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Abstract. This paper reviews advances in Stein-type shrinkage estima-
tion for spherically symmetric distributions. Some emphasis is placed
on developing intuition as to why shrinkage should work in location
problems whether the underlying population is normal or not. Consid-
erable attention is devoted to generalizing the ”Stein Lemma” which
underlies much of the theoretical development of improved minimax
estimation for spherically symmetric distributions. A main focus is
on distributional robustness results in cases where a residual vector
is available to estimate an unknown scale parameter, and in particular
in finding estimators which are simultaneously generalized Bayes and
minimax over large classes of spherically symmetric distributions. Some
attention is also given to the problem of estimating a location vector
restricted to lie in a polyhedral cone.
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1. INTRODUCTION

We are happy to help celebrate Stein’s stunning, deep, and significant contri-
bution to the statistical literature. In 1956 Stein proved a result that astonished
many and was the catalyst for an enormous and rich literature of substantial
importance in statistical theory and practice. Stein showed that when estimat-
ing, under squared error loss, the unknown mean vector 6 of a p-dimensional
random vector X having a normal distribution with identity covariance matrix,
estimators of the form (1 — a/{||X|* + b})X dominate the usual estimator 0,
X, for a sufficiently small and b sufficiently large when p > 3. James and Stein
(1961) sharpened the result and gave an explicit class of dominating estimators,
(1—a/||X]||?)X for 0 < a < 2(p—2), and also showed that the choice of a = p—2
(the James-Stein estimator) is uniformly best. For future reference recall that
“the usual estimator” X, is a minimax estimator for the normal model, and more
generally for any distribution with finite covariance matrix.
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Stein (1974, 1981), considering general estimators of the form §(X) = X+g¢(X),
gave an expression for the risk of these estimators based on a key Lemma, which
has come to be known as Stein’s Lemma. Numerous results on shrinkage estima-
tion in the general spherically symmetric case followed based on some general-
ization of Stein’s Lemma to handle the cross product term Ep[(X — 0)'g(X)] in
the expression for the risk of the estimator.

A substantial number of papers for the multivariate normal and non-normal
distributions have been written over the decades following Stein’s monumental
results. For an earlier expository development of Stein estimation for non-normal
location models see Brandwein and Strawderman (1990).

This paper covers the development of Stein estimation for spherically symmet-
ric distributions since Brandwein and Strawderman (1990). It is not encyclopedic,
but touches on only some of the significant results for the non-normal case.

Given an observation, X, on a p-dimensional spherically symmetric multivari-
ate distribution with unknown mean, 6 and whose density is f(|lz — 0]|?), (for
x, 0 € RP), we will consider the problem of estimating 6 subject to the squared
error loss function, i.e. §(X) is a measurable (vector-valued) function, and the
loss given by

P
(1.1) L(8,0) = 6 - 0> =D (6 — 6:)°,
i=1
where § = (01,02,...,0p) and 0 = (61,02,...,0,)". The risk function of § is
defined as
R(6,6) = E4L(5(X), ).

Unless otherwise specified, we will be using the loss defined by (1.1). Other loss
functions such as the loss L(#,6) = ||6 — 6]|?/o? will be occasionally used, espe-
cially when there is also an unknown scale parameter, and minimaxity, as opposed
to domination, is the main object of study. We will have relatively little to say
about the important case of confidence set loss, or of loss estimation.

In Section 2, we provide some additional intuition as to why the Stein estimator
of the mean vector # makes sense as an approximation to an optimal linear
estimator and as an empirical Bayes estimator in a general location problem. The
discussion indicates that normality need play no role in the intuitive development
of Stein-type shrinkage estimators.

Section 3 is devoted to finding improved estimators of 8 for spherically sym-
metric distributions with a known scale parameter using results of Brandwein
and Strawderman (1991) and Berger (1975) to bound the risk of the improved
general estimator §(X) = X + o2g(X).

Section 4 considers estimating the mean vector for a general spherically sym-
metric distribution in the presence of an unknown scale parameter, and more
particularly, when a residual vector is available to estimate the scale parameter.
It extends some of the results from Section 3 to this case as well as presenting
new improved estimators for this problem. The results in this section indicate a
remarkable robustness property of Stein type estimators in this setting, namely
that certain of the improved estimators dominate X uniformly for all spherically
symmetric distributions simultaneously (subject to risk finiteness).

In Section 5 we consider the restricted parameter space problem, particularly
the case where 6 is restricted to a polyhedral cane, or more generally a smooth
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cone. The material in this section is adapted from Fourdrinier, Strawderman and
Wells (2003).

In Section 6 we consider some of the advancements in Bayes estimation of
location vectors for both the known and unknown scale cases. We present an
intriguing result of Maruyama (2003b) which is related to the (distributional)
robustness of Stein-estimators in the unknown scale case treated in Section 4.

Section 7 contains some concluding remarks.

2. SOME FURTHER INTUITION INTO STEIN ESTIMATION

We begin by adding some intuition as to why Stein Estimation is both reason-
able and compelling, and refer the reader to Brandwein and Strawderman (1990)
for some earlier developments. The reader is also referred to Stigler (1990) and
to Meng (2005).

2.1 Stein Estimators as an Approximation to the Best Linear Estimator

The following is a very simple intuitive development for optimal linear estima-
tion of the mean vector in RP that leads to Stein estimator.

Suppose Fy[X] = 0, Cov(X) = oI (02 known), and consider the linear esti-
mator of the form 6,(X) = (1 —a)X. What is the optimal value of a? The risk is
given by

R(6,6,) = p(1 — a)?c® + a?| 0|

and the derivative with respect to a, is
{d/da}R(6,0,) = 2{—p(1 — a)o® + al|6]]*}.

