Likelihood inference for models with unobservables: an-
other view
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Abstract There have been controversies among statisticians on (i) what to model and
(i) how to make inferences from models with unobservables. One such controversy
concerns the difference between estimation methods for the marginal means not nec-
essarily having a probabilistic basis and statistical models having unobservables with a
probabilistic basis. Another concerns likelihood-based inference for statistical models
with unobservables. This needs an extended-likelihood framework, and we show how
one such extension, hierarchical likelihood, allows this to be done. Modelling of unob-
servables leads to rich classes of new probabilistic models from which likelihood-type

inferences can be made naturally with hierarchical likelihood.

Key words and phraseslierarchical generalized linear model, unobservables, random
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1 Introduction

Fisher introduced the concept of likelihood in 1921 for inferences from statistical mod-
els involving two kinds of objects, namely observed random variables (data) and un-
known fixed parameters. Pearson (1920) pointed out a limitation of Fisher likelihood
for the prediction of unobserved future observations. Fisher’s likelihood cannot be used
to make inferences about unobservables. There has been an effort to extend likelihood
inferences to models with unobservables by eliminating them via integration. How-

ever, with a few exceptions such as the copula (Joe, 1997), marginal distributions for
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counts and proportions are not available in explicit forms, and this restricts the scope
of the classical likelihood approach.

In longitudinal studies, generalized estimating equations (GEEs) are widely used.
They give an estimation method for regression coefficients, constructed directly to de-
scribe marginal means, with the covariance structure regarded as contributing nuisance
parameters only. However, GEEs cannot (generally) be integrated to obtain a likeli-
hood function (McCullagh and Nelder, 1989) and therefore may not have a probabilis-
tic or likelihood basis. These estimation methods for marginal (or population-average)
means are often contrasted with conditional (or subject-specific) models, which include
the modelling of unobservables. Janseal (2006) reviewed the use of GEE methods
and conditional models for analysis of missing data and discussed the choice between
them. However, we believe that such a choice is inappropriate because the choice of an
estimation method for a particular parameterization (marginal parameter) should not
pre-empt the process of model selection. Recently, Lee and Nelder (2004) have shown
that alleged differences in the behaviour of parameters between GEE methods and con-
ditional models are based on a failure to compare like with like. We dislike the use of
estimation methods without a probabilistic basis, because, for example, inferences for
joint and conditional probabilities are not possible.

Recently, broad classes of new probabilistic models with unobserved random vari-
ables (unobservables) have been proposed, such as generalized linear models (GLMSs)
with random effects (Lee and Nelder, 1996), latent processes (Skrondal and Rabe-
Hesketh, 2007), models for missing data (Little and Rubin 2002), prediction (Bjgrnstad,
1990) and for potential outcomes in causality (Rubin, 2006) etc. In the statistical litera-
ture unobservables appear with various names such as random effects, latent processes,
factor, missing data, unobserved future observations, potential outcomes etc. Random
effects in the mean model have been proposed to account for within-subject correla-
tion in longitudinal studies (Digglet al., 1996), for smooth spatial data (Besag and
Higdon, 1999), for spline-type function fitting (Eilers and Marx, 1996), and for factor

analysis (Bartholomew, 1987) etc., while random effects in the dispersion model (Lee



and Nelder, 2006a) can account for heteroskedasticity, giving heavy-tailed distributions
that allow robust modelling (Noh and Lee, 2007a).

Modelling of unobservables is the key to these new models. However, because of
difficulties in making likelihood inferences about unobservables, some authors use the
Fisher likelihood for inferences about fixed unknown parameters, while for inferences
about unobservables they use the empirical Bayesian (EB) approach, or full Bayesian
(FB) inference. Recently, Zhagt al. (2006) have used a FB approach, which they
claim to have an advantage over the frequentist version (EB) in thatdnigputation-
ally simplerto obtain variance estimates of the random-effect estimates. (Note that
the word ‘prediction’ has often been used to denote the estimation of random effects.
However, we believe that it is clearer to ysedictionwhen we estimate future ob-
servations (unobservables) aestimationfor the estimation of random effects in the
data already observed.) Discussing the controversy between Fisher and Neyman, Ru-
bin (2005) maintained that models with unobservables arose most naturally in causal
inference within a FB framework. From Lindley and Smith (1972) onwards, FB has
become dominant for the analysis of models with unobservables. The availability of
Markov-Chain Monte Carlo, which implements FB procedures, has made FB infer-
ences popular.

By contrast we believe that modelling of unobservables is natural within an ex-
tended likelihood framework. Recently, for general inferences from models involv-
ing unobservables Lee and Nelder (1996) have proposed to use the hierarchical (or
h-)likelihood. The h-likelihood plays a key role in the synthesis of the likelihood in-
ferential tools needed for a broad class of new models having unobservables. The
h-likelihood approach takes into account the uncertainty in the estimation of random
effects, so that inferences about unobservables are possible without resorting to an EB
framework.

In the next Section we review some models with unobservables and discuss related
modelling issues. We review the h-likelihood procedure for the estimation of random

effects and compare with the Bayesian approach in Section 3; likelihood inferences



from such models are demonstrated with examples in Section 4, followed by conclu-

sions in Section 5.

2 How to model unobservables

Multivariate distributions for non-Gaussian models can be produced by probabilistic
modelling of unobservables, without requiring explicit multivariate generalizations of
non-Gaussian distributions. Using hierarchical likelihood, inferences from these new

classes can be made.

