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Abstract

In two earlier papers two of us (A.G. and U.S.) extended Lai’s (1974) law of the single logarithm
for delayed sums to a multiindex setting in which the edges of the nth window grow like |n|®, or
with different a’s, where the o’s € (0,1). In this paper the edge of the nth window typically grows
like n/logn, thus at a higher rate than any power less than one, but not quite at the LIL-rate.

1 Introduction

Let X, {Xg, & > 1} be ii.d. random variables with mean 0 and partial sums {S,, n > 1}. The
Hartman-Wintner Law of the Iterated Logarithm (LIL) states that

lim sup (lim inf) Sn (—U) as. <= FX? <00, and EX=0, EX?=0".

n—oo n—oo " y/2nloglogn -
The sufficiency was proved by Hartman and Wintner [8] and the necessity by Strassen [11].
The Law of the Single Logarithm (LSL) is due to Lai [9], and deals with delayed sums or windows,

viz., with
n+k

Tomer= ), Xj; n20k>1,
j=n+1

and states that, for 0 < a < 1,

. Tn,nJrn“ o 2/« + —1/a 2 _ 2 —
llﬁsipw—ovl o as. = E<|X\ (log™ |X|) )<oo,EX =0, EX =0,

where throughout log™ 2 = max{log z, 1}.
The degenerate boundary case o = 0 contains the trivial one in that the window reduces to a single
random variable. More precisely, in that case,

Tnn X'n. a.s. =
bl 20t 28 s no oo = ZP(|X|>bn)<oo,

b’ﬂ n

n=1

which, in turn, holds iff Eb~1(|X|) < oo, where b~1(-) is a (suitably defined) inverse of {b,,}.

The next interesting case with o = 0 is when the span a,, = logn, that is, the window T}, n410g n, in
which case the so-called Erdés-Rényi law ([3], Theorem 2, [2], Theorem 2.4.3) tells us that if E X =0,
and the moment generating function ¥ x (t) = E exp{tX} exists in a neigbourhood of 0, then, for any
c>0,

T
lim max —ktelosk (c)

a.s.,
n—oo 0<k<n—k Clng‘

where
ple) = sup{a : inf e x (1) > e/},
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Note that here the limit actually depends on the distribution of the summands.

For a generalization to more general window widths a,,, such that a,/logn — co as n — oo, but
still assuming that the moment generating function exists, see e.g. [2], Theorem 3.1.1, where the limit,
in contrast to the just cited result, does not depend on the distribution. Results where the moment
condition is somewhat weaker than existence of a moment generating function were discussed in [10];
here the limit depends on both the variance and the distribution. In case that the moment condition
and the size of a,, is roughly of algebraic order larger than two see e.g. [2], Theorem 3.2.1.

For the boundary case at the other end with av = 1 one has a,, = n and T, 2, 4 S, and the correct
norming is as in the LIL.

One interesting remaining case is when the window size is larger than any power less than one, and
at the same time not quite linear, and this is the starting point of the present paper. Technically we
wish to examine windows of the form

Tynta, where ay, ﬁ with (1.1)
: : : zL'(x)
a differentiable function L(-) /o0 € SV and () N as T — 00. (1.2)
x

Notation: L € SV means that L is slowly varying at infinity (see e.g. [1] or [5], Section A.7).
The typical case one should have in mind is L(n) = logn, that is, the window T}, ;47 /10gn-

REMARK 1.1 Strictly speaking we should write a,, = [n/L(n)] and a,, = [n/logn|, and so on. However,
in order to avoid trivial and boring technicalities we shall treat such sequences as integer valued
whenever convenient.

In Section 2 we present the setup, the main result and the implication for some typical slowly varying
functions, namely L(z) = (logx)? for p > 0 and iterated logarithms L(z) = log,, x, where log,, (z)
denotes the m times iterated logarithm. For the proof in Section 3 we first review the exponential
inequalities. Section 3.2 then introduces a family of subsequences within which sufficiency of the
moment condition is proved in Sections 3.3-3.6. Section 3.7 deals with the same issue for the full
sequence, while the question of necessity is taken care of in Section 3.8. Proofs of the corollaries in
Section 2 are provided in Section 4, while Section 5 furnishes further examples, including some with
more complicated slowly varying parts.

It turns out that the proof of the main result has some common ingredients with that of the classical
LIL, primarily in the sense that one needs two truncations, one to match the Kolmogorov exponential
bounds and one to match the moment requirements. Typically (and somewhat frustratingly) it is the
thin central part that causes the main trouble in the proof. A weaker result is obtained if only the first
truncation is made. The cost is that too much integrability will be required. However, for the reader
who is not so much concerned with optimality we include a proof of this weaker version in Section 6,
after which we revisit two examples in order to illustrate the consequences.

