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We give sharp estimates for the heat kernel of the fractional
Laplacian with Dirichlet condition for a general class of domains in-
cluding Lipschitz domains.

1. Introduction. Explicit sharp estimates for the Green function of
the Laplacian in C1'! domains were completed in 1986 by Zhao [43]. Sharp
estimates of the Green function of Lipschitz domains were given in 2000
by Bogdan [6]. Explicit qualitatively sharp estimates for the classical heat
kernel in C''! domains were established in 2002 by Zhang [42]. Qualitatively
sharp heat kernel estimates in Lipschitz domains were given in 2003 by
Varopulous [41]. The development of the boundary potential theory of the
fractional Laplacian follows a parallel path. Green function estimates were
obtained in 1997 and 1998 by Kulczycki [29] and Chen and Song [21] for
CH! domains, and in 2002 by Jakubowski for Lipschitz domains [28]. In
2008 Chen, Kim and Song [19] gave sharp explicit estimates for the heat
kernel pp(t,z,y) of the fractional Laplacian on C*! domains D. The main
contribution of the present paper is the following result.

THEOREM 1. If D is k-fat then there is C = C(a, D) such that

pp(t,z,y)

(1) C7'P%1p >t)PY(1p > t) < ot 2.y)

< OP(rp > t)PY(rp > t)

forO0<t<1andz,y € D.

Here p(t,z,y) is the heat kernel of the fractional Laplacian on R?, and

Pr(rp > 1) :/

pp(t,z,y)dy
Rd

defines the survival probability of the corresponding isotropic a-stable Lévy
process in D. The result applies also to unbounded domains, in particular to
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2 K. BOGDAN, T. GRZYWNY AND M. RYZNAR

domains above the graph of a Lipschitz function, where we can take arbitrary
t > 0. In fact (1) holds with C' = C(«, d, k) under the mere condition that D
is (k,t'/®)-fat at = and at y, see Section 3 and 4 for definitions and results.
For ezterior domains we have a result free from local geometric assumptions:

COROLLARY 1. If diam(D¢) < oo then (1) holds with C = C(a,d) for
all t > diam (D)% and x,y € D.

For exterior domains of class C'! a more explicit estimate is given in
Theorem 3 below. We also like to note that a useful variant of Theorem 1
is given in Theorem 2.

(1) is motivated by these applications of the semigroup property of pp:

pp(2t, z,y) Z/

pp(t,z,2)pp(t, z,y)dz < P*(1p > t)c(t),
Rd

where c(t) = sup, ,ega p(t, 2,y) = sup, yera Po(t, 2, ), see (12), and

pp(3t,2,y) = / / po(t, 2, 2)pp(t, 2 w)pp (b, w, y)dwd=
< P(rp > t)e(t)PY(rp > 1)

The latter inequality is quite satisfactory for « = y, because ¢(t) = p(t, x, z).
Off-diagonal (z,y) in (1) require, however, a deeper analysis. Our proof of
(1) is based on the boundary Harnack principle (BHP) [14] (see also earlier
[40]), a version of the Tkeda-Watanabe formula (18) ([27]), scaling (14), and
comparability of p with its Lévy measure (5), see (28). Counterparts of these
are important in view of possible generalizations.

In what follows (1) and analogous sharp estimates will be written as

c
po(t,z,y) = P*(1p > t)p(t, z,y) PY(1p > 1),

meaning that either ratio of the sides is bounded by a number C € (0, c0),
and C' does not depend on the variables shown (here: ¢, x, y). We will skip
C' from notation if unimportant for our goals.

Let dp(z) = dist(z, D). As mentioned above, domains D of class C'1:!
enjoy the following sharp and explicit estimate of Chen, Kim and Song [19]:

/2 /2

We note that (2) agrees with (1) because by [10, Corollary 1],

5%/2(xz)

P(tp >t) =~ 1A Dtl/Q

forO<t<1,x,y€Rd.
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HEAT KERNEL ESTIMATES 3

In fact, starting with (1), we are able to recover and strengthen (2), with a
simpler proof, see Example 5 and Proposition 1 below. We note that (1) was
conjectured in [10] based on the cases of C'!'! domains [19] and circular cones
[10]. We should also mention that the Gaussian estimates of Varopoulous [41]
have a shape similar to (1), in particular they involve the survival probability.
Thus the present paper builds on the evidence accumulated in [41], [19] and
[10]. We also note that the upper bound in (2) was proved in 2006 by Siudeja
for semibounded convex domains [39, Theorem 1.6] and stated for general
convex domain in [39, Remark 1.7]. Some of our present techniques were
inspired by [32, Theorem 4.2] of Kulczycki and Siudeja, [2, Proposition 2.9]
of Banuelos and Kulczycki, and [1, Section 4] of Bogdan and Banuelos.

It is a consequence of Lemma 1 below that we can apply BHP [40, 14] to
conveniently estimate P*(7p > 1) by some kernel functions of D, namely by
the Martin kernel with the pole at infinity or the expected survival time (we
use scaling to estimate P*(7p > t) for general ¢ > 0). The estimate and the
resulting bounds for the heat kernel are collected in Theorem 2, followed by
a number of applications. In particular we give a simple proof of the main
result of [10] for the circular cones V:

ity _ (LAY (12 20)""
p(t, z,y) ~ <1 T >O4/2_5 (1 . M)aﬁ—ﬁ'

(3)

1/ 1/

Here § € [0, «) is a characteristics of the cone, and all t > 0 and z,y € R
are allowed. We should add to (1), (2) and (3) that ([4], [16])

c t _
(4) pt(x)x|$|d+amd/a, t>0, zeR.

