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An interesting line of research is the investigation of the laws of random variables known as
Dirichlet means. However there is not much information on inter-relationships between different
Dirichlet means. Here we introduce two distributional operations, which consist of multiplying
a mean functional by an independent beta random variable and an operation involving an expo-
nential change of measure. These operations identify relationships between different means and
their densities. This allows one to use the often considerable analytic work to obtain results for
one Dirichlet mean to obtain results for an entire family of otherwise seemingly unrelated Dirich-
let means. Additionally,it allows one to obtain explicit densities for the related class of random
variables that have generalized gamma convolution distributions, and the finite-dimensional dis-
tribution of their associated Lévy processes. The importance of this latter statement is that
Lévy processes now commonly appear in variety of applications in probability and statistics,
but there are relatively few cases where one has described the relevant densities explicitly. We
demonstrate how the technique allows one to obtain the finite-dimensional distribution of several
interesting subordinators recently appearing in the literature
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1. Introduction

In this work we present two distributional operations which identify relationships be-
tween seemingly different classes of random variables which are representable as linear
functionals of a Dirichlet process, otherwise known as Dirichlet means. Specifically the
first operation consists of multiplication of a Dirichlet mean by an independent beta
random variable and the second operation involves an exponential change of measure to
the density of a related infinitely divisible random variable having a generalized gamma
convolution distribution (GGC). This latter operation is often referred to in the statisti-
cal literature as exponential tilting or in mathematical finance as an Esscher transform.
We believe our results add a significant component to the foundational work of Cifarelli
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2 Lancelot F. James

and Regazzini (6; 7). In particular, our results allow one to use the often considerable
analytic work to obtain results for one Dirichlet mean to obtain results for an entire
family of otherwise seemingly unrelated mean functionals. It also allows one to obtain
explicit densities for the related class of infinitely divisible random variables which are
generalized gamma convolutions, and an explicit description of the finite-dimensional
distribution of their associated Lévy processes,(see Bertoin (1) for the formalities of gen-
eral Lévy processes). The importance of this latter statement is that Lévy processes now
commonly appear in variety of applications in probability and statistics, but there are
relatively few cases where one has described the relevant densities explicitly. A detailed
summary and outline of our results may be found in section 1.2. Some background infor-
mation, and notation, on Dirichlet proceses and Dirichlet means, their connection with
GGC random variables, recent references and some motivation for our work are given in
the next section.

1.1. Background and motivation

Let X be a non-negative random variable with cumulative distribution function F'x. Note
furthermore for a measurable set C, we use the notation F'x(C) to mean the probability
that X isin C. One may define a Dirichlet process random probability measure, see Freed-
man (18) and Ferguson (16; 17), say Py, on [0, 00) with total mass parameter 6 and prior
parameter Fx, via its finite dimensional distribution as follows; for any disjoint partition
on [0,00), say (Cy,...,C%), the distribution of the random vector (Py(C1),..., Pp(Ck))
is a k-variate Dirichet distribution with parameters (6 Fx(C1),...,0Fx(Cy)). Hence for
each C,

P@(C) = /OOC ]I(CC S C)Pg(dx)

has a beta distribution with parameters (0Fx(C),0(1 — Fx(C))). Equivalently setting
OFX(CZ‘) = 91' for i = 1,...7]6,

e Iy
9
where (Gy,) are independent random variables with gamma(;, 1) distributions and Gy =
Gy, + -+ + Gy, has a gamma(f, 1) distribution. This means that one can define the
Dirichlet process via the normalization of an independent increment gamma process on
[Oa OO), say 79(‘); as

N 7e()
Bl = 2 0.00))

where v5(C;) < Gy, and whose almost surely finite total random mass is v ([0, 00)) L Gy.
A very important aspect of this construction is the fact that Gy is independent of Py, and
hence any functional of Py. This is a natural generalization of Lukacs’(35) characterization
of beta and gamma random variables, whose work is fundamental to what is now referred
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3

to as the beta-gamma algebra, (for more on this, see Chaumont and Yor ((5), section
4.2)). See also Emery and Yor (12) for some interesting relationships between gamma
processes, Dirichlet processes and Brownian bridges. Hereafter, for a random probability
measure P on [0,00), we write

P~ 1y py,

to indicate that P is a Dirichlet process with parameters (0, F'x).

These simple representations and other nice features of the Dirichlet process have,
since the important work of Ferguson (16; 17), contributed greatly to the relevance and
practical utility of the field of Bayesian non and semi-parametric statistics. Naturally,
owing to the ubiquity of the gamma and beta random variables, the Dirichlet process
also arises in other areas. One of the more interesting, and we believe quite important,
topics related to the Dirichlet process is the study of the laws of random variables called
Dirichlet mean functionals, or simply Dirichlet means, which we denote as

My(Fy) 2 /OOO 2 Py(dz),

initiated in the works of Cifarelli and Regazzini (6; 7). In (7) the authors obtained an
important identity for the Cauchy-Stieltjes transform of order #. This identity is often
referred to as the Markov-Krein identity as can be seen in for example, Diaconis and
Kemperman (10), Kerov (28) and Vershik, Yor and Tsilevich (40), where these authors
highlight its importance to, for instance, the study of the Markov moment problem, con-
tinued fraction theory and exponential representation of analytic functions. This identity
is later called the Cifarelli-Regazzini identity in (21). Cifarelli and Regazzini (7), owing to
their primary interest, used this identity to then obtain explicit density and cdf formulae
for My(Fx). The density formulae may be seen as Abel type transforms and hence do not
always have simple forms, although we stress that they are still useful for some analytic
calculations. The general exception is the case of § = 1 which has a nice form. Some
examples of works that have proceeded along these lines are Cifarelli and Melilli (8),
Regazzini, Guglielmi and di Nunno (38), Regazzini, Lijoi and Priinster(39), Hjort and
Ongaro (20), Lijoi and Regazzini (32), and Epifani, Guglielmi and Melilli (13; 14)).
Moreover, the recent work of Bertoin, Fujita, Roynette and Yor (2) and James, Lijoi and
Priinster (25) (see also (23) which is a preliminary version of this work) show that the
study of mean functionals is relevant to the analysis of phenomena related to Bessel and
Brownian processes. In fact the work of James, Lijoi and Priinster (25) identifies many
new explicit examples of Dirichlet means which have interesting interpretations.