Hence the optimal a is po?/(po? + ||0||?) and the optimal “estimator” is 6(X) =
(1—po?/{pa®+|0||*}) X, which is, of course, not an estimator because it depends
on 6.

However, Fy[||X||?] = po? + ||0|%, so 1/||X||? is a reasonable estimator of
1/{pco? + ||0]|*}. Hence an approximation to the optimal linear “estimator” is
§(X) = (1 — po?/||X||?)X which is the James-Stein Estimator except that p
replaces p — 2. Note that as p gets larger ||X||?/p is likely to improve as an

2
estimator of o2 + @ and hence we may expect that the dimension, p, plays a
role.

2.2 Stein Estimators as Empirical Bayes Estimators for General Location
Models

Strawderman (1992) considered the following general location model. Suppose
X|0 ~ f(x — ), where Ep[X] = 6, Cov(X) = 021, (02 known) but that f() is
otherwise unspecified. Also assume that the prior distribution for 6 is given by
f*(0), the n fold convolution of f(-) with itself. Hence the prior distribution of ¢
can be represented as the distribution of a sum of n iid variables u;,71 =1,...,n
where each w is distributed as f(u). Also, the distribution of uy = (X — 6) has
the same distribution and is independent of the other u’s.

The Bayes estimator can therefore be thought of as

0(X) = E[0|X] = E[0|X — 0 + 0] = E[X 7 wil i uil
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and hence,

0(X) = nE [u;] 3o wi] = il [Doimowil 2o wi] = nLHE[X|X] =X

or equivalently 6(X) = F[0|X]|=(1—-1/{n+1})X.
Assuming that n is unknown, we may estimate it from the marginal distribution
of X, which has the same distribution as X — 6+ 6 = >~1"_; u;. In particular

EpllI X7 = E [ Zio will*] = Xizo B [lual®] = (n + 1)po?,

since Efu;] = 0 and Cov(u;) = 021, El||u;||?] = po?. Therefore, (n + 1) can be
estimated by (po?)~1|| X ||?. Substituting this estimator of (n+1) in the expression
for the Bayes estimator, we have an empirical Bayes estimator

3(X) = (1 —po?/IX]*)X,

which is again the James-Stein estimator save for the substitution of p for p — 2.

Note, that in both of the above developments, the only assumptions were
that Ep(X) = 6, and Cov(X) = o2I. The Stein-type estimator thus appears
intuitively, at least, to be a reasonable estimator in a general location problem.

3. SOME RECENT DEVELOPMENTS FOR THE CASE OF A KNOWN
SCALE PARAMETER

Let X ~ f(|lz — 0]?), the loss be L(#,5) = ||6 — 0]|* so the risk is R(6,6) =
Ep[||6(X) — 0]|?]. Suppose an estimator has the general form 6(X) = X +02g(X).
Then

R(0,8) = Ep[[|6(X) — 0]°] = B[l X + o°g(X) — 0]1%]
= ElllX — 011%) + o Eglllg(X)|1*] + 20 Ep[(X — 6)'g(X)].

In the normal case, Stein’s Lemma, given loosely as follows, is used to evaluate
the last term.

LEMMA 3.1 (Stein (1981)). If X ~ N(0,0%I) then Ep[(X — 0)g(X)] =
0?Ey[V'g(X)] (where V'g(-) denotes the gradient of g(-)), provided, say, that
g is continuously differentiable and that all expected values exist.

PrOOF. The proof is particularly easy in one dimension, and is a simple inte-
gration by parts. In higher dimensions the proof may just add the one dimensional
components or may be a bit more sophisticated and cover more general functions,
g. In the most general version known to us the proof uses Stokes’ theorem and
requires g(-) to be weakly differentiable. O

Using the Stein Lemma, we immediately have the following result.
PROPOSITION 3.1. If X ~ N(0,0%I) then
R(0,X +0°g(X)) = Eg[|X — 0] + o B[l g(X)||* + 2V'g(X)]

and hence provided the expectations are finite, a sufficient condition for §(X) to
dominate X is ||g(z)||* + 2V'g(z) < 0 a.e. (with strict inequality on a set of
positive measure).
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The key to most of the literature on shrinkage estimation in the general spheri-
cally symmetric case is to find some generalization of (or substitution for) Stein’s
Lemma to evaluate (or bound) the cross product term Ep[(X — ) g(X)]. We
indicate two useful techniques below.

3.1 Generalizations of James-Stein Estimators Under Spherical Symmetry

Brandwein and Strawderman (1991) extended the results of Stein (1974, 1981)
to spherically symmetric distributions for estimators of the form X 4+ ag(X). The

following two preliminary lemmas are necessary to prove the result in Theorem
3.1.

LEMMA 3.2.  Let X have a distribution that is spherically symmetric about 6.
Then
Ep[(X —0)g(X) || X — 0| = R*) = p~ ' R*Avep (g0 V'9(X),

provided g(x) is weakly differentiable.

PROOF. Notation for this Lemma: S(R,0) and B(R,0) are, respectively, the
(surface of the) sphere and (solid) ball, of radius R centered at 6. Note also
that (X — 6)/R is the unit outward normal vector at X on S(R,0). Also do(X)
is the area measure on S(R,#), while A(-) and V(-) denote area and volume,
respectively. Since the conditional distribution of X — 6 given | X — 0||? = R? is
uniform on the sphere of radius R, it follows that

Eo[(X = 0)'g(X) | IX — 0||* = R?]

= AVGS(RQ){(X - e)lg(X)}
R (X0

_ 7{9 o do(X)

A(S(R,0)) R
= L "g(z)dx since M =
~ A(S(R,0)) /B(R,G)vg( )d ( A(S(R.,0)) Bip)
R? / )
= pi‘/(B(R, 7)) /B(Rﬁ) V'g(x)dx (by Stokes’ Theorem )

= p_1R2AveB(R79)V’g(X).
]

The following result is basic to the study of superharmonic functions and is
well known (See for example du Plessis (1970), p.54)).