2.1 HGLMs: random effects in the mean

HGLMs allow a synthesis of GLMs, random-effect models, and structured-dispersion
models. Consider a GLM with random effects, where the resppfdows the GLM,

conditioning on random effects

= E(y|v) and vaty|v) = ¢V (k) 1

with a linear predictor

n=Xp+ Zv, (2

wheren = g(u) for some monotonic functiop(). Whenv are normal the models
are called generalized linear mixed models (GLMMs). The use of other distributions
for the random effects enriches the class of models. Lee and Nelder (1996) introduced
HGLMSs, in which the distribution of the random components is extended to an arbitrary
conjugate distribution of a GLM family, with an appropriate link, not necessarily that
of the conjugate pair. Above we suppress the indices to mean that our discussion
covers various models having single or multiple random effects with nested, crossed,
combined structures, etc. We write indices if necessary.

To allow various patterned associations among random effects Lee and Nelder

(2001a) proposed to add an additional feature to HGLMs as follows:vLet Lr



with r being random effects with a diagonal covariance matrixinjae A to give
var(v) = ¥ = LAL".

The last equation can be a spectral decomposition with an orthogonal mabrixa
Choleski decomposition with upper or lower triangular mafiixZhaoet al. (2006)

note that the full generality of the GLMM requires using general design matrices for
both fixed and random components. With fixednot depending upon unknown pa-
rameters, we have models for longitudinal studies, intrinsic autoregressive models,
various spline models etc. With parameter-dependewe have random-slope mod-

els, autoregressive models, antedependence models, Markov-random-field models etc.
(Lee and Nelder, 2001a). These models are also able to handle a great range of com-
plications in regression-type analysis, for instance within-subject correlation in lon-
gitudinal data, scatterplot smoothing, generalized additive models, Kriging, function
estimation and non-parametric regression models such as generalized additive models
and varying-coefficient models (Zhab al., 2006).

Example 1: Consider the model from item-response theory (IRT) such that

exp(vij — )
1+ exp(vij — ;)

where 3; is the intrinsic difficulty of thejth item andv;; is theith subject’s ability

Pr(yi; = 1lvy) =

for the jth item. If v;; = v; with v; ~ N(0, ) it becomes a one-parameter IRT
model (Rasch, 1960). An appealing feature of this model is that items and subjects
(examinees) can be placed on a common scale. Differences in both difficulty between
items and ability of subjects is assumed to remain the same. In this model, for a given
item, the probability of a correct response increases monotonically with ability as in
Figure 1.

If v;; = ria; With ; ~ N (0, ) ande; fixed unknown, we have a two-parameter

IRT model. Letv; = (v1, -+ ,v)t andL; = (aq, -+, ax)?, giving

Var(vi) =3; = LlALf,



whereA = ) is a one-by-one matrix. This model allows for correlations among items
for each subject. In this modal; is called the discriminant parameter asid= 3,/

the difficulty parameter (Skrondal and Rabe-Hesketh, 2007). This two-parameter IRT
model may lack the monotonicity property, in that one item can be easier than another
for one subject, while being more difficult for another, this being described by the
item-subject interaction; ;. This example shows how a particular modelling of the

(singular) covariance matriX; can give an interesting interpretation of the parameters.
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Figure 1: Curves of Ry;; = 1|v;) with respect tov (left) in a one-parameter IRT

model and- (right) in a two-parameter IRT model

Example 2: Wherv, = pv;—q + r¢ with var(r;) = X we have autoregressive
random effects of order 1. Whem = 1 we have the random-walk model, which
gives a singular precision matrix. This random-walk model for temporal correlation
has been extended to spatially correlated models via intrinsic autoregressive models
with a singular fixed-precision matrix (Besag and Kooperberg, 1995). Splines can be
viewed as smoothing via random effects which also have a singular fixed-precision
matrix (Green and Silverman, 1994)

Example 3: Skrondal and Rabe-Hesketh (2004) proposed generalized linear la-



tent and mixed models (GLLAMMS) as a means of unifying factor models, linear
structural-relations models, and covariate measurement-error models. They point out
that GLLAMMSs consist of two building blocks, a response model and a structural
model. For the response model, they use the HGLM shown in equation (2). For the

structural model, the random effect itself satisfies a regression model of the form
v=Bv+Tw+r,

whereB is a matrix of structural parameters relating the latent dependent variables to
each otherT" is a matrix of structural parameters relating the latent dependent variable

to the latent explanatory variables, anid a vector of disturbances. From this we have

v=1—-B) 'Tw+ (I —-B)'r

Thus, the GLLAMMSs can be represented as an HGLM with two random components
n=g(p) =X+ Zv=XP+ ZLiw+ ZLyr

whereL; = (I — B)"'I'andL, = (I — B)~!. In GLLAMMs the parametrization
using B, T, var(w) and var¢) gives a useful interpretation.

Other class of widely used models with unobservables are non-linear mixed-effect
models in population pharmacokinetics and pharmacodynamics, models for missing

data, and models for potential outcomes.

2.2 Random-effect models for the dispersion

Lee and Nelder (2006a) introduced double HGLMs (DHGLMSs), which allow random
effects for the dispersion. This gives a systematic way of generating heavy-tailed dis-
tributions for various types of data such as counts, proportions etc. Random effects
in the mean affect the first two cumulants of the distribution of responses, while those
in the dispersion affect the third and fourth cumulants, so that by allowing random ef-

fects in both mean and dispersion we can generate models with various patterns in the



first four cumulants. Castillo and Lee (2007) showed that DHGLMs provide a general
treatment of Levy-process models in financial modelling, while Noh and Lee (2007a)
showed that this new class allows robust modelling of GLM classes, with bounded in-
fluence. Yun and Lee (2006) showed how to model abrupt changes in the behaviour
of schizophrenics. Glidden and Liang (2002) showed that sensitivity of estimators for
6 from HGLMs become more serious when the data form a selected sample. How-
ever, Nohet al. (2005) showed that by using a heavy-tailed distribution for the random

effects, such a sensitivity in the estimators can be avoided.

