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1 Introduction

Fractal dimensions such as Hausdorff dimension, box-counting dimension and packing dimen-
sion are very useful in characterizing roughness or irregularity of stochastic processes and
random fields which, in turn, serve as stochastic models in various scientific areas including
image processing, hydrology, geostatistics and spatial statistics. Many authors have studied
the Hausdorff dimension and exact Hausdorff measure of the images of Markov processes and
Gaussian random fields. We refer to Taylor (1986) and Xiao (2004) for extensive surveys on
results and techniques for Markov processes, and to Adler (1981) and Kahane (1985) for results
on Gaussian random fields.

Let X = {X(t),t € RV} be a random field with values in R?, which will simply be called
an (N, d)-random field. For any finite Borel measure y on RY, the image measure of x under
X is defined by p, := po X~!. Similarly, for every E C RY, the image set is denoted
by X(E) = {X(t),t € E} c R% This paper is concerned with the Hausdorff and packing
dimensions of the image measures and image sets of random fields which are, in certain sense,
comparable to a self-similar process. Recall that X = {X(t),t € RV} is said to be H-self-
similar if for every constant ¢ > 0, we have

{X(ct), t e RN} L LM X(¢), t € RN (1.1)
and X is said to have stationary increments if for every h € RV,

{X(t+h)—X(h), t eRNY L {X (1) — X(0), t e RN, (1.2)

where £ means equality of all finite dimensional distributions. If X satisfies both (1.1) and
(1.2), then it is called an H-SSSI random field. Samorodnitsky and Taqqu (1994) give a
systematic account on self-similar stable processes. The main results of this paper show that the
Hausdorff and packing dimensions of the images of an H-SSSI random field X are determined
by the self-similarity index H and essentially do not depend on the distributions of X.

An important example of SSSI (NN, d)-random fields is fractional Brownian motion X =
{X(t),t € RV} of index H (0 < H < 1), which is a centered Gaussian random field with the
covariance function E[X;(£)X;(s)] = 36, (||s[|* + [|t[|* — ||t — s||*7) for all s,t € RY, where
0;j = 1if i = j and 0; ; = 0 otherwise. It is well known [cf. Kahane (1985, Chapter 18)] that
for every Borel set E C RV,

1
dim, X (F) = min {d, T dimHE} a.s., (1.3)

where dim,; denotes the Hausdorff dimension. On the other hand, Talagrand and Xiao (1996)
proved that, when N > Hd, the packing dimension analogue of (1.3) fails in general. Xiao
(1997) proved that

1
dim, X (F) = EDideE a.s., (1.4)
where dim,, denotes packing dimension and DimE is the packing dimension profile of E defined
by Falconer and Howroyd (1997) [see §2 for its definition]. Results (1.3) and (1.4) show that

there are significant differences between Hausdorff dimension and packing dimension and both
dimensions are needed for characterizing the fractal structures of X (E).
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There have been various efforts to extend (1.3) to other non-Markovian processes or ran-
dom fields, but only with partial successes. See Kono (1986), Lin and Xiao (1994), Benassi,
Cohen and Istas (2003) and Xiao (2007). In order to establish a Hausdorff dimension result
similar to (1.3) for a random field X, it is standard to determine upper and lower bounds for
dim, X (F) separately. While the capacity argument [based on Frostman’s theorem] is useful
for determining lower bounds, the methods based on the classical covering argument for es-
tablishing an upper bound for dim, X (E) are quite restrictive and usually require to impose
strong conditions on X. As such, the aforementioned authors have only considered random
fields which either satisfy a uniform Holder condition of appropriate order on compact sets or
have at least the first moment. In particular, the existing methods are not enough even for
determining dim, X ([0, 1]") when X = {X(t), t € RV} is a general stable random field.

Given a random field X = {X(t),t € RV} and a Borel set E C R¥| it is usually more
difficult to determine the packing dimension of the image set X (E). Recently Khoshnevisan
and Xiao (2008a), Khoshnevisan, Schilling and Xiao (2009) have solved the above problem
when X = {X(t),t > 0} is a Lévy process in R?. However, their method depends crucially
on the strong Markov property of Lévy processes and can not be applied directly to random
fields.

This paper is motivated by the need to develop methods for determining the Hausdorff and
packing dimensions of the image measure p, and image set X (F) under minimal conditions
on random field X. By applying measure-theoretical methods and the theory on packing di-
mension profiles, we are able to solve the problems on the Hausdorff and packing dimensions of
the image measure 4, under mild conditions [namely (C1) and (C2) in §3]. The main results
are Theorem 3.8 and Theorem 3.12. When X satisfies certain uniform Holder conditions, The-
orems 3.8 and 3.12 can be applied directly to compute the Hausdorff and packing dimensions
of X(F). More generally we also provide a method for determining the Hausdorff dimension
of X(E) under Conditions (C1) and (C2) [see Theorem 4.9]. However, we have not been able
to solve the problem of determining dim, X (E) in general.

The rest of this paper is organized as follows. In Section 2, we recall the definitions and some
basic properties of Hausdorff dimension, packing dimension and packing dimension profiles of
sets and Borel measures. In Section 3, we determine the Hausdorff and packing dimensions
of the image measure p, under general conditions (C1) and (C2). In Section 4, we study the
Hausdorff and packing dimensions of the image set X (E), where £ C R” is an analytic set
[i.e., E is a continuous image of the Baire space NN or, equivalently, F is a continuous image
of a Borel set]. Section 5 contains applications of the theorems in Sections 3 and 4 to SSSI
stable random fields, real harmonizable fractional Lévy fields and the Rosenblatt process.

Throughout this paper we will use (z,y) to denote the inner product and || - || to denote the
Euclidean norm in R", no matter what the value of n is. For any s,t € R" such that s; < t;
(G =1,...,n), [s,t] = [I}= [s),1;] is called a closed interval. We will use K to denote an
unspecified positive constant which may differ from line to line. Specific constants in Section
i will be denoted by K, |, K, ,,--- .

2 Preliminaries

In this section we recall briefly the definitions and some basic properties of Hausdorff dimension,
packing dimension and packing dimension profiles. More information on Hausdorff and packing



dimensions can be found in Falconer (1990) and Mattila (1995).

2.1 Hausdorff dimension of sets and measures

For any a > 0, the a-dimensional Hausdorff measure of E C RY is defined by

oo [ee]
@ — 1i : [C 2N
sY-m(F) = 213[1) mf{;@ri) B C HB(azijri), ri < 6}, (2.1)
where B(x,r) = {y € RN : |y — 2| < r}. The Hausdorff dimension of E is defined as dim, F =
inf {o& > 0: s*m(E) = 0}. For a finite Borel measure z on RY, its Hausdofff dimension is de-
fined by dim 1 = inf {dimHE : w(E) > 0and E C RY is a Borel set} and its upper Hausdorff
dimension is defined by dim! p = inf {dim,E : p(RV\E) = 0 and E C R is a Borel set}.
Hu and Taylor (1994) proved that

B
dim, ¢t = sup {,8 > 0 : limsup ,u((g,r)) =0 for p-a.a. x € ]RN}, (2.2)
r—0 r
B(z,
dim}, p = inf {ﬂ > 0 : limsup W >0 for p-a.a. x € RN}. (2.3)
r—0 r

The Hausdorff dimensions of an analytic set £ C RY and finite Borel measures on F are
related by the following identity [which can be verified by (2.2) and Frostman’s lemmal:
dim, F = sup {dimp: p€ M (E)}, (2.4)

where M (FE) denotes the family of all finite Borel measures with compact support in E.

