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In this paper we study inference for high dimensional data char-
acterized by small sample sizes relative to the dimension of the data.
In particular, we provide an infinite-dimensional framework to study
statistical models that involve situations in which (i) the number of
parameters increase with the sample size (that is allowed to be ran-
dom) and (ii) there is a possibility of missing data. Under a variety
of tail conditions on the components of the data, we provide precise
conditions for the joint consistency of the estimators of the mean. In
the process, we clarify and improve some of the recent consistency
results that appeared in the literature. An important aspect of the
work presented is the development of asymptotic normality results for
these models. As a consequence, we construct different test statistics
for the one-sample problem concerning the mean vector and obtain
their asymptotic distributions as a corollary of the infinite dimen-
sional results. Finally, we use these theoretical results to develop an
asymptotically justifiable methodology for data analyses. Simulation
results presented here describe situations where the methodology can
be successfully applied. They also evaluate its robustness under a va-
riety of conditions, some of which are substantially different from
the technical conditions. Comparisons to other methods used in the
literature are provided. Analyses of real-life data is also included.

1. Introduction. Modern scientific technology is providing a class of
statistical problems that typically involve data that are high dimensional,
and frequently lead to questions involving simultaneous inference for large
sets of parameters. The number of parameters in these datasets is often
random, and grows rapidly in comparison to the sample size; furthermore,
there can be missing observations. Microarrays epitomize this situation, but
similar problems arise in other areas such as polymerase chain reactions,
proteomics, functional magnetic resonance imaging, and astronomy. For ex-
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ample, in microarray experiments the number of expressed genes differ be-
tween replicates, and certain genes do not express in all replications, leading
to missing data. Statistical analyses of such problems is an area of increasing
concern, and various statistical models and methods have been developed
to analyze these situations. Some recent references in this area include [7]
and [18], which study the large p small n problem. The reference [15] studies
the joint asymptotics in the context of general regression problems when the
number of parameters diverge to infinity with the sample size . In particular,
[7] investigates the simultaneous estimation of the marginal distributions in
the large p small n problem, and it describes how these results can then be
used to control the so-called False discovery rates(FDR).

The primary focus of this paper is to develop a general framework for
joint statistical analysis of parameters in high dimensional problems. Fur-
thermore, we allow a random number of parameters and missing data in our
data structures. This is achieved using infinite dimensional techniques. Al-
though the methods of our paper apply generally to many high dimensional
data problems, we will frequently use the terminology from microarrays to
facilitate connections to one of the contemporary scientific disciplines. Now
we turn to some specifics of our model.

For each fixed integer n > 1 we begin with a collection of independent
sequences of real valued random variables {£,;; : 7 > 1}. All are assumed
to be defined on a common probability space, and there is no dependence
relationship assumed as n and j vary. In the context of microarrays, for n
fixed, each of these sequences represents the expression levels of genes in one
replication of the experiment. The index n can be interpreted as either the
time frame or as a label for the laboratory where the experiment is being
performed. In particular, the random variable ,, ; ; can then be thought of
as the expression level of the j** gene in the i*" replicate with index n. The
number of replicates, for fixed index n, could be any integer r(n), but for
the sake of simplicity we take r(n) = n. Nevertheless, the techniques of this
paper can be applied to develop results for other choices of r(n).

Since the expressed genes between replicates may not coincide, either
due to the random number that appear or for other reasons (which can
be viewed as random deletions), we incorporate these two non-mutually
exclusive possibilities into our model. We let V,, ; denote the random number
of variables within the i*" replicate having index n. We also assume for each
integer n > 1 that {N,; : ¢ > 1} is an i.i.d sequence of integer valued
random variables with P(N,,; > 1) = 1. Of course, in real datasets we also
have P(N,; = oo) = 0, but our results also apply to the situation where
P(Ny; =00) > 0.
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To model missing data, we postulate that the missing mechanism is
independent of the expression level and the random number of parame-
ters involved. For this reason, we introduce the Bernoulli random variables
{Ry,ij:n>1,i>1,j>1} to represent missing data indicators, where

(1.1) P(R,;;=1)=pforn>1,i>1,5>1.

We will assume that 0 < p < 1, and also that the sequences {&,;; : n >
1,i> 1,5 > 1} {Rpsj:n > 1,0 > 1,5 > 1}, and {N,; : n > 1,4 > 1}
are independent. The case p = 1 corresponds to the case that there is no
missing data.

In traditional multivariate analysis, such data is typically represented as
random vectors in a fixed dimension d. However, since we are studying the
model in which the dimension of the parameter vector diverges to infinity
with the sample size, we represent it as a vector in R, the linear space of
all real sequences. That is, we set

(12) Xn,z' = Zén,i,jen,i,jeja 1= 17 N,
Jj=>1

where

(1.3) On,ij = 1(J < Nni) R

forn>1,i>1,7j>1,and {e; : j > 1} is the canonical basis for R*°; that is
ej={0jr:k>1}forj=1,2,---, whered;, =1forj=kand0if j # k. In
the context of microarrays, the coordinates of the vector X,, ; are thought to
be the “normalized expression levels” of genes identified in the it replicate
with index n . In probabilistic terms, the collection X, 1, X2, -+, X
forms a triangular array of n independent R*°-valued random vectors. Let
N} = maxj<ij<p Ny, denote the maximum number of components (columns)
in the dataset; or in the context of microarrays, the total number of ex-
pressed genes present. If P(N}y < co) = 1, the components of X, ;, namely
&n,ijiOn,i,j, equal O for j > N, ;. In other words, X, ; € co, where ¢p is the
linear space of all real sequences converging to 0. Hence we will be con-
cerned with asymptotic inference for data in ¢g. Throughout the paper we
allow the possibility that P(N} = oo) > 0. We also will use the notation
T =3, r;e; to denote a typical vector in R*°, where {e; : j > 1} denotes
the canonical basis vectors defined above.
The space ¢, with the usual sup-norm given by

(1.4) ||z[|oo = sup |zl
i>1
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is naturally appropriate when studying the asymptotic inference for a one-
sample problem using the maximum of suitable “averages” of gene expres-
sions. In our data analyses we also use £, subspaces, 2 < p < oo, determined
by the norm

(1.5) 2/l = (D lw;17)%

Jj=1

-

when 2 < p < oo, and by (1.4) when p = co. Related theoretical results
for these norms are studied in [8]. Our main asymptotic results concern the
statistics

(1'6) Sn,n = ZXn,ia
i=1
and
n é n an£
n7z7.7 n7z7.7 n7z7.7 n7z7.7
(1.7) ZZ B D vl
i=1 Z 7.7 i=1 '7 1 7.7
where
n
(1.8) Vg =max{1,> On,;;}, n>1j>1
i=1

Here the coordinate wise random-normalizers V;, ; take into account the dif-
ferences amongst columns due to missing data and random row lengths,
and if we replace the V,, ; in S’nn by nl/z, then we obtain Snm/nl/z. Our
results include consistency, rates of convergence, and asymptotic normality
for these sums. The statistic S’nn is important when we consider asymp-
totic normality in our model, as it essentially normalizes each column by
the square root of the number of terms in that column. We also study the
statistic

n an

(19) i Z £n7ZJ n’Z’J = Z Z énvm nvlJ i
i=1j>1

J i=1 j=1 nJ

a particular case of which is discussed in Section 3.2 .

When N,,; = pp, where p,, is non-random, exponential in n, and p = 1,
this is sometimes called the large p small n problem, and [7] and [18] studied
the behavior of S,,,, in the sup-norm under various assumptions on the tail
behavior of &,; ;. For example, the results proved in [18] assume that the
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random variables have bounded support, while [7] replaces this condition
by various exponential decay conditions on the tail behavior of &, ; ;. The
primary technique employed in [7] to obtain consistency results uses the
uniform constants for the exponential rate of sup-norm convergence of the
empirical distribution function to the true distribution function. This is then
used to obtain results for the relevant partial sums of random variables using
integration-by-parts techniques. While this approach yields useful results,
the integration by parts required seems to obscure the true nature of the
matter. From what we do here, we will see that it is more fruitful to study the
problem from the point of view of the random variables themselves in that
we are able to clarify some of the results described in [7], and also extend
them under a broader range of conditions to our more general model. While
we focus on the mean functional,[7] studies other interesting functionals of
the data.

The rest of the paper is organized as follows: Section 2 presents the main
results. These results concern joint consistency and joint asymptotic normal-
ity. Section 3 contains applications and simulation results. Section 4 contains
the necessary probability estimates, while Sections 5 and 6 contain the proofs
of our main results. Section 7 contains some concluding remarks.

Throughout the paper Lz = L(z) = log,(max(x,e€)).

