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Abstract
In this paper we first define the notion of viscosity solution for the following
system of partial differential equations involving a subdifferential operator:

ou
S a) + Lo (t2) + (6 u(t,2) € Dp(u(t,2)),
u(T,x) = h(z), t € [0,T], v € RY,
where Oy is the subdifferential operator of the proper convex lower semiconti-
nuous function ¢ : R¥ — (—o0, +00] and £; is a second differential operator given
1 _
by Livi(z) = §Tr[a(t,:c)a*(t,x)DQUZ-(x)] + <b(t, x), Vvi(a:)>, 1e1l,k.
We prove the uniqueness of the viscosity solution and then, by a stochastic
approach, we prove the existence of a viscosity solution u : [0, 7] x R — R¥ of
the above parabolic variational inequality.

AMS Classification subjects: 60H99, 60H30, 35K85, 491.25.
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1 Introduction

The viscosity solutions theory was introduced by M.G. Crandall and P.L. Lions [3].
This theory allows to study nonlinear equations which admit as solutions continuous
functions, without further smoothness constraint. The classical work in the field of
viscosity solutions for second order partial differential equations is the survey paper
of M.G. Crandall, H. Ishii and P.L. Lions [2], where the autors give several equivalent
ways to define the notion of viscosity solution, and also some very general existence
and uniqueness theorems. Starting with the study of backward stochastic differen-
tial equations (introduced by E. Pardoux and S. Peng [10]), generalised Feynman-Kag
representation formulas have been obtained for the viscosity solutions of semilinear
partial differential equations. R.W.R. Darling and E. Pardoux in [4] studied elliptic
equations with Dirichlet boundary conditions; furthermore, Y. Hu in [7] treated elliptic
equations with homogeneous Neumann boundary conditions. E. Pardoux and S. Zhang
in [13] extended these results for the case of parabolic systems with nonlinear Neumann
boundary conditions.

N. El Karoui et al. [5] considered the case of reflected solutions of one-dimensional back-
ward stochastic differential equations, related to an obstacle problem for a parabolic
partial differential equation. The more general case of backward stochastic differential
equations involving subdifferential operator and the connection with parabolic varia-
tional inequalities has been studied by E. Pardoux and A. Ragcanu in [11] and [12].
The aim of this paper is to consider the more general case of variational inequalities for
systems of partial differential equations. The paper is organized as follows. In the first
section we define the extended notion of viscosity solution for a system of parabolic
variational inequalities, then we formulate the existence and uniqueness result and we
prove the uniqueness. In the second section we use a stochastic approach in order to
prove the existence result; by using a backward stochastic variational inequality, we
obtain a probabilistic formula for the viscosity solution of our system.

2 Main results

The goal of this paper is to study the existence and uniqueness of the viscosity solution
of the following system of parabolic variational inequalities:
Ju J
a(t,x) + Lou(t,z) + f(t,z,u(t,z)) € dp(u(t,z)), t €[0,T], v € RY,
uw(T,z) = h(x), z € RY,

(1)

where £;v, with v € C?(R%; R¥), is given by



(L), (x) = %Tr [o(t, z)o*(t,2) D* vi(z)] + (b(t,z),Dvi(z))

d
1 . 8 vi(x (%Z R —
=3 E (00%)i(t, x) 92,02, —l— E bi( axj ;1€ 1k,

J,l=1 J=1

and T" > 0 is the fixed finite horizon.
We make the following standard assumptions:

(A.1) the functions
b:[0,7T] x R* = R* and o : [0,T] x R? — R
are Lipschitz with constant L,

(A.2) the functions
f:00,T] x R* x R¥ = R* and h: R* — RF

are continuous and there exists v € R such that
(y =9, f(t2.y) = f(t.2,9)) <ly -9,
for all t € [0,T], z € RY, y, 5 € R,
(A.3) there exist some M; > 0, p > 0 such that, for all t € [0,T], z € RY,
|h(z)| < My(1+ [zf"),

T
(id) /0 Pt 2)dt < 00, VR > 0,
where f7; (t,x) == sup {|f (t,z,y)| : |yl < R},

(A.4) the function ¢ : R¥ — (—o0,+00] is proper (i.e. ¢ # +0o0), convex, lower
semicontinuous (l.s.c) and there exist My > 0 and r > 0 such that

[ (h(@))] < Ma(1+1aT), Vo € RY

We recall that the subdifferential dy is defined by
o (u) = {u" e R": (", v —u) + ¢ (u) < p(v), YoeR}.

