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We approximate the solution of some linear systems of SDEs driven by a fractional Brownian
motion BY with Hurst parameter H € (3,1) in the Wick-It6 sense, including a geometric
fractional Brownian motion. To this end we apply a Donsker-type approximation of the fractional
Brownian motion by disturbed binary random walks due to Sottinen. Moreover, we replace the
rather complicated Wick products by their discrete counterpart, acting on the binary variables,
in the corresponding systems of Wick difference equations. As the solutions of the SDEs admit
series representations in terms of Wick powers, a key for the proof of our Euler scheme is an
approximation of the Hermite recursion formula for the Wick powers of B,
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1. Introduction

A fractional Brownian motion B¥ with Hurst parameter H € (0, 1) is a continuous zero
mean Gaussian process in R with stationary increments and covariance function

BBy B'] = o ([t + [s]*" — [t — s[*"").

N =

The process B? is a standard Brownian motion, but a fractional Brownian motion is not
a semimartingale for H # % In this paper we restrict ourselves to the case H > 1/2, in
which the corresponding fractional Gaussian noise (Bf Wy BH )n exhibits long range
dependence.

In recent years a lively interest in integration theory with respect to fractional Brow-
nian motion has been emerged (see e.g. the monographs by Mishura or Biagini et al.
[15, 4]). One of the extensions of the It integral beyond semimartingales is the frac-
tional Wick-It6 integral. It is based on the Wick product ¢, which has its origin as a
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2 C. Bender and P. Parczewski

renormalization operator in quantum physics. In probability theory the Wick product
with ordinary differentiation rule imitates the situation of ordinary multiplication with
Itd differentiation rule (cf. Holden et al. [11]). Actually, this makes it a natural tool to
apply for extending the Ito6 integral.

We first consider the fractional Doléans-Dade SDE dS; = StdoBtH , So = 1 in terms
of the fractional Wick-It6 integral. The well-known solution, exp (BtH - %tzH ) , is the
geometric fractional Brownian motion, also known as the Wick exponential of fractional
Brownian motion. Notice that the Wick exponential has expectation equal to one, and
therefore can be interpreted as a multiplicative noise. Moreover, the ordinary exponential
can be obtained from the Wick exponential by a deterministic scaling. Both processes
are not semimartingales for H # % The name Wick exponential is justified by the fact

. - . . . . k . .
that it exhibits a power series expansion with Wick powers (Bf[ )<> instead of ordinary
powers.

More generally, we consider a linear system of SDEs,

dX; = (A Xy + AY,) d°BfY,  Xo = o,

o nH (1>
dY; = (B1 X, + BoY;) d° By, Yo = vo.

One can obtain Wick power series expansions for the solution of this system, too. Our goal
is to approximate these Wick analytic functionals of a fractional Brownian motion. To this
end we require an approximation of a fractional Brownian motion and an approximation
of the Wick product.

There are several ways to approximate a fractional Brownian motion. One of the first
approximations was given by Taqqu [22] in terms of stationary Gaussian sequences. We
refer to Mishura [15, Section 1.15.3] for further approaches on weak convergence to a
fractional Brownian motion. Sottinen constructed a simple approximation of a fractional
Brownian motion on an interval for H > % by sums of square integrable random variables
in [21]. He used the Wiener integral representation of a fractional Brownian motion on

¢
an interval, Bff = [ zp(t,s)dBs, for a suitable deterministic kernel zy(t,s), due to
0

Molchan and Golosov and Norros et al. [16, 17, 18]. For this purpose, he combined a
pointwise approximation of the kernel zy (¢, s) with Donsker’s theorem. This approach
was extended by Nieminen [19] to weak convergence of perturbed martingale differences
to fractional Brownian motion. We shall utilize Sottinen’s approximation with binary
random variables throughout this paper.

The main problem of applying the Wick product on random variables with continuous
distributions is that it is not a pointwise operation. Thus an explicit computation of the
Wick-Ito integral is only possible in rare special cases. But exactly here is the advantage
of the binary random walks. In such a purely discrete setup we apply the discrete coun-
terpart of Wick product as introduced in Holden et al. [10]. Starting from the binary
random walk one can build up a discrete Wiener space, and the discrete Wick product
depends on this discretization. This Wiener chaos gives the analogy to the continuous
Wick products. For a survey on discrete Wiener chaos we refer to Gzyl [9]. However, we
will introduce the discrete Wick product in a self-contained way in Section 3.
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Approximating a GFBM and related processes 3

We can now formulate a weak Euler scheme of the linear system of SDEs (1) in the
Wick-It6 sense,

X = X+ (A X[+ AY) o (BY" = BET), X =@, 1=1,...,m,

n n

(2)
Y=Y+ (BuX] + BaY ) on (Bf’” - Bf{j) Yo =y, l=1,...,n,

where ¢, is the discrete Wick product and (B{{" — B{{?) are the increments of the

disturbed binary random walk. As a main result we show that the piecewise constant in-
terpolation of the solution of (2) converges weakly in the Skorokhod space to the solution
of (1). This is the first rigorous convergence result connecting discrete and continuous
Wick calculus we are aware of. As a special case (2) contains the Wick difference equation

XP = X"+ X on (Bf’" - B{{{‘) . XP=1, I=1,....n (3)

n

As a consequence, the piecewise constant interpolation of (3) converges weakly to a
geometric fractional Brownian motion, the solution of the fractional Doléans-Dade SDE.
This was conjectured by Bender and Elliott [3] in their study of the Wick fractional
Black-Scholes market.

In [21] Sottinen considered the corresponding difference equation in the pathwise sense,
i.e. with the ordinary multiplication instead of the discrete Wick product,

Xr =X+ X0, (va” _ B{{f) . Xr=1, I=1,....n. (4)

n

The solution is explicitly given by the multiplicative expression

X0 =TT (1+ (87 - 52)). &)

n
Jj=

By the logarithmic transform of ordinary products into sums and a Taylor expansion,
one obtains an additive expression for ln(X ') which converges weakly to a fractional
Brownian motion. In this way Sottinen proved the convergence of X to the ordinary
exponential of a fractional Brownian motion [21, Theorem 3]. This approach fails for
the solution of (3), since in a product representation, analogous to (5), the discrete
Wick product ¢, appears instead of the ordinary multiplication. There is, however, no
straightforward way to transform discrete Wick products into sums by application of a
continuous functional.