2.3 Probabilistic and non-probabilistic methods

Without introducing random effects the GEE can be used to obtain maximum like-
lihood (ML) estimators when responses are normal. Estimates of regression coeffi-
cients from GEEs have been claimed to be consistent under various model misspeci-
fications. It is often called the population-averaged model (Zeget., 1998) or the
marginal model (Jansest al.,2006) for a particular parameterization (regression coef-
ficients for marginal means f)). For correlated non-normal responses, given a GEE
U(Bs) = 9q/00s = 0 (let us say), the mixed derivatives may not be the same (McCul-
lagh and Nelder, 1989, p 337).

62(]/855867" = aU(ﬁs)/aﬁr 7é 8U(6T)/655 = 62(]/8ﬁraﬁs§

if so there is no probabilistic model leading to the GEES3,) = 0. Without such a
basis the claim of consistency is meaningless: for more discussion see Crowder (1995)
and Chaganty and Joe (2006).

Itis of interest to study the class of marginal models, allowing estimating equations.
Various marginal models have been proposed by Molenberghs and Lesaffre (1994),
Molenberghset al. (2007) and Heagerty and Zeger (2000). Heagerty and Zeger (2000)
claimed that the parameter estimates from their marginal models were less sensitive
to the misspecification of the distribution of random effects. Lee and Nelder (2004)

showed that if one compared like with like the differences between the results from



the two models were not great. All that we can say is that certain parameterizations are
less sensitive under certain probabilistic models, so that it could be recommended to use
such a parameterization if it also met scientific requirements. For further controversies
on parameterizations see Lindsey and Lambert (1998).

GEE is an estimatingnethod not a model. Thus, we do not believe that a use-
ful comparison can be made between a probabilistic model such as a HGLM and an
estimating method such as GEE. We see the analysis of data as consisting of three
main activities: the first two are model fitting and model-checking which aim to find
parsimonious well-fitting models, and together comprise model selection; the third is
model prediction, where parameter estimates from selected models are used to predict
quantities of interest and their uncertainties. In our view, inferences about margins and
individual subjects’ responses and a choice of an estimation method such as the GEE,
ML etc, both belong to the prediction phase of the analysis.

In this paper we shall not consider GEE further because the method does not allow

inferences about unobservables.

3 Extended likelihood versus Bayesian approaches

Besides the observed data and fixed unknown parameters in Fisher likelihood, an ad-
ditional type of object, namely unobservable random variab|ésoften of interest in
making statistical inferences.

Example 4: Suppose that we have the number of epileptic seizures in an individual
for five weeksy = (3,2,5,0,4). Suppose that these counts are i.i.d. from a Poisson
distribution with mearf. Now we want to have a predictive probability function for
the seizure counts for the next weekHere,d = (3+2+5+0+4)/5 = 2.8, s0
that the plug-in technique gives the predictive distribution for the seizure ecafrthe

next week:
fa(v=1ily) = f3(v=1) = exp(—2.8)2.8"/il.

Pearson (1920) pointed out the limitation of Fisher likelihood using the plug-in method



because it cannot account for uncertainty in estimating

Example 5: Suppose that the d&tare collected from the statistical modglY’; 9).
Suppose also that some of the intended observatiois ame unobservable because
they are missing. We Writ¥ = (Yops, Ymis) fOr yops the observed ang,,;s the miss-

ing components. Let be missing data indicators such that
r; = 1, if Y;is missing,
= 0, if Y;is observed.
This leads to a probability function
Jo(Y,7:0) = fo(Y) fo(r|Y).

Herey = (yops, ) are the observed data apgl;s are the unobservables
From these models, likelihood inferences can be made using the h-likelihood de-

fined by

h = h(0,v) = log fo(y|v) + log fo(v) = log fa(y,v) = m +log fa(v|y), (3)

wherem is the marginal log-likelihoodh = log fy(y) with fo(y) = [ fo(y|v) fo(v)dv.
This is the (log) h-likelihood, which plays the same role as the log-likelih@oih
Fisher’s likelihood inference for models without unobservables. In forming the h-
likelihood the choice of the scale far is important (Leeet al, 2006) because the
mode and its curvature are used for inferences, as we shall discuss.

Throughout this paper we ugg() to denote probability functions of random vari-
ables with fixed parametefs the arguments within the brackets can be either con-
ditional or unconditional. Thusfy(y|v) and fy(v|y) have different functional forms

though we use the sanjg() to mean probability functions with parametérs

3.1 Bayesian inferences

If we assume a priofr(#) on parameteré Bayesian inferences can be made. The
posterior is

(0, vly) o< 7 (y|v, O)m (v|0)7(0),

10



wherer (y|v,0) = fo(y|v) andnw(v]|d) = fo(v). Heref is also unobservable and is
eliminated by integration. Lef_; = (61, -+ ,0;,-1,0;11,- - ,0,)T. For Bayesian
inferences various marginal or conditional posteriors have been used:
(Oly) = [ (0, v]y)dv,
m(0ily) = [ 7(0,v|y)dvdd_;,

(vily) = [ 7(0,v]y)dv_;df..

m(vily,0) = [7(v]y,0)dv_;. In this paper full Bayesian (FB) inference is assumed

™
™

to use the marginal posteriors(6;|y) and 7(v;|y), while empirical Bayesian (EB)
inference (Morris, 1983) uses the conditional posteriofs;|y, §) whered are the
ML estimators maximizing the likelihoogd, (y) = 7 (0|y) = [ 7(6, v|y)dv under the

uniform priorz(0) = 1.