It is a common practice to regard sometimes d¢ as a subset of R¥ x R, by writing
(u, u*) € e instead of u* € dyp (u). We denote by

Dom (¢) = {u € R¥ : o (u) < +o00},
Dom (9¢) = {u € R¥ : 9 (u) # 0} .

We give now a result which allows us to define the notion of directional derivative of a
convex function (see [1] for more details).



Theorem 1 Let ¢ : R¥ — (—o0, +00] be a convex function. Then, for all u € Dom (i)
and z € RF, there exist

o (u;2) = limgo(u+tz) — v :supw(u—i_tz) —gp(u)’

t,0 t t<0 t @)
() i i EOE ) ) ot t) — o)

t\.0 t t>0 t

Moreover, the following hold:
(a) ¢ (u;2) < ¢, (u;2), Yu € Dom (p),Vz € R,
(b) ¢ (u;—2) = —¢/, (u;2), Yu € Dom (p),Vz € RF,
(c) ¢ (u;-) is superlinear and ¢', (u;-) is sublinear,
(d) if w and z are such that there exists 6 > 0 such that u + tz € Dom (¢),Vt €

<_57 5)7 then ()OL (U’a Z) 790/+ (U, Z) cR.
If we take k = 1, then we know that, in every point v € Dom (),

do(u) =RN [4,0'_ (u), gpg(u)}, (3)

where ¢’ (u) and ¢/, (u) are respectively, the left derivative and right derivative of ¢
at the point u.
The following proposition generalizes the above characterization to the case of k > 1:

Proposition 2 Let p : R¥ — (—o00, +00] be a proper convex function andu € Dom ().
The following statements are equivalent:

(1) u*€0p(u),
(i) (u*,2) > ¢ (u;2), Vz € R¥,

(ii8) (u*,z) < ¢, (u;2), Vz € RR.

Proof. First we prove that (i) implies assertion (i7). Let u* € Oy (u). From the
definition we have that

(u' sy —u) + o (u) <p(y), vy e R (4)
For all t < 0 and any direction z € R*, we obtain, using (4) with y = u + tz, that

(u  tz) + o (u) < p(u+tz), V2 e R Vi <0

puttz) —p(u)
t

S (u* z) > , V2 eRF V<0

Passing to the limit as ¢t — 0, ¢ < 0, we obtain that
(', 2) > ¢ (u;2), ¥z € RE,
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Suppose now that (i) holds, which is
(u*,2) > ¢ (u;2),¥z € R¥,
From (2) we deduce that

(W 2) > o (u+tz) = (u)

u*, z) > . Vz e RF, Wt < 0.

Consequently
(u*,tz) < p(u+tz) —¢(u) ,Vz € R¥ vt <0.

Hence
(w'y—u) <¢y) —¢(u), vy €R*
that is u* € dp (u).
The equivalence between (i) and (i77) follows in the same manner. m
Let us define, for u € Dom (¢) and z € R*,
¢l (u;z) = liminf ¢’ (v;2), ¢"* (u;2) = limsup ¢, (v;2).

vV—U
V—U
vEDom(8¢) vEDom (9y)

For u € R*, let (with the usual convention inf ) = +00)

10¢ly (u) = inf [0p (u)].

If v € Dom (9¢), then there is a unique u* € RF  denoted (9yp), (u), such that
9], (W) = (9¢), (u)].

We can give now, using Proposition 2, the definition of a viscosity solution for the
multidimensional parabolic variational inequality (1). First we denote the set of d x d
symmetric real matrices by S?, and we give the definition of the superjet of a function.

