+t;LP)

<Cr(at?|| X" Seorey T UIF @l omsz) 21 = 22llosstn2)nas.s i),
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which implies that z; = 25 on [s,s + t], P-a.s., for ¢ sufficiently small and
independent of s, thereby yielding the uniqueness by the arbitrariness of s.

(i7) Under Hypothesis (H2), the Strichartz coefficient C'r is now a deter-
ministic constant. Moreover, (2.5) and (4.9) imply that o, has a deterministic
lower bound, namely,

o. >t =inf{t € [0,T): Z2*(t) > T} T, P—a.s
where Z*(t) := aC'(t"+t) supyey, , (1IX15< 0, (0,300 HI (@ 22 @2 0152 ) -

Thus, taking into account (4.10) and the unlform boundedness of u,v € Uy,
we obtain (4.4).

Now, set X% := e71 (X4 — X¥) — ¢ and J* := e"" X*. We need to prove
that
: ~u |2 _
llg(l)EHya leqo,r3;22) = O- (4.11)
To this purpose, note that
e ue VXY —u - VX)) =0 VX" +u. - V(X" + ),
and
e (| XTI — [XMPTIXY) = (ha(X ) + ha(X ™))
1 ~ 1 -
= (/ hl(Xum,E)dr) X'+ </ hg(Xuyr,g)dr) Xy
0 0
1 1
+ go/ (h1(Xure)dr — hy(X*))dr + @/ (ho(Xure)dr — ho(X™))dr.
0 0
Where Xwe = X"+ r(X% — X"), r € [0,1]. For simplicity, set R;(e) :=
fo Xure) —hij(X")dr, j =1,2, and R(e, ) :== —i(AR1(e)p + ARa(e)p +

eu - Vgp) N
Then, by (1.1) and (4.3), X satisfies the equation

1 1 —_
dX" = — iAX dt — \i / Py (X )dr X dt — i / ho(Xu,re)dr X2dt
0 0

— (u+ iV + iue - V)X dt + R(e, p)dt + X dW (t). (4.12)
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This yields

1
dyt = —iAyldt — )\i/ h( Xure, 5)drdt + f(u)ytdt + eV R(e, ¢)dt,
0
(4.13)

where h(X, ., y¢) and f(u.) are similar as in (4.6), with X", 2z, u replaced
by Xure, ¥ and u. respectively.
Choose the Strichartz pair (p,q) = (o + 1, ot 1) ). Then, by Strichartz’s

d(a—1)
estimates, Holder’s inequality and Minkowski’s inequality, we have

19 leqo,0;z2) + 192 Lago,s20)
1
SC/ ||h(Xu,r,€7 gg)”m’(o,t,m’)dr + Ct”f(ua)||L°°(07T;L°°)”ggHC([O,t];B)
0

+ C|| R(e, 90)HLl(o,t;L2)+Lq’(0,t;LP')'
Note that,

[[A( urevgg)“m’ (0,t,L7")
<at? |52 1| a0, 1 Xure | T oo
<a(1 V24T 1)t6||ya ||L‘1(0tLP (HXu HLq 0,T;LP) + ||Xu”Lq OTLP)) (4-14)
where § =1 —d(aw —1)/4 > 0. Then,

15\l cqo.:22) + 172N zaszey SCDs(T)(E° + ) (192l cqomr2y + 174 pao 7))
+ CHR(& 90> HLI(O,T;L2)+L‘1/(O,T;LP')‘

where Dy(T) = a2°™! SUP.¢(o,1) (|| X" HLOO Q;L9(0,T;LP) ""Hf(us)‘|L°°(Q;L°°(07T;L°°)))-
Using similar iterating arguments as in the proof of (4.4), we obtain

sup (|92 llcqory;z2) + Ve | Lao.riem) < C(T)|| R(e, 90)HLl(0,T;L2)+Lq’(0,T;Lp’)

uEULq
with C(T') € L>*(Q).
Thus, by Holder’s inequality,
EI Euryan © B oo

SCDEIRE I 0 1ss00)
2

<C(T) (52D121T2||VH%OO(O,T;R’")E”SOH%([O,T};L?) + Z ]E||Rj(5)80||2Lq/(o,T;Lp'))-

J=1

25



Therefore, in order to prove (4.11), we only need to show that
E||Rj(g)¢||iq,(oyT;Lp,) —0, ase —0, j=1,2. (4.15)

Below, we prove (4.15) only for R;(g), but the argument applies as well
to Ra(e). As in the proof of (3.15) we get

1 X* = X*lcqoryy) + I1IX* = XY paorizry = 0, ase =0, P—as.
(4.16)

Note that

1
hy(Xyre) — ha(XY) :/ Ohy (X" + 7' (Xype — X))dr' (Xype — X¥)
0

1
+ / Ozhy (X" + 7' (Xype — X))dr! (Xoye — X).
0
(4.17)

Since |0, (2)]|+]0:h1(2)| < C|z|*72 for z € C, using the Minkowski inequal-
ity and the Holder inequality we get that P-a.s. for each r € [0, 1],

[1h1 (Xuwre) = P (XH)]]

Le~T(0,T;La-T)
1
SC/ | X"+ r/(Xu,r,s - )HLq 0,T;LP) dT/HXu,r,s - Xu”Lq(O,T;LP)

