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Abstract

Log-concaedistributionsareanattractve choicefor modelingandinference for several
reasonsTheclassof log-concaedistributionscontainanostof thecommonlyusedparamet-
ric distributionsandthusis arich and e xible nonparametriclassof distributions. Further
the MLE exists andcanbe computedwith readily availablealgorithms. Thusno tuning pa-
rametey suchasa bandwidth,is necessaryor estimation.Due to theseattractve properties,
therehasbeenconsiderableecentresearclactiity concerninghetheoryandapplicationof

log-concae distributions. This article givesa review of theseresults.
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1 Intr oduction

Therehasbeenconsiderableecentactivity in the areaof inferenceundershapeconstraintsj.e.
inferenceabouta (say)functionf undertheconstrainthatf satis escertainqualitatve properties,
suchasmonotonicityor corvexity on certainsubsetsf its domain. This approachs appealing
for two main reasons:First, suchshapeconstraintsare sometimeddirect consequencesf the
problemunderinvestigation,seee.g. Hampel(1987) or Wanget al. (2005), or they areat least
plausiblein mary problems. It is thendesirablethat the resultof the inferencere ect this fact.
Thereis alsothe hopethat imposingtheseconstraintswill improve the quality of the resulting
estimatorin somesense.The secondreasonis that alternatve nonparametri@stimatorssuchas
e.g. kernelestimatordypically requirethe choiceof a tuning parametesuchasa bandwidth. A
goodchoicefor suchatuningparameteis usuallyfar from trivial andinjectsa certainamountof
subjectvity into the estimator In contrast,nferenceundershapeconstraintsoften resultsin an
explicit solutionthatdoesnot dependon atuningparameter

In the contet of densityestimation,Grenandef1956)derived the nonparametriecnaximum
likelihoodestimatorof a densityfunctionthatis non-increasingn a half-line. This estimatoris
given explicitly by the left derivative of the leastconcae majorantof the empiricaldistribution
function. However, this resultdoesnot carry over to the problemof estimatinga unimodaldensity
with unknavn mode asthenthenonparametrit/ILE doesnotexist, seee.g.Birge (1997).Evenif
themodeis known, the estimatorsufersfrom inconsisteng nearthe mode,the so-calledspiking
problem seee.g.WoodroofeandSun(1993). Theseresultsareunfortunatesincethe constrainof
unimodalityis citedasareasonablassumptiorin mary problems.

It wasarguedin Walther(2002)thatlog-concae densitiesarean attractve andnaturalalter
native choiceto the classof unimodaldensities:The classof log-conca&e densitiess a subsebf
theclassof theunimodaldensitiesput it containanostof thecommonlyusedparametriaistribu-
tionsandis thusarich andusefulnonparametricnodel. Moreover, it wasshavn in Walther(2002)
thatthe nonparametrid/LE of a univariatelog-concae densityexistsandcanbe computedwith
readilyavailablealgorithms.

Dueto theseattractve propertiegsherehasbeenconsiderableecentesearclactvity aboutthe
statisticalpropertiesof the MLE, computationahspectsapplicationsn modelingandinference,
aswell asaboutthe multivariatecase.As an example,Figure 1 shavs a scatterplotof measure-

mentson 569 individuals from the Wisconsinbreastcancerdataset, seeSection6 for a more



detaileddescription.The datawereclusteredusinga two-componenhormalmixture model tted

with the EM-algorithm,seee.g. Fraley andRaftery(2002). The contourlinesof the tted normal
componentareshavn in theleft plot, while theright plot shavs thecontourinesthatobtainwhen
thenormalMLE is replacedy thelog-concae MLE in theEM algorithm.Thelog-concae MLE

automaticallyadaptgo the multivariateskewnessof the dataandresultsin a superiorclustering:
Eachobserationis eithera benignor a malignantinstance. Theselabelswere not usedfor the
tting but canbe emplo/ed to assesshe quality of the clustering. The EM algorithmwith the

log-concae MLE resultedn 121 misclassi edinstanceversusl44for the GaussiarMLE.
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Figurel: Contourplot andmisclassi edinstancesrom the GaussiarEM algorithm(left) andthe
log-concae EM algorithm(right). Theplotsarefrom Culeetal. (2008).

