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Abstract

We present a framework for obtaining explicit bounds on the rate of
convergence to equilibrium of a Markov chain on a general state space,
with respect to both Total Variation and Wasserstein distances. For
Wasserstein bounds, our main tool is Steinsaltz’s convergence theorem
for locally contractive random dynamical systems. We describe practical
methods for finding Steinsaltz’s “drift functions” that prove local con-
tractivity. Then we use the idea of “one-shot coupling” to derive criteria
that give bounds for Total Variation distances in terms of Wasserstein
distances. Our methods are applied to two examples: a two-component
Gibbs sampler for the normal distribution, and a random logistic dynam-
ical system.
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1 Introduction

In many theoretical or applied problems involving positive recurrent Markov
chains, it is important to estimate the number of iterations until the distribution
of the chain is “close” to its equilibrium distribution. Suppose we have a Markov
chain with state space y, initial state x, transition probability kernel P, and
limiting stationary distribution 7. We would like a quantitative bound such as

d(P"(x,-),7(-)) < g(z,n)

where d is a metric on the set of probability measures and g(x,n) is a function
that can be computed explicitly. For example, knowledge of such a function
g can be valuable to Bayesian statisticians using Markov chain Monte Carlo
(MCMC) approximations, because it tells them how many MCMC steps will
ensure a good approximation to the posterior distribution under study. An
excellent survey on the theory of general state space Markov chains and MCMC
is [19].

An important technical point is the specification of the metric d on the set
of probability measures. Two common choices are the Total Variation (TV)
metric (denoted d7y ) and the Wasserstein metric (denoted dy). See Section 2
for definitions and basic properties of these two metrics.

There is a rich literature on Markov chain convergence in total variation
distance. Many tools have been developed for convergence in TV, involving
probabilistic methods (e.g. coupling, strong uniform times; see [5, 13, 19] for
reviews), analytic methods (spectral analysis, Fourier analysis, operator theory;
see [, 21]), and geometric methods (path bounds, isoperimetry; see [13, 21]).
Much of the progress, and many of the sharpest results, have been for discrete
state spaces [5, 13, 21], including spaces related to graphs, algebraic structures,
or models from statistical physics. Some results extend to general state spaces,
but some basic discrete properties and methods do not have convenient ana-
logues in the general case. Continuous state spaces are of particular interest in
Bayesian MCMC applications [10, 19] but quantitative rigorous results about
realistic examples are scarce.

Frequently, the desirable functions g to seek are of the form g(z,n) = C(z)r™,
where C'(z) and r can be computed explicitly. The existence of such a function
for the TV metric is called geometric ergodicity, and is known to hold under
fairly general conditions (see e.g. [16, 17]). Explicit identification of such func-
tions can be an intricate task, however. A classical result in this context is due
to Doeblin: If there exists a probability measure ¥ and 0 < ¢ < 1 such that
P(z,dy) > ev(dy) for every z, then dry (P"(z,-),7) < (1 —€)™. It is possible
to get similar bounds using coupling when Doeblin’s condition holds only on
a subset K, if a “drift function” to K exists. More precisely, one needs (i)
P(z,dy) > ev(dy) for all x € K, and (i) a function V' > 1 and a constant
a > 1 such that E(V(Y,41)|Y, =vy) < V(y)/a for all y € K¢. These conditions
are called (7) minorization and (i) drift conditions [16, 20]. For practitioners
who want to implement these conditions, the challenge is to identify such a set
K and a drift function V that lead to tractable calculations and good results.



See [11] for an impressive application of these conditions to a Bayesian random
effects model. A good survey and another realistic application is in [14].

Coupling arguments for proving TV bounds typically use two coupled ver-
sions of a Markov chain that coalesce relatively quickly. This is often technically
easier to do in discrete state spaces than in state spaces with no atoms. Mi-
norization and drift conditions offer one solution to this difficulty: coalescence
is facilitated when the coupled chains are simultaneously in the set K. However,
in many situations, it may be hard to force coupled chains to coalesce but it may
be easier to force them to come (and stay) very close to each other. Closeness of
two chains in the metric of the state space roughly corresponds to closeness of
their distributions in the Wasserstein distance. For this reason, the Wasserstein
distance can be a tractable alternative to the total variation distance for prob-
lems in continuous state spaces (see for example [8]). Although Wasserstein
convergence can be weaker than TV convergence, we shall show that, under
certain conditions, bounds on the rate of Wasserstein convergence can be used
to get bounds on the rate of TV convergence (see Section 4). Thus, proving
Wasserstein convergence is sometimes a step towards proving TV convergence.
Huber [12] also uses this general philosophy, employing rather different methods
from ours.

A particularly successful framework for studying convergence in Wasserstein
distance is random dynamical systems, or iterated function systems [6, 22].
An iterated function system is a sequence of random maps of the form F, (z) =
fiofao...0fy(x) or Fn(gc) = fnofn_10...0f1(x) where f1, fa,... are independent
and identically distributed (i.i.d.) random maps. (Two examples are described
later in this section.) The sequence {F,(z) : n > 1} is called the forward
sequence and is a Markov chain. Many examples of Markov chains can be
represented as forward iterates of i.i.d. random maps. {F,,(z) : n > 1} is called
the backward sequence and under certain conditions it converges pointwise to
a random variable, X, independent of the starting point x. If X, exists,
in which case the system is called attractive, the distribution of X, is also
the stationary distribution 7 of the Markov chain F,(z). The rate at which
Elp(Fp(r), X)] converges to zero is an upper bound on the rate of convergence
in distribution of the Markov chain F), () to m in Wasserstein distance. Indeed,
since F,(z) has distribution P"(z,-) (as does F,(x)), and since Xoo ~ m, we
have

dw (P"(,-),7) < Elp(Fu(e), X)) (1)

One condition that guarantees attractivity is strong contractivity, that is,
Ellog Lipf] < 0 where Lipf is the Lipschitz constant of the (random) function
f. This condition is a generalization of the stronger condition that there exists
a constant r € (0,1) such that p(f(x), f(y)) < rp(z,y) for all x and y, with
probability 1. (Gibbs [8] used a variation of this condition to get a bound for the
Wasserstein distance of a Markov chain X, to its stationary distribution using
coupling. See also [6] for a related result). However, applications frequently re-
quire weaker conditions. Steinsaltz [22] proves attractivity under a more general
condition, called “local contractivity”, which says there exists a “drift function”



¢: X — [1,00) and a constant r € (0, 1) such that
Gn(x) = E[D.F,] < é(x)r"

where Dxf = lim supy_}z W

then

. He proves that if local contractivity holds,

Elp(Fu(z), Xo0)] < Cpr™  for every n > 1,

where C, is a number that can be computed explicitly. See Section 3.1 for
further discussion. Steinsaltz’s use of the term “drift” is analogous to but dif-
ferent from Rosenthal’s use (which in turn is closely related to Foster-Lyapunov
functions; see [7] for a review and references).

