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Abstract

Log-concavedistributionsareanattractivechoicefor modelingandinference,for several

reasons:Theclassof log-concavedistributionscontainsmostof thecommonlyusedparamet-

ric distributionsandthusis a rich and�e xible nonparametricclassof distributions. Further,

theMLE exists andcanbecomputedwith readilyavailablealgorithms.Thusno tuningpa-

rameter, suchasa bandwidth,is necessaryfor estimation.Dueto theseattractive properties,

therehasbeenconsiderablerecentresearchactivity concerningthetheoryandapplicationsof

log-concavedistributions.Thisarticlegivesa review of theseresults.
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1 Intr oduction

Therehasbeenconsiderablerecentactivity in theareaof inferenceundershapeconstraints,i.e.

inferenceabouta(say)functionf undertheconstraintthatf satis�escertainqualitativeproperties,

suchasmonotonicityor convexity on certainsubsetsof its domain. This approachis appealing

for two main reasons:First, suchshapeconstraintsare sometimesdirect consequencesof the

problemunderinvestigation,seee.g. Hampel(1987)or Wanget al. (2005),or they areat least

plausiblein many problems. It is thendesirablethat the resultof the inferencere�ect this fact.

Thereis alsothe hopethat imposingtheseconstraintswill improve the quality of the resulting

estimatorin somesense.Thesecondreasonis thatalternative nonparametricestimatorssuchas

e.g. kernelestimatorstypically requirethechoiceof a tuningparametersuchasa bandwidth.A

goodchoicefor sucha tuningparameteris usuallyfar from trivial andinjectsacertainamountof

subjectivity into the estimator. In contrast,inferenceundershapeconstraintsoften resultsin an

explicit solutionthatdoesnotdependona tuningparameter.

In thecontext of densityestimation,Grenander(1956)derived thenonparametricmaximum

likelihoodestimatorof a densityfunction that is non-increasingon a half-line. This estimatoris

given explicitly by the left derivative of the leastconcave majorantof the empiricaldistribution

function.However, this resultdoesnotcarryover to theproblemof estimatingaunimodaldensity

with unknown mode,asthenthenonparametricMLE doesnotexist, seee.g.Birgé (1997).Evenif

themodeis known, theestimatorsuffersfrom inconsistency nearthemode,theso-calledspiking

problem,seee.g.WoodroofeandSun(1993).Theseresultsareunfortunatesincetheconstraintof

unimodalityis citedasa reasonableassumptionin many problems.

It wasarguedin Walther(2002)that log-concave densitiesareanattractive andnaturalalter-

native choiceto theclassof unimodaldensities:Theclassof log-concave densitiesis a subsetof

theclassof theunimodaldensities,but it containsmostof thecommonlyusedparametricdistribu-

tionsandis thusarich andusefulnonparametricmodel.Moreover, it wasshown in Walther(2002)

thatthenonparametricMLE of a univariatelog-concave densityexistsandcanbecomputedwith

readilyavailablealgorithms.

Dueto theseattractivepropertiestherehasbeenconsiderablerecentresearchactivity aboutthe

statisticalpropertiesof theMLE, computationalaspects,applicationsin modelingandinference,

aswell asaboutthemultivariatecase.As an example,Figure1 shows a scatterplotof measure-

mentson 569 individuals from the Wisconsinbreastcancerdataset, seeSection6 for a more
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detaileddescription.Thedatawereclusteredusinga two-componentnormalmixturemodel�tted

with theEM-algorithm,seee.g.Fraley andRaftery(2002).Thecontourlinesof the�tted normal

componentsareshown in theleft plot,while theright plot showsthecontourlinesthatobtainwhen

thenormalMLE is replacedby thelog-concave MLE in theEM algorithm.Thelog-concave MLE

automaticallyadaptsto themultivariateskewnessof thedataandresultsin a superiorclustering:

Eachobservation is eithera benignor a malignantinstance.Theselabelswerenot usedfor the

�tting but canbe employed to assessthe quality of the clustering. The EM algorithmwith the

log-concave MLE resultedin 121misclassi�edinstancesversus144for theGaussianMLE.