2. The Main Results. The results that we obtain will depend crit-
ically on the tail probabilities of the random variable {&,;;}. These as-
sumptions are of two types, namely that the tail probabilities decay at an
exponential rate, or that they decay polynomially. In the large p small n
problem, our results imply that these tail probability conditions are closely
tied to the way p must relate to n. For example, in the classic version of
this problem where p grows exponentially fast in n, we need tail probabil-
ities that decay exponentially fast, whereas if p grows only as a power of
n, then we only need polynomial decay for the tails. The precise nature of
this interplay for consistency results is contained in Theorems 2.2 and 2.3. In
particular, the remarks following these theorems contain precise information
on their relationship to the large p small n problem.

First we discuss the exponential decay case. Here we assume that for some
r, 0 <r <2, and all x > 0 there are constants ¢, ; and k, ; such that

(2.1) P(|énij| = @) < cp e,

for alln > 1,7 > 1. Random variables satisfying (2.1) with r = 2 are usually
said to be sub-Gaussian, and if for 1 < i < n we have that each §,; ; takes
values in the interval [ay, j, b, |, then we will see below that (2.1) holds with
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r=2,

(2.2) cnj=2and kyj = (2(bn; —an;)*)"t, n>1, j> 1.
Throughout, when &, ; ; = 0 with probability one, in (2.1) we take
(2.3) cpj=1landk,j =00, n>1, j>1.

In addition, note that ¢, ; > 1 is necessary by setting = 0 in (2.1).

It is also useful to notice that if the condition (2.1) holds for some r* > 1,
then it holds for all 1 < r < »* by simply adjusting the constants ¢, ; and
keeping the same k, ;. In particular, if (2.1) holds for some r > 2, then it
holds for » = 2, and we are in the sub-Gaussian setting. In [7] this seems
to have gone unnoticed, and there one finds results for » > 2 which are
weaker than the corresponding r = 2 results. However, this should not be
the case as the previous comment implies the » = 2 result applies directly
to what is proved there. Of course, in some settings there could be results
that distinguish between various r values, even for r > 2, but that does not
happen here, and is why we restrict 7 to be in (0, 2]. Our methods also yield
results when 0 < r < 1, whereas in [7] r is always greater than equal to one.

Another situation we will discuss is when the assumption of exponential
decay of the tails of &,; ; in (2.1) is replaced by the polynomial decay

(24) Pllénisl 2 ) < s w20,
where ¢, ; > 1 and typically for our results, 2 < k,, ; < oo.

We will assume throughout the paper that E (&, ;) = 0 for all n,,j > 1.
Should this not be the case, one would simply replace the tail probabil-
ity conditions in (2.1) and (2.4) by analogous conditions for the variables
{&n,ij — E(&n,i )}, and formulate the results in terms of these variables.

2.1. Consistency and Rates of Convergence. In this subsection we present
several consistency and rate of convergence results for S,, , and S, .

THEOREM 2.1. Let{X,;:1<i<n} beasin (1.2), assume (2.1) holds
with v = 2, and take {a, : n > 1} to be a sequence of positive numbers.
Furthermore, assume c, j, k, ;j are constants such that ¢, j > 1, ky; < oo
and

(2.5) Z ZeXp{—(ean)zkn7j/(16cn7j)} < 0

n>1j>1
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for e > €y. Then,

(2.6) S P(||Snnlloc = €an) < oo

n>1

for all ¢ > ¢y, where S’nn is given as in (1.7). Thus, if the constants cy
and ky, ; are such that uniformly in n > 1 and for some § > 0,

(2.7) kn.j/(16¢n ;) = OL(j + 3),

then for all € > 0 such that €25 > 1 we have

(2.8) lim sup _NSnnlloe <e.
n—oo  (L(n+ 3))Y/2

In particular, if (2.7) holds, then with probability one

2.9 M = sup — 2010

and there exists an o« > 0 such that
(2.10) E(e"M?) < .

Moreover, if the V%»z are replaced by n*/? in S’nn , then again (2.6), (2.8),
and (2.10) continue to hold.

REMARK 2.1. In Theorem 2.4, we will establish a central limit theorem
for Sy n, and that T, ,, converges to zero in probability under related condi-
tions.

In Theorem 2.1, the impact of the random row sizes {NN,,; : ¢ > 1} is hid-
den due to our choice of normalizations {a,} as given in (2.5). For example,
(2.5) implies the ratio k, j/cy, j cannot be bounded as j goes to infinity, but
in our next result we only require this ratio to be uniformly bounded below
in both n and j by a strictly positive constant. Under this different set of
conditions the role of {/N,,; : i > 1} appears in the normalizations for S’nn
given by h(n) in (2.12). In particular, if N,,; = p,, for {i > 1, n > 1}, then
Theorem 2.2 and Remark 2.4 below yield the results in Corollaries 1 and 2
in [7] when 7 = 2. The consistency results in [7] for 1 < r < 2, as well as for
many other cases, follow immediately from Theorem 2.3 below.
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THEOREM 2.2. Let {X,;:1<i<n} beasin (1.2), and assume (2.1)
holds with r = 2, and that for 1 < c < oo, 0 < k < oo, we have ¢, ; < c and
knj >k for alln,j > 1. Let,

(2.11) h(n) = (07" L(E(N;)) + 02Ln) '/,

where 61 = k/(16¢) and 02 > 0. Then

, [1Sn.nlloc
. : > =
(2.12) nh_)r{.lo P( ) 2 1) =0,

and if also 0109 > 1, then

(2.13) S P([Snnlloo = h(n)) < .

n>1

Finally, if the anéz are replaced by n'/? in S, ,, then again (2.12)-(2.13)
hold.

REMARK 2.2. Note that (2.12) immediately implies

(2.14) % :OP((L(E(N;Z))—'—L”

)1/2)‘

In_particular, if L(E(Ny))/n converges to zero, then (2.14) implies that
[1Sn.nlloo/n'/? tends to zero in probability. In addition, (2.13) implies with
probability one that

Snn [ee]
(2.15) lim supu

n—oo  h(n)

<1,

and hence ,§’n7n/711/2 converges to zero with probability one provided 0102 > 1

and lim, oo n L L(E(N})) = 0. Furthermore, if Np; = pn > n, {i > 1,
n > 1}, then (2.14) immediately relates to the results of Corollary 2 in [7],
as it implies

(2.16) Bunlle _ o, ((L2n)1s2)

n n
In particular, (2.14) improves Corollary 2 and its proof considerably when-
ever r > 2 there, and the case 0 < r < 2 will be discussed in what follows.
Once we establish Lemma 1 below these results also apply to Corollary 1 of
[7] in a standard way.
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We next study the situation when the random variables {,; ;} satisfy
the exponential tail condition (2.1) with 0 < r < 2, or polynomial decay as
n (2.4). When 1 < r < 2, a special case of these results clarifies Corollary 2
of [7]. This can be seen in Remark 2.3 below. The r = 2 case in this corollary
already appeared in (2.16) when V;, ; = n. It should also be observed that
Theorem 2.3 provides sufficient conditions for consistency which involve a
precise relationship between the size of p,, in the large p small n problem,
and the tail decay of the data. This relationship is shown to exist even when
there is only polynomial decay in the data, and as one might expect in this
situation the growth of p,, or E(N), needs to be further restricted, i.e. in
such results p,, and E(N,}) grow at a corresponding polynomial rate.

THEOREM 2.3. Let {X,; : 1 < i < n} be as in (1.2) and assume
that (2.1) holds with 0 < r < 2. Also assume for alln > 1 and j > 1,
that ¢, ; < c and k,; > k, where 1 < ¢ < oo, 0 < k < o0. Let s, =
ci(L(E(NY)) + 2Ln)'", and

(2.17) h(n) = (¢ ' L(E(N})) + csLn)'/,

where ¢; > 2/kM7T, ¢y = k/(128¢), and c¢3 > 0. Then,

: |[Sn,n o
2.18 1 P(———>1)=0.
(2.18) n—00 (nl/zsnh(n) z1)
If we also assume cocg > 1, then
(2.19) S P([|Snnlls = n2s,h(n)) < oc.

n>1
Furthermore, if k > 2 and the polynomial condition in (2.4) holds, then
(2.20) 1Sn.nlloo = Op(n'?s,(L(E(N;)))'/?),

where s, = (nE(N;))%+5 and 3 > 0. Additionally, if E(N}) > n, b > 8,
and k3 > 1/2, then

(2.21) S P([|Snnllse = bspnt 2 (L(E(N;)Y?) < cc.

n>1
In particular, if E(N) is asymptotic to nY for v > 1, then

(2.22) > PUlISnnlloc = bsun'2(L(E(N;))'/?) < oc,

n>1

provided b > 8 and (v + 1)k > 1.
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REMARK 2.3.  An immediate consequence of (2.18) is that

(2.23) % _op ((L(E(Ni)l)/j )%

(2+r)

and if (L(E(N})) 20 /n*/? — 0, then (2.23) easily implies Sy, /1 converges
to zero in probability. In addition, if N,; = p, for n > 1,7 > 1, where
{pn : n > 1} is a sequence of integers, and p, > n, then it follows from
(2.23) that

247

[|Sn.nlloo . (Lpp)2r
(2.24) = OP(W).