2 Setup and main result

Recall that the window widths, a,,, are assumed to be of the form n/L(n), with a function L satisfying
(1.2). Define {d,,, n > 2} by

d, = log S loglogn = log L(n) + log log n.
Qn
Note that {d,} may be viewed as the additional norming sequence in Theorem 2.1, in the sense that
it corresponds to {log, n} in the LIL and {logn} in the LSL.

Furthermore, let

f(n) = min{a, - d,, n},

with f(-) an increasing interpolating function, i.e., f(z) = fi,) for x > 0 and with f~1(x) the corre-
sponding (suitably defined) inverse function being > x.
Here is now our main result.
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Theorem 2.1 Suppose that X, X1, Xo, ... arei.i.d. random variables with mean 0 and finite variance
o2, and set Ty pik = Zj i1 X5 If
E(f71(X?) < o, (2.1)
then
lim sup Tnnta, _ o a.s. (2.2)

n—oo 2andn

Conversely, if

. ‘Tn n+a |
P(hm sup —+—= < oo) > 0, (2.3)
n—oo \V andn

then (2.1) holds, EX = 0 and (2.2) holds with 0% = Var X.

REMARK 2.1 The “natural” necessary moment assumption is (2.1) with f(n) = a,d, . However, for
very slowly increasing functions L, for example L(z) = loglogloglog z it turns out that finite variance
is needed, and since then f(n) =n (2.1) is equivalent to finite variance.

REMARK 2.2 The result holds also for any sequence {a,, } being of regular variation of order « € (0, 1).
Here the sufficiency part can be obtained from strong invariance principles, as e.g. described in Theorem
3.2.2 in the book [2]. However, for our situation no strong invariance principle is available.

REMARK 2.3 In addition to the lim sup results there exist, throughout, liminf counterparts such that
liminf--- = —limsup--- a.s. Actually, the set of limit points is the whole interval [—o, o].

The immediate slowly varying function that comes to mind is (of course) the logarithmic function.
The second one would be L(z) = log, x = loglogz, and, possibly L(z) = log,,(z). We precede the
proofs by stating the conclusions for these cases as separate corollaries. For simplicity we omit the
converse parts.

Corollary 2.1 Suppose that X, Xl, Xa, ... are i.i.d. random variables with mean 0 and finite vari-
ance 02, and set Ty, ik = ZJ — i1 Xj- If for some p >0
logt | X|)P
2 og XD (2.4)
log™ log™ | X|
then
Tnn n/(logn)?P
lim sup ntn/(logn) =0 as. (2.5)
n—oo  [2(p+1)=D Togmy loglogn
Corollary 2.2 Suppose that X, X1, Xa, ... are i.i.d. random variables with mean 0, and set Ty, 41 =
Z?::H X;. If 0 = Var X < oo, then for any m > 2

T’" sn+n
lim sup tn/logm(®) _ _ 5 g, (2.6)

n—o0 \/2log @ )loglogn

Note that in case m = 2 the normalization is just v/2n. Proofs of the corollaries are deferred to Section
4 and further examples are given in Section 5.

3 Proof of Theorem 2.1

In spite of the fact that we are dealing with limit laws for delayed sums, the present topic is in fact
too close to the LIL to warrant LSL techniques. In contrast to the proofs in [9] and [6, 7], where one
uses exponential bounds and Borel-Cantelli lemmas for the single primed contribution along a suitably
subsequence, and takes care of the double- and triple primed contributions for the full sequence and
fills the gaps, we have to resort to the LIL-technique where one proves Borel-Cantelli lemmas, and
thus also the theorem itself, first for subsequences and then for the entire sequence.

We thus begin by providing Borel-Cantelli sums along subsequences, after which an appeal to the
Borel-Cantelli lemmas completes the proof for subsequences.

Section 3.7 is devoted to the problem of “filling the gaps” in order to include arbitrary windows.



4 A. Gut, F. Jonsson, and U. Stadtmiiller

3.1 Truncation and exponential bounds

The typical pattern in proving results of the LIL type requires two truncations; the first one to match
the Kolmogorov exponential bounds (see e.g. [5], Section 8.2), and the second one to match the moment
requirements.

Toward this end we introduce parameters § > 0 and € > 0, and set

by = %5 Z—:, (3.1)
and
X, = X I{|Xn| <bn}, X7 = X I{b, < |Xn| <6/ f(n)},
X\ = X I{|Xn| = 6/ f(n)}.