Here ¢ = ¢(a, d), meaning that ¢ € (0, 00) may be so chosen to depend only
on d and a. We like to note that the estimates for general k-fat domains
cannot be as explicit as those for C™! domains. In particular the decay rate
B at the vertex of a cone delicately depends on the aperture of the cone,
see [10, 1, 35] (see also [6]). Nevertheless Lipschitz domains offer a natural
setting for studying the boundary behavior of the Green function and the
heat kernel for both the Brownian motion and the isotropic a-stable Lévy
processes. This is due to the scaling, the rich range of asymptotic behaviors
depending on the local geometry of the domain’s boundary, connections
to the boundary Harnack principle and approximate factorization of the
Green function, and applications in the perturbation theory of generators,
in particular via the 3G Theorem [6, 1, 43, 26, 7] and 3P Theorem [13]. The
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4 K. BOGDAN, T. GRZYWNY AND M. RYZNAR

r-fat sets are a convenient generalization of Lipschitz domains, with similar
features. Noteworthy, (1) is an approximate factorization of the heat kernel
(see also [6, 14] in this connection).

We should add that the C''! condition specifies the geometry of a domain
only in bounded scales (see Definition 3). This renders the range of time in
(2) restricted to 0 < ¢ < 1. In what follows we will also study the probability
of survival for large times (and unbounded domains). This is straightforward
for special Lipschitz domains (thus for circular cones), but less so for general
k-fat or C1! domains. As an interesting case study we consider domains
with bounded complement (i.e. exterior domains) of class C'!. These have
distinctive geometries at infinity and at the boundary, resulting in nontrivial
completion of (2). We remark that exterior C'"! domains in dimension d > «
have been recently studied in [22], too. We also remark that [25, Theorem 4.4]
bounds the survival probability of the relativistic process in a half-line, and
[31] gives an explicit formula for the transition density of the killed Cauchy
process (o = 1) on the half-line. Regarding other recent estimates [20, 17, 36,
23, 3] for the transition density and potential kernel of jump-type processes,
we need to point out that generally these only concern processes without
killing. Killing corresponds to the Dirichlet “boundary” condition (analogous
to negative Schrodinger perturbation [8, 12]) and it severely influences the
asymptotics of the transition density and Green function. Needless to say,
the asymptotics is crucial for solving the Dirichlet problem [24, 25].

We like to mention possible applications and further directions of research.
The estimate (1) fits well into the technique of Schrédinger perturbations of
[12], which should produce straightforward consequences. Also, the distri-
bution of 7p, given by (18) below, can be estimated by using (1). Further,
we conjecture that for certain domains D, limpp(¢, z,y)/P*(tp > t) exists
as x approaches a boundary point of D. This may lead to representation
theorems for nonnegative parabolic functions of the fractional Laplacian
(compare [14, Theorem 2 and 3]), and construction of excursion laws. We
need to remark here that our estimates are inconclusive about the (irregular
[14]) boundary points of D, but we conjecture that (1) indeed extends to
O0D. Finally, it seems important to understand the behavior of pp(¢,z,y)
for domains which are rather small at a boundary point or at infinity. In
this connection we refer the interested reader to the recent study of intrinsic
ultracontractivity by Kwasnicki [33], see also [30, 19, 10] and the notion of
inaccessibility in [14].

Our general references to the boundary potential theory of the fractional
Laplacian are [7] and [14]. We also refer the reader to [9] for a broad non-
technical overview of the methods and goals of the theory.
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HEAT KERNEL ESTIMATES 5

The paper is composed as follows. In Section 2 we recall basic facts about
the killed isotropic a-stable Lévy processes. In Section 3 we prove Theo-
rem 1 and Corollary 1. In Section 4 we state and prove Theorem 2 and give
applications to specific domains. In particular we strengthen (2) and part of
the results of [19] (see Proposition 1, Theorem 3 and Corollary 2), and we
discuss exterior C'! domains in dimension d =1 < a.

2. Preliminaries. In what follows, R? denotes the Euclidean space of
dimension d > 1, dy is the Lebesgue measure on R%, and 0 < o < 2. Our
primary analytic data are: a nonempty open set D C R? and the Lévy
measure given by density function

_2°T((d+ «)/2)

—d—a
(5) v(y) = ﬂ.d/2|r(_a/2)| |y .
The coefficient in (5) is such that
(6) /Rd [1 — COS(g . y)] V(y)dy — ’§|a’ 5 c Rd,

For (smooth compactly supported) ¢ € C°(R%), the fractional Laplacian is

A2p(z) = lim (b(z+y) — o) v(y)dy, z€R?
=0 Jly|>e

(see [7, 9] for a broader setup). If » > 0 and ¢,(x) = ¢(rz) then
(7) AY2¢ (2) = r®A2p(re), zeR?.

We let p; be the smooth real-valued function on R¢ with Fourier transform,
(8) / pi(2)e ™ dx = e Y >0, ce R
R4

In particular the maximum of p; is p(0) = 2' =7~ %20~ (d/a) /T (d/2)t=.
According to (6) and the Lévy-Khinchine formula, {p;} is a probabilistic con-
volution semigroup with Lévy measure v(y)dy, see [38], [16], or [9]. We have
the following scaling property,

(9) pi(x) =t Yop (V) t>0, zeR?,
which may be considered a consequence of (8). Noteworthy, by (4) we have
(10) pe(z) = pa(x), t>0,x¢€ R? .
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6 K. BOGDAN, T. GRZYWNY AND M. RYZNAR

We denote
p(ta x7y) = pt(y - .’L') )

and we have
1) [ [ ot s [uotu2) + A220(0.2)] dedu= ~o(s.),
s Rd

where s € R, z € RY, and ¢ € OX(R x R?), see, e.g., [12, (36)] .
We define the isotropic a-stable Lévy process (X, P*) by stipulating tran-
sition probability

Pt(w,A)=/p(t,x,y)dy, t>0, 2R, ACR?,
A

initial distribution P*(X(0) = z) = 1, and cddldg paths. Thus, P*, E*
denote the distribution and expectation for the process starting at x. We
define the time of the first exit from D, or survival time,
mp =inf{t >0: X; ¢ D},
and the time of first hitting D,
Tp =inf{t >0: X; € D}.
We define, as usual,
po(t,z,y) = p(t,x,y) — E*[rp < t; p(t — 7p, Xrpp,y)], ¢ >0, 2,y € R

We have that

(12) 0<pp(t,z,y) =pp(t,y,x) <p(t,z,y),
hence
(13) /pp(t,:v,y)dy = /pp(t,x,y)dw <1.

