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Let X1, X2 be independent random walks on Z%, d > 3, each
starting from the uniform distribution. Initially, each site of Z¢ is
unmarked and, whenever X; visits such a site, it is set irreversibly to
i. The mean of |A4;|, the cardinality of the set A; of sites painted by
i once all of Z% has been visited, is %nd by symmetry. We prove the
following conjecture due to Pemantle and Peres: for each d > 3 there
exists a constant ag such that lim, e Var(|4i|)/ha(n) = $aq where
hs(n) = n*, ha(n) = n*(logn), and hg(n) = n® for d > 5. We will
also identify aq4 explicitly and show that g — 1 as d — oo. This is a
special case of a more general theorem which gives the asymptotics
of Var(|A;|) for a large class of transient, vertex transitive graphs;
other examples include the hypercube and the Caley graph of the
symmetric group generated by transpositions.

1. Introduction. Suppose that Xi, X9 are independent random walks
on a graph G = (V, F) starting from stationarity. Initially, each vertex of G
is unmarked and, whenever X; visits such a site, it is marked ¢ irreversibly.
If both X; and X visit a site for the first time simultaneously, then the
mark is chosen by the flip of an independent fair coin. Let A; be the set
of sites marked ¢ once every vertex of G has been visited. By symmetry, it
is obvious that E|4;| = 1|V|. The purpose of this manuscript is to derive
precise asymptotics for Var(|.4;|) for many families of graphs.

The process by which a single random walk covers a graph has been
studied extensively. Examples of interesting statistics include the expected

amount of time it takes for the random walk to visit every site [4, 14],
the growth exponent of the set of sites visited most frequently [3], and the
clustering and correlation structure of the last visited points [2, 5, 15]. The

motivation for this work is to understand better how multiple random walks
cover a graph.
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The investigation of the statistical properties of A; was first proposed in
the work of S.R. Gomes Junior et. al. [9]. Their motivation was to study the
technical challenges associated with physical problems involving interacting
random walks. They estimate the growth of E|B| where B is the interface
separating A; from Aj in the special case of the one-cycle Z!. As with E|A;|,
computing E|B| for Z¢ becomes trivial for d > 3 since it is easy to see that,
with probability strictly between 0 and 1, for any pair of adjacent vertices
x,y, Xo will hit y before X; conditional on the event that X; hits = first. On
the other hand, estimating Var(|.4;|) in this setting is challenging since its
expansion in terms of correlation functions exhibits significant cancellation
which, when ignored, leads to bounds that are quite imprecise. We will
develop this point further at the end of the introduction.

The problem we consider here was formulated by Hilhorst, though in a
slightly different setting. Rather than considering the sets of sites A1, Ay first
painted by X1, Xs, respectively, it is also natural to study the sets Aj, Ao
of sites most recently painted by X1, Xs, respectively. In other words, in the
latter formulation the constraint that the marks are irreversible is removed.
It turns out that these two classes of problems are equivalent, which is to

say (Ajp, A2) 4 (./11,.22). This helpful observation, which follows from the
time-reversibility of random walk, was made and communicated to us by
Comets.

We restrict our attention to lazy walks X7, Xo to avoid issues of peri-
odicity, in particular to ensure that random walk has a unique stationary
distribution. That is, the one-step transition kernel is given by

% if x =y,
p(wvva): ﬁg(x)lfw'\“ya
0 otherwise,

where z ~ y means that = is adjacent to y in G. The particular choice of
holding probability % is not important for the proof; indeed, any A € (0,1)
would suffice. Our proofs also work in the setting of continuous time walks.
Let p'(-,;G) be the t-step transition kernel of lazy random walk on G and
7(-; G) its unique stationary distribution.

Our main result is the precise asymptotics for Var(|.4;|) on tori of dimen-
sion at least three, thus verifying a conjecture due to Pemantle and Peres
[3, Page 35].

THEOREM 1.1.  Suppose that G, = Z%, d > 3. There exists a finite
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constant ag > 0 such that

lim Var(|.A;]) _ lad
n—oo  ha(n) 4
where
nt ifd =3,
ha(n) = < n*(logn) if d = 4,and
nt if d > 5.

Our proof allows us to identify oy explicitly and is given as follows. Let

(1.1) G(z;2%) =Eo Y _ 1{x(t)=a}
=0

be the Green’s function for lazy random walk on Z¢. This is the amount
of time random walk initialized at 0 spends at z before escaping to oo. For
d > 5,

(1.2) oy = GQ(OlZd) S @y 2).

yeZ?

It is not difficult to see that ag — 1 as d — oo, so that Var(|4]) ~ tn? for
d and n large is close to the variance of an iid marking. For d = 4,

1
(1.3) = i e 67 logn > Gy 2Y);
y€Z4:|y|<n

we will explain why this limit exists and is positive and finite in Proposition
2.1. The definition of as is slightly more involved. Let T3 denote the three-
dimensional continuum torus, pt(-,-; T?) the kernel for Brownian motion on
T3, and

T
gT(w,y;TS)—/ p'(z,y; T?)dt.
0

Now set

1
14) of = —— T2z, y: T3) — 1) 2dady, as = lim aol.
( ) 3 GZ(O;Zg) /1‘3 /1*3(9 ( » Ys ) 2 ) Y, 3 Tooo 3
The reason that the limit exists and is positive and finite is that p’(x, y; T?)
converges to the uniform density exponentially fast in ¢ (see Proposition 3.1
for a discrete version of this statement).
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Throughout the rest of the article, for functions f, g, we say that f = O(g)
if there exists constants ¢y, ca such that | f| < ¢;+c2|g|. We say that f = Q(g)
if there exists constants ¢y, ¢z so that |f| > ¢1 + c2|g|. We say that f = O(g)
if f = 0O(g) and f = Q(g). Finally, we say f = o(g) if lim,,_, f(n)/g(n) = 0.

We note that the problem for d = 1 is trivial: Var(|.4;|) = ©(n?). Indeed,
observe that with positive probability, the distance between X; and X at
time 0 is at least %n. In cn? steps (for c large enough), X has positive
probability of covering the entire cycle while X5 has positive probability of
not leaving an interval of length %n containing its starting point. On this
event, [ A;| > %n. This proves our claim as the upper bound is trivial. For
d = 2, the asymptotics of Var(|.4;]) remains open.

One interesting remark is that the variance for d = 3,4 is significantly
higher than that of an iid marking. The results of Theorem 1.1 should also
be contrasted with the behavior of the variance of the range R of random
walk on Z? run up to the cover time Teoy(Z2) of Z%, which is the expected
amount of time it takes for a single random walk to visit every site. When
d >3, Teoy(Z4) ~ cqni(logn) (see [13]). For d > 5, it follows from work of
Jain and Orey [10] that Var(|R|) = ©(n¢(logn)). For d = 3, 4, it follows from
work on Jain and Pruitt [ 1] that Var(|R|) is ©(n3(logn)?) and ©(n*(logn)),
respectively.

This work opens the doors to many other problems involving two random
walks. Natural next steps include CLT's for the fluctuations of |.A;| and for
the number of sites painted by ¢ at time ¢, as well as the development of
an understanding of the geometrical properties of the clusters of A;. The
latter seem to be connected to the theory of random interlacements. This is
a model developed by Sznitman in [17] to describe the microscopic structure
of the points visited by a random walk on Z%, d > 3, at times un? for u > 0
—that is, when a constant order of vertices have been visited. Roughly
speaking, the model is a Poisson process on W* x (0, 00), where W* is the
space of doubly-infinite paths on Z¢ modulo time-shifts. For a point (X, U)
realized in this process, one should think of X as describing a random walk
trajectory (an “interlacement”) and U a time parameter. The model was
first developed to study the process of disconnection of a discrete cylinder
by random walk [6] and has been subsequently applied to understand the fine
geometrical structure of random walk in many different settings [1%], [19].
Sznitman’s theory generalizes to the setting of k£ random walks by labeling
each interlacement with an element of {1, ..., k} iid at random. Studying the
structure of the clusters in the A4; using this general theory is an interesting
research direction.

Theorem 1.1 is a special case of a much more general result, which gives
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the asymptotics of Var(|.4;|) for many other graphs, such as the hypercube
and the Caley graph of the symmetric group generated by transpositions.
We will now review some additional terminology which is necessary to give
a precise statement of the result. Recall that the uniform mizing time of
random walk on G is

Tix(G) = min {t > (0 : max
x?y

Pz, y:G) 1' < 1}
m(y; G) T4
and the Green’s function for G is
Tinix (G)
9@y G) = D plzy6),
t=0

i.e. the expected amount of time X; spends at y up until Tp,ix(G) when
started from z. Let 7;(x) = min{t > 0 : X;(t) = x} be the first time X;
hits x; we will omit ¢ if there is only one random walk under consideration.
Throughout the rest of the article, a A b = min(a, b) for a,b € R.