In the following all objects with primes or multiple primes refer to the respective truncated summands.
Since truncation destroys centering, we obtain, using standard procedures, together with the fact
that EX =0,

EX2I{|X| > by}

|EXp| = | = BEXpI{|Xy| > b} < BIX[I{|Xy| > b} < b ;
so that
EX?I{|X b E X2I{|X by,
|ET’I/L n+a ‘ < Z {| | = k} <ap- {| | > }
’ " b b,

n<k<n+ay,

% Vand, - EX*I{|X| > b,} = o(\/and,), as n — oo. (3.2)
o

Upper bounds

Since
Var X;, < (EX})? < EX? =02,

it follows that

Var (T}, ) < anc?. (3.3)

n,n+an,/ —

An application of the Kolmogorov upper exponential bound (see e.g. [5], Lemma 8.2.1) with = =
e(1 —9)v2d, and ¢, = 20/z, together with (3.2) and (3.3) now yield

P(T,’mwan > ev/2a,d,) < P(TT'NHQH — ET,’MHG" > e(1 —d)v2andy,)
e(l—96
S P(Trlb,n—&-an - ETV/L,n—&-an > ( o )\/ZVar (T7,z,n+an)dn)
2e2(1 — §)?
< eXP{*%'an*é)}
e2(1-9)3
= exp{-— (T cdn} . (3.4)

Lower bounds

In order to apply the lower exponential bound (see e.g. [5], Lemma 8.2.2) we first need a lower bound
for the truncated variances:

VarX, = EX. - (EX])>=EX?>—EX?I{|X)| > be} — (EX})?
o? — 2B X2I{|Xy| > b} > 0*(1 —6),

Y

for n large, so that

Var (T}, 1 44,) = ano”(1—6),  for n large. (3.5)
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It now follows that for any v > 0,

P(T) e, > eV 2ndn) > P(Thpia — ETh 0 > (14 6)y/2and,)

1+9)

> P(T _ET! > 200 v (T d,
= ( n,N+an n,n+an o (1 —(5)\/ ( n,n+an) )

2e2(1 4 6)?
> -~ 7 .
- EXP{ 202(1 —9) dn(l—i—'y)}

2(1 2(1
= exp{ . (1+0)°(1 +7) ~dn}, for n large. (3.6)

o2(1—9)

3.2 A family of subsequences

In order to choose a suitable subsequence, consider the difference equation ng41 — ng = eng/L(ng)
with a suitable constant ¢ > 0 to be determined later, or in continuous variables

Y =cy/L(y). (3.7)

With ¢(y) = [* W being in the class II (see [1] for the notation and Thm. 3.7.3) and ¢(z) = ¢~ ()
being in the class T' (see [1] for the notation and Thm. 3.10.4) the solution of the differential equation
is given by 9 (cx) and the subsequence of interest is ny = ¥(ck). Note that nfL;rl =1+ 75 — land
that L(ng41)/L(ng) — 1 as k — oo.

An important relation in the following is

dp, = log(L(v(ck)) log1(ck)) ~ log(ck) ~logk as t— oo for any ¢ > 0, (3.8)
which is an immediate consequence of the following result.
Lemma 3.1 With a slowly varying function L(-) satisfying (1.2) we have

log(L(t) logt)

—1 as t— oo. 3.9
log (1) (39)

Proor. With ¢*(t) = L(t) logt we have ¢(t) < ¢*(t) since L(-) /. Next,

[ (proosus B = [PEGEE [ vt

"L(u) (" L'(v)
/1 T/l (o) & vt ¢t) < ()1 +log(L(1)),

where we used condition (1.2). Hence

S log ¢(t) >1— log(1 + log L(t))

~ logp*(t) — log(L(t) logt)
REMARK 3.1 In the classical proof of the LIL, the subsequence is of geometric increase—{\*, k > 1}
for some A close to 1. For the LSL, the subsequence is of polynomial increase—{ (k/log k)/(1=) k >
1}. Tt is therefore natural, in the present intermediate context, to search for a subsequence with growth

@™ ()

IN

— 1 as t— o0. O

rate in between geometric and polynomial, that is, to search for something like {/\kﬁ, k > 1} for some
B € (0,1). For the canonical case, L(n) = logn, it turns out that ng ~ ecV2k,

3.3 Sufficiency along subsequences: 1} ..

The upper bound
Here we use ¢ > 0 small. Let {n; = ¢(ck), k > 1}, where ny /" oo as k — oo satisfy

oo 201 _ §)3
Zexp{ - 5(10726) “dy, } < 0. (3.10)
k=1
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Applying (3.4) to {X},, k > 1} then yields
ZP(|TT/Lk,nk+ank| > € V 2a’nkdnk) < (311)
k=1

for any € > o . Note that (3.11) is independent of the special choice of ¢ > 0.