LEMMA 3.3.  Let h(z) be superharmonic on S(R), (i.e., >5_{9%/0x2}h(x) <
0), then Aveg(ggh(x) < Avep(grg)h(z).

Consider, now, an estimator of the general form X +ag(X), where a is a scalar,
and g(X) maps RP — RP.

THEOREM 3.1. Let X have a distribution that is spherically symmetric about
0. Assume

1 lg(@)[I?/2 < —h(z) < =V'g(z),
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2. —h(x) is superharmonic, Eg[R*h(W)] is non-increasing in R for each 0,
where W has a uniform distribution on B(R,0),
3.0 <a < 1/{pEo[1/||X]|*]}.

Then X +ag(X) is minimaz with respect to quadratic loss provided g(-) is weakly

differentiable and all expectations are finite.

PROOF.
RO, X +ag(X)) — R(0,X)
= E[Eg[a®||g(X)|* + 2a(X — )'g(X) | | X — 6] = R?]

< E[Eg[—2a*h(X) + 2a(X - 0)'g(X) || X - 60]* = R?))

= E[Eg[-2a*h(X) || X — 0| = R?*| + 2aE[{R? /p}Avep(re) V'9(X) | R?]]
< B[Eg[—2a’h(X) || X = 0|> = R?| + 2aE4[{R? /p} Egh(W) | R?])

< E[Eg[—2a?h(W) | R?] + 2aFEy[{R?/p}Egh(W) | R?]] By Lemma 3.3

= 2aE[Ep[R*h(W) | R*](—a/R* +1/p)]

= 20E[Ey[R*h(W) | R E[—a/R? + 1/p)

<0

by the covariance inequality since FEy[R2h(W)|R?] is non-increasing and —R~? is
increasing and since h < 0. O

EXAMPLE 3.1.  James-Stein Estimators (g(x) = —2(p — 2)z/||z||?):

In this case both ||g(x)||?/2 and —V'g(x) are equal to 2(p —2)?/||x||?. Conditions
1 and 2 of Theorem 3.1 are satisfied for h(x) = —2(p — 2)?/||z||* provided p > 4
since ||x|| =2 is superharmonic if p > 4, and since Eg[R? /|| X||*] = Eg,g[1/]|X|?]
1s increasing by Anderson’s Theorem.

Hence, by condition 3, for any spherically symmetric distribution, the James-
Stein estimator (1—a2(p—2)/||X||*)X is minimaz for 0 < a < 1/{pEo[1/| X|*]}
and p > 4. The domination over X is strict for 0 < a < 1/{pEy[1/||X|?]}, and
also for a = 1/{pEo[1/||X|*]} provided the distribution is not normal.

Baranchik (1970), for the normal case, considered estimators of the form (1 —
ar(|| X1?)/1|1X|[?)X under certain conditions on r(-). Under the assumption that
r(+) is monotone non-decreasing, bounded between 0 and 1, and concave, Theorem
3.1 applies to these estimators as well, and establishes minimaxity for 0 < a <
1/ {pEolL/| X|12}, and for p > 4.

We note in passing that the results in this sub-section hold for an arbitrary
spherically symmetric distribution with or without a density. The calculations
rely only on the distribution of X conditional on || X — 6||> = R?, and of course,
finiteness of E[||X|?] and E[||g(X)]?].

3.2 A useful expression for the risk of a James-Stein Estimator

Berger (1975) gave a useful expression for the risk of a James-Stein estima-
tor which is easily generalized to the case of a general estimator provided the
spherically symmetric distribution has a density f(||x — 8||?).

Some form of this generalization (and extensions to unknown scale case and
the elliptically symmetric case) has been used by several authors including Four-
drinier, Strawderman and Wells (2003), Fourdrinier, Kortbi and Strawderman
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(2008), Fourdrinier and Strawderman (2008), Maruyama (2003a), Kubokawa and
Srivastava (2001) among others.

LEMMA 3.4. Suppose X ~ f(||z —0|]?), and let F(t) = 27! [ f(u)du and
Q(t) = F(t)/(¢). Then

R(6, X +g(X)) = B[l X — 0]%] + Eg[llg(X)|I* + 2Q(|| X — 6]]*)V'g(X)].

PROOF. The Lemma follows immediately with the following identity for the
cross product term;

Bl(w—0)9(X)] = | (2= 0)g(X)s (o~ 0]")d
= [ oX)YVE (o= 0])do
—/ V'g(X)F(||z — 0||*)dx (by Green’s theorem)

QUIX = 0lI*)V'g(X)].
0

Berger (1975), Maruyama (2003a) and Fourdrinier, Kortbi and Strawderman
(2008) used the above result for distributions for which Q(¢) is bounded below by

a positive constant. In this case, the next result follows immediately from Lemma
3.4.

THEOREM 3.2.  Suppose X ~ f(||x — 0||?), and that Q(t) > ¢ > 0. Then the
estimator X + g(X) dominates X provided |g(x)||* +2c¢V'g(x) <0 for all x.

EXAMPLE 3.2.  As noted by Berger (1975), if f(-) is a scale mizture of nor-
mals, then Q(t) is bounded below. To see this, note that if X|V ~ N(0,VI) and
V ~ g(v), then f(t) = [5°(2mv) P2 exp(—t/2v)g(v)dv. Similarly,

)=2" / flu)du =27 / )(2mv) p/2/tooexp(—u/2v)du
:/ (270) /%0 exp(—t/2v)g(v)dv.