Related to these last points, Lijoi and Regazzini (32) have highlighted a close connec-
tion to the theory of generalized gamma convolutions (see (3)). Specifically, it is known
that a rich sub-class of random variables having generalized gamma convolutions (GGC)
distributions may be represented as

Ty L GoMy(Fy) < /OOO ayo(dx). (1.1)
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4 Lancelot F. James

We call these random variables GGC(0, Fx). In additon we see from (1.1) that Tj is a
random variable derived from a weighted gamma process, and hence the calculus dis-
cussed in Lo (33) and Lo and Weng (34) applies. In general GGC random variables are
an important class of infinitely divisible random variables whose properties have been
extensively studied by (3) and others. We note further that although we have written a
GGC(0, Fx) random variable as Gy My(Fx) this representation is not unique and in fact
it is quite rare to see Ty represented in this way. We will show that one can in fact exploit
this non-uniqueness to obtain explicit densities for Ty even when it is not so easy to do
so for My(Fx). While the representation GgMy(Fx) is not unique it helps one to un-
derstand the relationship between the Laplace transform of Ty and the Cauchy-Stieltjes
transform of order 6 of My(Fx), which indeed characterizes respectively the law of Ty
and My (F'x). Specifically, using the independence property of Gy and My(Fx), leads to,
for A > 0,

Ele™T] = B[(1 + AMy(Fx)) "] = o O¥rx ) (1.2)

where

Y (N) = /000 log(1 + Az)Fx (dx) = E[log(1 + AX)]. (1.3)

is the Lévy exponent of Ty. We note that Ty and My(Fx) exist if and only if ¢ g, (A) < 00
for A > 0, (see for instance (9) and (3)). The expressions in (1.2) equates with the the
identity obtained by Cifarelli and Regazzini (7), mentioned previously.

Despite these interesting results, there is very little work on the relationship between
different mean functionals. Suppose, for instance, that for each fixed value of 6 > 0,
My(Fx) denotes a Dirichlet mean and (My(Fz,);c > 0) denotes a collection of Dirichlet
mean random variables indexed by a family of distributions (Fz_; ¢ > 0). Then one can
ask the question, for what choices of X and Z. are these mean functionals related, and
in what sense? In particular, one may wish to know how their densities are related. The
rationale here is that if such a relationship is established, then the effort that one puts
forth to obtain results such as the explicit density of My(Fx), can be applied to an
entire family of Dirichlet means (My(Fz_);c > 0). Furthermore since Dirichlet means
are associated with GGC random variables this would establish relationships between
a GGC(#, Fx) random variable and a family of GGC(0, Fz,) random variables. Simple
examples are of course the choices Z, = X 4 ¢ and Z, = c¢X, which, due to the linearity
properties of mean functionals, results easily in the identities in law

Me(FXJrc) = C+M9<Fx) and Mg(ch) = CMQ(FX)

Naturally, we are going to discuss more complex relationships, but with the same
goal. That is, we will identify non-trivial relationships so that the often considerable
efforts that one makes in the study of one mean functional My(Fx) can be then used to
obtain more easily results for other mean functionals, their corresponding GGC random
variables and Lévy processes. In this paper we will describe two such operations which
we elaborate on in the next subsection.
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1.2. Outline and summary of results

Section 1.3 reviews some of the existing formulae for the density and cdf of Dirichlet
means. In Section 2, we will describe the operation of multiplying a mean functional
My, (Fx) by an independent beta random variable with parameters (6o, 6(1 — o)), say,
Boo,0(1—0) Where 0 < o < 1. We call this operation beta scaling. Theorem 2.1 shows
that the resulting random variable By, 9(1—0) Moo (Fx) is again a mean functional but
now of order 6. In addition, the GGC(fo, Fx) random variable Go, My, (Fx) is equiv-
alently a GGC random variable of order 6. Now keeping in mind that tractable densi-
ties of mean functionals of order # = 1 are the easiest to obtain, Theorem 2.1 shows
that by setting & = 1, the densities of the uncountable collection of random variables
(Bo1—oMs(Fx);0 < 0 < 1), are all mean functionals of order § = 1. Theorem 2.2 then
shows that efforts used to calculate the explicit density of any one of these random vari-
ables, via the formulae of (7), lead to the explicit calculation of the densities of all of
them. Additionally, Theorem 2.2 shows that the corresponding GGC random variables
may all be expressed as GGC random variables of order # = 1, representable in dis-
tribution as G10,1-6My(Fx). A key point here is that Theorem 2.2 gives a tractable
density for 8, 1-oM,(Fx) without requiring knowledge of the density of M, (Fx), which
is usually expressed in a complicated manner. These results also will yield some non-
obvious integral identities. Furthermore, noting that a GGC(6, Fix) random variable, Ty,
is infinitely divisible, we associate it with an independent increment process ((p(t);t > 0)
known as a subordinator ,(a non-decreasing non-negative Lévy process), where for each

fixed t,
]E[e_/\@(t)} =Ele o] = e~ t0Vrx (V)

That is, marginally (p(1) L Ty and (p(t) 4 Cor(1) 4 Ty:. In addition, for s < t, (g(t) —

Co(s) 4 Co(t — s) is independent of (y(s). We say that the process ((p(t);t > 0) is a
GGC(0, Fx) subordinator. Proposition 2.1 shows how Theorems 2.1 and 2.2, can be
used to address the usually difficult problem of describing explicitly the densities of the
finite-dimensional distribution of a subordinator (see (29)). This has implications in,
for instance, the explicit description of densities of Bayesian nonparametric prior and
posterior models. But clearly is of wider interest in terms of the distribution theory of
infinitely divisible random variables and associated processes.

In Section 3, we describe how the operation of exponentially titling the density of a
GGC(#, Fx) random variable leads to a relationship between the densities of the mean
functional My(Fx) and yet another family of mean functionals. This is summarized in
Theorem 3.1. Section 3.1 then discusses a combination of the two operations. Proposi-
tion 3.1 describes the density of beta scaled and tilted mean functionals of order 1. Using
this, Proposition 3.2 describes a method to calculate a key quantity in the explicit de-
scription of the density and cdf of mean functionals. In section 4 we show how the results
in sections 2 and 3 are used to derive the finite dimensional distribution and related
quantities of a classes of subordinators suggested by the recent work of James, Lijoi and
Priinster (25) and Bertoin, Fujita, Roynette and Yor (2).
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6 Lancelot F. James

1.3. Preliminaries

Suppose that X is a positive random variable with distribution Fx, and define the
function

Dy () = / loglt — 2(t # ) Fx (dz) = Eflog(|t — X|)I(t £ X)].

Furthermore, define
1
Ag(t|Fx) = = sin(m0Fx (t))e 0®rx 1),
™

where using a Lebesque-Stieltjes integral, Fx(t) = f(f Fx(dx). Cifarelli and Regazz-
ini (7) (see also (8)), apply inversion formula to obtain the distributional formula for
My(Fx) as follows. For all 6 > 0, the cdf can be expressed as

/x (x — ) T Ag(t|Fx)dt (1.4)
0

provided that 6Fx possesses no jumps of size greater than or equal to one. If we let
€ory (+) denote the density of My(Fx), it takes its simplest form for § = 1, which is

Epy (z) = Ay (z|Fx) = %sm(wa(x))e*‘P(w). (1.5)

Density formulae for § > 1 are described as

Cory ()= (0—1) /0 (z — )" 2 Ay (t| Fx)dt. (1.6)

An expression for the density, which holds for all § > 0, was recently obtained by
James, Lijoi and Priinster (25) as follows,

1 [ _
Comy () = ;/ (2 — )7 dy (] F )t (1.7)
0
where p
do(t|Fx) = pn sin(rOFx (t))e ®),

For additional formula, see (7; 38; 32).