The lower bound

Now we choose the sparser subsequence {ny = ¥(ck), k > 1}, where ¢ > 1 and ny /" o0 as k — oo
satisfying

S (1491 +9)
;exp{— 22(1=0) -dnk}:oo (3.12)

for any € < o. Observe that the windows are now nonoverlapping, since ¢ > 1 implies that ngy; >
ng + ng/L(ny) eventually. Applying (3.6) to this sequence similarly shows that

o0
ZP(T,’LMH% > e/2ap, dp, ) = 0. (3.13)
k=1

3.4 Sufficiency along subsequences: 7"

n,n+an
The next step is to prove the analog of (3.11) for 7)Y, ., , i.e. that
S P(T a, | > 03/ F(n)) < o0. (3.14)

k=1

The symmetric case

We first consider symmetric random variables, and begin by recalling the Kahane-Hoffmann-Jgrgensen
inequality (see e.g. [5], Theorem 3.7.5):

Lemma 3.2 Suppose that X1, Xo, ..., X;, are independent symmetric random variables with partial
sums S,, n > 1.
(i) For any x,y > 0,

P(Sal > 20+y) < P(max |Xel > y) +4(P(Sal > 2))°

ST P(IXk] > y) +4((P(1Su] > )7

<
k=1
(ii) If X1, Xa, ..., X, are identically distributed (and x = y), then an iteration yields that there are
constants k; > 0, i = 1,2, such that
4
P(|Sn| > 97) < k1 nP(|X1| > 2) + k2 ((P(|Sn| > ) . O

Applying the lemma to T/ we thus obtain, with n = §/9, that

n,n+an

n+an
P(T) pya,l > 0V/F() < w1 Y PUXY > ny/F) + ko (PUTY 0 | > 10/ F(0))*
k=n-+1
< ki anP(IX| > pV/F(n) + ko (P(TY e | > /). (3.15)
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Summing over our subsequence for kg large (remembering that d,,, ~ logk as k — o0), we now have

ZankPuX\m/f(nk Zan FEVXE02) > m)

k=ko k=ko

g P > ) < | i PO ) > cvta) do

(¢ (x

———=>¢>0, achange of variable y=1(x), z=p(y), (Ty _

_ [T Y prenx2 2 LW) [ o vz

— P X dy — P X d
[ pu ey > e B ay = [T R ) > ey

CEf(—l)(X2)<OO’ .10

IN

which takes care of the first term in the RHS of (3.15).
As for the second one, Chebyshev’s inquality tells us that

Var T} 1o, anEXQI{bn <|X| <o/ f(n+n/L(n))}
[>avim) < =gy S )
& BEXPI{b, < |X| </ f(n+n/L(n))} < & EX?

oo n2dy, ~ 0d n*d,

( TI/

n,n+an

and, hence that,

(P( T//

n,n+an

> n/Tm))* < (0_6;7%)4(15)(2)315)(21{5” < |X| < 0/F(n + n/L(m)},

so that

odn?
( c ) EX2 3 nk,nk+nk/L(nk)| > U\/Tk (3.17)

k=ko

E X21{by, <|Xk| < 6+/f(ng +ni/L(ng))}
<oy : i
k=ko Tk

f(ng+ni/L(ng))

z]; logk / a* dF (x / Z logk )a: dF(z), (3.18)

nk A(k,x)
where k, is some lower irrelevant limit, and
Ak, 2) ={k : by, < |2| < 5\/f(nk + ng/L(ng))}.

In order to invert the double inequality we first observe that in case f(n) = a,d, (the case f(n) =n
is simpler and the necessary changes are indicated only)

ne + nk/L(nk) < Nk
L(nk + nk/L(nk)) - L(nk)

Anp+ng/Lng) = (1 +

L(nk) ’
and that
Anjtni/Ling) = l0g L(ng + ny/L(ng)) + loglog(ny + ni/L(ng) ~ logdy,, ~ logk ~ log(p(nk)),

because of the slow variation of L, log L, and log z and the fact that we have chosen our subsequence
via the relation nj = 1(ck), which implies that ¢(ng) ~ ck.
Exploiting this yields

Nk
fk +np/L(nk)) = Gnytng/Ling) * Gngtng/Ling) < (14 5/2)L

e (1+6) -log(p(nk)) as k— ooc. (3.19)
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Next, let, for a slowly varying function L, L* be its de Bruijn conjugate (see e.g. [1], Sec 1.5) obeying

Lz L¥(z))L#(z) -1 and L(z)L#(zL(z)) -1 as z — oo, (3.20)
with its help we can solve t = ¢ L(£) asymptotically by & ~ tL#(t). Now, for evaluating A(k,x) we
define log((u))

1 og
Li(w)=—— and L 8w
1) = T Tog(ew) =

both of which are slowly varying (in the case f(n) = n we may define Ly = 1), and their de Bruijn
conjugates L (z) and L¥ (z). Then, with suitable constants ¢;, we have

Tk 2 52 Mk
< ( ) L(ng) log(v(ng)) 27 <9 L(ny) (1+9) ~10g(<p(nk))}
2 2 Y(ck)
W <Oy (L) los(ew(eh)) |

{#:
do Y(ck)
< {(7)5 L(@(ck) log(p((ck)) =
{k: e b(eh) L(@(ek) < 2° < ca(eh) La(b(ck)) |
{

C $k:esa?L¥(2?) < ¥(ck) =ni < C4x2L3fE(a:2)}
C {k‘ s esp(2?LE (22)) < k < cgp(2?LF (22))} .