3.2 Adjusted profile h-likelihoods and likelihood inference

The likelihood principle of Birnbaum (1962) states that Fisher's marginal likelihood
fo(y) carries all the (relevant experimental) information in the data about the fixed pa-
rameterd), so thatfy(y) should be used for inferences abdutsee also Berger and
Wolpert (1984). For estimating fixed parameténse follow the likelihood principle

by using the ML estimator fronf,(y). We view the marginal likelihood as an ad-
justed profile likelihood eliminating nuisance unobservabldésom the h-likelihood.

However, the computation of ML estimators can be a complex task because of in-
tractable integration. For example, in the Salamander data (McCullagh and Nelder,
1989) marginal-likelihood inference, based upon numerical integration using Gauss-
Hermite quadrature, is not feasible sinc&a-dimensional integral is required.

Let
L=10(0) =log fo(y) = log/exp hdv

be the (log-) marginal likelihood. Lét= i(«, v) be alikelihood, either a marginal like-

lihood ¢ or an hierarchical likelihood, with nuisance parametets Lee and Nelder

11



(2001) introduced a functiop, (; ¢), defined by

pa(t:) = [t — 5 logdet{D(1,a)/(2m)} o=z @

where D(l, o) = —8%1/0a? anda solvesdl/Oa = 0. Thesep(-) functions define
adjusted profile h-likelihoods (APHLS). #f(9) = 1 the Bayesian posterior is identical
to the h-likelihoodr (6, v|y) = fo(y,v). Thus, APHLs can have a Bayesian interpre-
tation; for example,_, o(h;v;) is the Laplace approximation to the marginal posterior
7(v;ly), eliminating @—;, #) by integration When(9) = 1 itis not a probability if
the domain is the whole real line or the positive real line. However, as long as the
marginal posterior is proper (finite)(v;|y) would be considered as a valid posterior
(Berger, 1985).

APHLs also allow a likelihood interpretation. Hesg(h; 0) is the Laplace approx-
imation to the marginal likelihood obtained by integrating over unobservahlgg ee
and Nelder, 2001a); its maximum gives approximate (marginal) ML estimators for
In likelihood inferences fixed parameters are eliminated by conditioning (if available)
or profiling (in general). Now suppose that the parameters in a model can be divided
into location parameters and dispersion parameter$. Note thatpg(¢; 02) is an ad-
justed profile likelihood that approximates the conditional log-likelihood obtained by
conditioning on the marginal ML estimatgrto eliminate the fixed unknown parame-
ter 5 (Cox and Reid, 1987). A well-known exact example of this is the use of restricted
likelihood in linear mixed models. Furthermong,(h;v) is Davison’s (1986) predic-
tive likelihood forwv, eliminating nuisance fixed parametérsThe APHLp, . o(h;v;)
eliminatesy_; by integration and by conditioning ord. When orthogonality does not
holds between parameters we use a profile likelihood to eliminate nuisance parameters.
To simplify the notation we sometimes suppress arguments, for example we(hse
instead ofp, {h(v, 8,02); 3,02} = p,(h; 3,0?) if this does not lead to ambiguity.

Lee and Nelder (1996, 2001a, 2006a) proposed to maximize the h-likelihtard
the estimation of), the marginal likelihood for the ML estimators fog3, and the re-

stricted likelihoodps (¢) for the dispersion parameters. Thus, our position is consis-

12



tent with the likelihood principle by using the marginal likelihood for inferences about
0. However, whert is numerically hard to obtain, we propose to use adjusted profile
h-likelihoods (APHLS)p, (k) andpg ,(h) as approximations t6 andpg(¢); ps.. (k)
approximates the restricted log-likelihood. Second-order Laplace approximations may
sometimes be useful to improve accuracy.

Many numerical studies on h-likelihood have shown that this development gives
practically satisfactory estimates of parameters in many models where the ML estima-
tors are hard to compute. For binary data Noh and Lee (2007b) showed numerically
that the h-likelihood estimator fdr has less bias and mean square error than various
other methods developed by Schall (1991), Breslow and Clayton (1993), Drum and
McCullagh (1993), Shun and McCullagh (1995), Lin and Breslow (1996) and Shun
(1997): see also the simulation studies of frailty models (Ha and Lee, 2005) and of
mixed linear models with censoring (H# al,, 2002). In the salamander data, among
other methods considered, the MCEM of Vaida and Meng (2004) gives the closest
estimates to the h-likelihood estimators.

Little and Rubin (2002) provided an extensive review of the analysis of missing
data and claimed that h-likelihood methods were inappropriate for the estima#iam of
missing-value settings such as that in Example 5. They appear wrongly to have equated
h-likelihood estimation to a joint maximization of mean and dispersion parameters.
Yun et al. (2007) showed, in contrast to this assertion, that when applied appropriately
h-likelihood methods are both valid and efficient in such settings. In non-linear mixed-
effect models the h-likelihood can also improve on existing methods (Noh and Lee,

2008).