Figure1: Contourplot andmisclassi�edinstancesfrom theGaussianEM algorithm(left) andthe
log-concave EM algorithm(right). Theplotsarefrom Culeetal. (2008).

This article givesan overview of recentresultsaboutinferenceandmodelingwith the log-

concaveMLE. Section2 givessomebasicpropertiesandapplicationsof log-concavedistributions.

Section3 addressestheMLE andits statisticalproperties.Computationalaspectsaresurveyedin

Section4, while Section5 describesrecentadvancesin themultivariatesetting.Section6 reviews

applicationsof thelog-concave MLE for variousmodelingandinferenceproblems.Section7 lists

someopenproblemsfor futurework.

2 Basicpropertiesand applicationsof log-concave functions

A functionf on R d is log-concave if it is of theform

(1) f (x) = exp� (x);
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for someconcave function� : R d ! [�1 ; 1 ). A primeexampleis thenormaldensity, where

� (x) is a quadraticin x. Further, mostcommonunivariateparametricdensitiesarelog-concave,

suchasthenormalfamily, all gammadensitieswith shapeparameter� 1, all Weibull densities

with exponent� 1, all betadensitieswith both parameters� 1, the generalizedParetoandthe

logisticdensity, seee.g.MarshallandOlkin (1979).

Log-concave functionshave a numberof propertiesthataredesirablefor modeling:Marginal

distributions,convolutionsandproductmeasuresof log-concavedistributionsareagainlog-concave,

seee.g.DharmadhikariandJoag-Dev (1988).Notablythe�rst two propertiesarenot truefor the

classof unimodaldensities1. Log-concave distributionsmaybeskewed,andthis �e xibility is rel-

evantin anumberof applications,seee.g.Section6. Ontheotherhand,log-concave distributions

necessarilyhave subexponentialtails andnon-decreasinghazardrates,seee.g.Karlin (1968)and

Barlow andProschan(1975).

Thereareseveralalternative characterizationsanddesignationsfor theclassof univariatelog-

concave distributions: Ibragimov (1956)proved that thesearepreciselythe distributionswhose

convolution with a unimodaldistribution is alwaysunimodal;thuslog-concave distributionsare

sometimesreferredto asstronglyunimodal. Log-concave densitiesarealsopreciselythePolya

frequency functionsof order2, aswell aspreciselythosedensitiesf for whichthelocationfamily

f � (x) := f (x � � ) hasmonotonelikelihoodratio in x, seeKarlin (1968).

Log-concavedistributionmodelshavebeenfoundusefulin economics,seee.g.An (1995,1998),

BagnoliandBergstrom(2005),andCaplinandNalebuff (1991),in reliability theory, seee.g.Bar-

low andProschan(1975),andin samplingandnonparametricBayesiananalysis,seee.g. Gilks

andWild (1992),DellaportasandSmith(1993),andBrooks(1998).Recentadvancesin inference

have leadto fruitful applicationsof log-concave distributions in otherareassuchasclustering,

someof whichwill bediscussedin Section6.

3 Propertiesof the nonparametric MLE

If X 1; : : : ; X n are i.i.d. observationsfrom a univariatelog-concave density(1), then the non-

parametricMLE exists, is unique,andis of the form f̂ n = exp�̂ n , where�̂ n is continuousand

piecewiselinearon [X (1) ; X (n) ] with thesetof knotscontainedin f X 1; : : : ; X n g, and�̂ n = �1

on R n [X (1) ; X (n) ], seeWalther (2002),Ru�bach (2006)or Pal et al. (2007). An exampleis

1Counterexamplesareavailablefrom theauthoruponrequest.
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plottedin �gure 2.
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Figure2: Thehistogramof n = 270�o w cytometrydata(top left), thelog-concave MLE f̂ n (top
right), theestimatedcdf (bottomleft), and�̂ n = log f̂ n (bottomright).