An application of the mean-value theorem and the fact that ¢'(z) = L(x)/z \, as x — oo and (3.20)
therefore imply that

IN

Card (A(k, z)) cop(@? L (22)) — esp(a®LE (?))

C(p(@ LY (2®)) — p(a®LY (7))

IN

< CY' (2L (2?)) (LY (%) — 2*LF (2?))
L(22L} (22)) 2 2

= CW( L1 (%) - mLf(m ))

< IOg(QO('rQL;#(xQ))) (L?(J?Q) _ L;‘#(lj))

La(a?LE (2))) L (2?)
< Clog(p(@®Lf (@) Lf (+2).

Inserting this into the inner sum in (3.18) we now obtain

H# (.2
) (‘;) < CL¥(2?), (3.21)
At (08 R)E T (log p(a2LY (22)))?
where the last inequality follows from the fact that (logw(lfj% < C LY (2?) since, using (3.20),
i@ | L@Lli()
LY (x) Ly (x LY (x))
L(z L?(ﬂf)) # 2
< lo L7 (z
S Teif() (log(p(xL7 (2))))
4 ) oL (z)
< O (gLt @) e ([ oo, SOV10)
2 L¥(z
< 0 (tostotent @) e (otos (757))
2
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by the representation theorem for slowly varying functions. (In case f(n) = n the inequality (3.21) is
trivial since L¥ =1 and L¥ is decreasing.) Finally, using the fact that f~(z) ~ zL¥ (z), we conclude
that the sum in (3.18) converges, which takes care of the second sum in (3.15).

Combining this with (3.16) proves the validity of (3.14) in the symmetric case.

Desymmetrization

In order to prove (3.14) for the general case we first estimate the truncated means. Remembering that
FE X}, = 0 for all k£ we obtain, by stretching the bounds to the extreme,

n+an,
ET) pyal = | > EXpI{bx <|Xi| <5V fi}l
k=n-+1
n+an
< S EXI{b. < X, < 63/Fn+ n/L(n)}
k=n+1
<

anB|X|I{|X| > by} < Zl EX2I{|X| > b,}

= %\/andnEX21{|X| >b,} =o0(vand,) as n— oo,
o
since this is the same estimate as for £ T

nontay,s after which the desired conclusion follows with the
aid of the symmetrization inequalities (cf. [5], Proposition 3.6.2).

3.5 Sufficiency along subsequences: 77, ,

In order for |7}/, ., | to surpass the level nv/a,d, it is necessary that at least one of the X"":s is
nonzero. For every n > 0 (recall that a,, = ni/L(ng), dn, ~ logk) this means that

[ele] oo ny
A/ L/ arya——
ZP(‘T'ZL/;,nk+nk/L(nk)| > a”ﬂkdnk) < Zzp(ank+J| > 5 f(nk +]))
k=1 k=1 j=1
< > an P(IX|> g\/f(nk)) < o0, (3.22)
k=1

by (3.16).

3.6 Sufficiency along subsequences: combining the contributions

Combining (3.11), (3.14) and (3.22) we conclude that

P(|T,, e /L) | > (€4 21)/20n, dy, ) < 00 (3.23)
k=1

provided € > /(1 — 6)%/2, and since i and § may be arbitrarily chosen, that

ZP(|Tnk7nk+nk/L(nk)| > e/ 2ap,dy,) <o for e>o, (3.24)

k=1

so that, in view of the first Borel-Cantelli lemma,

TTL n n n
lim sup it ) 5y g (3.25)

k— oo 1/ 2ankdnk B

A completely analogous argument, combining (3.13), (3.14) and 3.22), yields

ZP(Tnk’nkJrnk/L(nk) > ey/2an,d,,) =00 for e<o, (3.26)

k=1
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and since the windows with this, sparser subsequence, are disjoint we may apply the second Borel-
Cantelli lemma to conclude that

T’I’L n Nk n
lim sup —eret e/ 0) o g g (3.27)

k—oo \/2ankdnk -

Finally, combining (3.25) and (3.27) yields

1, i
lim sup Zrendne /L) a.s., (3.28)

k—o0 \/ Qankdnk

which, in addition proves the sufficiency of the following result which is Theorem 2.1 for subsequences
of the form ny = ¥(ck) with ¢ > 1. The necessity follows, of course, from the necessity for the full
sequence, the proof of which is given in Section 3.8 below.