Definition 3 Let u : [0,T] x R — R, a continuous function, and (t,x) € [0,T] x
R, We denote by P> u(t,x) (the parabolic superjet of i at (t,z)) the set of triples
(p,q, X) € RxR?x S% which are such that for all (s,y) € [0,T] x R? in a neighborhood
of (t,x):

u(s,y) <u(t,z) +p(s—t) +(q,y — ) +

+%<X(y—w)7y—w>+0(’3—t|+|y—x|2)'

Similarly is defined P>~ u(t,xz) (the parabolic subjet of u at (t,x)) as the set of triples
(p,q, X) € RxR?x S which are such that for all (s,y) € [0,T] x R? in a neighborhood
of (t,x):

u(s,y) = alt,x) +p(s = 1) + (¢, y — ) +

+%<X(y —a)y—a)+o(ls -t + 1y —af).

o(r
Here r+— o(r) denotes any continuous function such that lin(l)ﬁ = 0.
r— T



Definition 4 Let u : [0,7] x RY — R* a continuous function satisfying u(T,-) = h(-).
The function u is a viscosity solution of (1) if:

u(t,r) € Dom (p), Y(t,x) € [0,T] x R%,

and, for all z € R¥, at any point (t,z) € [0, T]xR%, for any (p,q, X) € P> (u, 2) (t,z),
we have that

Pt 5 Tr((00")(1,2)X) + (b(t,2), ) + (1, u(t,2)), 2) > ¢ (t,2); 2)

Remark 5 Ifu:[0,7] x R? — R* is a continuous function, which satisfies u(T,-) =
h(-), then w is a viscosity solution of (1) if and only if

u(t,z) € Dom (p), V(t,z) € [0,T] x R?,

and, for all z € R¥, at any point (t,z) € [0, T]xR%, for any (p,q, X) € P>~ (u, 2) (t,z),
we have that

1
Pt 5 Te((00%)(12)X) + 0l 2),0) + (f (1,2, u(t,2)), ) < & (u(t,2); 2)
We now present the main results.

Theorem 6 (Existence) Let the assumptions (A.1)-(A.4) be satisfied. Then the
multidimensional parabolic variational inequality (1) has at least a viscosity solution.

For the proof of the existence theorem we use a stochastic approach; we study
a backward stochastic variational inequality which allows us to give a probabilistic
formula for the solutions of (1). We present this approach in the last section.

Concerning the uniqueness for equation (1), we need to impose more restrictive
assumptions.

(A.5) For all u € Dom (yp), there exists a neighborhood V' of w such that (dy), is
bounded on Dom (d¢p) N V.

(A.6) If u € Dom () and z € R* such that u + z € Dom (), then there exists a
neighbourhood V' of u such that

Vo € VN Dom (0p), 3t > 0: v+ tz € Dom (0yp) .

Theorem 7 (Uniqueness) Let the assumptions (A.1), (A.2), (A.5) and (A.6) be
satisfied. Then the multidimensional parabolic variational inequality (1) has at most
one viscosity solution in the class of continuous functions with polynomial growth.



3 Proof of the uniqueness theorem
First we prove the following

Lemma 8 If ¢ : R¥ — (—o0,+00] is a conver function, proper and l.s.c., then we
have:
(a) for every u,v € Dom (y),

/

@—(uau_v)z(p/-&-(v>u_v>> (5

~—

(b) for every u,v € Dom (9¢) and z € R, ¢, (u;2) < ¢ (u;2) and ©"* (u;2) >
o, (0:2),

(c) for every z € R¥, . (+; 2) is l.s.c on Dom (¢) and ¢"* (+; 2) is u.s.c. on Dom (),

(d) for every u,v € Dom (¢), if

timsup (inf 104y (0 — t(u = 0) + |ply (0 + #u = v))]) < +o0,  (6)
(u'0") = (u0)
u/ v’ €EDom(dp)

then
90:« (uau_v> Z 9017* (U,U—U).

Proof. (a) By the convexity of ¢, for ¢ € (0,1) we have
e((1=thu+tv)+etut+(1—-1t)v) <pu)+¢(v).

Therefore,
plu—tu—v) o) _ p+t—v)-p()
t - t ’

passing to the limit as ¢ N\, 0, we obtain ¢’ (u,u —v) > ¢, (v,u —v).

Results b) and ¢) follow in a standard way from the definition of ¢/, and ¢"*, so we
skip their proofs.