Hence using the above for r € (0,2), and (2.16) for the case r = 2, one
obtains an extension and clarification of Corollary 2 and its proof in [7].
It is also interesting to observe that the method of proof for Theorem 2.3
applied to the r = 2 situation only yields

S L
(2.25) [Snnllo Op(=Lny,
n nl/2
Hence we see the methods used for the r = 2 case in Theorem 2.2 are sharper
than those we have for other values of r.

REMARK 2.4. Under the assumption of polynomial decay given in The-
orem 2.3, and assuming that E(N) is asymptotic to nY for v > 1, we
easily see from (2.22) that ||Sy nl|ec/n converges to zero almost surely pro-
vided k is sufficiently large so that for B > 0 we have (v + 1)k > 1 and
(v+1)(1/k+B) < 1/2.

2.2. Asymptotic Normality Results. In this section we present results on
the asymptotic normality of the quantity S’nn Since this estimator typically
lives in ¢g, Theorem 2.4 is a central limit theorem in that setting. Never-
theless, we also have proved CLTs in £,, 2 < p < oo, similar to that found
in Theorem 2.4. They appear in [8]. These results hold when the under-
lying process is a triangular array with random row lengths and possibly
missing da;na. We also are able to use the coordinate-wise random normal-

izations Vn%j. However, we also use classical normalizations for some of the
¢, results, and in that case the related CLTs hold under far weaker moment
conditions. The paper [14] contains CLTs in ¢y, as well as related references,
and much is known about the CLT in the spaces £,, 2 < p < oo. How-
ever, none of these results incorporate random row lengths, missing data, or
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coordinate-wise random normalizations in their formulations. In addition,
the results in [14] require a uniform boundedness assumption on the {&,; ;}
to obtain results related to what we prove. Finally, we mention that in our
simulation results we include the use of our CLTs in /,, 2 < p < oc.

A key assumption in any central limit theorem is that there is a limiting
covariance function. Since our results include the use of random column-wise
normalizers, we have need of a couple different limiting covariances. That
is, if

n
Fn(jla ]2) = Z E(én,i,hén,i,jz)/n
i=1
is such that

(2.26) Jim T (j1, j2) = T'(j1, J2)

for all ji,jo > 1, then for k = 1,2 we set

(2.27) U(k, j1, jo) = P*T'(j1, ja), for j1 # jo,
and
(2.28) T(k, j1, j2) = p*'T(j1, ja), for j1 = jo.

THEOREM 2.4. Let{X,;:1<i<n} beasin (1.2), assume (2.1) holds
with r = 2, and that ¢, j, k, j are constants such that c,; > 1, k,; < o0
and

(2.29) sup cp j/kn; < 00.
n,j=>1

Also assume for all § > 0 that

(2.30) lim sup Z exp{—06kn j/cnj} = 0.
dmoon=17555

If S, is given as in (1.7), then
(2.31) {L(Spn): n>1} is tight in co.

In addition, iff'nm is asin (1.9), and for each j > 1 we have lim,,_,oc P(Ny 1 <
j) =0, then f‘nn converges in probability to zero in cy. Moreover, if the anéz
are replaced by n'/? in Sn,n, then again (2.31) holds, and f‘nn converges

in probability to zero. Furthermore, if we also assume (2.26), (2.27), and
(2.28) hold, and for each d < oo we have P(minj<;<, Ny; < d) = o(1/n?)
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as n tends to infinity, then T'(k, -, ) is the covariance of a centered Gaussian
measure i on cq for k=1,2, and

(2.32) E(gnn) converges weakly to v1

on cgo. If the anéz are replaced by n'/?, then (2.32) still holds with limiting
measure ys.

REMARK 2.5.  The conditions (2.26),(2.29), and (2.30), along with (2.1)
when r = 2, allow the limiting Gaussian measures vy to exist on co. More-
over, without such assumptions, with the most important being (2.26) and
(2.30), there are examples of triangular arrays of the form indicated when
the CLT must fail on cy, although it may hold on R*°. Of course, without
(2.26), then the CLT will fail even on R>.

3. Applications. In this section we assume that the distribution of
the random variables X,, ; in (1.2) are independent of . This implies that
E(&nij) = pin,i,j is independent of i and we write it as py, ;.

3.1. One-Sample and Two-Sample Problems. In this subsection we apply
our results to test if the “mean vector” equals a specified vector in the one-
sample case and if the difference in the “mean vectors” is zero in the two-
sample case. More precisely, for the one-sample case consider testing the
null hypothesis Hy : p,, = 0 , where p,, is an infinite dimensional vector
whose components are fi,, ;. The quantity S’mm defined by (1.7), can be used
for developing a test of Hy. To this end, let us denote the data vectors by
X, = {Xn1, -, Xnn}. One can use the £, norm for p > 2 and the ¢

norm to define various non-randomized test functions QSP(X n) as follows:

(3.1) ¢p(2n) — { 1 if ||‘§n,n||p >c

0 otherwise,

where ¢ = ¢, is so chosen that E(¢p()_fn)|H0) < a. The test function based
on the ¢y norm is given by

- 1 if |[Snnllee > ¢
2 oo(X ) = ;
(3.2) Goo(Xn) { 0 otherwise,

where ¢ = coo is s0 chosen that E(¢eo(X,)|Ho) < a. In the context of
the two-sample problem, the null hypothesis is Ho : pl = p2, where pk
represents the infinite dimensional mean vector from the k*" population.
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~(k ~

Now, using Silzl to denote S, , for the k' population (note that these are
constructed using a superscript & in all the quantities in (1.2) and (1.3) and
these quantities are independent in k), the test function for the £, norm is

. 1 52
3.3 (2) Xn — 1 lf ||Sn,n_Sn,n||P>C
(3:3) %0 (Xn) { 0 otherwise,
where ¢ = ¢, is so chosen that £( (2)( X,)|Hp) < a. The test function based
on the ¢y norm is given by

(3.4) ¢gg><5<n>:{1 if 185~ 8% 1w >

0 otherwise,

where ¢ = ¢ is so chosen that F(¢pso @ (X,)[Hg) < a. We observe that under
our formulation unequal sample sizes from the two populations are allowed.
In some applications, the number of components in the two groups and the
sample sizes coincide. In these cases, as in traditional multivariate analysis,
the two-sample problem reduces to the one-sample problem.

To perform the test one needs the distribution of [|S,,.,| s 1180005

||S’SZL - S’SZLH p, and ||S’SZL - S’SZLHOO The following proposition provides
the asymptotic distribution for these statistics. It’s proof can be obtained
as a corollary of Theorem 2.4 for the cg case, and Theorem 7 and Remark
11 of [8] for £, spaces, and using the fact that the distribution function of
the norm with respect to a Gaussian measure on a separable Banach space
is continuous.

ProrosITION 3.1. If the appropriate null hypothesis holds, then Theo-
rem 2.4 implies that P(||Sp.nl|e > ¢) and P(||S’SZL—S’£?2L||OO > ¢) converges
to P(||Gllo > ¢) and P(||GM =G| > ¢) respectively for all ¢ > 0, where
L(G) = L(GW) = £(GP)) = « and v is the Gaussian measure identified
there. Furthermore, G and G@ are independent. A similar result holds
under the conditions of Theorem T of [8] when the infinity norm is replaced
by the p-norm.

One-way Random Effects Models: In the analysis of gene-expression data,
the random effects model with random plate effect is often used for data
analysis. That is, if §, ; j » are the expression levels of the 4t gene in the it
replicate, receiving the k' treatment, then for k=1,2 the one-way random
effects model is given by

(35) én,i,j,k = Hn,jk + Tn,i,k + €n,i,jk> 1= 17 27 e, N, J = 17 27 o ,b(’I’L),
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where i, j 1 is the mean expression level for the jth gene receiving the k"
treatment in the lab n, T}, ; ;. are independent Gaussian random variables
with 0 and variance 072% i and € ; ;1 are i.i.d. random variables with mean 0
and variance 2. More complicated models that take into account tip effect
and dye effects have been studied in the applied literature. The index n in
the subscript is usually suppressed in the applied literature but we keep it to
show the relationship with our model. The random variables 7}, ; . introduce
correlations in the expression levels of &, ; ;. across genes and a standard
calculation shows that this correlation structure is compound symmetric.
This model can be seen as a particular case of our model with Ny, ; = b(n),
R,;; = 1, and compound symmetric covariance matrix. Proposition 3.1
above can be used for performing hypothesis tests concerning the expression
levels of multiple genes simultaneously. Furthermore, the models developed
in the paper allow for some extensions of the one-way random effects models
to incorporate missing data and random number of parameters.

