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Abstract

The deterministic Skorohod problem plays an important role in the construc-
tion and analysis of di¤usion processes with re�ection. In the form stud-
ied here, the multi-dimensional Skorohod problem was introduced, in time-
independent domains, by H. Tanaka [61] and further investigated by P.-L.
Lions and A.-S. Sznitman [42] in their celebrated article. Subsequent results
of several researchers have resulted in a large literature on the Skorohod prob-
lem in time-independent domains. In this article we conduct a thorough study
of the multi-dimensional Skorohod problem in time-dependent domains. In
particular, we prove the existence of càdlàg solutions (x; �) to the Skorohod
problem, with oblique re�ection, for (D;�; w) assuming, in particular, that D
is a time-dependent domain (Theorem 1.2). In addition we prove that if w is
continuous then x is continuous as well (Theorem 1.3). Subsequently we use
the established existence results to construct solutions to stochastic di¤erential
equations with oblique re�ection (Theorem 1.9) in time-dependent domains.
In the process of proving these results we establish a number of estimates for
solutions to the Skorohod problem with bounded jumps and, in addition, sev-
eral results concerning the convergence of sequences of solutions to Skorohod
problems in the setting of time-dependent domains.
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1 Introduction

In time-independent domains the Skorohod problem, in the form studied in this arti-
cle, goes back to Tanaka [61], who established existence and uniqueness of solutions
to the Skorohod problem in convex domains with normal re�ection. These results
were subsequently generalized to wider classes of time-independent domains by, in
particular, Lions and Sznitman [42] and Saisho [53]. By imposing an admissibility
condition on the domain, Lions and Sznitman [42] proved existence and uniqueness
of solutions to the Skorohod problem in two di¤erent cases. The �rst of the two cases
considered normal re�ection on domains satisfying a uniform exterior sphere condi-
tion, meaning that the domain is smooth except for �convex corners�. Moreover, the
second case considered smoothly varying (possibly oblique) directions of re�ection
on smooth domains. In addition, for smoothly varying directions of re�ection on do-
mains satisfying a uniform exterior sphere condition, existence and uniqueness results
were obtained in the special case when the oblique re�ection cone can be transformed
into the normal cone by multiplication by a smooth matrix function. Saisho [53] later
showed that in the �rst case considered in [42], i.e. for normal re�ection, the admissi-
bility condition is not necessary and can be removed. Moreover, concerning oblique
re�ection, i.e. when the cone of re�ection di¤ers from the cone of inward normals, we
note that in the case of an orthant with constant directions of re�ection on the sides,
Harrison and Reiman [33] found su¢ cient conditions for the existence and unique-
ness of solutions to the Skorohod problem as well as for continuity of the re�ection
map. In this context we also mention that Bernard and El Kharroubi [6] provided
necessary and su¢ cient conditions for the existence of solutions to the Skorohod
problem in an orthant with constant directions of re�ection on each face. The most
general results so far concerning the existence of solutions to the Skorohod problem
with oblique re�ection in time-independent domains were derived by Costantini [15].
Costantini [15] proved existence of solutions to the Skorohod problem for domains
satisfying a uniform exterior sphere condition with a non-tangential re�ection cone
given as a continuous transformation of the normal cone. Note that this allowed
for discontinuous directions of re�ection at the corners. The question of uniqueness
of solutions to the Skorohod problem with oblique re�ection is, in general, still an
open question and has been settled only in some speci�c cases. For example, Dupuis
and Ishii [17] obtained uniqueness for a convex polyhedron with constant directions
of re�ection on the faces assuming the existence of a certain convex set, de�ned in
terms of the normal directions and the directions of re�ection. Dupuis and Ishii [18],
[19] later extended this result to piecewise smooth domains with smoothly varying
directions of re�ection on each face. In addition, we here also mention the work of
Dupuis and Ramanan [21], [22] based on convex duality techniques. In particular,
in [22] convex duality is used to transform the condition of Dupuis and Ishii [17]
into one that is much easier to verify. Before we proceed, we here note that the
outline above is an attempt to brie�y discuss relevant previous developments con-
cerning the Skorohod problem in the form studied in this article. In particular, the
study of re�ected di¤usion based on Skorohod problems was �rst introduced by Sko-
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rohod [57] and this approach has, as brie�y described, subsequently been developed
in many articles including [15], [17], [33], [42], [53], [61]. However, we emphasize
that the literature devoted to Skorohod problems, their extensions and applications
is much larger than what is conveyed above and, in fact, many more researcher have
contributed to this rich �eld. In particular, applied areas where Skorohod problems
occur include heavy tra¢ c analysis of queueing networks, see e.g. [2], [20], [24], [40],
[47], [48], [51], [52], control theory, game theory and mathematical economics, see
e.g. [3], [37], [49], [50], [58], image processing, see e.g. [8], and molecular dynamics,
see e.g. [54], [55], [56]. For further results concerning Skorohod problems, as well as
applications of Skorohod problems, we also refer to [1], [4], [5], [14], [23], [25], [29],
[31], [35], [38], [44], [46], [60].
An important novelty of this article is that we conduct a thorough study of

the Skorohod problem, and the subsequent applications to stochastic di¤erential
equations re�ected at the boundary, in the setting of time-dependent domains. To
our knowledge the Skorohod problem is indeed less developed in time-dependent do-
mains. In particular, a �rst treatment of the Skorohod problem in time-dependent do-
mains was given by Costantini, Gobet and El Karoui [16], who proved existence and
uniqueness of solutions to the Skorohod problem with normal re�ection in smooth
time-dependent domains. Moreover, existence and uniqueness for deterministic prob-
lems of Skorohod type in time-dependent intervals have recently also been established
by Burdzy et. al. [9], [12]. The main contribution of this article is that we are able to
generalize the results in [15], concerning càdlàg solutions to the Skorohod problem
with oblique re�ection, to time-dependent domains assuming less regularity on the
domains compared to [16]. Note also that in [45] we use the results of this article to
construct a numerical method for weak approximation of stochastic di¤erential equa-
tions with oblique re�ection in time-dependent domains. Finally, as in [12] we note,
in particular, that re�ecting Brownian motions in time-dependent domains arise in
queueing theory, see e.g. [36], [43], statistical physics, see e.g. [13], [59], control the-
ory, see e.g. [27], [28] and �nance, see e.g. [26]. In particular, in future articles we
hope to be able to further explore the results and techniques developed in this article
in several applications.
To properly formulate the multi-dimensional Skorohod problem considered in this

article, and our results, we in the following �rst have to introduce some notation.
Given d � 1, we let h�; �i denote the standard inner product on Rd and we let
jzj = hz; zi1=2 be the Euclidean norm of z: Whenever z 2 Rd; r > 0, we let Br (z) =�
y 2 Rd : jz � yj < r

	
and Sr (z) =

�
y 2 Rd : jz � yj = r

	
. Moreover, given D �

Rd+1, E � Rd, we let �D, �E be the closure of D and E, respectively, and we let
d (y; E) denote the Euclidean distance from y 2 Rd to E. Given d � 1, T > 0 and
an open, connected set D0 � Rd+1 we will refer to

D = D0 \ ([0; T ]� Rd); (1.1)

as a time-dependent domain. Given D and t 2 [0; T ], we de�ne the time sections of
D as Dt = fz : (t; z) 2 Dg, and we assume that

Dt 6= ; and that Dt is bounded and connected for every t 2 [0; T ] : (1.2)
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We let @D and @Dt, for t 2 [0; T ], denote the boundaries ofD andDt, respectively. A
convex cone of vectors inRd is a subset � � Rd such that �u+�v 2 � for all �; � 2 R+
and all u; v 2 �. We let � = �t(z) = �(t; z) be a function de�ned on Rd+1 such that
�t (z) is a closed convex cone of vectors in Rd for every z 2 @Dt, t 2 [0; T ]. To give an
example of a closed convex cone, we consider the set C = C
 = f�
 : � > 0; 
 2 
g,
where 
 is a closed, connected subset of S1(0) satisfying 
1�
2 > �1 for all 
1; 
2 2 
.
Given C we de�ne C� = f�u + �v : �; � 2 R+; u; v 2 Cg. Then C� is an example
of a closed convex cone and we note that C� = C�
� where 


� can be viewed as the
�convex hull�of 
 on S1(0). Given � = �t(z), we let �1t (z) := �t(z) \ S1(0). Given
T > 0, we let D

�
[0; T ] ;Rd

�
denote the set of càdlàg functions w = wt : [0; T ]! Rd,

i.e. functions which are right continuous with left limits. For w 2 D
�
[0; T ] ;Rd

�
we

introduce the norm
kwkt1;t2 = sup

t1�r�s�t2
jws � wrj ; (1.3)

for 0 � t1 � t2 � T and, given � > 0, we let

D�
�
[0; T ] ;Rd

�
=

�
w 2 D

�
[0; T ] ;Rd

�
: sup

t
jwt � wt�j < �

�
; (1.4)

denote the set of càdlàg functions with jumps bounded by �. We denote the set of
functions � = �t : [0; T ]! Rd with bounded variation by BV

�
[0; T ] ;Rd

�
and we let

j�j denote the total variation of � 2 BV
�
[0; T ] ;Rd

�
.

In this article we consider the Skorohod problem in the following form.

De�nition 1.1 Let d � 1 and T > 0. Let D � Rd+1 be a time-dependent domain
satisfying (1.2) and let � = �t(z) be, for every z 2 @Dt, t 2 [0; T ], a closed convex
cone of vectors in Rd. Given w 2 D

�
[0; T ] ;Rd

�
, with w0 2 D0, we say that the

pair (x; �) is a solution to the Skorohod problem for (D;�; w), on [0; T ], if (x; �) 2
D
�
[0; T ] ;Rd

�
� BV

�
[0; T ] ;Rd

�
and if (w; x; �) satis�es, for all t 2 [0; T ],

xt = wt + �t; xt 2 Dt; (1.5)

�t =

Z t+

0


sd j�js ; 
s 2 �1s (xs) d j�j -a.e on [s2[0;t] @Ds; (1.6)

and
d j�j (ft 2 [0; T ] : (t; xt) 2 Dg) = 0: (1.7)

The main results of this article will be proved for time-dependent domains D �
Rd+1 satisfying (1.2). However, several additional restrictions will be imposed on D,
on the cones of re�ection � as well as on the interaction between D and �. In the
following we will outline these assumptions in order to be able to properly state our
existence result concerning the Skorohod problem with oblique re�ection. However,
while these assumptions are introduced quite brie�y here, the intuition behind the
assumptions, as well as the implications of the assumptions, are explained in more
detail in Section 3.2 below.
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Geometry of the time-slice Dt. We let Nt (z) denote the cone of inward normal
vectors at z 2 @Dt, t 2 [0; T ], see (3.11) below for a de�nition. In particular, we
assume that Nt (z) 6= ; whenever z 2 @Dt, t 2 [0; T ]. Note that we allow for the
possibility of several inward normal vectors at the same boundary point. Given
Nt (z), we let N1

t (z) := Nt(z) \ S1(0). Then the spatial domain Dt is said to verify
the uniform exterior sphere condition if there exists a radius r0 > 0 such that

Br0(z � r0n) � ([0; T ]� Rd) \ (Rd+1 nD); (1.8)

whenever z 2 @Dt, n 2 N1
t (z). Note that Br0(z � r0n) is the open Euclidean ball

with center z� r0n and radius r0. We say that a time-dependent domain D satis�es
a uniform exterior sphere condition in time if the uniform exterior sphere condition
in (1.8) holds, with the same radius r0, for all spatial domains Dt, t 2 [0; T ].
Temporal variation of the domain. Following [16], we let

l (r) = sup
s;t2[0;T ]
js�tj�r

sup
z2Ds

d (z;Dt) ; (1.9)

be the modulus of continuity of the variation of D in time. In particular, in several
of our estimates related to the Skorohod problem we will assume that

lim
r!0+

l (r) = 0: (1.10)

Cones of re�ection. Following [15], we assume that


1 � 
2 > �1 holds whenever 
1; 
2 2 �1t (z) and for all z 2 @Dt, t 2 [0; T ] : (1.11)

The assumption in (1.11) eliminates the possibility of � containing vectors in opposite
directions. We also assume that the set

G� = f(t; z; 
) : 
 2 �t (z) ; z 2 @Dt; t 2 [0; T ]g is closed. (1.12)

The interpretation of the condition in (1.12) is discussed in Section 3.2. In addition,
we need the following assumption concerning the variation of the cones �t(z). Let

h(E;F ) = max(supfd(z; E) : z 2 Fg; supfd(z; F ) : z 2 Eg); (1.13)

denote the Hausdor¤ distance between the sets E;F � Rd. Moreover, let f(sn; zn)g
be a sequence of points in Rd+1, sn 2 [0; T ], zn 2 @Dsn, such that limn!1 sn = s 2
[0; T ], limn!1 zn = z 2 @Ds. We assume, for any such sequence of points f(sn; zn)g,
that

lim
n!1

h(�sn (zn) ;�s (z)) = 0: (1.14)

Interaction between the geometry and the cones of re�ection. For z 2 @Ds,
s 2 [0; T ], and �; � > 0 we de�ne

as;z (�; �) = max
u2S1(0)

min
s�t�s+�

min
y2@Dt\B�(z)

min

2�1t (y)

h
; ui : (1.15)
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and

cs;z (�; �) = max
s�t�s+�

max
y2@Dt\B�(z)

max
ẑ2Dt\B�(z); ẑ 6=y

max

2�1t (y)

�
h
; y � ẑi
jy � ẑj _ 0

�
: (1.16)

For technical reasons we also introduce the quantity

es;z (�; �) =
cs;z (�; �)

(as;z (�; �))
2 _ as;z (�; �) =2

: (1.17)

In the proof of certain a priori estimates for the Skorohod problem, established in
the bulk of the article, we will consider time-dependent domains satisfying (1.2) and
the uniform exterior sphere condition in time, with radius r0. In addition we will
assume that there exist 0 < �0 < r0 and �0 > 0, such that

inf
s2[0;T ]

inf
z2@Ds

as;z (�0; �0) = a > 0; (1.18)

sup
s2[0;T ]

sup
z2@Ds

es;z (�0; �0) = e < 1: (1.19)

Interpretations of (1.15), (1.16), (1.18) and (1.19) are given in Section 3.2.

Existence of good projections. Let 0 < �0 < r0, h0 > 1 and let � = �t(z) =
�(t; z) be given for all z 2 @Dt, t 2 [0; T ]. We say that ([0; T ] � Rd) n D has the
(�0; h0)-property of good projections along � if there exists, for any y 2 Rd n Dt,
t 2 [0; T ], such that

d (y;Dt) < �0; (1.20)

at least one projection of y onto @Dt along �t, denoted �
�t
@Dt
(y), which satis�es��y � ��t@Dt (y)

�� � h0d (y;Dt) : (1.21)

Concerning the existence and continuity of solutions to the Skorohod problem,
as de�ned in De�nition 1.1, we prove the following two theorems.

Theorem 1.2 Let T > 0 and let D � Rd+1 be a time-dependent domain satisfying
(1.2), (1.10) and a uniform exterior sphere condition in time with radius r0 in the
sense of (1.8). Let � = �t (z) be a closed convex cone of vectors in Rd for every
z 2 @Dt, t 2 [0; T ], and assume that � satis�es (1.11), (1.12) and (1.14). Assume
that (1.18) and (1.19) hold for some 0 < �0 < r0, �0 > 0, a and e. Finally,
assume that ([0; T ] � Rd) n D has the (�0; h0)-property of good projections along �,
for some 0 < �0 < �0, h0 > 1, as de�ned in (1.20) and (1.21). Then, given w 2
D(

�0
4
^ �0
4h0

) �
[0; T ] ;Rd

�
, with w0 2 D0, there exists a solution (x; �) to the Skorohod

problem for (D;�; w), in the sense of De�nition 1.1, with x 2 D�0 ([0; T ];R).

Theorem 1.3 Assume that the assumptions stated in Theorem 1.2 are satis�ed and
let �0 be as in the statement of Theorem 1.2. Let w : [0; T ] ! Rd be a continuous
function and let (x; �) be any solution to the Skorohod problem for (D;�; w) in the
sense of De�nition 1.1. If x 2 D�0

�
[0; T ] ;Rd

�
, then x is continuous.
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In the following remarks we have gathered comments concerning the importance
of the assumptions imposed in Theorem 1.2 and Theorem 1.3, as well as comments
concerning situations when these assumptions are ful�lled.

Remark 1.4 Our proofs of Theorem 1.2 and Theorem 1.3 rely, as outlined below, on
certain a priori estimates proved in Section 4. These estimates are proved assuming
that D � Rd+1 is a time-dependent domain satisfying (1.2), (1.10) and a uniform
exterior sphere condition in time with radius r0 in the sense of (1.8). Furthermore,
to derive these estimates we also assume that (1.18) and (1.19) hold for some 0 <
�0 < r0, �0 > 0, a and e and that ([0; T ]� Rd) nD has the (�0; h0)-property of good
projections along �, for some 0 < �0 < �0, h0 > 1, as de�ned in (1.20) and (1.21).
In particular, we do not have to assume that � = �t (z) satis�es (1.11), (1.12) and
(1.14) in order to derive the results in Section 4 .

Remark 1.5 In Section 5 we proceed towards the �nal proof of Theorem 1.2. In par-
ticular, we use the a priori estimates of Section 4 to derive general results concerning
the convergence of solutions to Skorohod problems in time-dependent domains. We
note that our assumptions on D do not exclude the possibility of holes in D and
Dt, for some t 2 [0; T ]. Nevertheless the assumptions on D ensure that the number
of holes in Dt stays the same for all t 2 [0; T ] and that these holes cannot shrink
too much as time changes. This observation, Lemma 3.1 below and its proof allow
us to conclude the validity of the conclusion in Remark 3.2, which, in turn, is used
to complete the proofs in Section 5. Simple examples show that the conclusion in
Remark 3.2 would not hold if we, for instance, allowed the number of holes in Dt to
change as a function of t and if we, in particular, allowed the holes to vanish.