Like the minorization and drift conditions, the local contractivity condition
requires preliminary work to obtain a drift function. The goal of the first part
of this paper (Section 3) is to provide a systematic framework for doing this.

We developed our methods using two examples. The first one is a simple
Gibbs sampler chain for Bayesian estimation of the mean and variance of a
normal distribution. The second example is a randomized version of the classical
logistic map from dynamical systems theory.

The paper is organized as follows. The remainder of this section is devoted
to descriptions of our two main examples. Section 2 provides definitions and
basic properties of the Wasserstein and Total Variation metrics. Section 3 ex-
amines the task of finding a drift function that produces quantitative bounds
on Wasserstein convergence. Section 3.1 reviews the results of Steinsaltz [22],
and Section 3.2 presents an approach to finding drift functions by looking for
sub-eigenfunctions of a certain dominating operator. Then Section 3.3 uses this
approach to find drift functions for our Gibbs sampler example. Section 4 shows
how bounds on the Wasserstein metric may be “upgraded” to bounds on the
Total Variation metric in some situations. Section 4.1 reviews the idea of “one-
shot coupling” [18] and presents our key technical result (Theorem 12). Sections
4.2 and 4.3 apply this result to our two examples.

Example 1: Normal Gibbs Sampler

A simple Bayesian estimation problem is the following. Consider a random
sample of size J from the normal distribution with mean 6 and variance o2
[written N (0, 02)]. We assume that 6 and S := o2 are themselves independent
random variables from normal and Gamma prior distributions respectively:

O~NEK™) and S:=02~T(a, ).

[Here I'(c, 8) is the Gamma distribution with density s*~13% exp(—03s)/I'().]
Let Y :=Y1,...,Y; be our random sample from N(6,02) (conditionally inde-
pendent given 6 and ¢). The joint posterior for # and S given Y is

KO —¢? s3(Y;—0)

p(0,s]Y) o s*7 1 2 exp | —fs — 5 - 5 (2)

(where > is the sum over j from 1 to .J). Besides positive values of K, we shall
also consider the case K = 0. When K = 0, the prior for 6 is not a probability



distribution; however, the joint posterior is a probability distribution. (We can
view K = 0 as the “flat prior” limit K — 0+. The case = 0 is similar.)
The Gibbs sampler is the Markov chain (0y, S;) defined recursively by drawing
0; from its conditional distribution given ¥ and S = S;_1, followed by drawing
S; from its conditional distribution given Y and 0 = 6;:

p N Si-12 Y+ K¢ 1
k S, 1 J+K S .J+K

J 1
Sy~ F(a+§,ﬁ+§Z(Yj—9t)2> .

We can represent this procedure as follows:

Zt St—lZ)/j +K€
0, — + where Z, ~ N(0,1), (3
¢ Si1J+ K Se-1J + K t o
St — Gy where Gt ~ F(Oé + J/27 1) (4)

B+ 352(Y; —6,)?

[and {Z;} and {G,} are independent i.i.d. sequences]. Let
1< 1
Y= 23 and S =45y (YY)
j=1
(we treat these as constants, since we always condition on Y). Since

J
(V=0 = D (¥; = Y)° + J(Y - 60)%, ()

J
=1 j=1

J

we can write Equation (4) as

Gy
St = ————=—— . 6
t EO 5](5 . et)Q ( )

Using Equation (3), we can express (6) as a random dynamical system, as
follows:

Sy = fi(Si—1)  (=1,2,..)) (7)
where f; : (0,00) — (0,00) is the random function
G
o) = J(_z t -k \?’ (8)
Yo+ 35 (\/th+K + SR )

with the random variables G; and Z; as above. The case K = 0 is of special
interest (representing an improper prior for #), and Equation (8) specializes to

fuls) = — (9)
Yo + 55



We note that the posterior (2) is a proper probability distribution when K = 0,
even though the prior is not (to see this, use (5) and integrate 6 first).

Without loss of generality, we can assume that £ is zero and that K is either
0 or 1. (Indeed, if K > 0, then we can let § = (6 — &)VK, Y; = (V; — &)VK,
52 = Ko2, and = Kf3; then Y; ~ N(é, 52) where 6 ~ N(0,1) and 672 ~
T'(a, 3).) Accordingly, for our Markov chain {S;} with K € {0,1}, let Px be
the chain’s transition probability kernel, let px(-,-) be the density of Pk, and
let T be the stationary distribution.

We shall obtain quantitative bounds for the convergence of our Gibbs sam-
pler chain Px (K € {0,1})—see Propositions 11 and 14, and the discussions
of numerical results following each. Roberts and Rosenthal [18] analyzed this
chain with flat priors, i.e. K = £ = 8 = 0 and a« = 1. In particular, their
results show that limsup,,_, . [drv (P (z, -),710)]1/” < 1/J. This would equal
our asymptotic rate if we could replace w by 1 in Proposition 14. The analy-
sis of [18] uses the property that the recursion for 1/S; is a linear function of
1/5;—1, which only holds when K = 0. Their approach cannot handle the case
K > 0. Our method of Section 4 may be viewed as a more powerful (nonlinear)
generalization of [18].

Example 2: Random Logistic Map
We consider the i.i.d. random maps f1, fa,... on [0, 1] defined by

filx) = 4B;z(1 — x),

where By, Bs, ... are i.i.d. random variables having the Beta(a + %, a— %) dis-
tribution. Here a > % is a fixed number. It is known that the Beta(a,a) dis-
tribution is the unique stationary distribution for this iterated function system
[3]. Our result for this example will provide bounds that are more qualita-
tive than quantitative. Asymptotic convergence properties of this example have
been studied in the literature. Steinsaltz [22] showed that the system is locally
contractive if @ > 2, and hence that the corresponding Markov chain converges
to equilibrium exponentially rapidly in the Wasserstein distance. Using the

techniques of Section 4, we shall prove the following theorem.

Theorem 1 Assume a > 1/2, and let x € (0,1). Then there is a constant C,,
depending only on a, such that

:|a/(a+1)

drv (Fo(2), Baa) < Ca |dw (Fo_1(2), Ba.a) for alln > 1.

(where Bq o is a random variable having the Beta(a,a) distribution).

Note that Theorem 1 does not assume local contractivity (indeed, local contrac-
tivity fails if 1/2 < a < 1, by Corollary 3 of [23] and Theorem 1 of [22]).