3.3 APHLs versus marginal posteriors

In the Bayesian approach, simulation techniques such as MCMC are often used to
compute the marginal posteriors. Consider the Epil example of the OpenBUGS man-

ual, volume 1 (Thomast al. 2006). The data come from a clinical trial of 59 epileptic

13



patients. Each patiefitis randomized to a new dru@’{ = 1) or a placeboT; = 0).
The observations for each patiept, - - - ,y;4 are the number of seizures during the
2 weeks before each of four visits. The covariates are dgg the baseline seizure
counts (B;), and an indicator variable for the fourth clinic visit'¢). Consider the

HGLM
nij = Bo+ Brlog(B;/4) + BrT; + frx T x log(B;/4) + BadA; + By VA+v; +w;j,

using centered covariates with -~ N(0,02) andw,; «~ N(0,02). In discussing the
paper by Ruet al. (2008) on Bayesian inferences based on pigr’, o.,2 -~gamma0.001, 0.001),
Lee showed Figure 2 (of this paper) for the marginal posterio(s;|y), 7(8r|y)
andr(o2|y), from OpenBUGS (Thomast al.,2006) and the corresponding APHLSs,
Por 0015 01), Posao(hi Br, 6(Br)) and py . 5(h; 02,62 (02)), whered(a) are the

ML estimators of remainings and the REML estimators for the dispersion parame-
ters atfr = a andé? («) is the REML estimators of2 ato? = «. Figure 2 shows
almost identical plots for both random and fixed effects. However, the plots for the
dispersion components are different because &w#’s (2008) inverse-gamma prior

is informative. This leads to biases when dispersion parameters are not random but
are fixed unknowns, as in disease mappings (&g, 2007). Thus, without MCMC
samplings similar information could be obtained from the extended likelihood unless

the assumed prior is informative. Thus, likelihood inferences can be made without the

necessity of inventing priors for parameters.

4 Likelihood inference for unobservables

The extended likelihood principle of Bjgrnstad (1996) shows that extended likelihood,
of which h-likelihood is a special case, carries all the information in the data about the
unobserved quantities and §. Bedrick and Hill (1999) studied the use of extended
likelihood as a summary function for unobservableghis paper we discuss its use as

an estimating tool.

14
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Figure 2: The marginal posteriors - ) versus APHLs ()

Consider the prediction problem in Example 4, where the plug-in techrfigue=
i) = f3(v = ily) = (v = ily,d) can be viewed as the EB. With Jeffreys’ prior,
7() o« §~1/2, the resulting marginal posteriar(v|y) gives a predictive probability
with higher probabilities for largey. Pawitan (2001) considered the h-likelihood, pro-

portional to
f0(3,2,5,0,4,v) = exp(—60)§3 250440 /(312151014101).

Hered(v) = ((3+2+ 5+ 0+ 4 + v)/6. Then, the normalized profile likelihood
fé(v)(?), 2,5,0,4, v) gives the predictive distribution of Mathiasen (1979), almost iden-
tical to Pearson’s but without assuming a priordoffrigure 3): for more discussion see
Bjgrnstad (1990). This example shows that standard methods for likelihood inferences
can be used for the prediction problem. In the next Section we illustrate how to use

standard likelihood methods to overcome a drawback of EB method.
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Figure 3: Predictive density of the number of seizure counts:.Plug-in methdd (

Bayesian method] and h-likelihood method).

4.1 EB versus h-likelihood methods

Because the Fisher likelihoaf}(y) in (3) does not involvey, the other component
(the conditional posteriorfy(v|y) = w(v|y, ) seems to carry all the information in
the data about the unobservables. Thus, an inference would be based solely upon the

estimated posterior

fy(vly) = w(v]y, ),
whered are usually the ML estimators (Carlin and Louis, 2000). Ugin@|y) to make
inferences about is naive and Bjgrnstad (1990) has shown how badly it performs

in measuring the true uncertainty in estimating Note that maximization of the h-

likelihood (3) yields EB-mode estimators for without computingfy (v|y). However,
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the Hessian matrix based upon the estimated postésiety) gives a naive variance
estimate for the predictioh because it does not properly account for the uncertainty

caused by estimatingy Note that the marginal posterior variance is
var(vily) = Ep|y[var(vi|y, 0)] + varg, [E(vi|y, 0)]. (5)

Carlin and Gelfand (1991) noted that the naive EB variance estimate only approximates
the first term in the equation above. Laird and Louis (1987) and Carlin and Gelfand
(1990) proposed to use bootstrap method to estimate the second term. In this paper the
FB method uses the marginal posteridp; |y ).

Up to now most studies on h-likelihood methods have been about the efficiencies
of parameter estimates. Here we discuss how to compute the variance of estimated
random effects. We see that inferences about random effects cannot be made by using
only fo(v|y), as the EB method does. Becaysév|y) involves the fixed parameters
6 we should use the whole h-likelihood to reflect the uncertainty in estimatirig
is the other componerny (y) which carries the information about this. By using the
h-likelihood, complete likelihood inferences can be made not only tautt also forv
and their combinations.

Givend letv(6) be a random-effect estimator solvifig/0v = 0. As a variance of
random-effect estimators Booth and Hobert (1998) recommend using the conditional

mean square error (CMSE) defined by
CMSE(v) = E{(8(6) — v)(6(6) —v)'ly} = var(vly) + D(8), (6)

where vay (vly) = E{(0(0) — v)(8(6) — v)'|y} andD(0) = E{(8(8) — 9(9))(2(9) —
0(0))' |y} is the inflation of the CMSE caused by estimatéihgrhe EB estimator, the
inverse of the Hessian matrix froing fy(v|y), gives an estimator for the first term
varg (v|y) in (6). Thus, it could give severe underestimatiorDifd) is large Lee and
Nelder (1996) noted that in HGLMs (2) the location parameterg) and dispersion

parametersr?> =(¢,Y) are orthogonal, so that we need consider only the variance
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inflation caused by estimating The Hessian matrix of andwv is given by

8%h/0B06"  0%h /0B
I(M):_( /0503 /ﬂv>' -

0?h/ovdB  0%*h/Ovov’
Here the EB variance estimator is given-byo?h/0vov’)~!|,_,. Lee and Ha (2008)
showed that in general the inverse of the Hessian matrix (7) gives an approximation
to the CMSE (6). Before we discuss the general use of this method we investigate a

simple example which shows issues related to this problem.