2.2 Packing dimension of sets and measures

Packing dimension was introduced by Tricot (1982) as a dual concept to Hausdorff dimension,

and has become a useful tool for analyzing fractal sets and sample paths of stochastic processes.

See Taylor and Tricot (1985), Taylor (1986), Talagrand and Xiao (1996), Falconer and Howroyd

(1997), Howroyd (2001), Xiao (1997, 2004, 2009a), Khoshnevisan and Xiao (2008a, 2008b),

Khoshnevisan, Schilling and Xiao (2009) and the references therein for more information.
For any a > 0, the a-dimensional packing measure of £ C RY is defined as

s%p (E) = inf{zn: ¢-P(En): EC LnJE"}

where s®-P is the set function on subsets of RV defined by

s*-P(E) = lim sup{Z(Qm)o‘ : B(x;, ;) are disjoint, x; € E, r; < 5}.
e—0 -
(2
The packing dimension of E is defined by dim,E = inf {& > 0: s%p(E) = 0}. It is well
known that 0 < dim, F < dim,E < N for every set & C RV,

The packing dimension of a finite Borel measure z on R is defined by dim,, y = inf{dim, E :
w(E) > 0 and E C RY is a Borel set} and the upper packing dimension of p is defined by
dim*p = inf{dim, £ : pR¥\E) = 0 and E C R" is a Borel set}. In analogous to (2.4),
Falconer and Howroyd (1997) proved for every analytic set £ C RV,

dim, F = sup {dim,p: p€ M} (E)}. (2.5)



2.3 Packing dimension profiles

Next we recall some aspects of the packing dimension profiles of Falconer and Howroyd (1997)
and Howroyd (2001). For a finite Borel measure p on RY and for any s > 0, let

= [ (55 dutw

be the potential with respect to the kernel ¢(z) = min{1, ||z||~*}, Vz € RY.
Falconer and Howroyd (1997) defined the packing dimension profile and the upper packing
dimension profile of y as

ol
Dim_ p = sup {5 >0: limi(r]lf # =0 for p-a.a. x € RN} : (2.6)
r—> T
and o
Dim®y = inf {B >0: limiglf # >0 for p-a.a. x € RN} , (2.7)
r— r

respectively; and they showed that 0 < Dim_p < Dimju < s and, if s > N, then
Dim_p = dim p, Dimgp = dim}, . (2.8)

Motivated by (2.5), Falconer and Howroyd (1997) defined the s-dimensional packing di-
mension profile of E C RN by

Dim E = sup {Dim pu: p € MI(E)}. (2.9)
It follows that
0<Dim EF<s and Dim F=dim,FE if s> N. (2.10)

By the above definition, it can be verified [cf. Falconer and Howroyd (1997, p.286)] that for
every Borel set E C RY with dim, E = dim, E, we have

Dim, E = min {s,dim,E}. (2.11)
The following lemma is a consequence of Proposition 18 in Falconer and Howroyd (1997).

Lemma 2.1 Let p be a finite Borel measure on RY and E C RN be bounded and non-empty.
Let 0 : Ry — [0, N] be any one of the functions Dim u, Dim*p or Dim E in s. Then o(s) is
nondecreasing and continuous.

3 Hausdorff and packing dimensions of the image measures

Let X = {X(t),t € RN} be an (IV, d)-random field defined on some probability space (€2, F,P).
We assume throughout this paper that X is separable [i.e., there exists a countable and dense
set T* C R and a zero probability event Y such that for all open set F C R and closed set
G C R?, the two events {w: X (t,w) € G for all t € FNT*} and {w: X(t,w) € G for all t €
F'} differ from each other only by a subset of Y. In this case, T* is called a separant for X]|
and (t,w) — X (t,w) is B(RY) x F-measurable, where B(R") is the Borel o-algebra of RY.
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For any Borel measure z on RV, the image measure p, of yu under ¢ — X (t) is
o (B) :=p{t eRY: X(t) € B}  for all Borel sets B C R%

In this section, we derive upper and lower bounds for the Hausdorff and packing dimensions of
the image measures of X, which rely respectively on the following conditions (C1) and (C2).
Analogous problems for the image set X (E) will be considered in Section 4.

(C1) There exist positive and finite constants H; and (3 such that

]P’{ sup || X (s) — X(t)|| > hth u} <K, u” (3.1)
ls—tlI<h

for all t € RN, h € (0, hg) and u > ug, where hg, ug and K, are positive constants.
(C2) There exists a positive constant Hs such that for all s,¢ € RY and r > 0,
P{IX(s) = X(0)] < ls — 1]} < K, , min {1, 7"}, (3.2

where K, > 0 is a finite constant.

Remark 3.1 Since (C1) and (C2) play essential roles in this paper, we give some remarks.

e Conditions (C1) is a type of local maximal inequality and is easier to verify when the ran-
dom field X has certain approximate self-similarity. For example, if X is Hi-self-similar,
then Condition (C1) is satisfied whenever the tail probability of supy,_; <1 [| X (s) = X (?)||
decays no slower than a polynomial rate; see Proposition 3.2 below and Section 5. It can
also be verified directly for Gaussian or more general infinitely random fields by using
large deviation techniques without appealing to self-similarity.

e There may be different pairs of (Hi, ) for which (C1) is satisfied. We remark that
the formulas for Hausdorff and packing dimensions of the images do not depend on the
constant § > 0, it is sup{H; : (C1) holds for some (Hy,3)} that determines the best
upper bounds for the Hausdorff and packing dimension of the image measures.

e Condition (C1) and the Borel-Cantelli lemma imply that, for every point ¢ € R, the
local Holder exponent of X at t € RY is at least H; almost surely [see (3.9) below].
However (C1) does not even imply sample path continuity of X.

e In Section 4, the following slight weaker form of Condition (C2) will be sufficient:

(C2') There exist positive constants H» and K, , such that (3.2) holds for all s,t € RY
satisfying ||t — s|| < 1 and r > 0.

e Condition (C2) [or (C2')] is satisfied if, for all 5,¢ € R [or those satisfying ||s — ¢|| < 1],
the random vector (X(s) — X (t))/||s — ¢||”2 has a density function which is uniformly
bounded in s and ¢. As shown by Proposition 3.3 below, (C2) is significantly weaker
than the latter.



The following proposition gives a simple sufficient condition for a SSSI process X =
{X(t),t € R} to satisfy Condition (C1). More precise information can be obtained if fur-
ther distributional properties of X are known; see Section 5.

Proposition 3.2 Let X = {X(t),t € R} be a separable, H-SSSI process with values in RY. If
there exist positive constants 3 > 0 and K, 5 such that H3 > 1 and

P{X(D)| > u} <K zu™  Vu>1 (3.3)
Then there exists a positive constant K, , such that for all u > 1,
IP’{ sup | X (1) > u} <K, ub (3.4)
te[0,1] '

In particular, Condition (C1) is satisfied with Hy = H and the same (3 in (3.3).