<C sup ||X“€||Lq ozl X = X Leoriey = 0, as e —0, (4.18)

e€[0,1

where we also used o > 2 and the last step is due to (4.16).
Thus, using the Holder inequality combined with the Minkowski inequal-
ity and the bounded dominated convergence theorem we obtain that

1Ry ()l o iy ST Iellznioi / 1 o) = XYy g
—0, ase =0, P—a.s. (4.19)
Moreover, taking into account (4.18), (2.5) and (4.4), we have
IR ()bl Lo 0.7,00) < cT’ Sl[lp |2 oTLp)HSOHLq(O,T;LP) € L>(Q),

SIS

which along with (4.19) and the bounded dominated convergence theorem
yields (4.15) for j = 1. Therefore, the proof is complete. [l

We shall prove now the following result.
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Proposition 4.4. (i) Assume Hypothesis (H2) and that Xp € L*™V(Q; L?),
Xy € L*(Q; L*(0,T; L?)) for some small v € (0,1).

Then, there ezists a unique (Fi)-adapted solution (Y, Z") to (2.9) cor-
responding to u € Uyq, satisfying for any Stirchartz pair (p, q),

o (Y [z @icqomyrzy + 1Y | L2+v@ipao,m510))) < 00, (4.20)
ucaqg
and
Sli{p | Zii | L2+v (2 0,m02y) < 00, 1<k < N. (4.21)
ucUaq

(i1) Assume in addition that Xy € L*™(Q; H'), Xy € L**™(Q; L*(0,T; H'))
for some small v € (0,1). Then, for any p € (2,2 4+ v) and any Strichartz
pair (p,q), we have

Sup Y™l eicqommayy + 1Y | e@izaomwiey) < 00, (4.22)
uEUaq
and
SLZ]:{p HZ]?”LP(Q;LQ(O,T;Hl)) < o0, 1 S k’ S N. (423)
uctaq

As mentioned in Section 2, the main difficulty in the analysis of the
backward stochastic equation comes from the singular term Aiho(X*)Y. The
proof of Proposition 4.4 follows the following steps.

First, we will consider the truncated approximating equation (4.24) and
introduce the dual equation (4.26) below, which are related by the formula
(4.29). Then, the uniform estimate (4.28) for the dual solutions imply, via
duality arguments, those for the approximating solutions {Y,,} (see (4.31) be-
low), which in turn imply the uniform estimates for {Z,} (see (4.35) below).
Consequently, in view of the linear structure of (4.24), one can pass to the
limit and obtain the well-posedness of problem (2.9) as well as the estimates
(4.20) and (4.21).

Analogous arguments are applicable to prove estimates (4.22) and (4.23)
in Sobolev spaces, which requires the condition @ > 2 and the integrability
conditions on X7 and X; in Sobolev spaces.

Proof. (i). Let g be a radial smooth cut-off function such that g = 1
on Bi(R), and g = 0 on B§(R). For j = 1,2, set h;,(X") := g(%)hj(X“).
Note that |hy,(X*)| + [hen(X™)] < a2 Hg|peon* L.
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Consider the approximating backward stochastic equation

dY, = —iAY, dt — Xihy ,(X")Y,dt + Nihg (X ")Y,dt + pY,dt — VoY, dt

N N
— i VYodt + (X" = X0)dt =Y TirerZindt + Y ZindBi(t),

k=1 k=1

Yo (T) = —(X“(T) — Xp). (4.24)

By standard theory for stochastic backward infinite dimensional equations
(see, e.g., [14], [17], [28]), it follows that there exists a unique (F;)-adapted
solution (Y,,, Z,) € L3(; C([0,T]; L?)) x (L2,(0,T; L?(2; L))V to (4.24).

In order to pass to the limit n — oo, we are going to obtain uniform
estimates of Y, in the space Y, := L (Q; L>(0,T; L*))N L ($; L1(0, T; L))
with p, :==24v and (p,q) = (o + 1, EEZE;)

To this purpose, for each n > 1, define the functional A, on the space
L®(Q x (0,T) x RY),

An(W) = ERe (X*(T) — X 10(T)), + 1E / Re (X*(t) — Xy (), ()}, dt,
(4.25)

where U € L>®(Q x (0,T) x R?), X" is the solution to (1.1), and v, satisfies

dipy = —i NPt — Nihy o (XY thndt — Nihg (X ™) bndt — pibpdt
— iVohpdt — iu - Vibndt — Wdt + b dW (),
U (0) = 0. (4.26)

(Note that, (4.26) is similar to (4.3) but with ¥ in place of iuw - V X".)

Since |h;,(X")| < alg|p=|X*|*"t, j = 1,2, arguing as in the proof of
Lemma 4.2 we infer that there exists a unique strong L?-solution v, to (4.26)
on [0, T, satisfying

sup([|[¥nlloqoryesy + 1¥nlloorier) < COONYN 1o 2,024 L0 0,010y, (4:27)
n

where C(T') € L*(Q) is independent of n and W. It follows also that for
p>1,

Sup [[vnly, < Clo, T[Ty, (4.28)
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where C(p,T) is independent of n and ¥ and Y}, := L7 (Q; LY(0,T; L?)) +
LP(; L9(0, T; LP)).