4.2 Bayarri's example

Bayarri et al. (1988) tried to show by an example that likelihood inference is not
possible for general models with unobservables. Suppose that there is a single fixed
parametef, a single unobservable random quantitgnd a single observable quantity

y. An unobserved random variablehas a probability function
fo(u) = Oexp(—6u) for v >0, 6 > 0,
and an observable random variapleas conditional probability function

fo(ylu) = f(ylu) = wexp(—uy) for y >0, u >0,

free of§. Besidesf(y|u), they considered two additional possibilities for an extended

likelihood for models with these three kinds of objects:

0

foly) = m7

foly,u) = ufexp{—u(f+y)}.

The marginal log-likelihoodn = log fy(y) gives the ML estimator fof but is totally
uninformative about the unknown value of The conditional likelihoodf (y|u) is
uninformative abou® and loses the relationship betweerand6 reflected infy(u).
Finally, the extended likelihoodly (y, ) yields, if maximized jointly with respect to

6 andu, the useless estimatofis= oo anda = 0. Bayarriet al. (1988) therefore
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concluded that none is useful as a likelihood for complete inferences, so that Bayes is
the only method for inferences from general models.

The h-(log)-likelihood is given by
h =log fo(y,v) =log fo(y,u) + log |du/dv| = 2v + log § — u(0 + y),

wherev = logu with v being the canonical scale in which the joint maximization of
h with respect t& andu gives the ML estimator of (Leeet al., 2006). Suppose that
the marginal likelihood is hard to obtain. The Laplace approximation is proportional

tom = log fy(y) and gives the ML estimatdt = y and its variance estimator

—

var(0) = —{°m/06°|,_g} " = 2°.

Givend, the estimating equatiof/0u = 0 gives the best estimator of (Robinson,

1991)

2
9 = E = —
a(6) = Eluly) = 5
from which we have
A 2 1
’EL(G) = = = -—
0+y Y

Furthermore, we have

0.0 — /062 9*hjo6ou \ [ 1/6° 1
’ 02h)0uds  97h)ou> 1 w+022 )

Note here that

vary (uly) = E{(a(0) — u)*ly} = 2/(y +0),
so that EB givesar (uly) = 1/(2y2). Here D(0) = E[{1/y — 2/(0 + 1)}2ly} =
(y — 0)2/{y(y + 0)}% = (0 — 0)%/{y(y + 0)}2, so that, following Booth and Hobert
(1998), if we estimatdd — 0)? by var@) we haveD(0) = 2y2/4y* = 1/(2¢?).
Thus, the estimator for the CMSETigy? which can be obtained from the correspond-
ing element in the Hessian matriXd, @.(4)). An alternative justification is that the
h-likelihood variance estimator is estimating the unconditional mean-square error be-
causeE{(a(f) — u)2} = 1/y2 from E{(a(A) — u)?} = 1/62 (Leeet al. 2006, page
116).
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With this small example we illustrate how the h-likelihood gives complete likeli-
hood inferences, giving the ML inference #and improved EB inference by account-

ing for the uncertainty caused by estimatihg

4.3 H-likelihood inferences abouty

The example shows that between extended likelihgpdg, «) and fy(y, v) the mode

of the h-likelihoodfy(y,v) gives a meaningful estimator fer while that of fy(y, u)

gives a meaningless on@iven that extended likelihoods should serve as the basis for
statistical inferences of a general nature, we want to find a particular scale whose mode
gives meaningful inferences about unobservables. Under the canonical scale the exam-
ple shows that the mode gives the best estimataer Bfu|y). However, the canonical

scale does not exist in general. In HGLMs Lee and Nelder (2005) showed that main-
taining invariance of inference from extended likelihood for trivial re-expressions of
the underlying model leads to a unique definition of the h-likelihood; we call this the
weak canonical scale in whiehappears in the linear predictor.

In Section 3.3 we showed that APHLs are often similar to marginal posteriors.
Given (marginal) posteriors, a Bayesian would use a decision-theoretic approach to
choose estimators, while we use the mode of the h-likelihood (an extended likelihood
on a particular scale) or its APHLs. Thus, the choice of the scale in defining the h-
likelihood is important to guarantee the meaningfulness of the mode estimation. Lee
and Ha (2008) showed that the standard error estimators from the Hessian matrix (7)
give the first-order approximation to (5) with(d) = 1 (Kass and Steffey, 1989) and to
the CMSE (Booth and Hobert, 1998). Let= k(u) for some monotone functiok(-).

Ha and Lee (2006) showed conditions when the approximation becomes better. One
such condition is thab|y follows the normal distribution. In GLMMs whemnis normal

we may expect|y to be approximately normal. If normal the Laplace approximation

is exact; we expect that proposed h-likelihood method works well. Figure 2 shows how

to check the normality of the conditional distribution by using the APHL.
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4.3.1 Analysis of the BC Infant Mortality Data

For disease mapping Lerowt al. (1999) and MacNafet al. (2004) considered

the conditional autoregressive (CAR) model for the relative tiskwhich satisfies

v~ N(0,%), whereX = 02D~ D = \Q + (1 — \)I, 0? is a dispersion parameter
reflecting the overall heterogeneity of the underlying risks arid a dispersion pa-
rameter for the spatial autocorrelationg [0, 1]. The neighborhood matrig has the

jth diagonal element equal to the number of neighbors of the corresponding local re-
gion, while the off-diagonal elements in each row are equal tdf the corresponding
regions are neighbors afidbtherwise.