Proof Without loss of generality, we can assume d = 1. Since the self-similarity index
H > 0, we have X(0) = 0 a.s. Let T* = {t,,n > 0} be a separant for X = {X(¢),t € [0,1]}.
We assume 0 = tg < t; < ty--- < t, <---. For any n > 2, consider the random variables
Vi (1 <k < n) defined by Y, = X(t) — X(tp—1). For 1 <i < j<mn,let S;; =>7_. Vs By
the stationarity of increments and self-similarity of X and (3.3), we derive that for any u > 1,

IP’{‘ kzj_:Yk‘ > u} =p{|x(1)| > ﬁ} <K,ult—t)"  (35)

7 1—1

Thus, Condition (3.4) of Theorem 3.2 of Moricz, Serfling and Stout (1982) is satisfied with
g(i,j) =tj—t;_1, « = HB and ¢(t) = t°. It is easy to see that the nonnegative function g(i, 7)
satisfies their condition (1.2) [i.e., g(i,7) < ¢g(i,j + 1) and g(¢,7) + g(j + 1, k) < Qg(i, k) for
1 <i<j<k<n]with @ = 1. Therefore, it follows from Theorem 3.2 of Moricz, Serfling and
Stout (1982) that there exists a constant K, (independent of n) such that for all u > 1,

J
MN>ub = >up < -8, .
]P’{ Jpax. X(tj)‘ _u} ]P’{ max ;Yk’ _u} <K,,u (3.6)
Letting n — oo yields (3.4) which, in turn, implies (C1) holds for H; = H. O

Next we provide a necessary and sufficient condition for an (N,d) random field X =
{X(t),t € RN} to satisfy Condition (C2) [or (C2')]. For any r > 0, denote

d

1 — cos(2rx;) d
= —_r € R
¢r(2) ]1;[1 2mral ¢

Proposition 3.3 Let X = {X(t),t € RN} be a random field with values in R?. Then Condi-
tion (C2) [or (C2')] holds if and only if there exists a positive constant K, ; such that for all
r >0 and all s,t € RN [or for those satisfying ||t — s|| < 1],

or(2)E (e"@:X(t)*X (#))/ ”H”HQ) dx < K, , min{1, r?}. (3.7)
Rd



Remark 3.4 Since ¢,(z) = O(||z||72) as ||x|| — oo, Condition (3.7) is significantly weaker
than assuming (X () — X (s))/||t — s||”? has a bounded density and can be applied conveniently
to SSSI processes. We mention that (3.7) is also weaker than the integrability condition in
Assumption 1 of Benassi, Cohen and Istas (2003, p.269). It can be shown that Theorem 2.1
in Benassi, Cohen and Istas (2003) still holds under (3.7) and their Assumption 2.

Proof of Proposition 3.3 Note that for every r > 0, the function ¢,(x) is non-negative and
is in L'(RY). The Fourier transform of ¢, is

~ T |5\
qﬁr(z):H<1—21>, V zeR%

j=1
In the above, a™ := max( ,0) for all a € R. Since z € B(0,r) implies that 1 — (2r)~}[z;| > 3

we have lg ,(2) < 2d ¢,~(z) for all z € R%. Here and in the sequel, 14 denotes the indicator
function [or random variable] of the set [or event] A. By Fubini’s theorem, we obtain

P{IX(9) - X < ls 1)} < [¢<m>]
_ g /R G @) (i KO g,

Hence, (3.7) implies Condition (C2). On the other hand, we have gﬁ:(z) <lgq 2\/ar)(z) for all
z € R?. Consequently

[@ <()s“|§{(s))] < IP>{||X<s) — X)) <2Vd|s—t|™ r}.

1t
Therefore Condition (C2) implies (3.7). This finishes the proof. O

3.1 Hausdorff dimension of the image measures

First we consider the upper bounds for the Hausdorff dimensions of the image measure .

Proposition 3.5 Let X = {X(t),t € RN} be a random field with values in RY. If Condition
(C1) is satisfied, then for every finite Borel measure pn on RY,

1 1
dimg p, < min {d, HldimH,u} and  dim} p, < min{d, Hldim;,u}, as.  (3.8)

Proof Let A > 1/8 be a constant. For any fixed s € RY and the sequence h,, = 27" (n > 1),

it follows from Condition (C1) that for all integers n > max{log(1/ho), 10}52 (1)/ ’\},

]P’{ sup || X (1) — X(s)|| > 27 Hin(1og 2m) }gKn”
l[t—sl|<2—m

Since > 074 n~P* < 0o, the Borel-Cantelli lemma implies that almost surely,

sup || X (1) — X(s)]| < (log 2)* 2~ Hinp A, Vn > nyg, (3.9)
[t—s||<2—m



where ng = ng(w, s) depends on w and s. By Fubini’s theorem, we derive that, for any finite
Borel measure x on R, almost surely (3.9) holds for p-a.a. s € RV,

Now we fix an w € § such that (3.9) is valid for p-a.a. s € RY and prove that both
inequalities in (3.8) hold. In the sequel w will be suppressed.

To prove the first inequality in (3.8), since dim,p, < d holds trivially, we only need to
prove dimy pt,, < H% dim, po. Without loss of generality, we assume dim, x, > 0 and take any
v € (0,dimy i1, ). Then by (2.2) we have

lim sup r7/ L jly—af<r} Aty (y) =0 for p-a.a. z € R% (3.10)
r—0 R4 -
Equivalent to (3.10), we have
lim sup 7’7/ ]1{||X(t)fX(s)||<r} du(t) =0 for p-a.a. s € RV, (3.11)
r—0 RN -

Let us fix s € RY such that both (3.9) and (3.11) hold. For any ¢ > 0, we choose n; > ng
such that n* < 2" for all n > n;. By (3.9) we can write

1 oien d / Ly x (o<t
/RN (X -X(s) 1<} dalt Z o enn HIXO-XN) i)

(3.12)
= / Ljosirtvcm-ory dp(t)-
lt—sll<2=™1
Hence, we have
/ » Wlesp<rt/im -y dput) < / L Lixo-xG)l<ry di?)
® K (3.13)
+ / Le—sprcon—ery Ap(t)-
[[t—sl|>27"1
For the last integral, we have
e /n gy Mlt=slizron - dp(t) =0 (3.14)
because the indicator function takes value 0 when r > 0 is sufficiently small.
It follows from (3.11), (3.13) and (3.14) that with r = pf1—=,
lim sup p~ (H17e)7 / Lgjje—s)<py du(t) = limsupr ™" / L s <rr/m—eny du(t)
p—0 RN r—0 RN - (3 15)

< limsupr™? / Lix o -x (o)< du(t) = 0.
r—0 RN
Thus we have proved that (3.15) holds almost surely for y-a.a. s € RY. This implies dimpu >
(Hy — ¢)v almost surely. Since € > 0 and v < dimypt, are arbitrary, (3.8) follows.
For proving the second inequality in (3.8), it is sufficient to show dim} u, < H% dim p a.s.
Let w € € be fixed as above. We take an arbitrary 8 > dimj u. By (2.3) we have

lim sup p_ﬂ/ ]I{Ht—SHSp} du(t) >0 for p-a.a. s € RN, (3.16)
p—0 RN
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By using (3.12), we derive that for z = X(s)