Remark 1.6 The assumption that � = �t (z) satis�es (1.11), (1.12) and (1.14) is
used to complete the proofs in Section 5. In particular, focusing on Theorem 5.3,
which is the convergence result actually used in the proof of Theorem 1.2, we note
that we need to assume (1.14) in order to be able derive (5.69). We then use (1.12) to
complete the argument in the proof of Theorem 5.3. Note also the di¤erence between
(1.12) and (1.14). Assumption (1.12) simply states that if (sn; zn; 
n) is a sequence
such that 
n 2 �sn (zn) ; zn 2 @Dsn ; sn 2 [0; T ], and if (sn; zn; 
n) ! (t; z; 
) in
R� Rd � Rd, for some (s; z; 
) 2 R� Rd � Rd, then 
 2 �s (z) ; z 2 @Ds; s 2 [0; T ].
Assumption (1.14), on the other hand, is a statement concerning the convergence,
in the Hausdor¤ distance sense, of the cones f�sn(zn)g. Finally, to comment on
assumption (1.11), which was also imposed in [15], we note that (1.11) is only used
in the proofs of Theorem 5.1 and Theorem 5.3 and, in particular, in the veri�cation
of (5.51) and (5.52). Assumption (1.11) eliminates the possibility of � containing
vectors in opposite directions and we have not been able to complete our argument
without this assumption. However, there are articles dealing with Skorohod type
lemmas and re�ected Brownian motion, see [14] in particular, where this assumption
is not required. As noted in [14], the inclusion of vectors in opposite directions can be
viewed as a critical case and [14] considers a related problem in a particular setting in
the plane. In our general case we leave this question as a subject for future research.
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Remark 1.7 For examples of cases when the geometric assumptions imposed in
Theorem 1.2 and Theorem 1.3 are ful�lled we refer to Section 7. However, we here
brie�y discuss Theorem 1.2 and Theorem 1.3 in the context of convex domains. In
particular, let T > 0 and let D � Rd+1 be a time-dependent domain satisfying
(1.2) and (1.10). Assume, in addition, that Dt is convex whenever t 2 [0; T ]. Let
� = �t (z) be as in the statement of Theorem 1.2. Assume that

lim
�!0

lim
�!0

inf
s2[0;T ]

inf
z2@Ds

as;z (�; �) = a > 0; (1.22)

lim
�!0

lim
�!0

sup
s2[0;T ]

sup
z2@Ds

es;z (�; �) = e < 1: (1.23)

If Dt is convex whenever t 2 [0; T ] then there exists, for every 0 < �0 given, h0 > 1
such that ([0; T ] � Rd) n D has the (�0; h0)-property of good projections along � as
de�ned in (1.20) and (1.21). In this case the conclusion of Theorem 1.2 is, as can be
seen from the proofs below, that given w 2 D

�
[0; T ] ;Rd

�
, with w0 2 D0, there exists

a solution (x; �) to the Skorohod problem for (D;�; w), in the sense of De�nition 1.1,
with x 2 D ([0; T ];R). Moreover, if w is a continuous function, then x is continuous.
In particular, if the time-slices fDtg are convex then the restrictions, in Theorem 1.2
and Theorem 1.3, on the jump-sizes in terms of �0, �0 can be removed. Moreover, this
is consistent with the results in [15] valid in time-independent domains, see Theorem
4.1 and Proposition 2.3 in [15].

We next formulate a subsequent application of Theorem 1.2 and Theorem 1.3 to
the problem of constructing weak solutions to stochastic di¤erential equations in D
with re�ection along �t on @Dt for all t 2 [0; T ]. Given T > 0, we let C

�
[0; T ] ;Rd

�
denote the class of continuous functions from [0; T ] to Rd. In the following, we let
m be a positive integer and we let b : R+ � Rd ! Rd and � : R+ � Rd ! Rd�m be
given functions which are bounded and continuous.

De�nition 1.8 Let d � 1 and T > 0. Let D � Rd+1 be a time-dependent domain
satisfying (1.2), let � = �t (z) be a closed convex cone of vectors in Rd for every
z 2 @Dt, t 2 [0; T ], and let ẑ 2 D0. A weak solution to the stochastic di¤erential
equation in D with coe¢ cients b and �, re�ection along �t on @Dt, t 2 [0; T ],
and with initial condition ẑ at t = 0, is a stochastic process

�
X0;ẑ;�0;ẑ

�
with paths

in C
�
[0; T ] ;Rd

�
� BV

�
[0; T ] ;Rd

�
, which is de�ned on a �ltered probability space

(
;F ; fFtg ; P ) and satis�es, P -almost surely, whenever t 2 [0; T ],

X0;ẑ
t = ẑ +

Z t

0

b
�
s;X0;ẑ

s

�
ds+

Z t

0

�
�
s;X0;ẑ

s

�
dWs + �

0;ẑ
t ; (1.24)

�0;ẑt =

Z t

0


s dj�0;ẑjs; 
s 2 �s
�
X0;ẑ
s

�
\ S1(0); dj�0;ẑj-a.e.; (1.25)

X0;ẑ
t 2 Dt; d

���0;ẑ�� �nt 2 [0; T ] : X0;ẑ
t 2 Dt

o�
= 0: (1.26)

Here W is a m-dimensional Wiener process on (
;F ; fFtg ; P ) and
�
X0;ẑ;�0;ẑ

�
is

fFtg-adapted.
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Concerning weak solutions to stochastic di¤erential equations in D with oblique
re�ection along @D we prove the following theorem.

Theorem 1.9 Let T > 0, D � Rd+1 and � = �t (z) be as in the statement of
Theorem 1.2. Let b : R+�Rd ! Rd and � : R+�Rd ! Rd�m be given, bounded and
continuous functions on D and let ẑ 2 D0. Then there exists a weak solution, in the
sense of De�nition 1.8, to the stochastic di¤erential equation in D with coe¢ cients
b and �, re�ection along �t on @Dt, t 2 [0; T ], and with initial condition ẑ at t = 0.

We note that Theorem 1.9 generalizes the corresponding results in [15], [16] and
[53]. Furthermore, we note that there has recently been considerable activity in the
study of re�ected di¤usions in time-dependent intervals. In particular, in this context
we mention [9], [10], [11] and [12] and we refer the interested reader to these articles
for more information as well as for references to other related articles.
The rest of the article is organized as follows. In Section 2 we �rst brie�y out-

line two general and important themes present in the proofs of the results in this
article. The �rst theme concerns a priori estimates and compactness for solutions to
Skorohod problems and the second theme concerns convergence results for sequences
of solutions to Skorohod problems. Secondly we discuss the proofs of Theorem 1.2,
Theorem 1.3 and Theorem 1.9 and we try to point out the new di¢ culties occurring
due to the time-dependent character of the domain. This section is included for
further reference and, in particular, to convey some of the ideas to the reader. In
Section 3 we introduce additional notation, outline the restrictions imposed on D
and � and collect a few notions and facts from the Skorohod topology. There is
also an appendix attached to Section 3, Section 7. In Section 7 we state su¢ cient
conditions for the (�0; h0)-property of good projections along � and we give exam-
ples of time-dependent domains satisfying the assumptions stated in Theorem 1.2,
Theorem 1.3 and Theorem 1.9. Section 4 is devoted to estimates for solutions to the
Skorohod problem, with oblique re�ection, which have bounded jumps and also to
the corresponding estimates for certain approximations of the Skorohod problem. In
Section 5 we �rst prove Theorem 5.1, containing a general result concerning conver-
gence of solutions to Skorohod problems in time-dependent domains. Furthermore,
we establish the somewhat similar result for certain approximations of the Skorohod
problem. The latter estimates are then used in the proof of Theorem 1.2. The �nal
proofs of Theorem 1.2, Theorem 1.3 and Theorem 1.9 are given in Section 6. The
article ends with the appendix, Section 7, discussed above.

2 A brie�y outline of proofs and our contribution

Concerning proofs we note that the arguments in this article follow two general and
important themes which we here, to start with, brie�y outline.

A priori estimates and compactness. To explain the a priori estimates, we let
T > 0, D � Rd+1 and � = �t (z) be as in the statement of Theorem 1.2, and we let
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w 2 D
�
[0; T ] ;Rd

�
with w0 2 D0. Assume that (x; �) is a solution to the Skorohod

problem for (D;�; w) such that x 2 D�0
�
[0; T ] ;Rd

�
. Under these assumptions, we

prove, see Theorem 4.2 below, that there exist positive constants L1 (w; T ), L2 (w; T ),
L3 (w; T ) and L4 (w; T ) such that

kxkt1;t2 � L1 (w; T ) kwkt1;t2 + L2 (w; T ) l (t2 � t1) ;

j�jt2 � j�jt1 � L3 (w; T ) kwkt1;t2 + L4 (w; T ) l (t2 � t1) ; (2.1)

whenever 0 � t1 � t2 � T . Furthermore, we prove that if W � D
�
[0; T ] ;Rd

�
is

relatively compact in the Skorohod topology and w0 2 D0, whenever w 2 W, then,
there exist positive constants LT1 , L

T
2 , L

T
3 and L

T
4 , such that

sup
w2W

Li (w; T ) � LTi <1; for i = 1; 2; 3; 4: (2.2)

Convergence results for sequences of solutions to Skorohod problems. The
a priori estimates and compactness result in (2.1) and (2.2) are useful for prov-
ing convergence of solutions to Skorohod problems. To explain this further, let
fDng1n=1 be a sequence of time-dependent domains Dn � Rd+1 satisfying (1.2) and
let f�ng1n=1 = f�nt (z)g1n=1 be a sequence of closed convex cones of vectors in Rd.
Assume that fDng1n=1 and f�ng1n=1 satisfy the conditions stated in Theorem 1.2
with constants that are �uniform with respect to n�in a sense made precise in Sec-
tion 5. Let fwng, with wn0 2 Dn

0 , be a sequence in D
�
[0; T ] ;Rd

�
which is rela-

tively compact in the Skorohod topology and which converges to w 2 D
�
[0; T ] ;Rd

�
with w0 2 D0. Furthermore, let D � Rd+1 be a time-dependent domain satisfy-
ing (1.2), let � = �t(z) be, for every z 2 @Dt, t 2 [0; T ], a closed convex cone of
vectors in Rd satisfying (1.11) and (1.12). Assume that the sequences fDng1n=1 and
f�ng1n=1 converge to D and �, respectively, in a sense speci�ed in Theorem 5.1.
If there exists, for all n � 1, a solution (xn; �n) to the Skorohod problem for
(Dn;�n; wn) such that xnt 2 Dn

t , for all t 2 [0; T ], and xn 2 D�0
�
[0; T ] ;Rd

�
, then

it follows, using (2.1) and (2.2), that f(wn; xn; �n; j�nj)g is relatively compact in
D
�
[0; T ] ;Rd

�
� D

�
[0; T ] ;Rd

�
� D

�
[0; T ] ;Rd

�
� D ([0; T ] ;R+). Hence, we are able

to conclude that f(xn; �n)g converges to some (x; �) 2 D
�
[0; T ] ;Rd

�
�D

�
[0; T ] ;Rd

�
with x 2 D and we can, in addition, prove that (x; �) is indeed a solution to the Sko-
rohod problem for (D;�; w). This result, found in Theorem 5.1 below, constitutes a
general convergence result for sequences of solutions to Skorohod problems based on
the a priori estimates and compactness result in (2.1) and (2.2).

Although Theorem 1.2 does not follow directly from the results outlined above,
we claim that (2.1), (2.2) and Theorem 5.1, stated below, are of independent interest
and may be useful in other applications involving the Skorohod problem. To start
an outline of the actual proofs of Theorem 1.2, Theorem 1.3 and Theorem 1.9 we
note that to prove Theorem 1.2 we use arguments similar to those outlined above
but in this case we have to construct, given (D;�; w), an approximating sequence
f(Dn;�n; wn)g such that a solution (xn; �n) to the Skorohod problem for (Dn;�n; wn)
can be found explicitly.
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Proof of Theorem 1.2, Theorem 1.3 and Theorem 1.9. To discuss the con-
struction of f(Dn;�n; wn)g and f(xn; �n)g used in the proof of Theorem 1.2, we
consider w 2 D

�
[0; T ] ;Rd

�
, with w0 2 D0 and with jumps bounded by some con-

stant, and we now let f� kgNk=0 de�ne a partition � of the interval [0; T ], that is
0 = � 0 < � 1 < :::: < �N�1 < �N = T . Given � we let

�� := max
k2f0;:::;N�1g

� k+1 � � k; (2.3)

and, given � and w, we de�ne

w�t = w�k�1, whenever t 2 [� k�1; � k) ; k 2 f1; :::; Ng ; (2.4)

and w�T = wT . Then w� 2 D
�
[0; T ] ;Rd

�
is a step function approximation of w.

Furthermore, assume that � and w� are such that

jjw�jj�k�1;�k + l(��) < �0; (2.5)

whenever k 2 f1; :::; Ng. Recall that �0 is the constant appearing in the notion of
the (�0; h0)-property of good projections. We next de�ne

D�
t = D�k�1 ; �

�
t = ��k�1, whenever t 2 [� k�1; � k) ; k 2 f1; :::; Ng ; (2.6)

and D�
T = DT ; �

�
T = �T . Given w�, D� and �� as above we de�ne a pair of

processes
�
x�; ��

�
as follows. We let

x�t = w0; �
�
t = 0; for t 2 [0; � 1) : (2.7)

If x��k�1 2 D�
�k�1

for some k 2 f1; :::; Ng, then, by the triangle inequality and (2.5),

d
�
x��k�1 + w��k � w��k�1 ; D

�
�k

�
� jjwnjj�k�1;�k + l(��) < �0: (2.8)

Hence, by the (�0; h0)-property of good projections it follows that if x��k�1 + w��k �
w��k�1 =2 D�

�k
, then there exists a point

�
���k
@D�

�k

�
x��k�1 + w��k � w��k�1

�
2 @D�

�k
; (2.9)

which is the projection of x��k�1 +w
�
�k
�w��k�1 onto @D

�
�k
along ���k . Furthermore, if

x��k�1 + w��k � w��k�1 2 D�
�k
, then we let

�
���k
@D�

�k

�
x��k�1 + w��k � w��k�1

�
= x��k�1 + w��k � w��k�1 : (2.10)

Based on this argument we de�ne, whenever t 2 [� k; � k+1), k 2 f1; :::; N � 1g,

x�t = �
���k
@D�

�k

�
x��k�1 + w��k � w��k�1

�
;

��t = ���k�1 + (x
�
t � (x��k�1 + w��k � w��k�1)): (2.11)

11



Finally, we de�ne x�T and �
�
T as in (2.11) by putting k = N in (2.11). By construction,

the pair (x�; ��) is a solution to the Skorohod problem for
�
D�;��; w�

�
. Moreover,

using the assumption on the size of the jumps of w stated in Theorem 1.2, we will be
able to make the construction so that we can conclude that x� 2 D�0

�
[0; T ] ;Rd

�
.

As the next step we then apply Theorem 4.6 stated below, showing the existence of
positive constants L̂1 (w; T ), L̂2 (w; T ), L̂3 (w; T ) and L̂4 (w; T ) such that

x�



t1;t2
� L̂1 (w; T ) kwkt1;t2 + L̂2 (w; T ) (l (t2 � t1) + l(��));

j��jt2 � j��jt1 � L̂3 (w; T ) kwkt1;t2 + L̂4 (w; T ) (l (t2 � t1) + l(��)); (2.12)

whenever 0 � t1 � t2 � T . Provided with the estimates in (2.12) we are then able
to prove Theorem 1.2 by means of compactness arguments similar to those outlined
above. Indeed, we construct an appropriate sequence of partitions f�ng1n=1, based
on w, such that x�n 2 D�0

�
[0; T ] ;Rd

�
for n larger than some n0 and such that

(x�n ; ��n) is a solution to the Skorohod problem for
�
D�n ;��n ; w�n

�
for n � n0.

Then, using (2.12) we conclude that
��
w�n ; x�n ; ��n ; j��nj

�	
is a relatively compact

sequence in the Skorohod topology and that
��
x�n ; ��n

�	
converges in the sense

of the Skorohod topology to a pair of functions (x; �). Note that an important
di¤erence here, compared to the situation outlined above, is that D� and �� as
de�ned in (2.6) are discontinuous in time. To be able to handle this situation we
employ some additional arguments, similar to the ones in the proof of Theorem 5.1,
in order to prove that (x; �) is a solution to the Skorohod problem for (D;�; w) on
[0; T ]. This completes the proof of Theorem 1.2. Concerning Theorem 1.3 we see
that this theorem follows immediately from the continuity of w and (1.10) using the
estimates in (2.1). To prove Theorem 1.9 we argue somewhat similar as in the proof
of Theorem 1.2 and we refer to the bulk of the article for details.

To conclude, we note that the proof of Theorem 1.2 is more involved compared to
the proof of the corresponding result for time-independent domains established in [15]
and that new di¢ culties occur, naturally, due to the fact that we are considering time-
dependent domains. In the time-independent case a solution (x; �) to the Skorohod
problem for (D;�; w) is constructed as the limit of a sequence f(x�n ; ��n)g, where
(x�n ; ��n) is a solution to a Skorohod problem based on w�n. In this case (x�n ; ��n)
is a solution to a Skorohod problem for (D;�; w�n), while in our case (x�n ; ��n) is a
solution to a Skorohod problem for (D�n ;��n ; w�n). Hence, in the time-dependent
case we, at each step, also have to discretize and approximate D and � due to the
time-dependent character of the domain. In particular, the fact that D�n and ��n,
as de�ned in (2.6), are discontinuous in time induces several new di¢ culties which
we have to overcome in order to complete the proof of Theorem 1.2.