The data consist of the number of infant deaths and aggregated mid-year estimates
of the population sizes of infants f@® local health areas. Population sizgvaries
from 123 to 52856. For these data Leet al. (2007) compared inferences from the
h-likelihood with the full Bayes (FB) analysis. For the FB approach, they set priors
B; ~ N(0,1/0.00001) ando—2 ~ gammé0.0001,0.0001). Initial values are set as
0?2 =1, 3; =0, andv; = 0 and they obtain a posterior sample of 10,000, setting
thinning at 10 using WinBUGS (MacNadt al., 2004). The coverage probability is
calculated by 95% Wald confidence intervals, based upon asymptotic normality, for the
relative risks {) using EB and h-likelihood, and in the FB method by equal-tail 95%
credible intervals, the interval between the 2.5th and 97.5th percentiles of the posterior
distribution as given by WinBUGS. For the FB method we use 10,000 iterations after
a burn-in of 2000.

Leeet al. (2007) did a simulation study, assumingand neighborhood structures
identical to those in the BC infant mortality; the data were generated based on (1.1)
and (3.1) with3 = —4.920, 02 = 2 and\ = 0.62. Using a graph similar to Figure
4, they showed that the EB coverage probability decreases dramatically as the popu-
lation sizen; increases, but that both the h-likelihood and FB methods improve the
EB method substantially by accounting for the uncertainty in estimating fixed param-

eters. However, the coverage probability of FB also decreasesiasreases, while
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the h-likelihood maintains the stated level of confidence. Whgbecomes larger

the priors for the dispersion parameters in the FB may cause problems in frequentist
coverage probability. The h-likelihood procedure maintains the frequentist coverage
probabilities better in this problem. The h-likelihood method is superior to Ainsworth
and Dean’s (2006) penalized quasi-likelihood (leteal., 2007) for spatial GLMMs

and Ma and Jorgensen’s (2007) orthodox BLUP method (Lee and Ha, 2008) for non-

normal Tweedie models.
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Figure 4: Coverage probabilities of the EB (left) , FB and h-likelihood (right) methods

with respect to population size in the infant mortality data.

4.4 Inferences and model identifiability

The joint model forfy (y, v) leads to a marginal mod¢) (y) for the observed data. We
regardfy(y, v) as the fundamental model, from which the marginal model can be made.
However, different models for unobservablesfiriy, v) can lead to the same marginal
modelfy(y), so that care is necessary in making inferences about unobservables. Some

model assumptions can be checked from the data, while some cannot. This could
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be an advantage of objective inference with the likelihood, where uncheckable model
assumptions cannot be identifiable. In Bayesian analysis priors can give information
on unidentifiable model assumptions, so that it is hard to know whether the information
is coming entirely from the uncheckable priors.

In the modelling of incomplete data we may assume the missing data to be miss-
ing not at random (MNAR) or assume random missingness (MAR). Here assumptions
for the missing mechanism cannot be checked by using observed data (Rubin 2006).
Molenberghset al. (2007) further showed that an empirical distinction between MAR
and MNAR is not possible because each MNAR model fit to a set of observed data can
be reproduced exactly by its counterpart. Such a pair of models will produce identi-
cal estimates for the observed data, but give different estimates for the unobservables
(missing data). Assumptions about unobservables (missing data) are not checkable
without additional information. Unless we have a side-study to determine whether the
observation process depends on what would be observed, all we have is a model-based
assessment. As areferee has pointed out, it will contain some unverifiable assumptions.

In HGLMs model assumptions for unobservables are often verifiable, i.e. checkable
by using the data because the unobservables are latent variables for observed data.

Consider the one-way random-effect model
Yij = B+ vi + e,

wherev; «~ N(0,\) ande;; «~ N(0,¢), with v; ande;; uncorrelated. With more

than one observation in each group the within-group error compongatsde;; are
separately estimable, providing variance-component estimates for the dispersion pa-
rameters. Here model parametérand \ connect the observed data and unobserv-
ables. Lee and Nelder (2006b) showed that if there are different random-effect models
giving the same induced marginal model for the observed data, then the h-likelihood
inferences give equivalent inferences for equivalent pairs of objects, including unob-

servables. This model leads to a marginal model, namely the compound-symmetric
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model:

Y, ~ NS, ATy, + ¢Ip,).

A compound-symmetry model with negative correlatiorc 0 is perfectly natural in
a variety of settings (Nelder, 1954), which can be tested by the marginal likelihood
(or APHL). Such a model can be covered by HGLMs if we allow a negative variance,
but then many unanswered questions arise, such as estimability of random effects etc.;
these require further research.

Wilk and Kempthorne (1957) and Cox (1958) studied the randomization theory of
the Latin square, paying particular attention to the effects on the interpretation of the
conventional analysis of variance (ANOVA) of the absence of unit-treatment additivity,

a point first raised by Neyman (1935). Consider a model for the Latin-square design
Yijky = B+ 75 +¢j + T+ (r¢)ij + (1t )i + (ct) jr + €55(k)- (8)

Suppose that the main effects are regarded as fixed. When the intergetiong(rt) i,

(ct);1 are fixed a test for the main effect is irrelevant, because it makes no sense to pos-
tulate that either of the two main effects is null when their interaction is not assumed
zero (Nelder, 1994). However, if the interactions are regarded as random the associ-
ated main effects can tested without any difficulty from the ANOVA table. Permutation
from a finite population is a way of generating distributions for random effects. Wilk
and Kempthorne (1957) put constraidts, (rc);; = > (rc)i; = -+ >, (ct)jx = 0.