/Rd Ljy—)<ry drig (y) = /R s <rran-ay du(t)

(3.17)
- /||t—5||>2—n1 L je—sp<riscm—oy du(t).
It follows from (3.17), (3.14) and (3.16) that
Ly aier d Lo scin oy dpa(t
limsup 2 Mly—sl<n) Hx(®) Jex Mp—spsrisom—oy dp®) (3.18)

st 7B/ () . 7B/ (=)

for all s € RV that satisfy (3.16). This implies dim®* u, < B/(Hy —¢) a.s. Letting € | 0 and
B | dim? u yields the second inequality in (3.8). This finishes the proof of Proposition 3.5. [

Remark 3.6 Note that in (3.8), the exceptional null probability events depend on . For
several purposes, it is more useful to have a single exceptional null probability event {2y such
that, for all w ¢ Qp, both inequalities in (3.8) hold simultaneously for all finite Borel measures
p on RY. By modifying slightly the proof of Proposition 3.5 [see (3.12)], one can show that
this is indeed true if, for every e > 0 and every compact interval I, the sample function X (¢)
satisfies almost surely a uniform Hoélder condition of order H; — ¢ on [I.

Next we show that Condition (C2) determines lower bounds for the Hausdorff dimensions
of the image measures of the random field X.

Proposition 3.7 Let X = {X(t),t € RN} be an (N, d)-random field satisfying condition (C2).
Then for every finite Borel measure u on RY,

1 1
dimy g, > min {d, HQdimHu} and  dim} p, > min {d, szim;,u}, a.s.  (3.19)

Proof In order to prove the first inequality in (3.19), we fix any constants 0 < v < 7/ <
min {d, HLQ dim, p}. Since dimy,p > +'Ha, it follows from (2.2) that

u(B(s,r))

T = 0 for p-a.a. s € RV, (3.20)
r

lim sup
r—0

Let s € RY be a fixed point such that (3.20) holds. By (C2) we derive

Ba (B (s).) = [ B(1X(0) = X(9)] < ) )

. (3.21)

d
< K, , u(B(s,r/12)) + K / <> w(dt).
o ( ) o |lt—s]||>rl/H2 ”t - S”H2

Let s be the image measure of y under the mapping ¢ + ||t — s|| from RY to R;. Then, by
using integration-by-parts formula and (3.20), we have

L R Ay
R — t) = — K
Ast%(W—ﬂm>ﬂ().Aww@d(m

o0 rd (3.22)
< H2d/7,1/H2 WN(B(&P)) dp

<Kr”

10



for all » > 0 small enough, where the last inequality follows from (3.20) and the fact that
7" < d. Combining (3.21) and (3.22) we see that Ep, (B(X(s),r)) < K for r > 0 small.
This and the Markov inequality imply that for all n large enough

]P’(ux (B(X(s),27™)) > 2*“’*) < K20,

It follows from the Borel-Cantelli lemma that a.s. p, (B(X(s),27")) < 27" for all n large
enough. It should be clear the above implies that for all 0 < v < min {d, HLQ dimHu},

lim sup Hx\PAL 1)) (B(:c, T))

S =0 for p,-a.a. z€RY
r—0 r

almost surely. Thus dim, ;1 > 7 a.s., and (3.19) follows from the arbitrariness of ~.

To prove the second inequality in (3.19), let 0 < v < 4/ < min {d, HLQ dim;,u}. By (2.3),
there exists a Borel set A C R such that u(A) > 0 and limsup,_, T*VIHQM(B(S, r)) =0 for
all s € A. The proof above shows that a.s. limsup, o7 7u, (B(z,r)) = 0 for all z € X(A).
Since iy (X(A)) > 0 a.s., we derive dim®* p, >~ a.s. and the proof is finished. O

Combining Propositions 3.5 and 3.7, we have the following theorem, whose proof is omitted.

Theorem 3.8 Let X = {X(t),t € RN} be an (N, d)-random field and let H be a positive
constant. If for every e > 0, X satisfies Condition (C1) with Hy = H — €, some 3 = 3(g) >0
and (C2) with Hy = H + ¢, respectively. Then for every finite Borel measure pn on RY,

1 1
dimyp, = min{d, HdimHu} and  dim} p, = min {d, Hdim;u}, a.s.  (3.23)

3.2 Packing dimension of the image measures

Now we study the problem of determining the packing dimensions dim, i, and dim? . The
following upper bounds for the image measures are proved by Schilling and Xiao (2009).

Proposition 3.9 Let X = {X(t),t € RN} be a random field with values in RY. If Condition
(C1) is satisfied, then for every finite Borel measure pi on RY,

) 1 . - |
dim,p, < o Dim, ,n  and dimju, < o Dimy p,  as. (3.24)

Similarly to Remark 3.6, we have

Remark 3.10 If, for every ¢ > 0 and every compact interval I C RY, X (t) satisfies almost
surely a uniform Holder condition of order H; — € on I, then almost surely both inequalities
in (3.24) hold for all finite Borel measures p on RY.

For the lower bounds of packing dimensions, we have

Proposition 3.11 Let X = {X(t),t € RN} be an (N, d)-random field satisfying Condition
(C2). Then for every finite Borel measure i on RY,

. 1 . o I
dimy, px > A Dim, ,u and dim{pux > o DlmH2d,u, a.s. (3.25)
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Proof We only prove the first inequality in (3.25); the proof of the second one is similar. We
may and will assume DimH2 4> 0. For fixed s € RY, Fubini’s theorem implies

EF,X (X (s),r) = /RN Emin {1, 7| X () — X (s)]| 74} du(t). (3.26)

The integrand in (3.26) can be written as

E min {1, Td||X(t) - X(S)Hid}

) (3.27)
=P{IX(t) = X(s)|| < v} +E{rX () = X ()17 Uyxq)—x(s)2r |-
By Condition (C2), we obtain that for all s, € R and r > 0,
. rd

Denote the distribution of X () — X (s) by I's +(-). Let v be the image measure of I's ;(-) under
the mapping T : z ~— ||z from R? to R,. Then the last term in (3.27) can be written as

,r.d o0 ’I“d
/d T2 Lz Tse(dz) = / i v(dp)
R v (3.29)

oord
<d [T PO - X < o) o

where the last inequality follows from an integration-by-parts formula.
By (3.28) and (3.29) we derive that the last term in (3.27) can be bounded by a constant
multiple of

0 Td Pd J K if r> Ht—SHHQ,
—7 minq L, s < —s|| . 3.30
[jpﬁlmm{ W—ﬂWﬂ}’”‘ i log (1) it e s P20

It follows from (3.27), (3.28), (3.29) and (3.30) that for any 0 < & < 1 and s,t € RV,

) B . ,rdfe
Emln{l, TdHX(t) — X(S)H d} S KB,G min {1, ”t_S”I'IQ(dE)} (331)

For any v € (0, Dimsz,u), by Lemma 2.1, there exists ¢ > 0 such that v < Dimp, 4. It
follows from (2.6) that

d—e
. . —"//Hg . r _ _ N
hgl_}(l)rlf T /R+ min {1, () } du(t) =0 for p-a.a. s € RV, (3.32)

By (3.26), (3.31), (3.32) and Fatou’s lemma we have that for p-a.a. s € R

r—0

E<lim inf /2 F;X (X(s), 7“))

_ (3.33)
H ’l“d €
o —/Ha . B
<K, h£n_>161f r /]RN min {1, = s } du(t) = 0.
By using Fubini’s theorem again, we see that almost surely,
lim inf r—7/H2 F:X (X(s),r) =0 for p-a.a. s€RN.
r—0
Hence dim, p,, > ng a.s. Since v can be arbitrarily close to Dim,, ,p, we obtain (3.25). g
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The following is a direct consequence of Propositions 3.9 and 3.11.