Moreover, by Ité’s formula, for every n > 1 and ¥ € L>(Q x (0,T) x RY),
we have

A(D) =E /T Re (0,Y,), dt. (4.29)

Thus, since | X"(t)| is P-a.s. conserved and by estimates (4.25), (4.28),
we have

|An<‘1j)| S’Yl ||Xu - Xl HL”V (€;L2(0,T;L2)) ||1/}nHLp{J (:L2(0,T;L2))
+ [ X(T) = Xl o i) 100 (D) | Loty 0222
<C|[ ¥l (4.30)

where (' is independent of n. Since L>(2 x (0,T) x R%) is dense in Y, and
Y, is the dual space of ), , it follows by (4.29), (4.30) that

sup || Yally,, < oo. (4.31)
n>1
Hence, there exists Y € Y,,, such that along a subsequence of {n} — oo
(still denoted by {n}),
Y, =Y, weak® in Y, - (4.32)

Note that, for each j = 1,2, h;,,(X") — h;(X"), dP®@ dt @ d€ — a.e., and
sUP1 [jn(X™)| < alglp=|X¥[°7! € L¥4(Q; La71(0,T; La-1)). Hence, by
the dominated convergence theorem,

hin(X®) = hy(X"), in L*(Q; La1(0,T; La-1)), asn— oo.  (4.33)

Since (2p—1,), = p% + ﬁ, from Holder’s inequality, (4.32) and (4.33) it follows
that ’

B (XYY, = hi(XM)Y, hon(X9)Y, — ho(XM)Y, (4.34)

weakly in L)' (Q; La (0, T; L*)).
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Moreover, we claim that for 1 < k < N,

Suli’ ||Zk:,n”LPV(Q;LQ(O,T;L?)) < (C < o0. (4.35)

n>

In particular, for each 1 < k < N, there exists Z* € L (Q; L*(0,T; L?))
such that (selecting a further subsequence if necessary)

Zym — 23, weakly in L*(Q; L*(0,T; L?)). (4.36)

Since v fT vdpy(s) is a bounded linear operator in L?(Q; L2(0,T; L?)), it
follows that for each 1 < k < N,

T T
/ ZindBr(s) — / ZdB(s), weakly in L*(Q; L*(0,T; L?)).  (4.37)
To prove (4.35), we apply Itd’s formula to (4.24) to get that for n > 0,
e"Ya(t)l2

T
:e”T|X“(T) — XT@ — 7]/ e”s|Yn|§ds
T ' o T
422 / Im / ¢y (X )Y 2dEds — 2 / / & | Y,y [2de s
¢ ¢

T N T
- 271/ Re/e”SYn(ﬁ — X,)déds + 22/ Re/ensukekYnmdfds
t 1 It

N T N T
S50 [ erizis -2y [ re ey Zidedns
k=1"1 k=1"1
T 6
=" XY(T) — Xq|2 — 77/ ™|V, [3ds + ) K;(t). (4.38)
Note that, since |ha,(X")| < alg|r~|X*|*"!, by Holder’s inequality,
K2 ()] < alglimeTTX 20 o Vol (439)

La(0,T;L»

where § =1 —d(a—1)/4 € (0,1).
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Moreover, using ab < ca® + ¢~ 0%, ¢ > 0, we get
N

T
Z (0] <@l + 271 + 83 luserlt) / e[V, [2ds

k=1 ¢
T 1 T
+2’yl/ e”S\X“—X1|§ds+§/ €| Zy n|5ds. (4.40)
t t

Thus, choosing 7 > 2|pt|ee + 271 +8 S0, |ptrex |20, it follows that for any
t € 10,77,

N T N T
1 _
t 2 s 2 S
e Y, ()5 + 5 ;/t e"| Zenlzds < Vi — 2;/75 Re/d7 Y02y ndEd By (s),
(4.41)
where
T
Vi s IXU(T) = Xl + 2 [ PIX = Xufids
0

+ alg|p~ enTTHHXuHLq 0,T;LP) HYnHi‘Z(O,T;LP)- (4.42)
This yields

Pv

N T >
S ([ i)
k=1 0

<C(pv) (EVTn+]E sup

/ Re / €Y, ZndEdBy(s)

t€[0,7]

) . (4.43)

Note that, EV{%’;/Q < 00, due to (2.5), (4.31) and to the integrability con-
ditions on X7 and X;. Moreover, by the Burkholder-Davis-Gundy inequality,
the second term in the right hand side of (4.43) is bounded by

Clp.)E ( [ i )

2 1
ds)

ow T
Clp, ZE sup eiP |V, (1)), (/0 ens‘Z’“’”'gd‘S)

t€[0,T]

ensynZk,nd£

Pv.
4

Pv

2

N T
1 v 1 s
<Clpy N3 TEIYil o ryz + 5 D E ( / e \Zk,n@ds)
k=1
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Plugging this into (4.43) we get

PTI/
sup — ZE </ e"7$|Zk’n|§ds)
<C(p,) SupEVy, + C(p,, N)ezr " sup EfY, o fo.1:2) (4.44)

n>1

which by (4.31) implies (4.35), as claimed.
Now, set

T =
YU() = — (XUT) — Xp) — / ( —GAY — Xihy (XY + Xiho(X")Y
Y —iVoY —iu- VY + 3 (XY —X) —

- é/T Z;:dBy(s)