3.2. Simulation Results. In this section we evaluate our methodology,
using simulations, when the number of replications is small, but the number
of variables is large. All our simulation results are based on 5000 independent
trials of 10 replications. We purposely chose n small to reflect many real
applications.

As a first step we need to “approximate” the limiting distribution of the
random variables appearing in Proposition 3.1. We will work with the case
N, = b(n), and assume that X,, 1, -, X,,, are n i.i.d. b(n) dimensional
vectors with distribution G,,(+), whose coordinates have tails that satisfy the
sub-Gaussian property. Let 3,, denote an estimate of the covariance matrix
Yn = ((Onuw)), where ¥, is a b(n) x b(n) matrix given by

(3.6) Onup = E(fn,l,u - #gg)u)(fn,l,v - /482;)

In the above definition, uﬁS)u and ;ASL are the specified values under the

null hypothesis. Note that >, is a function of the data vector X nn- One
choice for 3, is the sample covariance matrix. In fact, better options are
available, and we will explain them later below. If ¥, is positive definite,
then given Xnm, we generate ¢ i.i.d. random vectors Y, ; of dimension b(n)
whose distribution is Gaussian with mean vector 0 and covariance matrix
$,; that is

(3.7) Y il Xn ~ Nyy(0,5,) as, 1<i<t

We will call Y, ; the monte-carlo (MC) samples, and throughout the sim-
ulations ¢ = 2000. We will use || - || to denote the I, norm (p > 2) or
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the ¢p norm depending on the space being used. Let ||Y 1], -, ||Y nnll
denote the norms of the MC samples. Furthermore, consider the following
non-parametric density estimator; namely, for z € R,

(3.8) hee) = L3 (@Y nill

tey i

),

Ct

where ¢; is a sequence of positive constants converging to 0 such that tc; —
o0, and K () is a density function with [ K (t)dt = 0. In the above we have
suppressed the dependence on n and on w since n and w will be held fixed in
this discussion. It follows from Devroye [2] that as ¢ — oo, that for every fixed
w € Q, hy(x) converges almost everywhere with respect to Lebesgue measure
and in L; to the probability density of the random variable || N (0, ,)]|. In
all our numerical experiments we will take K(-) to be a standard normal
density, t = 2000, and fix the window width ¢; at 0.7. Figure 1 (a) presents
the graph of the density function for the 2-norm, the 10-norm, and the
sup-norm. We use these densities to “approximate” the tail probabilities

14 600
2norm

10 norm
max norm [

0.8

06

041

0.2r
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Fic 1. Kernel density estimates of the norms of statistics and the Histogram of p-values
under the sup norm.

of the norms of the limiting Gaussian appearing in Proposition 1. Figure
1 (b) shows that the p-values from these hypothesis tests are uniformly
distributed when we use the sup-norm. This histogram was generated using
the p-values from a hypothesis test for data generated using a compound
symmetric covariance structure. The vertical axis represents the proportion
of times the p-values belonged to a particular range.

Structured and Unstructured Covariance Estimation, Shrinkage and Spar-
sity: The methodology described above requires an estimate of the covari-
ance matrix. It is folklore in statistics literature that covariance matrix es-
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timation is a hard problem, and the difficulties increase when the number
of variables is much larger than the sample size. The papers [10] and [17],
as well as others, have clearly demonstrated that the sample covariance ma-
trix behaves poorly in terms of the mean square error. This difficulty is
frequently due to having a large number of parameters to estimate, and
a limited number of observations available to estimate them. Hence, it is
reasonable to expect that if one uses structured covariances some of these
difficulties can be mitigated. However, one has to be cautious since it is also
well-known that assuming independence when correlations are present lead
to substantial bias in Type-I error rates. Extensive simulations concerning
these issues are described in detail in [8]. Thus, to make the methodology
presented here useful and applicable, we need to describe how to handle the
covariance matrix estimation.

In the studies involving the joint analysis of multiple ¢cDNA microar-
ray studies ([16]) frequently one encounters covariances that have a block
structure. This phenomenon also occurs in the context of sparse covari-
ance estimation where regularization is adopted. Borrowing the idea from
shrinkage estimation, [10] developed an estimator of ¥,, by taking a convex
combination of the unstructured sample covariance matrix and a structured
covariance matrix. Their estimator is given by

(3.9) S5 = (1= NS, + AZ,,

where 3, is the method of moments estimator and 3, is an estimator as-
suming a particular structure for the covariance matrix. The parameter A
can be estimated from the data, and has a closed form expression when %,
is taken to be the identity matrix, or is compound symmetric, heterogeneous
compound symmetric, as well as many other structures. We propose to use
(3.9) as the estimator of the covariance matrix needed for generating sam-
ples in (3.7). Our extensive simulations described in [8] show that when one
shrinks the variances and the covariances, the Type-I error rate approaches
the nominal values for the test based on the sup-norm. These methods can
also be applied to situations when there is mean sparsity. In these cases one
can apply the LASSO type algorithm for estimation purposes and then use
our methodology for hypothesis testing.

Simulation Analysis using Real Data Information: We now describe a
numerical experiment which examines whether some of the difficulties de-
scribed in the previous subsection due to covariance matrix estimation can
be minimized by using the shrinkage method for estimating the covariance
matrix. To make the model closely resemble micro-array data, we consid-
ered the leukemia data set described in [6] which studies the gene expression
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p=2 p=4 | p=oo

b(n) =100 | 0.1312 | 0.0838 | 0.0686

b(n) =500 | 0.1914 | 0.0874 | 0.057

b(n) = 1000 | 0.237 | 0.1042 | 0.0526
TABLE 1

Type I error rates with unstructured covariance matriz and Shrinkage

in two types of leukemia, acute lymphoblastic leukemia (ALL) and acute
myeloid leukemia (AML). We use the same pre-processing step as described
in [3] Section 3.1; retaining 3571 genes from 72 patients, 38 ALL and 25
AML. We apply the standardization technique described in Section 3.3. of
[3] on these retained genes. For our simulations, we consider information
from the AML group only. The nominal Type-I error rate is taken to be 5%
in all of our experiments.

The simulation experiments are based on data generated from a b(n)
dimensional normal random variable with n = 10. We now describe how
the mean and covariance matrix are obtained from the data. First we fix
a b(n) and randomly generate b(n) genes from the 3571 genes. From the
25 AML patients we estimate the b(n) dimensional mean vector u, and
the corresponding covariance matrix ¥, by shrinking the covariances as
described in [17]. The shrinkage method yields a non-singular covariance
matrix. For all the 5000 simulations, this mean vector and the covariance
matrix are fixed. Now, using the shrinkage method described above we apply
our methodology. The resulting Type-I error rate is described in the Table
1 above.

From the table we notice that the Type-I error rate is closer to the nom-
inal value for larger values of p. Further analysis (data not presented here)
shows that this phenomenon existed for the other choices of variances and
covariances as well (see [8]).

3.3. Real Data Analysis. In a typical microarray situation one is inter-
ested in identifying if a set of genes are differentially expressed. This is a
two-sample problem and one can use the methods described in Proposition
3.1 to address this problem. We analyzed the leukemia data set described
in [6], which also was used in the previous section. We analyzed the sixteen
genes given in Table 2 of [19]. The value of the test statistics defined in
(3.3) were determined to be 4.4992, 2.7396 for p = 2 and p = 4 respectively.
Also the value of the test statistic in (3.4) was determined to be 2.0250.
The covariance matrices needed to apply the methodology were calculated
by shrinking the variances and covariances using the algorithm described in
[17]. The p-values corresponding to these test statistics were all less than
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1075 showing that the genes are differentially expressed. The same conclu-
sion was also obtained by Xiting et. al. ([19]) using different methods. More
importantly, as explained in [19], these genes have biological significance
and the three existing statistical methods in popular use did not identify
them to be differentially expressed. Even though this example involved only
sixteen genes, the simulation results in the previous section show that such
a limitation is not necessary. Thus, this analysis combined with our simu-
lation results described in the subsection (3.2), show the importance and
usefulness of the proposed methodology.

4. Some Probability Estimates. Here we provide some basic prob-
ability estimates used throughout the paper. The first lemma deals with
the sub-Gaussian situation, and the inequality we present for bounded ran-
dom variables is not best possible, as slightly better constants in the basic
estimate can be obtained from Theorem 1 in [5]. Nevertheless, we include
a proof for this case, as our argument generalizes to the unbounded case.
Our approach is to compute the necessary Laplace transforms, and then
use Markov’s inequality efficiently. This is standard for such problems, but
in order to proceed from first principles, and also keep track of relevant
constants, we include the details.