Theorem 3.12 Let X = {X(t),t € RN} be an (N, d)-random field and let H be a positive
constant. If for every e > 0, X satisfies Condition(C1) with Hy = H — ¢, some 5 = f(g) > 0
and (C2) with Hy = H 4 <. Then for every finite Borel measure 1 on RY,

1 1
dim, px = T Dim,,pu  and dim] px = T Dim? p, a.s. (3.34)

4 Hausdorff and packing dimensions of the image sets

Now we consider the Hausdorff and packing dimensions of the image set X (F). We will see
that general lower bounds for dim, X (F) and dim, X (F) can be derived from the results in
Section 3 by using a measure theoretic method. For random fields which satisfy uniform Hoélder
conditions on compact intervals, the upper bounds for dim, X (F) and dim, X (F) can also be
obtained easily. However, it is difficult to obtain upper bounds for dim, X (£) and dim, X (E)
under Condition (C1) alone. We have only been able to provide a partial result on determining
the upper bound for dim, X (F). The analogous problem for dim, X (F) remains open.

We will need the following lemmas. Lemma 4.1 is from Lubin (1974), which is more general
than Theorem 1.20 in Mattila (1995).

Lemma 4.1 Let E C RN be an analytic set and let f : RN — R? be a Borel function. If v is
a finite Borel measure on R? with support in f(E), then v = p, for some p € MH(E).

Lemma 4.2 Let E C RN be an analytic set. Then for all Borel measurable functions f :
RN — R, we have
dimy, f(E) = sup {dim,p, : p € MS(E)}, (4.1)

dim,, f(E) = sup {dim, i, : p € M (E)}. (4.2)

Proof Denote the right hand side of (4.1) by 7,. By (2.4) we get dim, f(E) > ~,. Next for
any v € M} (f(E)), Lemma 4.1 implies v = y, for some p € M7 (E). This and (2.4) imply
dimy f(F) < 7,. Hence (4.1) is proved. The proof of (4.2) is similar and is omitted. O

First we consider the lower bounds for the Hausdorff and packing dimensions of X (FE).

Proposition 4.3 Let X = {X(t),t € RV} be an (N, d)-random field that satisfies Condition
(C2'). Then for every analytic set E C RV,

. : 1. : I .
dim, X (E) > min {d, H2d1mHE} and dim, X (F) > EDlmHQdE, a.s. (4.3)

Proof Since both dim, and dim, are o-stable [cf. Falconer (1990)], we may and will assume
that the diameter of E is at most 1. Hence Condition (C2") will be enough for proving (4.3).

Let us prove the first inequality in (4.3). It follows from (2.4) that, for any 0 < v < dim, F,
there exists a u € M (E) such that dim, u > ~. By Proposition 3.7 [which holds for all finite
Borel measures whose support has diameter < 1], we have dim, u, > min {d, HLQ dim, p} as.
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This and (4.1) imply dim, X (F) > min{d, Hizv} a.s. Since v < dimy F is arbitrary, the desired
inequality follows.

Next we prove the second inequality in (4.3). Note that for any 0 < v < HLQDimHﬂE,
by (2.9) there exists a Borel measure u € M (E) such that Hyy < Dim,_,pu. It follows from
(3.25) that dim, 1, > v a.s. Hence by Lemma 4.2 we have dim, X (E) > 7 a.s., which, in turn,
implies dim, X (E) > HLQ Dim,, ,E a.s. The proof is completed. O

The following proposition gives upper bounds for dim, X (F) and dim_ X (E).

Proposition 4.4 Let X = {X(t),t € RV} be an (N,d)-random field. If for every e > 0, X
satisfies a uniform Holder condition of order Hy — € on all compact intervals of RN almost
surely, then for all analytic sets E C RY,

1 1
dim, X (E) < min {d, o dim E} and dim, X (E) < o Dim, ,E, as. (4.4)

Proof Both inequalities in (4.4) follow from Remarks 3.6, 3.10 and Lemma 4.2. t

Combining Propositions 4.3 and 4.4 yields the following theorem.

Theorem 4.5 Let X = {X(t),t € RN} be an (N, d)-random field and let H € (0,1] be a
constant. If for every e > 0, X satisfies a uniform Hélder condition of order H — ¢ on all
compact intervals of RN and Condition (C2') with Hy = H + . Then for all analytic sets
E CRY,

1 1
dim, X (E) = min {d, T dimHE} and dim, X (F) = T Dim, FE, a.s. (4.5)

It is often desirable to compute dim, X (E) in terms of dim, E. The following is the packing
dimension analogue of (1.3). Note that if N > Hd, then the conclusion of Corollary 4.6 does
not hold in general; see Talagrand and Xiao (1996). In this sense, it is the best possible result
of this kind.

Corollary 4.6 Let X = {X(t),t € RN} and E C RY be as in Theorem 4.5. If either N < Hd
or E satisfies dim, F = dim, E, then dim, X (E) = min {d, % dim,E} a.s.

Proof If N < Hd, then (2.10) implies that for every analytic set £ C RY, Dim, E =
dim, E. Hence Theorem 4.5 yields dim, X (E) = % dim_ F a.s., as desired. On the other hand,
if an analytic set £ C RY satisfies dim, £ = dim, E, then (2.11) implies that Dim, E =
min{Hd, dim, F'}. Hence the conclusion follows again from Theorem 4.5. O

Since many random fields do not have continuous sample functions and, even if they do, it
is known that dim, X (E) is not determined by the exponent of uniform modulus of continuity
[A typical example is linear fractional stable motion, see Example 5.4 below], there have
been various efforts for removing the uniform Hélder condition. However, except for Markov
processes or random fields with certain Markov structure, no satisfactory method has been
developed. The main difficulty resides in deriving a sharp upper bound for dim, X (F).
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In the following, we derive an upper bound for dim, X (E) under Condition (C1). This
method is partially motivated by an argument in Schilling (1998) for Feller processes generated
by pseudo-differential operators and, as far as we know, is more general than the existing
methods in the literature.

Lemma 4.7 Let X = {X(t),t € RN} be a random field with values in R?. If Condition (C1)
holds for Hy > 0 and > 0, then for allt € RN, h >0 and v > 0,

E(D(t, h)Y e*D“vh)) < K, hHOm), (4.6)

where D(t, h) = sup|s_y<p [| X (s) — X(t)[| and K, , is a constant independent of t and h.