By virtue of (4.32), (4.34), (4.36) and (4.37), we may pass to the limit in
(4.24) and obtain that for any v € H?, f € L>*(2 x (0,7)),

mekZ}j) ds

-

E /0 L <§~/(t), f(t)v>H2 dt =E /0 o (YUE), () o dt,  (4.45)

which implies that Y* = }7, in H72, dP ® dt-a.e. Since Y* is continuous in
H=2 P-a.s., we can find a null set N, such that for any w ¢ N', (Y%(w), Z*(w))
solves (2.9) in H=2 for all ¢ € [0,T], which proves the existence of solu-
tion to (2.9). Estimates (4.20) and (4.21) follow immediately by (4.31) and
(4.35) respectively. Moreover, as in the proof of [1, Lemma 4.3|, we have for
[Y“(t) — Y¥(s)[3 an Itd formula similar to (4.38), which implies ¢ — Y™“(¢) is
L? continuous.

The uniqueness can also be proved by duality arguments. Indeed, let
(Y, Z}), 3 = 1,2, be any two solutions to (2.9). For any ¥ € L>(£ x
(0,7) xRY), let ¢ be the unique solution to (4.26) but with h;,,(X") replaced
by hj(X*), j = 1,2. Define A(V) similarly as in (4.25) with v, replaced by
¢. Then, similarly to (4.29), A(¥) = E [ Re (U, Y})_dt, j = 1,2. Tt fol-
lows that Y} = Y;* by the arbitrariness of U, and so Z}" = Z3 by an estimate
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similar to (4.44).

(i7). Fix 1 < j < N. Consider the approximating equation of (0;Y™", 9;,2")
below (0; := %),

N
dY; = —iAYdt + G (Y,)dt — Y TyenZy, ,dt + 1 0;(X" — Xy )dt
k=1

+ F, (XYY, Z%)dt + iv: Zy, ndBi(t),
Vio XD -0%n), (4.46)
where X* and (Y*, Z") are the solutions to (1.1) and (2.9) respectively,
Gn(Y)) = = Xihy (XY 4 Nibg (XY 4 (1 — iV — iu - V)Y,

n

Fo (X", Y™, Z") i= = il (X")Y" + Xihly , (X")Y " 4+ 0;uY ™ — i0;VoY™
N
—iu- VY™ = 0;(Tmer) Zy,,
k=1
hion(X*) is as in (4.24) and A ,(X") = g(B XD g,y (X)), k = 1,2.
By truncation, |hg,(X")| + |k, (X*)| < Cn®', k = 1,2, it follows that
there exists a unique (F;)-adapted solution (Y, Z!) € L*(Q; C([0,T); L?)) x
(L2400, L2(0; 12)))™ to (4.46).
For each U € L>(Q x (0,7) x R?), let ¢, be the solution to (4.26).
Similarly to (4.25), set
Ajn(®) :=ERe (0;X"(T) — 8;Xr, ¥n(T)),
T
+E [ Re(0,X"(0) = 0%u(0) n(6)), dt.
0

By It6’s formula, we have

Ajn (D) —E/ Re <xp,Yn’>2dt—JE/ Re/Fn(X“,Y“,Z“)z/;ndfdt. (4.47)
0 0
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Note that, since b/, (X")] < C|X*|*?|9;X"| and 2 < o < 1 +4/d, by

Holder’s inequality, we have for (p,q) = (a + 1, dE?B)’

’/ Re/ —Ni)hy (XY Y1, dEdt
<11 (XY (| 2 0,720 19m Nl Lo, 720
<C, TeHXuHLq(oTLp)HanuHLq(O,T;LP)||YUHL‘1(0,T;LP)”¢n||Lq(07T;LP)
<SC T X G0 aim 1Y “Npao.rizo [l oo,z o). (4.48)

where § =1 —d(a —1)/4 € (0,1). Hence, for any p € [2,p,),

‘ / Re/ — )R, (XY Y, dEdt

E(I X" a0 rawro 1Y za.r0 ¥l La,z;20)
( )HX"HM(Q raorawtonlY “Neov@iza©mio ¥l Lo @iraomiey)

_11)77 - pL, — % > (0. Similar arguments apply to the

term involving Aikj ,(X*)Y®. Moreover, the other terms in the integration
E [\ Re [ F(X",Y*", Z*),dedt are bounded by

where 7 satisfies @

N
C (HY“HLP(Q;LOO(QT;LQ)) +) HZI?HLP(Q;L%QT;L?))) %l Lo ;10 (0,75 22)) -

k=1

Plugging the estimates above into (4.47) and using (4.28), (2.5), (4.20) and
(4.21) we obtain for any p € [2, p,),

T T
’E/ Re (xlf,m?dt‘ <A (9)] + ‘E/ Re/Fn(XU,Y“,Z“)Edgdt
0 0
<C[[wlly,
with C' independent of n and W, which implies that for any p € [2, p,),
(4.49)

sup [[Y]ly, < C
n>1

Once we have obtained (4.49), using similar arguments as those below (4.31),
we can prove the assertion (7). The details are omitted. O

34



Proof of Proposition 4.1. Using (4.5) in Lemma 4.2 we have

ll_l}(l)% (O(u+ eu) — P(u))

