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Abstract

The deterministic Skorohod problem plays an important role in the construc-
tion and analysis of diffusion processes with reflection. In the form stud-
ied here, the multi-dimensional Skorohod problem was introduced, in time-
independent domains, by H. Tanaka [61] and further investigated by P.-L.
Lions and A.-S. Sznitman [42] in their celebrated article. Subsequent results
of several researchers have resulted in a large literature on the Skorohod prob-
lem in time-independent domains. In this article we conduct a thorough study
of the multi-dimensional Skorohod problem in time-dependent domains. In
particular, we prove the existence of cadlag solutions (z,A) to the Skorohod
problem, with oblique reflection, for (D, I, w) assuming, in particular, that D
is a time-dependent domain (Theorem 1.2). In addition we prove that if w is
continuous then z is continuous as well (Theorem 1.3). Subsequently we use
the established existence results to construct solutions to stochastic differential
equations with oblique reflection (Theorem 1.9) in time-dependent domains.
In the process of proving these results we establish a number of estimates for
solutions to the Skorohod problem with bounded jumps and, in addition, sev-
eral results concerning the convergence of sequences of solutions to Skorohod
problems in the setting of time-dependent domains.
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1 Introduction

In time-independent domains the Skorohod problem, in the form studied in this arti-
cle, goes back to Tanaka [61], who established existence and uniqueness of solutions
to the Skorohod problem in convex domains with normal reflection. These results
were subsequently generalized to wider classes of time-independent domains by, in
particular, Lions and Sznitman [42] and Saisho [53]. By imposing an admissibility
condition on the domain, Lions and Sznitman [42] proved existence and uniqueness
of solutions to the Skorohod problem in two different cases. The first of the two cases
considered normal reflection on domains satisfying a uniform exterior sphere condi-
tion, meaning that the domain is smooth except for ‘convex corners’. Moreover, the
second case considered smoothly varying (possibly oblique) directions of reflection
on smooth domains. In addition, for smoothly varying directions of reflection on do-
mains satisfying a uniform exterior sphere condition, existence and uniqueness results
were obtained in the special case when the oblique reflection cone can be transformed
into the normal cone by multiplication by a smooth matrix function. Saisho [53] later
showed that in the first case considered in [42], i.e. for normal reflection, the admissi-
bility condition is not necessary and can be removed. Moreover, concerning oblique
reflection, i.e. when the cone of reflection differs from the cone of inward normals, we
note that in the case of an orthant with constant directions of reflection on the sides,
Harrison and Reiman [33] found sufficient conditions for the existence and unique-
ness of solutions to the Skorohod problem as well as for continuity of the reflection
map. In this context we also mention that Bernard and El Kharroubi [6] provided
necessary and sufficient conditions for the existence of solutions to the Skorohod
problem in an orthant with constant directions of reflection on each face. The most
general results so far concerning the existence of solutions to the Skorohod problem
with oblique reflection in time-independent domains were derived by Costantini [15].
Costantini [15] proved existence of solutions to the Skorohod problem for domains
satisfying a uniform exterior sphere condition with a non-tangential reflection cone
given as a continuous transformation of the normal cone. Note that this allowed
for discontinuous directions of reflection at the corners. The question of uniqueness
of solutions to the Skorohod problem with oblique reflection is, in general, still an
open question and has been settled only in some specific cases. For example, Dupuis
and Ishii [17] obtained uniqueness for a convex polyhedron with constant directions
of reflection on the faces assuming the existence of a certain convex set, defined in
terms of the normal directions and the directions of reflection. Dupuis and Ishii [18],
[19] later extended this result to piecewise smooth domains with smoothly varying
directions of reflection on each face. In addition, we here also mention the work of
Dupuis and Ramanan [21], [22] based on convex duality techniques. In particular,
in [22] convex duality is used to transform the condition of Dupuis and Ishii [17]
into one that is much easier to verify. Before we proceed, we here note that the
outline above is an attempt to briefly discuss relevant previous developments con-
cerning the Skorohod problem in the form studied in this article. In particular, the
study of reflected diffusion based on Skorohod problems was first introduced by Sko-



rohod [57] and this approach has, as briefly described, subsequently been developed
in many articles including [15], [17], [33], [42], [53], [61]. However, we emphasize
that the literature devoted to Skorohod problems, their extensions and applications
is much larger than what is conveyed above and, in fact, many more researcher have
contributed to this rich field. In particular, applied areas where Skorohod problems
occur include heavy traffic analysis of queueing networks, see e.g. [2], [20], [24], [40],
[47], [48], [51], [52], control theory, game theory and mathematical economics, see
e.g. [3], [37], [49], [50], [58], image processing, see e.g. [8], and molecular dynamics,
see e.g. [54], [55], [56]. For further results concerning Skorohod problems, as well as
applications of Skorohod problems, we also refer to [1], [4], [5], [14], [23], [25], [29],
[31], [35], [38], [44], [46], [60].