(d) For simplicity, let us denote z = u —v. From (6), we can find M > 0 and r > 0
such that, for v’ € B (u,r) N Dom (d¢), v' € B (v,r) N Dom (9y), there is a t, ., <0
such that, for t € (¢, ., 0), we have

0y (6! + t2) + |0l (0 — £2) < M.
Let «/, v/, and t be as above. Then

plu' +1z) — o) _ o'+t —v)) — o) o +tz) — o +Hu — )

t t t
L+t = v')) — p(w)
- t

+((0p), (' +t2), 2 — (' —0')).



It follows that
plu' +1z) —p(u) ol + 1 —v)) = p(u)
t - t
Passing to the limit as t 0,

— M|z — (u' =)

oL(u2) = ol (usu' =) = Mz — (u' = ).
In the similar manner we obtain that
P (5 — ) 2 G (05 2) = Mz — (o — ).
Combining the last two inequalities with (5) we deduce that
ol (u's2) 2 @ (v 2) = 2M [z — (u' = 0')].
Passing to the limit as v’ — u and v" — v, we obtain ¢/, (u;z) > ¢"* (v;2). =

Remark 9 From the above Lemma, point (¢) we can consider in Definition 4, P>% (u, z)
and P>~ (v, z) instead of P>T (u, z), respectively P>~ (v, z).

Proof of Theorem 7.

Let u,v € C ([O,T] X Rd;Rk) be viscosity solutions for (1). We must prove that
u=wvon [0,T] x RY.

For some A > 0, to be precised later, we make the following transformations:

a(t,z) =M (w)u(t,n), v(t,x) =M (z)v(t,x),
where & (z) = (1 + |$|2)u/27 with p larger than the order of growth of u and v.
Then @ and v are bounded and they are solutions, in the viscosity sense, of

8I_Lgft, z) + L0 (t,xz) + f(t, x, u(t, :L’)) c 6)‘t£_1 (z) 8@(6—”5 (2)a(t, ) )7

u(T,x) = et (z) W), t € [0,T], = € RY,

(7)

where, for i = 1, k,
(Loa); (t, ) = (Loa); (t,x) + ((00") (t,2) € (2) VE (2), Vi (t, 7))

and _

ftwu)=eNet () f(t,z, e () u) — Ma

P [(00%) (ha) €7 (2) D ()] + (b (1) €7 () VE ()

Since | ‘liril u(t,x) = | llirr+1 v (t,x) =0 and u (T, z) = v (T, x), there exists (to,zo) €

[0,7) x R? such that

0 = | (to, x0) — T (to, 20)| = | (t,2) — T (t,2)], ¥ (t,2) € [0,T] x R

8



Let us suppose that u # v. This implies 6§ > 0. We set

L _
0= (a (to, o) — v (tg,x0)) -
Then
0 := (u (ty, x0) — 0 (to, o), 20) > (u (t,x) — v (t,x), 2), ¥ (t,2) € [0,T] x R%

We let, for a > 0,
o
CI)O( (tax757y> = <ﬂ(t,l‘) - @(S7y)720> T a5

2

Since limsup @, (t,z,s,y) <0 and @, (to, xo, to, zo) = 6 > 0, there exists
|z|V|y|—+o0

(ta, Tas SasYa) € ([0,T] ¥ Rd)2 such that

()

M, = P, (ta, Ta, Sa, Yo) = sup D,.
By Lemma 3.1 from [2], we have:

(@) lim a(|xa—ya|2+|ta—sa|2) =0,

a——+00

(b) whenever (%, %) is an accumulation point for (t,,zs) as a — 400,

. - 8
we have that lim M, = (ua(f, &) — 0(,2), z) = 6. (®)

a——+00

Since, for large «, (t.,7,) remains in a compact subset of [0,7] x RY there is at
least one accumulation point (f, z) for (ta,rs) as @ — +00. We can suppose, without
restricting the generality, that (t,,z,) — (£,%). Of course, from (8), { < T, and we
also can assume that t,,s, € [0,T) for every . Another consequence of (8) is that
a(t, ) — v(t, ) = 0z. Indeed,

~

u(t, ) —v(t, &) < 0= (u(t,z) —o(t,2),20) < |u(t,2) — v(t, &)