Theorem 3.1 Sui)pose that X, X1, Xa, ... arei.i.d. random variables with mean 0 and finite variance
o2, set Ty, = Z?:HH X;, and let, for ¢ > 1,

ng = <p(*1)(ck), k>1,

where (=1 is the inverse of p(y) = [* # du. If (2.1) holds, then

Tn TNk n
lim sup w =0 as. (3.29)
n—00 2L(7l:k) log k
Conversely, if
Tn n n
P(limsup Tt/ pimal oo) >0, (3.30)
n—00 —L'(”;k) log k

then (2.1) holds, EX =0, E X? < oo, and (3.29) holds with 0? = Var X.

3.7 Sufficiency for the entire sequence

We thus have to show that our process behaves accordingly for the entire sequence. Here the second
Lévy inequality (see e.g. [5], Theorem 3.7.2) is instrumental. Let n > 0 be given. Then

SnJra - Sn
nTdn TN < _
P (n e el (1+ 677)0> < P(nk Sr}llgﬁkﬂ(Snﬂn Snktan,) > 2004/ 2an, dn,)

+P( max (=S, + Sn,) > 2n0y/2ay, dn,)

nEp<n<ngi1
+P( max  (Spyta,, — Sny) > (14 20) 04/2a5,dy, ), (3.1)
np<n<ngiq k

where ng = 1)(cny) as before with some suitable constant ¢ > 0 to be fixed in a moment.
Set 1, = ng + an, . Since ngy1/n, — 1 and L(-) € SV, the following relations hold eventually (i.e.
for k sufficiently large):

n
npr1 —ne < e (clk+1)) = CL(];;;) < 2cay, ,
ne < ik =ne(14 (L) ™) < k(1 +),
Qn,, S Ay, S ank(l-i-’r]) S (1 + n)a’nk )
mi = S (ks — (L4 (D)) < 261+ 1) an, < 261+ 1) a

In the following we exploit these relations without specific mentioning each time.
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As a first application we note that (3.1) can be bounded by

< P( max (Sn — Si) > 2non/2an, dn,)

n <n<nk+2c (1+n) Ay,

+P( max (=Sn + Sny) > 200/ 2an, dy,)

np<n<ni+2can,

*P(nkglﬁ%)ém(s"”“"k = Sp) > (1+2n) 0v/2ap,d,, ) - (3.2)
Now,
Var (S 42¢ (14n) am, — S) = 2¢(1+1) a5, 0% = 0(an, dn,) as k — oo,
Var (Sny+2can, —Sn) = 2 Uny 02 = 0(an, dn,) as k — o0,
Var (Sny+a,, — Sny) = Un, 0% = 0(an, dp,) as k— oo,

that is, the variances are < n*o2a,, d,, for k sufficiently large.
An application of the Lévy inequality to the first two probabilities in (3.2), leaving the third one
as is, then shows that (3.2) can be bounded by

< 2P((Sipt2e 14m) aw, — Sri) > 200\ 200, Ay, — V2 - 1020\, dn,)
+2 P(*(Snwzcank — Sn;,) > QWUM ~V2- nza\/m)
+2 P((Snytan, — Sni) > (1 +n)o\/2an,dy,)

< 2P((Sit2¢(14n) am, — Srin) > N0/ 205, dy,,)

+2 P(_(Snk+25(1+77) an, Snk) > N0/ 2ankdnk)
+2 P((Snwrank — Sny) > (L+n)o \/2an,dy,)

0
— o2 2¢(1 + 1) do,
EEETE V2-2c(1+1) )

n /5 o g
+2P(|Snk+2cank - Sﬂkl > E7U 2- 2ca’nkdnk)
+2 P(|Snytan, — Snpl > (L4 n) 0/ 200, dy,) . (3.3)

Summing the three probabilities over k and recalling (3.24) tells us that the total sum converges
whenever

IN

2P<‘Sﬁk+2c(1+n)a,{k - Sﬁk| >

>1.

min{$,i,l +,7}
V2e(1+1n)3 V2

Since we can choose ¢ > 0 arbitrarily small we finally conclude that for any n > 0 we have

Sn+an - Sn
;P<nk<122<%}7§k+1 W > (1 +677)0') < o,

implying the upper inequality for the entire sequence, that is,

T, L
lim sup Znintn/L{n) <o as.

n—oo vV Qandn

3.8 Necessity

By the zero-one law, the probability that the lim sup is finite is 0 or 1, hence, being positive it equals
1. Consequently, (cf. [9], p. 438),

R

lim sup
n—oo Ay Ay,

< oo a.s.,
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from which, in case a,d, < f(n), it follows, via the second Borel-Cantelli lemma and the i.i.d.
assumption, that

Y P(Xal >V f(n) =) P(X*> f(n)),

which verifies (2.1).