3 Preliminaries

In this section we introduce notation, collect a number of preliminary results con-
cerning the geometry of time-dependent domains and recall a few notions and facts
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from the Skorohod topology.

3.1 Notation

Points in Euclidean (d+ 1)-space Rd+1 are denoted by (t; z) = (t; z1; : : : ; zd). Given
a di¤erentiable function f = f (t; z) de�ned on R� Rd, we let @zif (t; z) denote the
partial derivative of f at z with respect to zi and we let rzf denote the gradient
(@z1f; :::; @zdf). Higher order derivatives of f with respect to the space variables
will often be denoted by @zizjf (t; z), @zizjzkf (t; z) and so on. Furthermore, given
a multi-index � = (�1; :::; �d), �i 2 Z+, we de�ne j�j = �1 + ::: + �d and we let
@�z f (t; z) denote the associated partial derivative of f (t; z) with respect to the space
variables. Time derivatives of f will be denoted by @jt f (t; z) where j 2 Z+. As
in the introduction, we let h�; �i denote the standard inner product on Rd and we
let jzj = hz; zi1=2 be the Euclidean norm of z. Whenever z 2 Rd; r > 0, we let
Br (z) =

�
y 2 Rd : jz � yj < r

	
and Sr (z) =

�
y 2 Rd : jz � yj = r

	
. In addition dz

denotes Lebesgue d-measure on Rd. Moreover, given E � Rd we let �E and @E be the
closure and boundary of E, respectively, and we let d (z; E) denote the Euclidean
distance from z 2 Rd to E. Given (t; z) ; (s; y) 2 Rd+1, we let dp ((t; z) ; (s; y)) =
max

n
jz � yj ; jt� sj1=2

o
denote the parabolic distance between (t; z) and (s; y) and

for F � Rd+1, we let dp ((t; z) ; F ) denote the parabolic distance from (t; z) 2 Rd+1
to F . Moreover, for (t; z) 2 Rd+1 and r > 0, we introduce the parabolic cylinder
Cr (t; z) =

�
(s; y) 2 Rd+1 : jy � zj < r; jt� sj < r2

	
. Given two real numbers a and

b, we let a _ b = max fa; bg and a ^ b = min fa; bg. Finally, given a Borel set
E � Rd+1, we let �E denote the characteristic function associated to E.
Given a time-dependent domain D0, a function f de�ned on D0 and a constant

� 2 (0; 1], we adopt the de�nition on page 46 in [41] and introduce

jf j1+�;D0 =
X
j�j�1

sup
D0

��@�z f ��+ sup
(t;z)2D0

sup
(s;z)2D0nf(t;z)g

jf (t; z)� f (s; z)j
jt� sj(�+1)=2

+
X
j�j=1

sup
(t;z)2D0

sup
(s;y)2D0nf(t;z)g

��@�z f (t; z)� @�z f (s; y)
��

[dp ((t; z) ; (s; y))]
� : (3.1)

The third term on the right hand side of jf j1+�;D0 is super�uous for our purposes
but we include it here for agreement with the theory of partial di¤erential equations
in time-dependent domains (see [45]). Using the norm jf j1+�;D0, we let H1+� (D

0)
denote the Banach space of functions f on D0 with �nite jf j1+�;D0-norm.

3.2 Geometry of time-dependent domains

We here outline the geometric restrictions which we impose on the time-dependent
domains and cones of re�ections. Concerning D we �rst prove the following auxiliary
lemma.
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Lemma 3.1 Let T > 0 and let D � Rd+1 be a time-dependent domain satisfying
(1.2), (1.10) and assume that D satis�es a uniform exterior sphere condition in time
with radius r0 in the sense of (1.8). Let

l̂ (r) := sup
s;t2[0;T ]
js�tj�r

sup
z2@Ds

d (z; @Dt) : (3.2)

Then, l (r) = l̂ (r) for all r > 0 such that l (r) < r0.

Proof. In the following we let � > 0 be arbitrary and we consider r small enough
to ensure that l(r) < r0. With � and r �xed we let s; t 2 [0; T ], js� tj � r, be such
that

~l1 � l̂ (r) � ~l1 + �, where ~l1 = sup
z2@Ds

d (z; @Dt) : (3.3)

Naturally

~l1 = max

�
sup

z2@Ds\(RdnDt)
d (z; @Dt) ; sup

z2@Ds\Dt
d (z; @Dt)

�
: (3.4)

Assume z 2 @Ds \ (Rd nDt). Then we immediately obtain

sup
z2@Ds\(RdnDt)

d (z; @Dt) = sup
z2@Ds\(RdnDt)

d (z;Dt) � sup
z2Ds

d (z;Dt) � l (r) : (3.5)

Assume, on the contrary, that z 2 @Ds\Dt. In this case, as l (r) < r0 andDs satis�es
the uniform exterior sphere condition with radius r0, we can conclude that there exists
at least one point yz 2 @Dt \

�
z + n� 2 Rd : n� 2 Ns (z) \ S� (0) ; 0 < � < r0

	
and

obviously d (z; @Dt) � jz � yzj. Furthermore, again applying the uniform exterior
sphere condition, we see that z minimizes the distance from yz 2 @Dt to Ds. Hence

sup
z2@Ds\Dt

d (z; @Dt) � sup
z2@Ds\Dt

jz � yzj � sup
z2@Ds\Dt

d (yz; Ds)

� sup
yz2@Dt

d (yz; Ds) � sup
y2Dt

d (y;Ds) � l (r) : (3.6)

Combining (3.4)-(3.6) we conclude that ~l1 � l (r). Using (3.3) it is clear that l̂ (r) �
l (r) + � and then, as � is arbitrary, l̂ (r) � l (r). We next consider the opposite
inequality. With � and r �xed, we let s; t 2 [0; T ], js� tj � r, be such that

~l2 � l (r) � ~l2 + � where ~l2 = sup
z2Ds

d (z;Dt) : (3.7)

In this case we have

~l2 = max

�
sup

z2Ds\(RdnDt)
d (z;Dt) ; 0

�
= max

�
sup

z2Ds\(RdnDt)
d (z; @Dt) ; 0

�
(3.8)

and in the following we can assume, without loss of generality, that ~l2 > 0. Then,
by the uniform exterior sphere condition, and the fact that l (r) < r0, we see that
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every point z 2 Ds \ (Rd n Dt) can be written as z = yz + n� for some yz 2 @Dt

and some n� 2 Nt (yz) \ S� (0), 0 < � < r0. Furthermore, there exists a point
~z = yz + n~� 2 @Ds, with 0 < � < ~� < r0. Once again applying the uniform exterior
sphere condition we see that yz minimizes the distance from ~z to @Dt and we obtain

sup
z2Ds\(RdnDt)

d (z; @Dt) � sup
z2Ds\(RdnDt)

jz � yzj

� sup
z2Ds\(RdnDt)

j~z � yzj � sup
~z2@Ds

d (~z; @Dt) � l̂ (r) : (3.9)

Combining (3.8)-(3.9) we conclude that ~l2 � l̂ (r). Using (3.7) it is clear that l (r) �
l̂ (r) + � and then, as � is arbitrary, l (r) � l̂ (r). This completes the proof of the
lemma. 2

Remark 3.2 Note also that the prerequisites of Lemma 3.1 ensures that the number
of holes in Dt stays the same for all t 2 [0; T ] and, in particular, that these holes
cannot shrink too much as time changes. Furthermore, Lemma 3.1 and its proof
allow us to conclude that

h
�
Ds; Dt

�
= h (Ds; Dt) = h (@Ds; @Dt) (3.10)

whenever s; t 2 [0; T ], js� tj � r, l (r) < r0.

Concerning �, we let � = �t(z) = �(t; z) be a function de�ned on Rd+1 such that
�t (z) is a closed convex cone of vectors in Rd for every z 2 @Dt, t 2 [0; T ] and we
assume that � satis�es (1.11) and (1.12). To understand the condition in (1.12), that
is the assumption that the graph G� is closed, we observe that one motivation for
using a cone of re�ection, rather than a single-valued direction of re�ection, is to be
able to deal with discontinuities in the direction of re�ection. Such discontinuities
arise, for instance, in the normal direction for a convex polygon. At a point of
discontinuity of the direction of re�ection one can use the cone generated by all the
limit vectors (if they exist) of the direction of re�ection. For a cone of re�ection, the
assumption that the graph G� is closed provides a form of continuity of the cone.
In fact, for a cone of the form �t(z) = f�
t(z); � � 0g, for some Rd-valued function

t(z), the assumption that G

� is closed is equivalent to the assumption that the
function 
t(z) is continuous as a function of (t; z).
The cone Nt (z) of inward normal vectors at z 2 @Dt, t 2 [0; T ], is de�ned as

being equal to the set consisting of the union of the set f0g and the set�
v 2 Rd : v 6= 0;9� > 0 such that B� (z � �v= jvj) � ([0; T ]� Rd) nD

	
: (3.11)

Note that this de�nition does not rule out the possibility of several unit inward
normal vectors at the same boundary point. Given Nt (z), we let N1

t (z) := Nt(z) \
S1(0), so that N1

t (z) contains the set of vectors in Nt(z) with unit length. Moreover,
based on Nt (z), we introduce the set

GN = f(t; z; n) : n 2 Nt (z) ; z 2 @Dt; t 2 [0; T ]g : (3.12)
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The spatial domain Dt is said to verify the uniform exterior sphere condition if there
exists a radius r0 > 0 such that (1.8) holds. It is easy to see that (1.8) is equivalent
to the statement that

hn; y � zi+ 1

2r0
jy � zj2 � 0; (3.13)

for all y 2 Dt, n 2 N1
t (z) and z 2 @Dt. Moreover, as deduced from Remark 2.1

in [15], the uniform exterior sphere condition in time asserts that Nt (z) is a closed
convex cone for all z 2 @Dt, t 2 [0; T ] and that GN is closed.
For z 2 @Ds, s 2 [0; T ], and �; � > 0, recall the de�nition of the quantity as;z (�; �)

introduced in (1.15),

as;z (�; �) = max
u2S1(0)

min
s�t�s+�

min
y2@Dt\B�(z)

min

2�1t (y)

h
; ui :

The vector u that maximizes the minimum of h
; ui over all vectors 
 2 �1t (y) in
a time-space neighbourhood of a point (s; z), z 2 @Ds, s 2 [0; T ], can be regarded
as the best approximation of the �1t (y)-vectors in that neighbourhood. With this
interpretation as;z (�; �) represents the cosine of the largest angle between the best
approximation and a �1t (y)-vector in the neighbourhood. Hence, in a sense, as;z (�; �)
quanti�es the variation of � in a space-time neighbourhood of (s; z). For z 2 @Ds,
s 2 [0; T ] and �; � > 0, recall the de�nition of the quantity cs;z (�; �) introduced in
(1.16),

cs;z (�; �) = max
s�t�s+�

max
y2@Dt\B�(z)

max
ẑ2Dt\B�(z); ẑ 6=y

max

2�1t (y)

�
h
; y � ẑi
jy � ẑj _ 0

�
:

This quantity is close to one if the vectors 
 2 �1t (y), in a time-space neighbourhood,
deviate much from the normal vectors and/or the domain is very concave. Hence,
in a sense, cs;z (�; �) quanti�es the skewness of � and the concavity of D. Note that
(1.16) implies

h
; ẑ � yi+ cs;z (�; �) jy � ẑj � 0; (3.14)

for all y 2 @Dt \ B� (z), ẑ 2 Dt \ B� (z), ẑ 6= y and 
 2 �1t (y) with z 2 @Dt,
t 2 [s; s+ �] � [0; T ]. This condition exhibits some similarity with the uniform
exterior sphere property (3.13). Finally, recall the de�nition of the quantity es;z (�; �)
introduced in (1.17),

es;z (�; �) =
cs;z (�; �)

(as;z (�; �))
2 _ as;z (�; �) =2

:

Furthermore, as stated in the introduction, in the subsequent section we prove esti-
mates related to the Skorohod problem in time-dependent domains satisfying (1.2)
and the uniform exterior sphere condition in time, with radius r0. Moreover, to de-
rive these estimates we also assume that there exist 0 < �0 < r0 and �0 > 0, such
that the assumptions in (1.18) and (1.19) hold, i.e.,

inf
s2[0;T ]

inf
z2@Ds

as;z (�0; �0) = a > 0;

sup
s2[0;T ]

sup
z2@Ds

es;z (�0; �0) = e < 1:

16



Remark 3.3 The function as;z (�; �) is a straightforward generalization of the func-
tion

�z (�) = max
u2S1(0)

min
y2@
\B�(z)

min
n2N1(y)

hn; ui ; (3.15)

introduced by Tanaka [61] in his treatment of the Skorohod problem. Here 
 � Rd is
a bounded spatial domain and N1(y) is the set of unit inward normals at y 2 @
. In
[15], [42], [53] and [61] the condition

lim
�!0

inf
z2@


�z (�) = � > 0; (3.16)

is used to rule out the case of tangential normal directions (see [15] for equivalent
characterizations of domains satisfying this criterion).

Remark 3.4 The functions cs;z (�; �) and es;z (�; �), introduced in (1.16) and (1.17),
are straightforward generalizations of the functions ec and ee, respectively, introduced
in [15]. Moreover the related functions c and e, also introduced in [15], are useful
only in the context of convex domains. Hence, as we here consider general (possibly
non-convex) domains, only generalizations of the functions ec and ee are useful. For
notational simplicity, we have removed the tilde in our de�nition of the generalized
versions of ec and ee.
Given T > 0, let D � Rd+1 be a time-dependent domain satisfying (1.2) and a

uniform exterior sphere condition in time with radius r0 in the sense of (1.8). Given a
point (t; z) 2 ([0; T ]�Rd)nD in a neighbourhood ofD we in this article heavily use the
projection of (t; z) onto @D along the vectors in the cone �. While such projections
can be de�ned in several ways, we in this article here only consider projections in
space along vectors 
 2 �t (y), y 2 @Dt, onto @Dt. With this restriction, the analysis
of Section 4 in [15] can be used to derive su¢ cient conditions for the existence of
a projection of a point z 2 Rd n Dt, onto @Dt, along �t. In other words we can
determine whether or not there exist, for a given point z 2 Rd n Dt, a point y 2
@Dt and a vector 
 2 �t (y) such that y � z k 
. In particular, it can be understood
when, for 0 < �0 < r0, h0 > 1 and � = �t(z) = �(t; z) given, ([0; T ]�Rd)nD has the
(�0; h0)-property of good projections along � in the sense de�ned in the introduction,
see (1.20) and (1.21). We refer to the appendix, Section 7, for more on this as well
as for a discussion of examples of time-dependent domains satisfying the restrictions
imposed in Theorem 1.2, Theorem 1.3 and Theorem 1.9.

3.3 Càdlàg functions and the Skorohod topology

Let T > 0 and let x 2 D([0; T ] ;Rd). Given a bounded set I � [0; T ] we letbw (x; I) = sup
u;r2I

jxu � xrj : (3.17)

Then, using Lemma 1 on page 122 in [7] we see that there exists, for � > 0 given, a
sequence of points t0; :::; t� , such that

0 = t0 < t1 < ::: < t� = T; bw (x; [ti�1; ti)) < �: (3.18)
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In particular, there can only be �nitely many points t 2 [0; T ] at which the jump
jxt � xt�j exceeds a given positive number. To proceed we, in the following, use
the notation and exposition of Chapter 3 in [30]. We let q (x; y) = jx� yj ^ 1
whenever x; y 2 Rd and we let dD([0; T ]; x; y) be the metric on the space D([0; T ] ;Rd)
introduced, for the interval [0; T ], as in display (5.2) in [30]. Then, by Theorem
5.6 in [30] we see that (D([0; T ] ;Rd); dD([0; T ]; �; �)) is a complete metric space and
the topology on D([0; T ] ;Rd), induced by the metric dD([0; T ]; �; �), is known as
the Skorohod topology on D([0; T ] ;Rd). Recall that if x; y 2 D([0; T ] ;Rd), then
dD([0; T ]; x; y) = 0 implies that xt = yt for every t. Furthermore, if fxng is a sequence
in D([0; T ] ;Rd) and x 2 D([0; T ] ;Rd), then the statement that dD([0; T ]; xn; x)! 0
as n!1 is equivalent to the statement that there exists f�ng � � (see [30] for the
de�nition of the space �) such that (5.6) in [30] holds and such that

lim
n!1

sup
0�t�T

jxnt � x�n(t)j = 0: (3.19)

For a proof of this result we refer to Proposition 5.3 in [30]. Furthermore, to under-
stand the relatively compact sets in D([0; T ] ;Rd) we introduce and use a modulus
of continuity. In particular, for x 2 D([0; T ] ;Rd) and � > 0 we de�ne the quantity

w0 (x; �; T ) = inf
ftig
max
i

sup
u;r2[ti;ti+1)

jxu � xrj ; (3.20)

where the in�mum is taken with respect to all partitions of the form 0 = t0 < t1 <
::: < tn�1 < T � tn, withmini jti � ti�1j > �. Furthermore, givenW � D

�
[0; T ] ;Rd

�
we let

� (W ; �; T ) = sup
w2W

w0 (w; �; T ) : (3.21)

Using this notation we �rst quote Theorem 6.3 in [30] which states that W �
D
�
[0; T ] ;Rd

�
is relatively compact in the Skorohod topology if and only if for every

rational t 2 [0; T ] there exists a relatively compact set At � Rd such that wt 2 At
for all w 2 W and such that

lim
�!0

� (W ; �; T ) = 0: (3.22)

Finally, we also note the following. Given �0 > �, let

~w0 (x; �; �0; T ) = inf
ftig
max
i

sup
u;r2[ti;ti+1)

jxu � xrj ; (3.23)

where the in�mum is taken with respect to all partitions as above but with the addi-
tional restriction that maxi jti � ti�1j < �0. Furthermore, given W � D

�
[0; T ] ;Rd

�
we let

~� (W ; �; �0; T ) = sup
w2W

~w0 (w; �; �0; T ) : (3.24)

Then

~w0 (x; �; �0; T ) = w0 (x; �; T ) and ~� (W ; �; �0; T ) = � (W ; �; T ) : (3.25)
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4 Estimates for solutions and approximations to
Skorohod problems

In this section we �rst prove certain estimates for solutions to the Skorohod problem
for (D;�; w), assuming that D satis�es the assumptions stated in Theorem 1.2 and
that w 2 D

�
[0; T ] ;Rd

�
with w0 2 D0. In particular, we prove that the modulus of

continuity of càdlàg solutions to the Skorohod problem for (D;�; w), with bounded
jumps, can be estimated from above by the modulus of continuity of w and the
modulus of continuity l. This result is derived in two steps. In the �rst step we
prove, see Lemma 4.1 below, a local compactness result which is valid in a spatial
neighbourhood of a given boundary point and on a constructed time interval. In
the second step we then prove that corresponding global estimates, see Theorem 4.2
below, can be derived based on the local compactness result. In particular, Theorem
4.2 is the main result we establish in this context. In Section 4.1 we derive these
estimates for solutions to the Skorohod problem and in Section 4.2 we establish the
corresponding results for approximations to the Skorohod problem. In particular,
given w 2 D

�
[0; T ] ;Rd

�
with w0 2 D0 and a partition f� kgNk=0, which we denote

by �, of the interval [0; T ], we de�ne w�, D�, ��, x� and �� as in (2.4), (2.6),
(2.7), (2.11). Then, by construction, the pair (x�; ��) is a solution to the Skorohod
problem for

�
D�;��; w�

�
. In Lemma 4.5 and Theorem 4.6 we prove estimates for

solutions to the Skorohod problem for
�
D�;��; w�

�
, which are similar to the ones

established in Lemma 4.1 and Theorem 4.2 for the Skorohod problem for (D;�; w).
We note that the reason for this twofold approach is that since we are considering
time-dependent domains the condition in (1.10) will in general not hold for D�.