Theorem 1 implies the following. Assume that the random logistic Markov
chain {F,(x) : n =0,1,...} converges to its equilibrium exponentially rapidly
in Wasserstein distance, i.e. there exists a constant p € (0,1) such that

~ 1/n
hmsup dW(Fn(x)aﬂa,a) < P (10)

n—oo



Then it also converges exponentially rapidly in TV distance, perhaps at a mod-
estly slower rate:

Tm < pa/(a-i-l) < 1.

lim sup [dTV (Fn(x)7 Ba,a)

n—0oo

Since the state space (0,1) has diameter 1, we trivially have dyw (Fy,(2), Ba,a) <
dry (Ey (), Ba.a). Hence we conclude that for a > 1/2, our random logistic
Markov chain converges to the equilibrium exponentially rapidly in Wasserstein
distance if and only if it converges exponentially rapidly in TV distance.

2 Wasserstein and Total Variation metrics

In this section we review the definitions and some properties of two metrics
on the space of probability measures: the Wasserstein metric and the Total
Variation (TV) metric. For a broader review of metrics on probabilities, see [9].
Let (x,p) be a complete separable metric space. Consider two probability
measures p; and ug on x. Let Joint(uq, ue) denote the set of all probability
measures M on x X x whose marginal distributions are pu; and o, i.e.

pi(de) = /M(d:v,dy) and  po(dy) = /M(dl’, dy) -
Yy x
In other words, if two random variables X; and X5 have distributions p; and
o respectively, then Joint(uq, po) is the set of all “couplings” of X; and Xo.
The Wasserstein distance between py and uo, denoted dyy (p1, p2), is defined
to be

i (i1, p2) = inf{ / / ol ) M(de,dy) = M e Joint(uhuz)} (11)

In other words, dy (11, p2) is the infimum of E(p(X7, X3)) over all couplings of
X1 and X5 (where X; ~ p;). It can be shown that there is an M that attains
the infimum (see for example Section 5.1 of [4]).

The Total Variation (TV) distance between iy and g, denoted dpy (p1, p2),
is defined to be

dry (1, pe) = supq{ |u1(A) — pa(A)| - AC x} (12)

This sup is attained by some set A (by the classical Hahn Decomposition for
the signed measure p; — p2). An equivalent definition of dpy is

dry (p1,p2) = mi{ M{(z,y) : z #y}) : M € Joint(py, p2)}  (13)

In other words, dry (u1, p2) is the infimum of Pr{X; # X5} over all couplings
of X7 and X5 (where X; ~ p;). For convenience, we shall sometimes talk about
the Wasserstein or TV distance between two random variables, which means
the same thing as the Wasserstein or TV distance between their distributions.

The following is relatively well known (e.g. see Theorem 5.7 of [4] or Propo-
sition 3 of [19]).



Proposition 2 Assume that p1 and ps are probability measures on x, having
density functions p1 and ps with respect to a common reference measure X. Then

drv(un) = 5 [ ()~ @) M) (19

_ / (p1(2) — p2(2)) A(dz) (15)
z:p1(z)>p2(z)

1 - /min{pl(z),pg(z)})\(dz). (16)

If the state space x is bounded, then dy (11, 12) < drv (p1, pe) X [sup{p(z,y) :
x,y € x}], and in particular TV convergence implies Wasserstein convergence.
But in general, neither convergence implies the other. For example, in R, let
fn be the two-point probability distribution that has p,({0}) = 1 —n~! and
pn({n}) =n~1. Then p, converges to the point mass at 0 in the TV metric but
not in Wasserstein. Also, let v, be the probability distribution on [0, 1] with
density 1+ sin(2mnx); then v, converges to the uniform distribution on [0, 1] in
Wasserstein but not in TV.

The following result will be very useful in Section 4.

Lemma 3 Consider a deterministic measurable function g : Ax B — C. Let
W1 and Wy be two B-valued random variables, and let U be an A-valued random
variable that is independent of both W;’s. Define the C'-valued random variables
X1 and X5 by X; = g(UW;) (i =1,2). Then

dryv(X1,X2) < dpy(Wh,Wa).

Proof. Choose a joint distribution M (dwy, dws) of a random vector (Wl, Wg)
on B x B such that W; 4 W, for i = 1,2 and M{ W =+ WQ} = dpy (W, Wa).

Also, make (Wi, Ws) independent of U, and let X; = g(U, W;). Then X; 4 X;
fori=1,2, so

dry(X1,Xe) < M{X1 # Xo} < M{Wy #Wa} = dpy (Wi, Ws).

3 Convergence in the Wasserstein metric

3.1 Local contractivity condition and a convergence the-
orem

Our main tool to obtain quantitative bounds for convergence in Wasserstein
metric will be Steinsaltz’s local contractivity convergence theorem [22]. Below
we review this result in a form convenient for us.



Definition 4 An iterated function system is locally contractive if there exists a
function ¢ : X — [1,00) and r € (0,1) such that

Gn(x) = E[D.F,] < ¢(x)r™ foralln>1

where Dy f := limsup,_,, %. If this holds, then ¢ is called a drift
Sfunction.

Theorem 5 If an iterated function system is locally contractive with a drift
function ¢ and if

Cp = E |p(f(x),2) sup {¢(z +t(f(x) —x))}| < oo,

0<t<1

then the system is attractive (in particular, Fo(z) is independent of x) and

A (Fa(a), Pula)) < BplFu(o). Pu@)) < T2

for every x € x.

Steinsaltz [22] also gives a sufficient condition, called the growth condition,
for a function ¢ to be a drift function: a continuous function ¢ : X — [1,00) is
a drift function if r < 1, where

roi=

o(/())
sup & [ o)

Here is a short argument (different from the original proof in [22]) to see why. Let
L be the positive linear operator which maps a generic function g to the function
L(g)(z) = Elg(f(x))Df]. Then G, (z) = L™(1)(x), here 1 being the constant
function equal to 1. Note that the growth condition is equivalent to L¢ < r¢.
We will refer to any ¢ > 0 satisfying Lo < r¢ as an r-sub-eigenfunction for L.
Now, if ¢ > 1 and ¢ is an r-sub-eigenfunction, then G, (z) = L1 < L"¢ < r"¢
and hence ¢ is a drift function with rate 7.

We note that Proposition 8 of [23] shows that the existence of a ¢ satisfying
the growth condition is also necessary for local contractivity.

D.f|.

3.2 How to apply the local contractivity convergence the-
orem: Finding a drift function

Applying Steinsaltz’s local contractivity convergence theorem to a specific prob-
lem would be easy if one knew how to write down a drift function. Here we will
propose two practical strategies that can help us to do this.

The first strategy is to find a linear operator £ that dominates £ and is
simpler to manage. If ¢ is an r-sub-eigenfunction for £ then it is an r-sub-
eigenfunction for £ as well.

One kind of operator that we can manage is the following: Let {A4;}!, be
a finite partition of the state space x and let

Lo(x) = b() 3 1a, () / o(5)pi(ds) (17)
1=1 X



where b(x) is a positive function and each p; is a non-zero finite measure on x.