If x € D¢ is regular for the Dirichlet problem on D [14], i.e. P*(tp =0) =1,
then pp(t,z,y) = 0 and (1) is trivially satisfied. By this remark, if all the
points of D are regular for D, then we can write =,y € R? in Theorem 1,
instead of x,y € D. The remark also applies to Examples 1-8 in Section 4.
By the strong Markov property, pp is the transition density of the isotropic
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HEAT KERNEL ESTIMATES 7

stable process killed when leaving D, meaning that we have the following
Chapman-Kolmogorov equation,

/ pD(S,ZL',Z)pD(t,Z,y)dZ:pD(S+t,l‘,y), 87t>07 l’,yGRd,
Rd
and for nonnegative or bounded (Borel) functions f : R? — R,
/d fWpp(t,x,y)dy = E*[tp < t; f(Xy)], t>0,x¢€ R? .
R

For s € R, z € R% and ¢ € C°(R x D), we have
[ [ oot = s, [0ut2) + 82/70(u,2)] dedu = ~o(s,),
s D

which extends (11) and justifies calling pp the heat kernel of the (Dirichlet)
fractional Laplacian on D. It is well-known that pp is jointly continuous
and positive for (t,z,y) € (0,00) x D x D. We have a scaling property:
prp(rot,rz,ry) = ripp(t,z,y), 7 > 0, or

(14)  pp(t,z,y) = t_d/o‘pt_l/aD(l,t_l/ax,t_l/ay) , t>0,z,y¢€ Rd,

in agreement with (9) and (7). Thus, P™*(7.p > r*t) = P*(tp > t), or

X —1/oy,
15 P> = [ poltasdy = P o > ).

REMARK 1. For ¢ > 0 consider ¥ = cv, the corresponding heat kernels p,
Pp, probability and expectation P*, E*. Clearly, pp(t,x,y) = pp(ct, z,y).

The Green function of D is defined as
(16) Goles) = [ ottt
and scaling of pp yields the following scaling of Gp,
(17) Grp(rz,ry) = r*4Gp(z,y).

A result of Tkeda and Watanabe [27] asserts that for € D the P*-
distribution of (7p, X-,—, X,,) restricted to X,,— # X, is given by the
density function

(18) (s,u,z) — pp(s,z,u)v(z —u).
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8 K. BOGDAN, T. GRZYWNY AND M. RYZNAR

For geometrically nice domains, e.g. for the ball, P*(X,,_ # X;,) = 0 for
z € D [14], and then by (16) and (18) the P*-distribution of X, has the
density function given by the Poisson kernel:

(19) Pp(z,z) = /D Gp(z,u)v(z —u)du.

For x9 € R? and r > 0 we consider the ball B(xg,r) = {z € R : |z—m0| < r}
and B%(zo,7) = {x € R?: |z — x| > r} (open complement of a ball).
There is a constant C' depending only on d, o and p, such that

c
(20) Py(x1,91)Pu(x2,y2) = Py(z1,y2)Pu(x2, 1),

whenever U C B(zg,7) C R¥isopen, 0 < p < 1,7 > 0,29 € R? x1,20 € UN
B(xzo,rp), and y1,y2 € B(xg,r)¢. This boundary Harnack principle (BHP)
follows from [14, Lemma 7 and the proof of Theorem 1], and it is essentially
an approximate factorization of Py;. We encourage the interested reader to
directly verify the estimate in the special case of (22) below.

The Green function and Poisson kernel of B(zg,r) are known explicitly:

w a/2—1
_ a—d S
(21) GB(rO,r) (:E?U) - Bd,a |‘/L‘ - U| /0 m ds,
r? — |z — z0|? o2
(22) PB(zo,r)(m’y) —Cd,a |:|yx0|2 T2:| |$7y|d ’

where By, = I'(d/2)/(2°7Y2[T(a/2)]?), Ca = T(d/2)n 1= 2 sin(rar/2),
w = (r? — |z = 2o*)(r* — v —2ol*) /|2 — v]?,
|z — xo| <7, |v—x0| <7, and |y — xo| = r; see [5], [37]. Thus,
z (1~ |z[)/?
@) Py > B = [ Pooyloady = S
ly>R

where x € B(0,1) and R > 2. Also, for |x — x| < r we have ([8])

11—«
) B (@) = s s~ e - .

All the sets and functions considered below are Borelian. Positive means
strictly positive. Domain means a nonempty open set (connectedness need
not be assumed in this theory).
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HEAT KERNEL ESTIMATES 9
3. Factorization. We consider nonempty open set D C R%,

DErFINITION 1. Let € D, r > 0 and 0 < k¥ < 1. We say that D is
(k,r)-fat at x if there is a ball B(A,kr) C D N B(x,r). If this is true for
every x € D then we say that D is (k,r)-fat. We say that D is k-fat if there
is R > 0 such that D is (k,r)-fat for all r € (0, R].

REMARK 2. The ball is 1/2-fat.

