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Abstract

We derive new explicit bounds for the total variation distance between two convolution
products of n € N probability distributions, one of which having identical convolution factors.
Approximations by finite signed measures of arbitrary order are considered as well. We are
interested in bounds with magic factors, i.e. roughly speaking n also appears in the denomina-
tor. Special emphasis is given to the approximation by the n-fold convolution of the arithmetic
mean of the distributions under consideration. As an application, we consider the multinomial
approximation of the generalized multinomial distribution. It turns out that here the order of
some bounds given in Roos (2001) and Loh (1992) can significantly be improved. In particular,
it follows that a dimension factor can be dropped. Moreover, better accuracy is achieved in the
context of symmetric distributions with finite support. In the course of proof, we use a basic
Banach algebra technique for measures on a measurable Abelian group. Though this method
was already used by Le Cam (1960), our central arguments seem to be new. We also derive new
smoothness bounds for convolutions of probability distributions, which might be of independent

interest.

Keywords: Convolutions, explicit constants, generalized multinomial distribution, multivariate
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1 Introduction

1.1 Aim of the paper

Approximations of distributions of sums of independent random variables are needed in nearly all
branches of probability theory and statistics. Many results for normal and compound Poisson ap-
proximations are nowadays available. However, if the distributions of the summands are similar to
each other, much better accuracy can be achieved using identical convolutions of a certain distribu-

tion. In the present paper, we give total variation bounds for the accuracy of such approximations



in a general framework, i.e. for probability distributions on a measurable Abelian group. We also
consider higher order approximations by finite signed measures. All bounds contain magic factors,
i.e. roughly speaking n appears in the denominator. As a consequence, this enables us to derive
multidimensional results, some of which improve the order of bounds obtained in Roos (2001) and
Loh (1992). It should be mentioned that Loh used Stein’s method in a more general situation of
dependent random variables. However, it seems to be unclear, whether Stein’s method can be used
to reproduce the results of the present paper. Furthermore, it turns out that our bounds have a
better order in the case of symmetric probability distributions with finite support. Our proofs are
based on a combination of some Banach algebra related techniques, which in principle were used
by Le Cam (1960). On the other hand, the core arguments given in Sections 4.1 and 4.2 seem to be
new. Further, the smoothness estimates for convolutions of probability distributions in Section 4.1
might be of independent interest; for instance, see (35) and (38).

We note that, at the beginning of our investigation, we tried to improve one of the central
results of Roos (2001), see (5) and discussion thereafter. But unfortunately we were not able to
use the multidimensional expansion of that paper for any substantial improvement. Surprisingly
it turned out that it is better to forget the dimension, so to speak, and to use the properties of
measures on a measurable Abelian group. This should explain, why we use this somewhat abstract
approach.

The paper is structured as follows: The following two subsections are devoted to the notation
and a review of known results. In Section 2, we present and discuss our main results. To get a first
impression of the results of this paper, the reader may consult (15), (16), and (18). In Section 3,

we give some numerical examples. The proofs are contained in Section 4.

1.2 Notation

Let (X, +,.A) be a measurable Abelian group, that is, (X,+) is a commutative group with identity
element 0 and A is a o-algebra of subsets of X such that the mapping (z,y) — = — y from
(X x X, A® A) to (X,A) is measurable. We note that it is more convenient to formulate our
results in terms of distributions or signed measures rather than in terms of random variables. Let
F (resp. M) be the set of all probability distributions (resp. finite signed measures) on (X,.A).
Products and powers of finite signed measures in M are defined in the convolution sense, that is,
for V,W € M and A € A, we write VIW(A) = [, V(A —z)dW (z). Empty products and powers of
signed measures in M are understood to be I := Iy, where I, is the Dirac measure at point z € X.
Let V =Vt -V~ denote the Hahn-Jordan decomposition of V€ M and let |V| = V' + V™~ be its
total variation measure. The total variation norm of V' is defined by ||V|| = [V[(X). We note that,
in the literature, often the total variation distance sup ¢4 |F(A) — G(A)| = ||F — G|| between
F,G € F is used. In this paper, however, all distances will be given only in the total variation
norm. With the usual operations of real scalar multiplication, addition, together with convolution
and the total variation norm, M is a real commutative Banach algebra with unity /. For V € M

and a power series g(z) = >.>°_ amz™, (ay € R) converging absolutely for each complex z € C

m=0
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with [z] < ||V]|, we define g(V') = >"0°_ a, V™. The above assumptions imply that the limit exists
and is an element of the Banach algebra M. On the other hand, the definition of ¢g(V') can also
be understood in the pointwise sense. The exponential of V' € M is defined by the finite signed

measure
00

1
eV =exp(V) = Z %Vm € M.
m=0

We note that e is not necessarily a non-negative measure. Further, exp(¢(F —I)) is the compound
Poisson distribution with parameters t € [0,00) and F' € F. If F' and G are non-negative measures
on (X, A) and F is absolutely continuous with respect to G, we write F' < G. For F' € F and
A € A, F|, is the restriction of F' to the set A. The complement of A € A is denoted by A°. Set
0=0andn={1,...,n} forn e N={1,2,...}; further, for n € Z, = NU{0}, set n, = {0,...,n}.
For a set J, let |J| be the number of its elements. For x € R, let [z] = sup{n € Z|n < z} and
[z] = inf{n € Z|n > x}. Always, let 0° = 1, 1/0 = oo, and, for k € Z, an;lk = 0 be the empty
sum and an_zlk = 1 the empty product. For a € C and b € Z,, let (3) = le’nzl(a —m+1)/m. For
a,b € R, set a A b =min{a, b}.

1.3 Known results

We first discuss some important results for discrete distributions on X = R?, (d € N). Let
d d
-HOZ-lv HT‘:ISTv (Ted), F] :ij,rH’r‘a (jeﬂv TLEN), F:Zpr}LW (1)
r=0

where, for r € dy, pj,» € [0, 1] with Zfzo pjr=1,p, =n"" 2?21 pir>0,and e, € RY, (r # 0) is
the vector with 1 at position r and 0 otherwise.