Theorem 6 Let £ be an operator of the form (17). In order for L to have an
r-sub-eigenfunction it is necessary and sufficient that the matriz

Q. j) = /A b(a)pi(da)

J

has an r-sub-eigenvector p = (p1,p2,-..,pn)t, i.e. pi > 0 Vi and Qp < rp.
Moreover, if p is an r-sub-eigenvector for Q) then the function

r) = ijlAj (2)b(z) (18)

(and any positive multiple of it) is an r-sub-eigenfunction for L.

Proof. If ¢ is an r-sub-eigenfunction of £, then b(z) doio11a, (@) [dle)p(c) <
r¢(z) by definition of L. Integrating both sides with respect to u; gives

i:/Aj b(:v),ui(dx)/(b(c)uj(dc) < T/(b(x)m(dx).

Therefore the vector p defined by p; := [ ¢u; is an r-sub-eigenvector for Q.
Conversely, if p is an r-sub-eigenvector for @) and if ¢ is as defined in (18) then

Lo(z) = bz Z ij/ s)ui(ds) < b(x ZlA x)rp; = ro(x).

Hence ¢ is an r-sub-eigenfunction, and so is any positive multiple of it. =

For the case n = 1, Theorem 6 implies the following.

Corollary 7 Assume b is a positive function and p is a finite measure such
that Lo(z) < b(x) fx @(s) p(ds) for every x € x and every positive ¢. Let
r = [b(s)u(ds). Then b is an r-sub-eigenfunction for L.

Note that for an r-sub-eigenfunction ¢ to be a drift function, it must be
greater than 1. If ¢ is bounded away from 0, we can get a drift function simply
by scaling ¢. However, if ¢ is not bounded away from 0, we first need to truncate
it as in the following lemma.

Lemma 8 Let ¢ be an r-sub-eigenfunction for L. Let € > 0, and define

6e(e) = > max{p(2), ¢} (19)

Define Ay := sup, E {f&ﬂ and r¢ := r + €Ag, and assume Ay < co. Then ¢

s an r.-sub-eigenfunction for L.

10



Proof. Since ¢.(x) > 1 for every x, and ¢;£f((;))) < ¢(f¢((”2))+6, we have

p [#) o/ (@) D.f

@(w)sz] = E{ o) o)

sz]+eE[ }SrJrer. (20)

The second strategy is to switch to an easier operator, analogously to switch-
ing from one measure to another by the use of a Radon Nikodym derivative.

Lemma 9 Assume that a positive linear operator L1 has the integral representa-
tion L1(¢)(x) = [d(y)K(z,dy) and let L2($)(x) = 5055 [ o)h(y) K (z, dy)
where h is a strictly positive function. Then ¢ is an r-sub-eigenfunction for L4
if and only zf% is an r-sub-eigenfunction for L.

Proof. It is enough to prove one direction only. Let ¢ be an r-sub-eigenfunction
for £1. Then

Ny = L [0 < 200)
2 (7) @ = g [ Tt <

In particular, this lemma tells us that if r := sup, K(z,x) < 1, then 1/h is an
r-sub-eigenfunction for Ls.

3.3 Example 1: Normal Gibbs Sampler

We shall use the techniques of Section 3.2 to find drift functions for the Gibbs
Sampler example of Section 1. Recall that without loss of generality we assume
K =0or1and £ = 0. The following Proposition gives three different drift
functions that are valid under different conditions on the parameters and the
data Y. It should be clear that other drift functions are possible; also, the
bounds r; can be tightened somewhat at the cost of additional effort and/or
more complicated expressions. For numerical illustrations, see the Remarks
following the proof of Proposition 11.

Proposition 10 (i) For given K >0, let

0+ DIWE+)FVELY o (VVE+ )(VIVE +3)

A=
2 a+2-1

If ry < 1, then for any € such that r1 ¢ =11 + €A <1, ¢y (2) := %max(e, T—lz)
is a drift function with rate 1 ..

(ii) Assume K = 1. Let ry := (a + %)é—i(|}7| + 1)([Y|+ ). Ifro < 1, then
d2(x) =1 is a drift function with rate ro. ’

(iii) Assume K = 1. Define

(V14 D+ DIVer J( 217 1 )
( )

A = =
2%2 @) Vor \(xd +1)3/2 T

(21)

11



1 _ 1 J(a+2)
and r3:= —(— | 4[Y[[1 - ————= | +log <—2 +1
V2T /J(azta) +1 Yo

If rs < 1, then for any e such that r3 . := r3 + €A < 1, the function ¢3 () =
L max(e,b(x)) is a drift function with rate 3.
Proof. The idea of the proof is that for each case, we find a sub-eigenfunction
¢ for the operator £, and, if necessary, we truncate ¢ as in Lemma 8 to obtain
a drift function.

Recall L(¢)(z) = E[¢(f(x))D, f] where

fz) = ¢

. 2

J( YK z
Yo+ 3y (mJ-i—K - m)
and G and Z are two independent random variables with I'(aw + J/2,1) and
N(0,1) distributions respectively. We shall frequently use (without reference)
the following two easy calculations for G and Z. Firstly, the definition of the
Gamma distribution implies
r (a + % + p)

R Oy

for p > — (a+ 2). (22)

Secondly, for all constants a, b, ¢, d, the Schwarz inequality and F(Z?) = 1 imply
E(la+bZ||c+dZ]) < Va2+b2c2+d? < (la|+|b)(|e|+d]).  (23)

(i) The local Lipschitz constant D, f is equal to the absolute value of the deriva-
tive f at x, so by direct computation

YK z
2
@J+K)* o g1 k)

_ 2\ 2
J YK Z
<EO +3 (xJ+K - ,/IJ+K) >

Let k, be the joint distribution of f(x) and D,, where

YK Z
(xJ+K) zJ+K

GJ?

D:l)f =

YK z
@I+E)? o 1K)

YK  Z
@J+K) ~ VzJiK

T = G

J2

and let K, (dc) = x? (
fore

Jocy<so ¥ kalde, dy)) Note that f(z)2D, = D, f. There-

£@)@) = BOG@) DA = B [6(e) [2Dy] = 5o [ oomK. o),

12



where h(c) = ¢®. Let £; be the operator defined by Li¢(x) := [ ¢(c)K,(dc)
and let £ = £. By Lemma 9, we see that if ¢ is an r-sub-eigenfunction for £
then % is an r-sub-eigenfunction for Lo = £. We find that

sup/ K.(d¢) = supz’E[D,]
P (PR D(FVE + )
= P IRy at7-1
= T1.

If 71 < 1, then ¢(x) = 1 is an ry-sub-eigenfunction for £1, and hence ¢1(x) =

72 is an r-sub-eigenfunction for £. Finally, note that for every = > 0,

YK YK Z
E[D””f] _ 5 (xJ)? G‘—m_zum_i‘

$2(2) (] + K)? : 22
<20 + % (Jf}( - ﬁ) )

Hence by Lemma 8, ¢ ¢ is a drift function with growth rate less than r + €A.