AssumMPTION 1.2. (G,) is a sequence of vertex transitive graphs with
|V| = oo such that

1. Tnix(Gr) = o(|Va|/(og |Vi])?) and lim,, o0 Tinix(Gr) = 00,

2. > ytan (20, y; Gn) = 0(Tmix(Gr)/1og |Vi|) for each xg € V,, fized,
and

3. there exists pg < 1 so that Py[1(y) A 7(2) < Tmix(Grn)] < po uniformly
inn and x,y,z € V,, distinct.

The purpose of (1) is that in many cases we will perform union bounds
over time-scales whose length is proportional to Tiix(Gr) and the hypoth-
esis gives us explicit control on how the number of terms in these bounds
relates to the size of V,,. Part (2) gives us control on the tail behavior of g
and, finally, part (3) says that with uniformly positive probability the walks
we consider do not hit adjacent points within the mixing time. Note that
vertex transitivity implies g is constant along the diagonal. Part (3) implies
that the number of times random walk started at x returns to z before
the mixing time is stochastically dominated by a geometric random variable
whose parameter depends only on pg. Consequently, we see that there exists
go > 0 such that g(z,x; Gy) < go uniformly in 2 and n.

Assume that (G),) is a sequence of vertex transitive graphs and let

(15) fn,c(xay) = PI[T(Z/) < CTmix(Gn)]a
(1'6) ?n,c = an,c(xvy)ﬂ—(y;Gn)'
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Note that fn,c does not depend on the choice of x since if we replaced x with
z', by vertex transitivity we may precompose f, . with an automorphism of
G, which sends z to 2.

The general theorem is:

THEOREM 1.3. Suppose that (G,,) satisfies Assumption 1.2. Let
Fn,c = Z(fn,c(xv y) - 7n,c)2‘
x’y

There exists v > 0 so that for every ¢ > 2 we have
1
(1.7) Var (JA]) = <4 + O(An)> Foe+ O(e77(Tnix(Gn))?)

as n — oo where
Tmix(Gn) log |Vn|

A, =
[Vl

Applying this to the special cases of the hypercube and the Caley graph
of S, generated by transpositions leads to the following corollary.

COROLLARY 1.4. Suppose that Gy, = (V,,, Ey,) is either the hypercube Z%
or the Caley graph of S, generated by transpositions. Then

Var(|Aif) = (1 + o(1))|Val.

In particular, the first-order asymptotics of the variance are exactly the
same as for an iid marking.

Throughout the remainder of the article, all graphs under consideration
shall satisfy Assumption 1.2. In most examples, it will be that T2, (G,,) =
0(F,c) so that the second term in (1.7) is negligible. In this case, taking ¢ = 2
in (1.7) provides a means to compute not only the magnitude but also the
constant in the first order asymptotics of the variance. In some cases, such as
G, = Z3, the constant can even be computed when F}, . = O((Tinix(Gn))?)-

The challenge in obtaining Theorems 1.1 and 1.3 is that the cancellation
in the expansion of the variance is quite significant which, when ignored,
yields only an upper bound that can be off by as much as a multiple of
Tix(Gr). We will now illustrate this point in the case of Z;il ford > 3. It
will turn out that the contribution to the variance from the sites visited by
both X7, X5 simultaneously is negligible, hence we will ignore this possibility
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in the present discussion. Observe

ar (Z 1{71(JJ)<T2($)}>
—Z ) < 72(x), Ti(y) < 72(y)] = Plri(z) < m(2)|P[1i(y) < 12(y)])-

Note that P[ri(z) < 7(z)] is approximately 1. Let H(z,y) = {mi(z) <
71(y)ATa(z)AT2(y) }. Consequently, by symmetry, the above is approximately
equal to

Y (2P[n(2) < ma(x), niy) < 72(y)|H (2, »)|P[H (z,)] - }) + O(n?).

x’y

The reason for the O(n?) term is that P[H (z, )] = 0, so all of the diagonal
terms are ignored in the summation. Let 7(+; 2z, y) be the law of Xy(m(z))
conditional on H(z,y). As P[H(z,y)] is approximately %, using the Markov
property of (X7, X2) applied for the stopping time 71 (z) we can rewrite the
summation as

>3 (Pacln) < m) 3 ) esw yiPlH )

7yz

Here, P, . denotes the joint law of X7, Xy with X;(0) = z and X5(0) = 2.
Thus we need to estimate

(1.8) L Z ( el (y) < Ta(y)] — ;) (2 2,1).

a:yz

At this point, one is tempted to insert absolute values and then work on
each of the summands separately. Since X; and Xy are independent, note
that Xo(71()) ~ 7(-; Z%). Thus by Baye’s rule, we have

P[Xo(mi (7)) = 2|H (z,y)]

.7d (2 dy.
P[H(.ﬁlﬁ',y)] 7T(Z’Zn) < CO ( ’Zn)a

T(z;2,y) =

see Theorem 4.1 for a much finer estimate. Hence the expression in (1.8) is
bounded from above by

(1.9) C1> |Ps

"1“7y

AAn(y) < 2] - 5|

where P, denotes the law of X7, X» with X;(0) =  and X5(0) ~ 7(+; Z4).
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It is a basic fact that Tinix(Z4) = ©(n?); one way to see this is to invoke the
local central limit theorem [12, Theorem 1.2.1]. We can analyze P, - [71(y) <
T2(y)] as follows. We consider two different cases: either y is hit before time
te = Tmix(Z4) = 'n? or afterwards. The probability that X hits y before
t. is of order n>~? by a union bound since Xo(t) ~ 7(-;Z%) = n~¢ for all
t. Second, by the local transience of random walk on Z¢ for d > 3, the
probability that X7 hits y before t. is, up to a multiplicative constant, well-
approximated by g(x,y; Z%). We now consider the second case. By time .
for ¢ > 0 large enough, X; will have mixed. This means that if neither X;
nor X has hit y by this time, the probability that either one hits first is close
to 1/2. The careful reader who wishes to see precise, quantitative versions
of these statements will find such in the lemmas we use to prove Theorem
1.3. Thus it is not difficult to see that there exists Cy > 0 so that

Porlmi(y) < m2(y)] = 1/2] < Cogla,y; Z7y),
This leads to an upper bound of

Cs Zg(m, y; Z4) < Cyndt2.
T,y

A slightly more refined analysis leads to a lower bound of (1.9) with the
same growth rate. As we will show in the next section, in every dimension
this estimate is typically quite far from being sharp. The reason for the
inaccuracy is that by moving the absolute value into the sum in (1.9) we
are unable to take advantage of the cancellation that arises as Py [71(y) <
T2(y)] > 1/2 when z is close to y and P, {11 (y) < m2(y)] < 1/2 when z is
far from y.

Outline. The remainder of this article is structured as follows. In the
next section, we will deduce Theorem 1.1 and Corollary 1.4 from Theorem
1.3. In Section 3, we introduce some notation that will be used throughout in
addition to collecting several basic random walk estimates. Next, in Section
4, we give a precise estimate of the Radon-Nikodym derivative of 7(+; z,y)
with respect to w. In Section 5, we prove Theorem 1.3 and end in Section 6
with a list of related problems and discussion.

2. Proof of of Theorem 1.1 and Corollary 1.4. The following
proposition will be important for the proof of Theorem 1.1.

PROPOSITION 2.1.  Assume that Gy, = Z% for d > 3. For each ¢ > 1, the
limit
. 1 -
(21) lim —— Z(fn,c(l'a y) - fn,c)2

n—oo hd(n) -

)
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exists. When d > 4, it is ag as in (1.2), (1.3). When d = 3, it is given by
T

a§ where oz is as in (1.4).

The first step in the proof of the proposition is to reduce the existence
of the limit to a computation involving Green’s functions. Recall from (1.1)
that G(y; Z9) is the Green’s function for lazy random walk on Z?. In order
to keep the notation from becoming too heavy, throughout the rest of this
section we will write Tinix for Thix(Gy) where G, will be clear from the

context. Let
C’Tmix

ge(z,y;Gp) = Eg Z Lix(t)=y}-
t=0

LEMMA 2.2.  Assume that G, = Z4 for d > 3. For each ¢ > 1, we have

that
1

. —1/n. 7d L.zd\\2 _
0y S nclend) 670 20 20 =0

PROOF. Observe

ge(z,y; Z8) < Pu[7(y) < cTmidlge(y, y; Z2).

We shall now prove a matching lower bound. Fix 0 < ¢ < ¢. Then we have
that

cT‘mix
9e(2,9:23) 2 Be | | > Uxt=yy | L)<l Tsd
t=7(y)
(2.2) > foe—e(2,9)9:(y, y; Z).

Assuming ¢ — ¢ > 1, by mixing considerations as well as a union bound (see
Proposition 3.1) we have that

fn,cfE(xa y) = fn,c(xu y) - Pa:[(c - E)Tmix < T(y) < CTmix]
(2.3) = fae(z,y) + O@En*9).