DEFINITION 2. Given B(A,k) C D N B(x,1), we consider U = D N
B(xz,|z — Al + k/3), By = B(A,k/3) C U and By = B(A’,k/6) such that
B(A',k/3) € B(A, k) \ U, see the picture.

LEMMA 1. There is C = C(«,d, k) such that if D is (k,1)-fat at x then
(25) P*(tp >1/3) < CP*(tp > 3).

ProOF. Consider x € D and B(A, k) and U as above. For |z — A| < k/2,

1 Pz(TD>1/3)2Px(TD>3)

=

> P™(T(un/2) > 3) = P (TBos2) > 3) >0,

and (25) is proved. We will now assume that |z — A| > k/2. We note that
(26) P*(rp > 1/3) < P*(ry > 1/3) + P*(X,, € D).

We have P*(X, € D) = [, Py(z,y)dy. Indeed, if B = B(z, |z — A| + £/3)
as in the definition of U, then P*(X,, € o0U N D) < PY(X,;, € 0B) = 0,

see the discussion preceeding (19) above. Similarly, P*(X,, € Bs) is an
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10 K. BOGDAN, T. GRZYWNY AND M. RYZNAR

integral of the Poisson kernel Pyy. We consider BHP for 1 = x, 29 = A, and
p =1 — k. Integrating (20) on D and By we obtain

P*(X,, € D) - CPx(XTU € Bs)

PA(X,, € D) = PAX,, €By)’

We note that (the denominator) P4(X,, € By) > PA(XTB1 € By) > ¢ >0,
see (22), therefore P*(X,, € D) < ¢P*(X,, € B2). We also observe that
u fB2 v(y — u)dy is bounded away from zero and infinity on U. By (19),

P*(X,, € By) = / GU(x,u)/ v(y — u)dydu %/ Gu(z,u)du = E*1y .
U B U

Clearly, P*(ry > 1/3) < 3E®7y. By (26), P*(tp > 1/3) < cE*1y. By the
strong Markov property,

E'ry < cP%(Xy, € Bs) < cE” [XTU € Bo; PX0 (px,, wje) > 3)]
< cP* (TD > 3) .

REMARK 3. If D is (k, 1)-fat at = then by the above proof we have
(27) P*(tp > 1/3) = P*(tp > 3) = P*(tp > 1) = P*(X,, € D)~ E*1yy .

In fact, we can replace 3 by any finite £ > 1, at the expense of having
the comparability between each pair of expressions in (27) holding with a
constant C' = C(«, d, K, ).

LEMMA 2.  Consider open Dy, Ds C D such that dist(Dq, D3) > 0. Let
Dy =D \ (D1 UDg). If x € D1 and y € Ds, then

pp(l,z,y) < P*(X;, € D2) sup p(s,z,y) +E%7p,  sup v(z—u),
s<1,z€D2 uGDl,ZGDg

and
> Ui Yy . _ )
pp(1l,z,y) = P*(tp, > 1) PY(1p, > 1)ueDllr,1£eD3V(Z v)

PROOF. By the strong Markov property

pD(l,a:,y) = Em[pl)(l - TD17XTD17y)’TD1 < 1]7
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HEAT KERNEL ESTIMATES 11
which is
E*lpp(1 = 7Dy, Xop ), 70, <1, Xrp € Do] +
E*lpp(1 = 1py, X7y ,y), 70y <1, X5, € D3] = T+411.
Clearly,

I < P*(Xr, €D2) sup  p(s,z,y).
s<1,z€Daq

Consider D such that P””(XTD1 € 0Dy N D) = 0, eg. D; being an in-
tersection of D with a Lipschitz domain. By (18), the density function of
(TDy, X7p, ) at (s, 2) for z € D equals

[E(s,2) = / pp, (8, z,u)v(z — u)du .
Dy
For z € D3,

Fr5.2) = [ poy(s.mup(c —udu < Py > 5) swp vz ),
D1 u€D1,z€D3

hence, by (13),
1

I = //pD(l—s,z,y)fz(s,z)dzds
0 JDs

1
< sup  v(z— u)/ / pp(1 —s,z,y)P*(Tp, > s)dzds
ueD1,2€D3 0 D3

1
< / P*(tp, > s)ds sup v(z—u)<E%Tp, sup v(z—u).
0 uGDl,ZEDg ”LLGDl,ZGDg

The upper bound follows. The case of general D; follows by approximating
from below, and continuity of p and v. The lower bound obtains analogously:

1
I > inf  v(z-— u)/ / pp(1 —s,z,y)P*(Tp, > s)dzds
uEDhZEDg 0 Ds

1
> Pl > 1) il v(z—u) /O /D P (1= 5,2 )z

REMARK 4. Lemma 2 also holds for 7, p, P* and E® of Remark 1.

In what follows we will often use the fact that

(28) 1Av(z—u) = p(l,u,z2).
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12 K. BOGDAN, T. GRZYWNY AND M. RYZNAR
LEMMA 3. If D is (k,1)-fat at x and y then
pD(27$7y) < C(Oé, da ’{) Px(TD > 2)Py(TD > 2)p(2,x,y) .

ProoF. If |x —y| < 8 then p(1,z,y) = 1, and by the semigroup property,
(10) and Lemma 1,

polbay) = [ po(U/22pp(1/2, 20z
R
supp(1/2,z,y)P*(tp > 1/2)

(29) < cP%(mp > p(1,2,y).

N

Here ¢ = ¢(a,d, k). If |x —y| > 8 then we will apply Lemma 2 with D; =
U=DNB(A,|x— A|+k/3), as in Definition 2, and D3 ={z € D : |z —z| >
|z —yl[/2}. Since sup;.1 ,ep, (8, 2,y) < ep(1,2,y), and sup,ep, .ep, V(2 —
u) < ep(l,x,y), see (28), by Remark 3 we obtain,

(30)
pp(1,z,y) < cp(l,z,y) [P* (X7, € D)+ E*ty] < cP*(1p > 1) p(1,2,y),

hence by (29), (30), symmetry, semigroup property and Lemma 1,

pD(27x>y) = /pD(l,.’L',Z)pD(l,Z,y)dZ

N

cP*(tp > 1)PY(rp > 1)/p(1,1:,z)p(1,z,y)dz
< cP¥(tp > 2)PY(tp > 2)p(2,x,y) .