4.1 Estimates for solutions to Skorohod problems

Given a > 0 and e 2 (0; 1) we de�ne the positive functions K1; K2; K3 and K4 as
follows,

K1 (a; e) =
a+ 2a2e+ 2 + ae

a (1� e)
; K2 (a; e) =

2a2e+ 2 + ae

a (1� e)
;

K3 (a; e) =
1 +K1 (a; e)

a
; K4 (a; e) =

1 +K2 (a; e)

a
: (4.1)

In this section we �rst prove the following two general results for solutions to the
Skorohod problem.

Lemma 4.1 Let T > 0 and let D � Rd+1 be a time-dependent domain satisfying
(1.2), (1.10) and a uniform exterior sphere condition in time with radius r0 in the
sense of (1.8). Let � = �t (z) be a closed convex cone of vectors in Rd for every
z 2 @Dt, t 2 [0; T ]. Assume that (1.18) and (1.19) hold for some 0 < �0 < r0,
�0 > 0, a and e. Finally, assume that ([0; T ] � Rd) nD has the (�0; h0)-property of
good projections along �, for some 0 < �0 < r0, h0 > 1 as de�ned in (1.20), (1.21).
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Let w 2 D
�
[0; T ] ;Rd

�
with w0 2 D0 and let (x; �) be a solution to the Skorohod

problem for (D;�; w). Consider a �xed but arbitrary s 2 [0; T ], such that xs 2 @Ds,
and note that it follows from (1.18) and (1.19) that there exist 0 < � < r0 and � > 0
such that

as;xs (�; �) > 0; es;xs (�; �) < 1: (4.2)

Then, for 0 � s � t1 � t2 < � �;�,

kxkt1;t2 � K1 (a; e) kwkt1;t2 +K2 (a; e) l (t2 � t1) ; (4.3)

j�jt2 � j�jt1 � K3 (a; e) kwkt1;t2 +K4 (a; e) l (t2 � t1) ; (4.4)

where a = as;xs(�; �), e = es;xs(�; �). Here � �;� is de�ned as follows. If there exists
some t such that s � t < (s+ �) ^ T and jxt � xsj+ l (t� s) � �, then

� �;� = infft : s � t < (s+ �) ^ T; jxt � xsj+ l (t� s) � �g; (4.5)

whereas if jxt � xsj+ l (t� s) < � for all s � t < (s+ �) ^ T , then

� �;� = (s+ �) ^ T: (4.6)

Theorem 4.2 Let T > 0, D � Rd+1, r0, � = �t (z), 0 < �0 < r0, �0 > 0, a, e, �0
and h0 be as in the statement of Lemma 4.1. Let w 2 D

�
[0; T ] ;Rd

�
with w0 2 D0

and let (x; �) be a solution to the Skorohod problem for (D;�; w). Moreover, assume
in addition that x 2 D�0

�
[0; T ] ;Rd

�
. Then there exist positive constants L1 (w; T ),

L2 (w; T ), L3 (w; T ) and L4 (w; T ) such that

kxkt1;t2 � L1 (w; T ) kwkt1;t2 + L2 (w; T ) l (t2 � t1) ; (4.7)

j�jt2 � j�jt1 � L3 (w; T ) kwkt1;t2 + L4 (w; T ) l (t2 � t1) ; (4.8)

whenever 0 � t1 � t2 � T . Furthermore, if W � D
�
[0; T ] ;Rd

�
is relatively compact

in the Skorohod topology and satis�es w0 2 D0, whenever w 2 W, then there exist
positive constants LT1 , L

T
2 , L

T
3 and L

T
4 , such that

sup
w2W

Li (w; T ) � LTi <1; for i = 1; 2; 3; 4: (4.9)

Remark 4.3 Versions of Lemma 4.1 and Theorem 4.2, valid only in the setting
of time-independent domains, are proved in Lemma 2.1, Theorem 2.2 and 2.4 in
[15]. Our contribution is that we are able to establish similar results when D �
Rd+1 is a time-dependent domain. Furthermore, concerning related results in the
setting of time-dependent domains we note that if D is an H2-domain and if �t(z) =
f�
t(z); � � 0g, for some S1 (0)-valued continuous function 
t (z) such that

inf
z2@Dt; t2[0;T ]

h
t(z); nt(z)i >
p
3

2
; (4.10)

then a version of Theorem 4.2 is proved in Theorem C.3 in [16]. Note also that if D
is an H2-domain then there exists a unique unit inward normal, nt(z), at z 2 @Dt,
t 2 [0; T ].
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Remark 4.4 Unlike in the statements of Theorems 1.2, 1.3 and 1.9, we need not
assume that � satis�es (1.11), (1.12) and (1.14) in the prerequisites of Lemma 4.1
and Theorem 4.2. This remark also applies to Lemma 4.5 and Theorem 4.6 stated
below.

Proof of Lemma 4.1. To simplify the notation we in the following let a =
as;xs (�; �), c = cs;xs (�) and e = es;xs (�; �). Moreover, we let u be a unit vector
such that

h
r; ui � a; (4.11)

for all 
r 2 �1r (y), y 2 @Dr\B� (xs) and r 2 [s; � �;�] � [s; (s+ �) ^ T ]. The existence
of such a vector follows from the de�nition of as;xs (�; �). Using properties (1.5)-(1.6)
in De�nition 1.1 we see that

hxt2 � xt1 ; ui = hwt2 � wt1 ; ui+
Z t+2

t+1

h
r; ui| {z }
�a

d j�jr ; (4.12)

for any 0 � s � t1 � t2 < � �;�. Based on (4.12) we deduce that

j�jt2 � j�jt1 �
1

a
(jwt2 � wt1j+ jxt2 � xt1 j) : (4.13)

Furthermore, again using properties (1.5)-(1.6) in De�nition 1.1, we also see that

jxt2 � xt1j
2 =

 
wt2 � wt1 +

Z t+2

t+1


rd j�jr

!2
(4.14)

= jwt2 � wt1j
2 +

 Z t+2

t+1


rd j�jr

!2
+ 2

Z t+2

t1

hwt2 � wt1 ; 
ri d j�jr ;

whenever 0 � s � t1 � t2 < � �;�. Note that the integrand in the last term in this
display can be rewritten as

hwt2 � wt1 ; 
ri = hwt2 � wr; 
ri+ hwr � wt1 ; 
ri (4.15)

= hwt2 � wr; 
ri+ hxr � xt1 ; 
ri �
* Z r+

t+1


ud j�ju

!
; 
r

+
:

In particular, combining (4.14) and (4.15) we see that

jxt2 � xt1j
2 = jwt2 � wt1j

2 + 2

Z t+2

t+1

hwt2 � wr; 
ri d j�jr

+2

Z t+2

t+1

hxr � xt1 ; 
ri d j�jr +
 Z t+2

t+1


rd j�jr

!2

�2
Z t+2

t+1

* Z r+

t1+

u (xu) d j�ju

!
; 
r

+
d j�jr : (4.16)
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We now intend to derive bounds from above for all integrals in (4.16). To do this
we �rst note that the �rst integral on the right hand side of (4.16) is bounded from
above by

2

Z t+2

t+1

hwt2 � wr; 
ri d j�jr � 2
Z t+2

t+1

jwt2 � wrj d j�jr : (4.17)

To �nd an upper bound of the second integral in (4.16) we must take into account
that, due to the fact that our domain is time-dependent, xt1 might not belong to
Dr. Recall that we are assuming that Nr(y) 6= ; for all y 2 @Dr, r 2 [0; T ], and,
given r 2 [0; T ], y 2 Rd nDr, we in the following denote a projection of y onto @Dr

along Nr by �
Nr
@Dr

(y). Furthermore, whenever y 2 Dr we let �
Nr
@Dr

(y) = y. Using this
notation, and the de�nition of � �;�, we see that���Nr@Dr (xt1)� xs

�� � jxt1 � xsj+ l (r � t1) � �: (4.18)

(4.18) implies that �Nr@Dr (xt1) 2 B� (xs) \ @Dr � B� (xs) \Dr. Next, writing

hxr � xt1 ; 
ri =


xr � �Nr@Dr (xt1) ; 
r

�
+


�Nr@Dr (xt1)� xt1 ; 
r

�
; (4.19)

and using the fact that xr 2 B� (xs) \ @Dr a.e. when d j�jr 6= 0, together with a
version of (3.14), we deduce that


xr � �Nr@Dr (xt1) ; 
r
�
� c

��xr � �Nr@Dr (xt1)
�� � c jxr � xt1j+ cl (r � t1) : (4.20)

Furthermore, 

�Nr@Dr (xt1)� xt1 ; 
r

�
�
���Nr@Dr (xt1)� xt1

�� � l (r � t1) : (4.21)

Using the estimates derived above we conclude that the second integral in (4.16) has
the upper bound

2

Z t+2

t+1

hxr � xt1 ; 
ri d j�jr � 2c

Z t+2

t+1

jxr � xt1j d j�jr

+2 (c+ 1) l (t2 � t1)
�
j�jt2 � j�jt1

�
: (4.22)

Next, we use Lemma 2.1 (ii) in [53] and rewrite the third integral in (4.16) as Z t+2

t+1


rd j�jr

!2
= 2

Z t+2

t+1

* Z r+

t+1


u (xu) d j�ju

!
; 
r

+
d j�jr

�
X

t1<r�t2

j
rj
2|{z}

=1

(j�jr � j�jr�)
2 : (4.23)

Based on the last display it is clear that and the third and fourth integral in (4.16)
reduce to the term

�
X

t1<r�t2

(j�jr � j�jr�)
2 : (4.24)
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Putting the relations (4.16)-(4.24) together, we obtain

jxt2 � xt1j
2 � jwt2 � wt1j

2 + 2

Z t+2

t+1

jwt2 � wrj d j�jr + 2c
Z t+2

t+1

jxr � xt1j d j�jr

�
X

t1<r�t2

(j�jr � j�jr�)
2 + 2 (c+ 1) l (t2 � t1)

�
j�jt2 � j�jt1

�
:(4.25)

If we now combine (4.25) and the properties (1.5)-(1.6) in De�nition 1.1 we �rst get

jxt2 � xt1j
2 � jwt2 � wt1j

2 + 2

Z t+2

t+1

jwt2 � wrj d j�jr + 2c
Z t+2

t+1

jwr � wt1 j d j�jr

+2c

Z t+2

t+1

�
j�jr � j�jt1

�
d j�jr �

X
t1<r�t2

(j�jr � j�jr�)
2

+2 (c+ 1) l (t2 � t1)
�
j�jt2 � j�jt1

�
; (4.26)

and then, again using Lemma 2.1 (ii) in [53] as well as the fact that 0 � c � 1, we
conclude that

jxt2 � xt1j
2 � jwt2 � wt1j

2 + 2

Z t+2

t+1

jwt2 � wrj d j�jr + 2c
Z t+2

t+1

jwr � wt1 j d j�jr

+c
�
j�jt2 � j�jt1

�2
+ 2 (c+ 1) l (t2 � t1)

�
j�jt2 � j�jt1

�
: (4.27)

Relation (4.13) and the inequality in the last display yield

kxk2t1;t2 �
�
1 +

2 (c+ 1)

a
+

c

a2

�
kwk2t1;t2 + 2

�
c+ 1

a
+

c

a2

�
kxkt1;t2 kwkt1;t2 (4.28)

+
c

a2
kxk2t1;t2 +

2 (c+ 1)

a
l (t2 � t1) kxkt1;t2 +

2 (c+ 1)

a
l (t2 � t1) kwkt1;t2 :

In addition, combining (4.13) and (4.25), we obtain

kxk2t1;t2 �
�
1 +

2

a

�
kwk2t1;t2 +

2 (c+ 1)

a
kxkt1;t2 kwkt1;t2 +

2c

a
kxk2t1;t2

+
2 (c+ 1)

a
l (t2 � t1) kxkt1;t2 +

2 (c+ 1)

a
l (t2 � t1) kwkt1;t2 : (4.29)

The inequalities (4.28) and (4.29) can both be written on the form

A kxk2t1;t2 �B kxkt1;t2 kwkt1;t2 � C kwk2t1;t2 �D kxkt1;t2 �D kwkt1;t2 � 0; (4.30)

where the positive constants A, B and C are easily shown to satisfy the condition
A+B = C in both cases. We claim that

kxkt1;t2 �
C

A
kwkt1;t2 +

D

A
: (4.31)
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Indeed, suppose, on the contrary, that

0 � kwkt1;t2 <
A

C
kxkt1;t2 �

D

C
: (4.32)

Then, by (4.32),

A kxk2t1;t2 �B kxkt1;t2 kwkt1;t2 � C kwk2t1;t2 �D kxkt1;t2 �D kwkt1;t2

> A kxk2t1;t2 +B kxkt1;t2

�
�A
C
kxkt1;t2 +

D

C

�
� C

�
A

C
kxkt1;t2 �

D

C

�2
�D kxkt1;t2 +D

�
�A
C
kxkt1;t2 +

D

C

�
= A kxk2t1;t2

�
1� B

C
� A

C

�
| {z }

=C�B�A
C

=0

+D kxkt1;t2

�
B

C
+
2A

C
� A

C
� 1
�

| {z }
=A+B�C

C
=0

= 0: (4.33)

Obviously (4.33) contradicts (4.30) and hence the claim in (4.31) is proved. To
complete the proof of Lemma 4.1 we �rst note that (4.28) implies

kxkt1;t2 � C

A
kwkt1;t2 +

D

A
=
1 + 2(c+1)

a
+ c

a2

1� c
a2

kwkt1;t2 +
2(c+1)
a

1� c
a2

l (t2 � t1)

=
a2 + 2ac+ 2a+ c

a2 � c
kwkt1;t2 +

2a (c+ 1)

a2 � c
l (t2 � t1) ; (4.34)

and that (4.29) implies

kxkt1;t2 � C

A
kwkt1;t2 +

D

A
=
1 + 2

a

1� 2c
a

kwkt1;t2 +
2(c+1)
a

1� 2c
a

l (t2 � t1)

=
a+ 2

a� 2c kwkt1;t2 +
2 (c+ 1)

a� 2c l (t2 � t1) : (4.35)

From the de�nition e =
c

a2 _ a=2 we know that if
a

2
� a2, then we can set c = a2e

in (4.34) and obtain

kxkt1;t2 � a2 + 2a3e+ 2a+ a2e

a2 (1� e)
kwkt1;t2 +

2a3e+ 2a

a2 (1� e)
l (t2 � t1)

=
a+ 2a2e+ 2 + ae

a (1� e)
kwkt1;t2 +

2a2e+ 2

a (1� e)
l (t2 � t1) ; (4.36)

whereas if
a

2
� a2, then we can set 2c = ae in (4.35) and obtain

kxkt1;t2 �
a+ 2

a (1� e)
kwkt1;t2 +

ae+ 2

a (1� e)
l (t2 � t1) : (4.37)
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Hence, in either case, we arrive at

kxkt1;t2 �
a+ 2a2e+ 2 + ae

a (1� e)
kwkt1;t2 +

2a2e+ 2 + ae

a (1� e)
l (t2 � t1) ; (4.38)

and the proof of estimate (4.3) is complete. Finally, we note that estimate (4.4) now
follows directly from (4.3) and (4.13). This completes the proof of Lemma 4.1. 2

Proof of Theorem 4.2. We �rst note that the assumptions stated in Theorem 4.2
ensure that there exist some a > 0 and 0 < e < 1 such that as;xs (�0; �0) � a and
es;xs (�0; �0) � e for all xs 2 @Ds, s 2 [0; T ]. Next we recursively de�ne two sets of
time-points fT̂ig and fTig. In particular, we let T̂0 = T0 = 0 and de�ne, for i � 0,
Ti+1 = T if xt 2 Dt for all t 2 [0; T ] and

Ti+1 = inf
n
t : T̂i � t � T; xt 2 @Dt

o
; (4.39)

otherwise. Similarly, for i � 0, we let T̂i+1 = (Ti+1 + �0) ^ T , if
��xt � xTi+1