Since ¢ > 0, we have

(24) ey, y; Z0) = gy, ui Z) = D7 (y, 2 2 ge—lz, 43 Zy)

z

= ge(y, y: Z8) + O((c — &) 2n?~9),

where we used in the last line that pt(z,y; Z;il) < e1t~%2 for some ¢; > 0
(see [12, Theorem 1.2.1]) as well as the observation Y. g. z(z,vy;Z%) =
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(¢ —¢)Tix- Combining (2.2), (2.3), and (2.4), we have thus proved the lower
bound

9e(@, 1, Z8) > f oz, ) 9e(y, y: Z28) + O((c — )T Y2 (E + gelw,y; Z2))n* ™).

Here, we used the bound f,, .(z,y) < ge(z,y; Z%). Theorem 1.5.4 of [12]
implies g.(z,y; Z%) = O(clzr — y[>~%) (it is actually stated for walks on Z<
which are not lazy, but the generalization is straightforward). Consequently,

O(n) if d =3,
Zgg(az,y; Z3) = { O(logn) if d = 4, and
y o(1) if d > 5.

Hence,

> (fnel@,v)ge(y, y;: Z3) — gel, y; Z1))?
z,Y

= [0((0 — ) (@ + gz, y; )
x,Y

=0((c — )% & + o(1))n).

2

Dividing both sides by hg4(n), taking a limsup as n — oo, then as ¢ — 0
yields

1
lim ——— n.clT, (Y, ;Zfll — g, ;Zi 2=0.
Jlim s %(f @, 9)9e(y. y3 Zy) — gel,y3 Z7))

By (2.4) we know that |g.(y, y; Z%) — g1(y, y; Z2)| = o(1) and, by local tran-
sience, it is not hard to see that lim, . g1(y, y; Z4) = G(0; Z9). O

PROOF OF PROPOSITION 2.1. Lemma 2.2 implies that we may replace
fne(z,y) by GTH(0; Z%) ge(z, y; Z2) in (2.1). Letting g, . = ¢Trixn ™%, we can
likewise replace ?n,c in (2.1) by G1(0; Zd)gmc. Consequently, to prove the
proposition, it suffices to prove the existence of the limit

1 _
Z(QC(‘I': Y; ZZ) - gn,c)z'

i
n500 hg(n) 2 -

(2.5)

We will divide the proof into the cases d > 4 and d = 3.
Case 1: d > 4. As g, . = O(cn®™%), we have

o 2 G+ 2 (o Z8) = o).

z,Y
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Thus it suffices to show in this case that

lim = ch TR Zd

n—o0 h

exists, where hg(n) = logn and hg(n) = 1 for d > 5. This will be a conse-
quence of two observations. First, note that

Z 93(07% ZZ) = Z O(C|y|4_2d) - Z O(Cm4_2d ) md_l)
m=/

ly[>£ ly[>¢
| O(et™) ifd > 5,
| O(clog(n/0)) if d = 4.

Thus it suffices to show that, for each € > 0 and for £ = ¢(n,€) = n' ¢, the
limit

lim lim = Z4)
lim Tim hd y%go i

exists (we can even restrict to finite ¢ if d > 5). Our second observation is
that
9¢(0,53 Z3) — G(y; Z%) = O(en®™?) for [y| < L.

This follows since we can couple the walks on Z¢ and Z¢ starting at 0 such
that they are the same until the first time 79 they have reached distance
n/2 from 0, then move independently thereafter. The expected number of
visits each walk makes to y after time 7y is easily seen to be O(cn?~9), which
proves our claim. Thus,

> (960,33 Zy) — G(y; Z29))% = o(1).

ly|<¢

Therefore if d > 5, we have

d 2¢,..7d
nlgngohd chxy,z =Y G(y;2%.

y€Zd
For d =4,
1
4 2¢,,.74
n&%hzl ZQC (@ y: Z, )_nhan;ologn Z G (y;Z7).
yEZ4,ly|<n

Note that the limit on the right side exists since by Theorem 1.5.4 of [12]
(generalized to lazy walks),

G(y; Z%) = agly|** + o(jy| ™)
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if a € (0,d) is fixed.

Case 2: d = 3. The thrust of the previous argument was that random walk
on Z& for d > 4 is sufficiently transient so that pairs of points of distance
Q(n'~¢) make a negligible contribution to the variance, which in turn allowed
us to make an accurate comparison between the Green’s function for random
walk on Z¢ with that on Z?. The situation for d = 3 is more delicate since
the opposite is true: pairs of distance O(n!~¢) do not measurably affect the
variance.

Theorem 1.2.1 of [12] (extended to the case of lazy random walk, see also
Corollary 22.3 of [1]) implies the existence of constants 33,v3 > 0 such that

2
with p(z,y; Z3) = t'f% exp <—M), we have the estimate

D' (2, 5; Z%) = p'(w,y: Z°)| = | — y| O(™).
Hence letting p'(w,y;23) = Yjez P'(2,y + kn; Z°), one can easily show
that with

CTmix

Alx,y)= > P2,y Z8) — pl (2, 4: 23))]
=0
we have that

(2.6) @ZN@,@ — o(1).
z,y

By differentiating p in ¢, we see that for 1 <t < s <t+ 1, we have

s _ 1 |yl2\
p°(0,y;Z3) — (0,4, Z3)| = O <t + |tg|) p'(0,y; Z3).

We are now going to prove that

cTnix 2
(2.7) > ( /1 pt(o,y;zi>—p“J<o,y;Z$’;>dt) =0(1).

yeZy

It suffices to bound

Tmix 1 2

A= > (/1 tpt(O,y;Zf%)dt> :

B _ Z C,Tmix w—t(o ) ZS)dt
== . t2 p » Y5 n

2
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For A, we apply Cauchy-Schwarz to the integral and invoke the integrability
of 1/t? over [1,00) to arrive at

A<CQZ/ mlx 510,y Z3)]2dt = O(1).

yeZ3

For B, we insert the formula for p into the integral, make the substitution
u = t/|y|?, and then compute to see

B<C3Z|‘6+1 (1)
yeZS

This proves (2.7). Recall that T? is the three-dimensional continuum torus.
For x,y € T3, let

T i cT
mix 1
(28)  golw,y; TY) = / P (ne, ny; Z3)dt = - / P (. T)du,
0 0

n

where T' = Tyix/n?. By (2.6), (2.7), we have that

1
hs(n)

D (gelw,y: Z3) = ge(w/n,y/n; T?))? = o(1).

z,yeZ3,

Therefore we may replace g.(z,y;Z3) in (2.5) with g.(z/n,y/n; T3). Note
that g.(-,-; T?) is the product of n~! and the Green’s function for Byja,
where B; is a Brownian motion on T3; roughly, the reason that the Brownian
motion moves at 1/2-speed is that lazy random walk moves at 1/2 the speed
of simple random walk. It is left to bound

n* /T3 /Tg(gc(LnxJ/n, lny] /n: T3) — gel, y; T2))2dedy;

the reason for the pre-factor n? is that we need to multiply by (n3)? in
order to make the double integral comparable to the double summation
and we also divide by the normalization hz(n). From (2.8), we see that
ge(z,y; T3) is O(n~1)-Lipschitz away from the diagonal D. = {(z,y) €
T3 x T3 : |z — y| < €}. Thus since |(z,y) — (|nz]/n, |ny|/n)| = O(n™1),
the integrand is O(n~?) on D¢, hence the integral over D¢ is O(n~2). Since
both ng.(|nx|/n, [ny|/n; T3) and ng.(x,y; T?) are uniformly L?-integrable
over T2 x T3, it follows that the contribution coming from D, can be made
uniformly small in n by first fixing € > 0 small enough. O

We now deduce Theorem 1.1 from Theorem 1.3.
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PROOF OF THEOREM 1.1. Suppose G, = Z& for d > 3. Recall that
Tmix(Z4) = O(n?) (see [13]) and there exists cq > 0 so that g(z,y;Ze) <
calr —y[>~* A1 (see [12]). Consequently, the hypotheses of Theorem 1.3 are
obviously satisfied, except for possibly (3). This is easy to see if z is suffi-
ciently far from y, z so that g(z, y; Z¢) +g(x, z; Z2) < 1/2. Now suppose that
|z —y|A|x— 2| = 7 is small enough so that g(z,y; Z%)+g(z, 2; Z4) > 1/2. We
have the trivial bound that X starting at x will get do distance r+ s without
hitting y, z in s steps with probability at least (4d)~* since in each step, X
has probability at least (4d)~! of increasing its distance from y, z by 1. If s is
large enough, then after such steps we will have g(Xs,y; Z%)+g(Xs, 2; Z4) <
1/2, which gives the desired result.