In the case d = 1, Ehm (1991, Theorem 1 and Lemma 2) proved with the help of Stein’s method
that the total variation distance between the Bernoulli convolution H;-lzl F; and the binomial law F"

can be estimated by

1 - 1
Zoin {1, L <||T][ 5 -7 < 2pmin {1, —— 1, 2)
np1Po j=1 np1Po

where v, = >, (P, — pj1)*, (k € N). Here, the estimates depend on the behavior of the so-called
magic factor (np;py) ! (cf. Introduction in Barbour et al. (1992)), and on the closeness of all p; 1,
(j € n), which is reflected by 72. In Theorem 3 of Roos (2000), a Krawtchouk expansion was used
to show that an absolute constant C' > 0 exists such that, if 49 > 0, then

- —n 2 . ’73‘ 1 72
F‘—FH—H\/—‘gCHmm{l, —— + —— +9}, <9: 77).
’ H ]131 g e Y2v/NP1Po  TP1Po nP1Po

For example, it easily follows that || [Iio Fj - FHH ~ +/2/(me)0 as § — 0 and np;py — 0.

Here, ~ means that the quotient of both sides tends to one. Further results in this and a more

general context can be found in Cekanavicius and Roos (2006) and the papers cited there.



The multivariate case d € N was investigated by Loh (1992) using Stein’s method. He gave
an estimate for the closeness between the generalized multinomial distribution H?Zl F; and the
multinomial distribution F'. This bound contains certain functions Cy,Cy > 0 of B,, (r € dy),
which can be estimated from above by absolute constants, if all p,’s are uniformly bounded away
from 0 and 1. In his Theorem 5, he showed that, if n > 2 and max{Cin~"2, Cy[2(n — 1)]7'} < 1,
then

n n
H H F; - FnH <2 Z Z ‘pjﬂ”lprg — PjraPry ‘ Eri,ras (3)
Jj=1 J=10<ri<ra<d
where
Co 2(n—1) Cy 2,201 . (T ‘
Eryry = n—lln( G >+(2(n—1)> + \/ﬁmln{il_ll(l—pi,n), Z1_[1(1—;02-“)}.
The quantities C'1, Cy can be given explicitly as
Cr= sup [Ci(ri,r2) ACi(ra,m1)], Co=  sup  Ca(ri,ra,73), (4)
0<r1<re<d 0<ry,re,r3<d:

ToFTL, T3FATL
where, for 71,792,713 € d,

& ( ) ( 2 n 3 n 1 )1/2 N ( 1 )1/2
r,r = — — P E——— = 1 = 9 5
I Pry Pr, epr2(1 _prz) 2ep7“2(1 _pr2)2

2 2 :
= = ifrg=r
Pry Prqy ’ 2 3
=~ 1 2 2
02 (r17 T27 T3) = |:ﬁ'r1 + eﬁr2(1_ﬁ72) + eﬁr3(1_ﬁr3)

1/2 1/2
2 .3 1 2 .3 . 1 .
+ (ﬁrl + ﬁr2 + eﬁr2(1—fjr2)> (ﬁTl + ﬁrg + eﬁrg(l_ﬁr3)> ], lf T9 # 7"3.
If d = 1, then it follows from Ehm’s result and the equality Zo <ri<ra<d |pj,r1ﬁr2 _ pjmzﬁr1| _
D1 — pj.1|, that Loh’s bound is not of the best possible order, because of the exponent of [p; — pj 1]

and the logarithmic term. It turned out that a bound better than (3) can be given using a

multivariate Krawtchouk expansion, see Roos (2001, Theorem 2, Corollary 1). Indeed,

Hf{Fj—F" <03(§dj¢5<7>)2, (5)

where C5 = 2_6\/§ < 10.15 and

A sometimes more precise bound is

SO P VAT I(0) SR
HEFJ FHgl—zlem’ f2 Vel <t (6)

In contrast to (3), for d = 1, the bounds in (5) and (2) have the same order. In the general case,
from (5) and Cauchy’s inequality, it follows that H 1=, Fy - FnH < Csd Zﬁ:l d(r). We note that
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this estimate is of the same accuracy as (5) when the d(r), (r € d) are of similar magnitude. In
view of this bound, one might wonder, whether the dimension factor d can be dropped. However,
as shown in Roos (2001, Remark 2 after Proposition 2), this is not generally possible. But if we

concentrate on the estimate with the magic factors, i.e.

It CSdZZ E—nir) @)
j=1

nprp()
the more general results of this paper imply that C's d can indeed be replaced by the constant 21.88,
see Example 2.1 below. It should be mentioned that here the H,, (r € dj) need not just be the

Dirac measures as in (1).

2 Main results

In what follows, we present bounds which are small when the F; € F, (j € n) are close or when n

is large and the F} are not too different. Our first result is the following.

Theorem 2.1 LetneN, F,...,F,,G € F, F0:F:%Z?:1F

14
Vi= Y. J[F-G), (keny), Wi=> ViG" " (Leny).
k=0

JCn: |J|=kjeJ
For j,k € n and m € N, set M;;, = (Fj — G)GLn=k)/k] Vem = 2?21 HM]ka, and v, =
12251 M| Set

1
o = e E= (40 tuo)|s Cemacloo), =y
(2 — (1 — z)e”
¢ = sup [n( U= e )} — 0.694025 ...
2€(0,00) x

(a) Let o € [0,00), £ € ng, and B = [a(l+1)/2]. Ifn, < (2ec;)", then
(26 ¢ W@)(Z—H)/Q

(1 —/2e¢, 77@)5“'

HHF WeH (6 +1)°

In particular, for o = 0, we have

H HF WzH (2¢ 01 un), 12+1)/2 9

—y/2ec W

(b) Assume that, for each j € ny, B; € A exists such that Fjlz. < G and let f; denote a
J
Radon-Nikodym density of F}|z. with respect to G. For { € ngy, we then have
J

(16 Gl 4107~ ) + vai( [ (- 1706)"]

+ i [ﬁ(\\(ﬂ — G)lg,|| + I(F; — G)(Bj)|> n \/g(/;(fj _ 1)2da)1/2}2.(10)




We note that, if G = F, then 7, = 0 and M. simplifies to N, = MAXpen\g ,:f—ﬁl One might ask
why we gave the complicated estimate (8). However, it turns out that, in special situations, the
order of 1, , for a > 0 can be much better than that of 7,. See Proposition 2.1 below involving a
bound for 7, instead of just the estimate (10). Further, the reason why we formulated Theorem 2.1
in its present general form without the assumption that G = F is given with Lemma 4.3 and
Example 4.2 below.

Let us first discuss the simple case when o = 0.

Remark 2.1 Let the assumptions of Theorem 2.1 hold. In what follows, whenever we consider Vj,

or Wy, for a specified number k € Z,, we assume that k£ < n.