Nelder (1994) pointed out that such constraints make no sense either with fixed or
random effects. With fixed effects the choice of constraints to give the least-square
equations a solution is essentially arbitrary. However, with random effects symmet-
ric constraints on estimates of the parameters of the @Tﬁr?)ij => @ =

S (E)J\k = 0 arise naturally (Lee and Nelder, 1996, 2005). However, here only
fractions of combinations are used to make the combined error compopgnt=

(re)ij + (rt)a + (ct)jx + eijx) to form a sum of independent errors. Thus, model

(8) gives an identical marginal model to the conventional model for Latin squares with
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main effects only

Yij(k) = b+ 71+ ¢ + Tk + efj(k). (9)

From Lee and Nelder (2006b) the two models lead to identical inferences about both
fixed parameters and random effects, giv&jgk) = 03j(k)- Thus, in (8) individual

error components cannot be separated by the observed data. If a method can identify
individual components then it must be based upon uncheckable model assumptions

such as priors. Consider the following model
Yij(k) = b+ 70+ ¢+ Tije) + €ij(k) (10)

wherer; ;) = x4 (71)ir + (ct) jx @and(rt);, and(ct) ;. are random with zero means.
This model assumes unit-treatment interaction and can be interpreted to have the aver-
age treatment effects such that

E(Tijtk)) = Tk

Then we can test that the average treatment effects are the same (Lee and Nelder,
2002). Thus, with unobservables there are different methods of interpretation: we
may considefrt);; and(ct), to be either error components or random treatment-unit

interactions. These give equivalent inferences for equivalent quantities.

4.5 Discussion

There have been many alleged examples similar to that of Bagtaali (1988) and

Little and Rubin (2002, Chapter 6.3), purporting to show that an extension of the Fisher
likelihood to three kinds of objects is not possible. Lee and Nelder (2005) refute those
of Bayarriet al. and Yunet al (2007) those of Little and Rubin. These complaints are,
we believe, resolved by the h-likelihood framework. Zreaaal (2006) claimed that

the Bayesian analysis is computationally simpler for obtaining variance estimators for
the random-effect estimates compared with its frequentist counterpart; however with
the extended likelihood framework this may not be so, at least in the analysis of the

disease-mapping areas in Section 4.3.1.
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The h-likelihood (3) gives a new definition of conjugate families (Lee and Nelder
2001a), showing that the likelihood for a conjugate familylfgy f,(v) takes the form
of a GLM. It is the sum of component likelihoodkyg fy(v) andlog fy(y|v), both
representable as GLM likelihoods. This means that an extended class of models can
be decomposed into component GLMs (Lee and Nelder 2001a, 2006a) and that these
extended models can be fitted as an interconnected set of component GLMs. This
greatly facilitates the development of model-checking techniques for the whole class
(Lee and Nelder 2001a). A single algorithm, iterative weighted least squares, can be
used throughout all this extended class of models and requires neither prior distribu-
tions of parameters nor multi-dimensional quadrature. The h-likelihood plays a key
role in the synthesis of the computational algorithms needed for this extended class of
models.

This formulation means that a great variety of models can be fitted by a single al-
gorithm and compared using extensions of standard GLM procedures. Thus we can
change the link function, allow various types of term in the linear predictor and use
model-selection methods for adding or deleting terms. Furthermore, various model as-
sumptions can be checked by applying GLM model-checking procedures to the ap-
propriate component GLMs. This establishes, we believe, algoritiuisienessn the

sense of Efron (2003).

5 Conclusion

We have shown that a broad class of new models with wide applications can be gen-
erated by the probabilistic modelling of unobservables. There has been an attempt us-
ing the GEE method to make inferences from general non-normal multivariate models
without modelling unobservables. It pre-empts model selection by claiming to make
inferences about population averages or marginal means. We do not disagree with the
need to make marginal predictions after choosing a model, but believe that such a need

does not require, and indeed should not use, prediction methods at the model-selection
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stage. We dislike the pre-emption of the model selection stage by a particular predic-
tion method. Furthermore, these population, marginal and subject-specific averages
are parameterizations in the probabilistic model. When a prediction method lacks a
probabilistic model basis it is not possible to connect these parameters and compare
them.

We do not object to the use of Fisher’s likelihood for inferences about fixed parame-
ters. The Fisher likelihood framework has advantages such as generality of application,
statistical and computational efficiency etc. and we agree with its use. However, it can-
not deal with inferences from models having unobservables because there is always
a problem of inference about those unobservables. H-likelihood gives a powerful and
practical framework for statistical inference of general model class with unobservables,
maintaining the advantages of the original likelihood framework for fixed parameters.
We believe that more new classes of models will be developed and that the h-likelihood
will become widely used for inference from them.

The h-likelihood uses the mode and its curvature for inferences about unobserv-
ables. Thus, in defining the h-likelihood the scale of unobservables must be carefully
chosen to make a valid inferences. The (weak) canonical scale in HGLMs leads to
an invariance of a certain extended likelihood. However, in general the validity of
such a scale has not been established. The conditional normality in Section 4.3 would
be a promising condition to determine the scale, which can be checked by plotting
the APHL. Further studies are required on the scale in defining the h-likelihood un-
der general situations beyond DHGLMs. For fixed parameter estimation we use the
marginal likelihood. But it is often hard to compute, so that we have proposed using
the Laplace approximation. However, this approximation gives non-negligible biases
in binary data. We have found that the second-order approximation is effective in elim-
inating such biases. However, it becomes very hard to implement as the number of
random components increases. So it would be of interest to find an approximation

which can be implemented under general situations.
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