0

Hence

0 y(2=P)/2 exp(—t/20)g(v)dv
0
JoZ vP/2 exp(—t/2v)g(v)dv
JoS v PPg(v)dv B[V P

= E[V] > Ey[V] = = 0P (0)dv =By c>0,

Q(t) =

where E; denotes expectation with respect to the density proportional to v"/2 exp(—t/2v)g(v).
The inequality follows since the family has monotone likelihood ratio in t.
Hence, for the James-Stein class (1 — a/||X||?)X, this result gives dominance
over X for
1-p/2
ElV ] <0

a® — 2a(p — Q)W <
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or
E[V1-r/2

E[V—»/2]

This bound on the shrinkage constant a, compares poorly with that obtained by
Strawderman (1974) 0 < a < 2(p — 2)/E[V Y], which may be obtained by using
Stein’s lemma conditional on V and the fact that Ea[V/|| X|*|V] is monotone
non-decreasing in V. Note that, again by monotone likelihood ratio properties (or
the covariance inequality), (E[V—'))~' > E[V1=P/2]/E[V—?/?].

It is therefore somewhat surprising that Maruyama (2003a) and Fourdrinier,
Kortbi and Strawderman (2008) were able to use Theorem 3.2, applied to Baranchik-
type estimators, to obtain generalized and proper Bayes minimaz estimators.
Without going into details, the advantage of the cruder bound is that it requires
only that r(t) be monotone, while Strawderman’s result for mixtures of normal
distributions also requires that r(t)/t be monotone decreasing.

0<a<2p-—2)

Other applications of Lemma 3.4 give refined bounds on the shrinkage constant
in the James-Stein or Baranchik estimator depending on monotonicity properties
of Q(t). Typically, additional conditions are required on the function r(t) as well.
See, for example Brandwein, Ralescu and Strawderman (1993) (although the
calculations in that paper are somewhat different than those in this section, the
basic idea is quite similar).

Applications of the risk expression in Lemma 3.4 are complicated relative to
those in the normal case using Stein’s Lemma, in that the mean vector, 8, remains
to complicate matters through the function Q(||X — ||?). It is both surprising
and interesting that matters become essentially simpler (in a certain sense) when
the scale parameter is unknown, but a residual vector is available. We investigate
this phenomenon in the next section.

4. STEIN ESTIMATION IN THE UNKNOWN SCALE CASE

In this section we study the model (X,U) ~ f(||z—0||*+|u|?), where dimX =

dimf = p, and dimU = k. The classical example of this model is, of course, the
t

normal model f(t) = (ﬁ)m‘kefﬁ. However, a variety of other models have

proven useful. Perhaps the most important alternatives to the normal model in

practice and in theory are the generalized multivariate-t distributions

c 1
f(t) = W(Tt/a?)b’

or more generally, scale mixture of normals of the form

>~ 1 ot
10 = [ (o rthe 5 G o).
0 2ro

These models preserve the spherical symmetry about the mean vector and
hence the covariance matrix is a multiple of the identity. Thus the coordinates
are uncorrelated, but they are not independent except for the case of the normal
model. We look (primarily) at estimators of the form X + {|U||?/(k + 2)}g(X).

The main result may be interpreted as follows: If, when X ~ N(6,02I) (o2
known), the estimator X +02g(X) dominates X, then, under the model (X, U) ~
f(lz — 0]]* + ||u]|?), the estimator X + {||U]|?/(k + 2)}g(X) dominates X. That
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is substituting the estimator ||U|?/(k +2) for o2 preserves domination uniformly
for all parameters (,02) and (somewhat astonishingly) simultaneously for all
distributions, f(-). Note that, interestingly, ||U]|?/(k + 2) is the minimum risk
equivariant estimator of o2 in the normal case under the usual invariant loss.
This wonderful result is due to Cellier and Fourdrinier (1995). We refer the reader
to their paper for the original proof based on Stokes’ theorem applied to the
distribution of X conditional on || X —8||>+||U||*> = R?. One interesting aspect of
that proof is that even if the original distribution has no density, the conditional
distribution of X does have a density for all k£ > 0.

We will approach the above result from two different directions. The first ap-
proach is essentially an extension of Lemma 3.4. As in that case, the resulting
expression for the risk still involves both the data and 6 inside the expectation, but
the function Q(||X — 0||> + ||U||?) is a common factor. This allows the treatment
of the remaining terms as if they are an unbiased estimate of the risk difference.

The second approach is due to Fourdrinier, Strawderman and Wells (2003),
and is attractive because it is essentially statistical in nature, depending on com-
pleteness and sufficiency. It may be argued also that this approach is somewhat
more general in that it may be useful even when the function g(z) is not necessar-
ily weakly differentiable. In this case an unbiased estimator of the risk difference
is obtained which agrees with that in Cellier and Fourdrinier (1995). This is in
contrast to the above method whereby the expression for the risk difference still
has a factor Q(||X — 6||> 4 ||U||?) inside the expectation.

NOTE: Technically, our use of the term “unknown scale” is somewhat mislead-
ing in that the scale parameter may, in fact, be known. We typically think of f(-)
as being a known density which implies that the scale is known as well. It may have
been preferable to write the density as (X, U) ~ {1/aP™*} f({||z—0|>+||u|?}/c?),
emphasizing the unknown scale parameter. This is more in keeping with the usual
canonical form of the general linear model with spherically symmetric errors.
What is of fundamental importance is the presence of the residual vector, U, in
allowing uniform domination over the estimator X simultaneously for the entire
class of spherically symmetric distributions. Since the suppression of the scale
parameter makes notation a bit simpler we will, for the most part use the above
notation in this section. Additionally, we continue to use the un-normalized loss,
L(0,6) = |06 — 6|2, and state results in terms of dominance over X instead of
minimaxity, since the minimax risk is infinite. In order to speak meaningfully of
minimaxity in the unknown scale case we should use a normalized version of the

loss, such as L(6,9) = ||6 — 0||*/o>.
4.1 A Generalization of Lemma 3.4

LEMMA 4.1.  Suppose (X,U) ~ f(||x — 0> + ||ul|?), where dimX = dimf = p,
dimU = k. Then, provided g(z, ||u||?) is weakly differentiable in each coordinate,