Remark 1.1. Throughout for random variables R and X, when we write the product
RX we will assume unless otherwise mentioned that R and X are independent. This
convention will also apply to the multiplication of the special random variables that are
expressed as mean functionals. That is the product My(Fx)My(Fz) is understood to be
a product of independent Dirichlet means.

Remark 1.2. Throughout we will be using the fact that if R is a gamma random
variable, then the independent random wariables R, X,Z satisfying RX L Rz imply

that X % Z. This is true because gamma random variables are simplifiable. For precise
meaning of this term and conditions, Chaumont and Yor (5, sec. 1.12 and 1.13). This
fact also applies to the case where R is a positive stable random variable.
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2. Beta Scaling

In this section we investigate the simple operation of multiplying a Dirichlet mean
functional My(Fx) by certain beta random variables. Note first that if M denotes an
arbitrary positive random variable with density fp;, then by elementary arguments it
follows that the random variable W <% BapM, where B, is beta(a, b) independent of M,
has density expressible as

Fu (w) = m /0 Far(w /) u=2(1 — u)*du.

However it is only in special cases where the density fy can be expressed in even simpler
terms. That is to say, it is not obvious how to carry out the integration. In the next
results we show how remarkable simplifications can be achieved when M = My(Fx),
in particular for the range 0 < # < 1, and [, is a symmetric beta random variable.
First we will need to introduce some additional notation. Let Y, denote a Bernoulli
random variable with success probability 0 < ¢ < 1. Then if X is a random variable
with distribution Fx, independent of Y, it follows that the random variable XY, has
distribution denoted as

Fxy, (dz) = oFx(dz) 4+ (1 — 0)do(dx), (2.1)

and cdf
Fxy, (x) =cFx(xz)+ (1 —o)I(z > 0). (2.2)

Hence, there exists the mean functional
a [T =
Mp(Fxy,) = / yPy(dy)
0

where Py(dy) denotes a Dirichlet process with parameters (6, F' xy, ). In addition we have
for x > 0,
Ppyy, () = Ellog(lr — XY )U(XY, # 2)] = 0@py (z) + (1 — o) log(). (2.3)

When ¢ = 1, Y, = 1 and hence Fxvy,(z) = Fx(x). Let E, denote a set such that
E[Py(E,)] = 0. Now notice that every beta random variable, 3, », where a, b are arbitrary
positive constants, can be represented as the simple mean functional,

d d
Po(Es) = Booo(1-0) = Mo(Fy, ),

by choosing

o= a4 and 0 = a +b.

a+b
We note however that there are other choices of Fx that will also yield beta random
variables as mean functionals. Throughout we will use the convention that 3y := 1,

that is the case when o0 = 1. We now present our first result.
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8 Lancelot F. James

Theorem 2.1.  For 0 >0 and 0 < o <1, let By, 9(1—0) denote a beta random variable
with parameters (0o,0(1 — 0)), independent of the mean functional My, (Fx). Then

(1) Boo,0(1—0)Moo(Fx) < My(Fxy,).
(i) Equivalently, My(Fy. )Mo (Fx) < My(Fxy.,).

(iii) Goo Mg, (Fx) £ GgMp(Fxy,)
(iv) That is, GGC(6c, Fx) =GGC(0, Fxy, ).

Proof. Since My(Fy,) 4 Boo,6(1—0) Statements (i) and (ii) are equivalent. We proceed
by first establishing (iii) and (iv). Note that using (1.3),

Eflog(1 + AXY,)] = oE[log(1 + AX)] = U/OO log(1 + Az)Fx (dx).
0

Hence -
]E[e—/\GgAfg(nyo)] _ 6—90 fo log(1+Az) Fx (dz) _ ]E[e—/\GeaMeo(Fx)]’

which means that GgMy(Fxy,) 4 Gyo My, (Fx), establishing statements (iii) and (iv).
Now writing Goo = GoBps,0(1—0)- It follows that

GoMy(Fxy,) < GoBbo,6(1—0) Moo (Fx).

Hence Bys0(1—0) Moo (Fx) 4 Mpy(Fxvy,), by the fact that gamma random variables are
simplifiable. O

Remark 2.1. We note that parts [(i)] and [(ii)] of Theorem 2.1 also follow as con-
sequences of Ethier and Griffiths (15, Lemma 1). We state their interesting result for
clarity;

Lemma 2.1. (Ethier and Griffiths (15)). Let vy and vo denote two probability measures.
Now for 01,02 > 0, define the probability measure

¢ 0
V(91,92)(dx) = 91 _:92 Vl(dl') + 91 _i92 Z/Q(dx).

Then for independent Dirichlet processes, 1 ~ g, ,, and pg ~ g, 1,

p12() £ Boy 0,11 () + (1= Bay o))

where i1 2 s a Dirichlet process with parameters (01 + 02,1, 0,))-

Hence, as a general consequence,

d
Mo, +0,(V(9,,0,)) = Boy,0. Mo, (ve,) + (1 — Bo, 0,) Mo, (ve,)

Now from (2.1), we see that setting 61 = Fx,va = §p,01 = 0o and 03 = (1 — o) yields
statements [(i)] and [(i3)]. That is since Mg(1_)(d0) = 0.
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When 6 = 1, we obtain results for random variables 5, 1_ocM,(Fx). The symmetric
beta random variables f3,1_, arise in a variety of important contexts, and are often
referred to as generalized arcsine laws with density expressible as

sin(mo)

w1 —wu) 7 for 0 <u < 1.
7

Now using (2.1) and (2.2), let C(Fx) = {z : Fx(z) > 0}, then for z > 0,

[ sin(mo[l — Fx(x)]), ifxeC(Fx),

sin(rFxy, (v)) = { sin(w(1 — o)), if x ¢ C(Fx). (2:4)

Note also that sin(w[1 — Fx (2)]) = sin(7Fx (z)). The next result yields another surprising
property of these random variables.

Theorem 2.2.  Consider the setting in the Theorem 2.1. Then when 0 = 1, it follows

that for each fized 0 < o < 1, the random variable M;(Fxy,) 4 Bo1—oMy(Fx) has
density

o—1

Eryy, () = sin(rFxy, (z))e 7®Fx @) for x> 0, (2.5)
specified by (2.4). Since GGC(o, Fx) =GGC(1, Fxy,), this implies that the random vari-
able G,M,(Fx) 4 G1My(Fxvy,) has density

1

9o px(7) = — / e vy Zsin(nFxy, (y))e P Wy (2.6)
0

Proof. Since My (Fxy,) 4 Bo1—0My(Fx), the density is of the form (1.5), for each fixed
o € (0,1]. Furthermore we use the identity in (2.3). O

Remark 2.2. [t is worthwhile to mention that transforming to the random variable
1/Bo1-0, (2.5) is equivalent to the otherwise not obvious integral identity,

Sin(ﬂ-U) > fan (xy) _ z’ ! Sil’l(?TFXY (x))e—a‘@(m).
7T 1 (=17 7

This leads to interesting results when the density 5y (x) has a known form. On the other
hand, we see that one does not need the explicit density of M,(Fx) to obtain the density
of Mi(Fxy,) 4 Bo1—o M (Fx). In fact, owing to our goal of yielding simple densities
for many Dirichlet means from one mean, we see that the effort to calculate the density

of M1(Fxy,), for each 0 < o < 1, is no more than what is needed to calculate the density
of My (Fx).