Under the assumptions of Lemma 3, c=C (o, d, k) exists such that
(31) pp(1,2,y) < C P*(rp > 1)P*(rp > 1)p(1, z,y) .

Indeed, according to Remark 1 we consider o = %V and the corresponding

P, pp, P7, obtaining

pD(17377Z/) = ﬁD(2axay) < C~(Pa:(TD > 2)PI(TD > 2)ﬁ<27$7y)
= CP%p > 1)P*(1p > 1)p(1,z,y).

LEMMA 4. Ifr > 0 then there is a constant C = C(«,d,r) such that

pB(u,T)UB(U,T)(lvuav) > Cp(]-aua U) y U,V E Rd'
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HEAT KERNEL ESTIMATES 13
PRrROOF. For |u —v| > /2 we use (28) and Lemma 2 with D = B(u,r) U
B(v,r), D1 = B(u,r/8) and D3 = B(v,r/8):

pB(u,T)UB(UJ)(l,u,v) > PY%(tp, > 1)P"(tp, > 1)u€Di1n£€D3 v(z —u)

2
z c [PO(TB(O,T/S) > 1)) p(1,u,v).

For |u —v| < /2 by (4) we simply have,

PB(u,r)\UB(v,r) (1> u, ’U) > .

inf PB(o r)(laoaz) zcz Cp(l,u,v) :
|z|<r/2 ’

LEMMA 5. If D is (k,1)-fat at © and y then
pD(3>$7y) > O(Oé,d, K;) Pw(TD > 3)Py(7-D > 3)p(3,x,y) .

PRrOOF. Consider U*, BY, and UY, BY, selected according to Definition 2
for x and y, correspondingly. By the semigroup property, Lemma 4 with
r = k/6, and (4),

pD(B,:c,y) > /y/ pD(l,x,u)pD(l,u,v)pD(l,v,y)dudv
B; /B3

P Cp(lvxay)/ pD(l,J),U)dU/ pD(l,v,y)dU.
B

T Yy
2 B2

For v € By = B(A',k/6), by Lemma 2 with D; = U* = U and D3 =
B(A',k/4), and by Remark 3 we obtain

1 > P° 1)P° 1) inf —
pp(1l,z,u) (tv > 1) P (TB(0,k/12) > )wel}fﬂzeDS v(z —w)
> cP¥(ty>1)=2cP(tp>1).
Similarly, pp(1,v,y) = ¢PY(rp > 1), hence, by Lemma 1, we have

pp(3,z,y) = cPY(rp > 1)p(l,z,y)P*(tp > 1)
> cPY(tp > 3)p(3,x,y)P"(1p > 3).

Under the assumptions of Lemma 5 we also have that

(32) pp(L,z,y) > Cla,d, k) P*(tp > 1)PY(p > 1)p(1,x,y) .

This is proved analogously to (31).
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14 K. BOGDAN, T. GRZYWNY AND M. RYZNAR

PROOF OF THEOREM 1. Assume that R > 1 and D is (k,r)-fat for 0 <
r < R.If t/* € (0,R] then t~Y/*D is (k,1)-fat. The estimate (1) follows
from (31), (32), and scaling, see (14) and (15). In fact we have C = C(«, d, k)
in (1). If R < 1 then we argue as in the case of (31) C' = C(a, d, k, R), or,
alternatively, we use Remark 6 below. 0

PrROOF OF COROLLARY 1. Note that D is (1/4,r)-fat for r > 2 diam(D¢),
and so we obtain (1) for ¢ > 2% diam(D¢) with the same constant C. If we
consider 7 = 27% and argue like in the case of (31), then we obtain the
wider range of ¢, as in the statement of Corollary 1. 0

REMARK 5. Since the x-fatness condition is more restrictive when & is
bigger, the above constants C' = C(«,d, k) may be chosen decreasing with
respect to k. Also, if D has a tangent inner ball of radius 1 at every boundary
point then the constants in Lemma 3 and 5 depend only on « and d.

REMARK 6. If Dis (k,r)-fat at z and 1 < K < oo then D is (k/K,rK)-
fat at x. This observation together with scaling allows to easily increase
time, compare (31) or (32), at the expense of enlarging the constants of
comparability. The argument, however, does not allow to decrease time.
Remark 1 is more flexible in this respect.

4. Applications. We let sp(z) = E;7p = [ Gp(z,y)dv if this expec-
tation is finite for x € D, otherwise we let sp(x) = Mp(x), the Martin
kernel with the pole at infinity for D,

GD(:Ea y)
M = —_—,
p(z) D3y,lyl—o0 Gp(z0,y)

We should note that this (alternative) definition of sp is natural in view of
[14, Theorem 2]. The choice of 2y € D is merely a normalization, Mp(xg) =
1, and will not be reflected in the notation. By the scaling of the Green
function (17) we obtain

srp(rz)  sp(z)
srp(ry) — sp(y)
We denote by A,(z) or A,(z,k,D) every point A such that B(A,kr) C
DN B(x,r), as in Definition 1. Noteworthy, A, (x) approximately dominates
z in terms of the distance to 0D:

(34) dp(Ar(z)) = rVip(x).

If D is (k,1)-fat at « then rD is (k,r)-fat at rz, and (every) rA;(z, s, D)
may serve as A,(rx, k,rD).