(a) Fork € N, let Tj, = 37 (G—Fj)*. Wehave Vo = I, Vi = n(F—G), Va = 5(n*(F—G)*>~Ty),
and, similarly as in Roos (2000, formula (10)), it can be shown that

E
—

Vi = — Vil'v—j, (ken).

el
<.
Il
[en}

This formula can easily be used to evaluate the signed measures Wy for a given £. In particular,

we have Wy = G™ and

Wi=G"+n(F -GG, Wo=G"+n(F -GG 4+ -(n*(F — G)*> —=Ty)G" %

N | =

(b) In the important case G = F, the formulas above become somewhat simpler. Here, we derive

Vi =0, Vo= —%Fg, Vs = —érg, Vy= érg — im, (11)
Vs = érgr3 — %m, Ve = —% s+ émm + Tls 2 — érG, (12)
Vi = —irgrg + %Fzm + 1—121“31“4 — %n, (13)
Vs = ﬁrg - 3%1“%1“4 — %mrg + %FQFG + %rgrg, + 3%1“2 — érg, (14)
which, in particular, leads to Wy = Wy = F,
Wy=F" — %Fﬁﬁ, Wy=F" — %Pﬁ“’z - %1‘3an3

Letting £ = 1 and o = 0, we obtain under the present assumption that

n
— 2ecyn _
H F-F| < —229M i g < (2ee) 7, (15)
j[[l 1—y/2ec;m
where
V2
M= pmax = (16)

(see comment after Theorem 2.1) can be estimated with (18) below.
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(c) Let us assume that, for each j € n, F; < G and let f; be a G-density of Fj. Set f = % Z?Zl fi-
If in Theorem 2.1(b) we choose suitable By, By, ..., B, € {0,X}, it then follows that, for

E c ﬁ07
n, < Lmin {2n/(f— 1)2daG iHF— GHQ}
£ 4 x 41
- 2 1 9
; . 1)2 = r -

+;mln{n/3€(f] D246, 1B - 6} (17)
From the definition of 7, it is clear that, if G = 1 = --- = I}, then 7, = 0 for each £ € n.
The inequalities (17) and (10) reflect this fact. Moreover, in view of these bounds, if G ~ F in
some sense and if the F1, ..., I}, are not too different, then a large n leads to a small bound.

Speaking in terms of Barbour et al. (1992, Introduction), our bound contains a magic factor
(cf. Section 1.3 above).

(d) If G = F, then, for each j € n, we clearly have F; < G and therefore a G-density f; of F}

exists. In this case, (17) reduces to

]ém {/ j — 1)2dF, LH@_FH?}, (¢ € n). (18)

We note that, in (18), [(f; — 1) dF is finite for all j € n, which follows from

/f}dF:/fdejgn/fde:n.
X X X

One might ask whether the singularity in the right-hand side of (9) can be removed. The
following theorem shows, that this is possible, if we enlarge the leading absolute constant and

replace 7, with 77, (or with 7, in the case G = ).

Theorem 2.2 Let the notation of Theorem 2.1 be valid.

(a) Let £ € ng and let uy € (0,00) be the smallest possible constant such that, without any

restriction on 1,

H H Fj — WgH § Uy 778£+1)/2. (19)
j=1
We have (e+1)/2
2ec
Uy % (1113% (20)

where xy € (0,1) is the unique positive solution of the equation x**' 4+ /2 = 1. By (20), we
get ug < 5.9, up < 17.3, ug < 44.5, and uz < 107.5.

(b) Letf € n and let uy € (0,00) be the smallest possible constant such that, under the assumption

G = F and without any restriction on 1,

HHF WgH uwygﬂ . (21)



Then we get

(26 cl)(€+1)/2

w1 < 10.94, 7wy <315, u3<822, u< 13
— Ty

(Len\3), (22)
where Ty € (0,1) is the unique positive solution of the equation Tt — T2/2 4+ T = 1.
Remark 2.2 (a) If 7, resp. n;, is sufficiently small, the bounds given in Theorem 2.2 can be

further improved as follows from Theorem 2.1 and Lemma 4.5 below. In particular, in the

case G = F, we have (cf. proof of Theorem 2.2)

Q

n n
1 -
H H < great | [[F = Wa|| < U+ Gay/im)m, (23)

n n
1 ~
H||F Wol| < Suss+ || T E - Wal| < (VB + @y,
Ll

1 i ~
HHFJ._WS < gyiQ—{— HFj—W4 < (2+u4\/m)77%
=1 =

In view of (23), one may conjecture that w; > 1. Indeed, this is correct and follows from the
simple observation that, for X = Z, n € 2N, Fy = -+ = F, ;5 = Io, Fp o041 = -+ = F = I,

we have

ITT5 - =20~ ()3) —2 =0

and, by (21) and (18), | [T}_y Fj — F"'|| < Ty m < 2.

(b) From (21) and (18), it follows that
I

(c) It is unclear, whether it is possible to remove the singularity in (8) for any a > 0. Indeed,

gQﬁlmax/(fj —1)2dF.
X

JEN

since the denominator of the right-hand side of (8) contains 1, and not 7, we cannot argue

as in the proof of Theorem 2.2.

Example 2.1 In the situation of Theorem 2.1, let us assume that F; = Zf:o pirHr, (j €n,deN)
and G = F = Zf oDrHy, where Hy,...,Hq € F, and for r € dgy, p;, € [0,1] with Zd_opjT =1
and p, = Z j=1Pjr > 0. Then, for each r € d,, H, has a F-density h, and we may assume that
Zr:OprhT = 1. Consequently, F; has the F-density f; := Zrzopﬁh?«, (7 € n). Using the simple
inequality
(Zg oar )? zd:
) DA

%Q\ ‘ ﬁ@w

, € [0,00), a, € (0,00) for r € d), (24)
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we obtain, for j € n,

/x(fj_l)QdF _ /deF 1_/(2 Opj,rhr)gdf_l

Zr:OﬁTh’r‘
d 2 d 2
< Y[ Hareaoyeooy Eond
—o Pr hr>0} r—o Pr r=0 Pr

Further, we have

175 = Pl < Z\p,« Pisl-

Therefore, in this context, (18) implies that, for ¢ € n,

n d ,_ d
: — Pijr) 1 _ 2
Wmeln{QZ J> g+1<2|p7’_pj’r|> } (25)
J=1 0 r=0

—  np,

Using (24), we get

— — d  —
pO pO Zr:l p’!’ r=1

(Po —pin)* _ (1 =P0) (i (B, — pi))? (_1)i P pﬂ

and hence
d

> et oy B pu) (26)

r=0 r=1 "PrPo

U

We note that (26) is non-trivial in the sense that the sum on the right-hand side does not contain
the summand for r = 0. In view of (21), (22), and (25) with £ = 1, and (26), we see that, in (7),
the factor Csd can be replaced with 2u;, which in turn is bounded by 21.88. We note that, if the
H, are given as in (1) then (25) and (18) coincide. But if Hy =~ - -- ~ Hy in some sense, then (25)

can be much worse than (18) and should therefore not be used in general.