1. B[|lU]*(X = 0)'g(X, |U|*)] = Eo[llU*V’x g (X, [U*)QUIX = 0l> + [U]1*)]

2. Bg[lU]1*llg(X, [UI)1?] = Eo[n(X, UM QUIX — 0] + |U]1*)]
where Q(t) = {2f(t)} ! [° f(s)ds and

0

(41) bz, [lul®) = (k+ 2)]jul?g(x)]? + 2HUH48HUHQ

g, lull*)112.
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PROOF. The proof of part 1 is essentially the same as the proof of Lemma 3.4,
holding U fixed throughout. The same is true of part 2, where the roles of X and
U are reversed and one notes that

VilllullPw) = (k+2)llul®,  Vi{(lullPw)llg(z, [u]*)]*} = Az, [u]?)
which is given by (4.1), and hence
Eo[|U[*g(X, 1UI*)11%) = Eol(IU12U) U lg(X, [[U]*)[I?]
= Eo[Vi{(IUIPU) 19X, IUIP)IP}QUIX — 61> + 1U]*)]
= Eo[h(X, [UIP)Q(IX — 0]* + [IU]|*)].
O

One version of the main result for estimators of the form X + {||U]|?/(k +
2)}g(X) is the following theorem.
THEOREM 4.1.  Suppose (X, U) is as in Lemma 4.1. Then,
1. the risk of an estimator X + {||U||?/(k + 2)}g(X) is given by
R(9, X +{IlU*/(k +2)}9(X))

oi?

= BollX — 01 + Eo |15

5 eI +2Vg(X)}QUIX — 0] + HUH?)] ,

2. X +{||U|I?/(k +2)}g(X) dominates X provided ||g(x)|| + 2V'g(z) < 0.

PRrROOF. Note that,

RO X + U1/ (5 +2)}g(X))
A laOIE + 2] ”2<X—e>'g<x>]

}IIUII QUIX —o|* + IIUIIQ)]

= Ey[|| X - 6]]*] + Ey

= Bo[| X — 01°] + Ey

{Ilg(X)[* +2V'g(X)

k+2

by successive application of parts 1 and 2 of Lemma 4.1. ]

EXAMPLE 4.1. Baranchik type estimators:
Suppose the estimator is given by (1 — ||U|?r(|| X|1*)/{(k + 2)|| X|*}) X, where
r(t) is non-decreasing, and 0 < r(t) < 2(p — 2), then for p > 3 the estimator
dominates X simultaneously for all spherically symmetric distributions for which
the risk of X is finite. This follows since, if g(x) = —xr(||z||?)/|z|?* then,

lg@@)|I* +2V'g(x) = r*(lz1*)/l|2]1* = 2{(p — 2)r(ll=*) /N 2]* — 2" (||]*)}
<2 (ll2l*)/llz]1* = 2(p = 2)r(l2)*)/[l]* < 0.

EXAMPLE 4.2. James-Stein estimators:
If r(||z||?) = a, the Baranchik estimator is a James-Stein estimator, and, since
r'(t) = 0, the risk is given by

a® —2a(p—2) [ U]

QUIX — ol + U1 | -
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Just as in the normal case a = p — 2 is the uniformly best choice to minimize
the risk. But here it is the uniformly best choice for every distribution. Hence the
estimator (1— (p—2)||U||?/{(k+2)|| X ||>})X is uniformly best, simultaneously for
all spherically symmetric distributions among the class of James-Stein estimators!

A more refined version of Theorem 4.1 which uses the full power of Lemma 4.1
is proved in the same way. We give it for completeness and since it is useful in
the study of risks of Bayes estimators.

THEOREM 4.2.  Suppose (X,U) is as in Lemma 4.1. Then, under suitable
smoothness conditions on g(-),

1. the risk of an estimator X + {||U||?/(k + 2)}g(X, |U||?) is given by
RO, X +{UIIP/(k +2)}g(X, [U]*))
— BllIX - 017 + B [{(k + 2 U Ig X ITIDIE + 2V g (X, [U))
20k + 2 U4 O/01U 1) g X ITIDIE} QUIX = 81 + 1U1)]

2. X +{||U|I?/(k +2)}g(X, |U||?) dominates X provided

a1
lg(z, ul*)I* <0

24112 / 2
9
lg(z, Jul|*)]]* + 2V, g(z, [u]?) + %+ 2 0|[ul]2

COROLLARY 4.1. Suppose 6(X, [U|*) = (1 — [U[PPr(IX[P*/U]*)/1X )X
Then §(X, ||U||?) dominates X provided

1. 0<r(-)<2(p—2)/(k+2) and
2. r() is nondecreasing.

The result follows from Theorem 4.2 by a straightforward calculation.
4.2 A More Statistical Approach Involving Sufficiency and Completeness

We largely follow Fourdrinier, Strawderman and Wells (2003) in this sub-
section. The nature of the conclusions for estimators is essentially as in Theo-
rem 4.1, but the result is closer in spirit to the result of Cellier and Fourdrinier
(1995) in that we obtain an unbiased estimator of risk difference (from X') instead
of the expression in Theorem 4.1 where the function Q(-), which depends on 6,
intervenes. The following lemma is the key to this development.