LEMMA 4.1.  Let Xy, - -+, X, beindependent random variables with E(X;) =
0. If P(X; € [a,b]) =1 for 1 <i <n, then

(4.1) P(] ZXZ|/n > 1) < 2exp{—nz*(2(b—a)*) "'}
i=1

for all x > 0. In particular, when n = 1 each X; is sub-Gaussian with
relevant constants c =2 and k = (2(b— a)?)7L. If

2

(4.2) P(|X;| > z) < ce™*®

for 1 <i<mn and all x > 0, then

(4.3) P(] ZXZ|/n > 1) < 2exp{—nkz?/(16c)}.
i=1

Proof. First observe that if Y is a mean zero random variable, then Jensen’s
inequality implies E(e?) > etE(Y) = 1 for all real t. Thus for Vi, Y, inde-
pendent copies of Y we have E((Y; — Y2)!) = 0 for I odd, and therefore

(4.4) E(™) < B =14 Y 2 E(Y1 - Ya)?)/(20)!.
>1
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If P(X; € [a,b]) =1for 1 <i<nthen B((Y; — Y2)%) < (b— a)? and since
(20)! > 2(1")2 for | > 1 we therefore have

B(e) <1+ Y 2 b — a)?/(21) = 70702,
>1

Applying this estimate to each of the X/s for 1 <1 < n, the independence
of the Xs and Markov’s inequality implies that for each ¢ > 0 we have

P(Z Xl/n > :E) < et H E(etXi) < e—n(tm—tz(b—a)2/2)‘
1=1 i=1

Since x > 0, minimizing the right hand term over ¢ > 0 we take t = z/(b —
a)?, and hence

PO Xi/n>x) < e—nz?/(2(b—a)?)
=1

Applying the previous argument to — > 7 ; X; we thus have (4.1).
To prove (4.3), we first show that if E(Y) =0 and

(4.5) P(|Y] > z) < ce ¥’
holds for all x > 0, then
(46) E(etY) < e4ct2/k

for all £ > 0. This can be done by utilizing (3.4) and by showing for Y7,Y;
independent copies of Y that

E((v1 —Y)?) < 2c(4/1<:)lz/0°o e %5t ds = 2¢(4/k)1! < (8¢/k)1.

Thus (4.6) holds and by applying the previous inequality, independence, and
Markov’s inequality as before, we have

P(zn: X; > nzx) < exp{—nka?/(16¢)}.
i=1

Applying the previous argument to — > ; X;, we thus have (4.3), and the
lemma is proven.

LeEMMA 4.2, Let {X,; : 1 <i < n} be defined as in (1.2), and assume
(2.1) holds for r =2, and the constants cy j, kn j are such that 1 < ¢y, ; and
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0 < kpj <00 If Qu(x) = Xj5ay1 Tj€5 for x € R, and Snn s given as in
(1.7), then for alld >0 and 6 > 0

(4.7) P(|Qa(Sn)lloc = 6) < 3~ 2exp{—82kn,j/(16¢n,5)}-

j>d+1
In addition, if the V,, ; are replaced by n'/2 in gnm, then again (4.7) holds.

Proof. We first establish (4.7) for general V;, ;. When the V,, ; are re-
placed by n'/2, the result then follows by an immediate simplification of
this argument.

If 0,5 =1(j < Np;)Rp;j asindicated, then P(6,;; = 1) = py jp, where
Pnj = P(j < Np;) forn >1,5 > 1, and for £ = 0,1,---,n we define the
events

(48) Ek,n,j - UIGLWW» FI?

where 7y, ,, j denotes all subsets I = {iy,--- i} of size k in {1,---,n} and
Fr={0,,;=1forallielandf,;; =0foriec{l,--- ,n}NI%.

Note that F; depends on n and j, but we suppress that in our notation.
Since V;,; = max{1,> 1" 1 0,,;} and > i1 & jbni; = 0 on Ey, j, we
therefore have for each 6 > 0, n > 1, and d > 0 that

P1Qu(Su)lle = 0) < 3 Z ({13 €nigbisl = 6V,/21 0 By,
j>d+1 =1 i=1
Now
P bnigbnisl = 6V 2 N Erng) = > P({] an gl > 0KV} Ny,
— IEIk n,j =1
where I = {i1, - ,ix}),and letting
1/2
Z Z P {| Zé’ﬂ,l,j ’I’L,Z,j| > 5V n,J } n Ek,’ﬂ,j)?
§>d+1 k=1

we have by using the independence of the various sequences of random vari-
ables involved that

= Z > P{lZéml,y|>6k1/2}> (Fr, I={i1,...,ix})

j>d+1 k=11€Ty ,, ;
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n
<2 Z Zexp{—52k‘n7j/16cn7j}P(Ek7n7j).
j>d+1 k=1

Of course, in the previous inequality we are applying (4.3) of Lemma 4.1 to
estimate P({| X0 1 &nyj] > 0k'/2}). Thus we have (4.7) for general Vi, ;.
When the V;, ; are replaced by n, the proof is immediate since the ran-
dom variables {&,,; j0ni; : n > 1,4 > 1,7 > 1} also satisfy (2.1), and hence
one can apply (4.3) immediately to obtain (4.7). Hence the lemma is proven.

In order that the probability estimate in the previous lemma be useful
knj/cn; must be unbounded as j tends to infinity. Our next task is to see
what happens if we remove this assumption, and only ask that this ratio is
uniformly bounded below by a strictly positive constant. This is the content
of our next lemma, which is a modification of Lemma 4.2.

LeMMA 4.3. Let {X,; : 1 <i < n} be defined as in (1.2), and assume
(2.1) holds for r = 2, and the constants cnj, kn j are such that 1 < ¢, ; <
c<ooand 0 < k < kp; < oo If Spp is given as in (1.7), and N, =
maxi<i<n Nn,ia then

~ ka?
(4.9) P([|Snn)llec 2 2) < 2E(Ny) exp{~}-

In addition, if the V,, j are replaced by n'/2 in gnm, then again (4.9) holds.
REMARK 4.1. If N, ; = p, for {i > 1, n > 1}, then (4.9) immediately

implies

2

- k
(4.10) P([8nalle = ) < 2pu exp{~T6-

h

and if the anéz are replaced by n'/? in gnm, then again (4.10) holds.
Proof of Lemma 4.3. Following the proof of Lemma 4.2 we observe that

lf Hnm = I(] S Nn,i)Rn,i,ja then P(Gnm = 1) = an’p, Where an’ = P(] S

N,,i) forn>1,7>1, and for m =0,1,---,n we define the events

Em,n,j — UIGIm’n’j F],
where Z,, , j denotes all subsets I = {41, -+ ,ip} of size m in {1,---,n} and

Fr={6,,;=1foralliecland f,;; =0foriec{l,--- ,n}NI%.
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Recall V,, ; = max{1,> /" | 0, ;} and observe that > ;" ; £, j0n.i; = 0 on
Ey ;. Hence for each x >0, n > 1,

n

P(Bunlle =) < 32573 P st Onij| = 2V, I O (N = u}).

u>1j=1m=1

Now setting Bum = {| 212y &ni gl > am'/?}

n
P({| Z fn,i,jen,i,ﬂ > :EViéz}ﬂEm’n’jﬂ{N; = ’LL}) = Z P(BmmﬂF[ﬂ{N; = ’LL}),
; I1€Tlmm,;

and letting

A=Y Z Z P({| st nigl = 2V} O By 0 NG = u}),

u>1j=1m=1

we have by using the independence of the various sequences of random vari-
ables involved and (4.3) of Lemma 4.1 that

A, <2 Z Z Z exp{—2%ky, ; /16¢n Y P(Bmn; O N = u}).

u>1 j=1m=1

Thus, by first summing on m and using ¢, ; < cand k,, ; > k for alln, j > 1,
we have that

(A1) P(Bunllee > 1) <2303 exp{—a?k/(166)} P(N; = u).

u>1j=1

Hence this implies (4.9), and when the V), ; are replaced by n, the proof
follows from the ideas used in the general case. Thus the lemma is proven.

Next we turn to a method which will allow us to handle a broader col-
lection of random variables. Here the {&,; ;} satisfy (2.1) with r € (0,2), or
the less restrictive conditions of polynomial decay given in (2.4). Of course,
the results depend on the rate of decay of the tails of the {&,; ;}, but under
a variety of assumptions we are able to obtain further consistency results in
this setting. The relevant probability inequalities are obtained in our next
lemma, and can be viewed as a substitute for those in Lemma 4.1.

LEMMA 4.4. For each integer n > 1 let Xq,---,X,, be independent,
mean zero random variables, such that for some r € (0,2) we have

(4.12) P(|X;] > z) < ce™ke"
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for 1 <i<mn and all x > 0. Then for all x > \/8M_,//n and all s >0

% na? kes”
(4.13) P(I;Xd > nx) §4eXP{—@}+4cneXP{—2—T}7
where Mchw = Jo° ce ¥y < oo, In addition, for all x > V8M_ k. / /10

and all s > 1, we also have

nkax? ks"
Togesz) T Aenexp{=5;

(4.14) P(|zani| > nx) < dexp{—
=1

1.