�� +
l (t� Ti+1) < �0 for all t such that Ti+1 � t � (Ti+1 + �0) ^ T , and
T̂i+1 = inf

�
Ti+1 � t < (Ti+1 + �0) ^ T :

��xt � xTi+1
��+ l (t� Ti+1) � �0

	
; (4.40)

otherwise. Using (1.10) and the fact that x is a right continuous function, it follows
that Ti+1 < T̂i+1 for all i � 0. Moreover, using (4.39)-(4.40), we can apply Lemma
4.1 to any pair of time points (t1; t2) such that Ti � t1 � t2 < T̂i and obtain

kxkt1;t2 � K1 (a; e) kwkt1;t2 +K2 (a; e) l (t2 � t1) ;

j�jt2 � j�jt1 � K3 (a; e) kwkt1;t2 +K4 (a; e) l (t2 � t1) ; (4.41)

whenever Ti � t1 � t2 < T̂i where K1, K2, K3 and K4 are de�ned as in Lemma
4.1 based on a and e introduced above. Next, we want to �nd a similar estimate
whenever T̂i � t1 � t2 < Ti+1. If T̂i = Ti+1 we are done and hence we assume
that T̂i < Ti+1. In that case xt 2 Dt for all T̂i � t < Ti+1 and, as a consequence,
the changes in x and w coincide on this time interval. Finally considering the case
Ti � t1 < T̂i � t2 < Ti+1, we have

jxt2 � xt1j � jwt2 � wT̂ij+ jxT̂i � xT̂�i
j+ jxT̂�i � xt1j;

j�jt2 � j�jt1 � (j�jT̂i � j�jT̂�i ) + (j�jT̂�i � j�jt1): (4.42)

The terms jxT̂�i �xt1j and j�jT̂�i �j�jt1 in (4.42) can be handled using (4.41). Regard-
ing the terms jxT̂i � xT̂�i j and j�jT̂i � j�jT̂�i in (4.42), we can, since

���xT̂i � xT̂�i

��� � �0,

use (3.14) and the de�nition of the Skorohod problem to �rst conclude that���wT̂i � wT̂�i

���2 =
���xT̂i � xT̂�i

���2 + ���
T̂i �j�jT̂i � j�jT̂�i ����2
�2
�
xT̂i � xT̂�i

�
� 
T̂i

�
j�jT̂i � j�jT̂�i

�
�

���xT̂i � xT̂�i

���2 + �j�jT̂i � j�jT̂�i �2
�2cxT̂i ;T̂i (�0; �0)

���xT̂i � xT̂�i

��� �j�jT̂i � j�jT̂�i � : (4.43)
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Then ���wT̂i � wT̂�i

���2 �
�
1� cxT̂i ;T̂i

(�0; �0)
� ���xT̂i � xT̂�i

���2
+
�
1� cxT̂i ;T̂i

(�0; �0)
��
j�jT̂i � j�jT̂�i

�2
; (4.44)

and, as (as;y (�0; �0))
2 _ as;y (�0; �0) =2 � 1, for all y 2 @Ds, s 2 [0; T ], we obtain

cxT̂i ;T̂i
(�0; �0) �

cxT̂i ;T̂i
(�0; �0)�

axT̂i ;T̂i
(�0; �0)

�2
_ axT̂i ;T̂i (�0; �0) =2

= exT̂i ;T̂i
(�0; �0) � e: (4.45)

Combining the estimates in (4.44) and (4.45), we arrive at���xT̂i � xT̂�i

��� � 1q
1� cxT̂i ;T̂i

(�0)

���wT̂i � wT̂�i

��� � 1p
1� e

���wT̂i � wT̂�i

��� ;
j�jT̂i � j�jT̂�i � 1p

1� e

���wT̂i � wT̂�i

��� : (4.46)

Introducing the notation

K1 = K1 (a; e) + 1 +
1p
1� e

; K2 = K2 (a; e) ;

K3 = K3 (a; e) +
1p
1� e

; K4 = K4 (a; e) ; (4.47)

we can use the deductions in (4.41)-(4.46) to conclude that

kxkt1;t2 � K1 kwkt1;t2 +K2l (t2 � t1) ;

j�jt2 � j�jt1 � K3 kwkt1;t2 +K4l (t2 � t1) ; (4.48)

whenever Ti � t1 � t2 < Ti+1. We now intend to make use of the estimates in (4.48)
to complete the proof of Theorem 4.2. Note that above we have constructed a set of
time-points fTigM+1

i=0 , where M is so far undetermined, and

0 = T0 < T1 < ::: < TM < T = TM+1: (4.49)

If M � 1, let

0 � t1 � u � r � t2 � T; Th�1 � u < Th; Tv � r < Tv+1; h� 1 � v: (4.50)

Then, using (4.48), we have

jxr � xuj � (M + 1)
�
K1 kwkt1;t2 +K2l (t2 � t1)

�
+

vX
i=h

���xTi � xT�i

��� ;
j�jr � j�ju � (M + 1)

�
K3 kwkt1;t2 +K4l (t2 � t1)

�
+

vX
i=h

j�jTi � j�jT�i :(4.51)
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Moreover, arguing exactly as in the deduction of (4.46), we obtain���xTi � xT�i

��� � 1p
1� e

���wTi � wT�i

��� ;
j�jTi � j�jT�i � 1p

1� e

���wTi � wT�i

��� ; (4.52)

whenever 1 � i � M + 1. Hence, to complete the proof of Theorem 4.2 we have
to estimate M . To do this we consider W � D

�
[0; T ] ;Rd

�
, which is assumed to

be relatively compact in the Skorohod topology and for which w0 2 D0 whenever
w 2 W. We shall prove that the M introduced above is bounded for every such set
W. To do this we use the notation introduced in Section 3.3 concerning the Skorohod
topology. In the following let �0 be a �xed number such that

�0 = minf�0; �̂
0g, where �̂0 is such that l(�̂0) � �0= (2 (K2 + 1)) : (4.53)

Note that the existence of �̂
0
follows immediately from (1.10). Using the de�nition

of �0 and the fact that W � D
�
[0; T ] ;Rd

�
is relatively compact in the Skorohod

topology, we see, by (3.22) and (3.25), that

lim
�!0

~� (W ; �; �0; T ) = 0: (4.54)

In particular, using (4.54), we can �nd a 0 < � < �0 such that for every w 2 W there
exists a partition ftjgMj=0, in general depending on w, such that

� < jtj+1 � tjj < �0; for j 2 f0; :::;M � 1g ; (4.55)

and
max

0�j�M�1
sup

u;r2[tj ;tj+1)
jwu � wrj <

�0
2K1

: (4.56)

We claim that none of the intervals f[tj; tj+1)g in this partition can contain more
than one point from the sequence fTig. To prove this we suppose, on the contrary,
that there exist i and j such that tj � Ti < Ti+1 < tj+1. Then, by construction,

tj � Ti < T̂i � Ti+1 < tj+1: (4.57)

We intend to estimate
��xT̂i � xTi

��+ l(T̂i� Ti). We �rst note that if jxt � xTij+ l(t�
Ti) < �0 for all t such that Ti � t � (Ti + �0) ^ T , then T̂i = (Ti + �0) ^ T . However
using (4.53) and (4.55) it is clear that neither T̂i = (Ti + �0) nor T̂i = T can occur.
Hence we can assume that T̂i is given by (4.40) and, as a consequence, that��xT̂i � xTi

��+ l(T̂i � Ti) � �0: (4.58)

But on the other hand, using (4.48) we �rst see that��xT̂i � xTi
��+l(T̂i�Ti) � kxkTi;T̂i+l(T̂i�Ti) � K1 kwkTi;T̂i+(K2 + 1) l(T̂i�Ti); (4.59)
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and then, using (4.53), (4.55) and (4.56), we deduce��xT̂i � xTi
��+ l(T̂i � Ti) < K1

�0
2K1

+ (K2 + 1) l(�
0) < �0; (4.60)

which contradicts the assumption tj � Ti < Ti+1 < tj+1. Hence none of the intervals
f[tj; tj+1)g in the partition can contain more than one point from the sequence fTig
and, in particular, we conclude that

M � T

�
+ 1: (4.61)

Combining (4.51), (4.52) and (4.61), we see that

kxkt1;t2 � (M + 1)
�
K1 kwkt1;t2 +K2l (t2 � t1)

�
+M jxTi � xT�i j

�
�
T

�
+ 2

��
K1 kwkt1;t2 +K2l (t2 � t1)

�
+

�
T

�
+ 1

�
1p
1� e

kwkt1;t2 ;

�
�
K1

�
T

�
+ 2

�
+

1p
1� e

�
T

�
+ 1

��
kwkt1;t2

+K2

�
T

�
+ 2

�
l (t2 � t1) ; (4.62)

and, similarly, that

j�jt2 � j�jt1 �
�
K3

�
T

�
+ 2

�
+

1p
1� e

�
T

�
+ 1

��
kwkt1;t2

+K4

�
T

�
+ 2

�
l (t2 � t1) : (4.63)

The deductions in the last two displays complete the proof of Theorem 4.2. 2

4.2 Estimates for approximations to Skorohod problems

Let T > 0, D � Rd+1 and � = �t (z) satisfy the assumptions stated in Theorem
4.2. In this section we derive estimates for approximations to the Skorohod problem
for (D;�; w). In particular, given w 2 D

�
[0; T ] ;Rd

�
with w0 2 D0 and a partition

f� kgNk=0 of the interval [0; T ], which we denote by �, we de�ne w� as in (2.4). Recall
that �� was de�ned in (2.3). Furthermore, in the following, we will assume that
(2.5) holds whenever k 2 f1; :::; Ng. Based on the assumption in (2.5), we de�ne
D�, ��, x� and �� as in (2.6), (2.7) and (2.11). Then, by construction the pair
(x�; ��) is a solution to the Skorohod problem for

�
D�;��; w�

�
. In this section we

prove the following results.

Lemma 4.5 Let T > 0, D � Rd+1, r0, � = �t (z), 0 < �0 < r0, �0 > 0, a, e, �0
and h0 be as in the statement of Theorem 4.2. Given a > 0 and e 2 (0; 1), let the
functions K1, K2, K3 and K4 be de�ned as in (4.1) and let w 2 D

�
[0; T ] ;Rd

�
with
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w0 2 D0. Let � = f� kgNk=0 be a partition of the interval [0; T ], let w� be de�ned as
in (2.4) and assume that (2.5) holds. Given � and w�, let D�, ��, x� and �� be
de�ned as in (2.6), (2.7), (2.11). Consider a �xed but arbitrary s 2 [0; T ], such that
x�s 2 @D�

s . Then, for 0 � s � t1 � t2 < ���0;�0, (w
�; x�; ��) satis�es the estimates

x�



t1;t2
� K1 (a; e) kwkt1;t2 +K2 (a; e) (l (t2 � t1) + l(��)); (4.64)������

t2
�
������

t1
� K3 (a; e) kwkt1;t2 +K4 (a; e) (l (t2 � t1) + l(��)): (4.65)

Here ���0;�0 is de�ned as follows. If there exists some t such that s � t < (s+ �0)^T
and

��x�t � x�s
��+ l (t� s) + l(��) � �0, then

���0;�0 = infft : s � t < (s+ �0) ^ T;
��x�t � x�s

��+ l (t� s) + l(��) � �0g; (4.66)

whereas if
��x�t � x�s

��+ l (t� s) + l(��) < �0 for all s � t < (s+ �0) ^ T , then

���0;�0 = (s+ �0) ^ T: (4.67)

Theorem 4.6 Let T > 0, D � Rd+1, r0, � = �t (z), 0 < �0 < r0, �0 > 0, a, e, �0
and h0 be as in the statement of Theorem 4.2. Given a > 0 and e 2 (0; 1), let the
functions K1, K2, K3 and K4 be de�ned as in (4.1) and let w 2 D

�
[0; T ] ;Rd

�
with

w0 2 D0. Let � = f� kgNk=0 be a partition of the interval [0; T ], let w� be de�ned as
in (2.4) and assume that (2.5) holds. Let � be such that l(��) � �0=(4(K2(a; e)+1))
and let

�0 = minf�0; �̂
0g, where �̂0 is such that l(�̂0) + l(��) � �0=(2(K2(a; e) + 1)): (4.68)

Given � and w�, let D�, ��, x� and �� be de�ned as in (2.6), (2.7), (2.11).
Moreover, assume that x� 2 D�0

�
[0; T ] ;Rd

�
. Then there exist positive constants

L̂1 (w; T ) , L̂2 (w; T ), L̂3 (w; T ) and L̂4 (w; T ), independent of �, such that

x�


t1;t2

� L̂1 (w; T ) kwkt1;t2 + L̂2 (w; T ) (l (t2 � t1) + l(��));

j��jt2 � j��jt1 � L̂3 (w; T ) kwkt1;t2 + L̂4 (w; T ) (l (t2 � t1) + l(��)); (4.69)

whenever 0 � t1 � t2 � T .

Proof of Lemma 4.5. Naturally the proof of this lemma is similar to the proof of
Lemma 4.1 and thus we only describe the main di¤erences compared to the proof
of Lemma 4.1. First we note, by the assumptions on D and the construction of D�

based on D, that there exists a unit vector u such that


�r ; u

�
� a; (4.70)

for all 
�r 2 ��;1r (y), y 2 @D�
r \ B�0 (x�s ) and r 2 [s; ���0;�0 ] � [s; (s+ �0) ^ T ]. We

also note that if t1 2 [� j; � j+1) and t2 2 [� k; � k+1), for some j; k 2 f0; ::; N � 1g,
then jx�t2 � x�t1 j = 0 if j = k and otherwise jx�t2 � x�t1j = jx��k � x��j j. Now, using the
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fact that (x�; ��) solves the Skorohod problem for
�
D�;��; w�

�
, we conclude, in

analogy with (4.12), that



x�t2 � x�t1 ; u

�
=


w�t2 � w�t1 ; u

�
+

Z t+2

t+1




�r ; u

�| {z }
�a

d
������

r
; (4.71)

for any 0 � s � t1 � t2 < ���0;�0, where 

�
r 2 ��;1r (y) for some y 2 @D�

r . Based on
(4.71) we obtain ������

t2
�
������

t1
� 1

a

���w�t2 � w�t1
��+ ��x�t2 � x�t1

��� : (4.72)

Furthermore, arguing as in the proof of Lemma 4.1 we derive��x�t2 � x�t1
��2 =

��w�t2 � w�t1
��2 + 2Z t+2

t+1



w�t2 � w�r ; 


�
r

�
d
������

r

+2

Z t+2

t+1



x�r � x�t1 ; 


�
r

�
d
������

r
+

 Z t+2

t+1


�r d
������

r

!2

�2
Z t+2

t+1

* Z r+

t1+

�u d

������
u

!
; 
�r

+
d
������

r
: (4.73)

As in the proof of Lemma 4.1 we have to �nd upper bounds of all integrals in (4.73)
and, naturally, particular attention has to be paid to the second integral as x�t1 might
not belong to D�

r . For y 2 @D�
t , t 2 [0; T ], we let N�

t (y) denote the set of inward
normals at y 2 @D�

t and given r 2 [0; T ], y 2 Rd nD�
r we in the following denote a

projection of y onto @D�
r along N

�
r by �N

�
r

@D�
r
(y). Furthermore, if y 2 D�

r then we

let �N
�
r

@D�
r
(y) = y. Using this notation, and the de�nition of ���0;�0, we see that����N�

r

@D�
r

�
x�t1
�
� x�s

��� � ��x�t1 � x�s
��+ l (r � t1) + l(��) � �0: (4.74)

(4.74) implies that �N
�
r

@D�
r

�
x�t1
�
2 B�0 (x

�
s ) \ @D�

r � B�0 (x
�
s ) \ D�

r . Arguing as in
(4.19)-(4.21) we then deduce thatD

x�r � �
N�
r

@D�
r

�
x�t1
�
; 
�r

E
� c

���x�r � �
N�
r

@D�
r

�
x�t1
����

� c
��x�r � x�t1

��+ cl (r � t1) + cl(��); (4.75)

and thatD
�
N�
r

@D�
r

�
x�t1
�
� x�t1 ; 


�
r

E
�
����N�

r

@D�
r

�
x�t1
�
� x�t1

��� � l (r � t1) + l(��): (4.76)

Using the estimates derived above we conclude that the second integral in (4.73) has
the upper bound

2c

Z t+2

t+1

��x�r � x�t1
�� d ������

r
+ 2 (c+ 1) (l (t2 � t1) + l(��))

�������
t2
�
������

t1

�
: (4.77)
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Equipped with (4.77), the proof of Lemma 4.5 can now be completed following the
lines of the proof of Lemma 4.1. 2

Proof of Theorem 4.6. Proceeding as in the proof of Theorem 4.2, we �rst recur-
sively de�ne two sets of time-points fT̂�i g and fT�i g in order to use Lemma 4.5. In
particular, we let T̂�0 = T�0 = 0 and de�ne, for i � 0, T�i+1 = T if x�t 2 D�

t for all
t 2 [0; T ] and

T�i+1 = inf
n
t : T̂�i � t � T; x�t 2 @D�

t

o
; (4.78)

otherwise. Similarly, for i � 0 we let T̂�i+1 = (T�i+1 + �0) ^ T , if jx�t � x�Ti+1j +
l
�
t� T�i+1

�
+ l(��) < �0 for all t such that T

�
i+1 � t � (T�i+1 + �0) ^ T . Moreover, if

the latter is not the case we then de�ne T̂�i+1 to equal

inf
n
T�i+1 � t < (T�i+1 + �0) ^ T : jx�t � x�Ti+1j+ l

�
t� T�i+1

�
+ l(��) � �0

o
: (4.79)

We can then repeat the argument in (4.41)-(4.48) to conclude that

x�


t1;t2

� K1 kwkt1;t2 +K2(l (t2 � t1) + l(��));

j��jt2 � j��jt1 � K3 kwkt1;t2 +K4(l (t2 � t1) + l(��)); (4.80)

whenever T�i � t1 � t2 < T�i+1. Furthermore, we note that the M in fTigM+1
i=0 is so

far undetermined and as in (4.51)-(4.52) we derive

x�


t1;t2

� (M + 1)
�
K1 kwkt1;t2 +K2(l (t2 � t1) + l(��))

�
+

r
1

1� e

MX
i=1

���wT�i � wT�;�i

��� ;
j��jt2 � j��jt1 � (M + 1)

�
K3 kwkt1;t2 +K4(l (t2 � t1) + l(��))

�
+

r
1

1� e

MX
i=1

���wT�i � wT�;�i

��� ; (4.81)

whenever 0 � t1 � t2 � T . To complete the proof of Theorem 4.6 we can now
proceed as in the proof of Theorem 4.2 and conclude that M � T=� + 1 where � is
given in the proof of Theorem 4.2. This completes the proof of Theorem 4.6. 2

5 Convergence and approximation of Skorohod
problems

In the �rst subsection of this section we prove the general convergence result for
sequences of Skorohod problems, see Theorem 5.1 stated below, referred to in Sec-
tion 2. Then, in the second subsection we explicitly construct, given (D;�; w), an
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approximating sequence f(Dn;�n; wn)g and, for each n, an explicit solution (xn; �n)
to the Skorohod problem for (Dn;�n; wn). We then prove that the constructed se-
quence f(xn; �n)g of solutions converges to a solution to the Skorohod problem for
(D;�; w).