(33)

, Tz,yeD, r>0.
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THEOREM 2. If D is (k,t'/®)-fat at = and y then

c sp(x)
35 P'(p>t) . —————F—— |
%) 7020 A @)
where C' = C(d, o, k) and, furthermore,
c sp(x s
36)  poltay & 20 olo)

5o @)Y s e )

PRrOOF. To verify (35) we first let ¢ = 1 and assume that D is (k, 1)-fat
at . Let A = Aj(x). If E¥7p < oo then we consider the set U C D of
Definition 2, and we obtain

E*tp = E*my + ExSD(XTU) :
By Remark 3, E*r; ~ P*(rp > 1). Since E47yy ~ 1, we trivially have

E*ty
— =~ P* 1).
EAry (rp > 1)
Similarly, P4(X,, € D) ~ 1. By BHP and Remark 3 we obtain

E®sp(Xy,) _ P*(X., €D)
EAsp(X,,)  PA(X,, €D)

(37) ~ P*(X;, € D)~ P*(tp > 1).

This yields (35) in the considered case. If E*Tp = oo then sp is harmonic
and we have sp(z) = E¥sp(Xr,) (see [14, Theorem 2 and (77)]) and we
proceed directly via (37). The case of general ¢ in (35) is obtained by the
scaling (33) and (15). Finally, (36) follows from (35) and Theorem 1. The
resulting comparability constants depend only on «, d and k.

O

REMARK 7. Assume that D is k-fat, so that there is R > 0 such that D
is (k,r)-fat for every » < R. Then (35) and (36) hold with C' = C(d, o, k)
for all xz,y € D and t < R™.

Below we give a number of applications.

EXAMPLE 1. We let R > 0 and D = B(0,R) C R% By (24), the ex-
pected survival time is sp(z) < 5%/2(1‘)}20‘/2, where C = C(d, «). By (34),
sp(Ap/a(z)) £ (tY*vép(x))*/2R*/?, therefore for all t < R* and z,y € RY,

oy @) (), op@)\"
(tl/a iV, 5D($))O‘/2 tl/a ’

QQ

(38) P*(rp > t)
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16 K. BOGDAN, T. GRZYWNY AND M. RYZNAR

and
c 5%/2(x) 5% (y)
(39) po(t,z,y) ~ (M Dtl/g ptz,y) | LA )

To be explicit, dp(o,r)(z) = (R —|z]) V0, and dp(o gy (7) = (|7| — R) V0,
and (38), (39) on D¢ follow because all x € D¢ are regular for D.

EXAMPLE 2. Let D C R? be a halfspace. The Martin kernel with the
pole at infinity for D is sp(x) = 5%/2@) ([1]). We see that (38) and (39)
hold with C' = C(d, a) for all t € (0,00) and z,y € R%.

EXAMPLE 3. Let D = B(0,1) € R? and d > «. By Kelvin transform
([18] or [14]) and (21),

Mp(z) = lim |$’a_d’y|a_dGB(‘x|2 ‘y|) _ ’x|a:dGB(ﬁao) ,
V3% Teo Ay G 5 ( 2, ) a0 405 (2, 0)
where
Gp(2,0) = Bya |z[°‘d/2| 1 ﬂds 0<|z| <1
’ ’ 0 (s+1)4/27"7

Thus, there is ¢ = ¢(zo, d, ) such that

|z|*—1 a/2 1
(40) Mp(z) :c/o s >

If d > o then sp(x) ~ 1/\5a/2( ), sp(Aja(x)) = LAYV Ep(x))*/2, thus

A 6w
(tl/oz v 5D(w))o¢/2 (1 Atl/a)a/?’

/2 a/2
po(t,z,y) & (M i (w)> p(t,z,y) (M i (y)> :

QQ

41)  P%(rp > 1)

and

1A tL/2 1A t1/2

for all 0 < t < 0o and x,y € R Here C = C(d, ).
For a = d = 1, (40) vields sp(z) =~ log(1 + 61(x)), sp(A/a(z)) ~
log(1 + (tV 6p(z))'/?) thus for all 0 < ¢ < oo and z,y € R? we have

log(1+67°(x))  log(1+6>(x))

(42 P>t~ log(1+ vV op@N ) " Tlog(l+t/7)
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and

po(t,z,y) (. log(l+67%(x)) log(1 + 6'/%(y))
i N<1/\ log(l—kl;l/Q) ><1/\ log(1 + ¢1/2) )

Sharp explicit estimates for ppe (o gy with arbitrary R > 0 follow by scaling.

EXAMPLE 4. Let D = B°(0,1) C R? and 1 = d < a. We have that
Gioye(w,y) = Gp(x,y) + E*Goye(X1p,y) -
Let cq = [-2I' () cos(ma/2)] L. By [18, Lemma 4] for =,y € R,
Groye(a,y) = ca (lyl* " + ]|t = |y —2|*71) .
If follows that
Gp(z,y) = ca (|27 = o =y = E*(|Xp |7 = | Xop —y[*7).

Since | X, | < 1 a.s., limyoo(—|z —y|* P+ E%| X, —y|* 1)) = 0, for every
x € R. If |z| > 2 then we can find ¢ = ¢(a, z9) such that

|x‘a—1 _ Ea:’XTD|a—1
|l’0’0‘_1 _ EIO|XTD |a—1

~ |x|o¢—1 ~ 5D(37)a_1,

Mp(z) = c(jz|*™ = B X ")

On the other hand, by BHP Mp(z) ~ 5%/2(@ if 6(z) < 1 (compare Ex-
ample 2). We thus have sp(z) =~ 6% (z) A 5%/2(@, sp(Apya(z)) = (tV v
6p(x))* LA (tY* v ép(x))*/?, and for all 0 < t < oo, z,y € R, we obtain

651 (x) A 87 (x)
(t1/o v 6p ()L A (/e v §p(z))e/2’

QQ

(43) P (rp > t)

hence

c (05 (@) Aoy (@) 557 () A 03 ()
pp(t,z,y) =~ (1 A A-1/a p {12 p(t,z,y) [ 1A =1/a r {12 .