Proof We write

E (D(t, hy? e ") = / Wle Uy — WP {D(t, h) > u} du
(4.7)
<K/ W e (v — w)min{l, (A" )P} du,

where the inequality follows from (C1). It is elementary to verify that, up to a constant, the
last integral is bounded by

hH1 v
/ Wt du + pP / WPy — ) du < K, , KON, (4.8)
0 hH1 ’

This proves (4.6). O

Proposition 4.8 Let X = {X(t),t € RV} be a random field with values in R, Suppose that
the sample function of X is a.s. bounded on all compact subsets of RY. If Condition (C1)
holds for Hy > 0 and B > 0, then for every analytic set E C RN that satisfies dim,FE < BHy,

1
dim, X (F) < min {d, T dimHE}, a.s. (4.9)
1

Proof = Without loss of generality we assume that £ C [0,1]Y. For any constant vy €
(dimy, E, BH1), there exists a sequence of balls { B(tx, hi),k > 1} such that

E C limsup B(tg, hi) and 2:(2%)7 < 0. (4.10)
k—oo =1

For a constant M > 0, let Q7 = {w : supycpoqyv | X (¢)[] < M}. Since the sample function
of X(t) is almost surely bounded on [0, 1]V, we have limy;_,o, P(€25;) = 1. Note that X (E) C
limsupy,_, ., B(X(tx), D(tx, hx)) and, by Lemma 4.7, (4.10) and the fact v < SH;, we have

ZE( (tk, hic) 1]IQM> < M ZE( (tr, hi) H e D(tk,hk)>

<MK, th < 0.

(4.11)
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It follows from (4.11) that > 22, D(tk,hk)Hll < oo almost surely on 2j,. This implies that
dim, X (E) < v/H; almost surely on Q7. Letting M — oo first and then v | dim, E along
the rational numbers proves (4.9). O

Putting Proposition 4.3 and Proposition 4.8 together, we derive the following theorem.

Theorem 4.9 Let X = {X(t),t € RN} be a random field with values in RY whose sample
function is a.s. bounded on all compact subsets of RN . If there is a constant H > 0 such that
for every e > 0 X satisfies Conditions (C1) with Hy = H —e and (C2') with Hy = H +¢, then
for every analytic set E C RN that satisfies dim, F < BH,

1
dim, X (F) = min {d, T dimHE}, a.s. (4.12)

5 Applications

The general results in Sections 3 and 4 can be applied to wide classes of Gaussian or non-
Gaussian random fields. Since the applications to Gaussian random fields can be carried out
by extending Xiao (2007, 2009a), we will focus on non-Gaussian random fields in this section.

5.1 Self-similar stable random fields

If X ={X(t),t € R} is a stable Lévy process in R, the Hausdorff dimensions of its image
sets have been well studied. See Taylor (1986) and Xiao (2004) for historical accounts. The
packing dimension results similar to those in Sections 3 and 4 have also been obtained by
Khoshnevisan, Schilling and Xiao (2009) for Lévy processes. In this subsection, we will only
consider non-Markov stable processes and stable random fields.

Let Xo = {Xo(t),t € RN} be an a-stable random field in R with the representation

Xo(t) = /F F(t,z) M(dz), (5.1)

where M is a symmetric a-stable (SaS) random measure on a measurable space (F,F) with
control measure m and f(¢,-) : F' — R (t € RY) is a family of functions on F satisfying

/|f(t>$)!am(dw)<oo, vteRY.
F

For any integer n > 1 and t1,...,t, € RV, the characteristic function of the joint distribution
of Xo(t1),...,Xo(t,) is given by

where £ € R (1 < j <n)and |- [|a,m is the L*(F, F,m)-norm [or quasi-norm if o < 1].

The class of a-stable random fields with representation (5.1) is broad. In particular, if
a random field Xo = {Xo(t),t € RY} is a-stable with o # 1 or symmetric a-stable, and is
separable in probability [that is, there is a countable subset Ty C R such that for every t € RV,
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there exists a sequence {tx} C Tp such that Xo(tx) — Xo(t) in probability], then Xy has a
representation (5.1); see Theorems 13.2.1 and 13.2.2. in Samorodnitsky and Taqqu (1994).
For a separable a-stable random field in R given by (5.1), Rosinski and Samorodnitsky
(1993) investigated the asymptotic behavior of P{ supepoay [ Xo(t)| > u} as u — oo [see also
Samorodnitsky and Taqqu (1994)]. The following lemma is a consequence of their result.

Lemma 5.1 Let Xo = {Xo(t),t € RN} be a separable a-stable random field in R given in the
form (5.1). Assume that Xo has a.s. bounded sample paths on [0,1]N. Then there exists a
positive and finite constant K ,, depending on «, f and m only, such that for all u > 0,

lim u® IP{ sup | Xo(t)] > u} =K, . (5.2)
Um0 t€[0,1]N ’

Remark 5.2 In the above lemma, it is crucial to assume Xy has bounded sample paths on
[0,1]" almost surely. Otherwise (5.2) may not hold as shown by the linear fractional stable
motion Xy with 0 < o < 1 [see Example 5.4 below].

We define an a-stable random field X = {X(¢),t € RV} with values in R by

X(t) = (X1(2),..., Xa(t)), (5.3)

where X1, ..., X  are independent copies of Xj.
The following result gives the Hausdorff and packing dimensions of the image measures of
self-similar stable random fields.

Theorem 5.3 Let X = {X(t),t € RV} be a separable a-stable field with values in R? defined
by (5.3), where Xy is given in the form (5.1). Suppose Xo is H-SSSI and its sample path is
a.s. bounded on all compact subsets of RV. Then for every finite Borel measure p on RY,

1

i Dim, ,p, as. (5.4)

1
dimy ¢, = min {d, T dimHu} and  dimgpp,
Moreover, for every analytic set E C RN that satisfies dim, F < ol , we have

1
dim, X (F) = min {d, T dimHE}, a.s.

Proof It follows from the self-similarity and Lemma 5.1 that X satisfies Condition (C1) with
Hy = H and 8 = a. On the other hand, Condition (C2) with Hy = H is satisfied because
X is H-self-similar, has stationary increments and the a-stable variable X (1) has a bounded
continuous density function. Therefore, both equalities in (5.4) follow from Theorems 3.8 and
3.12. Finally, the last conclusion follows from Theorem 4.9. g

Next we consider two important types of SSSI stable processes.

Example 5.4 [Linear fractional stable motion] Let 0 < o« < 2 and H € (0,1) be given
constants. We define an a-stable process Xo = {Xo(t),t € Ry} with values in R by

Xo(t) = | oy t5) Ma(ds). (5.5)
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where M, is a symmetric a-stable random measure on R with Lebesgue measure as its control
measure and where

hy(t,9) = af (6 = 977 = ()T p{( - )" - ()T,

In the above, a,b € R are constants with |a| + |b| # 0, t; = max{t,0} and ¢t = max{—t,0}.
Then the a-stable process Xy is H-self-similar with stationary increments, which is called an
(ar, H)-linear fractional stable motion. If H = 1, then the integral in (5.5) is understood as
aM([0,¢t]) for t > 0 and as bM ([t,0]) if t < 0. Hence X is an a-stable Lévy process.