Moreover, if for some ¢ >0 and k > 2, (4.12) is replaced by

C

(4.15) P(|Xi| =z z) < A+ a)F

for 1 <i<n and all x > 0, then for all x > \/gMck/\/ﬁ and all s >0

n na? 22tk ep
4.16 P X;| > <4 —
(4.16 (132512 ne) < desp{ 551+ o

S

where M2, = [¢° mdt < 00.

)

REMARK 4.2. If we take s = nz‘%ra:?z? then for © > \/gMCJw/\/ﬁ we
have that (4.13) implies

n ’I’LHLT"L'Z%FTT k’I’LZ‘FLT"EZi_TT
P(1Y X > na) < 4eXp{—T} —I—4cnexp{—T ,

i=1

which makes the exponents on the right of comparable size. Since the proof of
(4.13) and (4.14) also implies (4.13) and (4.14) when r = 2, it is interesting
to note that the previous inequality is not as sharp as that in (4.3) in Lemma
4.1 when r = 2.

REMARK 4.3. If the median of each X; is zero, then (4.13) and (4.14)
hold for all x > 0 and s > 0. That is, when the medians are zero the key
inequality (4.18) below follows directly from (5.8) in [4], page 147, without
restrictions on x. A similar remark holds for (4.14) provided s > 1.

Proof of Lemma 4.4. First we observe that for r fixed, uniformly in i,
1 <i<mn, (4.12) implies E(X2) < M2, . < oco. Hence if x > v/8M, ., /\/n

[
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we have by Cheyshev’s inequality that P(| > 7 X;| > nz/2) < 1/2. Now
let Y7,---,Y, be an independent copy of Xy, --, X, and observe that

n

(417)  P(1Y_Xi| 2 na)P(|Y_Yil < nx/2) < P(| ) _(X; - Yi)| = na/2).
i=1 i=1 i=1

Then for all x > \/gMCJw/\/ﬁ, we have

(4.18) P> X = na) <2P(]) (X; = Yi)| > nx/2).
=1 i=1

Taking s > 0 we define (X; — Y;)®* = (X; — ;) I(|X; — Yi| < s). Then

n

(4.19) P(] Z(Xz —Y)| > nx/2) < I,(s,x)+ I1,(s,x)

where
n

L(s,) = P(| S(X: = Yi)*| = na/2)
i=1
and

IT,(s,z) = P(max |(X; - Y;) — (X; = Y;)®| > 0).
1<i<n

Applying (4.1) to (X1 — Y1)%, -+, (X, — Yn)® we see that
(4.20) I,(s,z) < 2exp{—n(:n/2)2(2(25)2)_1},

and (4.12) implies

n T
(4.21) IT(s,2) <23 P(IXi| > s/2) < QCneXp{—k;
i=1
Applying (4.18),(4.19),(4.20), and (4.21) we thus have (4.13).

The proof of (4.14) follows that for (4.13) up to the point we apply (4.1)
of Lemma 4.1 to I,(s,x) in (4.20). At this point we now apply (4.3) of
Lemma 4.1 to the random variables (X; — ¥7)%,---,(X,, — Y;,)?. That is,
(4.12) implies that for all z > 0 and 1 <i < n that

1.

kx?

P(|(Xi = Y| =2 2) < P(IX7| > 2/2) + P(|Y?’| 2 2/2) < 2ce” 47,

where the last inequality follows since z” /2" > 22/(4s%) when 0 < z < 2s,
0 <r <2 and s > 1. Hence by (4.3) of Lemma 4.1, with k replaced by
k/(4s?) and ¢ by 2c, we obtain

(4.22) I.(s, ) < 2exp{—nkz?/(128¢cs%)}.
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Now combining (4.22) and the estimate for IT,(s, z) in (4.21) to (4.18) and
(4.19), we obtain (4.14).
Next we observe that uniformly in i, 1 < i <mn, (4.15) and k& > 2 implies

00 0o c
B(X2) = /0 P(Xi| > 1'/2)dt < /0 et <0

Hence if we choose © > \/gMCJC /v/n we have by the argument leading to
(4.17)-(4.19) that

n

(4.23) P(] Z(Xz —Y)| > nx/2) < I,(s,x)+ I1,(s,x)

where
n

L(s,) = P(| S(X: — Yi)*| = na/2)
i=1
and
Thas,) = P(uas |(X; = Y5) = (X; = Y| > 0).

Applying (4.1) to (X1 — Y7)%, -+, (X,, — Y )® we see that
(1.24) I(s,7) < 2exp{—n(2/2)2(25)) "},

and (4.14) implies

n n 2cn
(4.25) II(s,2) < ;PUXZ-—YZ-I > s) < 2;P(|Xil >5/2) S Gk

Applying (4.23),(4.24),and (4.25) we have (4.16). Thus Lemma 4.4 is proven.
5. Proofs of Consistency Results.

5.1. Proof of Theorem 2.1. Applying Lemma 4.2 with d = 0, we have
for all x > 0 and each integer n > 1 that

(5.1) P([Snnllse > @) <3 2exp{—2ky ;/(16,5)}-
j>1

Taking z = ea,, in (5.1) and applying (2.5), we thus have (2.6) for general

anéz’ and also when the an,é'z are replaced by n'/%.
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If the constants ¢, ; and k, ; satisfy (2.7) as indicated, then with a, =
(L(n+3))/? and z = ea,, in (5.1) we have
P(|[Snnlloc > e(L(n+3))"%) < " 2exp{—€*6L(n +3)L(j + 3)}
Jj=1
(5.2) = 2) (j +3)" L),
Jj=1

Thus for €26 > 1
> P( [[Snnlloe = €(L(n +3))1/?) < QZ/ L 2OL(nt3) g

n>1 n>1
Z 3—L(n+3)—1
(5.3) < 2) S <9,
and hence (2.8) holds for general V,, ;. In particular, we then have from (5.3)
that (2.9) is immediate, and it remains to show E(e*M”) < oo for all a > 0
sufficiently small. Now

E(eO‘MZ) :/ P(ea > t)dt < 3—1—/ P(M > (logt
0

)1/2)d

a

/300 P(M logt)1/2 dt < Z/ P ||Snn||oo > ( (n—|—3))1/2(10—gt)1/2)dt

n>1 «

QZZ/ exp{—0L(j + 3)L(n —|—3)£t}dt

n>135>1

where the last inequality follows from (5.1) and that (2.7) holds.
Therefore, for o < §/2 we have

E(e*M*) < 3+2ZZ/ exp{—2L(j + 3)L(n + 3) logt}dt
n>135>1

exp{—2log3L(j +3)L(n+3)}
=3+46> 3, 2L(j+3)L(n+3) —1

n>135>1
Now z,y > 1+ n for some n > 0 implies zy > (z + y)(1 + 1)/2 and hence
since j,n > 1 implies L(j+3),L(n+3) > L4 >1+nforn=L4—1 >0 we
have
—(1 log3(L(j+3)+ L 3
E(eaM2)§3+6ZZeXP{ ( +77) 0g ( (J+ )+ (’I’L—I— ))}

9L(j +3)L(n+3) — 1 =0

n>1j>1

since (1+1n)log3 > 1. Since (4.1) holds when the anéz are replaced by n'/2,
the proof also holds in this situation. Thus Theorem 2.1 is proven.
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5.2. Proof of Theorem 2.2. Under our assumptions, Lemma 4.3 with
x = h(n) implies that
k‘h(n)z}
16c

Since z = h(n) = (07 L(E(N})) + 62Ln)Y/?, 6, = k/(16¢) and 6 > 0 we
have

P(|[Snnlloe = h(n)) < 2E(N;;) exp{~

P(|[Sunlloc = h(n)) < 2L(E(Ny)) exp{—L(E(Ny)) — 6162 Ln}.

Since 61 > 0 we thus have (2.13) if 6 > 0, and (2.14) follows immediately

provided 6160 > 1. Since the above holds for general Vn{éz, and also the n'/2
normalizations, Theorem 2.2 is proven

5.3. Proof of Theorem 2.3. First observe that for all x > 0 that

NS n
(54)  PlISunlle = n2) = PUJAIY. €niahig)| = na}).
j=1 i=1
Letting b = (by,-- -, by,), where b; is a positive integer for 1 < i < n, and

setting B, b = {Np1 =b1,- -+, Npyn = by} we thus have by conditioning on
En,b that

P(|Spnlloc > na) < Y Y. J(ngb,x)P(Eyp),

where J(n,j,b,z) = P(| > i1 &n,i,j0n,i ;| > nx|E,p). Fixing n and j, and
defining X; = &,,i,j0n,i;1(7 < b;) for 1 < i < n, we see Xy, -, X, are
independent random variables, and it is easy to check from our assumptions
on ¢, ; and k, j, and (2.1), that for all z > 0

P(|X;| > z) < ce™*",

Therefore X1i,---, X, satisfy the conditions in Lemma 4.4 and using the
independence of the sequences {&,; ;}, {Rn,i;}, and {N,;} we have for z >
\/gMCJw/\/ﬁ and s > 1 that (4.14) implies

ks"
27‘

J(n,j,b,x) < 4dexp{—nka®/(128¢cs*)} + 4cnexp{———1}.