The next proposition shows that, as claimed above, sometimes 7, ,, (o > 0) has a better order
than 7,. Here, we consider the case of symmetric distributions Fi, ..., F, € F with finite support.

For simplicity, we assume that G = F.

Proposition 2.1 Let the notation from Theorem 2.1 hold. Further, letb € N, z1,..., x5 € X\ {0},
Fj=pjol + S0 pjrI-y, + 1) € F, (j €n), and G =F =5l + 30_, 5,(I_y, + L,,), where
pir € 10,1] wzthpjo—i-er 1 pir=1andp, = Zj 1Pjr >0, (r €by). Forl € n, we then have

me{n2< p]O) +2i( pjT’ +sz1 ppjT‘ )7

2p r—1 PrDo r

1 _ B 2
m(\ﬁo — pjol +2;\pr —pj,r\) } (27)

We note that, in contrast to (18), the bound in (27) has the better magic factor n=2. Hence, in the

situation of Proposition 2.1, estimate (8) with a = 1 should be preferred over (9).
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3 Numerical examples

In what follows, we compare the available bounds in the multinomial approximation of the gen-
eralized multinomial distribution. We assume the notation given in (1) with d = 10. Further let
£ = 1. The following two examples show that the results of the present paper can be considerably

sharper than the bounds from the literature discussed in Section 1.3.

Example 3.1 For j € n, let p;, = (f)q;"(l - qj)d_r, (r € dy) be the binomial counting density
with number of trials d and success probability ¢; = 0.4 + ﬁ7 where a > 1. Clearly we
have g; € (0.4, 0.5] for all j € n. We emphasize that, with this definition, Fj is not a binomial
distribution. Further, if a or n is large, then p;, should be close to p, for a sufficient number of
j € d and r € d,, so that we expect a small distance H H?Zl F; — FnH here. This is reflected in the

bounds, given in Table 1.

Table 1: Numerical bounds for the distance in Example 3.1

n  a O Cs (3) (5) (6) (23) & (25)  (15) & (25)
100 1 111.4 15590.9 n.a. >2 n.a. 0.197438 0.173503
1000 1 145.7 26444.8 n.a. > 2 n.a. 0.026902 0.032981
100 2 154.6 29809.2 n.a. 0.107737 0.034777 0.000366 0.000954
1000 2 156.3 30455.0 n.a. 0.110925 0.035914 0.000037 0.000120

Note that the bounds for the distance are always rounded up. Further, as the distance is always
bounded by 2, larger bounds are omitted. The entry “n.a.” means “not available” and describes
a situation, where the bound cannot be used, since the respective condition does not hold. In all
cases, the quantities C; and Cy (see (4) for the definition) are quite large, which explains that the
condition for (3) is not valid here. This is due to the fact that, in each case, some of the p,., (r € d)

are quite small. E.g. see Table 2 for the case n = 100 and a = 1.

Table 2: Point probabilities of F' in Example 3.1 when n = 100, a = 1

r 0 1 2 3 4 5

D, 0.00416 0.03012 0.09851 0.19175 0.24611 0.21781
T 6 7 8 9 10

Dy 0.13473 0.05757 0.01628 0.00276 0.00021

In the next example, we discuss a situation, where (3) gives non-trivial bounds.

Example 3.2 For j € n and r € dj, let
1+ (+r)/(b(n+d))
Shmo(L+ G+ 1)/ (b(n +d))
where b > 1. Similarly as in Example 3.1, for large n or b, we expect good approximation, which
indeed is reflected in the bounds for H H?Zl Fj; — FnH given in Table 3.

Pjr =
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Table 3: Numerical bounds for the distance in Example 3.2

n b (3) (5) (6) (23) & (25) (15) & (25)
100 1 0.325253 0.008310 0.002337 0.000030 0.000098
1000 1 0.118021 0.000119 0.000033 3.9x 1077 1.5 x 1076
100 2 0.112763 0.000978 0.000267 3.3x 1076 1.2 x 107
1000 2 0.040581 0.000014 3.8 x 1076 4.4 %1078 1.7 x 1077

In contrast to Example 3.1, in each case the values p,, (r € d) are quite similar, which implies
that the condition for (3) is valid. E.g. see Table 4 for the case n = 100 and b = 1.

Table 4: Point probabilities of F' in Example 3.2 when n = 100, b = 1

r 0 1 2 3 4 5

Dy 0.08807 0.08864 0.08921 0.08978 0.09034 0.09091
T 6 7 8 9 10

Dy 0.09148 0.09204 0.09261 0.09318 0.09374

In what follows, we discuss an example, where the distance can actually be evaluated.

Example 3.3 Suppose now that, in Example 3.1, we change the measures H, to H, = I, on R for
r € dy, i.e. all distributions Fy, ..., F,, F are one-dimensional. Then, using a computer, it is not

difficult to get the exact numerical value for the distance, see Table 5.

Table 5: Exact numerical values for the distance (cf. with Table 1)

n 100 1000 100 1000
a 1 1 2 2
[ TT= Fy - I 0.007152 0.001653 5.9 x 1070 7.6 x 1076

A basic property of the total variation distance tells us that, for distributions ﬁT € F, (redy) in

the case of a general measurable Abelian group, we have

TS o) — ()| < [ TT(sor + S mrote) — (ot + 358) | 9
j=1 r=0 r=0 j=1 r=1 r=1

This can easily be seen by writing the difference of the measures on the left-hand side as a polynomial

in fl;, (r € dy) and then applying the triangle inequality. As a consequence of (28), each bound
from Table 1 is valid here as well. A comparison shows that the bounds are getting closer to the
actual distance as n or a is becoming large. For example, the bounds from (23) & (25) are about
27.6, 16.3, 6.2, and 4.9 times higher, respectively, than the values from Table 5.