However the solution of (2) exhibits an expression which is closely related to a discrete
Wick power series representation. Therefore the convergence can be initiated explicitly
for the Wick powers of a fractional Brownian motion, which fulfill the Hermite recursion
formula. We obtain a discrete analogue to this recursion formula for discrete Wick powers
of the disturbed binary random walks. Actually, the weak convergence of these discrete
Wick powers is the key for the proof for our Euler scheme.
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4 C. Bender and P. Parczewski

The paper is organized as follows: In Section 2 we give some preliminaries on the
Wick-It6 integral with respect to a fractional Brownian motion and introduce the Wick
exponential and other Wick analytic functionals. Then we define the approximating se-
quences and state the main results in Section 3. Section 4 is devoted to some L?- estimates
of the approximating sequences. We prove convergence in finite-dimensional distributions
in Section 5 and tightness in Section 6.

2. Wick exponential and Wick analytic functionals

In this section we introduce the Wick product, the Wick-Ito6 integral and describe the
Hermite recursion formula for Wick powers of a zero mean Gaussian random variable.
Then we obtain the Wick power series expansions for the solutions of SDEs (1).

We consider a geometric fractional Brownian motion or the so called Wick exponential
of a fractional Brownian motion exp (Bff — 1¢2#). For H = 1 this is exactly a geometric
Brownian motion, also known as the stochastic exponential of a standard Brownian

motion. For all H € (0,1) and ¢ > 0, it holds that t* = E [(BtH)Q} and thus the Wick

exponential generalizes the stochastic exponential. It is well-known that exp (Bt — %t)
solves the Doléans-Dade equation

dS, = S;dBy, So = 1,

where the integral is an ordinary It6 integral. Actually the Wick exponential of fractional
Brownian motion solves the corresponding fractional Doléans-Dade equation

dS; = S;d°Bff, Sy =1

in terms of fractional Wick-It6 integral (cf. Mishura [15, Theorem 3.3.2]). We want to
approximate solutions of similar SDEs.

Let ® and ¥ be two zero mean Gaussian random variables. Then the Wick exponential
is defined as

1
exp®(®) := exp (<I> - 2E[<I>|2]) .
For a standard Brownian motion (B;)¢>o and s < t < u it holds that
exp®(B,, — By) exp®(B; — Bs) = exp®(B, — Bs).

Forcing this renormalization property to hold for all, possibly correlated, ® and ¥, leads
to the definition of the Wick product ¢ of two Wick exponentials

exp®(®) o exp®(V) := exp®(® + V).

The Wick product can be extended to larger classes of random variables by density
arguments (cf. [6, 20, 2]). For a general introduction to Wick product we refer to the
monographs by Kuo and Holden et al. [14, 11] and Hu and Yan [13]. Note that the Wick
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product is not a pointwise operation. Suppose ® ~ N(0, ), then we have by definition

$°0 =1, $°! = & and the recursion
Pt = 3" o .

Observe that it holds that

d d 1 ,
%exp<> (z®) » = oexp (:17<I> - iE [|z®| ]>

z=0

= (®—z0?)exp (»’U‘I’ - %E [|x@|2])

z=0

Suppose we have
dk

q)ok _
dwk

exp® (w®)

w=0

for all positive integers k£ < n. Then with z = w + z, % = % =1, we get

3

d
(I)o(n+1) o (D i o (D
Tgn P (w®) L © - exp (z®) »
_ & = exp® ((w + 2)®) — Lﬂex ° (2®)
T dwrds P PR RS

z=0

We now obtain, by differentiation and the Leibniz rule, the following Wick recursion

formula

ar 1
pontl — T ((<I> — wo?) exp (wq) - §E [|w<I>2]>)
_ a?) & 1 2
= (®—wo?) Ton &P <w(I> 2E [|lz®| })
dnfl

1

= $P" —no’P" L

w=0

+n(—0?)

w=0

Define the Hermite polynomial of degree n € N with parameter o2 as

2 n 2
n(r) = (—o?)exp [ e ) 9 exp [ 2F
Pa(x) == (—0°) exp<202> o exp<202>.

Then the series expansion

1 — 1
exp(z — 502) = Z Ehﬁz (x)

n=0

w=0
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6 C. Bender and P. Parczewski

holds true. The first Hermite polynomials are h?,(z) = 1, hl,(z) = z. By the Leibniz
rule we obtain the Hermite recursion formula

KT (z) = x hla(z) — no® W5 ' (2). (8)

By the equivalent first terms and recursions (6) and (8) we can conclude that for any
Gaussian random variable ® ~ A (0,0) and all n € N,

= hga (®). 9)
By (7) we have additionally
exp®(®) = n'qu (10)
n=0

The fractional Wick-It6 integral, introduced by Duncan et al. [6], is an extension of the
It6 integral beyond the semimartingale framework. There are several approaches to the
fractional Wick-It6 integral. Essentially these approaches are via white noise theory as in
Elliott and von der Hoek [7] and Hu and @ksendal [12], by Malliavin calculus in Alos et al.
[1], or by an S-transform approach in Bender [2]. In contrast to the forward integral, the
fractional Wick-It6 integral has zero mean in general. This is the crucial property for an
additive noise. The Wick-It6 integral is based on the Wick product. For a sufficiently good
process (Xs)se[o,s the fractional Wick-Ito integral with respect to fractional Brownian
motion (B )4 can be defined easily by Wick-Riemann sums (cf. Duncan et al. [6]
or Mishura [15, Theorem 2.3.10]). Suppose m, = {0 =t < t; < ... < t, = t} with
max [t; —t;_1| — 0 for n — oo, then

ti €My
/XstBf = n”féotz Xty 0 (Bff —Bﬁl)v
0 i €Tn

if the Wick products and the L?(£2)-limit exist. For more information on Wick-Ito integral
with respect to fractional Brownian motion we refer to Mishura [15, chapter 2].
By the fractional It6 formula (cf. [2, Theorem 5.3] or [4, Theorem 3.7.2]) we have

d(Bf)*" = k(B)** 1B, (By')°" = Lgk=oy- (11)
For the Wick exponential

- 1
exp® Z E (12)

k=0
we obtain, by summing up the identity (11), the fractional Doléans-Dade equation,

dS; = S;d°BE Sy = 1. (13)
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Approximating a GFBM and related processes 7

NgE

For any analytic function F(x) = %% we define the Wick version as

k

0

o0

Fo(®) = %@0’“.
k=0

From the recursive system of SDEs (11) we obtain SDEs for other Wick analytic func-
tionals of a fractional Brownian motion

o(pHY _ — Ak ¢ H\OF
F (lgt ) - gg;; k! (lgt ) :
Recall the linear system of SDEs (1),
dX, = (A1 X, + AY;) d°BY, X, = o,
dY; = (B1 Xy + BoYy) d°Bl, Yo = yo.
The coefficients of the solution,
ag ok bi. ok
Xe=>» = (BN, vi=> = (B)", (14)

k!
k=0 k=0

can be obtained recursively via (11) to be
ag = xo, bo = yo, ax = Arag—1 + Azbg_1, by, = Brag—1 + Babj_1.