We now see how this translates into the usually difficult problem of describing explicitly
the density of the finite-dimensional distribution of a subordinator. In the next result we
write, for some set C,

C(C) = /00011(5 € C) Co(ds).

imsart-bj ver. 2007/04/13 file: BernoulliGGC.tex date: May 9, 2008



10 Lancelot F. James

Proposition 2.1.  Let (¢o(t);t < 1/0) denote a GGC(H, Fx) subordinator on [0,1/6].
Furthermore let (Cy,...,Cy) denote an arbitrary disjoint partition of the interval [0,1/6].
Then the finite-dimensional distribution ((o(Ch),...,Co(Ck)) has a joint density

k
Hgdi,FX (x1)7 (27)
=1

where each o; = 0|C;| > 0 and Zle o; = 1. The density g,, ry is given by (2.6). That

is, Co(C) 4 G1Mi(Fxy,, ) and are independent for i = 1,...,k, where Mi(Fxy, ) 4
Boii—0; Mo, (Fx) has density

%x‘”_l sin(nFxy, (z))e 7" ®rx ()

Proof. First, since (C1,...,C}) partitions the interval [0,1/6], it follows that their sizes
satisfy 0 < |C| < 1/6 and Zle |Ck| = 1/6. Since (p is a subordinator the independence
of the (y(C;) is a consequence of its independent increment property. In fact these are
essentially equivalent statements. Hence, we can isolate each (y(C;). It follows that for
each ¢ the Laplace transform is given by

Efe (0] = =0ICilbrx () — goitrrge ),

which shows that each (y(C;) is GGC(oy, Fx) for 0 < o; < 1. Hence the result follows
from Theorem 2.2. O

3. Exponential Tilting/Esscher Transform

In this section we describe how the operation of exponential tilting of the density of a
GGC(#, Fx) random variable leads to a non-trivial relationship between a mean func-
tional determined by Fx and 6, and an entire family of mean functionals indexed by
an arbitrary constant ¢ > 0. Additionally this will identify a non-obvious relationship
between two classes of mean functionals. Exponential tilting is merely a catchy phrase
for the operation of applying an exponential change of measure to a density or more
general measure. In mathematical finance and other applications it is known as an Fs-
scher Transform which is a key tool for option pricing. We mention that there is much
known about exponential tilting of infinitely divisible random variables and in fact Bon-
desson (3, example 3.2.5) discusses explicitly the case of GGC random variables, albeit
not in the way we shall describe it. In addition, examining the gamma representation
in (1.1) one can see a relationship to Lo and Weng (34, Proposition 3.1) (see also Kiichler
and Sorensen (30) and James (22, Proposition 2.1) for results on exponential tilting of
Lévy processes). However, here our focus is on the properties of related mean functionals
which leads to genuinely new insights.

Before we elaborate on this, we describe generically what we mean by exponential
tilting. Suppose that T denotes an arbitrary positive random variable with density, say
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fr. It follows that for each positive ¢, the random variable ¢T" is well-defined and has
density

%fT(t/C).

Exponential tilting refers to the exponential change of measure resulting in a random
variable, say T, defined by the density

fr, () = W'

Thus from the random variable T one gets a family of random variables (Tc;c > 0).
Obviously the density for each T, does not differ much. However something interesting
happens when T is a scale mixture of a gamma random variables, i.e., T = Gy M, for some
random positive random variable M independent of Gy. In that case one can show, see
(23), that T = Gy M, where M, is sufficiently distinct for each value of ¢. We demonstrate
this for the case where M = My(Fx).
First note that obviously, cMy(Fx) = My(F.x), for each ¢ > 0, which in itself is not
a very interesting transformation. Now setting Ty = GgMy(Fx) with density denoted
as gp,Fx, the corresponding random variable Tg,c resulting from exponential tilting has
density
e (1/0)go, g (£/)e 75 (3.1)
and Laplace transform
E[efc(lJr)\)GgMg(Fx)]
E[e—cGoMeo(Fx)]

— o0y (c(1+X) =y ()] (3.2)

Now for each ¢ > 0, define the random variable

d cX

A, .
(X +1)
That is, the cdf of the random variable A., can be expressed as,
Yy
Fa (y) = Fx (
) c(1—y)
In the next theorem we will show that My(Fx) relates to the family of mean functionals

(My(Fa,);c > 0), by the tilting operation described above. Moreover, we will describe
the relationship between their densities.

) for 0 <y < 1.

Theorem 3.1. Suppose that X has distribution Fx and for each ¢ > 0, A, 4 cX/(cX+
1) is a random variable with distribution Fa_. For each § > 0, let Ty = GoMy(Fx) denote
a GGC (8, Fx) random variable having density gg r, . Let T97c denote a random variable
with density and Laplace transform described by (3.1) and (8.2) respectively. Then Tj. .
is a GGC(0, Fa,) random variable and hence representable as GgMy(Fa,). Furthermore,
the following relationships exists between the densities of the mean functionals My(Fx)
and Mg (FAC).
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12 Lancelot F. James

(i) Suppose that the density of My(Fx), say, Eory 1S known. Then the density of
My(F4,) is expressible as

1 Yy (c) 6—2 Yy

§9FAC (y) c € X ( y) EQFX C(l _ y) )
for0<y<1.

(ii) Conversely, if the density of Me(Fa,), §ora, (y), is known then the density of
My(Fx) is given by

0—2 z _
Sory () = (14 2) ngAl (1 er) e 0Vrx (1)

Proof. We proceed by first examining the Lévy exponent [¢p, (c(1 + N)) — ¥py ()]
associated with Ty . as described in (3.2). Notice that

Wi (c(1 + ) = [O log(1 + e(1 + \)a) Fx (dz)

and ¥p, (c) is of the same form with A = 0. Hence isolating the logarithmic terms we
can focus on the difference

log(1+ ¢(1 4+ AN)z) — log(1 + cz).

This is equivalent to

cx 1 cx
1 1+ ——X2) =1 1
0g< +1+c:r/\) Og<1+cx+1+cx( +/\))7

showing that Ty, is GGC(6, F4,). This fact can also be deduced from Proposition 3.1 in
Lo and Weng (34). The next step is to identify the density of My(F4,), in terms of the
density of My(Fx). Using the fact that Ty = GyMy(Fx ), one may write the density of
Ty in terms of a gamma mixture as

te_l * —t/m,,,—0
ge,FX(t)ZF(a) e m oy (m)dm.