We can apply this idea to Example 3.2 as well: if we again change the measures H, to H, = I,.
for r € dy, we get the exact values of Table 6. A comparison with Table 3 shows that the bounds
from (23) & (25) are about 4.8 to 4.0 times higher than these values.
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Table 6: Exact numerical values for the distance (cf. with Table 3)

n 100 1000 100 1000

b 1 1 2 2
[T]_, F—F| 6.3 x 1076 9.1 x 108 7.4 % 107 1.1 x 10-8
4 Proofs

4.1 Smoothness estimates for convolutions

In what follows, we use the standard multi-index notation: For z = (z1,...,24) € C¢, (d € N) and
w = (wi,...,wg) € Z%, we set 2* = Hle 20 |w| = Ele wy, and w! = Hle wy!. Similarly, for
V=0,...,Vy) € M?% set V¥ = Hle V. For v,w € Zi, we write v < w in the case that
vy < w, for all r € d; let v Aw = (v Awy,...,vg A wg). Sums over v, v, and w are taken over

subsets of Zi as indicated. The following lemma is a counterpart of Lemma 5 in Roos (2001).

Lemma 4.1 Let k,n € Z,, d € N, and a, € R for v € Zi with |v| = k. Let X = (X;)req be a
random vector in R? with E[(Zle |X,)¥] < oo and put Xo = Zle X,. Let p= (pr)rea € (0,1)%
such that pg =1 — Zlepr € (0,1). Further, let H = (H,);cq € F¢, Hy € F,

d d d
G=Y pH eF, U= %H(HT—HO)”T, ngE(ZXT(HerO))k,
r=1

r=0 lo|l=k =1

where, in the definition of Ua, the expectation is defined in the pointwise sense. Then we have

d
! 'k — ! 2\1/2
||| < I (Y with — )t RJTZP > = (i)] ) (29)
(n+ k) w|<k pwpo v]=k g T
n+k\ V2GR XY By 12
ner| < (32 .
el < (") RS (30)
r—
where the random vector Y = (Y;)ycq is an independent copy of X and Yy = Zle Y.
Proof. Let W
n! w W : d
Mult(w,n,p) = 4 PO P P s HwEZy el <,
0, otherwise

denote the multinomial counting density with parameters n and p. For f : Z? — R and r € d, let
Arf 0 20— Rwith (A f)(w) = f(w—e,)— f(w) for w € Z%. Products and powers of A-operators
are understood in the sense of composition. Further, let A%f = f. Clearly, A, A, f = A, A, f for
ri,r2 € d. For v € Z4, let AVf = A}'--- Al f. We set A*Mult(w, n, p) = (A*Mult (-, n, p))(w) for
w € fo_. We use the following properties of the multinomial distribution (see Roos (2001, formulas

(20), (21), and (4))): For v € Z%,

d
Z A"Mult(w, n,p) H" HSLHU'_'w' =G" H(Hr — Ho)" (31)
| <ntlo| =1
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and, for v, w € Z‘i,

vln!

(n+[v))!p’p

AYMult(w, n, p) = Kraw(v; w, n + |v|, p)Mult(w,n + |v|, p)

where

Kraw(vsw,m,p) = 3 <7v—_!1§‘\> o — ay( 'U (:1:7);5 o rz[l <%,> .

v<w

is a Krawtchouk polynomial of degree v. Note that there is another set of Krawtchouk polynomials,
which forms, together with the one from (33), a bi-orthogonal system of polynomials with respect
to the multinomial distribution (see also Tratnik (1989)). From the more general Lemma 2 in Roos
(2001), it follows that, for v,v € Zi with |v| = |v], we have

Z Mult(w, n + |v|, p) Kraw(v; w, n + |v|, p) Kraw(v; w, n + |v|, p)
lw|<n+[v|
|w+o]

Z (n+ [v)! v — w|! p*+¥=¥ py

wln! (v —w)! (v —w)!

(34)

wVAD

We note that the right-hand side of (34) is always positive, which shows that, if d > 2, then the
Krawtchouk polynomials given above are not orthogonal with respect to the multinomial distri-

bution. However, we do not need such a property. Using (31), (32), Cauchy’s inequality, we now

obtain
HUl GnH _ H Z Zv Z A”Mult(w n p) HY H nHv\ |w|H
Multwn+kp‘ Kraw(vwn+kp)‘
(n+k wgd lzkp o
L(ZMultwn—i—k p)[z Ay Kraw(v'wn+k;p)]2)1/2_,T
! weZg lvl=k P ’8 o 7 .
Using (34), we get
T = (Z Z ay a5 (n-l-k?)!(k‘—|w)!p”+5—wpg”|+k>1/2
) n+k |v|=k [5]=k PR w<OAD w!n! (v —w)! (v —w)!
_ Vn! \w, o < N2
- (S IS ST () S AT ()

- B (5 e s ()

||kppo
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Inequality (29) is shown. Since Uz = 7,1 U, E[X"] 1%, (H, — Hy)"r, (29) gives

. Valk w
[eaxei/ms (nf;)!( > iy B L] 1<wr>r)l/2

lwi<k P" Po lv]=Fk
vnlk! w!(k — Jw])! XY ( > yo 2 (@) 1/2
e E .
(n+k)!<|wz|<k v plg |w] [|vzzk ol S vzzk v! rl_[l Wy D

For |w| < k, we have
ST = 2
ol - — i
oe U \wr ! |w|)!
Indeed, this follows from the identity theorem for power series taking into account the following

equality of the corresponding generating functions

Z [ Z H( )} _ z| |X i‘lj: [Xka|u|]“|f)| ]zk, (€C).

k=0 " |v|=k 'r1

From the above, we get

ltacn| < ("Zk)1/2(E[

—w d Wy
S ) IEE)D”

|w| <k Po rel Pr
—1/2 X Y\ 1/2
<n + k‘) (E ( Z r 'r) ) :
k = Pr
which completes the proof of (30). O

The following lemma is an important application of Lemma 4.1 and generalizes formula (37) in

Roos (2000). Another application is given in the proof of Proposition 2.1, see Section 4.3 below.

Lemma 4.2 Let k € N, n € Zy, G € F, and U € M, where we assume that |U| < G and
that U(X) = 0; let f* denote any Radon-Nikodym densities of U* with respect to G and put

f=f"—f". Then )
—1/2
vk 6| < (“Zk) (/deG>k/2. (35)

Proof. If [ f2dG = oo, then (35) is trivial. In what follows, we assume that [ f>dG < co. Let
€ (0,1) be fixed. Then ajfs € [0,00), (j € Z4) and pairwise disjoint Bj. € A, (j € Z4) exist such
that

9]
Uij:%? fs:t Zajg jE and ng:t—faigg
j=0

Here 1(A) is the indicator function of a set A. Let UF be the measures on (X, .A) with G-densities
f£. This implies that UF = >0 qj-fe H;., where, for j € Z,

G(Bj:N -)/G(Bj.), if G(Bje) >0,

+ +
- —=a:.G(B; and H,;.=
U j.g (Bje) s { I, otherwise.
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Set ¢j. = q;-; — G fo = f& — f-, and U. = UF — U-. We note that the latter equality
indeed indicates the Hahn-Jordan decomposition of U.. Then HUgH < HUH and HU — UEH =
J((FH =)+ (f~ = f2)) dG < &, giving
[ — U < ko) o - O < ko)
Hence
|t || < ||t - uben|| + vk 6|l < kU] e + UtGr|.