=2k (Re (X“(T) — Xp,0“*(T)),
+1E /T Re (X"“(t) — Xq(t), 0" (1)), dt + 7 /T u - ﬁdt) . (4.50)

Then, similarly to (4.29), by (2.9) and (4.3), we obtain via It6’s formula,
T
ERe (X*(T) — Xg,""(T)), +71E/ Re (X"(t) — Xq(t), 0" (1)), dt
0

T
:—Elm/ / u-V X"Yudédt.
0 R4

Combining these formulas we get (4.1) as claimed. O

5 Proof of Theorem 2.6.

As in the proof of Lemma 3.3, we note that ® is continuous on the met-
ric space U,q endowed with the distance d(u,v) = [|ju — v|| = (E fOT lu(t) —
v(t)|?,dt)"/2. Applying Ekeland’s variational principle in U, (see [13, Theo-
rem 1], or [12]), for every n € N we get u,, € U,q such that

O (uy,) < P(u) + %d(un,u), Vu € Upg. (5.1)

In particular, it follows that
1
Uy, :argmin{@(u)+—||un—u||; uEL{ad} : (5.2)
n

We define the function ® : L2,(0,T;R™) — R = (—o0, +00] by
® = ®(u) + Ly, (u), Yue L2,(0,T;R™),

where

0, if u € Uyyg;
400, otherwise.

FOR
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The subdifferential 0®(u) C L2,(0,T;R™) of ® at u in the sense of R.T.
Rockafellar [25] is defined as the set of all z € L2,(0,T;R™) such that the
function v — ®(v) — EfOTv(t)z(t)dt has u as a substationary point in the

sense of [25].
We have

OD(u) C n(u) + Ny, (1), Vu € Uy, (5.3)
where n(u) is defined by (4.2), Ny ,(u) is the normal cone to U,q at u,, i.e.,
Ni, () = {v € L2,(0, T;R™); (v,u, —0) >0, V0 € Upa},

and (, ) denotes the inner product of L?,(0,7;R™).
To prove (5.3), as mentioned in [25, (2.4)], for each u € U,q, one has

0B (u) = {z € L2,(0, T; R™) : &' (u,y) > (y,2) , Yy € L2,(0, T; R™)},

where ®'(u, y) is the subderivative at u with respect to y

M (u,y) = sup limsup inf
VCN(y) u' —u,0f =P (u) yev
o/ >®(u'),t—0

and N (y) is the set of all neighborhoods of y. This yields
O(u + ty) — P(u)
t

(Cb(u’ +ty') — o N Iy, (u +ty’))
t t ’

&' (u,y) = lim

t—0

+ 1y, (0, ),
where I&ad(u,y) =0ify € Ty, ,(u), and ]&ad(u,y) =ooify & Ty, ,(u), Ty, ,(u)
is the (Clarke) tangent cone to U, at u defined in [25]. Then, by Proposition
4.1, for any z € 85(u), we have that (n(u),y) > (y,2), Yy = v —u, v € Uyg.
Thus, z € n(u) + Ny,,(w). This implies (5.3).

On the other hand, by Theorem 2 in [25] we have

(@ () +%Hun —ul)) € 0B(u) —i—%@”un _— (5.4)
Thus, by (5.2)-(5.4) we get
0 (B + ~ un — ul)(u = )

Coatn) + (@l — (0 = ) + N ()
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which implies that there exist ¢, € Ny, (u,) and 1, € (9||u, — ul|)(u = u,),
such that

n(un) + G, + %nn = 0. (5.5)

We claim that,
Nu,,(un) = {v € L2,(0, T;R™) : v € Ny(uy), a.e.on (0,T)xQ.}, (5.6)
where Ny (u,,) is the normal cone to U C R™ at u,, € U, that is, Ny (u,) =

{veR™ v-(u,—0) >0, YoeU}.
Indeed, for any n € Ny,,(u,), we have

T
E/ N (U, —v)dt >0, Vv & Uyy. (5.7)
0

Since for each closed convex set U, Vv > 0, (I + vNy)™' = Py, where Py is
the projection on U, there exists a unique v € U,,4, such that

v+ Ny(v) > u, +1n, a.e. on (0,T) %€, (5.8)

ie. v = Py(u,+n), a.e. on (0,7) x Q. Hence, there exists ¢, € Ny(v), such
that v + ¢, = u, + 1, dP ® dt-a.e. Then, by (5.7),

T T
0< IE/ (v =ty + ) - (up — v)dt = —|Ju,, — v|)* + IE/ Co(uy, — v)dt.
0 0
Since dP ® dt-a.e., ¢, € Ny(v), ¢, - (v —u,) > 0, we get
T
|, — v|)* < E/ Co - (up, —v)dt <0.
0

It follows that u, = v, dP ® dt-a.e., which yields by (5.8) that n € Ny(u,),
dP ® dt-a.e., thereby implying

Ny, (u,) € {v e L2,(0,T;R™) : v € Ny(uy), a.e.on (0,T) x Q.}.