This article givesan overview of recentresultsaboutinferenceand modelingwith the log-
concae MLE. Section2 givessomebasicpropertiesandapplicationsof log-concae distributions.
Section3 addressethe MLE andits statisticalproperties Computationabspectaresuneyedin
Sectiond, while Section5 describesecentadvancesn themultivariatesetting.Section6 reviews
applicationof thelog-concae MLE for variousmodelingandinferenceproblems.Section? lists

someopenproblemsfor futurework.

2 Basicpropertiesand applications of log-concave functions

A functionf onRY islog-concae if it is of theform

1) f(x) = exp (x);



for someconcae function : R9! [1 ;1 ). A primeexampleis thenormaldensity where

(x) is aquadraticin x. Further mostcommonunivariateparametriadensitiesarelog-concae,
suchasthe normalfamily, all gammadensitieswith shapeparameter 1, all Weibull densities
with exponent 1, all betadensitieswith both parameters 1, the generalizedParetoandthe
logistic density seee.g.MarshallandOlkin (1979).

Log-concae functionshave a numberof propertieshataredesirabldor modeling:Marginal
distributions,convolutionsandproductmeasuresf log-concae distributionsareagainlog-concae,
seee.g. DharmadhikarandJoag-Dg (1988). Notablythe rst two propertiesarenottrue for the
classof unimodaldensitie$. Log-concae distributionsmay be skewed, andthis e xibility is rel-
evantin anumberof applicationsseee.g. Section6. Ontheotherhand,log-concae distributions
necessariljnave subeponentialtails andnon-decreasinbazardrates seee.g. Karlin (1968)and
Barlow andProschar{1975).

Thereareseveralalternatve characterizationanddesignation$or the classof univariatelog-
concae distributions: Ibragimor (1956) proved that theseare preciselythe distributions whose
cornvolution with a unimodaldistribution is alwaysunimodal;thuslog-concae distributions are
sometimegeferredto asstronglyunimodal. Log-conca&e densitiesarealso preciselythe Polya
frequeng functionsof order2, aswell aspreciselythosedensitied for whichthelocationfamily
f (x):=f(x ) hasmonotondikelihoodratioin x, seeKarlin (1968).

Log-concae distribution modelshave beerfoundusefulin economicsseee.g.An (1995,1998),
BagnoliandBergstrom(2005),andCaplinandNaletuff (1991),in reliability theory seee.g.Bar
low andProschar(1975),andin samplingand nonparametriayesiananalysis,seee.g. Gilks
andWild (1992),DellaportasandSmith(1993),andBrooks(1998).Recentadwancesn inference
have leadto fruitful applicationsof log-concae distributionsin otherareassuchas clustering,

someof whichwill bediscussedh Section6.

3 Propertiesof the nonparametric MLE

piecaviselinearon[X (3); X (n)] with the setof knotscontainedn f X 1;:::;X g, and “=1

on R n[X); Xn)l, seeWalther (2002), Ru bach (2006) or Pal et al. (2007). An exampleis

1Countergamplesareavailablefrom the authoruponrequest.



plottedin gure 2.
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Figure2: Thehistogramof n = 270 o w cytometrydata(top left), thelog-concae MLE i (top
right), theestimatectdf (bottomleft), and ", = logf}, (bottomright).