Since [ fdG =U(X) = 0, we have ’ijo Uje| = ’f =70 dG‘ < ||U = U:|| < ¢, and therefore,
for each m € N,

(S weme) ~ (Swette ) < k(e 2 & ) (22 )

Jj=m+1

Hence, we obtain

[t el = (S aset) (L cwm,.)"
=0 j

o) JZO o k—1 m k o n
<k(e42 Y o) 22 lael) | (X gty — Hoo)) (0GB H)
j=m+1 j=0 j=1 j=0

From (30), it follows that the norm term on the right-hand side is bounded from above by

(n —lic- k) 1/2( Z G(qé;))m _ <n _;: k) —-1/2 ( i(a}; - a;E)ZG(Bj,a)>k/2

jemy: G(Bj,e)>0 J=0

n+k\ 2 k/2
( . ) ( / j2ac) "
Letting m — oo, we obtain

00 _ —-1/2
[vE e < ke (23 lasel) T + <”j{"“> ([r2a6)™".
=0

N

Since

‘/ fg)dG’ </|f_f&‘|(‘f|+|f€‘)dG<€(HUH+HUEH) <2EHUH7

we obtain (35) by letting ¢ — 0. This completes the proof. ([

It may happen that the assumption in Lemma 4.2 does not hold directly. However, this can

sometimes be overcome by shifting U. The following corollary is needed in the proof of Theorem 2.1.

Corollary 4.1 Letn € Z,, G € F, U1,Us € M, and U = Uy + Us. We assume that |Us| < G
and that both UE # 0. Put U2 = U;E/HU |. Let f* denote any Radon-Nikodym densities of U2
with respect to G and set f = fT — f~. Then

+ —
o) < ou) + wagey + WELA WL f gy, )



16

Proof. The assertion easily follows from the triangle inequality, Lemma 4.2, and the simple fact
that Uy = Us(X)U3 + (U5 ]| A HUQ_H)(f]Q+ — U;), where 7 denotes + or — according to whether
HU;’H > HU{H or not. O

Remark 4.1 (a) Let the assumptions of Corollary 4.1 hold. If u is a o-finite measure on X and
if G < p, then G and (72i have p-densities v and g%, say, and, letting g = ¢g* — g, we can

write fo dG = f{v>0} g>v~tdp.

(b) Sometimes it is useful to simplify further the bound (36) by using the following inequality:
(HU;H A HU{H)2ff2 dG < [h?dG, where h = h™ — h™ and h* denote any G-densities

of Uzi. Indeed, this follows from the representation

2 [ (AT)? (h™)?
/f dG—/A HU2+H2dG+/AC UQ_HQdG

whenever A € A with Uy (A) = Uy (A°) =0

The next corollary is an extension of Lemma 4.2 to compound distributions and may be par-

ticularly useful in the compound Poisson approximation.

Corollary 4.2 Letk € N, G € F, and U € M, where we assume that |U| < G and that U(X) =0
let f* denote any Radon-Nikodym densities of U with respect to G and put f = ft — f~. Let
N be a random variable in Z, and ¢(z) = E[zV], (z € C, |z| < 1) be its generating function. Set
©(G) = E[GN] € F, where the expectation is defined in the pointwise sense. Then we have

1
o e(@ < (k[ oot - apae) ([ 2a6)™" (37)

If N has Poisson distribution exp(t(I; — I)) with t € (0,00), then
1
k 2
U e(@)|| < vy /f dG (38)

Proof. Using the triangle inequality, Lemma 4.2, and Jensen’s inequality, we obtain

HUkSO(G)H < EHUkGNH < (E(N]jk>_1)1/2</f2dG)k/2'

The integral representation of the beta function implies that E(N +k) =k f o Lo(1 — z)dz,
which, in turn, leads to (37). Inequality (38) easily follows from (37) and the series representation
of the lower incomplete gamma function. O

We note that (38) is comparable to previous results of Roos (2003, Lemma 2) but is however

much better because of the more general assumptions used in Corollary 4.2.
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4.2 A general lemma

The results of Section 2 are based on the following general lemma. Here, a distribution G € F is
called infinitely divisible if, for each n € N, there exists a G,, € F such that Gl = G. We note
that, in general, such a n-th root G,, need not be unique (see Heyer (1977, proof of Theorem 3.5.15,
pp. 222-223)); let GY/™ denote any fixed n-th root of G.

Lemma 4.3 Letn €N, Fy,....F,,G€ F, Ly,...,L, € M. Set L = %Z?:1Lj7 K; = Fje_LJ',
(j €n), Ko =Ge L,

¢
Vi= Y Tl —Ko), (keng),  We=) Vi@ *e, (L€ ny),
JCn: |J|=kjeJ k=0

(Kj — KO)(Gn—k)l/kef, if G is infinitely divisible, ok € n)
. — j— 9 Q Y
ik (Kj — Ko)GLO=F)/kl el otherwise, g
Vk’vm:ZHMj,kav vy, = HZMM , (ken,meN).
j=1 Jj=1

Let ¢, be defined as in Theorem 2.1. Then, for ¢ € ny,

n n ~ k
2ecy V,f k/2 vy
H,I_IFJ‘_WKH< > (4cl+yk’2)> Sl
7j=1 k=0(+1

The following two examples show possible applications of Lemma 4.3. As a byproduct, results

in the compound Poisson approximations can be derived.

Example 4.1 If we consider the case L; = --- = L, = 0, we see that Theorem 2.1(a) is a direct
consequence of Lemma 4.3, (cf. proof of Theorem 2.1).

Example 4.2 Suppose that, for j € n, H; € F, p; € [0,1], L; = pj(H; —I), and F; = I + L;. Put

L=n"t Z?:l Lj and G = el. Then Lemma 4.3 implies that

< n 1 k
|T15 - <X (Il (39)
J=1 k=1 j=1
where, for j, k € n,
Kj = (I+pj(Hj — I))e_pj(Hj_I)7 Ky=1,

My = (K= Ko)(G"™*) kel = (I + Ly)e™ — Dexp (7).