Proposition 2.1 implies that F, . ~ iadvchd(n) as n — oo. This is enough
to dominate T2, (Z%) = ©(n*) except if d = 3. We shall now argue that,

m
nevertheless, [}, . is still the dominant term in this case. Note that

fn,cgni

1 .
2 Y ge(r,y;Z3) < Agen™!
)

for some Ag > 0 and ¢ > 2 fixed. Also, the transience of random walk on Z3
implies that there exists A; > 0 so that f,(z,y) > A1z —y|~' A 1. Thus

for A
1 ]
- < p—
|IL’ y‘ - <2Aoc) " 2n

we have that fn(z,y) — f,. > %\x —y|=! A 1. Consequently,

A2 _ _
Foez b 3 -y al=clo@m).

lt—y|<Aan

A matching upper bound, up to a multiplicative factor, is also not difficult
to see.

Our lower bound for F), . depends on ¢ by a multiplicative factor of 1/c
while the second term in (1.7) decays exponentially in c¢. Thus by taking
¢ > 2 large enough we see that F;, . is still dominant for d = 3. 0

We now turn to the proof of Corollary 1.4.

PRrOOF OF COROLLARY 1.4 FOR THE HYPERCUBE. For Z3, it is easier
to work with the continuous time random walk (CTRW) since the types of
estimates we require easily translate over to the corresponding lazy walk.
The transition kernel of the CTRW is

1
Py 25) = o (1 + e~ 2/myn=le=yl(] _ g=2t/mylo—yl,
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where |z —y| is the number of coordinates in which z and y differ. The spec-
tral gap is 1/n (see Example 12.15 of [13]) which implies Q(n) = Th,ix(Z5) =
O(n?) (see Theorem 12.3 of [13]). Consequently, the first hypothesis of The-
orem 1.3 holds. If |x — y| = r, then it is easy to see there exists C¢, p. > 0
so that

(CE%)” exp (—ﬁ(n - 7')) if t <en,

pl(z,y;Z5) < ,
e P if t > en,

provided € > 0 is sufficiently small. Thus it is not difficult to see that
g(z,y; Z3) < Cln~". Trivially,

n
weagsle—yl=ni=(}) <

Thus for zg fixed we have

> (0, :2) < O (Z w2 n) —o(1).

y#To r=

so the second hypothesis of Theorem 1.3 is satisfied. The final hypoth-
esis is obviously also satisfied. Now, a union bound implies that f, . =
O(27"Tix(ZY)), which implies (fn.(x,2) — f,, ) = 1+0(1). On the other
hand,

Z f,f,c(x,y) =0 <2” Zn*% : nr> = o(2").
r=1

lz—y|>1

Putting everything together, Theorem 1.3 implies
1
Var (|A4;|) = 1(1 +o(1))2™.
O

ProoOF OF COROLLARY 1.4 FOR THE CALEY GRAPH OF S,,. Let GG, be
the Caley graph of S, generated by transpositions. By work of Diaconis
and Shashahani [7], the total variation mixing time of S, is ©(nlogn),
which by Theorem 12.3 of [13] implies Thix(Grn) = O(n(logn)(logn!)) =
O(n?*(logn)?). We are now going to give a crude estimate of pf(o,7;S,).
By applying an automorphism, we may assume without loss of generality
that o = id. Suppose that d(id,7) = r and that 71,..., 7, are transpositions
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such that 7,.---71 = 7. Then 71, ..., 7. move at most 2r of the n elements of
{1,...,n}, say, k1,...,kor. Suppose ki, ..., kb, are distinct from ki, ..., ko,
and o € S, is such that a(k;) = kf for 1 < ¢ < r. Then the automorphism of
G, induced by conjugation by « satisfies ara™! # 7. Therefore the size of
the set of elements 7’ in S,, such that there exists a graph automorphism ¢ of

”) > 2722 ((2r)))~1

Gy, satisfying ¢(7) = 7/ and ¢(id) = id is at least (27"

assuming n > 4r. Therefore

(2.9) pt ) 27 (2r)! ) 2r | 2, 2-2r

9) ple,m;Gr) < o and g(e, 7;Gy) < C(2°"(2r)!) (logn)*n“"=".

This bound is good enough for r > 2 but does not quite suffice when r = 1.
This case is not difficult to handle, however, since it is easy to see that the
random walk has distance 3 from e with probability 1 — O(1/n) after its
first three moves, hence with distance at least 2 from any permutation with
distance 1 from e. Combining this with (2.9) gives the desired bound. From
this is it clear that (G,,) satisfies the hypotheses of Theorem 1.3 and, arguing

as in the case of the hypercube, that

Var (|J4;]) = %(1 +o(1)nl.

3. Preliminaries.

3.1. Notation. Suppose that G = (V, E) is a graph and let X, X2 be
independent random walks on G. Recall that a A b = min(a, b) for a,b € R.
For z,y € V, let

Ti(x,y) = 7i(z) ATi(y) and 7(z,y) = 71 (z,y) A 7a(2,y),
where 7;(x) = min{t > 0: X;(t) = x}. Let

H(z,y) = {n(x) <7i(y) A7z, 9)}

This is the event that x is hit by X; before Xs as well as before both X1, Xo
hit y. Let

m(z7,y) = PXa(ni(z,y)) = 2[H(z,y)],
and let m be the uniform measure on V. Throughout, P[] denotes the law

of random walk initialized at z (and the initial distribution is stationary
whenever z is omitted). The proofs in this article will involve probabilities
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of complicated events. To keep the formulas succinct, it will be helpful for
us to introduce the following notation: let

Gij(z) = {mi(z) < 75(2)},
Gij(z,y) = {7i(z,y) < 7j(z,y)}, and
Gi(z,y) = {m(z) < 7(y)}.

Throughout we will fix a sequence of graphs (G,,) satisfying Assumption 1.2.
We let

Tmix Gn
Fn = COTmix(Gn) 108; |Vn|7 Yn - H/(|)a
A, =71,log ‘Vn|a Sp = Z 92(1'07% Gn)

YFTo

where ¢y will be determined later and g is fixed. Note that S,, does not de-
pend on xy by vertex transitivity. We will typically write Tinix for Thnix(Gr),
pi(-,-) for p'(-,+; Gy), and g(-,-) for g(-,-;G) in order to keep the notation
light and, in general, suppress dependencies on n.

3.2. Elementary Estimates. Recall that the total variation distance of
probability measures pu,v on V is

I = vliry = maxlu(4) - v(A)] = 5 3 laded) - v({z .

zeV

The following provides a bound on the rate of decay of the distance of p!(z, -)
to stationarity.

ProrosiTION 3.1. For every s,t € N,

(3.1)  max [P (z, ) — 7|y < 4 max 19" () = 7llov p*(y, ) — wllrv
(. y)

(3.2) max )

x7y

S
B 1‘ < max P (z,y)

t . J—
< max © S ma () — v

PROOF. The first part is a standard result; see, for example, Lemmas
4.11 and 4.12 of [13]. The second part is a consequence of the semigroup
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property:
L (e, 2) = —— 7 pl(a, y)p (. 2)
(z) (z) "
Zﬁ(lz) > ' (@,y) — 7 (y) + 7 (W)]p*(y, 2)
Yy
b (y,Z) t -
< (mx 22 1yt — w41
0
Trivially,

max ||p’(x, ) — 7|7y < max
x x,Y

Consequently, (3.1) and (3.2) give

t
P (z,y)

(3.3) nax | £

— 1‘ < We_%‘ for t > aTymix and o > 0.

where 7 > 0 is a universal constant. We will often use (3.3) without reference.

Throughout the article, it will be important for us to have precise esti-
mates of the Radon-Nikodym derivative of the law of random walk condi-
tioned on various events with respect to the uniform measure. In the follow-
ing, we are interested in the case of a random walk conditioned not to have
hit a particular point. Let Ty = kT pix.

LEmMMA 3.2. There exists v,po > 0 so that for all k > 1 satisfying
kY, <po and c > 2 we have

P.[X (cTy) = 2|7(y) > cTi] = [1 + O(e 7 4+ ck Y\, + g(y, 2))|7(2).

Note that by part (1) of Assumption 1.2, this lemma applies if &k =
O((log [V2])?).

Proor. Using that P,[X (cT}) = 2] = (1+0(e~7*))n(z), an application
of Bayes’ formula yields

Po[X(cTk) = 2l7(y) > cTi]

_Py[r(y) > cTi| X (cTi) = 2] ety
= P sy Lo ().
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The idea of the rest of the proof is to show it is unlikely that X hits y
close to time T}, in which case we can use a mixing argument to show that
conditioning on X (c¢T}) = z has little effect. For 1 <¢ < ¢+ 1 < ¢, we have

P.[7(y) > cTy| X (cTy) = 2]
=P,[1(y) > Ti|X (cTk) = 2] = Py[cTy > 7(y) > Tk| X (cT) = 2].