Consisteng of 1, with respecto the Hellinger metric was establishedn Pal et al. (2007),
while DimbgenandRu bach (2009)provide resultson the uniform consisteng on compactsub-
setsof theinterior of thesupport:lf ~ belongsto aHolderclasswith exponent 2 [1;2], then ",
andf’, areuniformly consistenwith rateOp, (log n=n) =2 *1)  Thusin thetypicalcase = 2,
i converges uniformly with rate O, (log n=n)>> . It is known that theseratesare optimal
evenif wereknown. This establisheshatthe nonparametrid/LE adaptgo theunknavn local

smoothnessff , atleastfor 2 [1; 2]. Further undersomeregularity conditionsthecdf F;, of i



is asymptoticallyequivalentto theempiricalcdfIF,: If > 1thenjlF, Fnjis of orderogp(n 172y
uniformly over compactsubset®f theinterior of thesupport.Moreover, IF, n ' F, IF,
on the setof knotsof . Theresultinguniform P n-consisteng of F,, outperformse.g. cdfs of
kernel estimatorausing a non-ngative kernelwith optimally chosenbandwidth. While empiri-
cal evidencesuggestshatfy, performswell over the whole line, establishinghe corresponding
theoreticakresultsis still anopenproblem.
Balabdaouiet al. (2009) derive the pointwise limiting distributions of nk=k+1) (] (x)

f (xo)), ntk D=+ (FO(x ) fqxo)), andlikewise for *, and "9, wherek is the smallest
integersuchthat (%)(xq) 6 0. They shav thattheselimiting distributionsdependon the “lower

invelope' of anintegratedBrownianmotion processninusadrift termthatdependonk.

4 Computational aspects

R
Maximizing the log-likelihood function underthe constraint exp (x)dx = 1 is equvalent
... P R _ .
to maximizing L, (Xi) n exp (x)dx overthesetof all concae functions , seeSil-
verman(1982). Due to the piecavise linear form of the solution " one can write this as a

nite-dimensionaloptimizationproblemasfollows: For the ordereddatax; < ::: < xp write

1:= (X1) anddenotetheslopebetweerx; 1 andx; bys; := ( (Xj) (X 1))=(Xi Xi 1),
i = 2;:::;n. Thentheoptimizationproblemis to maximize
X“ -
n( 15s2;:iiisp) = noa+ (n i+ )X X 1)Si

i=2
Py Pia
Xoexp . o(Xk Xk 1)sk exp 5 (Xk Xk 1)Sk

Si

Vng. n isaconcae functiononR" which needso be maximizedover the corvex cone
G,. This is preciselythe type of problemfor which the Iteratve Corvex Minorant Algorithm
(ICMA) wasdeveloped,seeGroeneboonmand Wellner (1992) and Jongbloed(1998). The key
ideaof thatalgorithmis to approximatdhe concae functionlocally aroundthe currentcandidate
solutionby a quadraticform, which is thenmaximizedby a Newton procedureover the coneby
usingthe pool-adjacent-viokars algorithm. This procedurds theniteratedto the nal solution.

Walther (2002), Pal et al. (2007),and Ru bach (2007) successfullyemplo/ the ICMA for this



problem. Thelastreferencajivesa very detaileddescriptionof the algorithmandalsocompares
the ICMA to several otheralgorithmsthat canbe usedfor this problem,suchasan interior point
method,seee.qg. Terlaky andVial (1998). The ICMA shaws a clearly superiorperformancen
thesesimulationstudies.Recently Dimbgenet al. (2007) have computedhe log-concae MLE
with an active setalgorithm, seee.g. Fletcher(1987). Active setalgorithmshave the attractve
propertythatthey nd thesolutionin nitely mary stepswhile theiterationsof the ICMA have
to beterminatedby a stoppingcriterion. It appearshattheactive setalgorithmprovidesthe most
efcient methodfor computingthe MLE to date. Both the ICMA andthe active setalgorithm
for computingthe log-concae MLE are available with the R packagelogcondens ', which
is accessibldrom "CRAN An alternatve way to computethe MLE with convex programming
algorithmsis describedn KoenlerandMizera (2008).