5.1 Convergence of a sequence of solutions to Skorohod prob-
lems

Let T > 0 and let D � Rd+1 be a time-dependent domain satisfying (1.2). Let
� = �t (z) be a closed convex cone of vectors in Rd for every z 2 @Dt, t 2 [0; T ]
and assume that � satis�es (1.11) and (1.12). Let fDng1n=1 be a sequence of time-
dependent domains Dn � Rd+1 and let f�ng1n=1 = f�nt (z)g1n=1 be a sequence of
closed convex cones of vectors in Rd. Let w 2 D

�
[0; T ] ;Rd

�
with w0 2 D0 and

let fwng with wn0 2 Dn
0 be a sequence of càdlàg functions converging to w in the

Skorohod topology. Assume that there exists a solution (xn; �n) to the Skorohod
problem for (Dn;�n; wn). Then in Theorem 5.1 we prove, by making appropriate
assumptions on D, �, fDng1n=1 and f�ng1n=1, that if Dn ! D and �n ! � in the
sense de�ned in Theorem 5.1, then (xn; �n) converges to (x; �) and (x; �) is a solution
to the Skorohod problem for (D;�; w). However, to state Theorem 5.1 we need to
introduce some additional notions and notation. In particular, in the following we
let ans;z and e

n
s;z be de�ned as in (1.15) and (1.17) but with respect to (D

n;�n). We
assume that Dn, for n � 1, satis�es the uniform exterior sphere condition in time
with radius r0, independent of n, and that there exist 0 < �0 < r0 and �0 > 0 such
that, for all n � 1,

inf
s2[0;T ]

inf
z2@Dn

s

ans;z (�0; �0) = an > 0; (5.1)

sup
s2[0;T ]

sup
z2@Dn

s

ens;z (�0; �0) = en < 1: (5.2)

Furthermore, we let
ln (r) = sup

s;t2[0;T ]
js�tj�r

sup
z2Dn

s

d (z;Dn
t ) ; (5.3)

and we assume that
lim
r!0+

sup
n�1

ln (r) = 0: (5.4)

Note also that if we de�ne l̂n (r) as in (3.2) but with D replaced by Dn, then Lemma
3.1 and (5.4) imply that

lim
r!0+

sup
n�1

l̂n (r) = 0: (5.5)

Moreover, we assume that there exists R̂ > 0 such that Dn
t � B(0; R̂) and Dt �

B(0; R̂), for all n � 1 and t 2 [0; T ], and we let

R = 2 sup
t2[0;T ]

sup
n
maxfdiam(Dn

t ); diam (Dt)g; (5.6)
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where diam(Dn
t ), diam(Dt) are the Euclidean diameters of the spatial regions Dn

t

and Dt, respectively. Recalling that the set G� was introduced in (1.12), we here
also introduce, for n � 1,

G�
n

= f(s; z; 
) : 
 2 �nt (z) ; z 2 @Dn
s ; s 2 [0; T ]g ; (5.7)

and we let, whenever t 2 [0; T ],

Gt = G� \ ([0; t]�BR (0)� S1 (0)) ;

Gnt = G�
n \ ([0; t]�BR (0)� S1 (0)) : (5.8)

In the following we need to measure the distance between the sets GT and GnT
and hence we introduce an appropriate Hausdor¤ distance for subsets of [0; T ] �
BR (0) � S1 (0). In particular, we let, given (s; z; 
) 2 [0; T ] � BR (0) � S1 (0) and
(ŝ; ẑ; 
̂) 2 [0; T ]�BR (0)� S1 (0),

E((s; z; 
); (ŝ; ẑ; 
̂)) = js� ŝj+ jz � ẑj+ j
 � 
̂j; (5.9)

denote the (Euclidean) distance between (s; z; 
) and (ŝ; ẑ; 
̂). Furthermore, based
on E, we de�ne, given F1; F2 � [0; T ]�BR (0)�S1 (0) and (s; z; 
) 2 [0; T ]�BR (0)�
S1 (0), the distances E((s; z; 
); F1), E((s; z; 
); F2) and E(F1; F2) in the natural way.
Furthermore, for F1 and F2 as above, we introduce a Hausdor¤ distance between F1
and F2 as

H(F1; F2) = maxfA;Bg;
A = supfE((s; z; 
); F2) : (s; z; 
) 2 F1g;
B = supfE((ŝ; ẑ; 
̂); F1) : (ŝ; ẑ; 
̂) 2 F2g: (5.10)

In the following we say that GnT converges to GT if

H(GnT ; GT )! 0, as n!1: (5.11)

Imposing the assumptions on D, � stated above and assuming (5.11) we can, for
example, ensure that if f(sn; zn)g is a sequence of points in Rd+1, sn 2 [0; T ], zn 2
@Dn

sn, limn!1 sn = s 2 [0; T ], limn!1 zn = z 2 @Ds, then

lim
n!1

h(�nsn (zn) ;�s (z)) = 0: (5.12)

To see this we consider, for f(sn; zn)g and (s; z) given as above, (sn; zn; 
nsn) 2 GnT
and (s; z; 
s) 2 GT . Given (sn; zn; 
nsn) 2 GnT we let (ŝn; ẑn; 
̂

n
ŝn) 2 GT be a point on

GT which minimizes the distance, as de�ned in (5.9), from (sn; zn; 
nsn) to GT . Then,

j
nsn � 
sj � E((sn; zn; 

n
sn); (s; z; 
s))

� E((sn; zn; 

n
sn); (ŝn; ẑn; 
̂

n
ŝn)) + E((ŝn; ẑn; 
̂

n
ŝn); (s; z; 
s))

� H(GT ; G
n
T ) + E((ŝn; ẑn; 
̂

n
ŝn); (s; z; 
s)): (5.13)
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Hence,
h(�nsn (zn) ;�s (z)) � H(GT ; G

n
T ) +Rn; (5.14)

where

Rn = maxfAn; Bng;
An = supfE((ŝn; ẑn; 
̂nŝn); f(s; z;�s(z))g) : 
̂

n
ŝn 2 �

n
ŝn(ẑn)g;

Bn = supfE(f(ŝn; ẑn;�nŝn(ẑn))g; (s; z; 
s)) : 
s 2 �s(z)g: (5.15)

As, by assumption, GT is closed we can now �rst conclude that Rn ! 0 as n !
1, and then we �nd, using (5.11), that h(�nsn (zn) ;�s (z)) ! 0 as n ! 1. This
completes the proof of (5.12). We are now ready to formulate our convergence result.

Theorem 5.1 Let T > 0 and let D � Rd+1 be a time-dependent domain satisfying
(1.2). Let � = �t (z) be a closed convex cone of vectors in Rd for every z 2 @Dt,
t 2 [0; T ], and assume that � satis�es (1.11) and (1.12). Let fDng1n=1 be a sequence
of time-dependent domains Dn � Rd+1 satisfying (1.2) and a uniform exterior sphere
condition in time with radius r0 in the sense of (1.8). Let f�ng1n=1 = f�nt (z)g1n=1 be
a sequence of closed convex cones �n = �nt (z) of vectors in Rd for every z 2 @Dn

t ,
t 2 [0; T ]. For all n � 1, Dn and �n satisfy (5.1) and (5.2) for some 0 < �0 < r0,
�0 > 0, an, en and, moreover, ((0; T ) � Rd) n Dn has the (�0; h0)-property of good
projections along �n, for some 0 < �0 < �0, h0 > 1. Assume that infnfang > 0,
supnfeng < 1 and (5.4) hold. Regarding the convergence Dn ! D and �n ! �,
assume that

lim
n!1

sup
t2[0;T ]

h (Dn
t ; Dt) = 0; (5.16)

lim
n!1

sup
t2[0;T ]

h (@Dn
t ; @Dt) = 0; (5.17)

and, with GT and GnT de�ned as in (5.8), that

GnT converges to GT in the sense of (5.11). (5.18)

Let wn 2 D
�
[0; T ] ;Rd

�
with wn0 2 Dn

0 and assume that there exists a solution
(xn; �n) to the Skorohod problem for (Dn;�n; wn) such that xn 2 D�0

�
[0; T ] ;Rd

�
for all n � 1. Assume that fwng is relatively compact in the Skorohod topol-
ogy and that fwng converges to w 2 D

�
[0; T ] ;Rd

�
. Then f(xn; �n)g converges to

(x; �) 2 D
�
[0; T ] ;Rd

�
� BV

�
[0; T ] ;Rd

�
and (x; �) is a solution to the Skorohod

problem for (D;�; w) with x 2 D�0
�
[0; T ] ;Rd

�
.

Remark 5.2 We note that the formulation of Theorem 5.1 contains several subtle
points. First, we do not have to assume that the elements in the sequence f�ng1n=1
satisfy (1.11), (1.12) and (1.14). The reason for this, see Remark 4.4, is that The-
orem 4.2 holds, with constants independent of n, for each element in the sequence
f(wn; xn; �n)g even without these assumptions. Secondly, we only have to impose
very modest restrictions on D but, as can be seen in the proof below, we have to
assume that � = �t (z) satis�es (1.11) and (1.12).
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Proof of Theorem 5.1. As fwng is relatively compact in the Skorohod topology,
we �rst note that Theorem 4.2 can be used to conclude the existence of positive
constants L1, L2, L3 and L4, independent of n, such that

kxnkt1;t2 � L1 kwnkt1;t2 + L2ln (t2 � t1) ;

j�njt2 � j�
njt1 � L3 kwnkt1;t2 + L4ln (t2 � t1) ; (5.19)

whenever 0 � t1 � t2 � T . As fwng converges to w 2 D
�
[0; T ] ;Rd

�
, we also see, us-

ing (5.4) and (5.19), that f(wn; xn; �n; j�nj)g is relatively compact in D
�
[0; T ] ;Rd

�
�

D
�
[0; T ] ;Rd

�
�D

�
[0; T ] ;Rd

�
�D ([0; T ] ;R+). Furthermore, we know that xnt 2 Dn

for all t 2 [0; T ], n � 1. Hence, f(xn; �n)g converges to some (x; �) 2 D
�
[0; T ] ;Rd

�
�

D
�
[0; T ] ;Rd

�
. We intend to prove that (x; �) 2 D

�
[0; T ] ;Rd

�
�BV

�
[0; T ] ;Rd

�
solves

the Skorohod problem for (D;�; w) and to do this we have to prove that

� 2 BV
�
[0; T ] ;Rd

�
; (5.20)

and we have to verify that

(D;�; w) and (x; �) satisfy properties (1.5)-(1.7) in De�nition 1.1. (5.21)

We begin by verifying (1.5) in De�nition 1.1. To do this we �rst note, using the
convergence properties of the Skorohod topology and the fact that (xn; �n) solves
the Skorohod problem for (Dn;�n; wn), that

xt = wt + �t; (5.22)

for all points of continuity and hence, since w, x and � are càdlàg functions, that
(5.22) holds for all t 2 [0; T ]. Hence, to verify (1.5) in De�nition 1.1 it only remains
to ensure that xt 2 Dt for all t 2 [0; T ]. To do this we �rst note, using Proposition
5.3 and Remark 5.4 in Chapter 3 of [30], that there exists a sequence

�
~tn
	
such that

~tn ! t; xn~tn ! xt; x
n
~t�n
! xt� ; �

n
~tn
! �t; �

n
~t�n
! �t� as n!1: (5.23)

Furthermore, using the triangle inequality, (1.10), (5.16) and (5.23), we obtain

d
�
xt; Dt

�
�

��xt � xn~tn

��+ d
�
xn~tn ; D

n
~tn

�
+ h

�
Dn
~tn
; D~tn

�
+ h

�
D~tn ; Dt

�
�

��xt � xn~tn

��+ h
�
Dn
~tn
; D~tn

�
+ l(j~tn � tj)! 0, as n!1: (5.24)

This proves that xt 2 Dt for all t 2 [0; T ] and hence we have veri�ed that (wt; xt; �t)
satis�es (1.5). We next prove (5.20), i.e., that � 2 BV

�
[0; T ] ;Rd

�
. To do this we

use an argument similar to the proof of Theorem 3.1 in [15] but as described below
our argument is more subtle due to the fact that we consider sequences (Dn;�n; wn)
where, in particular, Dn is time-dependent. Recall that with R as introduced in
(5.6), we have

sup
n
sup
t2[0;T ]

jxnt j < R; sup
t2[0;T ]

jxtj < R: (5.25)
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Let G�
n
, Gt and Gnt be as in (5.7) and (5.8). By the prerequisites of Theorem 5.1,

see Remark 5.2, we have that G� is closed. We next de�ne a positive measure �n on
[0; T ]�BR (0)� S1 (0) by setting, for every Borel set A � [0; T ]�BR (0)� S1 (0),

�n (A) =

Z T

0

�A\GnT (s; x
n
s ; 


n
s ) d j�njs ; (5.26)

where 
ns 2 �n;1s (xns ) is as in (1.6)-(1.7) for the solution (xn; �n) to the Skorohod
problem for (Dn;�n; wn) and �A\GnT is the characteristic functions for the set A\G

n
T .

We then �rst note that

j�njt = �n (Gnt ) , whenever t 2 [0; T ] : (5.27)

We also note that the support of �n is contained in GnT in the sense that �
n(A) = 0

whenever A � [0; T ]� BR (0)� S1 (0) is such that A \GnT = ;. Using this, and the
fact that (1.6) holds for �n, we see that (5.27) implies that

�nt =

Z
[0;t]�BR(0)�S1(0)


 d�n (s; z; 
) , whenever t 2 [0; T ] : (5.28)

Next, using (5.4), (5.19), (5.27) and the fact that fwng converges tow 2 D
�
[0; T ] ;Rd

�
,

we conclude that
sup
n
�n (GnT ) <1; (5.29)

which implies that f�ng is a compact set of measures, on [0; T ]�BR (0)� S1 (0), in
the sense of the weak�-topology. Therefore, by the Banach-Alaoglu theorem we can
conclude that f�ng converges in the weak�-topology to a measure � such that

�([0; T ]�BR (0)� S1 (0)) <1: (5.30)

Moreover, since (xn; �n) converges to (x; �) in the sense of the Skorohod topology,
we obtain, using (5.28), that

�t =

Z
[0;t]�BR(0)�S1(0)


 d� (s; z; 
) ; (5.31)

for all t 2 [0; T ] such that �t = �t�. However, as both sides of (5.31) are right
continuous, (5.31) holds for all t 2 [0; T ]. Having proved (5.31) we see, also using
(5.30), that � is of bounded variation and hence (5.20) is proved. We next claim that

�t =

Z
Gt


 d� (s; z; 
) ; (5.32)

that is we claim that the support of the measure � is the set GT in the sense that if
A � [0; T ]�BR (0)�S1 (0) is such that A\GT = ;, then �(A) = 0. To see this we let
(ŝ; ẑ; 
̂) 2 [0; T ]�BR (0)�S1 (0)nGT and we see, as GT is closed, that if we de�ne, for
� > 0, B((ŝ; ẑ; 
̂); �) := f(s; z; 
) : E((s; z; 
); (ŝ; ẑ; 
̂)) < �g\ [0; T ]�BR (0)�S1 (0),
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then there exists �0 > 0 such that B((ŝ; ẑ; 
̂); 2�0) \ GT = ;. Recall that E is the
distance function introduced in (5.9). Furthermore, the above set-up implies that
E(B((ŝ; ẑ; 
̂); �0); GT ) > �0 and since

E(B((ŝ; ẑ; 
̂); �0); G
n
T ) � E(B((ŝ; ẑ; 
̂); �0); GT )�H(GT ; G

n
T ); (5.33)

we can use the assumption in (5.18) to conclude that there exists n0 2 N such that

E(B((ŝ; ẑ; 
̂); �0); G
n
T ) � �0=2; (5.34)

for all n � n0. In particular, B((ŝ; ẑ; 
̂); �0) \ GnT = ; for all n � n0. Hence
�n(B((ŝ; ẑ; 
̂); �0)) = 0, for all n � n0, and �(B((ŝ; ẑ; 
̂); �0)) = 0 by the weak�-
convergence of �n to �. This completes the proof of (5.32). Having proved (5.20)
and (5.32) we see that

�t =

Z t

0


s d j�js whenever t 2 [0; T ] ; (5.35)

for some S1 (0)-valued Borel measurable function 
s and to prove (1.6) we have to
prove that 
s 2 �1s(xs) for all s 2 [0; T ]. To prove this and to verify (1.7) we consider
the following two cases.