Here C' = C(a). To estimate ppe(g ) With arbitrary R > 0 we use scaling.

DEFINITION 3. We say that (open) D is of class C'! at scale r > 0 if
for every @ € 0D there exist balls B(2/,r) C D and B(z”,r) C D tangent
at Q. If D is O at some (unspecified) positive scale (hence also at smaller
scales) then we simply say D is C!,

imsart-aop ver. 2009/05/21 file: heat_kernel66.tex date: January 14, 2010



18 K. BOGDAN, T. GRZYWNY AND M. RYZNAR
C1! domains may be equivalently defined using local coordinates ([34]).
REMARK 8. If D is Ob! at scale r then it is (1/2,p)-fat for all p € (0,7].

REMARK 9. Let D be Cb! at scale r. Let € D, and let Q € 0D be
such that 0p(z) = |z — Q|. Consider the above balls B(2/,r) and B(z”,r).
If 6p(z) < r then let B, = B(2',r), otherwise B, = B(z,dp(z)). Thus
dp,(x) = 0p(z), and the radius of By is 7V dp(x).

EXAMPLE 5. We will verify (2) for C1'! domains D. For the proof we
initially assume that D # R?is C™! at scale r = 1. Let € D. We adopt the
notation of Remark 9 and consider (the ball) B, and (the open complement
of a ball) B¢(z”, 1) tangent at @ € 9D. Since B, C D C B¢(2”,1), we have

P*(rp, > 1) < P*(tp > 1) < P*(ge(zr 1) > 1).

Clearly, 6p,(7) = 0p(z) = [Q — x| = dpe(yr,1)(z). By (38) and (41)—(43),

a/2
Pr(rp > t) ~ <1/\ 5ﬁ§j)> , t<1.

By Remark 8 and Theorem 1 there is C = C(d, «) such that for all z,y € R?,

c Sp(x)*/? t —dja 5p(y)*/?
pD(t,az,y)~<1/\ e ’x‘d—&-a/\t 1/\T , t<1.

If Dis Cb! at a scale 7 < 1 then r~1D is Cb! at scale 1. This yields (2) in
time range 0 < ¢ < r®. Remark 3 allows for an extension to all ¢ € (0, 1],
with a constant depending on d, o and r. The case of D = R? is trivial.

Further estimates for C''! domains will be given in Proposition 1, Theo-
rem 3 and Corollary 2.

EXAMPLE 6. Let d > 2. For = (z1,...,24-1,24) € R? we denote
Z = (x1,...,24-1), so that x = (Z,24). Let A < co. We consider a Lipschitz
function v : R™! — R ie. |v(Z) — v(§)| < AZ — §|. We define a special
Lipschitz domain D = {z = (#,24) € R? : x4 > v(%)}. For such D the
geometric notions of Theorem 2 become more explicit as we will see below.
We note that D is ((2v/1 + A\2)~L,r)-fat for all » > 0 [16, Remark 1]. For
z = (%,24) € D and r > 0 we define 2(") = (&,v(z) + 7). If = is close to dD
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then () dominates z in the direction of the last coordinate. We note that
P‘T(l)(TD > 1) > ¢ > 0. Here ¢ = ¢(d, @, \). By Remark 3 and BHP,

Mp ()
Mp(aD)’
where C' = C(a, d, \). By scaling, the Martin kernel with the pole at infinity
for rD is a constant multiple of Mp(z/r). By (44) we obtain

MD (1’)
Mp(z(#/*)

C
(44) PP(rp > 1)~ 1A zeD,

—1/a C
45) Po(rp>1) =P (1, yjap > 1) R 1A zeD.

We note in passing that (45) agrees with (35) because r — Mp(z(") is
increasing [15]. Or, in our previous notation we can take A,(z,k,D) =
x(V(@a=7(@)  We substitute (45) into (1) so that for all 0 < ¢t < oo and
z,y € D (in fact, by regularity, for x,y € R?) we have

EXAMPLE 7. For circular cones V' ([10]) we have
(46) My (2) = |a| My (z/|z]), 2 #0,
where 0 < 8 < « is a characteristics of the cone, see [1]. By [35, Lemma 3.3],
My () = 6y (z)*/?|z|*~*/? | 2z eR?,
see also [10], [35]. Considering (44), by simple manipulations we obtain

5V(x)a/2|x’ﬂ—a/2
(L [2[)pe/2

where C'= C'()). By (1) and scaling we get (3).

QQ

(47) 1A (1A Sy (2)*2) (1 A |2|)2/2,

The interested reader may find more references on stable processes and
Brownian motion in cones in [10]. Note that (46) holds for generalized open
cones, i.e. open sets () # V C RY such that kV =V for all k > 0 [1].

EXAMPLE 8. Let d =1,2,... and V = R?\ {z4 = 0}. This generalized
cone is non-Lipschitz but it is (1/2,r)-fat for every r > 0. Let 1 < a < 2.
From [1, Example 3.3] we have My (z) = |z4|*! (the decay near a hyper-
plane is slower than near a half-space). We consider ¢ = 1 in (36). We let
Ai(z) = (2,24 +1/2) if x4 > 0 and A;(x) = (Z, 24 — 1/2) otherwise. Thus,

My (x) |zal* !

W (A~ Tl + 17T~ (A2l
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20 K. BOGDAN, T. GRZYWNY AND M. RYZNAR

By (1) and scaling we obtain the following analogue of (3),

pv(t,z,y) _ dy (z)\* Sv(y)\* ! d
(48) MN(l/\ tl/a 1A tl/a y t>0,.’E,yER

We note that V is the complement of a point if d = 1.