The inverse inclusion is obvious. Thus we obtain (5.6), as claimed.
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Now, by virtue of (4.2), we may rewrite (5.5) as

unlt) + —— CO(t) = —Tm | V()Xo (t, E)Valt, €)de 2%” a(t)

272 Y2 Jra (5.9)

a.e. on (0,7) x Q,

where (°(t) € Ny(un(t)), X, := X% and (Y, Z,) is the solution to (2.9)
corresponding to u,. We get by (5.9) that

un(t) = Py ($Im v<5>Xn<t,§>?n<t,a>d5—Q,ﬁnﬂ@)), (5.10)

with .
IE/ 7 ()2, dt = 1. (5.11)
0
We claim that there exists a probability space (Q*, F*, P*), v}, u* € Uyqg-,

n > 1, such that the distributions of «} and u,, coincide on L*(0,T;R™), and
as n — 00,

wt — u*, in L'(0,T;R™), P*—a.s. (5.12)
Then, it follows from the boundedness of {u*} that

ut — u*, in L*(0,T;R™), P* —a.s.
Hence, similar arguments as in the proof of Theorem 2.5 imply that

O (u*) = nh_)rgO@ (ur) = nh_)r&(I)(un) =1,
thereby yielding the equality in (2.11).

It remains to prove (5.12). By virtue of Skorohod’s representation the-
orem, we only need to show the tightness of the distributions of w, on
LY0,T;R™), n > 1. For this purpose, in view of Lemma 6.2, it suffices
to prove that ju, :=Pou_ ' n > 1, satisfy (6.14) and (6.15).

Indeed, (6.14) follows immediately from the uniform boundedness of {u,,}.
Regarding (6.15), by Markov’s inequality, it suffices to show that there exists
a positive exponent b > 0 such that for any ¢ € (0,1),

T—h
limsupE. sup / (4 B) — uy()|dt < O, (5.13)
0

n—o00 0<h<d
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To this end, since Py is Lipschitz, using (5.10), the Cauchy inequality,
(2.4) and (4.22) we get

T—h
E sup / [un(t + h) — up(t)|mdt

0<h<é

1 T
<ot SB[ sup (1X(t+ ) = KOl Yol Ol
Yan 0 0<h<o

V(4 h) - Yn<t>\H-1|Xn<t>\H1)dt

<~ T:4C (E/ sup |X,(t+h)— Xn(t)ﬁ{ldt)
0

Y2n 0<h<§

+C (E/OT sup |Y,(t + h) —Yn(t)ﬁfldtf. (5.14)

0<h<é

Let us estimate E fOT SUPgp<s | Yn(t + h) — Y (t)]3-1dt in the right hand

side of (5.14). Similar arguments apply to E fOT SUPg<p<s | Xn (t4+h)— X ()31 dt.
By the backward equation (2.9),

T
IE/ sup |Va(t + h) — Y(£)rdt
0

0<h<d
T t+h 2
gE/ sup / iAY (s)ds|  dt
0 0O<h<d H-1
T o 2
+E/ sup / —Nihy (X5 (5)) Yo (s) + Aiha( X, (5))Ya(s))ds|  dt
0 0<h<é H-1
T 2
/ sup / — iV —iu,(s) - V)Y, (s)ds|  dt
0 0<h<s 1
T N 2
+IE/ su / €k L dt
0 0<hg§ z:: R H,l
T t+h N 5
+IE/ su / Zn(s)d dt =: K 5.15
0 0<hI§)5 t Z - Bk H-1 Z / ( )
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For K, by (4.22),

2

T t+h
K; < E/ sup (/ |Yn(s)|H1ds) dt <*°TE sup [V, (t)|5: < C8,
0 0<h<d t€[0,T+1]
(5.16)

where C' is independent of n.
Similarly, by Cauchy’s inequality and by (4.20),

K3+ Ky <0*T(|ptloo + Voloo + Dul|V oo or41:00))E  sup [V, (8)[3

te[0,T+1]
T pt+6
+ 571E/ / 1 X, (s) — Xy(s)|3dsdt
o Ji

N T pt+s
£ lnllensE [ [ (o) s
k=1 0 Jt
<C(6 + 6%, (5.17)

where C' is independent of n.
Regarding K5, choose the Strichartz pair (p,q) = (o + 1, 4Ea+1)) Since

p € (2,24), LV (R?) — H1(R?), we have

T t+h
Ky §IE/ sup (/
0 0<h<s \Jt

T t+h
SQZE/ sup (/
0 0<h<s \Jt

T
§52/qa2]E\/0 ||X§_1YnHiq’(t,tJré;Lpl)dt

352/‘1a2T E||X,?_1Yn ||iq’(o,T+1;L”/

— Aihy (X(s))Ya(5) + Aiha(X(s))Ya(s)

2
ds) dt
'

2
ds) dt
'

Xo 7 (s)Ya(s)

)
Note that, by Holder’s inequality,
X5~ Y, Lo (0,7;L%") <T6||X HLq(oTLp)”YnHLq(O,T;L”)?
where § =1 —d(a—1)/4 € (0,1). Hence
2(a—1)
Ky <6*9a* T EI|Xl|7wto 2iom 1 Yall oo ms120)

<52/qa2T29+1||X HLoo Q;L9(0,T;LP) HYnHL?(Q;LQ(O,TJrl;LP))
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Then, by (2.5) and (4.20) we obtain
Ky < 08%1, (5.18)

where C'is independent of n.
For K3, using the Burkholder-Davis-Gundy inequality we get

T t+6 N
K5 < 0/ IE/ > | Zin(s)l3dsdt.
0 t k=1

Then, using Fubini’s theorem to interchange the sum and integrals, by (4.21)
we have,

N é s T s T+6 T
Koo SE([ [ [ e [ )1z
k=1 0 0 é s—0 T s—0

N T+1
<36C Y E / | Zin(5)|2ds < O, (5.19)
_ 0

where C' is independent of n.
Plugging (5.16)-(5.19) into (5.15), since 2/¢ < 1 and 0 < 1, we obtain

T
IE/ sup |Yp(t + h) — Y, ()|4-idt < C(5 + 62 + 64) < Cd,
0 0<h<é

where C' is independent of n.