(4i) When K =1, sup, E(D,f) < r3. If r2 < 1 and we let ¢o(x) = 1 Vz, then
Lop2(x) = E(Dyf) < raga(x), and thus ¢a(z) is a drift function with rate rs.

(71i) We first derive a more explicit formula for £ and then we look for an
operator L of the form (17) with n = 1 that dominates £ (as in Corollary 7).
Note that we can write

£ = [ o0 ([ Az o) @
0 —00
where hyz t(,) is the joint density of (Z, f(z)), and

y
@I+1)? opr+n)3

Y

2 z
) @i \/a:J—i-l‘

A, (Z7 C) = ; 7 2
Yo+ 3 <zJ+1 - \/ﬁ)
(observe A, (Z, f(x)) = D, f by (24)). To simplify the formulae let us put

Y 2 Y z
As(2) = (xJ+1) Val+1 Balz) = (@] +1)2  202J+1)3

and u,(z) = o+ 2A4.(2)°

To find hz () we consider the mapping T, (2,9) = (z,9/u(2)). Note that
T.(Z,G) = (Z, f(x)). Ty(z,c) is one-to-one and T, 1(z,¢) = (z, c(uz(2))). Let
D be the Jacobian of T~'. We have hyz ¢(4)(2,¢) = hz,a(T, (2, ¢))| det D| and
|det D| = wu,(z); therefore,

hZ,f(m)(Z;C) = mum(2)6_22/2(cux(Z))(H_%_le_cum(z).

13



Now,

e’} 2
/ Az (z,0)hz fa)(2,c)dz = L X

—/ i e_z2/2Az(z)Bx(z)(cuz(z))aJr%_le_c“z(Z)dz).
2> L

Substituting v = cuy(2), and noting du = —c¢J Az (z)dz, we get

1
VaeJ+1

/ A.’r(zvc)h’Z,f(m)(Z7c)dZ =

— 00

/ J 04—}-%—16—1;><
>es I )2\/27r\/acJ +1
e,%wﬂ)%wﬁ,%)) V)| +
zJ +1 J \ec

mJi + %(——20) du.

> 2
—3 @I (V3 E )

Using the inequality ‘te_C(A+t)2 < |A|l + \/%*c (where A and t are real and

C > 0), we bound the term inside the brackets by 2 (:ilfi‘l + m) Hence

L(P)(x) z) [y ¢(c)H(cZo)de where b(z) is defined in (21) and H is one
minus the c. d f of our gamma varlable G, ie. H(z) = Pr{G > z}.

Next we compute r = fo H(cXg)de. Let g be the density of G. Note

/ Tl Az / (2)d

——H(c c = x)dz

0 (CJ + ]_)% 0 J xJ + 1 g

< % - ! (26)

\/fooo (% + 1) g(x)dx

2 1
J(‘;‘EE) +1

14



and

/O°° ch+ [ H(eXo)de = cl]/ooolog <:§£ + 1> g(z)dx
< élog (/OOO (;—i + 1) g9(z) dx) (28)
= §log (J((g%) + 1) (29)

where (26) and (28) follow from Jensen’s inequality. Therefore r < r3. We
conclude that ¢3 is an r3-sub-eigenfunction.
Using (23), we have

(a+ 3)J? Y z Y z
E(D.f) < E - -
(Daf) = 2 zJ+1  Vad+1| |[(@J+1)2  2(zJ+1)3/2

(a+9)J° Y| Y| 1
S20T 1 1) (m * 1) <(m+ ECR T 1))

 at DI (T
2% (ad + 1) (va—&-l + 1) b(z)

where b is defined in Equation (21). Hence sup, E[D,f/b(z)] < A. By
Corollary 7 and Lemma 8, the function ¢3 . is a drift function with growth rate
less than r3 .. m

Proposition 11 Define r; and r;  as in Proposition 10.
(i) Let K > 0, and assume oo+ J/2 > 2. If r1 . < 1, then for all x > 0 and all
n>1,

where

él,em — (l"i’M) X
) ZO

I3 [(?K)z Y K)*

J? ( 6(YK)*
1 Eg + 275K |eodk T 1} + 4(z2J+K)2 [(zJJrK)? Ry e +3}
max J, ]. —+

ela+J/2—-1)(a+J/2-2)
(ii) Assume K=1. If ro < 1, then for all z >0 and alln > 1,

J
x4 5z
dw (P{'(x,),m) < —— =17\
2

(111) Assume K=1. Ifrg . <1, then for all x > 0 and all n > 1,

é [
dW(Pln(x7')77Tl) < 1 2 TS,E
— T3,

15



A 21Y|+1 )
where  Cs ¢, = max{Lu} (x+a+J/ )
V21 Yo

Proof. (i) If ri . <1, then dw (Pgr(z,-),m) < Lres 7 . where

— 1-r1.

Cl,e,x = I |f(:17) - I| sup {¢1,6($ + t(f(d?) - x))}]

t€0,1]

< E :(f(:r)—kx)max{ex%,ﬁﬂ}}
< B :(f(x)er) <max{63102,1} + 6]0(136)2)]
<

PG+ 218 (mas{ 01f +

where the last line follows from the FKG inequality (see e.g. Theorem 3.17 of
[15]), since 1/f(x)? is a decreasing function of the random variable f(x). From

z+ E(f(z)) < z+ (30)

and [using Equation (22) with p = =2 > —(a + J/2)]

_ o\ 2
B = & (30§ (e ) ) | mes

_ 2 ) _ 4
X5+ JN0E [(—x?ffK - \/L?W) } +5E {(fo - \/me) }
(a+J/2—=1)(a+J/2—2) ’

and calculation of the expectations in the brackets in the above expression, we
find that C ¢, is an upper bound for C ¢ 5.
(i) If ro < 1 then ¢(z) =1 is a drift function with rate ro. Hence Theorem 5

implies that dw (Py*(x,-),m) < lcffz ry,and Cop = E(|f(z) —z|) <ax+ Q;O%
by Equation (30).

(i3) If rg. < 1, then dw (Pg(z,-),m) < Cseopn and Cser < Ef(zx) +

— 1-r1 L€ - .
z]sup, (¢3.(y)) < Cs.c o because of (30) and sup, (¢3,c(y)) = max {17 %\/2'—:1)}
|
Remarks:

(1) The criterion 7o < 1 is essentially the condition that logsup, E(D,f) < 0.

This is similar to the strong contractivity condition which says E(logsup, D, f) <
0. Logically, neither condition implies the other. Each implies the weaker con-

dition sup, , E(log[p(f (), f(y))/p(x,y)]) < 0 used in [1] to prove attractivity

(in a more restrictive setting).
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Case J (0] Y 20 1 T2 r3
A 10 1 1.5 60 1 5/6 0.97...
1
1

05 5 |06 5.25 1.02...
1 12 1 1.2 1.82... 0.9368...