Y

from which we conclude @(f, ) — v(f,2) = |u(f, &) — v(t, )| 20 = 629. Let us apply now
Theorem 3.2 from [2], which asserts that, for every o > 0, there exist X,Y € S such

that: B
(@) (a(te —Sa),(Ta —Ya), Xa) € P> (U, 20) (ta, o)

(b) (o (ta = sa) 0 (Ta = ¥a), Ya) € P> (7, 20) (5a, Ya)
0 (5 ) em( 7))
From the definition of the viscosity solution, and Remark 5, we obtain:
 (ta = Sa) + La@a—ya) Xa (tar Ta) + {f (ta, Ta, U (ta, 2a)) , 20)
> Mg (za) ¢l (€€ (2a) T (ta, Ta) s 20)
a (ta = 5a) + Latwa—ya)va (5arYa) + {f (Sa: Yar U (Sas Ya))  20)
< el (ya) " (€716 (Ya) U (SarYa) 5 20) 5

9



where, for ¢ € R?, X € §¢,

~ 1
L,x (t,x) = §Tr [(o0™) (t,z) X]|+ (b(t,z),q) + < oc®) (t,x) 1 (x) VE (2) ,q> )
Substracting the two inequalities, we have:
‘C_a(xa—ya),Xa (tcw xa) - Eoz(xa—ya) Yo (Scm yoz)

+ <f(ta7xaa U(ta,Ta)) — f (Sas Yars U (805 Yor)) =ZO>
> eMag! (Ta) ¥ (67”05 (7o) U (ta; Ta) §ZO)
—e* 67 (o) " (€72 (Ya) T (Sar Ya) 5 20) -

From Lemma 8, point (c), we get

liminf e &1 (24) @, (e7ME (26) U (ta, Ta) ; 20)

a——+00
> Mg (@) ¢, (Ve (2) all 2); 20
lim sup e*e¢1 (yq) " (e‘AS“ﬁ (Ya) U (S Yar) Zo)

a—+00
< e (@) (e Ve (#) 0(E, 8 %0)

Now, by Lemma 8, point d), and conditions (A.5) and (A.6),

~

o (Ve (@) all 2 20) > ¢ (N (@) u(d, 2);20)
since @(t, 2) — 0(t, 2) = Oz. It follows that
lim inf[eM €71 (2a) ¢} (676 (2a) @ (tas 2a) s 20)
—e* {7 (ya) ¢ ( *AS“S( o) U (SasYa) i 20)]
> Mg () L (Ve (@) uld, ) 20
g (@) ( e (@) 0(, )5 7) 2 0.
On the other hand, we have that
Lo@a—ye) Xa (tar Ta) = La(a—ya).Yo (Sa: Ya)
= %Tr (00 (ta, o) Xo — 00" (Say Ya) Yol + a<b (ta, Ta) — b (Sa, Ya)

00" (tar Ta) § " (20) VE (20) = 00 (S0, Ya) E" (Ya) VE (Ya) s Ta = Ya)
<

DO | o

(6% ’U (tomma) — 0 (Sa, ya)’2 +« ‘xa - ya’ ( ‘b (taa xa) - b(saaya”

+|oo* (ta, Ta) &t (Ta) V& (2a) — 00" (Sas Ya) &t (Ya) VE (4a)| )
<3a (L2 + Ln) (|2a = Yol + [ta — 5al*) ,

10



where L; is the Lipschitz constant of (o,b,00*¢71VE). Hence

lim sup [Zoa(xa—ya),Xa (tom xa) - Za(:ca—ya),Ya (Som yoz)} S 0.

a——+00

Finally, from condition (A.2),

lim <]?(taaxa>ﬂ(taaxa)) - f(somyom@(saaya)) 7Z0>

a—-+400

By taking
1
A > 7 4 sup [5 Tr [oo*¢ " D* €] + (b, glv@} :
we get

lim <f(tcwxava (ta, Ta)) — f(saaya»@ (845 Ya)) ; ZO> < 0.

a—-+00

Passing to the limit as & — +o00 in (9) we obtain a contradiction. Hence @ = v, and
sou=v. &

4 Proof of the existence theorem

In this section we prove Theorem 6. This is obtained by a stochastic approach. Using
a certain backward stochastic variational inequality, we will obtain a generalized Feynman-
Kag representation formula for the viscosity solution of (1).