Note that it holds |ax|, |bx| < CF for a C € Ry. This is according to the recursive
derivation of the coefficients and it ensures that the Wick analytic functionals X; and Y;
are square integrable (cf. the proof of Proposition 6).

3. The approximation results

Here we present the approximating sequences and discuss the main results. Precisely,
we introduce the Donsker-type approximation of a fractional Brownian motion and the
discrete Wick product, and obtain Wick difference equations, which correspond to the
SDEs. We shall work with a fractional Brownian motion on the interval [0,1], but all
results extend to any compact interval [0, 7.

We first consider the following kernel representation of a fractional Brownian motion
on the interval [0, 1] based on works by Molchan and Golosov [16, 17],

t
BtH:/ 2 (t, s)dBs,. (15)
0

For H > % the deterministic kernel takes the form
1 1_ g t H—1 H-—32
2 (t,s) = 1y>gcu(H — 5)52 w2 (u—s)" " 2du (16)
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8 C. Bender and P. Parczewski

- 9HT (3 — H)
HENTE+ DrEe—2H)

where T' is the Gamma function (Norros et al. [18] or Nualart [20, section 5.1.3]). In
order to simplify the notation we think of H € (%, 1) to be fixed from now on and omit
the subscript H in the notation of the kernel. For an introduction to some elementary
properties of fractional Brownian motion we refer to Nualart [20, chapter 5], Mishura
[15], or Biagini et al. [4].

We apply Sottinen’s approximation of a fractional Brownian motion by disturbed bi-
nary random walks. Suppose (£, F, P) is a probability space and, for all n € N and
1 =1,...,n, we have independent and identically distributed symmetric Bernoulli ran-
dom variables £ : @ — {—1,1} with P({” = 1) = P(¢ = —1). By Donsker’s theorem

the sequence of random walks B(") = f Zmﬂ f(") converges weakly to a standard

with the constant

Brownian motion B = (By)c[0,1] [5, Theorem 16.1]. The idea of Sottinen [21] is to com-
bine these random walks with a pointwise approximation of the kernel in representation
(15). Define the pointwise approximation of z(t, s) as

A (g, 5) = n/ : (L”n”u> du.

Then the sequence of binary random walks

H e . L m
B ;:/ " (t,s)dB" / < >ds§i”
t 0 Z NG

converges weakly to a fractional Brownian motion (B )te[o,1] in the Skorokhod space
D([0,1],R) [21, Theorem 1].

A main advantage of the binary random walks is that we can avoid the difficult
Wick product for random variables with continuous distributions. We approximate this
operator on the binary random walks by discrete Wick products:

For any n € N let (&7,£%,...,£7) be the n-tuple of independent and identically dis-
tributed symmetric Bernoulli random variables for the binary random walk Bf ™ The
discrete Wick product is defined as

H &' on H & =
icA ieB
where A, B C {1,...,n}. We denote by
Fni=0(&,83,-. &)
the o-field generated by the Bernoulli variables. Denote

=5 = [T e

i€A

i€AUB
0 otherwise

{ [[ & itANB=10
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Approximating a GFBM and related processes 9

Clearly the family of functions {Eﬁ cACHL,..., n}} is an orthonormal set in L?(€2, F,,, P).

Since its cardinality is equal to the dimension of L?(£), F,,, P) it constitutes a basis. Thus
every X € L?(Q,F,, P) has a unique expansion, called the Walsh decomposition,

n—on
X = Z TAZ A,
AC{L,....n}

where z7; € R. The Walsh decomposition can be regarded as a discrete version of the

chaos expansion. By algebraic rules one obtains for X = Yo a%E% and Y =
AC{1,...,n}
2. YBEh
BC{1,....,n}

XopY = Z Z ‘rAyB ErCL'

AUB=
CC{1,...,n} ALrJW 2 @
Furthermore, the L2-inner product can be computed in terms of the Walsh decomposition
as
EXY]= Y ki (17)
AC{1,...,n}

There exists an analogous formula for the Wick product on the white noise space via chaos
expansions that justifies the analogy between the discrete and ordinary Wick calculus
(cf. Kuo [14]). For more information on the discrete Wick product we refer to Holden et
al. [10]. More generally, the introduction of a discrete Wiener chaos depends on the class
of discrete random variables (&7,&%,...,&"). We refer to Gzyl [9] for a survey on other
discrete Wiener chaos approaches.

The representation

[nt] I_’I’Lt
= > b & with b= \F/ ,5)ds
=1

is the Walsh decomposition for the binary random walk approximating B in L2(Q, F,,, P).
Notice that b7, = b",,; .. Thus we can consider BtH n Bﬁﬁ as a process in discrete
’ oot

time. We can state our first convergence result:

Theorem 1. Suppose
1. lim a, = ay exists for all k € N.
n—oo
2. There exists a C € Ry, so that |an x| < C* for all n,k € N.

(BH ”) nk converges weakly to the Wick power

k=0

series Z (BH) in the Skorokhod space D([0,1],R).
k=0
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10 C. Bender and P. Parczewski

The proof is given in Sections 5 and 6.
Consider now the following recursive system of Wick difference equations,

UP™ = U+ RUES " o (B = BET), 0P =1, U = 0 (18)
foralll =1,...,n and k € N. This is the discrete counterpart to the recursive system of
SDEs in (11). We observe that U%" =1 = (B#:m)*"" and Utm = (BHm)°"! | but

On2
2.n H,n H.n H,n H.n Hn\ "
Uzn = opftne, pin 2 ping, pHn = (Bl ) :

n n

Thus, in contrast to the continuous case in (11), the discrete Wick powers are not the
solutions for (18) if k > 2.