In principle, (39) is the same as estimate (26) in Roos (2003). The approach used there is based
on a slight modification of an expansion due to Kerstan (1964). It is however not sufficient to get

the results of the present paper.

For the proof of Lemma 4.3, we use formal power series over M. In the following lemma, some
basic properties in connection with the norm on M are summarized. The proof is simple and

therefore omitted.
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Lemma 4.4 Forn € N and k € n, let ¢,(€0)(z) = > 2o Wik 2, (Wjx € M) be a formal power
series over M with variable z and let Coeff(zj wko)( )) be its Jjth coefficient W; .. Further, consider
andwk () ZJ 0Gjk 2 forajke HW 00)

the formal power series w,(cl)( ) =220 W,
and k € n. Then, for j € Z,

|Coeff (27, i (2))|| = Coeff(27, (" (2)),
HCoeff (zj , ﬁ e (z)) H < Coeft (zj, f[ ¢,§1>(z)) < Coeft (zj , ﬁ e (z)).
Proof of Lemma 4.3].6_1We first note that - -
HF—(HK K0+K0> ZVK"k"L inG”’kekf:Wn.
j=1 k=0

For k € n, let A(n,k) =0 or A(n,k) =n —k — k[(n — k)/k| according to whether G is infinitely

divisible or not. For ¢ € n,, we obtain

ﬁFj*Wg — zn: VG hehl — Zn: 3 (HM,,QGWJ@
j=1

k=0+1 k=t+1JCn: |J|=k j€J
= Z Coeff (2% 4y (2)) GANF), (40)
k=0+1

where 94 (2) = [[;_,(I + Mj2) is regarded as a formal power series for k& € n. It should be
mentioned that it is essential here to extract the kth coefficient of a formal power series which itself

depends on k. By Lemma 4.4, for k € n, we get

n k
||Coeff (2", 91(2))]| < Coeff(zk, [Ta+ \\Mj,k]yz)) < Coeff(2", e"1%) = Vz;l. (41)
J=1 '
On the other hand, using
u(z) = exp (30 Mine) TL (Y007 + M)
j=1 j=1
n n o0 1 m -
- o (D) [T[ 3 1o anas]
j=1 j=1 m=0
we derive .
| Coei (=, v ()| < Coeff (=¥, 7= [T o[ M;]|2) ) (42)
j=1

where, for y € C,

— [1-m| ., Y vyt

m=0

From the definition of ¢;, we obtain that

9(»)] < g(lyl) < et (43)
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Here, we note that h(x) := In(2—(1—x)e®) /22 for € (0, o0) attains its maximum ¢; = 0.694025 . ..

at point xg = 0.936219.... This can easily be shown using the representation

1 1
hz) = ~ / ;ln(Z—(l—tx)em)dt:/ g
0 0

T2 2¢etr — 1 +tx

which, after differentiation of the integrand, leads to a useful integral formula of the derivative

1 [% 22t —1)
W)= — | ————_dt.
(@)= 25 /0 (2e~t—1+1)2

As a consequence, we learn that h/(z) = 0 has exactly one positive solution # = xy, which can

easily be calculated numerically. Let

™

e 2 m
Bessel(0;y) = Z (ynéjl)) exp(y cos(t)) dt, (y e C)

2 T o9
= ( 2m J_,

be the modified Bessel function of first kind and order 0. Using (42), Cauchy’s integral formula,
and (43), we derive, for k € n and arbitrary Ry € (0, 0),

1 Tt T i ~ i
HCoeff(zk,l/)k(z))H < 27TRI,:/—7re kt(jl;[lg(HijkHRket)) exp (v, Rye™) dt

I -

< o / ep(FRy cos(t))dthlmHMj,kHRk)

< };Bessel((); VR Ri) exp(cy v o R?)
k

_ (v Re) 513 2

= R,IzeXp<<4 +¢ Vk,2>Rk>7

where o(z) = Bessel(0; 2) e **/* < 1, (z € R). Choosing

k 1/2
R, =
* (2(4—15,3 o uk2)> ’

we get
2 2 k/2
|Coeft(F, v (2))]| < (2 (4”6’2 +ua)) (44)

Taking into account (40), the fact that A(n, k) € n,, as well as (41) and (44), we obtain

Hjli[le—WeH < 3 et <« 3 (20 vua)) ]

k={+1 k=041

The proof is completed. O
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4.3 Remaining proofs

Proof of Theorem 2.1. Part (a) follows from Lemma 4.3. Indeed, for 1, < (2ec;)~!, we have

n n > Ny B
HJI;[IFJ - Wz” < k;ﬂ (szi (4Ck +u 2))(€+1)/2ka(e+1)/2<2€k01(41/§1 n ng))(k 0—1)/2

< (2eeymge) 2N K20y )2
k=(+1
(26 ¢ 776,0{)(6—}—1)/2

(1= y/2ecy )Pt

< (L+1)°p!

Here we used that, for x € [0,1),

n [e.e]

2

k=0+1 k=0

d 1 A1
— = ((+1)
dzf 1 -z (+1) (1 —z)s+1

=(+1)

Part (b) is shown by using Corollary 4.1 together with Remark 4.1. In fact, for j, k € n, we obtain

n

M0l < (155 = Gl | + 105 - B+ 22 ([ (- 1206) 7

since, for k € n,

n—k max{n —k,k} _ n
> > —,
R k ~ %

Similarly, we have
v = H ZMJ kH < (nH(F— G)|g,|| + nl(F — G)(Bo)| + m(/BS(fO B 1)2dG>1/2)2,

This yields (10) and completes the proof. O

For the proof of Theorem 2.2, we need the following lemma.

Lemma 4.5 Letn €N, Ly,...,L, € M with z;‘:l L; =0, and, for k € ng and m € N,
V= > IIL om =3 lm]"
JCn: |J|=kjeJ j=1

Then we have

. 1 - 1 . 1
Vol <5da (Wl <5 |Vl < g3

~ 1 ~ - 1
Vsl < g20s [[Ve]l < ok (Tl < 500
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Proof. The first two inequalities are easy. Taking into account (11)—(14), it is not difficult to show
that, letting Ty, = > =1 (=Ly)™, (m e N),

Il = =TTl <S0T =T+ T <5

[Vs]| = 1H ol — T — H 792193,

IVsl| = 144H3 — 3Tl + 2T] — 9[TaTy — Tg] — 8[T2 — ] + T
< ﬁ(?)w?’ — 30204 + 20g] + 9[292194 — 9] + 8[62 — O] + B)
= 144 (3193 + 8[03 — U] — 296) < 144 9,

Il = o L |135(T8Ty — 2T — sy + 2T — 14[Fols — Tr] — 35[FaTy — Ty] + T
S 81110 (35[0303 — 20905 — D30 + 207] + 14[9905 — 7] + 35[0304 — 1] + I7)
- 81110 (280505 — 20205 + 97] + TV303 — 6U7) < glzﬁ%ﬁg.