By a time-reversal, we have that
P, [Ty > 7(y) > TTHIX (cTy) = 2] < Pafr(y) < (¢ — DTl X (cTi) = al.
By mixing considerations and a union bound, we have
P.[r(y) < (¢ = O)Ti| X (cT)) = x] = O(g(y, 2) + (¢ — O)kTn).

Applying Bayes’ formula, observe

P.[r(y) > cTk| X (cT}) = 2] =

Similarly,
P.[m(y) > cTi] = Py[r(y) > cTy] — Py[cTi > 7(y) > T}

By a union bound and mixing considerations, the second term on the right
hand side is of order O((c —¢)kY,,). We now take ¢ = ¢/2 and v = 7/2. By
part (3) of Assumption 1.2, we have that

P.[r(y) > cTi] > 1 — pg — O(ckY,,)

uniformly in n. In particular, there exists pg > 0 so that if ckY,, < pg then
P.[7(y) > cT}] is uniformly positive in n. Putting everything together, for
such k we thus have

P, [X (cTy) = z|7(y) > Tk]
(1+O0(e7" MNP, (y) > Tk] + O(g(y, 2) + ckXy) e
- Polr(y) > T3] + O(ckT) (1+0(T)m(2)

=(1+O0(e7"" + g(y, 2) + ckLu))m(2),

as desired. 0
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In the following lemma, we will show that the difference in the proba-
bility that a random walk hits points y, z when started from z before time
Iy, = co(log |V |) Tiix is essentially determined by the corresponding differ-
ence except up to time cTjnix. The reason for the cancellation is that the
previous lemma implies that conditional on not hitting a given point up to
time ¢Thyix, the walk is well mixed and has long forgotten its starting point.
Recall that f.(z,y) = P2[7(y) < ¢Tmix] (we have suppressed n).

LEMMA 3.3.  There exists v > 0 such that for all ¢ > 2,

P[r(y) < Tl = Palr(2) <Tn] = fe(w,y) — fe(z, 2)+
O(e™ YT + Anlg(z,y) + g(, 2)]).

PrOOF. We observe,
Px[T(y) < Fn] = fc(l'ay)_‘_
STP[eTk < 7(y) < cThlr(y) > i1 - Palr(y) < cTi)),
k
where here and throughout the rest of this proof the summation over k is
from 1 to < log |V,|. We note that

P.[cTi < 7(y) < Tya1|T(y) > Ty
= Pl < 7(y) < T |m(y) > Tk, X(cTh) = wPL[X(cTk) = wl|r(y) > cTy]

=Y Pulr(y) < NiIPL[X(cT}) = wlr(y) > cTi].

As the previous lemma is applicable for such choices of k and using P, [7(y) <
cTh] < O(g(y,w) + ¢Y,), we can rewrite the expression above as

Polr(y) <]+ 0 | > gy, w)(e " + kT, + gy, w))m(w)
wH#Y

Performing the summation over w, we see that the latter term is of order
(3.4) O(Yre Y* 4 kY2 4+ S,V 7).

Recall from part (2) of Assumption 1.2 that S, = o(Tmix/log|V,|), hence
(1og [V )Sn|Viu| ™! = o(T,,). Consequently, summing (3.4) over k from 1 to
% log [V,| gives an error of

O(Ype "+ A2).
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By part (1) of Assumption 1.2 it is clear that A2 = o(Y,,), hence the former
is of order O(Y,e~7¢). This leaves

ZPm[CTk < 7(y) < Tpi1|m(y) > TP [1(y) < Tk
k

=0 (Z S P.lr(y) < cTiln(=)(g(a,y) + ckm) .
k z

Here, we used the previous lemma to get the crude estimate P,[X (cTy) =
z|t(y) > I] < Cw(z) for some C' > 0. Summing everything up gives us
an error of order O(A,g(x,y) + A2). We also have another contribution of
O(Ang(x,z) + A2) coming from the corresponding estimate of P,[7r(z) <
I';,]. Therefore our total error is O(Y, e~ + A,lg(x,y) + g(z, z)]), which
proves the lemma. O

4. The Radon-Nikodym Derivative. Recall
(2 2,y) = P[Xa(ri(2,y)) = 2|H(z,y)].

The purpose of this section is to prove the following estimate of the Radon-
Nikodym derivative of 7 (z; z, y) with respect to (). Recall again fe(z,y) =
Pu[7(y) < ¢Tix] and f. =32, fe(x,y)m(y) (we are omitting the dependence
on n).

THEOREM 4.1. There exists a constant v > 0 so that for all ¢ > 2 and
x # y we have

TEEI 14 (14080 (2.~ o) - 1l0.2))
+O0(e"Yn) + O([9(z, 2) + 9(y, 2) + Anllg(z,y) + An]).
In particular,

(2 w,y)

7(2)

Let Yo = Xs(71(2,y)). The idea of the proof is to observe that

(4.1) =14+ 0(g(x,y) +9(y, 2) + g(=, 2)).

P[H (x,y)[Y2 = z]n(2)

T(za,y) = P[Ya = 2|H(z,y)] = PlH(z,y)] |

where we used P[Y; = z] = 7(z) as X1, X are independent and the initial
distribution of X3 is stationary, then estimate the effect of conditioning on
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X1

Xo

Yo

FiG 1. In Theorem 4.1, we give a precise estimate of the Radon-Nikodym derivative of the
law of Yo = Xo(71(z,y)) with respect to the uniform measure on V, conditional on the
event that H(xz,y) = {11(z) < 71(y) A 72(z,y)}, i.e. that the first point in {x,y} hit by
X1,X2 is x by X1. The open circles indicate the starting points of X1, X2 and the shaded
circle is Ya.

{Y2 = 2z} on the probability of H(x,y). We will divide the proof into three
lemmas. The first step in the proof is to express 7(-; z,y)/7 in terms of the
event:

A(z,y) = {r2(z,y) > n1(z,y) — T'n, G1(z,9)} \ H(z,y)
= {Tl(xvy) 2 TQ(x7y) > T1($,y) - PTL?Gl(Ivy)}‘

Note that it is a slight abuse of notation to insert Gi(z,y) into the braces
defining A(zx,y) since Gy(z,y) is itself an event. We will do this a number
of times in the following lemma in order to lighten the notation.

LEMMA 4.2.  Uniformly in x,y, z,n,

m(zz,y) o PlA(z,y)] — P[A(z,y)|Y2 = 2] ~100

(4.2) ) 1+ P (z.9) + O(|Va| ).

PRrROOF. Letting R(z,y) = {mn(z,y) > m(z,y) — I'n, G1(z,y)}, observe
PH(z,y)|Y2 = z] = P[R(z,y)[Y2 = 2] — P[A(z,y)|Y2 = z].

We will now manipulate the first term on the right hand side. Let E(w, y) =
Gi(z,y) \ R(x,y). We have,

(4.3)  P[R(z,y)|Ys = 2] = P[Gi(z,y)|Ys = 2] — P[R(z,y)|Y2 = 7]
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Fic 2. Lllustration of the event A(x,y). The solid lines are used to indicates the parts
of X1,X2 up to the time m2(z,y), while the dashed line is used for the part of X1 after
T2(z,y). We have not indicated the part of X2 after t2(z,y). Note that we have Xo hitting
y first, but A(z,y) allows for X2 to hit x first as well. On the other hand, A(z,y) requires
that X1 does in fact hit x before y.

and, since Ys ~ 7, Bayes’ rule implies

HQ%M%=4=ﬂ;HB245%Mﬂﬂ%M-

Since the conditional probability on the right hand side involves conditioning
on the behavior of Xy before 71 (x,y) —I',, mixing considerations imply that
this is equal to

(44) [+ O(Val T P[R(x, y)] = P[R(z,y)] + O(|Va] 7).

As P[Gy(z,y)|Ya = 2] = P[G1(x,y)], combining (4.3) with (4.4) we thus
have
P[H(x,y)|Ys = 2] =P[R(x,y)] — P[A(x,y)|Ya = 2] + O(|V,|77%)

=P[H(z,y)] + P[A(z,y)] — P[A(z,9)[Y2 = 2] + O(|Vu| T7),

Assume that Fcy > 100. Putting everything together, we see that

(zsn,y) _ PG + PAG ) - PAGIY =2 0
G P[H (x,y) PO,

uniformly in z,y, z, n. ]

Note that if V,, = Z¢ for d > 3 then P[G1(x,y), G1a(z,y)] = P[H(z,y)]
does not change when z is swapped with y nor when 1 is swapped with
2 hence is equal to % up to negligible error (it is not exactly % since it
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could be that X hits x at the same time X» hits either x or y, though this
is a rare event). This holds more generally if for every z,y € V,, distinct
there exists an automorphism ¢ of G,, such that p(z) = y and ¢(y) = =.
The weaker hypothesis of vertex transitivity implies that we can always find
an automorphism ¢ of GG, such that ¢(x) = y but not necessarily so that
©(y) = x as well. Nevertheless, it is still true in this case that P[H (x, y)] ~ i.