Hence, rearranging terms in (3.1), it follows that the density of Teﬁc can be written as

%y () t@;l /OO et ot (Cm)79€9F (m)dm
T®) Jo S

Now further algebraic manipulation makes this look like a mixture of a gamma(,1)
random variable, as follows,

dm.

! /OO o—temt {Cm + 1] e (C)geFx (m)
T(0) J, cm (1+ cm)g
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Hence it is evident that My(F4,) has the same distribution as a random variable cM /(cM+
1) where M has density

P O (1 4 em) Peypy (m).
Thus statements (i) and (ii) follow. O

3.1. Tilting and Beta Scaling

This section describes what happens when one applies the exponentially tilting oper-
ation relative to a mean functional resulting from beta scaling. Recall that the tilting
operation applied to GgMy(Fx) described in the previous section sets up a relationship

between My(Fx) and My(F4.). Consider the random variable By, 9(1—0) Moo (Fx) 4
My(Fxy,). Then tilting GoMy(Fxy,) as in the previous section leads to the random
variable GoMy(Fe.xy, /(cxv,+1)) and hence relates

Boo,001—0)y Moo (Fx ) < My (Fxv,)

to the Dirichlet mean of order 6,

My(Fexy, j(exv,+1))-
Now letting Fla_y, denote the distribution of A.Y,, one has

d cXY,
Ay, L o
(XY, +1)
and hence ., 4
Mo (Fexy, j(exy,+1)) = Mo(Fa,v,) = Boo,o(1—0) Moo (Fa.). (3.3)

In a way this shows that the order of beta scaling and tilting can be interchanged.
We now derive a result for the cases of My (Fxy,) = Bo1-cMs(Fx) and My (Fa.y,) =
Bo1—oMs(F4,), related by the tilting operation described above. Combining Theorem 2.2
with Theorem 3.1 leads to the following result.

Proposition 3.1. For each 0 < o < 1, the random variables M1 (Fxy,) = fo,1—o My (Fx)
and M1(Fa.y,) = Boi—oMs(Fa,) satisfy the following;

(i) The density of My(Fa,y,) is expressible as
eadsz (c)yafl Yy _od ( y )
§r Y) = ————sin |:7TFXYU <>] e Fx \ea—u
W= Sa iy A7)

forO<y <1
(ii) Conversely, the density of My (Fxy,) is given by

e—awpx (l)xa'—l

Eryy, (T) = wsin |:7TFA1YU (1-T-$):| ¢ kA, (H—%)
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14 Lancelot F. James

Proof. For clarity statement [(i)] is obtained by first using Theorem 3.1. Which gives,

1 - Yy
Epay, (y) = —e"m0 V1 )T ep (> ’

c c(1—-y)
for 0 < y < 1. It then remains to substitute the form of the density (2.5) given in
Theorem 2.2. Statement [(ii)] proceeds in the same way using (2.6). O

Note that even if one can calculate @, for some fixed value of ¢, it may not be so
obvious how to calculate it for another value. The previous results allow us to relate their
calculation to that of @, as described next.

Proposition 3.2. Set A. = cX/(cX +1) and define ®r, (y) = Ellog(ly — A:)I(A: #
y)]. Then for 0 <y <1,

)
c(1—y)

Proof. The result can be deduced by using Proposition 3.1 in the case of ¢ = 1. First
notice that sin(ﬂFX(c(ligiu))) = sin(wF4,(y)). Now equating the form of the density of

B, (y) = Bry ( ) ~r (6) + log(e(1 — ).

M;(F4,) given by (1.5) with the expression given in Proposition 3.1. It follows that

e o (snt)

c(1-y) ’

which yields the result. O

e_(I)FAc. (y) —

Remark 3.1. We point out that if G, represents a gamma random variable for k # 6,
independent of My(Fx), it is not necessarily true that G,My(Fx) is a GGC random
variable. For this to be true My(Fx) would need to be equivalent in distribution to some
M, (Fr). In that case, our results above would be applied for a GGC(k, Fr) model.

4. Examples

In this section we will demonstrate how our results in section 2 and 3 can be applied
to extend results for two random processes recently studied in the literature. The first
involves a class of GGC subordinators that can be derived from a random mean of a two
parameter Poisson Dirichlet process with a uniform base measure, which was studied as
a special case in James, Lijoi and Priinster (25). The second involves a class of processes
recently studied in Bertoin, Fujita, Roynette and Yor (2)[see also Maejima (36) for some
discussion of this process]. A key component will be the ability to obtain an explicit
expression for the respective ®p, . In the first example we do not have much explicit
information on the relevant density, &r,, however we can rely on a general theorem
of James, Lijoi and Priinster (25) to obtain ®p,. In the second case of the models
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discussed in Bertoin, Fujita, Roynette and Yor (2), this theorem apparently does not
apply. However, we will be able to use an explicit form of the density, obtained for a
particular value of by Bertoin, Fujita, Roynette and Yor (2), to obtain ®p, .

As we shall show, both these processes are connected to a random variable Z, whose
properties we now describe. For 0 < a < 1, let S, denote a positive a-stable random
variable specified by its Laplace transform

Ele %] = e ",
In addition define
See *
=)
where S/, is independent of S, and has the same distribution. The density of this ran-

dom variable was obtained by Lamperti (31) (see also Chaumont and Yor (5, exercise
4.2.1)))and has the remarkably simple form,

Za:(

sin(ma) 1
= f O-
J2.) ma  y? + 2ycos(ma) + 1 ory >

Furthermore, (see Fujita and Yor (19) and (James (24, Proposition 2.1)), it follows that
cdf of Z, satisfies for z > 0,

Fu(l/z) = 1- % cot ! (COS(SELZ)U Z)
_ 1 ot cos(ma) + z
T t < sin(ra) >
= 1- FZa (Z)
and
. . B _ zsin(ma)
sin(raFyz, (2)) = zsin(ra(l — Fz_(2))) = 72 1 22 con(mo) & 1]1/2 (4.1)
and
sin(2ra[l — Fz, (2)]) Siln fgji;(ffj)“ﬁ? (4.2)
2sin(ma)[cos(mar) + 2]
1+ 2z cos(mar) + 22
When a = 1/2,
sin(r[l = Fz, o(2)]) = 577
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16 Lancelot F. James

4.1. Subordinators derived from an example in James, Lijoi and
Priinster

For 0 < @ < 1 and 0 > —a, define a special case of of two parameter Poisson Dirichlet
random probability measures as,

0o k—1
Poo(-) = Z Vi H(l — Vi)ou, (),
k=1 =1
where Uy, are iid Uniform[0,1] random variables and the Vj are a sequence of independent
Ba,0+ka random variables independent of (Uy). So in particular these random variables
satisfy E[P, 4(-)] = Fi(-), where U denotes a Uniform[0, 1] random variable. In addition
]30,9 is a Dirichlet process. Then, consider the random means given as,