Table 1: Values of r1, r2, and r3 in three cases of the Normal Gibbs Sampler with
K = 1. Observe that 72 is best in Case A, r; in Case B, and r3 in Case C. Numbers
with “...” have had trailing digits truncated; other numbers are exact.

(2) In the Bayesian model, as the number of observations J increases, ¥ and
Yo/J both converge (to # and o respectively). Therefore, for large .J, we expect
r1 to be small, but 75 and r3 to be large.

(3) (K=1) To illustrate the calculations in the preceding propositions, we con-
sidered some cases with 5 < J <10, a =1, 0.5 <Y < 1.5, and 5 < &y < 60.
As shown in Table 1, it is possible for any one of r1, r9, or r3 to be less than
the other two.

(a) In Case A, we have 75 = 5/6 and Cs, = 2 + 0.1. Hence for z = 1 we have

dw (P (1,-),m) < 6.6%(5/6)"  for n > 1 in Case A.

In particular, dw (P;*(1,-),71) < 0.01 for n > 36 in Case A.

(b) For Case B, we have m = 0.6 and A = 0.21. We want to have r1 . < 1,
where 71 = 0.6 + 0.21e. Suppose we choose € = 0.5. Then . = 0.705 and
Clew < (16 +max{1,2272})(z + 0.7) for all z > 0. For = = 1, we obtain

dw (P*(1,-),m) < 104%0.705"  for n > 1 in Case B.

In particular, dw (Pf*(1, ), m) < 0.01 for n > 27 in Case B.
(c) In Case C, we have r3 < 0.9369 and A < 0.305. Choosing € = 0.01 gives
r3.e < 0.94 and C3 ., < 599(x + 0.3). For = 1, we obtain

dw (P*(1,-),m) < 12980%0.94"  for n > 1 in Case C.

Therefore dw (PJ*(1,-),m) < 0.01 for n > 228 in Case C.

(4) (K=0) Consider the three cases of Table 1, but now using the prior distribu-
tion with K = 0. Table 2 gives the calculations of Propositions 10(i) and 11(%)
(note r1 = 1/[2a + J — 2]); the last column is the bound on the Wasserstein
distance from equilibrium after n iterations, started from x = 1. We find that
dw (P (1,-),m) < 0.01 for n > 5 in Case A, and for n > 6 in Cases B and C.

4 From Wasserstein Distance to Total Variation
Distance

4.1 One-shot coupling

In this section we present Theorem 12, our main tool for converting Wasser-
stein convergence rates to total variation convergence rates. Various methods

17



Case 1 A € T1,e Cl,e,:c dw(Pal(l, '), 7T0) <
A 0.1 1/1200 1 0.1008... 2024... 226 * (0.101)™
B 0.2 0.07 0.5 0.235 31.28... 40.9 % (0.235)™
C 0.2 0.012... 1 0.212...  55.28... 70.3 % (0.213)"

Table 2:  Values of expressions from Propositions 10(i) and 11(¢) for the Normal
Gibbs Sampler with K = 0, for the cases given in Table 1. The values of € were chosen
somewhat arbitrarily. We use x = 1 in all cases. Numbers with “...” have had trailing
digits truncated; other numbers are exact.

of coupling have been used for proving convergence in TV distance [5, 13, 19].
Although not explicit in the final formulation, the idea behind this theorem is
a certain kind of coupling method, called one-shot coupling, which has been
successfully applied to iterated function systems by Roberts and Rosenthal [18]
(see also [2, 12]). We describe this method now.

We shall consider two copies of a Markov chain, running simultaneously. Let
Sy and Sy be two initial values for this chain (possibly random with some joint
distribution). Let {f:} be a sequence of i.i.d. random maps that defines this
Markov Chain. Define

Sy = fu(Si—1) and S, = fi(S,_) fort=1,...,n—1.

That is, we use the same realization of the functions f; on both copies of the

chains, up to time n— 1. Suppose at time n, we can find two copies fn and fn of
fn, that are independent from everything earlier (but not independent of each

other), such that with high probability we have f,,(Sn_1) = fn(Sn—1). (The
name “one-shot coupling” refers to the fact that we only try to coalesce the two
copies of the chain at the single time n.) By the representation (13), this would
imply that .S,, and S, are closp to each other in TV distance. Two conditions

help us to find such fn and fn: First, S,,_1 and S,_1 need to be reasonably
close; and second, the density functions of the two random variables f;(x) and
fi(y) need to have a large overlap when z and y are close. Theorem 12 is a
precise refinement of this argument.

In what follows, let (x, p) be a complete separable metric space, and let P be
a transition probability operator on the state space x. Assume that P has a den-
sity p with respect to some reference measure A [i.e., P(z,dz) = p(z, z) A\(dz)].
Let p be any probability distribution on y, and let m be a stationary probability
distribution for P.

Theorem 12 (a) Assume that there is a constant A such that
/ Ip(z,2) — p(y,2)| A(dz) < Ap(x,y) for all z,y € x. (31)
X

Then 4
dry (pP", m) < 3 dw (uP" 1) for alln > 1.

18



(b) Assume the following conditions hold:
(1) There exists a function h > 0 on x such that

p(z,y) ,
/X|P(~T7z) — p(y,2)| Mdz) < max{h(z), h(y)} for all z,y € x; and (32)

(ii) There exist positive constants B, q, and ey such that
7m({y : h(y) <e}) < Bel  foralle in (0,¢€). (33)

Let C = (2¢)~%/ 049 max{(q 4+ 1)BY/ (49 (Bley)~1/1+D} . Then

dpy (uP™,7) < C [dW(upnfl,ﬂ')] 4/(+q) for alln > 1. (34)

Remarks:

(1) If we also know limsup,,_, . [dw (uP™, m)]*/" < p <1, then the conditions
of Theorem 12(b) imply that limsup,, .. [dpy (uP", 7)Y/ < pt/(+a),

(2) Observe that condition (31) should not be expected to hold uniformly for
x and y near 0 in the random logistic model. Indeed, as x decreases to 0,
the density of fi(x) becomes more and more peaked near 0. Essentially this is
because 0 is a fixed point of the continuous random function f;. The same thing
happens in the Gibbs Sampler example when K is 0.

(3) Lemma 3 will be useful in obtaining bounds of the form (31) or (32).

Our first step in proving the above theorem is the following calculation.

Lemma 13 Let n and v be probability measures on x. Let U be a probability
measure in Joint(n,v). Then

dry(nP,vP) < 7///\px z ,2)| A(dz) ¥ (dz, dy) . (35)

Proof. Since (nP)(dz) = ([, n(dx)p(x,z)) A(dz) and similarly for vP, we
apply Equation (14) to obtain

1
dTv(77137 VP) = -

5 A(dz)

n(de) pla, z) - / v(dy) p(y, 2)

[ vto oy wiasay) - [ [ p(y,zmdmy)’ A(d2)

///'P“ — p(y, )| A(dz) ¥(dz,dy) . -

Proof of Theorem 12. We shall apply Lemma 13 withn = uP* ' andv =7
(= 7P). Recall from Section 2 that there is a probability measure ¥ =¥, ,, in
Joint(n, v) such that dw (n,v) = [ f p(x,y) ¥(dx,dy). The proof of part (a)
follows immediately.