LEMMA 4.3. If x # y, we have that

PROOF. Let g(:ﬁ,y) ={n(z,y) > n(z,y) > n(z,y)-Ty} and p(z;z,y) =
P[Y> = z|1i(z,y) < ma(z,y)]. Using exactly the same proof as the previous
lemma, we have

,u(:(:zcsy) =1+ O(P[ﬁ(m,y)] + P[ﬁ(m,y)]Yg = 2] + |V,,|7100).

Using a time-reversal in the first step and a union bound in the second, we
have that

P[A(z,y)|Y2 = 2] < Pi[ra(w,y) < Tu] = O(An + g(x,2) + g(y, 2))

(and similarly for P[A(z,y)]). Consequently,

1
> gl@, 2z, y) = T+ Al > 9(2,2)0 (An + g(@,2) + g(y, 2))
1
= Tn + m ZO (g(x7 Z)An + gz(xv Z) + 92(3/’ Z))
1

By parts (1) and (2) of Assumption 1.2, we have that S, + ApTmix =
0(Tmix/(log |V,.])). Consequently, the above is equal to

T
4.5 Y, n )
(45) o <10g|Vn!)

Let p, = P[Gi(z,y), Gi2(z,y)] and p, = P[G1(y, x), G12(z,y)]. Note that

)

‘ -

(16) b+, = PlGuale)] = 5 +0 (.

=
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since P[ri(2) = m(w)] < P[Xa(r1(2)) = w] = |Vu|7! for any z,w € V.
Define stopping times as follows. Let

71 =min{t > 0: X;(t) € {x,y} or Xo(t) € {z,y}} = 7(z,y).
For j > 1, inductively set
Tip1 = min{t > 75 + Thix + 1 : X1(¢) € {z,y} or Xo(t) € {z,y}}.

Let 7;. = 7 i g X(t and, for E' C V;,, set A;;(E) = {Xi(7;) € E}.
7 t=T; {X(t)==} ] ’

Note that the average amount of time spent at x by X7 through time 75 +71ix
is given by the expression

1
7% + Tonix Z <1A1J(x)1AC wy)Tﬂf + 1A1g( )lAC (z,y) T + lAzj(w y)T )

It is not difficult to see that the above quantity converges to 7(z) as k — oo.
We can also define a similar quantity but replacing 7, with 7T;,; this will
converge to m(y) as k — oo. Taking the ratio of these two quantities, we
arrive at

k
D <1A1J( yLag, @) Tie + L)L ag,ea) Tiw + Lay, (:c,yﬂ},z)

% 2= (1Au (@) Las @) Tiw + Ly Lag @) Tiw + 1ay, (:c,yffj,y)

since m(z) = 7(y). It is not difficult to see that, almost surely,

lim 721’41](4’3 9071/)7}»1” =p$g(x,x),

k—oo k

lim - Z Lay (y)lAQJ ey Tie = Py9(y, ),

k—oo k
k
J 3 L i =t Sl )
where ¢,y = 1 — p; — py. Analogous formulae hold for the terms in the

denominator. Combining this with (4.5), we thus have

_pag(%,7) + pyg(y, T) + quy D, (2, T)p(z; @ ,y)
W y) + Peg(@y) + duoy 2 9(2y)p(z 2, y)
_ Peg(z, @) + pyg (¥, @) + uy L ( T, >
pyg( Y) + 129(2,Y) + Guy Tn log [V, |

7
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Rearranging and using that g(z,y) = g¢(y,z) and g(x,z) = ¢(y,y), this
implies that

e\ log Vil )

Combining this with (4.6) proves the first part of the lemma. O

In order to complete the proof of Theorem 4.1 we need to estimate
P[A(z,y)|Y2 = z], which is the purpose of the following lemma. Though
the proof will be computationally intensive, the basic idea is fairly simple.
The main goal is to eliminate the conditioning on Yo = z. The first step
is to perform a time reversal, which converts the terminal condition to an
initial condition at the cost of making the event whose probability we are
to compute a bit more complicated. The latter is easily mitigated, however,
since the event can be greatly simplified at the cost of negligible error.

LEMMA 4.4.  There exists v > 0 so that for all ¢ > 2 we have

PLA Y2 =1 = (§ + 018)) [£lo:2) + £ )] + B+
O(e™ T + [g(@, 2) + gy, 2) + Anllg(x,y) + An)),
where E.(x,y) is some constant which does not depend on z.
Note that the lemma implies
PA(z,y)] = PlA(z,y)[Y2 = 2] = O(g9(x,y) + 9(y, 2) + g(x,2) + €77T).
PROOF. Let

B(z,y) = {Xa(t) ¢ {z,y} for all t € (T'y, 71 (z,y)],G1(z,y)}

and let P . be the law of (X1, X2) where X;(0) ~ 7 and X3(0) = z. We
compute,

PLAG.9)[¥2 = | = —PlA(.9).¥2 = 2
:Zme[Tl(:L",y) > 1oz, y) > 11(x,y) — Tn, Gi(z,y), Yo = 2]

w
By reversing the time of X5 (but not X7), we see that this is equal to
Z PW,Z[TQ(x7 y) < Pn ATy (.T, y)7 B(‘T7 y)? Y2 = U)]

w

(4.7) =P [no(x,y) <Tp Ami(z,y), B(z,y)].
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We will now work towards approximating this event with a simpler event.
We begin by eliminating the “minimum” operation using the observation
that it is unlikely for both X7, X5 to hit {z,y} quickly. Indeed, as

PW,Z[Tl(x7 y) S Fn77—2($7y) S Fn] = O([g(.%', Z) + g(yv Z) + AH]AH)
we see by setting B(z,y) = B(z,y) N {ri(z,y) > I,} that (4.7) is equal to
Pr.[ma(z.y) < T, Bla,y)] + O(lg(x, 2) + 9y, 2) + An]Ay).

We would now like to eliminate the dependence of the probability on z, the
starting point of Xs. We accomplish this by considering two possible cases.
Either Xs hits x or y within some multiple of the mixing time or it does
not. Conditional on the latter, the walk will have mixed, so the relevant
probability does not depend on z. We implement this strategy as follows:

Pﬂ,Z[TQ(x7 y) < Ty, E(x, y)] = PW,Z[TQ(xa y) < ix, E(SE, y)]+

Pn,z[TQ(%y) <TIy, B(x,y)!Tg(az, y) > CTmix](l - Pz[TQ(%y) < CTmix])-

Using the same proof as Lemma 3.2 except in the case that the random
walk is conditioned not to hit two points rather than just one implies
ww;x,y, z) = P, Xo(cThix) = w|ma(z,y) > cIhix] < Cn(w) for some con-
stant C' > 0. Consequently,

Pﬂ,z[TQ(xa y) <TI, E(SE, y)|7_2 (-737 y) > CTmix]Pz[TQ(xa y) < CTmix]
SCPW[Q(%y) < Fn]Pz[TQ(‘rvy) < CTIHiX] = O([g(xv Z) + g(ya Z) + CTTL]ATL)

We are left with two terms to estimate:

(4.8) P .[m(2,y) < Tuix, B(z,y)),
(4.9) P,.[mo(2,y) < Tp, B(z,y)|m2(z,y) > Tix.

We will first deal with (4.8) which, using the independence of 7 (z,y) and
T2(z,y), we can rewrite as

PW,Z[B(xa y)|T1 (1‘7 y) > Fna 7-2(:1:7 y) < CTmiX]PZ[TQ(xa y) < CTmiX]P[Tl (JZ‘, y) > F”J

Since B(z,y) depends on Xs(t) only for ¢t > I',,, from mixing considerations
it is easy to see that

Pﬂ-7Z[B($7 y)|7—1 (IE, y) > F’ﬂv TQ(:’U’ y) < CTmiX]
=P[B(z,y)|r1(z,y) > Ty] + O(|V,|719).
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Consequently, (4.8) is equal to
P.[ra(2,y) < T P[B(z,y)] + O(|Va 7).
Note that
B(z,y) = (H(z,y) N {r(z,9) > Tu}) U (B(z,y) N {7(z,y) < Tn}).

Using Pl7(z,y) <T,] = O(A,), the previous lemma thus implies

P(B(x,y)] = P[H(z,y)] + O(An) = { +O(An).

Observe
Pz[7—2 (l’) < CTmiX; T2 (3/) < CTIHiX]
:PZ[T2 ($) < 7'2(:1/) < CTmiX] + PZ[T2(y) < T2 ($) < CTmix}
=0([g(z,2) + 9(y, 2) + cTy]lg(x,y) + cLn]).
Consequently,

P.[r2(z,y) < Tmix] = fe(@, 2) + fe(y, 2) — P2[ra(2) < ¢Tix, T2(y) < Tmix]
=fe(x,2) + fely, 2) + O([g(w, 2) + g(y, 2) + cYu][g(z,y) + cTy]).