Anotheradwantageof the log-concae MLE f is thatsamplingfrom f}, is quite straightfor

exponentialfunction f,. Next, generatea randomindex J 2 f2;:::;ngwith P(J = j) =
Fn(xj) Fn(X; 1). Thengeneratd) U[0;1]andset := “,(x3) “n(xs 1).1f 6 Oset
V = log(1+ (exp() 1)U)= , otherwisesetV = U. ThenX = x5 1+ (X3 X3 1)V has
densityf,.

5 The multivariate case

The de nition of a log-concae densitydoesnot dependon the underlyingdimension,see(1).
Thefactthatthe MLE doesnot requirethe choiceof atuning parametemalesits useevenmore
attractve in a multivariatesetting,wheree.g. a kernelestimatorrequiresthe dif cult choiceof
a bandwidthmatrix. The structureof the multivariate MLE is analogoudo the univariatecase,
seee.g. Culeetal. (2008): The supportof the MLE is the convex hull of the data,andthereis
atriangulationof this corvex hull suchthatlogf}, is linearon eachsimplex of the triangulation.
Figure3 depictsan examplefor two-dimensionatata. The multivariateMLE hasalreadyshavn
promisein a numberof applicationsseeSection®.

The computationof the MLE requiresan approachthat is differentfrom the univariateset-
ting, asthe multivariatepieceavise linear structureof log f}, doesnotallow to write this optimiza-
tion problemin termsof a simple orderingof the slopes. Cule et al.(2008)shav how the MLE

canbe computedby solving a non-diferentiablecorvex optimizationproblemusing Shors r -



Figure3: TheMLE f', (left) and ", = logf’, (right) for n = 10000bsenrations(plottedasdots)
from a standardivariatenormaldistribution. The plotsarefrom Culeetal. (2008).

algorithm, seeKappel and Kuntse&ich (2000). Cule et al. (2008) reporta robust and accurate
performanceof this algorithm, which they implementedn the R packageLogConcDEAD, see
Culeetal. (2009).However, the computatiortime increasesgjuickly with samplesizeanddimen-
sion. Culeetal. (2008)reportcomputatiortimesof aboutl secfor n = 100obserationsin two

dimensionto 37 min for a sampleof sizen = 1000in four dimensionslt is thereforedesirable
to developfasteralgorithmsfor this problem.

Cule et al. (2008) investigatethe nite sampleperformanceof the multivariate MLE via a
simulationstudy They comparethe meanintegratedsquarederror of the MLE with that of a
kernelestimatowith Gaussiarkernelandabandwidththatis eitherchoserto minimizethemean
integratedsquareckrror(usingknovledgeabouthedensitythatwould notbeavailablein practice)
or determinedby an empiricalbandwidthselectorbasedon leastsquaresrossvalidation. The
MLE outperformsbhoth of theseestimatorsxceptfor small samplesizes,andthe improvement
canbe quite dramatic. On the otherhand,in view of the work of Birgé and Massart(1993), it
seemaunlikely thatthe MLE will achieve optimalratesof convergencein dimensiongl > 4, due
to therichnessf theclassof concae functions.It wouldthusbehelpfulto have theoreticaresults

aboutthe performancef the multivariateMLE. Deriving suchresultsis anopenproblem.



6 Applicationsin modeling and inference

Oneof themostfruitful applicationf log-concae distributionshasbeenin theareaof clustering.
A principled and successfubpproachto assignthe obserationsto clustersis via the mixture

Py
m=1

modelf (x) = mfm(X), wherethe mixture proportions , arenonngative andsumto
unity, andthe componendistributionsf ,, modelthe conditionaldensityof the datain the mth
cluster seee.g. McLachlanand Peel(2000). Typically one assumes parametricformulation
fm(x) = f( m;x) for the componendistributions, suchasthe normalmodel, seee.g. Fraley
andRaftery(2002). Thenthe EM algorithmprovidesan elegantsolutionto t the abose mixture
modelandto assignthe datato oneof the k componentsThe EM algorithmiteratvely assigns
the databasedon the currentmaximumlik elihood estimatesf the componentistributions,and
then updatesthoseestimates*; “m basedon theseassignments.An importantadvantageof
usinga mixture modelfor clusteringis thatit providesnotonly anassignmenotf thedatato thek
componentsbut alsoa measureof uncertaintyfor this assignmenvia the posteriorprobabilities
thattheith obseration belongsto themth component? mfm (Xi)= P {21 T