However we can prove a variant of Theorem 1 based on the system of recursive Wick
difference equations, whose proof will also bi given in Sections 5 and 6.

Theorem 2. Under the assumptions of Theorem 1 define C~7tk" = Ufﬁ?j as the piecewise
constant interpolation of (18).

n ~
Then the sequence of processes » a’,;i’“ Uk converges weakly to the Wick power series
k=0

> (BH)Q]C in the Skorokhod space D(]0,1],R).
k=0

Example 1 (Wick powers of a fractional Brownian motion). For a, , = l!1{;—;,
(i Ly
o L (BT

Example 2 (Geometric fractional Brownian motion). For a, , = ar = 1 we have

[nt] 1 onk J
exp®” (BtH") = Z - (BtH”) - exp® (BH) ,
k=0

~ "1~
S = Z EU’C’” 4, exp® (BH) .
k=0

Observe that by summing up the recursive system of Wick difference equations (18) we

obtain
S =S+ 8P, o (va" - B{‘Ef) . St=1 (19)

n n

forl =1,...,n, where S} = g’j Hence, the piecewise constant interpolation of (19)

converges weakly to the solution gf the fractional Doléans-Dade equation (13).

The reasoning of the previous example can be generalized as follows:
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Approximating a GFBM and related processes 11

Theorem 3 (Linear SDE with drift). Suppose u,so € R, ¢ > 0. Then S := Sle)s
where S™ is the solution of the Wick difference equation

sp = (HH) S+ ST on (B?’”—B{{’f), Sp=s0, 1=1,...,n, (20)
n n o

converges weakly to the solution of the linear SDE with drift
dS; = pS,dt + 0S;d° B}, So = s0 (21)
in the Skorokhod space D([0,1],R).

Proof. Observe at first that for 0, — ¢ > 0 and @, = amkaﬁ we obtain by Theorem
2 that

n o0
~ a ~ a k
V"= dnk ok prkm 4, E 2k (JBH)<> .
k=0 k=0
With the choice ay, 1, :=1 and

o
an::1+%—>a as n — 00,
we observe by (18) that V;* := v satisfies
Vln:vlnlJr<1+M>V}"1<>n(31jm_3l’£?), Ve =1, l=1,...,n.
n n

Consider now the piecewise constant function (Wﬁ) determined by th = W[;Lt ]

te0,1]
and

W = (1+%)Wl”_1, W =s9, l=1,...,n.
By this well-known Euler scheme,
irn

(7). — wolexicoy @)

in the sup-norm on [0, 1]. The product

nyyn H n n g n Hn H,n I n
vewr = (1B v+ KHZ) Vit on (B~ Bl"l)} (1+5)we,
= (4 E)vimwi oV W o (BY - BT,
‘Q?[L%I = S0, l ::1,...,n,

satisfies the Wick difference equation (20) for S* = V;"W}". The multiplication by the
deterministic function sgexp(ut) is continuous on the Skorokhod space. Thus with (22)
and Billingsley [5, Theorem 4.1] we obtain

an oniimn d 'S H
= — B
(St )te[o,l] (Vt Wi )te[o,l] %0 (eXp (1ut) exp (J ¢ ))te[o,l]
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12 C. Bender and P. Parczewski

in the Skorokhod space D([0,1],R). As s exp (ut) exp® (o Bf!) solves the SDE (21) (cf.
Mishura [15, Theorem 3.3.2]), the proof is complete. O

Remark 1. Theorem 3 holds with additional approximations (o, in) — (0, 1), too.

Remark 2. Theorem 8 was conjectured by Bender and Elliott [3] in their study of the
discrete Wick-fractional Black-Scholes market. They deduced an arbitrage in this model
for sufficiently large n. Although the arbitrage or no-arbitrage property is not preserved
by weak convergence, this model showed that it is even possible to obtain arbitrage in
this simple discrete Wick fractional market models. In a recent work [23] Valkeila shows
that an alternative approximation to the exponential of a fractional Brownian motion by
a superposition of some independent renewal reward processes leads to an arbitrage-free
and complete model. We refer to Gaigalas and Kaj [8] for a general limit discussion for
these superposition processes.

Theorem 4 (Linear system of SDEs). The piecewise constant interpolation

~n ~TL T n n
(XtaYt> ;:( LntJ’YLntJ)

for the solution of the linear system of Wick difference equations

T

X o= X[+ (X, + AV o (Bf’"—Bf{’?), Xt =19, l=1,...,n,

n

N

V' = Y+ (BiXP + BaYy) on (va” - B{ij) L Yr=y =1

n

converges weakly to the solution (X,Y )T of the corresponding linear system of SDEs (1)
in the Skorokhod space D([0,1],R)2.

Proof. Analogously to (14) we obtain by the recursive system of Wick difference equa-
tions for U*™ in (18) the coefficients for the solution of the systems of difference equations

o0 o0 b
Xp = % Uk, v = ?ﬁ Uk,
k=0 k=0 "
recursively by
ag = To, bo = Yo, ar = Arag_1 + Agbp_1, by = Brag—1 + Baby_1.
We denote the upper bound
Map = 2max {|Ay], |Az|, | Bi], | Bal} -

Suppose 71,72 € R to be arbitrary. By the linear system and (18) the sequence of processes

~ ~ n b\ ~
SRS A (,j) gk
k=0 ’
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Approximating a GFBM and related processes 13
fulfils the conditions in Theorem 2 with

[rray, + roby| < max {[aol, [yo[} (Ir1] + r2]) MK
Thus we obtain the weak convergence

00
7,15('71 + ’I“gi;n i> Z
k=0

Now the Cramér-Wold device (Billingsley [5, Theorem 7.7]) concludes. O

riag + roby
k!

)(BH’")O]C = M X 41y

Remark 3. Theorem 4 can be extended to higher dimensional linear cases. It holds also
for an additional approzimation of the coefficients A, ; — A; and By, ; — B; for n — oco.

Example 3 (Wick-sine and Wick-cosine). The piecewise constant interpolation of

X" = XL +Y2 0 (BLH’n_BfI_’ln)> Xy =0, l=1,...,n,

n

Yyr o= Y/ilef_1<>R<Bf’”fo{’f), Yr=1, I=1,....n

n

converges weakly to the solution of the linear system

dX; = Yd°BE  X,=0,
dy, = -—X,d°Bl Yy =1,

the process (sin<> (BtH) , cos® (BtH))T By Theorem 1 it can be approximated by the dis-

T
crete Wick version functional (sino" (B, coson (BtH")) as well.