If D is bounded and k > 0 is fixed then D is not (k,r) at large scales r,
and the asymptotics of the probability of survival is exponential. Indeed, for
the fractional Laplacian with Dirichlet condition on D¢ we let A\; > 0 be its
first eigenvalue and ¢; > 0 the corresponding eigenfunction (normalized in
L?(D,dx)) see [30]. The following approximation results from the intrinsic
ultracontractivity of every bounded domain [30]:

po(t.z,y) ~ ¢1(z)pr(y)e ™M, t>1, 2,y e R

Here comparability constants depend on D and « (see also Proposition 1
below). Given that infinity is inaccessible [14] from bounded D, it is of
considerable interest to understand the behavior of the heat kernel related
to accessible and inaccessible points of D (see also [33] in this connection).

In the remainder of the paper we will study C! domains in more de-
tail. We focus on unbounded domains, large times, and dependence of the
comparability constants on global geometry of the domains.

Example 1 and intrinsic ultracontractivity yield the following result.

LEMMA 6. There exist Ay = Ai(o,d) > 0 and C' = C(«, d) such that for
allT>0,t>0 and x € R we have

T C (53 0,r (.%') /2 _ o
P =0 £ 10 ()] o

LEMMA 7. Letd > a, 0 <r < R, W = B(0,r) U B¢(0,R). There is
c = c(a, d) such that for allt > 0 and € R? we have

A <5B(0,r) (x))a/Z
r A tl/e '

PROOF. By scaling we only need to consider » = 1 < R. By [5] we obtain

P¥(tw >t) > ¢ (%)a

i T(d/2 |z|2—1 u/2-1 o
P =) = i ), G M
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(compare (40)). Thus there is ¢ = ¢(d, «) such that
PY(Tgo,ry = 00) = ¢ >0, |y| > 2R.
Let x € B(0,1). For t > 1 we use (23) to obtain

P*(rw > t) P (1w = 00)

2
> B {|Xogu| > 2R PY70D (T ) = o0) }

WV

cP*(|Xrp, | = 2R) > cﬁ(SB/(O,l)(x).

By (38), for t < 1 we even have

53(0,1)(95) > o/2

Pm(TW > t) > Px(TB(()’l) > t) ~ 1A ( N

O

The C! condition at a given scale fails to determine the fatness of D
at larger scales and, consequently, the exact asymptotics of the survival
probability. The following is a substitute.

PROPOSITION 1. If D is CY! at some scale r > 0 then

(49)
/2 /2
Cle” @ |1 < on(z) ) 1A <5D($) )
rAt/e rAtt/e
for allt >0 and x € R, Here C = C(a,d) and A\ = A\i(a, d).
If also d > a and diam(D¢) < oo, then for all t > 0 and x € R?,

(50) P%(tp >t)>C! <7“Dc))a [1 A < Sp(x) )a/2

diam( r At/

<P*(tp>t)<C

ProoF. Consider z € D, B, C D and B(z”,r) C D of Remark 9.
Clearly, 75, < 7p < T(y» r), thus

P*(7p, > 1) < P*(1p > t) < P*(Tp(gry) > 1)

Lemma 6 yields the estimate

L o 3p(z) o/2
1, —Xit/(rVép(x)) D x
C e [1/\<(T’\/5D$))/\t1/o‘> < P(TD>t)
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a/2
1 (20) :
r At/
which simplifies to (49) as dp(z) > r yields dp(z)/[(r V dp(x)) AtY/] > 1.

To prove (50), we consider p = diam(D¢) > 2r, the center, say xg, of By,
and W := B, U B(zg,p+ 1V dp(z)) C D. By Lemma 7 and Remark 9,

and

PZ(TD>75) <C

Pi(rp>t) > P(ry >1t)

‘ <%>“ [1 : ((7“ v 52D:SC))A tl/“>a/2]

> (1) [ (ffif)a)m] .

In view of Theorem 1, (49) mildly strengthens [19, Theorem 1.1 (i)] (i.e.
(2) above). We also get the following result.

O]

THEOREM 3. Letd > a. If D is C*! at scale r and diam(D¢) < oo then

2a
- t,a,y)
o ot ) < polt,, e
diam(D¢ S (z) \ /2 5 /2 ’
7 T (m) ™ ot 10 (22000) ™
for allt >0 and z,y € R%. Here C = C(a,d).
ProOOF. The result follows from (50) and Corollary 1. O

A similar result (with less control of the constants) is given in [22]!.

REMARK 10. We consider the recurrent case o« > d = 1. If D C R is the
complement of a finite union of bounded closed intervals, then

. c Sp ()L A dp(x)/? P

P*(tp>t) = 1A 1 p 1/ , t>0,zeR*, if a>1,
c log(1 4 dp(z)'/?

P(rp >t) ~ og(1 +0p(x) %) t>0, 2R, if a=1,

log(1+t1/2) ~’

where C = C(D, a). The estimates follow easily from Examples 2 and 3.

!paper [22] appeared on arXiv after the first draft [11] of the present paper
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COROLLARY 2. If D C R is the complement to a finite union of bounded
closed intervals then C = C(D, «) exists such that for allt > 0 and x,y € R,

Sp(z)* L A dp(z)/? Sp(y)* " Adp(y)*/?

pD(t7$7y) ,.C:,

p(t,x,y) LA t1=1/a A $1/2 LA tl=1/a A ¢1/2
for a > 1, while for o« =1 we have
pp(t,z,y) C log(1 + dp(x)'/?) log(1 + 6p(y)/?)
p(t,z,y) log(1 +t1/2) log(1 +t1/2)
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