LEMMA 4.2. Let (X,U) ~ f(
dimU = k. Suppose g() and h(-)
0)'9(X)] = Eg[h(X)]. Then, for (X

E[|U[I*(X — 0)'g(X)] = {1/(k + 2)} Bo[| U *h(X)],

provided the expectations exist.

lz — 0> + ||u||?) where dimX = dimé = p, and
are such that when X ~ Ny(0,1), Eg[(X —
,U) as above,

Note: Typically, of course, h(x) is the divergence of g(z), and, in all cases
known to us, this remains essentially true. We choose this form of expressing
the lemma because in certain instances of restricted parameter spaces the lemma
applies even though the function g(-) may not be weakly differentiable, but the
equality still holds for g(z)I4(g(z)) and h(z) = V'g(x)I4(g(x)), where 14(-) is
the indicator function of of a set A.
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PROOF. Suppose first, that the distribution of (X, U) is N1« ({#,0},0?I) and
that 6 is considered known. Then by the independence of X and U we have by
assumption that

E[(X — 0)9(X)] = Eo[(1/k)IU|*(X — 0)'9(X)] = Egl[{k(k + 2)} M [U|*A(X))].

Hence the claimed result of the theorem is true for the normal case. Now use
the fact that in the normal case (for § known), || X — 6||?> + |U]|? is a complete
sufficient statistic. So it must be that

IU*A(X)

E 2(X —0)qg(X)]||IX — 0|2 2= E
ol I1U17( 0)'g(X) ||l ol" + |U[I7] 2 e

11X =01 + [U]®

for all || X — 0||> + ||U||? except on a set of measure 0, since each function of
| X — 6]|*> + ||U]|? has the same expected value. Actually it can be shown that
these conditional expectations are continuous in R and hence they agree for all
R (see Fourdrinier, Strawderman and Wells (2003)).

But the distribution of (X, U) conditional on || X — 8|2 +||U||> = R? is uniform
on the sphere centered at (6,0) of radius R, which is the same as the conditional
distribution of (X,U) conditional on || X — 0|> + ||U]|> = R? for any spherically
symmetric distribution. Hence, the equality which holds for the normal distribu-
tion holds for all distributions f(-). O

Lemma 4.2 immediately gives the following unbiased estimator of risk dif-
ference and a condition for dominating X for estimators of the form §(X) =
X+ U117/ (k +2)}g(X).

THEOREM 4.3.  Suppose (X,U),g(x) and h(z) are as in Lemma 4.2. Then,
for the estimator §(X) = X + {||U||?/(k + 2)}g(X),

1. the risk difference is given by

4
R(6.0) = EallX 017 = o | oL (a0 + 2979(X))

2. §(X) beats X provided ||g(z)||? + 2V'g(x) < 0, with strict inequality on a
set of positive measure, and provided all expectations are finite.

5. RESTRICTED PARAMETER SPACES

We consider a simple version of the general restricted parameter space problem
which illustrates what types of results can be obtained. Suppose (X, U) is dis-
tributed as in Theorem 4.1 but it is known that 6; > 0,i=1,...,pie. 6 € R the
first orthant. What follows can be generalized to the case where 6 is restricted
to a polyhedral cone, and more generally a smooth cone. The material in this
section is adapted from Fourdrinier, Strawderman and Wells (2003).

In the normal case, the MLE of 8 subject to the restriction that 6 € Rﬁ_ is X,
where the i-th component is X; if X; > 0 and 0 otherwise. Here, as in the case
of the more general restriction to a convex cone, the MLE is the projection of X
onto the restricted cone. Chang (1982) considered domination of the MLE of 6
when X has a Np(6,I) distribution and § € R” via certain Stein-type shrinkage
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estimators. Sengupta and Sen (1991) extended Chang’s results to Stein type
shrinkage estimators of the form §(X) = (1 — (|| X1 ||?)/|X+[?) X, where 74(-)
is nondecreasing, and 0 < rs(-) < 2(s —2)4, and where s is the (random) number
of positive components of X. Hence shrinkage occurs only when s, the number of
positive components of X, is at least 3 and the amount of shrinkage is governed
by the sum of squares of the positive components. A similar result holds if 6 is
restricted to a general polyhedral cone where X is replaced by the projection of
X onto the cone and s is defined to be the dimension of the face onto which X
is projected.

We choose the simple polyhedral cone 6 € Rﬂ because it will be reasonably
clear that some version of the Stein Lemma 3.1 applies in the normal case. We
first indicate a convenient, but complicated looking, alternate representation of
an estimator of the above form in this case. Denote the n = 2P orthants of RP,
by O1,...,0,, and let O; be Ry. Then we may rewrite (a slightly more general
version of) the above estimator as

- ri(|1P(X)11%)
5(x) =3 (1= T b0, (X)),
> ( (RS
where P;(X) is the linear projection of X onto F;, where F; is the s dimensional
face of Ry = O; onto which O; is projected. Note that if r;(-) = 0, Vi, the
estimator is just the MLE.

LEMMA 5.1.  Suppose X ~ N,(0,1), and let each r;(-) be smooth and bounded.
Then,

1. for each O;, {ri(|P;(x)||*) /|| Pi(2)||?} Pi(z)lo,(z) is weakly differentiable in
x.
2. Further,

Ey [(PZ(X) - 0)’“”]3"()()"2)3()()10@)]

1P (X)I? 1

_ (s = 2r(IHXI%)
= Ey H B2 +2Ti(IH(X)II2)}Ioi(X)1

provided expectations exist.

3. 0(X) = X {1-ri(| X))/ PX) P} Pi(X)o,(X) as given above dom-
inates the MLE X, provided r; is non-decreasing and bounded between 0
and 2(s — 2) 4.