Consistency of f̂ n with respectto the Hellinger metric wasestablishedin Pal et al. (2007),

while DümbgenandRu�bach (2009)provide resultson theuniformconsistency oncompactsub-

setsof theinteriorof thesupport:If � belongsto aHölderclasswith exponent� 2 [1; 2], then�̂ n

andf̂ n areuniformly consistentwith rateOp

�
(log n=n) � =(2� +1)

�
. Thusin thetypicalcase� = 2,

f̂ n convergesuniformly with rate Op

�
(log n=n)2=5

�
. It is known that theseratesare optimal

evenif � wereknown. This establishesthatthenonparametricMLE adaptsto theunknown local

smoothnessof f , at leastfor � 2 [1; 2]. Further, undersomeregularityconditionsthecdf F̂n of f̂ n
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is asymptoticallyequivalentto theempiricalcdf IFn : If � > 1 thenjIFn � F̂n j isof orderop(n� 1=2)

uniformly over compactsubsetsof theinteriorof thesupport.Moreover, IFn � n� 1 � F̂n � IFn

on thesetof knotsof �̂ n . Theresultinguniform
p

n-consistency of F̂n outperformse.g. cdfsof

kernelestimatorsusinga non-negative kernelwith optimally chosenbandwidth. While empiri-

cal evidencesuggeststhat f̂ n performswell over the whole line, establishingthe corresponding

theoreticalresultsis still anopenproblem.

Balabdaouiet al. (2009) derive the pointwiselimiting distributions of n k=(2k+1) (f̂ n (x0) �

f (x0)) , n(k� 1)=(2k+1) (f̂ 0
n (x0) � f 0(x0)) , and likewise for �̂ n and �̂ 0

n , wherek is the smallest

integersuchthat � (k) (x0) 6= 0. They show thattheselimiting distributionsdependon the`lower

invelope'of anintegratedBrownianmotionprocessminusadrift termthatdependson k.

4 Computational aspects

Maximizing the log-likelihood function under the constraint
R

exp� (x) dx = 1 is equivalent

to maximizing
P n

i=1 � (X i ) � n
R

exp� (x) dx over the setof all concave functions� , seeSil-

verman(1982). Due to the piecewise linear form of the solution �̂ one can write this as a

�nite-dimensionaloptimizationproblemasfollows: For the ordereddatax 1 < : : : < xn write

� 1 := � (x1) anddenotetheslopebetweenx i � 1 andx i by si := (� (x i ) � � (x i � 1))=(x i � x i � 1),

i = 2; : : : ; n. Thentheoptimizationproblemis to maximize

	 n (� 1; s2; : : : ; sn ) = n� 1 +
nX

i =2

(n � i + 1)(x i � x i � 1)si

� n exp(� 1)
nX

i =2

exp
� P i

k=2 (xk � xk� 1)sk

�
� exp

� P i � 1
k=2 (xk � xk� 1)sk

�

si

undertheconstraintthat thevector(� 1; s2; : : : ; sn ) belongsto theconeCn := f y 2 R n : y2 �

: : : � yng. 	 n is a concave functionon R n which needsto bemaximizedover theconvex cone

Cn . This is preciselythe type of problemfor which the Iterative Convex Minorant Algorithm

(ICMA) wasdeveloped,seeGroeneboomandWellner (1992)andJongbloed(1998). The key

ideaof thatalgorithmis to approximatetheconcave functionlocally aroundthecurrentcandidate

solutionby a quadraticform, which is thenmaximizedby a Newton procedureover theconeby

usingthepool-adjacent-violators algorithm. This procedureis theniteratedto the �nal solution.

Walther (2002),Pal et al. (2007),andRu�bach (2007)successfullyemploy the ICMA for this
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problem.Thelast referencegivesa very detaileddescriptionof thealgorithmandalsocompares

theICMA to severalotheralgorithmsthatcanbeusedfor this problem,suchasan interior point

method,seee.g. Terlaky andVial (1998). The ICMA shows a clearly superiorperformancein

thesesimulationstudies.Recently, Dümbgenet al. (2007)have computedthe log-concave MLE

with an active setalgorithm,seee.g. Fletcher(1987). Active setalgorithmshave the attractive

propertythat they �nd thesolutionin �nitely many steps,while the iterationsof theICMA have

to beterminatedby astoppingcriterion. It appearsthattheactive setalgorithmprovidesthemost

ef�cient methodfor computingthe MLE to date. Both the ICMA andthe active setalgorithm

for computingthe log-concave MLE areavailablewith the R packagè logcondens ', which

is accessiblefrom `CRAN'. An alternative way to computethe MLE with convex programming

algorithmsis describedin Koenker andMizera(2008).