4. Walsh decompositions and L?-estimates

In this section we give the Walsh decompositions for the approximating sequences and
obtain some LZ-estimates. A key for the approximation results will be the convergence
of the L?-norms of the discrete Wick powers of BtH’" to the corresponding L2-norms of
the Wick powers of Bf.

Recall the Walsh decomposition B;"" = Z}Ztlj b'; &' Denote
pac= o =14 ri= 0, b
i€A i€A ' "

for I =1,...,n. Notice that d}; = b"; ;24 =0 for i > [ and that the increment has the

representation

n n

l
H,n H»n_ m ¢n
Bl _Bﬂ_i:dl,ii'
=1
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14 C. Bender and P. Parczewski

Recall the recursive system of Wick difference equations,
U = U KOS o (B L) UPT =L G =0 3)
forl=1,...,nand kK € N.

Proposition 1. For alln,k € N andl =0,...,n, we have the Walsh decompositions

EUlkm - Z Z H dm(p)’p re? (24)

|C|=k mJectlve
1 H onk _
= (Bi,n) = > b (25)
T CC{l,...1}
ICl=k

[1]

B (26)

1 H,n Onk 1 k,n n
E(BL ) LU= ) > I
CC{1,...,1} \ m:C—{1,...,1} peC
|C|=k not injective

Proof. We use the conventions that an empty sum is zero, an empty product is one, and
that there exists exactly one map from the emptyset to an arbitrary set. For these reasons
the formulas hold for k¥ = 0 or [ = 0. We prove (24) by induction: For all I = 0,...,n
and all £ € N is obviously Ulo’n =1 and Ug’" = 0 as in formula (24). Suppose the
formula is proved for all positive integers less or equal to a certain k and all [ = 0,...,n.
Furthermore, for k41, suppose the formula is proved for all positive integers less or equal
to a certain [. For k + 1 and [ + 1 we compute, by the difference equation (23) and the
induction hypothesis,

I+1

U G RS DS > I dw.=e Onzdlﬂz

CCA{1,...,l} m:C—{1,...,l} peC
|C|:k injective

= (k+1) Z Z H A () p U111 EC UL

CC{1,..,l} m:C—{1,...,1} peC
i€{l,...,I4+1}  injective
|C|=k, i¢C

GRSV > II 4B (27)

C'C{1,...,l+1} m':C'—={1,...,1+1} peEC’
|C’|=k+1 injective, g:m(q)=I+1

Note that d,, , = 0 for all p —1 > m. Thus, by the induction hypothesis,

Uttt = k1) > > || = (28)

CC{l,....l4+1} m:C—{1,....l+1} peC
|C|=k+1 injective, Yg:m(q)<I+1
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Approximating a GFBM and related processes 15

Thanks to equations (27) and (28) we obtain (24). In particular, Ulk’" =0 for all £ > L.
We now compute the k-th Wick power of (Bf") as follows:

n onk l k k
n n n n
bl & > [Iv:, 11
j=1 j=1

i=1 i1,02..ip=1
pairwise distinct

> k!(HbZin?) = ) Kb EL

cCc{1,..1} ieC ieC
|C|=Fk |C|=k

onk
In particular, (Bf’n) =0 for all & > [. This yields (25).
The telescoping sum yields

!
Z Do) p = Z Do), Z (@’p*b%zz—l,p) = bgpv

m(p)=1 m(p)=p m(p)=p

and thus we get

l
Y. IHdws =TI X dps| = TI0L,=tic (29
m:C—{1,...,1} peC peC \m(p)=1 peC

Equation (26) is, thus, implied by (24) and (25). O

In the next Propositions we obtain some elementary estimates for the L2?-norm of
. . Hn
discrete Wick powers of B, "".

Proposition 2. For allt € [0,1] and i € {1,...,|nt]},

by, < 2cyn~1—H),

Proof. We estimate

M\»—A

by = n® cp(H — =

M\»—l

< n%cH(H - =

<<:;>“ e

Since t <1, 37 <2 and lz|2=H — |y|2=H < |z —y|2~H the assertion follows. O

IN

N
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16 C. Bender and P. Parczewski

Remark 4. Observe that,

[nt] nt]
E|BIBE"| = B Y Wb, = 0 (k) (30)

21,12=1 i=1
By Nieminen [19] we thus get for any s,t € [0,1] the following convergence

<W >du/j1 Z(LT’J,U) du

n

Lnt)

E [Bf]’"Bf ” Z /

3

— /z(t,u)z(s,u)du = E[BIBI]. (31
0

Moreover, we have by the Cauchy-Schwarz inequality the upper bound

E{(BtH’"—Bf,n) } B L”tJ <f/ ( du—Z(LT:LSJm)) du)Q
%/ (Z( 1 ) - z(LnSJ7u)) du — |t _ s

n n
Proposition 3. For allt > s in [0,1] and all N € N such that |ns] > N, we have

(32)

0 < B[] s Bl - 2m [Bp]

(COREER

< QC%NQtQH(N—l)n—(Z—ZH)

g

- (33

In particular,

lim F

n—oo

()™ = ooy=) | = [ - (oY),

Proof. As N < |ns|, we get, making use of Proposition 1, (17) and (30) in Remark 4,

N,E (Bl (i |

o1 D SR B EYR S =

cC{1,...,|nt]} CC{1,...,|ns|}
|C|=N |Cl=N
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Approximating a GFBM and related processes 17

lnt] N lnt] N
=N ST bt = > T (enen) - IT (v2:,02s,)
cci{1,...,|nt]} i1yein=1j=1 i1, in=1 j=1
|C|:N ak,l : ’ikzil
N Lnt] N
~E|[B/"BI"| - IT (vri,2s,) - (34)
iyein=1 j=1
Ikl : ip=is

Thus we have

[nt) N 5 N 5 N
_ 2 n n non
- H (bt’ij) + H (bs,i]-) -2 H ( t,ij bs*ij)
i1yein=1 \j=1 j=1 j=1
3k, : ip=1;
2

[nt)