ProOF. Weak differentiability in part 1 follows since the function is smooth
away from the boundary of O; and is continuous on the boundary except at
the origin. Part 2 follows from Stein’s Lemma 3.1 and the fact that (essentially)
P,(X) ~ Ng(0,02I), since n— s of the coordinates are 0. Part 3 follows by Stein’s
Lemma 3.1 as in Proposition 3.1 applied to each orthant. We omit the details.
The reader is referred to Sengupta and Sen (1991), or Fourdrinier, Strawderman
and Wells (2003) for details in the more general case of a polyhedral cone. O

Next, essentially applying Lemma 4.2 to each orthant and using Lemma 5.1 we
have the following generalization to the case of a general spherically symmetric
distribution.



14 BRANDWEIN, STRAWDERMAN

THEOREM 5.1.  Let (X,U) ~ f(||z — 0> + ||u]|?) where dimX = dimé = p,
and dimU = k and suppose that 0 € Rﬁ. Then

‘ U|2ri(|| (X))
=2 {1 B H(k||+ 2§||||PiEX;||||2) } HEo )

dominates the X 1, provided r; is non-decreasing and bounded between 0 and 2(s—
2).

6. BAYES ESTIMATION

There have been advancements in Bayes estimation of location vectors in sev-
eral directions in the past 15 years. Perhaps the most important advancements
have come in the computational area, particularly Markov chain Monte Carlo
(MCMC) methods. We do not cover these developments in this review.

Admissibility and inadmissibility of (generalized) Bayes estimators in the nor-
mal case with known scale parameter was considered in Berger and Strawderman
(1996) and in Berger, Strawderman and Tang (2005) where Brown’s (1971) condi-
tion for admissibility (and inadmissibility) was applied for a variety of hierarchical
Bayes models. Maruyama and Takemura (2008) also give admissibility results for
the general spherically symmetric case. At least for spherically symmetric priors,
the conditions are, essentially, that priors with tails no greater than O(||0]|~®~2))
give admissible procedures.

Fourdrinier, Strawderman and Wells (1998), using Stein’s (1981) results (espe-
cially Proposition 3.1 above, and its corollaries), give classes of minimax Bayes
(and generalized Bayes) estimators which include scaled multivariate-t priors un-
der certain conditions. Berger and Robert (1990) give classes of priors leading
to minimax estimators. Kubokawa and Strawderman (2007) give classes of priors
in the set-up of Berger and Strawderman (1996) that lead to admissible mini-
max estimators. Maruyama (2003a) and Fourdrinier, Kortbi and Strawderman
(2008), in the scale mixture of normal case, find Bayes and generalized Bayes
minimax estimators, generalizing results of Strawderman (1974). As mentioned
in Section 3, these results use either Berger’s (1975) result (a version of which
is given in Theorem 3.2) or Strawderman’s (1974) result for mixtures of normal
distributions. Fourdrinier and Strawderman (2008) proved minimaxity of gener-
alized Bayes estimators corresponding to certain harmonic priors for classes of
spherically symmetric sampling distributions which are not necessarily mixtures
of normals. The results in this paper are not based directly on the discussion of
Section 3 but are somewhat more closely related in spirit to the approach of Stein
(1981).

We give below an intriguing result of Maruyama (2003b) for the unknown
scale case (see also Maruyama and Strawderman (2005)), which is related to the
(distributional) robustness of Stein-estimators in the unknown scale case treated
in Section 4. First, we give a Lemma which will aid in the development of the
main result.

LEMMA 6.1.  Suppose (X,U) ~ n®tR/2 f(n{||lz — 0|2 + ||ul|?}), the (location-
scale invariant) loss is given by L({0,n},8) = n||6 —0||? and the prior distribution
on (0,n) is of the form m(0,n) = p(0)n®. Then provided all integrals exist, the
generalized Bayes estimator does not depend on f(-).
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PROOF.
6(X,U) = Elon|X,U]/E[n|X, U]
_ Jre JoZ 0PI EB X — 0] + |U|*})p(6)dndé
o J§T n@HRIZEBELE (p{ | X — 0|2 + [|U|2}) p(6) dndd
Making the change of variables w = n(|| X — 8||> + ||U]|?), we have
(X, U)
L B = O + [UIR) -0 R/2B42(9)dp [ w2484 flaw)dus
Jre(1X =01 + |U||2) = R/24BF2p(0)df) [7° w TR/ 2HBHL f (w)dw
_ Jre OIX = 017 + |U|J*) = HR/2HB+2 () df
Jro (IX = 012 + [U[[2)~PR)/2 542 p(6)d) *

O

Hence for (generalized) priors of the above form, the Bayes estimator is inde-
pendent of the sampling distribution provided the Bayes estimator exists; thus
they may be calculated for the most convenient density, which is typically the
normal. Our next lemma calculates the generalized Bayes estimator for a normal
sampling density and for a class of priors for which p(-) is a scale mixture of
normals.

LEMMA 6.2. Suppose the distribution of (X,U) is normal with variance o0 =

1/n. Suppose also, that the conditional distribution of 0 given n and A is normal
with mean 0 and covariance (1—X)/(n\)I, and the density of (n, X) is proportional
to nb/2—P/2Ha\b/2=p/2=1 (1 _ \)=b/24p/2=1 yyhere 0 < A < 1.
1. Then the Bayes estimator is given by (1—r(W) /W)X, where W = || X||?/||U|?
and r(w) is given by
f )\b/2( )\)p/2—b/2—1(1 +w>\)—k/2—a—b/2—2d)\
f Ab/2=1(1 — \)p/2-b/2-1(1 4 w)\)—k/z—a—b/z—zd)\‘
This is well defined for 0 < b <p, and k/2+a+b/2+2 > 0.
2. Furthermore, this estimator is generalized Bayes corresponding to the gener-

alized prior proportional to n®||0]|=°, for any spherically symmetric density
f() for which [7°t-FP)/24at1 f(1)dt < oo,