The final part of the lemma follows since, arguing as in the proof of Lemma
3.3, we can estimate (4.9) as follows:

P7T7Z[7-2(x7 y) S Fna E(ﬂj, y)’TQ(IL‘a y) 2 CTmix]
:P[TZ(x) y) S Fna E(.’E, y)‘TQ(SC, y) 2 CTmix]
+O0(e™ 7Y + (g(z, 2) + 9(y, 2)) An).

Taking E.(x,y) = P[r(z,y) < T4, E(m, y)|m2(x,y) > c¢Tmix] and noting that
cY,, = O(A,) finishes the proof of the lemma. O

By combining the three lemmas, we can now complete the proof of The-
orem 4.1.

PROOF OF THEOREM 4.1. Recalling that P[Y; = z] = 7(z), observe

ZP (x,y)|Yoa = z]P[Ya2 = 2] = ZP (x,y)|Ya = 2|7 (2).
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Hence by Lemma 4.4, we have

PLA. )] = (§ + 08 ) (27 + Eulo) + 0T, + Aulale) + Au)).
Here, we used that
D (g, 2) + gy, 2))m(2) = O(Tn) = O(A).

In particular,

P(A(z.y)]~PlA(z,y)|Ys = ] = (1 Lo )) [2F, — fula2) — ol 2)] +
O(e_WTn +[g(x,2) + gy, 2) + Apllg(z,y) + An])

Inserting this expression along with the estimate of P[H (z,y)] from Lemma
4.3 into into the equation for 7(z;x,y)/n(2) from Lemma 4.2 gives the the-
orem. O

5. The Variance. We will complete the proof of Theorem 1.3 in this
section. The general theme is to eliminate asymmetry wherever possible. We
first apply this idea by considering

B = Z 1Gia(2) — Z Laoi (@)

in place of |A;]. In addition to being symmetric in X;, X2, note that B
also differs from |A;| in that we have eliminated those sites whose mark
is determined by the flip of a fair coin. These, however, do not make a
significant contribution to the variance since it is a rare event that both
walks hit a particular point for the first time simultaneously. In particular,
we will show in Lemma 5.1 that Var(B) ~ 4Var(|.A4;]), up to negligible error.
Consequently, to prove Theorem 1.3 it suffices to show

Var(B) =Y (fe(,y) = [o)* + O (Tmix)?).-
x?y
It is convenient to work with B as the expansion of its variance takes on the
following form:

Var(3 zz( (G12(0). Gra(0)] - PlGa(e). Gas ()]

1) =4 Y < -G >]—Px,z[Gm(y)])%(z;x,y>P[H<x,y>1+
TAYFZ

(5.2) 2> P[Gra(x))
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The reason the summation in (5.1) is over z # y # z is P[H(x,z)] = 0 and
7(z;xz,y) = 0 if z € {x,y}; the summation in (5.2) contains the diagonal
terms. We will now focus on (5.1) and handle (5.2) at the end of the section.
Applying Lemma 4.3, we can rewrite (5.1) as

(5.3)

5 (Pealin(v) - PeclGav)] )i )+
TAYFz
(5.4)

3 IPeclGul)] - POl () o ()

We will show at the end of this section that (5.4) is negligible. Note that

Pm,z[Gij (Z/)] :Px,z[Ti(y) < T (y) < Fn] + Px,z[Ti(y) < Fny Tj (y) > Fn]
(5'5) + P:v,z[rn < Ti(y) < Tj(y)] =A+B+C.

In Section 5.2, we break the sum in (5.3) into three different cases based on
the time decomposition in (5.5) and bound each in a given lemma. It will
turn out that the contributions to the variance coming from the terms corre-
sponding to A and C are negligible (Lemma 5.3 and Lemma 5.4). The reason
for the former is that it is unlikely for both X; and X5 to hit y quickly and
the latter follows as, conditional on having not hit y by time I';,, both walks
have long forgotten their initial conditions and are well mixed. This leaves
B, which, along with the diagonal, dominates the variance. Its asymptotics
will be computed (Lemma 5.2) by reducing the estimate to a computation
involving 7(z;x,y), whose Radon-Nikodym derivative with respect to the
uniform measure has already been estimated precisely in Theorem 4.1.

5.1. Symmetrization.

LEMMA 5.1. We have
Var(B) = 4Var(|A;]) + O(meiXVar(\Aﬂ) + Tmix> as n — 0o.

PRrROOF. Let (&,(x)
&n

x) : x € V) be iid random variables independent of
Xl,XQ with P[ 1‘) = 1} ==

Pl (z) = 2] = % and let A(z,i) = {r(z) =
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To(x), &u(x) =1i}. By definition,

Var(B) = Var <1A1| - <|Vn - !«41|) =Y (La@ - 1A(z,2))>

= Var (2\A1| + Z (1A(z,2) - 1A(271))> :

Observe,

E (Z 1A(x71)> < ZP (7)) = 12(z), 71(y) = 2(y)]-

By the strong Markov property and independence of X1, X9, the above is
bounded by twice

ZPI 2[11(y) = 72(y)[P[11(7) = 72()]
<ZZ )*P[Xa(r1(2)) = .

Using that P;[7(y) = t] < P,[X(¢) = y] and Xa(71(2)) ~ 7 when X (0) ~ ,
we have the further bound

4Tmix

(5.6) \VIIZ S PXW) =y + Y (Pulr(y) = 1))
n T,y t=0

t>4Tmix

Summing the first term over z, y, t plainly yields 47T ,ix. For the second term,
note there exists C' > 0 so that for ¢t > 47T},;x we have

P, lr(y) = ] < Pu[X(t) = 4] < |C,
hence
C C
t>4ZTmix(PI[T(y) 2 7 ;ﬂ)lx < W

Therefore the second term in the summation in (5.6) is O(1). The lemma
now follows from Cauchy-Schwarz. O
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5.2. Time Decomposition. We begin by estimating the part of (5.3) cor-
responding to “B” from (5.5).

LEMMA 5.2. We have
Z <Px,z[7—1(y) < Fn77_2(y) > Fn] - Px,Z[TQ(y) < Fn7Tl( ) >T ]) (Z X y)
THYFz

= (1+0(An) Y (fel,y) = Fo)* + O(e 77 (Tmix)?)-
TH#Y

PrOOF. Note that
P:B,Z[Tl( ) < Fn772( )>T ] - P:B,Z[T2(y) <Tp,mi(y) > Fn]
=P.[n1(y) < Tn] = P:[na(y) < T

Let 61(z,y,2) = O(e™7Y,, + (g(z, 2) + 9(y, 2) + An)(9(x,y) + Ay)) be the
error term from Theorem 4.1 and d2(z,y,2) = O(e™7°Y,, + Ay, (9(z,y) +
g(x, z))) be the error term from Lemma 3.3. Then we can rewrite the sum-
mation in the statement of the lemma as

S (Panl) <10l = Pulna() < Tl i

TEYFz
:\Vlnl x;sz <Px[ﬁ(y) <] = Palra(y) < Tu](1+€(z,y, Z))> i
\v1n| ; (\fcu, y) = fely, )| + ba(,y, z))éﬂm ?)=Bi+ By

where, by Theorem 4.1,

e(x,y,2) = (1+0(An)) (2f. = fe(@, 2) — fe(y, 2)).

Applying Assumption 1.2 repeatedly, it is tedious but not difficult to see
that By = O(e™7°T2. ). By Lemma 3.3,

B =14 0(8,) e X (o) il + o))
"ty

(2fc = fe(x,2) = fe(y, 2))-

Multiplying through, using the symmetry of f in its arguments, and cancel-
ing many terms, this becomes

(1+0(A0) Y (felx,y) = F)? + O(e™ 7 (Tuix)?).
T#y
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We will now show that the part of (5.3) coming from “A” of (5.5) is
negligible. Roughly, the reason for this is that it is unlikely for both walks
to hit y quickly, though in order to get a sufficiently good bound we will need
to take advantage of some more cancellation. This will in turn require us to
invoke (4.1), which is a rough estimate of the Radon-Nikodym derivative of
7 with respect to 7.