Anotheradvantageof the log-concave MLE f̂ n is thatsamplingfrom f̂ n is quitestraightfor-

ward: First, computethe cdf F̂n at the orderedsamplex1; : : : ; xn by integratingthe piecewise

exponentialfunction f̂ n . Next, generatea randomindex J 2 f 2; : : : ; ng with P(J = j ) =

F̂n (x j ) � F̂n (x j � 1). ThengenerateU � U[0; 1] andset� := �̂ n (xJ ) � �̂ n (xJ � 1). If � 6= 0 set

V := log(1 + (exp(�) � 1)U)=� , otherwisesetV := U. ThenX := x J � 1 + (xJ � xJ � 1)V has

densityf̂ n .

5 The multi variate case

The de�nition of a log-concave densitydoesnot dependon the underlyingdimension,see(1).

ThefactthattheMLE doesnot requirethechoiceof a tuningparametermakesits useevenmore

attractive in a multivariatesetting,wheree.g. a kernelestimatorrequiresthe dif�cult choiceof

a bandwidthmatrix. The structureof the multivariateMLE is analogousto the univariatecase,

seee.g. Cule et al. (2008): The supportof theMLE is theconvex hull of the data,andthereis

a triangulationof this convex hull suchthat log f̂ n is linearon eachsimplex of thetriangulation.

Figure3 depictsanexamplefor two-dimensionaldata.ThemultivariateMLE hasalreadyshown

promisein anumberof applications,seeSection6.

The computationof the MLE requiresan approachthat is different from the univariateset-

ting, asthemultivariatepiecewiselinearstructureof log f̂ n doesnot allow to write this optimiza-

tion problemin termsof a simpleorderingof the slopes.Cule et al.(2008)show how the MLE

can be computedby solving a non-differentiableconvex optimizationproblemusingShor's r -
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Figure3: TheMLE f̂ n (left) and�̂ n = log f̂ n (right) for n = 1000observations(plottedasdots)
from astandardbivariatenormaldistribution. Theplotsarefrom Culeetal. (2008).

algorithm, seeKappeland Kuntsevich (2000). Cule et al. (2008) report a robust and accurate

performanceof this algorithm,which they implementedin the R packageLogConcDEAD, see

Culeetal. (2009).However, thecomputationtime increasesquickly with samplesizeanddimen-

sion. Culeet al. (2008)reportcomputationtimesof about1 secfor n = 100observationsin two

dimension,to 37 min for a sampleof sizen = 1000in four dimensions.It is thereforedesirable

to developfasteralgorithmsfor thisproblem.

Cule et al. (2008) investigatethe �nite sampleperformanceof the multivariateMLE via a

simulationstudy. They comparethe meanintegratedsquarederror of the MLE with that of a

kernelestimatorwith Gaussiankernelandabandwidththatis eitherchosento minimizethemean

integratedsquarederror(usingknowledgeaboutthedensitythatwouldnotbeavailablein practice)

or determinedby an empiricalbandwidthselectorbasedon leastsquarescrossvalidation. The

MLE outperformsboth of theseestimatorsexceptfor small samplesizes,andthe improvement

canbe quite dramatic. On the otherhand,in view of the work of Birgé andMassart(1993), it

seemsunlikely thattheMLE will achieve optimalratesof convergencein dimensionsd > 4, due

to therichnessof theclassof concave functions.It wouldthusbehelpfulto havetheoreticalresults

abouttheperformanceof themultivariateMLE. Deriving suchresultsis anopenproblem.
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6 Applications in modeling and inference

Oneof themostfruitful applicationsof log-concavedistributionshasbeenin theareaof clustering.