A disadwantageof this approachis thatit dependon the parametricformulationin several
importantways: If the parametriomodelis misspeci edthenthe accurag of the clusteringmay
deteriorateandthe measuref uncertaintymay be considerablyoff. For somedata,suchasthose
in Figure 2, no appropriateparametricmodel may be available. Anotherdisadwantageis that
eachparametrionodelrequiresa differentimplementatiorof the EM algorithmbasedon certain
theoreticaderiations,seee.g. McLachlanandKrishnan(1997).

Thereforeijt is desirablego have anEM-typeclusteringalgorithmwith nonparametricompo-
nentdistributions. This would allow for a universalsoftwareimplementatiorwith e xible com-
ponentdistributions. As wasexpoundedn Sectionsl and2, the classof log-concae distributions
providesa e xible model,and, morewer, the MLE exists. Thusonemay attemptto mimic the
EM-type clusteringalgorithmthat works so well in the parametriccontext. This ideawassuc-
cessfullycarriedout in Changand Walther (2007) andin Cule et al. (2008). In relatedwork,
Eilers and Borgdorf (2007) usea nonparametriecmootherin placeof log-concae MLE in the
M-step,with a penaltytermthat movesthe estimatetowardsa log-concae function. Changand
Walther (2007)reporta clearimprovementcomparedo the parametricEM algorithmwhenthe

parametrianodelis not correct,anda performancedhatis almostsimilar to the GaussiareEM al-

gorithmin the casewherethe Gaussiamimodelis correct. Thusthe useof log-concae component



distributionsprovidesa e xible methodologyfor clusteringandthis e xibility doesnotentailary
noticeablgpenaltyin the specialcasewherea parametrianodelis appropriate.
ChangandWalther (2007) also considera multivariateextensionby modelingeachcompo-
nentdistribution with log-concae maiginalsanda normal copulafor the dependencstructure.
This simple multivariateextensionavoids the more challengingtask of estimatinga multivariate
log-concae density but it is e xible enoughfor mary situations. Figure4 compareghe tted
componentswith thosefor the Gaussiarmodel for simulatedbivariate data. The log-concae
model automaticallypicks up the skewnessin y-directionand resultsin a noticeablyimproved

errorratefor the clustering,seeChangandWalther(2007)for details.

=) = 0 1 2 3 2 1 0 1 2 3

Figure4: Contoursof theestimatednodelobtainedrom thelog-concae EM algorithmof Chang
andWalther(2007)(left) andfrom the GaussiarEM algorithm(right) basedn the plottedobser
vations. The underlyingdistribution hasa skewed (shiftedgamma)distribution in the y-direction
of thetop componentTheplotsarefrom ChangandWalther(2007).

Culeetal. (2008) extendthis approachby usingthe multivariatelog-concae MLE for each
component. They apply the log-concae EM algorithmto the Wisconsinbreastcancerdataof
Streetetal. (1993)andobtainonly 121 misclassi edinstancezomparedo 144with the Gaussian
EM algorithm. Figure5 shavs a scatterplotof the dataandthe tted log-concae mixture. The
contourplotsof the tted component$rom the GaussiarEM algorithmandthelog-concae EM
algorithmaregivenin Figurel.