9] k—1 1
Mao(Fy) :=Uap=> UVi [[(Q-Vi) = / wP, g (du).
k=1 i=1 0

The U, ¢ represent a special case of random variables representable as mean functionals
of the class of two parameter («, 8) Poisson Dirichlet random probability measures. That
is to say random variables Ma,g (Fx) where Fx is a general distribution. An extensive
study of this larger class was conducted by James, Lijoi and Priinster (25). In regards to
Uq,¢ they show that U, o has an explicit density

sin(ra) (a+ 1)t (1 — )
2a+2 a+1 a+1 200427 "
am - [g2et2 4 ot (1 — )" cos(ma) + (1 — ) ]

Furthermore, from James, Lijoi and Priinster (25, Theorem 2.1), for § > 0,

Uap < My(Fu,, ).
This implies that
GoUa < GoMy(Fu, )

are GGC(0, Fy,, ,). Now from Vershik, Yor and Tslevich (40)[see also James, Lijoi and
Priinster (25, eq (16))], it follows that

“AGoUap] _ AMa+1) .
Ele = <(A+1)”‘“—1>

= exp(—0E[log(1 + A\Uq,0)])

where this expression follows from the generalized Stieltjes transform of order —« of a
Uniform[0,1] random variable,

1 at+l
E[(1+AU)*) = /O (14 A2)da = %
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A description of the densities of Uy ¢ for § > —a is available from the results of (25).
However, with the exceptions of U, ; and U, 1_4, their densities are generally expressed
in terms of integrals with respect to functions that possibly take on negative values. Here
by focusing instead on random variables By 1_9Uq,0, for 0 < 6 < 1, we can utilize the
results in James, Lijoi and Priinster (25) to obtain explicit expressions for their densities
and the corresponding GGC(0, Fy,_ ,) random variables.

In particular, we will obtain explicit descriptions for the finite dimensional distribution

of a GGC(a, Fy, ,) say (Ta(t),t > 0) subordinator, where T4 (1) < GoUq,q, and hence

AMa+1)

AT (1)
S = Sy

Although not immediately obvious one can show that

Zi/(a—i—l) t a+1

, and hence Fy,_ () = Fz,((—) ).

d
U =
a,0 1_¢

’ Zé/(a-i-l) +1

From this, due to the tilting relationship discussed in section 3, we see that we can
also obtain results for the GGC(a, F,1/a+1)) subordinator say (Y% (t),t > 0). To our

knowledge this process and its mean functionals My(F P! /(a+1) have not been studied.
Now from James, Lijoi and Priinster (25, Theorem 5.2, (iii)) it follows that,

1/«
o B0 ® _ (a+1) (4.3)

1
[t20+2 4+ 2ta+1(1 — )T cos(mar) + (1 — )T
This, combined with our results, leads to an explicit description of the finite dimen-

sional distribution of the relevant subordinators.

Theorem 4.1. Consider the GGC(o, Fy, ,) subordinator (Yo(t),t < 1/a), and the
GGC(a, F /o)) subordinator (Yh(t),t < 1/a). Let (Ch,...,Cy), denote an arbitrary
disjoint pa;;fition of the interval (0,1/a], with lengths |C;| and set o; = «|Cy| for i =
1,...,k. Then the following results hold.

(i) The finite dimensional distribution of (Lo (C1), ..., Ta(Ck)) is such that each Y o (C;)
1s independent and has distribution

To(Cy) L GiMy(Fy, u.,),

where Ml(FYaiUoz,O) 4 Boii-0Ua.o, - Furthermore for any fixed 0 < o < 1, the
density of My (Fy,u, ,) is given by , for 0 <y <1,

(o + 1)"/‘1y"*1 sin(mo[l — Fy, ,(y)])
[y2e+2 4 2ya+1(1 — y)"‘+1 cos(ma) + (1 — ?J)QQJFQ]E
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18 Lancelot F. James

(i) The finite dimensional distribution of (Y% (Cy),..., Y% (Cy)) is such that each T (C;)
18 independent and has distribution

Ti(cl) i GlMl(FY(,vZ{lx/(a+1))'

d
where Ml(FYU.Zl/(Q"'l)) = ﬂgi,l_mMg
o <1, the density of M1(F,, ,1/+1)) is given by , for x > 0,

(FZ1/(Q+1)). Furthermore for any fized 0 <

i

o(l+a)

2Nz +1) = sin(roll — Fy, (2*t1)])

[x20H2 + 2zt cos(mar) + 1]2@

Proof. Statement [(i)] follows from Theorem 2.2. and Proposition 2.1 in combination

Zé/(aJrl)

with (4.3). Noting the relationship between and U, o, statement [(ii)] follows

from (Theorem 3.1,[ii]).

From this, combined with an application of (4.1), we obtain a description for the
densities of Y% (1) and Y,(1). In addition for a < 1/2, we obtain a description of the
density of T4 (2) using (4.3).

Proposition 4.1. Let T, (1) and Y% /(1) denote GGC random variables with parameters
(o, Fy, ) and (o, F1/ca+1) respectively. Then

(i) To(l) 4 G1 My (Fy,u, ,), where My(Fy,u, ) 4 Baji—aUq,o has density for 0 <
y <1,
sin(ma) (a+ )yt —y)*"

T [y 4 oyetl(] — y)a+1 cos(mar) + (1 — y)2a+2]

(i) T(il(l) 4 GlMl(FY Zl/((x+1)), where Ml(FY Zl/(a+1)) has density,

sin(7a) 2711+ 2)”
7w [x2et2 4 2zt cos(ma) + 1]

for x > 0.

(ii) Suppose that o < 1/2, then the GGC(2q, FZi/(aH) random variable, T%a(l) 4
Y (2), is equivalent in distribution to Gy M, (FYZQZSJ(‘””)’ where M, (FYZQ Zé/(oﬂ»l))
has density

2021z 4+ 1) sin(ra) [cos(ma) + z*T]

[£2042 4 2zt cos(ma) + 1]°

for z > 0.
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4.2. An example connected to Diaconis and Kemperman

Notice that we have the following convergence in distribution results, as a — 0,

Ma,G(FU) = Me(FUa,o) i) MQ(FU), for 6 >0

and J
Umo —1-U.

Furthermore, setting W = (1 - U)/U = G, /G,
My(F 1 /csn) 5 My(Fy) and /(0 4w,

Where the last statement can be read from Chaumont and Yor (5, p.155 and p.169).
It is then natural to investigate the laws of the random processes connected with the
GGC(0, Fy) and GGC(, Fy) random variables. It is known from Diaconis and Kem-
perman (10) that the density of M;(Fy) is

%sin(wy)y‘y(l —y) P for0<y < 1. (4.4)

Note furthermore that 7} 4 G1 M, (Fy) is GGC(1, Fyy) and has Laplace transform,
E[e*)\GlMl(FU)] — o ¥ry(N) — e(1+ )\)—(%).