LEMMA 5.3.  Uniformly in n, we have

S (Paclnv) < ) T - Paclralo) < o) <10l JG0)
TEYFZ
= o(T?

mix)

PROOF. By (4.1), the summation in the statement of the lemma is equal
to

1
m Z (Px,z [T1(y) < 72(y) < Th] = Py lm(y) <ni(y) < Fn])
" atyAz
(1+O0(g(z, y) + 9(y, 2) + g(, 2))).
By symmetry, we see that this is equal to
1

A Y (Pesln(y) < m(y) <Tul = Poslr(y) < mily) < Th)
" ety

(O(g(@,y) + 9(y, 2) + g(, 2))).
Using
Px,z[Tl (y) < TQ(y) < Fn] < Px,z[Tl (y) < an 7_2(9) < Fn]

and the independence of X7, X5, we have the further bound

1
A > O(lg(z,y) + An)(9(y, 2) + An))O(g(m,y) + 9(y, 2) + g(=, 2)).

" atyFa
By the symmetry of g in its arguments, we can rewrite this as

1
A > Olg(x,9) gy, 2) + ¢°(, y) An + g(2,y) AL + g2, ¥)g(x, 2) Ap+
" atytz

9(z,y)g(x, 2)g(y, 2)).
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The terms in the summation are of order

Tglix(IOg |Vn|)2 Tr?lix log [V, T3

mix

SnTmiXa SnTmix 1Og |Vn’7 |V ‘ ) |V ‘ ) ‘V | )

respectively. Assumption 1.2 implies that all of these are o(T2, ), which gives

the lemma. O

We complete this subsection by proving that “C” from (5.5) is also negli-
gible in comparison to the bound we seek to prove. The intuition for this is
that by time I';,, both walks are very well mixed hence given that both have
not hit gy, the difference in the probability that one hits before the other
is of smaller order than any negative power of |V,| (though we choose to
write —100). The proof will be in a slightly different spirit than the previous
lemmas.

LEMMA 5.4. For any fized x, z, we have
P, [Ty < 7(y) < 2(y)] = Puz[Tn < 12(y) < 11(y)] = O(|Vi| ).

ProOF. We may assume without loss of generality that x,z # y. The
idea of the proof is to use a standard coupling argument to show that,
conditional on {7 (y) A 2(y) > I',}, the laws of X;(I';) and X»(I',,) have
total variation distance O(|V;,|71%?) independent of x, z. To this end, we set
u(z;x,y) = Py [X(Iy) = z|7(y) > I'y]. Let Y(t) be the process given by
X (t) conditioned on the event {7(y) > I',}. Then Y (¢) is Markov (though
time-inhomogeneous) as

P[Y(t) =2|Y(0) = zp,...,Y(t — 1) = z_1]
=P[X(t) = 2| X(0) = z0,..., X (t = 1) = z_1,7(y) > T}
_PX(t) =2,7(y) > Tu|X(0) = 20,..., X(t — 1) = z_1]

P[r(y) > Dn|X(0) = 20,.. ., X(t — 1) = 2_1]
= Z,T(y) >Iy — (t - 1)]
Pzt—l[T y) 2 Fn - (t - 1)]
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Combining part (3) of Assumption 1.2 with Lemma 3.2, we have that

P.[r(y) > Ty — ]
P.[7(y) > Tulr(y) > ]

Also, since ), g(y, 2) = Tmix and Twix = o(|V4|), it follows that for each
€ > 0 fixed, with A = {2z : g(y, 2) < €} we have |A|/|V,| =1 —o(1). Lemma
3.2 also implies that P,[X (¢) = z|7(y) > t] = ©(1)7(z) on A uniformly in n
large provided that provided k is large enough and € > 0 is sufficiently small.
This implies that we can couple together the laws Yy, (cTy), Yy, (cT) starting
at u,v distinct so that with probability p > 0 we have Y, (cT}) = Y, (cT}).
If we iterate this procedure ¢; = %0 log |V,,| times, n = n(c, k, p), we get that
with probability 1 — O(|V,,|~") we have Y,,(I';,) = Y, (I',). Consequently, we
may assume that cg is sufficiently large so that

= 0(1) for z # y.

max ||V(-;Fn,u) — V(";FnaU)HTV — O(|Vn‘_500).

u,v

Let 7 be a measure so that max, ||[v(-;Tp,u) — D)7y = O(|V,|79%). Let
D = {71 (y) AN72(y) > T',}. Then we have that

P, .[[n <7i(y) < 2(y)] — Pr:[l'n < 2(y) < 11(y)]
~(Pr[6120)1D) - PrlGa (1)1 lD)
—Z < uw|G12(y)] — Puﬂ)P[Ggl(y)])V(u;I‘n,w)V(v;Fn,z)vaz[D} + O(|Vy| 209

ZO(\VnI’QOO)-
O

PROOF OF THEOREM 1.3. To finish the proof of Theorem 1.3, we need
to estimate the diagonal (5.2) and take care of the term in (5.4). Observe
that (5.2) is equal to

(5.7) 23 P[Gia(x)] = [Vo| + O (ZP[Tl(l’) :TQ(x)]>.
We can estimate the sum on the right hand side using

Zpﬁ ZZPTI Plry(z) = 1]
<ZZP7—1 P[Xy(t) = 2] = 1.



36 JASON MILLER

On the other hand, note

(5.8) S felwsw) = 72 = (A —2f. + o).

x T

By a union bound, we have f. = O(cY,,). Thus the diagonal term in (5.7)
and (5.8) differ by O(cTiix) = o(e T2, ) (recall from Assumption 1.2 that

mix
Timix — 00 as n — 00). This takes care of (5.2).
We now turn to (5.4). The previous lemma implies

> Pe[Gra(y)] — Poz[Ga(v)|
wtyte
= Y Pee[Gra(y), mi(y) < Tul = Poo[Gai(y), m2(y) < Tull + O([Val ™).
wyte

Observe {Gij(y), i(y) < Tn} S{7(y) ATj(y) <TnjU{mi(y) <Tn <75(y)}.
Thus we can bound from above the previous expression by

3 <2Px,z[n<y> Ama(y) < Tl + [Palri(y) < T — Pufmaly) < rnu)
THYFz
=F; + E».

The term corresponding to F7 can be bounded in a similar manner as “A”
in the proof of Lemma 5.3. Indeed, by the independence of X1, Xo, we have
that

P, .[m1(y) A2(y) <Tn] < (9(z,y) + An)(9(y, 2) + An)

which, when summed over x,y, z, is of order O((log |V,,|)?|V,|T2.,). We can
estimate Fy using techniques similar to the proof of Lemma 5.2 since by
Lemma 3.3,

IPy[mi(y) <Tn] — Pilr(y) < Thll = O0(g(x,y) + 9(y, 2) + 02(x, y, 2)),

where, as in the proof of Lemma 5.2, d2(x,y, 2) corresponds to the error
from Lemma 3.3. When summed over x,y, z, this is of order O(|V,|*Tiix)-
Therefore

Ti 1
E\+E — ) 10— ] ) =o(T?
i) <°<rvn1210grvn\>+ (W)) o)
as desired. O
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Fic 3. Q-Q plots based on 20,000 simulations of the number of sites visited by X1 before X»
against an appropriately fitted normal distribution, supporting the conjecture of asymptotic
normality.

6. Further Questions.

1. The first step in proving a sequence of random variables (X,) has a
Gaussian limit after appropriate normalization is the determination
of the asymptotic mean and variance. We remarked in the beginning
that, in our case, the expected number of sites colored blue is |V},|/2
and Theorem 1.3 gives the limiting variance. Figure 3 shows Q-Q plots
of the empirical distribution of the number of sites painted 1 in the
final coloring against an appropriately fitted normal for three different
base graphs. Based on these plots, we conjecture that

|Ai| — E|A;]
Var(|.A;])

has a normal limit for all graphs satisfying Assumption 1.2.

2. Our derivation of the variance ignores the time aspect of the problem
in the sense that it gives no indication of at what point in the process
of coverage the variance is “created.” Does it come in bursts or con-
tinuously? Does it come sooner than any multiple of the cover time
or perhaps in [T,ov, Teov]? More generally, when normalized appro-
priately, does the the process ¢ — > 17 (2)<m(x)<t} have a scaling
limit?

3. We make repeated used of the symmetry afforded by the fact that
we consider two random walks moving at the same speed on vertex
transitive graph. It would be interesting to see if a similar result holds
when the various degrees of symmetry are broken. Starting points
for exploring this problem include considering continuous time walks
moving at various speeds, multiple walks, and graphs which are not
vertex transitive.
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4. Theorem 1.1 only holds for tori of dimension d > 3 as the case d = 2
falls just outside of the scope of Theorem 1.3. It would be interesting
to see a more refined analysis carried out to handle this case.

5. That the variance computed in Theorem 1.1 for d = 3, 4 is significantly
larger than in the iid case suggests that the clusters which have an
unusually large number of sites painted a given color are either larger
or more dense than in an iid marking. How large and frequent are such
clusters? What is their geometric structure?

6. Another interesting quantity is the size B of the boundary separating
the sites painted 1 and 2, as studied in [9]. It is not difficult to see that
there exists a constant 34 > 0 such that E|B| ~ f4n? when d > 3 as
n — oo. Indeed, this follows since the probability that {71(y) < 72(y)}
for y ~ x given {71 (x) < 72(x)} converges to a limit pg € (0,1). Note
that this is of the same order of magnitude as E|.A;|. Is it also true that
Var(|B|) = ©(Var(|.A1|)) or do these quantities differ significantly?
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