Combining the previous inequalities in this proof we have that

(5'5) P(Hsn,n“oo > ’I’LZE) < 4E(N;)[An(1) + An(2)]a
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where A, (1) = exp{—nkz?/(128¢s?)} and A,,(2) = cn exp{—gsrr }. Recalling
h(n) = (c;'L(E(N})) 4 c3Ln)'/? and taking s = s, = c1(L(E(N})) +
2Ln)Y" and & = x, = sp{c; 'L(E(N})) + e3Ln}'/?/n'/? in (5.5), then for
all sufficiently large n we have z > v8M_.x,//n, s > 1, and (5.5) holds.
Thus (2.18) holds if ¢; > 2/kY" and ¢3 > 0, and (2.19) follows if we also
have cocg > 1. Thus Theorem 2.3 is proven when (2.1) holds and 0 < r < 2.

We now turn to the situation where there is only polynomial decay in
the tails of the data &, ;; as in (2.4), where ¢, ; < ¢ and k,; > k for all
n>1j>1land 1 < ¢ < o0, 2 < k < oo Then the random variables
&n,i,jbn,i,; are also easily seen to satisfy (2.4), and arguing as in (5.4-5.5),
and applying (4.16), we have for s > 0 and = > v/8M,;./n'/? that

na? 2ken

3232} - (2 + s)k

(5.6) P(Snnllec = nz) < 4E(Ny)[exp{— J

Taking s = s, = (nE(N;))* 18, 8> 0, and 2 = 2, = bs,(LE(N}))/2/nl/2,
then for all n sufficiently large

P(|[Snnlloc = bn' %5, (LE(N;))V?) < 4E(N;)[An(3) + An(4)],

where A4,,(3) = exp{—g—;L(E(N;))} and A,,(4) = 2Fen[2+4-5,] 7%, Thus (2.20)
holds when 3 > 0 by taking b large and using the definition of s,. Moreover,
(2.21) holds if b > 8 and kB > 1/2, and (2.22) holds when if b > 8 and
Bk(y+ 1) > 1. Thus Theorem 2.3 is proven.

6. Proof of Theorem 2.4. The proof proceeds with a sequence of
lemmas.

Our first lemma provides tightness, and shows f‘nn converges in proba-
bility to zero in cj.

LEMMA 6.1.  Under the conditions (2.29) and (2.30),
(6.1) {L(Sp,): n>1} is tight in co.

In addition, if for each j > 1 we have lim,_.oc P(Np1 < j) = 0, then f‘nn
converges in probability to zero in cg.

Proof. For general V,, ;, or if the V}, ; are replaced by n, (4.7) implies that

(6.2) P(||Qa(Snn)lloc = 0) < D~ 2exp{—8%kn;/(16¢,)}-
j>d+1
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Hence (2.30) implies for 6 > 0 arbitrary that

(6.3) lim sup P(]|Qa(Snn)|ee > 6) = 0.
d—oo n>1

Now (2.1) easily implies E (é’n i) < ¢nj/knj, and the independence of the
sequences of random variables involved implies for each j > 1 that

12
|st w2 BV < b 2 /.

Thus (2.29), (6.3), and an application of the remark on page 49 of [13] easily
combine to prove the tightness in (6.1) for general V,, ; and also when the
V,,j are replaced by n.

If T, is defined as in (1.9), then for each ¢ > 0 and d > 1 we have

P(an,n”oo > 2¢) < P(an,n — Qu(T nn)||oo > €) + P(||Qa(T nn)||oo > €).

Now (6.3) immediately implies there exists d > 1 such that uniformly in
n, P(||Qa(Tnn)llcc > €) < €/2. Independence of the sequences of random
variables involved then implies for each j > 1 and b > 0 that

P(1>  &nijbnigl = Vi) SOV PE(E((D niOnig)*/ Vi j10nigs -+ Onmg))
= i=1

n

< b_zE(V_’;)CnJ’/k‘n’j.

Since limy, oo P(Np1 < j) = 0, the weak law of large numbers and Cheby-
shev’s inequality applied to the i.i.d. sequence of random variables {6, ; ; :
i > 1} implies for each fixed j > 1 and M > 0 that limsup,_, ., P(V,; <
M) = 0. Thus limsup,, E(an) = 0, so for each fixed j > 1 and b > 0
we have

lim P |Z£n,z,j n,z,j| > anJ)

n—oo
=1

Now

d n
P(HTn,n - Qd( n,n ||oo > 6 Z |Z£n,i,j0n,i,j| > EVn,j)a
7=1 =1

and hence from the above we have for each € > 0 that

lim P(||Tp.n|loo > 2€) <€
n—oo
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Thus the lemma is proven.

Now that we have tightness of {£(S,,,) : n > 1} in co, the next step
of the proof is to show that the finite dimensional distributions induced by
Ud>1¢j 4 are the same for every limiting measure of {E(gnn) : n>1}. Here
¢ denotes the continuous linear functionals on ¢y and

(6.4) coa=1f €cp: f(Qa(x)) =0 for all x € co}.

We start by showing that the limiting covariance functions I'(;, -, -) given
n (2.26)-(2.28) determine the limiting variance of f(S,,) for each d > 1
and f € ¢ 4. This follows from our next lemma.

LEMMA 6.2. If (2.26)-(2.28) hold and P(minj<;<, Ny; < d) = o(1/n?)
as n tends to infinity, then for alld > 1 and f € ¢j ; we have

n—oQ

d d
(6.5) lim E(f Z z_: (1, u,v)f(en) f(ey).

If Vi, ; is replaced by n in S’nm, then (6.5) holds with T'(1,-,-) replaced by
I'(2,-,+) in the right hand term.

Proof. Since f € ¢ 4, we have

5 d d n 0. . 0 .
66 B Gun)) = 3 SIS Talw ) B35 51 @0 e0)

1i=1 n,u  Vn,v

where Ty, ;(u,v) = E(&niuénin). This follows immediately since the se-
quences {0,;;} and {V, ;} are independent of the sequence {{,;;}, and
E(&,i,5) = 0 with the random variables &, ; ; independent in 4. Hence (6.5)
and Lemma 6.1 follows from (6.6) once we prove the following lemma. The
situation when V;, ; is replaced by n in S’nn is simpler, so for the time being
we assume the V}, ; are random. The nonrandom case will be taken up later.

LEMMA 6.3. Under the assumptions of Theorem 2.4 we have

. - en,i,u en,z,v
(6.7) ,}LIEOZFM(%U)E( % 1/2) (1, u,v).
=1 n,u  Vn,v

Proof. Since lim,, oo > it I'ni(u,v)/n = I'(u,v) by assumption, (6.7)
will follow if we first show for v # v that
en,i,u en,i,v p
(6.8) ( ) =

12 (172 = 0
nau Vn,w
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where limy, . SUPy<;<;, [an,i — 1| = 0, and that

(6.9) sup I'yi(u,v) < oo.
n>1,>1
Now
(6'10) Sup Fn,i(uv U) = sup E(én,i,uén,i,v)a
n>1,>1 n>14>1

and, as mentioned earlier, (2.1) with r = 2 implies E(¢2,,)) < ¢nj/kn.j-

n,t,u
Therefore the Cauchy-Schwartz inequality and (2.29) easily combine to im-
ply (6.9). Hence when u # v it remains to prove (6.8).
To verify (6.8) for random V;, j, for n > 1,u > 1, let

en iU en @0 =
Api = T3 /2 and W, = max{l,ZRn7i7u}.
n,u n,v =1

Thus we have

’ 1<i<n
(6.11) = Bu(L,i) — Bn(2,i) + Ba(3,1),
where
By(1,4) = p(fmiunivy - p (3,i) = E(An;I( min N,; < d)) d
n( ) Z) - ( %/uz %/1)2 )7 n , 1) = n,i lréliléln n,i 5 all
. Rn,z’,u Rn,i,v .
B,(2,i) = E(W 172 I(lrélilélnNm < d)).
Also,
(6.12) B,(3,1) < P(lgljél N, <d)=o0(1/n)
and
(6.13) B,(2,i) < P(lgljél N, <d)=o0(1/n).