Let {W;:t >0} be a d-dimensional standard Brownian motion defined on some
complete probability space (2, F,P). We denote by {F; : t > 0} the natural filtration
generated by {W; : ¢ > 0} and augmented by N, the set of P- null events of F:

Fo=c{W,:0<r<t}VN.

4.1 Backward stochastic variational inequality

We consider the following backward stochastic variational inequality
dYs + F(s,Ys, Zs)ds € 0p (Yy) ds + Z,dWs, s € [0,T]
Yr = ga

where:

11



(I) F:Qx[0,T] x R* x R¥*? — R* satisfies that, for some a € R, 3 > 0,
(1)  F(,-,y,z) is progressively measurable stochastic process (p.m.s.p.),
(1) y+—— F(w,t,y,z) is continuous, a.s.,
(iii) (y—y F(ty.2)—F(ty.2))<aly—y, as.,
(iv) |F(t,y,z)— F(ty,2)| <L|z=7#|, as.,
(v) E(/T Fi(t)dt)* < oo, VR >0,
" Where FE() = sup {IF (t3,0)] : Iyl < R},

(11)

for all t € [0,T], v,y € RE, 2,2/ € R¥*4
(IT) ¢ : RF — (—oc0, +00] is proper, convex and l.s.c.
(IIT) The terminal date £ € L% (€;R*) such that

E(p(£)) < oo. (12)

For the proof of the next theorem see [9].

Theorem 10 Let the assumptions (I)-(I11) be satisfied. Then there exists a unique
triple {(Ys, Z,Uy) : t € [0, T} of p.m.s.p. such that

T
(a) E| sup |Ys|2+/ (1Z]° + |U|?) ds
0

s€[0,T

< 400,

) E/OTsom)dsqoo?

() (Y,U) € 0p, P®dt a.e. on Q2 x[0,T],
T T T

(d) Y, +/ Usds = & +/ F(s,Ys, Zs)ds — / ZsdWs, for allt >0, a.s.
t t t

From assumption (A.1) of the first section, it follows (see for example [6], [8]),
that for each (t,z) € [0,7] x R? there exists a unique continuous {F!}-p.m.s.p.
{X5* . s €[0,T]}, solution of the stochastic differential equation:

sVt sVt
X;VI =x+ / b(T’, X:w)dr + / U(Ta X?x)dWT’ (13>
t t

where

Fl=c{W,—W;:t<r<s}VN.

The following proposition summarize some already well known properties of the solu-
tions of the equations (13).

12



Proposition 11 Under the assumption (A.1), the solution {X5* : s € [0,T]} of the
equation (13) satisfies that for allp > 2, there exists some constant C = C (p, T, L) > 0,
such that, for all t,t € [0,T], z,7 € R?

(i) E sup [XP*)P < C(1+[z),

s€[0,T7]

(1) E sup |[Xb* — XEIP < C(1+ |zP + |2P) (|z — & + |t — T]P/2).
s€[0,7T

From the Theorem 10, with & = h(X5"), F (w,s,y,2) = f (s, X5 (w),y), it fol-
lows, under assumptions (A.1)-(A.4) that, for (¢,x) € [0,T] x R, there exists a unique
triple of {F!}-p.m.s.p. {(Y*, ZL* UL*) . s € [0,T]} solution of the backward stochas-
tic variational inequality

T T T
Y;t@ + / U,f’mdr - h (X;lx) + / f (’f’, X:’r7 3/:793) dT - / qu’deT’ (14>

for all s € [t,T] a.s.

with (Y%, UL*) € Op, P x ds a.e. on Q x [t,T], and Y* = V;»* Zbe = Ub® = 0,
Vs € [0, t].
Moreover we have the following properties of the solution of (14):

Proposition 12 Under the assumptions (A.1)-(A.4) we have that there
exists some constant C' > 0, such that, for all t,t € [0,T), x,& € R :

() E sup [V <1+ [of)
s€[0,7T

(i) B sup V2" Y <E[|n(X3) — h(X;7)

s€[0,7T

T -
+ / ‘1[t,T} (T)f('f‘, Xﬁ’x7 Y;*t’z) - 1[5,T] (T)f(?”, X;f,m’ }/rt’m) |2d7”i|
0
We define
u(t,z) =Y, (t,x) € [0,T] x RY, (15)

which is a determinist quantity since Y;"* is Ff = o {N'}-measurable.
From the Markov property we have that

u(s, X;) =Y (16)
For the proof of the next proposition see [11].