Maejima (1983) proved that if aH < 1, then X is a.s. unbounded on any interval of
positive length. On the other hand, if aH > 1 [ie., 1 < @ < 2 and 1/a < H < 1], then
the Kolmogorov’s continuity theorem implies that Xy is a.s. continuous. In the latter case,
Takashima (1989) further studied the local and uniform Hélder continuity of X(. His Theorems
3.1 and 3.4 showed that the local Hélder exponent of Xy equals H. However, the exponent of
the uniform Hélder continuity can not be bigger than H — é

Now let X = {X(t),t € Ry} be the (a, H)-linear fractional stable motion with values in
R? defined by (5.3). It follows from Theorem 5.3 that, if aH > 1, then for every finite Borel
measure g on Ry,

. . 1 . . 1 .
dim, p, = mln{d, HdlmH,u} and dim,p, = ﬁDlde,u a.s.,
and for every analytic set £ C Ry, dim, X (F) = min {d, % dimHE}, a.s. Note that, the above
dimension results do not depend on the uniform Hoélder exponent of X.

There are several ways to define linear fractional a-stable random fields, see Kokoszka and

Taqqu (1993). For example, for H € (0,1) and « € (0, 2), define

_N _N
20 = [ (Ie=sl"=% < Is)=%) Mofas),  veeRY, (5.6)

where M, is an SaS random measure on RY with the N-dimensional Lebesgue measure as its
control measure. This is the stable analogue of the N-parameter fractional Brownian motion.
However, it follows from Theorem 10.2.3 in Samorodnitsky and Taqqu (1994) that, whenever
N > 2, the sample paths of Z# is a.s. unbounded on any interval in RY. Thus the results
of this paper do not apply to Z when N > 2. In general, little has been known about the
sample path properties of ZH.

Example 5.5 [Harmonizable fractional stable motion] Given 0 < a < 2 and H € (0,1), the
harmonizable fractional stable field Z7 = {Z(t),t € RV} with values in R is defined by

~ W{tA) 1 —
ZH(t) = Re / T M (dN), (5.7)
R

N
YA

where Ma is a complex-valued, rotationally invariant a-stable random measure on R with the
N-dimensional Lebesgue measure as its control measure. It is easy to verify that the a-stable
random field ZH is H-self-similar with stationary increments.

It follows from Theorems 10.4.2 in Samorodnitsky and Taqqu (1994) [which covers the case
0 < a < 1] and Theorem 3 of Nolan (1989) [which is for 1 < a < 2] that Z¥ has continuous
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sample paths almost surely. Moreover, it can be proved that ZH satisfies the following uniform
Holder continuity: For any compact interval I = [a,b] C RY and any € > 0,

|Z(t) = Z"(s)|

lim  sup —— =10 as. (5.8)
o0 el — s H | log |t — sl 2T

When N = 1, (5.8) is due to Kono and Maejima (1991). In general, (5.8) follows from the
results in Biermé and Lacaux (2009) or Xiao (2009b). Note that the Hélder continuity of Z
is different from that of the linear fractional stable motions.

Applying Theorem 4.5 to the harmonizable fractional stable motion in R? defined as in
(5.3), still denoted by ZH | we derive that for every analytic set E C RV,

~ 1 ~ 1
dim, Z (E) = min {d, i dimHE} and dim, Z%(E) = -7 Dim,, B, as. (5.9)

Remark 5.6 We mention that the results in this section are applicable to other self-similar
stable random fields including the Telecom process [Levy and Taqqu (2000), Pipiras and Taqqu
(2000)], self-similar fields of Lévy—Chentsov type [Samorodnitsky and Taqqu (1994), Shieh
(1996)] and the stable sheet [Ehm (1981)]. We leave the details to an interested reader.

5.2 Real harmonizable fractional Lévy motion

We show that the results in Sections 3 and 4 can be applied to the real harmonizable frac-
tional Lévy motion (RHFLM) introduced by Benassi, Cohen and Istas (2002). To recall their
definition, let v be a Borel measure on C which satisfies [ [2[P v(dz) < oo for all p > 2. We
assume that v is rotationally invariant. Hence, if P is the map z = pe®® — (0, p) € [0,27) xR,
then the image measure of v under P can be written as v, (df, dp) = dfv,(dp), where df is the
uniform measure on [0,27) and v, is a Borel measure on R .

Let N(d¢,dz) be a Poisson random measure on RY x C with mean measure n(d¢,dz) =
E(N(d¢,dz)) = dév(dz) and let N(d§,dz) = N(d€,dz) —n(d§, dz) be the compensated Poisson
measure. Then, according to Benassi, Cohen and Istas (2002, Definition 2.3), a real harmoniz-
able fractional Lévy motion (without the Gaussian part) X = {X{ (t),t € RV} with index
H € (0,1) is defined by

_i<t)£> — 1 ~
X)) = / 2Re (eN z)N(df, dz) for all t € RY. (5.10)
RV xC lef| 72

As shown by Benassi, Cohen and Istas (2002), XJ! has stationary increments as well as
moments of all orders; it behaves locally like fractional Brownian motion, but at the large scale
it behaves like harmonizable fractional stable motion Z in (5.7). Because of these multi-scale
properties, RHFLMs form a class of flexible stochastic models.

The following equation on characteristic functions of X{! was given by Benassi, Cohen and
Istas (2002): For all integers n > 2, all t',...,t" € RY and all u',...,u" € R,

Eexp (izn;quég(tj)) e ([

[efn@vz) 1 e z)] d@(dz)) : (5.11)

NxC
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where )
Fu(,2) ’2R< Y je_“t]’@—l)
n(&,2) =i2Re | 2 W ———|.
(3 [k

j=1
In particular, for any s, € RY and u € R, (5.11) gives that

E exp (z‘uXé{ﬁ?__SfIé{(s)) = exp < —on /RN <2“(1 — costt — 8’9)) dg), (5.12)

N
It = slIH flg] 72

where, for every z € R, () is defined by (z) = [;° (1 — cos(zp)) v,(dp). Note that the
function is nonnegative and continuous. Moreover, up to a constant, it is the characteristic
exponent of the infinitely divisible law in C with Lévy measure v. For the proof of Theorem
5.7, we will make use of the following fact: There exists a positive constant K such that

—1

(x) > K_1x2/0 p*v,(dp) for all z € [0, 1]. (5.13)

This is verified by using the inequality 1 — cosz > K 'z for all z € [0, 1].

Theorem 5.7 Let X = {X*"(t),t € RN} be a separable real harmonizable fractional Lévy
field in R? defined by (5.8), where X! is defined as in (5.10). Assume that  satisfies the
following condition: There exists a constant 6 € (0,1] such that

(az)
()

Then for every analytic set E C RN,

>a®  foralla>1 and x €R. (5.14)

1 1
dim, X (E) = min {d, i dimHE} and dim, X" (FE) = 77 Dim B, as. (5.15)

Proof It follows from Proposition 3.3 in Benassi, Cohen and Istas (2002) that, for every
e > 0, X satisfies almost surely a uniform Hélder condition of order H — € on all compact
sets of RY. Hence the upper bounds in (5.15) follow from Proposition 4.4.