Now G M, (Fw), is a GGC(1, F), with ¢, () = 125 log(A). Theorem 3.1 shows that
M, (Fy) arises from tilting the density of G1 M (Fyw ). The density of My (Fy) is obtained
by applying statement [(ii)] of Theorem 3.1. to (4.4), or by Proposition 3.1 statement
[(ii)], and is given by

Ery () = ~ sin

T N
)z~ T+ for z > 0.
+x

We now apply Theorem 2.2 and Proposition 2.1 to give a description of the finite-
dimensional distribution of the subordinators associated with the two random variables
above.

Proposition 4.2. Let U denote a uniform [0,1] random variable and let W = G1/G}
denote a ratio of independent exponential(1) random variables.

(i) Suppose that ({1 (t);0 < t < 1) is a GGC(1, Fyy) subordinator, then for (Cy,. .., Cy)
a disjoint partition of (0, 1), the finite dimensional distribution has joint density as
in (2.7), with,

et

- sin(mo; (1 —y))y” 49721 - y)—ai(l—y)dy_

1 )
gUhFU(xi) :/ eij
0
fori=1,... k.
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20 Lancelot F. James

(ii) That is ¢1(C;) 4 G1Mi(Fuy, ) and are independent for i =1,..., k. Furthermore,
the density of MI(FUY%) 4 Bosi—o; Mo, (Fu) is

et

sin(mo; (1 —y))y7 =911 - y>—ai(1—y)
0
for 0 <y <1
(iii) If (G1(t);0 < ¢t < 1) is a GGCO(1, Fw) subordinator then the finite dimensional

distribution ((1(Ch),...,C1(Ck)) is described now with,
ga’i,Fw(xi) = A e w ; Sln(

Azng)uﬂl$@)_2dux

14w

(iv) That is (1(C;) L Gy, (Fwy,,) and are independent for i =1,..., k. Furthermore,
the density of Ml(FWYai) 4 Bosi—o; Mo, (Fyw) is

1 . TO; o
i Sln(#)x(liﬁ;) 1
T 1+

for x > 0.

Proof. This now follows from Theorem 2.2, Proposition 2.1 and (4.4). Specifically, note
that C(Fy) = (0,00), hence for any 0 < o < 1,

sin(nFyy, (u)) = sin(ro(1 — u))

for 0 < u < 1 and 0 otherwise. Furthermore from (4.4), or by direct argument, it is easy
to see that,

Ppy, (y) = —log (y’y(l - y)‘“‘y)) —1.

This fact also is evident from Diaconis and Kemperman (10). It follows that M;(Fyy, )
has density

g

< sin(ro(1— )y 911 =) 7Y for 0 < y < 1.
m

The density for M;(Fywy,) is obtained in a similar fashion by Proposition 3.1. O
Remark 4.1. Setting
A i CGl
¢ cGy + Gll

One can easily obtain the density of the random variable My (F4,) for each ¢ > 0 by using
Theorem 3.1, statement[(ii)]. Note also that one can deduce from the density of My (Fw)
that @, (z) = [x/(1 + x)]log(x). Hence in this case an application of Proposition 3.2
shows that,

)
c(l1-y)+y

We note that otherwise it is not easy to calculate ® 4., in this case, by direct arguments.

y - clog(c)

(bFAC (y) = 1— y) c—1 + log(c(l - y))

log(c<
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4.3. The finite dimensional distribution of subordinators of
BFRY

Our final example shows how one can apply the results in sections 2 and 3 to obtain
new results for subordinators recently studied by Bertoin, Fujita, Roynette and Yor (2).
In particular they investigate properties of the random variables corresponding to the
lengths of excursions of Bessel processes straddling an independent exponential time,
which can be expressed as

dg) — i)

where for any ¢t > 0
g,ﬁ“) ==sup{s <t; Ry =0}, dga) =inf{s > ¢, R, =0} (4.5)

for (R, t > 0) a Bessel process starting from 0, with dimension d = 2(1 — «), with

0 < d < 2, or equivalently 0 < a < 1. Additionally, e 4 (1, an exponentially distributed
random variable with mean 1.

In order to avoid confusion we will now denote relevant random variables appear-
ing originally in Bertoin, Fujita, Roynette and Yor (2) as A, and G, as ¥, and G,
respectively. From Bertoin, Fujita, Roynette and Yor (2), let (X, (¢);¢ > 0) denote a
subordinator such that

Ele 0] = ((A+1)*—x2)’
exp(—t(1 — a)Ellog(1 + A/G4)])

where from Bertoin, Fujita, Roynette and Yor (2, Theorems 1.1 and 1.3), G, denotes
a random variable such that

a4l
Go = — /&
1+Z7,
and has density on (0, 1) given by
asin(ma) w1 —u)* !

feo(u) =

(1= )7 w20 — 2(1 — w)ou® cos(ma) + (1 — u)**

Hence it follows that the random variable 1/G,, takes its values on (1, 00) with probability
one and has cdf satisfying,

1-Fg,(x) =Fg,(1/2) = Fz,_,((zx = 1)77).
As noted by Bertoin, Fujita, Roynette and Yor (2), (X4(t);t > 0) is a GGC(1 —«a, Fy /g,,)
subordinator. Where the GGC(1 — a, F} g, ) random variable ¥, 4 Yo (1) satisfies,

(a) @ Gi-a d Gi—a

d g
P S =0 S5 S G
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22 Lancelot F. James

where U denotes a uniform|0, 1] random variable and for clarity G1_,, is a gamma(l—a«, 1)
random variable. This means that the density of X, is

(67

m]}_a_l<1 — e_I) for x > 0.

It is evident, as investigated in Fujita and Yor (19), that

a 1 a4,
Mi_o(F, =—=U
1 a( 1/Ga) 50(’1
Remark 4.2. Note that when o = 1/2, Gy 5 4 B1/2,1/2- It is known that for each fized
t,
d G
Lyy2(t) = 12

Biy2,(14t)/2
which implies that
1

d
Mt/2(F1/Gl/2) = Mt/z(F1/51/2,1/2) = 7&/2 Yy

(4.6)

This result may be found in James and Yor (27). Related to this fact, Cifarelli and
. d

Melilli (8) have shown that My;(Fpg, , ,,,) = B(e+1)/2,(t41) /2, for t > 0.

In regards to exponentially tilting GGC(1 — o, F g, ), notice that for ¢ > 0,

c/Go c
c/Go+1 Gu+c

Thus a GGC(1 — «, Fi./(G, +c)) subordinator, say (ELC(t),t < 1/(1 — @)), arises from
exponential tilting. Naturally, the density of ¥, .(1)/c, is given by
al.faflefcw(l _ efzv)
[(e+1)* —cT'(1 — )

for z > 0.