> ﬁ(b%)—‘ (b2,) | =0 (35)

i1,ein=1 =1
E”C,l : ik:il

Hence, the left hand side of the inequality in (33) follows. By Proposition 2, (30) and
(32) in Remark 4, and %‘ < t we obtain

[nt] N N 2
H (b?lj) B ]._.[ (b?%)
i1,eyin=1 \j=1 j=1
Hk,l : ik:il
[nt] N 2 N Lnt) N_1 2
< X (T00w)) = (5)(emerr) S (T ()
i1yein=1 \j=1 iyein_1=1 \ j=1
3k : =iy
2 N-1
< 20%N2E[(BtH’”) } n~C2H) < 92 N2HWN-1)p-(=2H) _, o (36)

for n — oo. The representation of Wick powers of B by Hermite polyonomials as
in (9), their orthonormality (cf. Kuo [14, p. 355]) and the polarization identity yields

E [(Bf[)ON (Bf)ON] = NIE [(Bf) (Bf)}N, (cf. also [20, Lemma 1.1.1]). Thus we have
by (35)

E

(CORECER)
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18 C. Bender and P. Parczewski

N N

_ (E (2] —B (B + B (B2 - BB

_9E {Bf’"Bf’"] Y i oB [BF BH] N)

|nt) 2

N N
o S (M) -110)
91,..,0N=1 Jj=1 7j=1

E”C,l : ik:il

Applying the convergences (36) and (31) yields

2
(07"

E

-8 | (™ - )] o

Remark 5. In particular we obtain by (34), (32) and

()
wee)] <l

The next Proposition estimates the difference between the approximating sequences
in Theorems 1 and 2.

ol <

2 12
Z (?c) = (N'> E
CC{1,...,[nt]}
|Cl=N

2HN

1
< ﬁtQHN . (37

Proposition 4. Under the assumptions of Theorem 1 there exists a constant K > 0
such that for allt € [0,1], n > 1 and k € N,

E

- Qn,k Hoan o . Qn.k 75k,n 1-2H
kz e (BI) TSSO | <K (38)
0 k=0

for the approximating processes in Theorems 1 and 2.

Proof. Recall that d}}; = b% , —b7_, = /n f (2(£,s) — 2(=2,5)) ds. By (32) in
n? ot iZ1

Remark 4 we obtain

(dr)* <> (ar)’ <
7=1

2H
r—1

r
n n
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Approximating a GFBM and related processes 19

Thus we have d!; < n~H for all i,n,r > 1. Hence we obtain, as the sum in (29) telescopes,

for |C| > 2,
> . = > [L .
m:C—{1,...,|nt]} l€C m:C—{1,...,|nt]} 1€C
not injective Ju,weC : m(u)=m(v)
=2 ) II @] X dhwa
u€C m:C\{u}—{1,...,[nt]} \leC\{u} veC\{u}

< maxdy, (€= 1) Y > || Y

c’'cc m:C'—{1,...,|nt|}leC’

ic’|=[C]-1
<n H(Cl-1) > b (39)
c'cc
IC’|=IC]-1

By (26), (39), (37), and since (|nt] — (k — 1)) < n we obtain, for k > 1,

1 H,n onk rrkn ?
E M((Bt ) -0
2
< > k-1 Y e
CC{l,...,|nt]} c'cc
|C|=k |C’|=|C|-1
_ n \2
< M- > (k=1 Y (0P
CC{1,...,|nt]} c'cc
IC|=k ¢’ |=|C|-1
< —2H (. 1)3 (k-1 n \2 < (k*1)3 2H(k—1),1—2H
< oD = (k-1) 3T (o)t s oy et

C'C{1,....[nt]}
|C|=k-1

onk ~
Since a, r < C* in Theorems 1 and 2 and <(BtH”> - Uf’") are zero for £ = 0,1
and orthogonal for different k£ by Proposition 1 and (17), we get

2

n a K O,Lk n a ko~
E|> (B - wk grhn
k! k!
k=0 k=0

|nt] 3

_ Z B || &k (BH;n)O"k _ gk ? < i o2k (k—1) 2H(k=1) | p1-2H
k=2 k! ' ' B k=2 (k - ]‘)! ’

As the series on the right hand side converges uniformly in ¢ € [0, 1], the assertion
follows. O
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20 C. Bender and P. Parczewski
5. Convergence of the finite-dimensional distributions

We first prove that Theorems 1 and 2 hold with weak convergence replaced by convergence
of the finite-dimensional distributions. To this end we first approximate the Wick powers
of BH by induction. Then we combine these convergence results to approximate the Wick

o0
analytic functionals F°(Bf') = Y. 9 (B} )Ok. Finally we conclude that convergence in

finite dimensions holds in Theorem 2.
We observed in Section 2, that (B/)°N hmz # (Bf!), and that the Hermite recursion

formula
(BN = (BIY(BI)N — i N (BN (40)

holds. For the discrete Wick powers of the discrete variables we now obtain a discrete
variant of (40).

Proposition 5 (Discrete Hermite recursion). For all N > 1 and t € [0,1],
(B VD = B (BN - NE[(BP)?] (B0 4 R(BI™,N), (41)

with remainder

RBIM™ N)=Nl S 0peER > (b)), (42)
CcC{l,...|nt]} ieC
[C|=N—1
and )
E[(R(B{Iv”,N)) ] < 16¢%, NIN3p=(U-48), (43)

In particular we will use that the discrete Hermite recursion (41) converges weakly to
Hermite recursion (40) for n — oo.

Proof. By Proposition 1 we get

Lnt]
(BN = B o (BN = | D0 o | D0 NWAES
j AC{1,...,[nt]}
|Al=N
Hmn H,n\op, n N =N en
= BB = Y Y NI AgAE (44)
AC{1,...,|nt|}i€A
|A|=N

For the second term in equation (44), by (30) in Remark 4 and Proposition 1, we obtain

Y Y
ACA{1,...,|nt]}i€A
|A|=N
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Approximating a GFBM and related processes 21

=N Y e L) =N YD beEe Y ()
AC{1,...,|nt]} i€A CC{l,...,|nt|} igC
|A|=N |C|l=N—-1

[nt]

(0 DR N =73 I (7 e N (T

CC{l,...|nt]} i=1 ieC
|Cl=N-1
Hn\o, (N— Hn n —n n \2
= N(B™y° (N-Dg {(Bt )2} — N! Z by cE¢ (bm) ,
CC{l,...,|nt]} ieC
[C|=N—1

which yields (41) and (42). Thus, thanks to Proposition 2, Remark 5 and ¢ < 1, we obtain

B {(R(BtH)n’N))Q} B (N!)Q cc{lztntj}( 20)2 (zezc <b2i)2>
TCIEN—1

;1'15211(1\[_1) ((N — 1)40%171_(2_2]{))2 < 16C%N!N3n_(4_4H).