Observe that, in order to obtain good constants, a convenient grouping of terms is essential. Further,
for the bound of HIN/G , (93 — 96) /03 < 471, which can be proved by using

2 n
193193196 _ (Z 3/2) Zx Zx =: gn((z1,...,2,)),

Jj=1

where z; = HLHF(Z;Q HLZH )~%, and the fact that the functions g, ((x1, ..., x,)) forn € {3,4,...}
and (21,...,2,) € [0, 1] with 377, 2; = 1 satisfy

gn((21, -+ 2n)) < gna (21 + 22,23, ., Tn)),

whenever 0 < z1 < ... <z, < 1. This completes the proof of the lemma. O

Proof of Theorem 2.2. In order to prove the assertions, we need a further bound. In fact,

similarly as in the proof of Lemma 4.3, we get that, for ¢ € n,,

Hf[Fj—WZH < 1—|—HW@H<2+HXZ:Coeﬂ?< f[ (1 + Myz) ) A0
j=1 = j=1

2 —¢— it
< 2+Zt’“ —

where t = /2ec; 1. Similarly, if G = F, then, for ¢ € n,

n ¢ TR jr+1
H Z 2—2t+t°—t
=1 k=2 1—t

where t = /2ec, 17,. We now prove (a). Let £ € ng. If t € [0, 2], then (9) gives

tﬂ—l-l t@—l—l

R
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On the other hand, if t € (xy, c0), then

HHF WH tf+1 t€+1 <2_t_t€+l)(2 xé—xi—i_l) < tf+1
‘ 1—t Tl V(A —1) )\ (1 =gy 1—x,

since ?[ff(f[jt; =114 Z(ZH t=7 is decreasing on (0, 00). This yields (19) and (20). The proof of
(a) is easily completed. Let us now show (b). Set G = F. Similarly to the above, one can show
that, for ¢ € n,

tf+1

HHF W <5

This proves one part of (22). Using the norm inequalities in Lemma 4.5 and (9), we derive, for
tes,

n n n 7
NI By E A VR | R M o e R
Jj=1 Jj=1 Jj=1 k=(+1

where, for x € [0, (2ec;)™1),

i/?$5/2 Exzz + 72 272 (2e¢y z)!
6

2 24 1—/2ec;a’

Gz) = z+V32%2+24%+

55/ 15 77/2 (260 .’E)4
) = \/§x3/2+2$ + 2 5/2_'_7‘%‘3_{_7‘%‘7/2 71’
CQ( ) 6 2 24 1_\/@
5/2 7/2 A
Ga) = 2952"‘&%5/2—1-&963—1-7/ z7/? 4+ (2ec z)

6 2 24 1—/2ec;z’

Note that, for ¢ € 3, we have (y(n;) < %, if and only if 1, € [0,s¢], where 51 =

0.182839..., s2 = 0.196439..., and s3 = 0.205094.... If n; € [0,s¢], then || [Tj_; Fj — W] <
Ce(my) < Q(Sg)nyﬂ)/z/sl(fﬂ)m. If 1, € (s,00), then, letting £, = \/2e ¢, sy,

HﬂF-—WeH 2 AP 2o Gt BB _ v/ el
j S i ) = - ‘
11— 1) (1 —t) sy T2

Numerical calculations give the bounds for @y, (¢ € 3) as claimed in (22). This completes the

proof. O

Proof of Proposition 2.1. Consider fixed j,k € n. Let d = 2b, D0 = (Dy,...,PpsD1s---,Pp) € Zi,
and p = |(n —k)/k|. Further, for v € Z4 with |[v| = 2, let a, = P, — pjr if v, = vp4r = 1 and
a, = 0 otherwise. Let

I b
Ho—1, H,={ = "%
I, ,, m€d\b.



Closeness of convolutions 23

Then we have F = Zfzo p,H, and

b
Fi=F = (pjo—Do) I+ (0jo—P)U 2, + 1)

r=1
b b
= Z(pjr _pr)(lf:pr + IxT - 21) = Z(Tjr _pj,r)(lfmr - I)(Ixr - I)
r=1 r=1
- X S Tlon -y

Here and henceforth, sums over v and w are taken over subsets of Zi as indicated. In particular,

we obtain
b

I _ 2
|M4l* = 1CFs = B P < |IF; = FIP < (Ipso — Bol +2 3" lpir — 7il)
r=1

On the other hand, in view of

HMj,kHz=H@—FW”H?:H(Z:HjH ) (L) |

r=0
we see that (29) can be applied, which together with the simple fact that (pp ) < € Jrll)z < %2
gives
2 — |w])!
P > Ml s g ()]
p+2'| ER R = X
K% /2 d
< w s ] poribi ()]
0 jol=2 w|= =2 " =1 M7
w'
Sx SIS S ()]

|w]=2 |v|=2

The special definition of a,, (v € Z%,|v| = 2) implies that Qe te, ) = 0 for 7(1),7(2) € d with
|r(1) — r(2)| # b and therefore the terms on the right-hand side can be evaluated as follows:

b _
2 { ay12 2 _ 2 (pjo—Do)?
S = fQ[Z@r _pjﬂ“)} =92
Po o]=2 v ot 2p§
d d b
1 ay vr\12 1 [ Qy ] pg r
Z b 70 |: Z U‘ (wT>‘ - 77'?0 U' 1 Z prpo
hw|=1 =2 r=1 r=1 |v]=2 r=1
w! Ay d vr \ 12 i w! Ay ]2 . ° (T?r - pj,r)2
Yo NI = Xl =X
|u)|:2 |’U|=2 r=1 |u)|:2 r=1 r

We note that some of the binomial coefficients above are equal to zero. This implies that

b
1M, 2 4k> (( p;o +22 — pjr)? Z pﬂ )

2
n = PrPo r=1

N
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Using this together with

Vk,2 ( 1 <
= max —5 = max |- M.
e ken\t k2  ken\e kQ;H gk

)
(see the comment after Theorem 2.1) the proof is easily completed. (]
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