In order to prove the desired lower bounds in (5.15), by Proposition 4.3 it suffices to show
that X satisfies Condition (C2') with Hy = H. This is done by showing that there exists a
positive function g € L' (R?) such that for all s, € RV satisfying ||s — ¢|| < 1 we have

’E(e”“’X(t)*X(sW”t*S”H)‘ < g(u) for all u € R% (5.16)

This and the Fourier inversion formula imply that the density functions of X (t)— X (s)/||t—s||
are uniformly bounded for all s,t € RV satisfying ||s — ¢|| < 1.

Since the coordinate processes X{{ sy X f are independent copies of Xgi , it is sufficient
to prove (5.16) for d = 1. Note that, by (5.16), we can take g(u) =1 for all |u| < 1. For any u
such that |u| > 1, condition (5.14) implies that

/ (2u(1—cos<t—s,£>))dgzK’u|5/ ( 1 —cos(t — s,&) )d§
AN L [ N 1
> K luf? (1—cos<t—s,§zv>d€’
. /Ell>vllt—8‘1 [t — s[I# [1g]| 7+

20

(5.17)




where v > 1 is a constant whose value will be chosen later.
By a change of variable & + 7 ||t — s||~!, we see that the last integral becomes

/nl|>7 (IIt—Sllg(l—COS<(t—S)/Ht—SH,77>)> dn

]|+ It = s[1V

(1 —cos((t —s)/||t — sl 77>)2
lIml|=>~ ||77||2H+N

(5.18)

where the inequality follows from (5.13) and we have used the fact that ||t — s|| < 1 and taken
~ large. The last integral is a constant because the Lebesgue measure is rotational invariant.
Thus, we have proven that for |u| > 1,

H _YH s
Eexp <iuXO (H) = Xo( )> <exp(-—K,, |u|5) (5.19)

[t = s]l*

Therefore, when d = 1, (5.16) holds for function ¢ defined as g(u) = 1 if |u] < 1 and g(u) =
e Koo lul® 4 |u| > 1. This finishes the proof of Theorem 5.7. O

We mention that Benassi, Cohen and Istas (2004) have introduced another interesting class
of fractional Lévy fields, namely, the moving-average fractional Lévy fields (MAFLF). Similar
to the contrast between linear fractional stable motion and harmonizable fractional stable
motion, many properties of MAFLFs are different from those of RHFLMs. For example, the
exponent of the uniform modulus of continuity of an MAFLF is strictly smaller than its local
Holder exponent. Nevertheless, we believe that the arguments in this paper are applicable to
MAFLFs. This and some related problems will be dealt with elsewhere.

5.3 The Rosenblatt process

Given an integer m > 2 and a constant x € (1/2 —1/(2m),1/2), the Hermite process Y"" =
{Y"™*(t),t € Ry} of order m is defined by

YR = K, /m { /Ot ﬁ(s _ u,-)i—lds} dB(uy) -~ dB(un), (5.20)
j=1

where K ; > 0 is a normalizing constant depending on m and r only and the integral fﬂém is
the m-tuple Wiener-It6 integral with respective to the standard Brownian motion excluding
the diagonals {u; = u;},7 # j. The integral (5.20) is also well defined if m = 1, the process is
a fractional Brownian motion for which the problem considered in this paper has been solved.

The Hermite process Y™ is H-SSSI and H =1+ mx — & € (0,1). It is a non-Gaussian
process and often appears in non-central limit theorems for processes defined as integrals
or partial sums of nonlinear functionals of stationary Gaussian sequences with long range
dependence; see Taqqu (1975, 1979), Dobrushin and Major (1979) and Major (1981).

It follows from Theorem 6.3 of Taqqu (1979) that the Hermite process Y"™" has the fol-
lowing equivalent representation:

U1+ +um 1
YR ( K54/R H\ S5 Za(duy) - - - Za(duy,), (5.21)

mzulJr +um
7=1
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where K;, > 0 is a normalizing constant and Zg is a centered complex Gaussian random
measure on R with Lebesgue measure as its control measure.

Mori and Oodaira (1986) studied the functional laws of the iterated logarithms for the
Hermite process Y"™". Lemma 5.8 follows from Lemma 6.3 in Mori and Oodaira (1986).

Lemma 5.8 There exist positive constants K, and K, depending on m only, such that
P{ maxe(oq] | Y™ (t)] > u} <exp(— K, uz/m) forallu> K, ;.

Using Lemma 5.8, one can derive easily a uniform modulus of continuity for Y"»".
Lemma 5.9 There exists a finite constant K, such that for all constants 0 < a < b < oo,

V™R (4 5) — YR (1))

m/2 = By

limsup sup sup a.s., (5.22)

hio - a<t<b-ho<s<h  hH(log1/h)

whereHzl—an—%.

Proof For every t >0 and h > 0, the self-similarity of Y™" and Lemma 5.8 imply
P{Y™"(t+h) — Y™ (h)| > h' u} < exp (—K&G u2/m> . (5.23)

Hence Y"" = {Y"™"(t),t > 0} satisfies the conditions of Lemmas 2.1 and 2.2 in Csaki and
Csorgd (1992) with o(h) = A and B = 2/m. Consequently (5.22) follows directly from
Theorem 3.1 in Csaki and Csorgé (1992). O

The case m = 2 has received considerable attention recently. The process Y>* is called the
Rosenblatt process by Taqqu (1975) [or the fractional Rosenblatt motion as called by Pipiras
(2004)]. Its self-similarity index is given by H = 2k. This non-Gaussian process resembles in
many ways the fractional Brownian motion. For example, since H > 1/2, fractional noise of
Y2* exhibits long range dependence. Besides its connections to non-central limit theorems, the
Rosenblatt process also appears in limit theorems for some quadratic forms of random variables
with long range dependence. Albin (1998a, 1998b) has discussed distributional properties and
the extreme value theory of Y2*. In particular, Albin (1998b, Section 16) obtained sharp
asymptotics on the tail probability of max;e(o ] Y2%(t). Pipiras (2004) established a wavelet-
type expansion for the Rosenblatt process. Tudor (2008) has recently developed a stochastic
calculus for Y2* based on both pathwise type calculus and Malliavin calculus.

Now we consider the Rosenblatt process X 2" with values in R? by letting its component
processes to be independent copies of Y2*. The following result determines the Hausdorff and
packing dimensions of the image sets of X%,

Corollary 5.10 Let X?% = {X%"(t),t € R} be a Rosenblatt process in R? defined above.
Then for every analytic set E C Ry, we have

1 1
dim, X**(E) = min {d, 5 dimHE} and dim, X*"(E) = 3, Dim, B, as. (5.24)
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Proof By Lemma 5.9, for any € > 0, X" satisfies a uniform Hélder condition of order H — ¢
(where H = 2k) on all compact intervals in R;. On the other hand, it is known that the
random variable Y% (1) has a bounded and continuous density [cf. Davydov (1990), or Albin
(1998a)]. Thus X2* also satisfies Condition (C2) with Hy = 2x. Therefore the two equalities
in (5.24) follow from Theorem 4.5. O
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