Proposition 13 Under the assumptions (A.1)-(A.4), the function u defined by (15)
satisfies:
() ult,z) € Dom (¢), ¥(t,z) € [0, ] x RY,

(i) |u(t,z)| < C (1 +|z[), V(t,z) € [0,T] x RY, (17)
(ii1) we C([0,T] x R4GRF).
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4.2 Connection with variational inequalities for systems of
partial differential equations

We prove that the function u defined above is a viscosity solution, in the sense of
Definition 4, for the multidimensional parabolic variational inequality (1).
Theorem 6 is a consequence of the following:

Theorem 14 Let the assumptions (A.1)-(A.4) be satisfied. Then the function u de-
fined by (15) is a viscosity solution for the multidimensional parabolic variational
inequality (1).

Proof. Let z € R*, (t,x) € [0,7] x R? and (p, q, X) € P>* (u, 2) (t,z). Let us denote
for simplicity
1
V(t,r,u,p,q, X) =p+ §Tf((00*)(t>x)x) + (bt @), q) + (f(t,2,u), 2)
Suppose, contrary to our claim, that
Vit 2 ult,),p,q, X) < ¢, (u(t,z);2),

and we will find a contradiction.
It follows by continuity of f, u, b, o that there exist ¢ > 0, § > 0 such that for all
|S_t‘ §57 |y_x| Séu

Vis,y,u(s,y),p+e,q+ (X +el)(y—=), X +el) <g, (u(s,y);z).  (18)
Now since (p,q, X) € P>T (u, z) (t, ), there exists 0 < § < § such that
(u(s,y),z) < U(s,y), (19)
forall s € [0,T], s#t,y e R y#xwith0<s—t <, |y— x| <§, where

W(s,) = (ult,2).2) + (p+2) (s~ 1)+ (g, — o)+ L (X +eD) (g — )9~ )
Let
T=inf{s>t:|X)" —a| >}

If we denote by B B
(Y7, Z7) = (Y07, 2), (2.7, 7)), t < s,

then

,

T = (ulr, X))+ [ (Xl X)), 2) = (U, )

- / ZbdW,,

s

(U7, z) € [ (VI 2), ¢ (Y75 2)].
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From I[t0’s formula it follows that
(Yie, Zbm) = (W(s, X", (Vo) (s, X17)), t <s < t+ 0

satisfies

. T O T
Vhe = W (r, Xb7) — / [W(T,Xf“)—{—ﬁr\lf(r, Xﬁ’”)]dr— / ZH AW,

s

Let (V, 20%) = (V0o — Yo, 27 — 27).
We have

Y/st’m = [\I/<T7 th—’m) - <’LL(T, X?z)a Z)] +/ |:_ aa_\IJ(T’ Xi’m) - quj(n Xﬁ’LE)
s T

20
— (f(r, X" ulr, XE7)), 2) + (U7, Z>} dr — /T Zteaw, o
We note that, from Lemma 8, point (c¢),
(U, 2) = ' (u(s, X");2) = &L (u(s, X17);2), P@dt ae.
Moreover, the choice of & and 7 implies that
(7, XE%) > (u(r, X1%), 2).
From (18) it follows that

& (s, XE2); 2) > V (5, X0%, u(s, X02), p+ 2,q + (X + ) (X% — ), X + &)
ov

- E(S,Xﬁ’x) + LU(s, X)) + (f(s, X5 u (s, XE7)), 2) .

These inequalities and equation (20) imply that Y;** > 0, or equivalently

U(t,x) > (u(t,x),z),

which contradicts the definition of . Hence we have

V(t,z,u(t,z),p,q,X) > ¢, (u(t,z);z).

This proves that u is a viscosity solution of (1). m
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