A principled and successfulapproachto assignthe observations to clustersis via the mixture

modelf (x) =
P k

m=1 � m f m (x), wherethemixtureproportions� m arenonnegative andsumto

unity, andthe componentdistributions f m modelthe conditionaldensityof the datain the mth

cluster, seee.g. McLachlanandPeel(2000). Typically oneassumesa parametricformulation

f m (x) = f (� m ; x) for the componentdistributions, suchasthe normalmodel,seee.g. Fraley

andRaftery(2002).ThentheEM algorithmprovidesanelegantsolutionto �t theabove mixture

modelandto assignthe datato oneof thek components:TheEM algorithmiteratively assigns

thedatabasedon thecurrentmaximumlikelihoodestimatesof thecomponentdistributions,and

then updatesthoseestimateŝ� m ; �̂ m basedon theseassignments.An importantadvantageof

usingamixturemodelfor clusteringis thatit providesnotonly anassignmentof thedatato thek

components,but alsoa measureof uncertaintyfor this assignmentvia theposteriorprobabilities

thatthei th observationbelongsto themth component:̂� m f̂ m (X i )=
P k

j =1 �̂ j f̂ j (X i ).

A disadvantageof this approachis that it dependson the parametricformulationin several

importantways: If theparametricmodelis misspeci�edthentheaccuracy of theclusteringmay

deteriorateandthemeasureof uncertaintymaybeconsiderablyoff. For somedata,suchasthose

in Figure 2, no appropriateparametricmodel may be available. Another disadvantageis that

eachparametricmodelrequiresa differentimplementationof theEM algorithmbasedon certain

theoreticalderivations,seee.g.McLachlanandKrishnan(1997).

Therefore,it is desirableto haveanEM-typeclusteringalgorithmwith nonparametriccompo-

nentdistributions. This would allow for a universalsoftwareimplementationwith �e xible com-

ponentdistributions.As wasexpoundedin Sections1 and2, theclassof log-concave distributions

providesa �e xible model,and,moreover, the MLE exists. Thusonemay attemptto mimic the

EM-type clusteringalgorithmthat works so well in the parametriccontext. This ideawassuc-

cessfullycarriedout in ChangandWalther (2007) and in Cule et al. (2008). In relatedwork,

Eilers andBorgdorff (2007)usea nonparametricsmootherin placeof log-concave MLE in the

M-step,with a penaltytermthatmovestheestimatetowardsa log-concave function. Changand

Walther(2007)reporta clearimprovementcomparedto theparametricEM algorithmwhenthe

parametricmodelis not correct,anda performancethat is almostsimilar to theGaussianEM al-

gorithmin thecasewheretheGaussianmodelis correct.Thustheuseof log-concave component
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distributionsprovidesa�e xible methodologyfor clustering,andthis �e xibility doesnotentailany

noticeablepenaltyin thespecialcasewhereaparametricmodelis appropriate.

ChangandWalther(2007)alsoconsidera multivariateextensionby modelingeachcompo-

nentdistribution with log-concave marginalsanda normalcopulafor the dependencestructure.

This simplemultivariateextensionavoids themorechallengingtaskof estimatinga multivariate

log-concave density, but it is �e xible enoughfor many situations. Figure4 comparesthe �tted

componentswith thosefor the Gaussianmodel for simulatedbivariatedata. The log-concave

modelautomaticallypicks up the skewnessin y-directionandresultsin a noticeablyimproved

errorratefor theclustering,seeChangandWalther(2007)for details.

Figure4: Contoursof theestimatedmodelobtainedfrom thelog-concave EM algorithmof Chang
andWalther(2007)(left) andfrom theGaussianEM algorithm(right) basedon theplottedobser-
vations.Theunderlyingdistribution hasa skewed(shiftedgamma)distribution in they-direction
of thetopcomponent.Theplotsarefrom ChangandWalther(2007).

Cule et al. (2008)extendthis approachby usingthemultivariatelog-concave MLE for each

component.They apply the log-concave EM algorithmto the Wisconsinbreastcancerdataof

Streetetal. (1993)andobtainonly 121misclassi�edinstancescomparedto 144with theGaussian

EM algorithm. Figure5 shows a scatterplotof thedataandthe �tted log-concave mixture. The

contourplotsof the�tted componentsfrom theGaussianEM algorithmandthelog-concave EM

algorithmaregivenin Figure1.