Developingprincipledmethodologyfor selectinganappropriatenumberof componentss an
openproblem. Methodologyfor testingfor the presenceof mixing in the log-concae modelis
given by Walther(2001) and Walther (2002), wherethe latter approachusesthe factthat a log-

concae mixture allows the representatioexp( (x) + ¢ k x k?) for somec 0 andaconcae
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Wisconsin breast cancer dataset

o Benign
X Malignant

Figure5: TheWisconsinbreasicancerata(top), with benigncasesasopencirclesandmalignant
casesascrosses.Thebottomplot shavs the tted mixturedistribution from thelog-concae EM
algorithm. Theplotsarefrom Culeetal. (2008).

function

While log-concae distributionsallow for e xible modeling,the structureprovided by a log-
concae estimatorhasturnedout to resultin adwvantageougropertiesn a numberof otherinfer-
enceproblems:

Dumbgenand Ru bach (2009) usethe fact that the hazardrate of a log-concae densityis
automaticallynonotoneandconstrucia simpleplug-in estimatorof the hazardratewhichis non-
decreasingRatesof convergencefor f}, automaticallytranslateto ratesfor the hazardrate esti-
mator

Muller andRu bach (2009)reportanimproved performancdor certainproblemsin extreme

valuetheorywhenemplo/ing alog-concae estimator

11



Dumbgenet al. (2007)shav how the assumptiorof log-concaity allows the estimationof
a distribution basedon arbitrarily censoreddatausingthe EM algorithm. They replacethe log-
likelihoodfunctionby afunctionthatis linearin . Thisfunctioncanbeinterpretedasthe condi-
tional expectationof thelog-likelihoodfunctiongiventhe availabledataandrepresentthe E-step
in the EM algorithm. The M-stepconsistsof maximizingthis function usingthe active setalgo-
rithm describedn Section4.

Balabdaouiet al. (2009)investigatethe modeof f}, asan estimatorof the modeof f . Es-
timation of the modeof a unimodaldensityhasreceved considerablattentionin the literature.
Typically, somechoiceof bandwidthor tuning parameteis requireddueto the problemswith
the MLE of a univariatedensitydescribedn Sectionl. The MLE of alog-concae densitydoes
not suffer from this problemandprovidesanestimateof the modeasa by-product.Balabdaouget
al. (2009)establistithelimiting distribution of this estimatoandshav thattheestimatoiis optimal

in theasymptotianinimaxsense.

7 Summary and futur e work

Log-concae distributions constitutea e xible nonparametriclasswhich allows modelingand
inferencewithout a tuningparameterThe MLE hasfavorabletheoreticalperformanceroperties
andcanbe computedwith availablealgorithms. Theseadvantageougropertieshave resultedin
tangibleimprovementsn anumberof relevantproblems suchasin clusteringandwhenhandling
censorediata.

As for future work, thereis clearly the potentialfor similarimprovementsin a hostof other
problemssuchasregressionseee.g. Eilers (2005),or Cox regressiorundershapeconstrainton
the hazardrate. Further it would be usefulto studythe consequencest modelmisspeci cation.
For example the modeof thelog-conca&e MLE is a usefultool for dataanalysis.It wouldthusbe
interestingo investigatenow far off this modecanbefrom the populationmodein the casewhere
the populationdistribution is unimodalbut notlog-concae. The outstandingoerformancef the
multivariate MLE reportedin the simulationstudiesin Cule et al. (2008) lendsimportanceto a
theoreticalinvestigationof its corvergenceproperties.Finally, it would be desirableto develop
fasteralgorithmsfor computingthe multivariateMLE.

For modelingwith heavier, algebraictails, it may be of interestto considerthe more gen-

eralclassof -concae densitiesseeAvriel (1972),Borell (1975)and Dharmadhikarand Joag-

12



Dev (1988). First resultsaboutnonparametri@stimationand computationalssuesin this class
wereobtainedn KoenlerandMizera(2008)andSergin (2008).

Acknowledgements. Thanksto KasparRu bach and a refereefor commentsand several
referencesandto JonWellnerfor bringingthework of ArseniSergjin to my attention.
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