IN
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For part (b), let € > 0. Observe that the left-hand side of Equation (32) is
never greater than 2. Then Lemma 13 and the assumption (32) imply that

drv(nP,vP) < 1Ia + Ip, (36)

where

1 p(a,y)

Iy = - // _PBY) (g, dy)
2 {z,y: max{h(z),h(y)}>€} max{h( ) h(y)}
and // V(dz, dy).
{z,y : max{h(z),h( )}<e}

Note that

1 d
,// @) G gy < DY)
2 J Joy max{a@),h(y)}=ey € 2e

and Ip < w({y : h(y) < €}). Combining these bounds with the assumption
(33) tells us that

dw (uP™= 1 )
2¢€

Let A,, = dw (uP"1, ), and consider the function G,,(¢) = A,,/(2¢) + Be.

dry (uP", m) < + Be?  forall e € (0,¢).

. . A, \ /0t
Simple calculus shows that G, is minimized at €, := (2—3"'q> , and the

minimum value of the function is Gy(e,) = CBqA%/(Hq) where Cp, =

(¢ + 1)(Bg~ 12 )/(+0) et ap = Qqué"'q. If A, < ap, then €, < ¢,
so dry (uP™ ) < Gulen). It A, > ap, then trivially dpy (uP™,m) < 1 <
ag /0T 42/0FD - Thys Equation (34) holds with €' = max{Cpg,, ag ¥}
[

4.2 Example 1: Normal Gibbs Sampler

We return to the Gibbs sampler example described in Section 1. Recall that we
write Pk, pr, and mx to denote the corresponding transition kernel, density,
and stationary distribution, where K € {0,1} without loss of generality.

Proposition 14 Let pu be an arbitrary initial probability distribution on (0, c0).
Then

J Y| 1
d Pl < —(1+—)d P’ =1,2,... 37
rerim) < 5 (14 L) dwerptm) jorn=12 @
and y
dTV(,uP0n77r0) < CdW(/J'P(;L_lvTFO)w forn:1727"'7 (38)
where
2+ J -1 = J+1
= —— d = ) e(tmw)Fo (g -1
%t Tr1 " C ( + 3 > 2a+J—-1)""

20



Before proceeding, let us revisit the numerical examples of Table 1, as discussed
in the Remarks following Proposition 11.

(a) (K = 1:) If dw(puPlr,m) < QS™ for some constants  and S, then
dry(pPp,m) < 2(1+ |Y|/V21)(Q/S)S™. Thus, for the case that y is the
point mass at = 1, we obtain the following upper bounds on dry (pu P, m1):
63.3(5/6)™ in Case A, 443(0.705)™ in Case B, and 48294(0.94)" in Case C. Hence
the total variation distance to equilibrium is less then 0.01 when n > 49 in Case
A, when n > 31 in Case B, and when n > 249 in Case C.

(b) (K = 0:) We have w = 11/13 in Case A, and w = 3/4 in Cases B and
C. Numerical values for C' (rounded up) are 8722 in Case A, 3.642 in Case B,
and 20.96 in Case C. If we know that dw (u P, m0) < QS™, then we obtain
drv (P, mo) < C(Q/S)™(S™)™. Thus, for the case that y is the point mass at
x = 1, we obtain the following upper bounds on drv (u g, mo): 5958000(0.144)™
in Case A, 174.6(0.338)™ in Case B, and 1624(0.314)™ in Case C. Therefore
dry (PJ(1,-),m) < 0.01 for n > 11 in Cases A and C, and for n > 10 in Case
B.

Logically, the proof of this proposition belongs at the end of this section,
since it relies on several lemmas that have not yet been proved. However, we
shall present the proof now, since it serves as a guide for what is to come.

Proof of Proposition 14. Equation (37) follows from Theorem 12(a) and
Lemma 16 below. Equation (38) follows from Theorem 12(b) and Lemmas 17
and 18 below. In Theorem 12(b), we use ¢ = a+(J —1)/2, B =€, and ¢y = 1
(all courtesy of Lemma 18), and it is not hard to check that, in the definition
of C, the first term inside the max exceeds the second. m

The proof of Lemma 18 relies on our knowledge of the explicit form of the
equilibrium distribution (which is known in many MCMC problems). The proofs
of Lemmas 16 and 17 rely heavily on Lemma 3, together with the following
technical lemma.

Lemma 15 Let Z be a standard normal random variable.
(a) Let a and b be positive constants. Then dry %, % < |a—b|/ max{a,b}.

(b) Let t be a real constant. Then drv(Z,Z +1t) < |t|/V27.

Proof. For positive z, let ¢,(-) be the probability density function of Z/+/z,
ie. du(t) = JZe "2 (LeR).

(a) Without loss of generality, assume that 0 < a < b. Using Equation (15) and
e=at’/2 5 e=b/2 o obtain

7z 7z b, a 2
w(Z2) - [ (fEewn [T
va' Vb tigu(t)>da(t) \ V2T 2m
< / /ie—bt2/2 _ ie—btz/z dt
t:gn()>0a(t) \ ¥ 2T V 2
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< W-va) [ et
B |b — al
= (\/5*\/5)% < .

Since b = max{a, b}, this proves part (a).

(b) Let ¢ = ¢1, the probability density function of Z. Then ¢(- — t) is the
probability density function of Z 4 ¢t. By symmetry, we can assume that ¢ > 0.
Observe that the function min{¢(u),d(u — t)} equals ¢(u) for u > t/2 and
is symmetric (with respect to w) about u = ¢/2. Using this observation with
Equation (16) shows that

drv(Z,Z +t) = 1-— /00 min{¢(u), p(u —t)} du
0o t/2 t
= 1-2 o o(u)du = 7t/2¢( u)du < Word

where we have used the bound ¢(u) < 1/4/2 for all u. This proves part (b). m

Lemma 16 (K =1) For all positive x and y,
drv(Pi(z,7), Pi(y, ) < Jlo =gl (14 V]/V2r).

Proof. For given s > 0, pi(s,-) is the probability density function of (8) with

K =1 and £ = 0. Therefore Lemma 3 implies that

Z Y Z Y
a

dTV(Pl(x")?'Pl(ya )) < drvy <\/a — —

) % - b
wherea=xzJ+ 1, b=yJ + 1, and Z ~ N(0,1). Then we have

dry (Pi(z,-), Pi(y,-) = dTV<\Zf \Z/ Y[l_%D
dTv<f \/_>+dTV(\/' \Zf Y{b_aD

AR )
b—al . [Y[b—ad]

max{a,b} V21 avb

Finally, since |a — b| = J|x — y| and a,b > 1, the Lemma follows. ®

IN

(by Lemma 15) .