If (2.1) is weaker than finite variance, i.e. if a,, d,, > f(n), then, by following Feller’s proof [4] (see
also e.g. [5], Section 8.4) of the necessity in the LIL with only obvious changes, amounting to replacing
sums by windows, we may conclude that (2.1)—i.e. finite variance—holds also in this case.

An application of the sufficiency part then tells us that (2.1) holds with 02 = Var X.

Finally, if EX = pu, then, by the law of large numbers, S,,/f(n) ~ pun/f(n) — p-oco as n — oo,
which forces p to be equal to zero.

4 Proofs of the Corollaries in Section 2

4.1 Proof of Corollary 2.1

In this case a, =n/(logn)? (for n >9), so that

d,, = log -+ loglogn = (p+ 1) loglogn,
n

/(logn)

that is, f(n) = (p + 1)nloglogn/(logn)P. It follows that f~1(n) ~ ﬁ% as n — 00, so that

(2.1) turns out as
+ p
o (o™ X"
log™ log™ | X|
It remains to verify that L’(z)/L(x) is decreasing. Now, L(z) = (logz)P and L'(z) = x~'p(logz)P~1,
so that oL/ (x)/L(z) = p(logz)~!, which indeed decreases.

4.2 Proof of Corollary 2.2

Thus, a, = n/log,,(n), for n sufficiently large, so that
d, =loglog,,(n) + loglogn =log,, ;(n) + loglogn ~ loglogn as n — oo,

Since a,d, > n, we have f~1(n) = n as n — oo, which implies that finite variance is the appropriate
necessary assumption.

As for (1.2), this time L(z) = log,,z and L'(z) = 27! HZ’;l(logi x)~!, so that zL'(z)/L(z) =
[T, (log; ), which indeed decreases.

5 Further examples

In this section we provide some additional examples to illustrate Theorem 2.1. As in Section 2 we omit
stating converse results.
The first example mixes powers of logarithms and iterated logarithms.

EXAMPLE 5.1 Let, for n > 9, a, = n(loglogn)?/(logn)?, p, ¢ > 0, which means that the slowly
varying function part is L(n) = (logn)?/(loglogn)?. Differentiation and some algebraic simplification
yield that L' (z)/L(x) = p/logx — q/(log x log, x), which is ultimately decreasing. Moreover,

n(loglogn)?
d, = log (108081
°g< n/(logn)P

so that, f(n) = (p+ 1)n(loglogn)?™! /(logn)P which implies that f~!(n) ~ Cn(logn)?/(loglogn)it
as n — oo. The following result emerges.

) +loglogn = (p+1)loglogn —qlogloglogn ~ (p+1)loglogn as n — oo,
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Corollary 5.1 Suppose that X, X1, Xs, ... are i.i.d. random variables with mean 0 and finite vari-

ance 02, and set Tontk = Z;l;l;rl Xj. If, for some p, ¢ > 0,

o (log™ |X])P

00, 5.1
(log log™ X[+ >
then
Tnn n(loglogmn)4 ogn)P
lim sup .n-tnlloglogn)/(log n) =0 as. (5.2)
n—oe [2(p + 1) g7y (log log n)atl

The previous conclusion holds, in fact, also for ¢ = 0, in which case Corollary 5.1 reduces to
Corollary 2.1, since the loglog-contribution is of a lower order of magnitude. However, the case p =0
requires a separate treatment.

EXAMPLE 5.2 Let, for n > 9, a,, = n/(loglogn)?, ¢ > 1. Now, L(z) = (log, x)? gives zL'(z)/L(z) =
q/(log xzlog, x), which is decreasing. Moreover,

n

dy=log (——
©8 (n/(loglogn)q

) + loglogn = qlogloglogn + loglogn ~ loglogn as n — oo,

that is, f(n) = n(loglogn)!=4, and f=*(n) ~ n(loglogn)?=! as n — oo.

Corollary 5.2 Suppose that X, X1, Xs, ... are i.i.d. random variables with mean 0 and finite vari-
ance o2, and set Ty, 1k = Z?;’;_l X;. 1If, for some g > 1,
E X?%(log" log™ | X[)97! < o0, (5.3)
then
lim sup Tnmin/loglogmr _ o a.s. (5.4)

n—oo +/2n(loglogn)l—¢ B

EXAMPLE 5.3 Let a, = n/exp{y/logn} n > 1. Since L(z) = exp{/logz}, we have zL'(z)/L(x) =
(log £)~'/2/2, which is decreasing. Moreover,

d,, = logexp{+/logn} + loglogn = y/logn + loglogn ~ y/logn as n — oo,

which gives f(n) ~ ny/logn/exp{y/logn} as n — oo, so that

f71(n) ~ nexp{y/logn +1/2}/\/logn as n — ooc.

The following conclusion therefore holds.