Theorem 5. For all N € N,
(1, BHn, . (BTmyeaNy T4 gH L (BH)eNY (45)

Proof. The proof goes by induction on N. By Sottinen’s approximation, (1, B ") ELR

(1,BH). Suppose equation (45) is proved for some N > 1. Assume k € N and rf eR
for j =0,...,N+1,i=1,...,k and t1,ta,...,tx € [0,1] are chosen arbitrarily. By

the pointwise convergence E [(Bf[ n)ﬂ — [t|?! and the generalized continuous mapping

theorem (Billingsley [5, Theorem 5.5]) the induction hypothesis implies

N k k
Z Zré_(ijI,n)onl +ZT§V+1 (Bg,n(Bg,n)onN _NE [(Bg,n)ﬂ (Btl;l,n)on(N—l))
1=0 \j=1 j=1

N k k
d _
<5 D BT S (B BN — NP (B V).
=0 \j=1 j=1

Since H > 1, (43) yields R(Bf",N) — 0 in L2(Q, P). Thus by Slutsky’s theorem [5,
Theorem 4.1] and the Hermite recursions (40) and (41), we obtain

N+1 k N+1 k

1/ pHn\o,l d 1/ pHYol
E E Tj(Btj ) - E E Tj(Btj)
=0 \j=1 =0 \j=1
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22 C. Bender and P. Parczewski
By the Cramér-Wold device (Billingsley [5, Theorem 7.7]) we have

(1, B, (BHmyen N+ T4 pH L (BHYeN )
and the induction is complete. O

Proposition 6. In the context of Theorem 1 convergence holds in finite dimensional
distributions.

Proof. By Billingsley [5, Theorem 4.2] it suffices to show, that the following three con-
ditions hold

m m
Un,k , n fd
Vm € N Z o (Bfmyent 15, Z % ~(BH ok as n — 0o, (46)
k=0 k=0
vte(0,1] lim limsupE Z “Z,k ( H") o Z ‘IZ;" BHEmMenk| 1] —0, (47)
m a td oo .
Z o (B yok 15, Z E(B,SH)OIC as m — 0o. (48)
k=0 k=0

Condition (46) directly follows from Theorem 5 and the generalized continuous mapping
theorem ([5, Theorem 5.5]). For the second condition we compute

Qn K n Qn,k MOy _ Qn,k RO
| (- Xttt ) | < e (3 e

k=0 k=0 k=m+1

- 3 (@) e[y < 3 () e

k=m+1 k=m+1

IN

applying the estimate of Remark 5. Here we used that discrete Wick powers of different

. . . n 2k
order are orthogonal. Thus we even obtain, lim limsup > C;T, = 0 and for all
M= n—oo k=m+1 '

€ [0,1] a stronger result than condition (47),

m—o0 500 kj' k!

(& a " a ’
lim limsupE < nk (B yok n,k (BHEmyen ) —0.
k=0 =0

By the orthogonality of the different Wick powers, we have

ol (5 mome)] = 5 (@) elonms 3 (G0

k=m+1 k=m+1 : k=m+1

IN

for m — oo, which implies that condition (48) even holds in L?({, P). O
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Approximating a GFBM and related processes 23
In view of Proposition 4 and Slutsky’s theorem, the previous proposition also implies:

Proposition 7. In the context of Theorem 2, convergence holds in finite dimensional
distributions.

6. Tightness

We now show the tightness of the sequences in Theorems 1 and 2 by the following
criterion, which is a variant of Theorem 15.6 in Billingsley [5].

Theorem 6. Suppose for the random elements Y™ in the Skorokhod space D(][0,1],R)
and Y % (BH)*" in C([0,1],R),
k=0

yn 14 Z% (B1)*",
k=0

and for s <t in [0,1]

[nt] _ [ns]

n n

By -v)| <L

where L > 0 is a constant. Then Y™ converges weakly to 3 (BH)QI~C in D([0,1],R).
k=0

Proof. Let s <t < u in [0,1]. By the Cauchy-Schwarz inequality,
E[Y" =YY - Y]

< (o[ r])” (o oz v

H H 2H
<1 [nt]  |ns] lnu Lntj‘ <1 [nu|  [ns]
n n n n n n

If u—s> L we have, since [nu] < nuand — |ns] < —ns+1,

lnu]  [ns] 2 2H

JSht AR < (2(u —

S < ),
and thus
E[Y Y|y - Y] < L2°H (u— )" (49)

If u—s < L, we have either [ns] = [nt] or [nt] = |[nu] and so the left hand side in
(49) is zero. Thus, the inequality (49) holds for all s < ¢ < u. By the convergence of the
finite-dimensional distributions and [5, Theorem 15.6] we get the weak convergence of
the processes. O
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24 C. Bender and P. Parczewski
For the application of this criterion to the discrete Wick powers we need two lemmas.

Lemma 1. Let (X, () be a real inner product space and ||z| := (x,z) the corre-
sponding norm on X. Then for all xz,y € X and N > 1,

2N 2N N 2(N—-1 2
2] 4+ [y 1PN =2 (2, 9)N < 28 ([|2]] + [y D>V (|2 — g

Proof. 1t holds that

2 ()" = ((||x||2+||y|2—w—y|2))N

1 N RN
w_l[(mn%nm?) + (k ) (el + 11) " (-1 o = 2
1 N
= s (l=* + Iy)1*)

N—-1

k=

1 N N—k-1 AN—k—1)
o=l gz 0 () (lel 1) (1) 4 gD
k=0
Hence we get
2N 2N N
P + 1P — 2™ = ™ + P~ g (el + i)
N-1
N—-k—1 2(N—-k—-1
ool g () (el 1) () = 2R
k=0

(50)