The term E [ supgop<s | Xn(t +h) — X,,(t)|%_1dt in the right hand side
of (5.14) can be estimated similarly.

Therefore, in view of (5.14) we obtain (5.13) with b = 1/q, thereby prov-
ing the tightness of {y,} and yielding the equality in (2.11).

Finally, the stochastic maximum principle (2.12) follows from Proposition
4.1, taking into account that (see (5.5)) for the optimal u*, n(u*) + ¢* = 0,
where ¢* € My ,.(u*). Now, the proof is complete. O

An example. We consider the case m = 1 and U = [0, ¢], where ¢ > 0.
Then, equation (2.12) reduces to

0 if Tm [ V(EX*(t,Y*(t,€)dE <0,
w(t) =23 L, if Tm L V(X (,E)Y*(t,€)dE > ¢,
% Im [, V(§)X*(t,6)Y*(t,£)dé  otherwise.
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For the numerical computation of the optimal controller u*, one can use the
standard gradient descent algorithm suggested by (2.12). Namely,

. 2o [ V(O Xt Tt E)E). (5.20)

Upr1 = P Uy, +
o U(l + 27%2pn L+ 2vpn  Jpa

where p, > 0 are suitably chosen and X, Y,, are solutions to the forward-
backward system (1.1), (2.9) with u = w,,.

Proof of Theorem 2.7. The proof is similar to that of Theorem 2.6.
As a matter of fact, in the deterministic case, the analysis of the equation of
variation and of the backward equation is much easier.

Similarly to Lemma 4.2, we have

sup ([|" " eqo.my + 19" | Lao,rmrny) < 00,

U,Ueuad
where & = v — u, u,v € Uyg, and ©»¥ is the solution to the deterministic
equation of variation (i.e. (4.3) without W). Moreover,

lim sup |e 71 (X" (t) — X*(t)) — ™" (t)|2 = 0, (5.21)

£20¢ej0,71]

where X" and X" are the solutions to (1.1) corresponding to u. := u + cu
and u respectively.

Regarding the backward deterministic equation, we can now use time re-
versal arguments and the Strichartz estimates to obtain directly the estimate
below,

sup (HYUHLOO(O,T;HI) + ||Yu||Lq(07T;W1,p)) < 0.
UEULq

Based on these, one also has the directional derivative of ® as in Proposition
4.1, and similarly to (5.13), the estimate below for the minimizing sequence
of controls {u,} from Ekeland’s principle,

T—h
limsup sup / [t (t + h) — wp (t)|mdt < C6Y1,
0

n—oo  0<h<é

which by the Riesz-Kolmogorov theorem implies that {u,} is relatively com-
pact in L'(0,T;R™), thereby yielding the result. O
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6 Appendix

Lemma 6.1. (/26, Lemma 2.17]) Let T > 0 and f € C([0,T];R;), such
that

f<a+0bf* on|0,T],

where a,b >0, a>1,a < (1— é)(ab)_ﬁ, and f(0) < (ab)_ﬁ. Then,

—
a_

a4 on [0, T7.

Proof of (2.4) and (2.5). For simplicity, we omit the dependence of u
in X“. We may assume 7' > 1 without loss of generality. Set
1 A
H(X = | VX()]2 — —| X ()%, 1
(X(0) = 5| VX(WE ~ Xl (6.

As in the proof of [2, Theorem 3.1] we have for ¢ € [0, 7],
H(X(t)) — H(x)

__ /0 (Im (VVy + u(s) - VV)X (s), VX (s)) ds

T / (Re<—V(uX(S)) VX (s)yds + 5 ZW (),) |2)

—%A<a—1)§;/o /(Re¢j)2|X(s)|a+1d§ds+M(t), (6.2)
where M(t) = S [1(Re (V(68,X(5)), VX(5))y~A J ey X (5)|1d€) s (s).

Below we shall treat the focusing and defocusmg cases respectively.
(1) (The focusing case A = 1.) Note that, by [2, Lemma 3.5],

[X(O)]55h < CAX O+ VX ()3, (6.3)

where p = 2% > 2. As in the proof of [2, Theorem 3.7], the first
three terms on the right hand side of (6.2) are bounded by C fo | X(s)5 +
| X (s)]2 4+ |VX(s)|3)ds, where C' is independent of u. Thus, taking & < ‘”1

yields
VX (@)} < 4H () + CIX @B + D(#) + 4M (), (6.4)
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where D(t) = fg(|X(s)|§ +|X(s)]2 4+ |[VX(s)|3)ds. Tt follows that for any
p =4,