Corollary 5.3 Suppose that X, X1, Xa, ... are i.i.d. random variables with mean 0 and finite vari-
ance 02, and set Ty, ik = Z;l:t];_l X;. If

L eply/2108" X}

< 00, (5.5)
\/1og™ X
then
T Py
lim sup nnin/epivicen) _ o 4 (5.6)

n— oo . n
2 Ve Viogn

The following example is a more general version.
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EXAMPLE 5.4 Let, for n > 1, a, = n(logn)”/exp{(logn)?}, where 0 < 8 < 1 and v € R. Thus,
L(z) = (logz) ™" exp{(log #)?}, and zL'(x)/ = B(logx)?~! — ~/logx, which is ultimately decreasing.
Furthermore,

d, = logexp{(logn)?} — loglog ((logn)™) +loglogn = (log n)? —logy ~ (logn)? as n — oo,

which gives
f(n) ~ n(logn)®™7/exp{(logn)’} as n — oco.

It follows that, for 0 < 5 < 1/2,

-1 exp{(logn)”}
f (n) ~ HW as n — 09,
and for 1/2 < 8 < 2/3,
1 B 1 28-1
£l (n) ~ Loxpillogn)” + flogz)* "} .
(log n)ﬂ+7
and so on. The following conclusion holds.
Corollary 5.4 Suppose that X, X1, Xs, ... are i.i.d. random variables with mean 0 and finite vari-
ance 02, and set Ty, ik = Zyif;l X;. If0< 8 <1/2 and
2log™ | X1)8
ool CIog' X% _ -
(log™ [X])7+7
then
. T, n+n(logn)v/exp{(logn)f}
lim sup — =0 as. (5.8)

n—00 n(logn)¥+A
exp{(logn)?}

6 A simplified Theorem 2.1

As mentioned in the introduction, this section concerns a weaker result, the proof of which is much
easier in that only one truncation is made. However, minimal moment conditions are not obtained.

Theorem 6.1 Suppose that X, X1, Xo, ... are i.i.d. random variables with mean 0 and finite variance
o2, and set Ty, pyk = Z;L;FS_H X;. Define sequences {a,} and {d,} as in Section 2 and set
an
by =4/ —.
dn
IfEX =0 and
Eb (X)) < oo, (6.1)
then
Tn n—r+a
limsup —2249n — 5 g (6.2)
n—oo andn

6.1 Proof of Theorem 6.1

Set
1 0-6 i
X! = X I{|Xp| > =bp} = X, — X/,
€
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The contribution of 7"

n,n+an

This part requires no change. In other words, we first let {nj, & > 1}, where n; / o0 as k — oo
satisfy (3.10), apply (3.4) to {X,,, k > 1} to obtain

ZP(‘Té,k,7Lk+ank| > € V 2a”kdnk) < o0,

k=1

for the convergence part
After this we choose a sparser subsequence {ny, k > 1}, where n; " co as k — oo satisfying (3.12)
and apply (3.6) to obtain

M8

P(TT/Lk,nk+ank > EM) =0,

=
Il
_

for the divergence part.

The contribution of T

n,n+an

Since the X":s have changed, we can use the stronger LSL-argument here (cf. [6, 7]). Namely, in order
for the |T}/ ., |:s to surpass the level nv/a,d, infinitely often it is necessary that infinitely many of
the X”:s are nonzero. However, the latter event has zero probability in view of the first Borel-Cantelli

lemma, since
o0

S P(IXa > 2 = > PUXI> 2h) <
n=1

if and only if (6.1) holds.

Finishing the proof

Departing from this point the arguments are identical to those of the proof of Theorem 2.1.We therefore
omit the details.

6.2 Revisiting some examples

. 1, . .
COROLLARY 2.1 REVISITED FOR p = 1. With a, = n/logn and b, = 4/ g{glzggz, the conclusion is,
once again,

Tn ,n+n/logn
—t ° =07 as.,

loglogn

log n

however, provided (6.1) holds, that is, provided
E(X?log" | X|log" log™ [X]) < o0,
since b=1(n) ~ n?lognloglogn. This should be compared with (2.4),

log" | X
2_log |+ L
log™ log™ | X|
COROLLARY 2.2 REVISITED FOR m = 2. With m = 2 and a,, = n/loglogn and b,, = V%a the

conclusion is, once again,
Tn,n+n/ loglogn

Van

however, provided (6.1) holds, that is, provided

=0 as.,

E X?(log™ log™ | X|)?

)

which should be compared with the optimal one which was finite variance.
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COROLLARY 5.1 REVISITED. Here a,, = n(loglogn)?/(logn)?, p, ¢ > 0. With

b — n(loglogn)?/(logn)?  [n(loglogn)i—1
" loglogn N (logn)P

assumption (6.1) turns out as
o (log" |X])P
(log™ log™ | X[)a~?

< 00,

to be compared with the weaker
o (log" |X|)P
(log™ log™ | X [)a+1
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