Equivalently, ZL,C(l) 4 GiMi_o(F,/(G.+c)) Where My_o(Fo/G, +c)) has density,

ac®

(c+1)>—co

o c
w1 for

<u <l
lu

Now using the facts discussed above, we will show how to use the results in section 2 to
explicitly describe the finite dimensional distribution of the subordinators (X,(¢),¢ > 0)
and (X}, .(t),t > 0) over the range 0 < ¢ < 1/(1 — a), hence by infinite divisibility for
all t. Additionally the analysis will also yield expressions for mean functionals based on
Fy g, . First notice that, using (2.4), one has

sin(mFy,_, /¢, (7)) = { sin(ws(il(;a)lj%)()l7/x))’ if E)fi ;; 1. (4.7)
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where again using the properties of Fz, _, as deduced from James (24, Proposition
2.1,(iii)),

sin(m(1 — «))

sin(m(l — a)Fg, (1/x)) = - - T (4.8)
[(x —1)" = 2(z — 1) cos(max) + 1]
We now use this to calculate,
Pp, e, (2) = Ellog(|lz — 1/Ga|)l(z # 1/Ga)]- (4.9)
Proposition 4.3. For 0 < a <1, consider ®r, . (z) as defined in (4.9). Then,
L [log( z* ), ifz>1
D — 2(1704)[ [(x—1)2¢—2(z—1)< cos(ma)+1] /1? ) 4.10
Fi/5, () { ﬁlog(m/[l—(l—x)a]), if0<z<l1. (4.10)

Proof. Using simple beta gamma algebra one has
Bl—a,a
5(1,1 ! Ul/a

Hence applying Theorem 2.1, with § = 1, and ¢ = 1 — «, it follows that X, is also
GGC(LFYl_a/GQ) and

/6 —a,a d ﬁ —a,a d
By = 21 :z;m < Mi(Fy,_/c.)- (4.11)

By standard calculations the density of By = B1—qa,a/8a,1 is given by

sin(m(1 — «))

fa.(2) = 1= (1 - 2)I(z < 1)]
However we see from (4.11) that B, <y (Fy,_. /G, )- Hence Theorem 2.2 applies and
the density of B, can be written as

-«

I3, (¥) = —sin(xFy, /5, (x))

o (1=0)r, o (@)

Now equating the two forms of the density of B, and using (4.7) and (4.8), one then
obtains the expression for ®p, . O

Now for z > 0, define the function
Sa,0(2) =sin(roFyz,_, (27%))[z** — 22% cos(ma) + l}ﬁ

and define,

_ [ sin(mo)[1 — (1 — )7, ifx <1,
Dao () { Sa,o(z —1), if x> 1.

Hereafter, (C1, ..., C) will denote an arbitrary disjoint partition of the interval (0,1/(1—
«)] with lengths |C;|, and 0y = (1 — a)|Cy| for i =1,..., k.
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Theorem 4.2. Consider the GGO(1 — a, Fy jg,) subordinator (X4(t),t < 1/(1 — a)),
and for each fized ¢ > 0, the GGC(1 — o, F G, +c) subordinator (E&C(t),t <1/(1-a)).
Then the following results hold.

(i) The finite dimensional distribution of (X4(C1),...,%a(Ck)) is such that each X4,(C;)
1s independent and has distribution

2a(Ci) £ G My (P, /6.,

where My (Fy, /g, ) 4 Boi1-0; Moy, (F1 g, ). Furthermore for any fived 0 < o <1,
the density of M1(Fy, jg.) is given by

laf(%Jrl)’Dom(ac) for z > 0.
7r

(ii) For the GGC(1 — o, Fiy(g, +c)) Process, ZLC, it follows that each

ZTOC,C(Ci) i GlMl(FY(,ic/(Gaﬁ—c))‘

Where for each 0 < o <1, My(Fy,c/@G,,.)) has density,

[e(1 = )] Dal ;)
~ L,y)l forO<y <1
e+ 1) — )7yt

Proof. From Theorem 2.2 we have the general form of the density of M;(Fy, g,) is
given by

o—1
7U<I)F1/Ga (z)

sin(7Fy, /g, (z))e

The result is then concluded by applying Proposition 4.3 and (4.7) and (4.8). O

Remark 4.3. The process X, .(t)/c is well defined for ¢ > 0 and 0 < a < 1, and
presents itself as an interesting class worthy of further investigation. Letting ¢ — 0 it
is evident that X}, .(1)/c, converges to %4(1). As shown by Bertoin, Fujita, Roynette
and Yor (2, sec. 3.6.3), Yo.(1)/c, for ¢ > 0, has a similar interpretation as X4 (1), but
where now the Bessel process (Ry,t > 0) is replaced by a diffusion process whose inverse
local time at 0 is distributed as a gamma subordinator (v;/c;1 > 0). Furthermore, albeit
not explicitly addressed in Bertoin, Fujita, Roynette and Yor (2), the random variable

Yac(l)/c 2 gl g.ﬁ“’c), has a similar interpretation where now (Ry,t > 0) is replaced
by a process (Rga’c),t > 0) whose inverse local time is distributed as a generalized gamma
subordinator. That is to say a subordinator whose Lévy density is specified by Cy~“te~Y
for y > 0. This interpretation may be deduced from Donati-Martin and Yor (11, see 1.c)
where R(*°) equates with a downwards Bessel process with drift c.
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Bertoin, Fujita, Roynette and Yor (2) also show that a GGC (1 — a, Fg_) random
variable satisfies
Gl—aMl—a(FGu) = Gl—aU

Hence the Laplace transform of the GGC (1 — «, Fg,, ) subordinator, say (Zl)l(t),t > 0),
is given by

1 t
—[A+1)*—1
([ +1)7 ~1))
Additionally using the fact that,
1 1 a
Eiﬁ+1izﬂa+1 (4.12)
o -«

leads to,
d da G
Ml—a(lelﬁa) =M _o(Fijg,)—1= Fl,
which leads to a description of a GGC(1 —a, F,1/. ) subordinator. The above points may
11—«

also be found in the survey paper of James, Roynette, and Yor (26).

Theorem 4.3. Consider the GGCO(1 — o, F 10 ) subordinator (Z4(t),t < 1/(1 — a))

l—a

and the GGC(1—a, Fg_) subordinator (Zl’l(t), t <1/(1—«)). Then the following results
hold.

(i) The finite dimensional distribution of (Z2,(C1), ..., Z4(Ck)) is such that each Z,(C;)
1s independent and is equivalent in distribution to

Za(C) £ GIMy(Fy, e ).

il —a

Furthermore for any fired 0 < o < 1, the density of My (FY gi/a ) 4 6071_0M[,(F21/a )
Tl - 1—a
is given by, for z > 0,

Zafl

——————Sa.0(2)
(14 2)T==
(ii) Similarly each Z](C;) L Gy, (Fy,,G,), and for each fired 0 < o <1, M1(Fy,g,)
has density
aT—o 1 oo Y
a 1— T—a Sa o(——
—y7 (1Y) (1 y)

Proof. Apply Theorem 2.2. and Theorem 3.1 where, from (4.12),

(I)FZUQ (Z) = (I)Fuq;a (Z + 1)'

11—«

O
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26 Lancelot F. James

Remark 4.4. Note that as a — 1,

d d
MQ(FGG) — MQ(FU) and M@(FZUa ) - M@(Fw)

l1—«

Hence they have the same limiting behavior, described in section 4.2, as the random
variables in section 4.1.
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