Lemma 17 (K =0) For all positive x and y,

dTv(Po(l‘,'),PO(y)')) = %/Ooo |p0($72)—p0(y,2)|d2’ < mlaxx{_xyy}'
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Proof. The equality in the lemma comes from Equation (14). Recall from Equa-
tion (9) that po(,-) is the probability density function of G/(3 + 3[Z/v/]?),
where G has a particular Gamma distribution and Z has the standard nor-
mal distribution. Therefore Lemma 3 implies that dry (Po(z,-), Po(y, ) <

dry (%, %) and Lemma 15(a) completes the proof. m

Lemma 18 (K =0) 7 ([0,¢]) < eZ0e*tU=U/2 for all e in (0,1].

Proof. The density mo(s) is the integral over 6 of the posterior density p(6, s|Y),
which is given by Equation (2) with K = 0. Using Equation (5), we see that

1 _
p(0,s]Y) = ¢ s 12 oxp[—sJ (Y — 0)2/2)e %0 for s >0and # € R

where ¢ = ((a, J,2p,Y) is the normalizing constant. Truncating the double
integral that defines ¢ shows that

1 00
¢ > e > / / s 2 exp[—sJ (Y — 0)2/2] df ds .
0 —o0
Therefore, for € in (0, 1],

7 ([0,€]) < %/6 /OO s 2 expl—sJ (Y — 0)2/2] df ds
0 J—oo

€ a—3/24+7/2
0 fo S /2 ds

— (Soga—1/24J/2
1 . )
fO s@—3/2+J/2 (g

<

using [*_exp[—sJ(Y —0)?/2]d6 = (2mJs)~1/? in the second inequality. m

Remark: Although we did not do it, one can compute { exactly when K =
0. In most practical MCMC applications, the normalizing constant is hard to
evaluate or even estimate—which is one reason that people use MCMC instead
of numerical analysis. Our proof of Lemma 18 shows that even in less tractable
problems, one may be able to compute constants B and ¢y for Equation (33).

4.3 Example 2: Random Logistic Maps

Recall that we are considering i.i.d. random maps f1, fa,... on [0,1] defined by
filz) = 4B;z(1 — x),

where B; ~ Beta(a + 3,a — 3) [a > 3], and that the Beta(a,a) distribution is
the unique stationary distribution for the iterated function system.

In this subsection we prove Theorem 1. The proof of this theorem is similar
to the proof of the K = 1 part of Proposition 14.

We begin with some notation. Let b(t) be the density of the B;’s, i.e.

b(t) K, to=Y2(1 —)2=3/2 for0<t <1
- 0 otherwise
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where K, = I'(2a)/T'(a+ 3)I'(a — 3). Let
Q(z) = 4dz(1—z) for0<z<1.

Observe that 0 < Q(z) <1 for 0 <z < 1. For a given x € (0,1), let b, () be
the probability density function of B;Q(x); i.e.,

1 zZ
0 otherwise.

Next, let p(z, z) denote the transition density of the Markov chain corresponding
to the iterated logistic maps. Then we have

p(z,2) = by(z) forx,z€][0,1]. (39)
Lemma 19 For the iterated logistic maps with a > 1/2, we have

8aly — x|
max{Q(z), Q(y)}

Proof. Without loss of generality, assume that 0 < Q(z) < Q(y). By Equation
(39) and Proposition 2 and some calculation similar to what was done in the
proof of Lemma 15, we have

1 1
5/ Ip(z, 2) — p(y, z)| dz < for z,y € (0,1).
0

1 1
5 [ ) - pw)lds = [ (b2(2) ~ by (2)) d
0 {z:bz(2)>by(2)}

Za71/2(Q(l‘) _ Z)a73/2
= Ko 2a—1 -
(2:ba(2)>by (2)} Q(x)

2 2QLy) = 2
dwr )

a1 (@) —2)° 732
) ‘/{z:bz(z)>by(z)} Ra < Q(z)2a-1
(Q(z) — z)+=3/2
o)
[since Q(y) — z > Q(x) — z > 0]

B ( 1 B 1 > "
Q@) Q(y)!
/ K, Zafl/Q(Q(x) _ Z)a73/2 dz
{z:ba(2)>by(2)}

- Q(Jf) 2a—1 Q(x) K, Za_1/2(Q(Z’) _ Z)a—3/2
= (l (50 ) | Q) *
Q(

- 1- (ﬁ)za_l. (40)
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We now observe that for p > 0,
vP —uP < max{p,1}vP v —u| forv>u>0, (41)

(for 0 < p < 1 this is simple algebra, and for p > 1 this follows from applying the
Mean Value Theorem to the function ¢ — ¢P). Next, since |Q'(z)] = [4—8x| <
4, the Mean Value Theorem implies that

Qy) — Q)| < 4ly—=| forz,ye[0,1]. (42)

Finally, for 0 < Q(z) < Q(y), Equations (40), (41), and (42) imply

Q(y)2a—1 _ Q($)2a_1
o max{(2a —1),1}|Q(y) — Q(z)|
- Qy)
< [((2a — 1)+ 1]4|y — z
- Qy) '

This proves the lemma. m

We can now apply Theorem 12(b) as follows. Let p = J, (point mass at x)
and let 7, be the equilibrium g, , distribution. Also let A be Lebesgue measure
and let the function h(-) be Q(-)/(16a). Then Lemma 19 proves Condition ()
of Theorem 12(b). For Condition (i¢), we need to estimate 7,({y € [0,1] :
h(y) < €}) for small positive e. Let A = 16a. Observe that if Q(y)/A < €
and 0 < y < 1/2, then Ae > 4y(1 —y) > 4y(1/2), so y < Ae/2. Similarly, if
Qy)/A < eand 1/2 <y <1, then y > 1 — Ae/2. Therefore, for a > 1 and
0 <e<1/A, we have

ma({y € [0,1] : h(y) < €})
7a([0, Ae/2)) + mo([1 — Ae/2,1))
2m,([0, Ae/2)) [since 7, is symmetric about 1/2]

Ae/2 _
= K, / "1 =) tdt  [where K, =T(2a)/T'(a)?]  (43)

Ae/2
< K, / to bt (44)
0

K, (8ae)®
a

Therefore Equation (33) holds with ¢ = a, B = K,8%a®*', and ¢y = 1/(16a).
For 1/2 < a < 1, everything is the same except we use the bound (1 —#)¢~1 <
2174 for 0 < t < 1/2 in the integrand of (43), obtaining an extra multiplicative
factor of 21~ in Equation (44) and hence B = 2K,4%*'. Thus we have
shown that Theorem 1 follows from Theorem 12(b).
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