Case 1. t 2 [0; T ] is such that xt � xt� 6= 0;
Case 2. t 2 [0; T ] is such that xt � xt� = 0: (5.36)

Case 1. Note that Case 1 occurs for an at most countable set of jump times of x.
Moreover, in Case 1 it is enough to prove that

�t � �t� 6= 0 implies that xt 2 @Dt and that �t � �t� 2 �t (xt) : (5.37)

We �rst note, as we are assuming �t � �t� 6= 0, that
����n~tn � �n~t�n

��� > 0 for n su¢ -

ciently large, see (5.23). Furthermore, since (xn; �n) solves the Skorohod problem for
(Dn;�n; wn), we have that

xn~tn 2 @D
n
~tn
; �n~tn � �n~t�n 2 �

n
~tn

�
xn~tn
�
: (5.38)

Combining (5.5), (5.17), (5.23) and (5.38), we obtain

d (xt; @Dt) � jxt � xn~tnj+ d(xn~tn ; @D
n
~tn
) + h(@Dn

~tn
; @D~tn) + h(@D~tn ; @Dt)

� jxt � xn~tnj+ h(@Dn
~tn
; @D~tn) + l̂(j~tn � tj)! 0, as n!1: (5.39)

Hence, using (5.39) we can, since @Dt is closed, conclude that

xt 2 @Dt: (5.40)
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We next recall that the set G�, de�ned in (1.12), is, by assumption, closed. Further-
more, arguing as in (5.39), we �rst see that

d (�t � �t� ;�t(xt)) � j(�t � �t�)� (�n~tn � �n~t�n )j+ d(�n~tn � �n~t�n ;�
n
~tn
(xn~tn))

+h(�n~tn(x
n
~tn
);�t(xt))

� j�t � �n~tnj+ j�t� � �n~t�n j+ h(�n~tn(x
n
~tn
);�t(xt)); (5.41)

and then, letting n ! 1, it follows, using (5.12), that d (�t � �t� ;�t(xt)) = 0.
Applying the fact that the set G� is closed, we can therefore conclude that

�t � �t� 2 �t(xt): (5.42)

This concludes the proof of (5.37) and hence we have veri�ed (1.6)-(1.7) in Case 1.

Case 2. To verify (1.6)-(1.7) in Case 2 we �rst see, by combining (5.32) and (5.35),
that Z t

0


s d j�js =
Z
Gt


 d� (s; z; 
) , whenever t 2 [0; T ] : (5.43)

We next introduce a measure � on [0; T ] by setting

�([0; t]) = � (Gt) whenever t 2 [0; T ] : (5.44)

Combining (5.43) and (5.44), it is clear that �([0; t]) = 0 implies j�jt = 0, showing
that j�j is absolutely continuous with respect to �. To simplify the notation we, in
the following, let, for k 2 N,


k =

�
(t; z; 
) 2 GT : inf

s2[0;T ]
(jt� sj+ (jz � xsj ^ jz � xs�j)) >

1

k

�
: (5.45)

Then, using Theorem 1.2.1 (iii) in [32], the fact that � (U) �limn!1�
n (U) for all

open sets U and the fact that xnt converges either to xt or xt�, we can conclude that

� (f(t; z; 
) 2 GT : z 6= xt; z 6= xt�g) = lim
k!1

� (
k) � lim
k!1

limn!1�
n (
k)

� lim
k!1

limn!1�
n

��
(t; z; 
) 2 GT : jz � xnt j >

1

2k

��
= 0: (5.46)

If xt = xt� 2 Dt, then, since z 2 @Dt for all (t; z; 
) 2 GT , we deduce that z 6= xt
and z 6= xt�. Hence using (5.44) and (5.46) we �rst see that

� (ft 2 [0; T ] : xt = xt� ; xt 2 Dtg) = 0; (5.47)

and then, by the absolute continuity of j�j with respect to �, we can conclude that

j�j (ft 2 [0; T ] : xt = xt� ; xt 2 Dtg) = 0: (5.48)
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In particular, (5.48) proves (1.7). Hence it only remains to prove that 
s, as de�ned
in (5.35), satis�es 
s 2 �1s(xs) for all s 2 [0; t] and t 2 [0; T ]. From (5.43) and the
fact that (5.46) implies that

� (f(s; z; 
) 2 Gt : xs = xs� 6= zg) = 0; (5.49)

we deduce thatZ
fs2[0;t]: xs=xs�g


s d j�js =

Z
f(s;z;
)2Gt:z=xs=xs�g


 d� (s; z; 
)

=

Z
fs2[0;t]:xs=xs�g

Z
�1s(xs)


p (s; xs; d
) d�; (5.50)

whenever t 2 [0; T ]. Note that the last equality in (5.50) follows from the de�nition of
� in (5.44). Here p (s; xs; �) is a measure on the Borel �-algebra of S1 (0), concentrated
on �1s (xs) for d�-almost all s 2 [0; T ] such that xs = xs�, and p (�; �; A) is a non-
negative Borel measurable function for every Borel setA. Then, since j�j is absolutely
continuous with respect to �, the Radon-Nikodym theorem asserts the existence of
a non-negative Borel measurable function f such that

f (s) 
s =

Z
�1s(xs)


p (s; xs; d
) ; d�-a.e. for all s 2 fs 2 [0; t] : xs = xs�g : (5.51)

From the assumption in (1.11) we deduce that f is strictly positive. Thus by the
convexity of �s (xs) and the absolute continuity of j�j with respect to �, we conclude
that


s 2 �1s (xs) ; d j�j -a.e. for all s 2 fs 2 [0; t] : xs = xs�g : (5.52)

In particular, (5.52) veri�es the second part in (1.6) and hence the proof in Case 2
is also complete.

Having completed the proof of Case 1 and Case 2 we conclude that the proofs of
(5.20) and (5.21) are complete. Hence, to complete the proof of Theorem 5.1 we only
have to ensure that x 2 D�0 ([0; T ];R). However, this follows from the assumption
that xn 2 D�0 ([0; T ] ;R) for all n � 1 and from the fact that xn ! x in the Skorohod
topology. 2

5.2 Convergence of a sequence of solutions to approximating
Skorohod problems

Let T > 0 and let D � Rd+1 be a time-dependent domain satisfying (1.2), (1.10)
and a uniform exterior sphere condition in time with radium r0 in the sense of (1.8).
Let � = �t (z) be a closed convex cone of vectors in Rd for every z 2 @Dt, t 2 [0; T ],
and assume that � satis�es (1.11), (1.12) and (1.14). Assume that (1.18) and (1.19)
hold for some 0 < �0 < r0, �0 > 0, a and e. Finally, assume that

�
[0; T ]� Rd

�
nD

has the (�0; h0)-property of good projections along �, for some 0 < �0 < �0, h0 > 1
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and let w 2 D(
�0
4
^ �0
4h0

) �
[0; T ];Rd

�
with w0 2 D0. The purpose of this subsection is

to construct a sequence of solutions to Skorohod problems which approximate the
Skorohod problem for (D;�; w). Based on this sequence we, in the next section,
conclude the existence of a solution (x; �) to the Skorohod problem for (D;�; w), in
the sense of De�nition 1.1, with x 2 D�0

�
[0; T ];Rd

�
. This will then complete the

proof of Theorem 1.2. To proceed we let n 2 N, n� 1, and we let f�ng be a sequence
of real numbers which tends to 0 as n!1. Then, for each n, we can �nd a partition
�n = f�nkg

Nn
k=0 of the interval [0; T ], that is 0 = �n0 < �n1 < ::: < �nNn�1 < �nNn = T ,

such that (5.53)-(5.56) stated below hold. In particular,

lim
n!1

��
n = 0, where �

�
n := max

k2f1;:::;Nn�1g
�nk+1 � �nk ; (5.53)

and, for some n0 � 1,

kwk�nk ;�nk+1 + l (��
n) < min

�
�0
2
;
�0
2h0

�
, whenever n � n0, k 2 f0; :::; Nn � 1g :

(5.54)
Furthermore, we de�ne w�n = w�nt , t 2 [0; T ], as

w�nt = w��nk
, whenever t 2

�
�nk ; �

n
k+1

�
; k 2 f0; :::; Nn � 1g ; (5.55)

and w�nT = wT , so that

w�n 2 D(
�0
4
^ �0
4h0

) �
[0; T ] ;Rd

�
; w�n0 2 D0 and dD([0; T ]; w�n ; w) � �n: (5.56)

In particular, w�n 2 D
�
[0; T ] ;Rd

�
is a step function which approximates w in the

Skorohod topology. Given �n and w�n, we de�ne D�n and ��n as in (2.6). Fur-
thermore, to obtain a more simple notation we write, from now on, wn, Dn and �n

for w�n, D�n and ��n. Then, given wn, Dn and �n as above, we next de�ne a pair
of processes (xn; �n) as follows. Let

xnt = w0; �
n
t = 0; for t 2 [0; �n1 ) : (5.57)

If xn�nk�1 2 D
n
�nk�1

for some k 2 f1; :::; Nng, then, by the triangle inequality and (5.54),

d
�
xn�nk�1 + wn�nk � wn�nk�1 ; D

n
�nk

�
� jjwnjj�nk�1;�nk + l(��

n) < �0: (5.58)

Hence, by the (�0; h0)-property of good projections it follows that if xn�nk�1 + wn�nk �
wn�nk�1 =2 D

n
�nk
then there exists a point

�
�n
�n
k

@Dn
�n
k

�
xn�nk�1 + wn�nk � wn�nk�1

�
2 @Dn

�nk
; (5.59)

which is the projection of xn�nk�1 +w
n
�nk
�wn�nk�1 onto @D

n
�nk
along ��nk . Furthermore, if

xn�nk�1 + wn�nk � wn�nk�1 2 D
n
�nk
then we let

�
�n
�n
k

@Dn
�n
k

�
xn�nk�1 + wn�nk � wn�nk�1

�
= xn�nk�1 + wn�nk � wn�nk�1 : (5.60)
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Based on this argument we de�ne, whenever t 2
�
�nk ; �

n
k+1

�
, k 2 f1; :::; Nn � 1g,

xnt = �
�n
�n
k

@Dn
�n
k

�
xn�nk�1 + wn�nk � wn�nk�1

�
;

�nt = �n�nk�1 + (x
n
t � (xn�nk�1 + wn�nk � wn�nk�1)); (5.61)

and, �nally, we de�ne xnT and �
n
T using (5.61) by simply setting k = Nn in (5.61).

Note that in this way we have xn�nk�1 2 Dn
�nk�1

for all k 2 f1; :::; Nng. Next, again
using the (�0; h0)-property of good projections, we see that���xn�nk � xn�nk�1

��� �
������n�nk@Dn

�n
k

�
xn�nk�1 + wn�nk � wn�nk�1

�
�
�
xn�nk�1 + wn�nk � wn�nk�1

�����
+
���wn�nk � wn�nk�1

���
� h0d

�
xn�nk�1 + wn�nk � wn�nk�1 ; D

n
�nk

�
+
���wn�nk � wn�nk�1

���
� h0

�
jjwnjj�nk�1;�nk + l(��

n)
�
+ jjwnjj�nk�1;�nk

� h0

�
�0
2h0

�
+
�0
4
< �0: (5.62)

Hence, xn 2 D�0
�
[0; T ] ;Rd

�
. Using this notation we next prove the following theo-

rem.

Theorem 5.3 Let T > 0, D � Rd+1, r0, � = �t (z), 0 < �0 < r0, �0 > 0, a,
e, �0 and h0 be as in the statement of Theorem 1.2. Let w be as in the statement
of Theorem 1.2 and let wn, Dn, �n, xn and �n be de�ned as above for n � 1.
Then (xn; �n) is a solution to the Skorohod problem for (Dn;�n; wn) and xn 2
D�0

�
[0; T ] ;Rd

�
for all n � n0 for some n0 2 N. Moreover, f(xn; �n)g converges

to (x; �) 2 D
�
[0; T ] ;Rd

�
� BV

�
[0; T ] ;Rd

�
and (x; �) is a solution to the Skorohod

problem for (D;�; w). Furthermore x 2 D�0
�
[0; T ] ;Rd

�
.

Remark 5.4 Note that for Theorem 5.3 we, in contrast to in Theorem 5.1, also
need to assume (1.14) in order to be able complete the proof (see (5.69) below).

Proof. (xn; �n) is, by construction, a solution to the Skorohod problem for (Dn;�n; wn)
and the statement that xn 2 D�0

�
[0; T ] ;Rd

�
for all n � n0, for some n0 2 N, is

proved in (5.62). Next, using Theorem 4.6 we can conclude the existence of some
positive constants L̂1 (w; T ), L̂2 (w; T ), L̂3 (w; T ) and L̂4 (w; T ) such that

kxnkt1;t2 � L̂1 (w; T ) kwkt1;t2 + L̂2 (w; T ) (l (t2 � t1) + l (��
n)) ;

j�njt2 � j�
njt1 � L̂3 (w; T ) kwkt1;t2 + L̂4 (w; T ) (l (t2 � t1) + l (��

n)) ; (5.63)

whenever 0 � t1 � t2 � T . In particular, note that by choosing n0 su¢ ciently large
we can ensure, using (5.53), that l (��

n) � �0= (4 (K2 (a; e) + 1)) and that (4.68) holds

41



for all n � n0. Hence Theorem 4.6 is applicable. Based on (5.63) we can now argue as
in the proof of Theorem 5.1. In particular, as fwng converges to w 2 D

�
[0; T ] ;Rd

�
,

we see, using (5.63), that f(wn; xn; �n; j�jn)g is relatively compact in D
�
[0; T ] ;Rd

�
�

D
�
[0; T ] ;Rd

�
�D

�
[0; T ] ;Rd

�
�D ([0; T ] ;R+). Furthermore, we know that xnt 2 Dn

for all t 2 [0; T ], n � 1. Hence, f(xn; �n)g converges to some (x; �) 2 D
�
[0; T ] ;Rd

�
�

D
�
[0; T ] ;Rd

�
. We intend to prove that (x; �) 2 D

�
[0; T ] ;Rd

�
�BV

�
[0; T ] ;Rd

�
solves

the Skorohod problem for (D;�; w) and to do this we have to prove that

� 2 BV
�
[0; T ] ;Rd

�
; (5.64)

and we have to verify

properties (1.5)-(1.7) in De�nition 1.1. (5.65)

The proof of (5.64) and (5.65) follows along the lines of the proof of (5.20) and
(5.21) in Theorem 5.1 and we shall only outline the main di¤erences between the
proofs. To start with, the statements in (5.22) and (5.23) remain true. However, the
argument in (5.24) has to be changed. In particular, in this case we see, using (5.23)
and (5.53), that

d
�
xt; Dt

�
� jxt � xn~tnj+ h(Dn

~tn
; D~tn) + l(j~tn � tj) + l(��

n)! 0, as n!1; (5.66)

which, since Dt is closed, proves that xt 2 Dt, for all t 2 [0; T ]. Hence we have
veri�ed that (wt; xt; �t) satis�es (1.5). Next, arguing as in (5.25)-(5.35), using (5.63)
to conclude (5.29), we can conclude that (5.64) holds and that

�t =

Z t

0


s d j�js =
Z
Gt


 d� (s; z; 
) , whenever t 2 [0; T ] ; (5.67)

for some S1 (0)-valued Borel measurable function 
s. Hence, to prove (1.6), we again
have to prove that 
s 2 �1s (xs) for all t 2 [0; T ]. As in the proof of Theorem 5.1 we
consider Case 1 and Case 2. In fact, Case 2 can be handled exactly as in the proof
of Theorem 5.1 and hence shall only discuss the proof of Case 1. To prove Case 1,
we �rst see that the statements in (5.37) and (5.38) can be repeated and, arguing as
in (5.66), we obtain

d (xt; @Dt) � jxt�xn~tnj+h(@D
n
~tn
; @D~tn)+ l̂(j~tn� tj)+ l̂(�

�
n)! 0, as n!1: (5.68)

Hence, since @Dt is closed, we can conclude that xt 2 @Dt. To proceed we deduce
as in (5.41) that

d (�t � �t� ;�t(xt)) � j�t � �n~tnj+ j�t� � �n~t�n j+ h(�n~tn(x
n
~tn
);�t(xt)): (5.69)

Obviously the �rst two terms on the right hand side in (5.69) tend to zero as n!1.
Concerning the third term we �rst note that there exists, for n large enough, some
integer k (n) such that

�n~tn(x
n
~tn
) = �n�n

k(n)
(xn�n

k(n)
): (5.70)
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Hence, as j~tn��nk(n)j � l(��
n) we can conclude, using (5.23), that �

n
k(n) ! t as n!1.

Moreover, as xn�n
k(n)

= xn~tn we can also use (5.23) to conclude that x
n
�n
k(n)

! xt as

n!1. In particular, based on these conclusion it follows from (1.14) that also the
third term on the right hand side in (5.69) tends to zero as n ! 1. Hence, having
proved that d (�t � �t� ;�t (xt)) = 0 the proof of Case 1 can now be completed as in
Theorem 5.1.