Hence (6.8) will follow if we show for all i, 1 <i < n, and u # v that

(6.14) Bu(1,i) = Lay,
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where lim_,o a, = 1. To verify (6.14), we establish the following lemma,
which immediately implies (6.14) when u # v. If u = v, then from the above
we see that the analogue of (6.14) required is that E (R, iw/Whu) = cn/n
where lim,, . ¢, = 1. This follows since from the proof of Lemma 6.4 below
we actually have ¢, = 1 — (1 — p)™. Hence the proof of Lemma 6.3, and also
Lemma 6.2 for random V}, ;, will follow once Lemma 6.4 is established.

LEMMA 6.4. Let{X;:1<i<n} and {Y;:1<i<n} be independent
collections of i.i.d Bernoulii random variables with P(X; = 1) = P(Y; =
1) =p. Let A, = max{1,> ", X;} and B, = max{1,> 7", Y;}. Then for all
i, 1 <i<n, we have
Xi Y Py

(6.15) (Wﬁ) =

T

where lim_, o b,, = 1.

Proof. By the independence assumed we have

X' Y, X; Y;

and hence since {X; : 1 <i <n}and {Y; : 1 <i <n} iid Bernoulii random

variables with P(X; = 1) = P(Y; = 1) = p, it suffices to verify that
X1 Py1/2
(6.16) (W) =) e,

where lim_., ¢, = 1. Now, using Jensen’s inequality and an easy calculation,
we have

Xq 1

B < pl(E( /2= pi i yire

1 + 2?22 Xi np

Hence, since we assume 0 < p < 1, we have

Xy < 2y,

(6.17) E(A1/2 -

Thus Lemma 6.4 will follow provided we establish a comparable lower bound.
Now for each ¢, 0 < e < p, we have

X P "

€) (k) (n-1)—pl<e/Ln}  i=2
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where C(n,p,€) = (1+ (n—1)p — (n — 1)e/Ln)"/2. Since € > 0, Theorem 1
of [12] implies

n

Z P(ZX k) >1—2exp{—2(n—1)(— )2}

{k:|k/(n—1)—p|<e/Ln}  i=2 Ln
and hence
E( s ) > b [1—2€Xp{—2(n—1)(i)2}] :(2)1/2(1“
Ai/z - C(’I’L,p, 6) Ln n ’

where lim,,_,o, d,, = 1. This implies the comparable lower bound to (6.17),
and therefore Lemma 6.4 holds.

As mentioned earlier, Lemma 6.4 completes the proof of Lemma 6.3, and
hence Lemma 6.2 is established with (6.5) providing a limiting variance
function when the V,, ; are random. If the V,, ; are replaced by n in gnm,
then the proof of Lemma 6.3 with the right hand of (6.7) being I'(2, u, v) is
much simpler, and the details are left for the reader. Hence Lemma 6.2 is
proven.

Now that Lemma 6.2 is verified, the next step is to show foralld > 1, f €
¢,4» and random V,, ; that all limit laws of {L(f(Snn)) : n > 1} are centered
Gaussian random variables with variance given by

d d
(6.18) o(f) = 2_: 2_: (1,u,v) f(en) f(ey).

Of course, if the V,, ; are replaced by n in S’nm, then (6.18) holds with
I'(1, u, v) replaced by I'(2, u, v).

To verify this step of the proof, we first prove a lemma which will put us
in position to allow an application of Lyapunov’s central limit theorem.

LEMMA 6.5. For each integer d > 1 and x € ¢y, let Iz(x) = Z;l:l zje;.
Under the conditions of the theorem we have for each d > 1 that

(6.19) lim > E(|[Ma(Xn)l1%) =0,

n—o0 4
=1

where

£n7z7.7 n7Z7J
=2 o).

1/2
j=1 Vng
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Proof. By Jensen’s inequality we see that

Ve 4 d |£n,i,j|9n,i,j 4 3(d—1) d éé,i,jen,i,j
1Ma(Xn )50 < 1D ==t < 2 > el
=1 Vi =1 Vg

Hence
4

d
BIu(K)l[k) < 290D p(omidlnid )
7=1

’fL

and the lemma will follow if we show

0
(6.20) JLIEOZE %"”) =0
nhj

On i g -
forj=1,---,dandalld > 1. Now E(M) (B(ES; )Y (E(Smii))/2,
n,j
and using (2.1) with » = 2 we have E(fn”) < 24cnj/k‘ . Applying (2.29)
and that ¢, ; > 1 for alln > 1,5 > 1 we therefore have, unlformly in n and
j, that E(&}; ) < 00. Moreover, since P(minj<j<p Ny, < d) = o(1/n?), one
can show that

eni j
B(T4) = pE(

- )+ ol1/n?)

1
(1425 Xi)*

Therefore let

and we want an appropriate upper bound on A, 1. Now A, < B, +
2 exp{—2n/(Ln)?}, where

B, — 3 P> X = k)
triyn gty (LR 2

and the exponential term follows from an immediate application of Theorem
1 in [12]. Now

1 2
B, < <
" )L+ L= T (np)?

for all n sufficiently large. Therefore for all n > ng we have

2 2(n—1)

B (T T

2
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which implies

I(j < Npi)Rnij 2
)Ty <
vi ) S o T

B(%nid) - p(

1/n2)
4
Vi

uniformly in 4 > 1,7 > 1. Thus uniformly in ¢, 7 > 1 we have

4 .
E( n,i,jenJJ

) < (L) B = o1/,

Vi

which implies (6.20). Thus (6.19) holds by the inequality prior to (6.20),
and Lemma 6.5 is proven for random V), ;. If the V;, ; are replaced by n in
Sn.n, then the proof is even easier and details are left to the reader. Hence
Lemma 6.5 holds for both normalizations.

The next lemma completes the proof of Theorem 2.4.

LEMMA 6.6. The functionsT'(1,-,-) and T'(2, -, ) defined by (2.26)-(2.28),
are covariances of centered Gaussian measures y1 and 7y, respectively, on
co. Furthermore, if the V,, ; are random, then Snn converges weakly to v1
on cg, and if the V,, ; are replaced by n, then Snn converges weakly to vo on
co. In addition, for each f € ¢y and k = 1,2 we have

[ 0060 = 3 3 Tk u ) (e flew)

u=1v=1

Proof. First assume the V}, ; are random. Then since (6.19) is verified,
we also see for all d > 1 and f € cad that

n
. 4 ol
lim ; E(f4 (X)) = 0.
Hence by (6.5) and Lyapunov’s Central Limit Theorem we have that f(S,.,)
converges in distribution to a mean zero Gaussian random variable with
variance given by (6.18) for all d > 1 and f € cg 4. If pu is a probability
measure on the Borel subsets of ¢g, and forall k > 1,d > 1, f1,---, fx € Co.d>
and A is an arbitrary Borel set of R¥, then the probability distributions

Ff17~~~7fk(A) =u({x€co: (fi(x), -, fr(x)) € A})

are the finite dimensional distributions of y on ¢y induced by Ug>1¢j 4, and
they uniquely determine p on the Borel subsets of ¢g. In view of the tightness
obtained in Lemma 6.1 we thus have that S,, ,, converges weakly to a unique
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probability on the Borel subsets of ¢y, which for the moment we call . What
remains is to show that for every f € ¢j this limiting measure makes f a
centered Gaussian random variable with variance determined by I'(1,-, ).
Recalling that pointwise limits of centered Gaussian random variables are
again centered Gaussian variables with limiting variances the limits of the
variances, and that Udzlcad is weak star dense in cg, it follows that p is
a centered Gaussian measure on cg. Furthermore, if f € ¢ and fq(x) =
f(I1g(x)), x € cg, then for random V;, ; we have

d d

|| 72 = Jim [ f3G0duto = Jim 33T w0) (e fle0)

u=1v=1

Since sup;; E(én”) < ¢n,j/knj, we have from (2.29), (2.26)-(2.28), and
Cauchy-Schwarz that

sup |F(17]17]2)| < 0.
Ji,j221
Now ¢ = /1, and hence the dominated convergence theorem easily implies
i is a centered Gaussian measure on ¢y with covariance given by I'(1,-,-).
Moreover, for each f* € ¢y we have

/ P =32 32T u0) e (o).

Hence when V, ; is random, the centered Gaussian measure i exists as
indicated, i.e. its covariance is I'(1,-,-), and g = ~;. Similarly, when the
Vy,j are replaced by n, then 9 exists as indicated, and p = 7. This last
fact is easy to check by immediate simplifications of what we have done
when V,, ; is random, and the details are left to the reader. Hence for each
choice of normalizers, there is a unique limiting Gaussian measure, and its
finite dimensional distributions are centered Gaussian measures determined
by the appropriate covariance function. Therefore the lemma is proved, and
Theorem 2.4 is established.
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