N
Since (%)N_l > ( ]va ) = 2 the first line on the right hand side of (50) can be
=0

treated as follows,
2N 2N
P + 1P — =y (Il + ?) ™

;| Nl
T oN-1 Z
k=1

=N (Ll v
(¢ )(2—||x|| R PEY

As ( iv ) = ( N]i 1 ), we now collect the corresponding summands in sum (51) for

k # % We obtain by mean value theorem with

May i= max (Mlzll + (1= A) lyl) = max{lz]}, o]}
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Approximating a GFBM and related processes 25

. N2
and since k(N — k) < o,

2(N—Fk) 2(N—Fk) Hszk

2N 2N 2k
e I e P R B
2k 2k 2(N—k 2(N—k
= (2™ = ) (2P = iy PN

2k—1 . _ _ 2AN—k)—=1,. _ 22 r2(N=1) ||.. _ 112
2kM "l =yl 2(N — k)M, le =yl < NZMZ 7 [l —yl”

IN

Analogously we obtain, for k = %,

2N 2N
]I + llyll

NN 1 N 2
I ™ = 5 (el — ™) < SMEG DN o — g

. . . . 1\V—-1 N-1 N 1 1
Plugging these estimates into (51) and since (5) > 3 5 = (1 — QN—_l), we
k=1

obtain

aN 2N 1\ " 2 2\ N 1 21 72(N—=1) 2
el + 1wl = (5 ) (lel®+ i) < (1 - g5 ) N2MEY D =y (52)

For the term in the second line on the right hand side of (50) we observe that, by the
triangle inequality,

(Il + yl®) " (-1 — 240

2k
< (ll=ll+llyD™ il + ol

N—1N-1
1 N 1
My < 2| + [yl (2> §j<k >:2_2N17

k=0

)Q(N—k—l) )Q(N

= ([l + llyll

Applying

and (52) to (50), we have

2™ + [y — 2 (2, y)"
1 1 _
< (1= g ) ¥ (2 g )| el 1P e -l

By a short calculation and induction we obtain

1 1 17
<1 - 2N1> N*+ (2 - 2]\71) S vz 2 F Lv=g 5 < 2V

Lemma 2. For allt > s in [0,1] we have

[nt]  |ns][*"

n n

1 " N 2
i B | (B = pitme )| < s
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26 C. Bender and P. Parczewski

Proof. For N =1 the inequality is fulfilled by (32) in Remark 4. For N > 1 we consider
the cases N > |ns| and [ns| > N separately. For |[nt] > N > |ns] we have (va")o"N =
0. Hence, Proposition 3 and Remark 5 imply

wm [ - ey = L [(mrey] < A
Since N > 2, 28 > 1, and 1L < 1, we obtain
nt] |7 |l (i)z((tnﬂ—tnsJ)ﬂnsJ)2
< ( ) ~ns])+ N)? < (i)Q((LntJ—LnsJ)(NH))Q
Lot} _ o)

= (N+1)?

n

Since (N +1)* < 3N for N > 2 and 2H < 2 we obtain
2
'E |:<(BHn)<>nN _ (Bf’n)O"N) ]
for all [nt| > N > |ns]. Recall that, by Proposition 3, for |nt] > [ns| > N,
1 Hn\o, N Hn<>nN2
B | (B — (i)

N I Y (S e (VRO

1
N!

w|lnt] _ s

n n

For any n € N we can rewrite
E [(B )(BHm) } szlbgz

as an ordinary inner product on R" of the vectors (b?,l, ce bﬁn)T and (byl, ce b?n) .
Thus the application of Lemma 1 with ¢, s € [0, 1] gives

W [(@5 e - <va">°"”)2]

1 1 2(N-1) 2
< 2 (lemy] e (ernt) | (- @) ]
2H 2H
< 2N+122(N—1) LntJ o |_n8J 8N Lntj o I"I’LSJ
o n n n n
If N > |nt], then the left hand side of the assertion vanishes. O
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Approximating a GFBM and related processes 27

Remark 6. The proofs for a fractional Brownian motion on some interval [0,T] C R

2
follow by a straightforward modification. As E [(BtH") ] < T?*H fort e [0,7T] and

2HN
< T2H(N—1)

2H

[nt]

n

n

‘ [nt]

we obtain the previous Lemma for t > s in [0,T] as

n n

B | (B = e )| < e

Now we are able to prove the weak convergence to the Wick analytic functionals of a
fractional Brownian motion.

Proof of Theorem 1. We apply Theorem 6. The convergence of finite-dimensional dis-
tributions was shown in Proposition 6. Let be s < t in [0, 1]. Recall a,, x < C*. Then, by

onk
the orthogonality of <(Bf{ ") — (BH 7")0"16) for different k£ and Lemma 2, we have

n

2
- an, onk U, n\onk
| (3% ()" - L )

k=0 k=0

n n 2H
_ ank\? H.nyo,k Honyonk ) k| nt]  Ins]
N Z(kz'>E[((B" )t = (B ) = WS n
k=0 k=0
Since 0 < Sk,gzk =exp(8C?) =: L < oo, we have
k=0
T R Y A nt]  lns] [
E k! (Bt ) _Z k! (B:) s L n n (53)
k=0 k=0
O

The alternative approximation, stated in Theorem 2, follows similarly:

Proof of Theorem 2. Let be s <t in [0,1]. Recall that d;, ; > 0 only if i < m. Thus,
by Proposition 1, we can write

[nt]

> aZlk UGS =2 ank 3. > |J N
k=0 k=0 CC{1,...,[nt]} m:C—{1,...,|ns] } lEC

|C|=k injective
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Observe that, by the telescoping sum in (29), we have

> I .

m:C—{1,...,|nt] } l€C
injective
Jurm(u)>|ns]

> [0 = > [T, - > I 0.

m:C—{1,...,|nt] } IEC m:C—{1,...,|nt] } IEC m:C—{1,...,|ns]} leC
Ju : m(u)>|ns]

IN

n n
- t,C bs,C"

Thus, due to the orthogonality of ﬁfk m_yU kn for different values of k, Proposition 1 and
estimate (53) we obtain

n a n a 2
n,k 77k, n,k 17
E bt o —_ Uf’n

k! k!
k=0 k=0

2

=D dank D > I 4.

k=0 CC{1,...,|[nt]} | m:C—{1,...,|nt]}1€C
|C‘=k~ injective
Fu:m(u)>|ns]

22 S 1 B L
<2 w2 (Me-bio) < L\EE -
k=0 CC{l,...,[nt]}
|C|=k
and the result follows from Proposition 7 and Theorem 6. O]
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