Having completed the proof of Case 1 and Case 2 we can conclude that the proofs
of (5.64) and (5.65) are complete. Hence, to complete the proof of Theorem 5.3 we
only have to ensure that x 2 D�0

�
[0; T ] ;Rd

�
. However, again this follows from the

fact that xn 2 D�0
�
[0; T ] ;Rd

�
for all n � n0 and from the fact that xn ! x in the

Skorohod topology. 2

6 Proof of Theorems 1.2, 1.3 and 1.9

Proof of Theorem 1.2. Theorem 1.2 now follows immediately from Theorem 5.3.
2

Proof of Theorem 1.3. Using Theorem 4.2 and (1.10) we see that

lim
t2!t1

jxt2 � xt1j � lim
t2!t1

kxkt1;t2 � lim
t2!t1

(L1 kwkt1;t2 + L2l (jt2 � t1j))

� 0 + L2 lim
t2!t1

l (jt2 � t1j) = 0: (6.1)

This proves that x is continuous. 2

Proof of Theorem 1.9. Let W be a m-dimensional Wiener process on a �ltered
probability space (
;F ; fFtg ; P ) and let, in the following, Wt, t 2 [0; T ], be a
continuous path of W . We de�ne, for n 2 N, n� 1, k 2 f0; 1; :::; 2n � 1g,

Dn
t = DkT=2n ; �

n
t = �kT=2n, whenever t 2 [kT=2n; (k + 1)T=2n) ; (6.2)

and Dn
T = DT ; �

n
T = �T . Furthermore, we recursively de�ne three processes X

n =
Xn
t , Z

n = Znt and �
n = �nt , for t 2 [0; T ], in the following way. Let

Xn
0 = ẑ; Zn0 = ẑ; �n0 = 0; (6.3)

and let, for k 2 f0; 1; :::; 2n � 1g,

Zn(k+1)T=2n = ZnkT=2n +
T

2n
b
�
kT=2n; Xn

kT=2n

�
+�
�
kT=2n; Xn

kT=2n

� �
W(k+1)T=2n �WkT=2n

�
;

Xn
(k+1)T=2n = �

�(k+1)T=2n

@D(k+1)T=2n

�
Xn
kT=2n + Zn(k+1)T=2n � ZnkT=2n

�
: (6.4)

We here have to make sure that Xn
(k+1)T=2n is well de�ned. To do this we note that,

either Xn
kT=2n + Zn(k+1)T=2n � ZnkT=2n 2 Dn

(k+1)T=2n or X
n
kT=2n + Zn(k+1)T=2n � ZnkT=2n 2
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Rd n Dn
(k+1)T=2n. In the �rst case we identify the projection with the point itself,

whereas, in the latter case, we have to assert the existence of appropriate projections
onto @Dn

(k+1)T=2n. However, assuming X
n
kT=2n 2 Dn

kT=2n, we see that

d(Xn
kT=2n + Zn(k+1)T=2n � ZnkT=2n ; D

n
(k+1)T=2n)

� l(T=2n) + jZn(k+1)T=2n � ZnkT=2nj
� l(T=2n) + (T=2n)(sup

D

jbj) + (sup
D

k�k)jW(k+1)T=2n �WkT=2nj: (6.5)

Hence, since Wt is a continuous path, there must exist some n0 2 N such that

d(Xn
kT=2n + Zn(k+1)T=2n � ZnkT=2n ; D

n
(k+1)T=2n) < �0; (6.6)

whenever n � n0 and k 2 f0; 1; :::; 2n � 1g. By (6.6) and the (�0; h0)-property of good
projections it follows that the projection �

�(k+1)T=2n

@D(k+1)T=2n
(Xn

kT=2n + Zn(k+1)T=2n � ZnkT=2n)

is well-de�ned, for n � n0, whenever Xn
kT=2n +Z

n
(k+1)T=2n �ZnkT=2n 2 Rd nDn

(k+1)T=2n.
Furthermore, using the de�nition of Zn(k+1)T=2n in (6.4) we also see that

jZn(k+1)T=2n � ZnkT=2nj � l(T=2n) + (T=2n)(sup
D

jbj)

+(sup
D

k�k)jW(k+1)T=2n �WkT=2nj; (6.7)

and hence, once more using that Wt is a continuous path, we can ensure that

(i) Zn 2 D(
�0
4
^ �0
4h0

) �
[0; T ] ;Rd

�
;

(ii) h0
�
jjZnjjkT=2n;(k+1)T=2n + l(��

n)
�
+ jjZnjjkT=2n;(k+1)T=2n � �0; (6.8)

whenever n � n0 and k 2 f0; 1; :::; 2n � 1g. We next let, for k 2 f0; 1; :::; 2n � 1g,

�n(k+1)T=2n = �
n
kT=2n +Xn

(k+1)=2n �Xn
kT=2n � Zn(k+1)T=2n + ZnkT=2n : (6.9)

Finally, we de�ne, for kT=2n � t < (k + 1)T=2n, k 2 f0; 1; :::; 2n � 1g,

Xn
t = Xn

kT=2n ; Znt = ZnkT=2n ; �nt = �
n
kT=2n : (6.10)

Then, by arguing as in the proof of (5.62), using (i) and (ii) in (6.8), we can conclude
that

Xn 2 D�0
�
[0; T ] ;Rd

�
; whenever n � n0: (6.11)

Furthermore, using the de�nitions above it is clear that

Znt = ẑ +

Z t

0

b (s;Xn
s ) ds+

Z t

0

� (s;Xn
s ) dWs � "n (t) ; (6.12)

where

sup
t2[0;T ]

j"n (t)j � (sup
D

jbj) T
2n
+ (sup

D

k�k) sup
js�tj� T

2n
;0�s�t�T

jWt �Wsj : (6.13)
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By construction (Xn;�n) solves the Skorohod problem for (Dn;�n; Zn) and using
Theorem 4.6 we can conclude that there exist positive constants L̂1 (Z; T ), L̂2 (Z; T ),
L̂3 (Z; T ) and L̂4 (Z; T ), independent of n, for n � n0, such that

kXnkt1;t2 � L̂1 (Z; T ) kZkt1;t2 + L̂2 (Z; T ) (l (t2 � t1) + l(T=2n));

j�njt2 � j�njt1 � L̂3 (Z; T ) kZkt1;t2 + L̂4 (Z; T ) (l (t2 � t1) + l(T=2n)); (6.14)

whenever 0 � t1 � t2 � T and n � n0. Hence, the sequence f(Zn; Xn;�n)g is rela-
tively compact in the Skorohod topology and we can conclude, by the construction
of Zn and (6.12)-(6.13), that also the sequence f(W;Zn; Xn;�n; "n)g is relatively
compact in the Skorohod topology. In fact, as this argument can be repeated for
each continuous path of Wt it follows, by considering convergent subsequences if
necessary, that the sequence of vector valued processes f(W;Zn; Xn;�n; "n)g de�ned
on (
;F ; P ), converges in law to a stochastic process (W;Z;X;�; 0). Furthermore,
using the Skorohod representation theorem, see for example [7] and [30], there ex-
ists a complete probability space (~
; ~F ; ~P ) and versions f( ~W n; ~Zn; ~Xn; ~�n; ~"n)g and
( ~W; ~Z; ~X; ~�; 0) of f(W;Zn; Xn;�n; "n)g and (W;Z;X;�; 0) on (~
; ~F ; ~P ), such that
f( ~W n; ~Zn; ~Xn; ~�n; ~"n)g converges to ( ~W; ~Z; ~X; ~�; 0) ~P -almost surely. Moreover, us-
ing Theorem 5.3 and the fact that ( ~Xn; ~�n) solves, ~P -almost surely, the Skorohod
problem for (Dn;�n; ~Zn) it follows that ( ~X; ~�) solves, ~P -almost surely, the Skorohod
problem for (D;�; ~Z). In particular, ( ~X; ~�) 2 D

�
[0; T ] ;Rd

�
� BV

�
[0; T ] ;Rd

�
and

~Xt = ẑ + ~Zt + ~�t; (6.15)

~�t =

Z t

0


s dj~�js; 
s 2 �s( ~Xs) \ S1(0); dj~�j-a.e.; (6.16)

~Xt 2 Dt; dj~�j(ft 2 [0; T ] : ~Xt 2 Dtg) = 0; (6.17)

holds ~P -almost surely whenever t 2 [0; T ]. We next want to verify that

~Zt =

Z t

0

b(s; ~Xs) ds+

Z t

0

�(s; ~Xs) d ~Ws; (6.18)

holds ~P -almost surely whenever t 2 [0; T ]. Indeed, using (6.12) and (6.13), we
can, following [15], simply quote Theorem 2.2 in [39] which in our case states, since
f(�(s; ~Xn

s );
~W n
s )g converges to (�(s; ~Xs); ~Ws) ~P -almost surely whenever s 2 [0; T ],

that Z t

0

�(s; ~Xn
s ) d

~W n
s converges to

Z t

0

�(s; ~Xs) d ~Ws; ~P -almost surely, (6.19)

whenever t 2 [0; T ], as n ! 1. This proves (6.18). Now let ~Ft and ~Fn
t be the

�-algebras generated by f ~Ws : s � tg and f ~W n
s : s � tg, respectively. We next

prove that ~W is a m-dimensional Wiener process on the �ltered probability space
(~
; ~F ;f ~Ftg; ~P ). To obtain this, we �rst note that the �-algebra generated by f ~W n

s �
~W n
t : s � tg, for t 2 [0; T ], is independent of ~Fn

t . Furthermore, since ~W n ! ~W
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~P -almost surely, it follows that the �-algebra generated by f ~Ws � ~Wt : s � tg, for
t 2 [0; T ], is independent of ~Ft. In particular, f ~Wt : t 2 [0; T ]g is a martingale
with respect to f ~Ft : t 2 [0; T ]g and ~P . Now let ~W n

t = ( ~W n;1
t ; :::; ~W n;m

t ) and
~Wt = ( ~W 1

t ; :::; ~W
m
t ). Then, using essentially the same argument as in (6.19), we

also see that ~W n;i ~W n;j ! ~W i ~W j, ~P -almost surely, for all i; j 2 f1; :::;mg, and
hence, as above, we can conclude that f ~W i

t
~W j
t � �ijt : t 2 [0; T ]g, with �ij being the

Kronecker delta, is a martingale with respect to f ~Ft : t 2 [0; T ]g and ~P . By the
Lévy characterization of Wiener processes, see for example Theorem II.6.1 in [34],
we can thus conclude that ~W is a m-dimensional Wiener process on (~
; ~F ;f ~Ftg; ~P ).
To �nally conclude that ( ~X; ~�) is a weak solution in the sense of De�nition 1.8, and
hence to complete the proof of Theorem 1.9, it only remains to prove the existence of
a version of ~X on (~
; ~F ; ~P ), denoted X̂, such that X̂ 2 C([0; T ] ;Rd), ~P -almost surely.
However, using standard arguments, we �rst note that there exists a version of ~Z on
(~
; ~F ; ~P ), denoted Ẑ, such that Ẑ 2 C([0; T ] ;Rd), ~P -almost surely, and such that
( ~X; ~�) solves, ~P -almost surely, the Skorohod problem for (D;�; Ẑ). Furthermore, by
(6.11), it is clear that ~X 2 D�0

�
[0; T ] ;Rd

�
. Hence, by Theorem 1.3, ~X is continuous

~P -almost surely. This completes the proof of Theorem 1.9. 2
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7 Appendix: geometry of time-dependent domains

Concerning the (�0; h0)-property of good projections along � the following result
follows immediately from Theorem 4.1 in [15].

Lemma 7.1 Let T > 0 and let D � Rd+1 be a time-dependent domain satisfying
(1.2) and a uniform exterior sphere condition in time with radius r0 in the sense of
(1.8). Let � = �t (z) be a closed convex cone of vectors in Rd for every z 2 @Dt,
t 2 [0; T ] and assume that � satis�es (1.11) and (1.12). Assume that there exists a
continuous map Q : GN ! Rd such that

Q (t; z;Nt (z)) = �t (z) ; for all z 2 @Dt; t 2 [0; T ] ;
Q (t; z; �v) = �Q (t; z; v) ; for all � � 0; v 2 Nt (z) ; z 2 @Dt; t 2 [0; T ] :

(7.1)

Moreover, assume that

sup
t2[0;T ]; z2@Dt

max
v2N1

t (z)
jQ (t; z; v)j : = kQk <1;

inf
t2[0;T ]; z2@Dt

min
v2N1

t (z)
v �Q (t; z; v) : = q > 0: (7.2)

Let

�0 := r0

�
1�

q
1� (q= kQk)2

�
; h0 :=

q= kQk

1�
q
1� (q= kQk)2

: (7.3)

Then ([0; T ]� Rd) nD has the (�0; h0)-property of good projections along �.

Note that in Lemma 7.1 we have that q= kQk < 1, 0 < �0 < r0 and h0 > 1 by
construction. To continue, given T > 0 and D as above, we say that D is a H1+�-
domain if we can �nd a � > 0 such that for all z0 2 @Dt0, t0 2 [0; T ], there exists a
function  (t; z),  2 H1+� (C� (t0; z0)), with the properties

D \ C� (t0; z0) = f (t; z) > 0g \ C� (t0; z0) ;
@D \ C� (t0; z0) = f (t; z) = 0g \ C� (t0; z0) ;

inf
(t;z)2@D\C�(t0;z0)

jrz (t; z)j > 0; (7.4)

for all (t; z) 2 (0; T )� Rd.
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Lemma 7.2 Let T > 0 and let D � Rd+1 be a time-dependent domain satisfying
(1.2) and a uniform exterior sphere condition in time with radius r0 in the sense
of (1.8). Assume in addition that D is a H1+�-domain for some � 2 (0; 1]. Let
� = �t(z) be, for every z 2 @Dt, t 2 [0; T ], a closed convex cone of vectors in Rd
with the speci�c form f�
t (z) : � > 0g, for some S1 (0)-valued function 
t (z) which
is uniformly continuous, in both space and time, and satis�es

� = inf
t2[0;T ]

inf
z2@Dt

h
t (z) ; nt (z)i > 0: (7.5)

Then D satis�es (1.18) and (1.19) and

l (r) � Lr~�, whenever r 2 [0; T ] ; (7.6)

for some 0 < L <1 and with ~� = (1 + �)=2 2 (0; 1].

Proof. By the uniform continuity of 
t (z) in space and time, it is clear that the
variation of 
t (z) can be made arbitrarily small on temporal neighbourhoods. Fol-
lowing Proposition 2.5 in [15], it therefore immediately follows that criteria (1.18)
and (1.19) are satis�ed for some 0 < �0 < r0 and �0 > 0. Hence, it remains to prove
(7.6) and we note that it su¢ ces to prove (7.6) for small values of r. Let z 2 Rd be
arbitrary and let zs 2 @Ds be such that jz � zsj = d (z; @Ds). We now claim that

z � zs k ns (zs) ; (7.7)

or, in other words, that z � zs and ns (zs) are parallel. To prove this claim we can
assume, without loss of generality, that zs = 0. As D is a time-dependent domain of
class H1+�, we can assume the existence of a function  , with property (7.4), such
that f (s; y) = 0 : y 2 B�(0) \ @Dsg, where B� (0) is a (spatial) neighbourhood of
the origin with the radius � as given in the de�nition of H1+�-domains. We consider
the minimization problem

min
y2B�(0)\@Ds

jz � yj2: (7.8)

Then, as the minimum in (7.8) is realized at the origin, we see that z = �r (s; 0)
for some Lagrange multiplier �. Obviously, this proves (7.7). Next, by Lemma 3.1,
we see that, for r < � ^ r0,

l (r) = sup
s;t2[0;T ]
js�tj�r

sup
z2Ds

d (z;Dt) = sup
0�s�t�T
js�tj�r

jzt � zsj ; (7.9)

for some zs 2 @Ds, zt 2 @Dt such that

zt � zs k ns (zs) ; (7.10)

and jzt � zsj < � ^ r0. Furthermore, employing once more the fact that D is a
time-dependent domain of class H1+�, we conclude the existence of a function  ,
with the property  (s; zs) =  (t; zt) = 0, which is continuously di¤erentiable in
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space. Taylor expanding  up to �rst order in spatial coordinates, we obtain, by the
H1+�-regularity of  ,

 (t; zt)�  (s; zs) =  (t; zt)�  (s; zt) +  (s; zt)�  (s; zs)

=  (t; zt)�  (s; zt) + hzt � zs;rz (s; zs)i
+ O

�
jzt � zsj1+�

�
: (7.11)

As ns (zs) =
rz (s; zs)

jrz (s; zs)j
, it follows from (7.9)-(7.11) that

l (r) = sup
0�s�t�T
js�tj�r

jzt � zsj = sup
0�s�t�T
js�tj�r

j hzt � zs;rz (s; zs)i j
jrz (s; zs)j

� sup
0�s�t�T
js�tj�r

j (t; zt)�  (s; zt)j
jrz (s; zs)j

+ sup
0�s�t�T
js�tj�r

O
�
jzt � zsj1+�

�
jrz (s; zs)j

: (7.12)

Furthermore, for small r, we can assume, without loss of generality, that for some
� > 0 independent of (s; zs) we have jrz (s; zs)j � �. Hence, by the H1+�-regularity
of  and the de�nition of l, we see that

l (r) � c��1(r(�+1)=2 + l(r)1+�); (7.13)

provided r < � ^ r0. Finally, since l(r)! 0 as r ! 0, there exists � > 0 such that if
r � �, then c��1l(r)� � 1=2. Combining these facts we conclude that

l (r) � Lr(�+1)=2; (7.14)

for some constant L. Hence (7.6) holds with ~� = (�+ 1) =2. 2

Remark 7.3 Let in the following C1b and C2b be spaces containing all functions with
bounded derivatives up to orders one and two, respectively. Consider a bounded
spatial domain 
 � Rd which is C1b -smooth and satis�es a uniform exterior sphere
condition. Moreover, assume that the cone of directions of re�ection � (z) has the
speci�c form f�
 (z) : � > 0g, for some S1 (0)-valued function 
 (z) which is con-
tinuous and satis�es

� := inf
z2@


h
 (z) ; n (z)i > 0: (7.15)

Then Proposition 2.5 in [15] states that the time-independent counterparts of criteria
(1.18) and (1.19) are satis�ed. Furthermore, Theorem 4.5 in [15] states that the
time-independent counterparts of (1.18) and (1.19) are also satis�ed for piecewise
C1b -smooth domains 
 if the function 
 (z) is uniformly continuous on each face of
@
 and satis�es some non-degeneracy and consistency criteria. Finally, we also
mention Theorem 4.6 in [15] which states that unique projections may be found if 

is a piecewise C2b -smooth domain and if 
 (z) is Lipschitz continuous on each face of
@
 and satis�es some other non-degeneracy and consistency criteria.

53