Developingprincipledmethodologyfor selectinganappropriatenumberof componentsis an

openproblem. Methodologyfor testingfor the presenceof mixing in the log-concave modelis

given by Walther(2001)andWalther(2002),wherethe latterapproachusesthe fact that a log-

concave mixtureallows therepresentationexp(� (x) + c k x k2) for somec � 0 anda concave
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Figure5: TheWisconsinbreastcancerdata(top),with benigncasesasopencirclesandmalignant
casesascrosses.Thebottomplot shows the�tted mixturedistribution from thelog-concave EM
algorithm.Theplotsarefrom Culeetal. (2008).

function� .

While log-concave distributionsallow for �e xible modeling,thestructureprovidedby a log-

concave estimatorhasturnedout to resultin advantageouspropertiesin a numberof otherinfer-

enceproblems:

DümbgenandRu�bach (2009)usethe fact that the hazardrateof a log-concave densityis

automaticallymonotoneandconstructa simpleplug-inestimatorof thehazardratewhich is non-

decreasing.Ratesof convergencefor f̂ n automaticallytranslateto ratesfor thehazardrateesti-

mator.

Müller andRu�bach (2009)reportanimprovedperformancefor certainproblemsin extreme

valuetheorywhenemploying a log-concave estimator.
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Dümbgenet al. (2007)show how the assumptionof log-concavity allows the estimationof

a distribution basedon arbitrarily censoreddatausingthe EM algorithm. They replacethe log-

likelihoodfunctionby a functionthatis linearin � . This functioncanbeinterpretedasthecondi-

tionalexpectationof thelog-likelihoodfunctiongiventheavailabledataandrepresentstheE-step

in theEM algorithm. TheM-stepconsistsof maximizingthis functionusingtheactive setalgo-

rithm describedin Section4.

Balabdaouiet al. (2009) investigatethe modeof f̂ n asan estimatorof the modeof f . Es-

timationof themodeof a unimodaldensityhasreceived considerableattentionin the literature.

Typically, somechoiceof bandwidthor tuning parameteris requireddueto the problemswith

theMLE of a univariatedensitydescribedin Section1. TheMLE of a log-concave densitydoes

notsuffer from thisproblemandprovidesanestimateof themodeasaby-product.Balabdaouiet

al. (2009)establishthelimiting distributionof thisestimatorandshow thattheestimatoris optimal

in theasymptoticminimaxsense.

7 Summary and futur ework

Log-concave distributions constitutea �e xible nonparametricclasswhich allows modelingand

inferencewithouta tuningparameter. TheMLE hasfavorabletheoreticalperformanceproperties

andcanbecomputedwith availablealgorithms.Theseadvantageouspropertieshave resultedin

tangibleimprovementsin anumberof relevantproblems,suchasin clusteringandwhenhandling

censoreddata.

As for futurework, thereis clearly thepotentialfor similar improvementsin a hostof other

problems,suchasregression,seee.g.Eilers(2005),or Cox regressionundershapeconstraintson

thehazardrate.Further, it would beusefulto studytheconsequencesof modelmisspeci�cation.

For example,themodeof thelog-concave MLE is ausefultool for dataanalysis.It would thusbe

interestingto investigatehow faroff thismodecanbefrom thepopulationmodein thecasewhere

thepopulationdistribution is unimodalbut not log-concave. Theoutstandingperformanceof the

multivariateMLE reportedin the simulationstudiesin Cule et al. (2008)lendsimportanceto a

theoreticalinvestigationof its convergenceproperties.Finally, it would be desirableto develop

fasteralgorithmsfor computingthemultivariateMLE.

For modelingwith heavier, algebraictails, it may be of interestto considerthe moregen-

eral classof � -concave densities,seeAvriel (1972),Borell (1975)andDharmadhikariandJoag-
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Dev (1988). First resultsaboutnonparametricestimationandcomputationalissuesin this class

wereobtainedin Koenker andMizera(2008)andSeregin (2008).

Acknowledgements. Thanksto KasparRu�bach and a refereefor commentsand several

references,andto JonWellnerfor bringingthework of ArseniSeregin to my attention.
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