VX0 <C+ C(X MO+ DP(t) + M (1)) (6.5)

with C independent of u.
Note that, by Jensen’s inequality and

| X (t)]2 = |x]o, t€[0,T], (6.6)
we have

E sup D?(s) <E sup s*' / (X + X2 + VX)) dr
s€[0,t] s€[0,t] 0

<C(p,T) <1 + /Ot]E sup \VX(T)\gpds) : (6.7)

r€(0,s]
Moreover, by the BDG inequality we get

E sup |M(s)|”

s€[0,¢]

<C(E ( /9> (|Re (VGXEN. XGNP+ | [ Reol (6]

)4

t
<Clp.TE [ (VX + X + Xl ds, (68)
0

t g
<C)E ([ 19X+ X+ X ds)
0

Then, using (6.6) and (6.3) one obtains the estimate

s€[0,t] r€(0,s]

t

E sup |[M(s)|? < C(p,T) (1 —l—/ E sup |[VX(r) gpds) : (6.9)
0

Thus, plugging (6.7) and (6.9) into (6.5) and using (6.6) yield

¢
E sup |[VX(s)[3" < C’+C/ sup |VX(r)|5ds,
0

s€[0,¢] r€(0,s]
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which implies (2.4) by Gronwall’s inequality.
(1) (The defocusing case A = —1.) Similarly to (6.4), we have by (6.2),

1 1
- Xt2 _XtOH-ll
SIVXWE+ — X

¢
<H(x)+ C’/ (1 X(s)]5 + [VX(s)]5 + | X ()55 )ds + M(1).
0
Using (6.6) and (6.8) we get for p > 4,

E sup (|[VX(8)]2 + [X(1)]'H)7)

s€[0,t]

t
<C+C [ B sup (VX () + XI5,
0

rel0,s]

and so (2.4) follows.

It remains to prove (2.5). Indeed, in the case where e are constants,
1 < k < N, by the rescaling transformation y = e~ X, we have

Oy = —idy — Xily|* 'y + f(w)y, (6.10)

where f(u) := —i(Vy +u - V). Note that, the Strichartz coefficient Cr is
now a deterministic constant. Then, arguing as in (3.19) we obtain that
sup, e, 19" || Lo (@:La(0,r;Lry) < 00 for any Strichartz pair (p, q).

As regards the estimate for || X"||1o(q;re(0,7;w1.0)), it suffices to prove that
for any p > 1,

Sup E”yuniq(O,T;Wl,p) < OO, (611>

uEULq

where (p,q) = (a + 1, 3243).

Since |V (|y|* )| < a|y|* V|, [yle < D|y|m, the Holder inequality
implies that (see e.g. [2, (2.25)])

191~ 9l 0oy < 20Dyt g Wl ooy, (6.12)

where § =1 —2/q > 0. Moreover,

ILf(w)yllzr gy < TN (W)l zooo,mwro) 1Yl cqo.g:a1),
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Thus, applying Strichartz estimates to (6.10) and using the estimates
above, we get

H?JHLq 0,t;W1.p)
<C(’x|H1 +2aD*" ltBHyHc ([0,77; Hl)HyHLq(OJ;WLp)
+ T f (u) | oo o,mw 1) 1Yl o ro.g1;1))
<D()(Iylloqoryany + 1Yl aosmwin), (6.13)

where D(T') = 1420 D" lHyHc (o7 T 1 SUDuery,, 1S ()| £oo (@200 0,75m71.00)) -
Then, similarly to (3.19) we have

1
Hy HLq(o,T;Wlm) <2 ([?] + 1) D(T)Hy HC([O,T};H1)7

where t = 27V/D(T)" YO AT.
Therefore, taking into account (2.4) we obtain (6.11), thereby completing
the proof. O

Lemma 6.2. Let pu,, n > 1, be a family of probability measures on L*(0, T; R™).
Assume that

R—o0  poo

T
lim hmsup,un{v € LY0,T;R™) : / [0 (t)|mdt > R} =0, (6.14)
0

and for any € > 0,

T—h
llm llmsup,un{v € L'(0,T;R™) : sup / [u(t + h) —v(t)|mdt > 5} = 0.
=0 nooo 0<h<d Jo
(6.15)

Then, {itn tn>1 is tight on L*(0,T;R™).

Proof. Set K;(R) = {v € L( O T;R™) fo [v(t)|ndt < R} and Ky(d,€) =
{v e L0, T;R™) : supgp<s fo "lo(t+h)—v(t)|mdt < e}, where R, 8, > 0.

Fix € > 0. By (6.14) there exists N(= N(¢)), R1(= Ry(¢)) > 1, such that
sup,,s v in(Kf(R1)) < 5. Since for each n > 1, limp_ o0 pin(K{(R)) = 0, we
can choose Ry(= Ry(e)) sufficiently large, such that sup;., < tin(K{(R2)) <
5v- Thus, letting R = Ry V Ry we get sup,,»; fin (K{(R)) < €.
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Similarly, since for each k,n > 1, lims_o 1, (K5(6, 1)) = 0, by (6.15) and
similar arguments as above, we can choose 9, > 0 sufficiently small such that
SUP,,>1 H (5 (O, %)) < or

Then, set K := Ki(R) N (N> K2(0k, 1)). It follows from [27, Theo-
rem 1] that K is relatively compact in L'(0,T;R™), and by the estimates
above we have sup,,~q i (K¢) < 2¢, which implies the tightness of {p, }n>1
on L'(0,T;R™). O
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