(6.1) r(w) =

PRrROOF. Part 1: In the normal case,
Bly(0 - X)X,U] _ . Vxm(X,U)
EnlX,U] 2(9/0||U|12)m(X,U)’

where the marginal m(z, u) is proportional to
/1 /oo B /2R 2 2 apb/2=1 (1 \)=b/2-1

nAl|6]>
2(1 — \)

1 00
=i [ [Pl (IR (A + ]} /2)dndA

S(X,U)=X +

x exp(=n{fla = 01 + [[ul*}/2) exp(~ )dfdndX

1
= K/ ()\Hx”2 + ”uH2)—b/2—k/2—a—1)\b/2—1(1 . )\)p/2—b/2—1d)\.
0
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Hence we may express the Bayes estimator as §(X,U) = X + g(X,U), where

Vo JEOUal  [Jull?) Y22\ 1 = a2ty
(d/d||ul?) fol()\HﬂUHQ + [Ju||2)—b/2=k/2=a=1 \b/2-1 (] — \)p/2-b/2-14)\
B e 1 s A R )

Jo OM[a]|? =+ [Jul|2) ~b/2=k/2=a=2\b/2=1 (1 — \)p/2-b/2=14)
RO 1)k npr2b2-lg

o Qo 1)k X021 (1 \)p/2ob/2 Ly

= —%r(w).

g(x, u) = 9

Part 2: A straightforward calculation shows that the unconditional density of
(6,7) is proportional to n?||8||~°. Hence 2 follows from Lemma 6.1. O

The following lemma gives properties of r(w).

LEMMA 6.3. Suppose 0 <b<p—2 and that k/2+a+1>0. Then, 1) r(w)
is non-decreasing, and 2) 0 < r(w) < b/(k+ 2a+ 2).

PRrROOF. By a change of variables, letting v = Aw in 6.1 then

I )RRy fue/2b 2y
o J v+ 1)—b/2—k/2—a—2vb/2—1(1 _ v/w)p/2—b/2—1dv'

r(w)

So, we may rewrite r(w) as E,[v], where v has density proportional to (1 +
v)_b/Q_k/Q_a_va/Q_l(l—v/w)p/Q_b/Q_ll[o’w] (v). This density has increasing mono-
tone likelihood ratio in w as long as p/2 — b/2 — 1 > 0. Hence part 1 follows.

The conditions of the lemma allow interchange of limit and integration in both
numerator and denominator of r(w) as w — oo. Hence

T(w) - fooo(l +U)_b/2_k/2_a_2vb/2dv
IO (1 4 v)b/2=k/2=a=2yb/2= 14y,
fol ub/2(1 _ u)k/2+adu
a fol ub/2=1(1 — w)k/2+a+1gy,
_ Beta(b/2+1,k/2+a+1) b/2
~ Beta(b/2,k/2+a+2)  k/2+a+1

(letting u = v/(v + 1))

O]

Combining Lemmas 6.1, 6.2, 6.3, with Corollary 4.1 gives as the main result
a class of estimators which are generalized Bayes and minimax simultaneously
for the entire class of spherically symmetric sampling distributions (subject to
integrability conditions).

THEOREM 6.1.  Suppose that the distribution of (X,U) and the loss function
are as in Lemma 6.1, and that the prior distribution is as in Lemmas 6.2, and
6.3 with a satisfying b/(k+2a+2) <2(p—2)/(k+2), and with 0 < b < p — 2.
Then the corresponding generalized Bayes estimator is minimaz for all densities
f(-) such that the 2(a + 2)-th moment of the distribution of (X,U) is finite, i.e
E(R?**) < .
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We note that the above finiteness condition, F(R?***%) < oo, is equivalent to
the finiteness condition, [5° tFP)/2+a+1 f(4)dt < oo, in Lemma 6.2.

7. CONCLUDING REMARKS

This paper has reviewed some of the developments in shrinkage estimation
of mean vectors for spherically symmetric distributions, mainly since the review
paper of Brandwein and Strawderman (1990). Other papers in this volume review
other aspects of the enormous literature generated by or associated with Stein’s
stunning inadmissibility result of 1956.

Most of the developments we have covered, are, or can be viewed as, outgrowths
of Stein’s papers of 1973 and 1981, and in particular of Stein’s lemma which gives
(an incredibly useful) alternative expression for the cross product term in the
quadratic risk function.

Among the topics which we have not covered is the closely related literature
for elliptically symmetric distributions (see for example, Kubokawa and Srivas-
tava (2001) and Fourdrinier, Strawderman and Wells (2003) and the references
therein). We also have not included a discussion of Hartigan’s (2004) beautiful
result that the (generalized or proper) Bayes estimator of a normal mean vec-
tor with respect to the uniform prior on any convex set in RP dominates X for
squared error loss. Nor have we discussed the very useful and pretty develop-
ment of Kubokawa (1994) IERD method for finding improved estimators, and in
particular for dominating James Stein estimators (see also Marchand and Straw-
derman (2004) for some discussion of these last two topics). We nonetheless hope
we have provided some intuition for, and given a flavor of the developments and
rich literature in the area of improved estimators for spherically symmetric dis-
tributions.

The impact of Stein’s beautiful 1956 result and his innovative development
of the techniques in the 1973 and 1981 papers have inspired many researchers,
fueled an enormous literature on the subject, led to a deeper understanding of
theoretical and practical aspects of “sharing strength” across related studies,
and greatly enriched the field of Statistics. Even some of the early (and later)
heated discussions of the theoretical and practical aspects of “sharing strength”
across unrelated studies have had an ultimately positive impact on the develop-
ment of hierarchical models and computational tools for their analysis. We are
very pleased to have been asked to contribute to this volume commemorating
fifty years of development of one of the most profound results in the Statistical
literature in the last half of the 20th century.
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