An important novelty of this article is that we conduct a thorough study of
the Skorohod problem, and the subsequent applications to stochastic differential
equations reflected at the boundary, in the setting of time-dependent domains. To
our knowledge the Skorohod problem is indeed less developed in time-dependent do-
mains. In particular, a first treatment of the Skorohod problem in time-dependent do-
mains was given by Costantini, Gobet and El Karoui [16], who proved existence and
uniqueness of solutions to the Skorohod problem with normal reflection in smooth
time-dependent domains. Moreover, existence and uniqueness for deterministic prob-
lems of Skorohod type in time-dependent intervals have recently also been established
by Burdzy et. al. [9], [12]. The main contribution of this article is that we are able to
generalize the results in [15], concerning cadlag solutions to the Skorohod problem
with oblique reflection, to time-dependent domains assuming less regularity on the
domains compared to [16]. Note also that in [45] we use the results of this article to
construct a numerical method for weak approximation of stochastic differential equa-
tions with oblique reflection in time-dependent domains. Finally, as in [12] we note,
in particular, that reflecting Brownian motions in time-dependent domains arise in
queueing theory, see e.g. [36], [43], statistical physics, see e.g. [13], [59], control the-
ory, see e.g. [27], [28] and finance, see e.g. [26]. In particular, in future articles we
hope to be able to further explore the results and techniques developed in this article
in several applications.

To properly formulate the multi-dimensional Skorohod problem considered in this
article, and our results, we in the following first have to introduce some notation.
Given d > 1, we let (-,-) denote the standard inner product on R? and we let
2| = (z,2)"? be the Euclidean norm of z. Whenever z € R?, 7 > 0, we let B, (z) =
{yeR: |z—y|<r} and S, (z) = {y € R?: |z —y| =r}. Moreover, given D C
R E C R? we let D, E be the closure of D and E, respectively, and we let
d (y, E) denote the Euclidean distance from y € R% to E. Given d > 1, T > 0 and
an open, connected set D’ C R4 we will refer to

D =D'"n([0,T] x RY), (1.1)

as a time-dependent domain. Given D and t € [0,7], we define the time sections of
D as D; ={z:(t,z) € D}, and we assume that

D, # () and that D, is bounded and connected for every t € [0, 7] . (1.2)



We let 0D and 0Dy, for t € [0, T], denote the boundaries of D and Dy, respectively. A
convex cone of vectors in R? is a subset I' C R? such that au-+pv € I' foralla, 5 € R,
and all u,v € T. We let ' = I';(2) = I['(¢, z) be a function defined on R*™! such that
I'; (2) is a closed convex cone of vectors in R for every z € 9Dy, t € [0, T]. To give an
example of a closed convex cone, we consider the set C' = Cq = {Ay: A >0, v € Q},
where € is a closed, connected subset of S1(0) satisfying v, -y, > —1 for all y;, v, € Q.
Given C' we define C* = {au+ pfv: a,f € Ry, u,v € C}. Then C* is an example
of a closed convex cone and we note that C* = C{,. where * can be viewed as the
‘convex hull’ of Q2 on S;(0). Given I' = T',(z), we let T'}(z) := T';(2) N S1(0). Given
T >0, we let D ([0,7],R?) denote the set of cadlag functions w = w; : [0,7] — R,
i.e. functions which are right continuous with left limits. For w € D ([0,7],R?) we
introduce the norm

[l = s~ (13)

t1<r<s<ts

for 0 < t; <ty <T and, given § > 0, we let
D’ ([0,7],RY) = {w € D([0,7],R?) : sup [w; — wy-| < 5} : (1.4)
t

denote the set of cadlag functions with jumps bounded by . We denote the set of
functions A = \; : [0, 7] — R? with bounded variation by BV ([0, T],R?) and we let
|A| denote the total variation of A\ € BY ([0,T],R%).

In this article we consider the Skorohod problem in the following form.

Definition 1.1 Letd > 1 and T > 0. Let D C R be a time-dependent domain
satisfying (1.2) and let T' = T'y(z) be, for every z € Dy, t € [0,T)], a closed convex
cone of vectors in R?. Given w € D ([O,T] ,]Rd), with wy € Dy, we say that the
pair (x,\) is a solution to the Skorohod problem for (D,T',w), on [0,T], if (z,\) €
D ([0,7],RY) x BY ([0,T],R?) and if (w,z, \) satisfies, for all t € [0,T],

Ty = Wy+ )‘t7 T € E? (15)
tt+
A= / Yod |,y Vs €T (xs) d|A|-a.e on Useoy ODs, (1.6)
0
and
dIN ({t€]0,T]: (t,x;) € D}) =0. (1.7)

The main results of this article will be proved for time-dependent domains D C
R satisfying (1.2). However, several additional restrictions will be imposed on D,
on the cones of reflection I' as well as on the interaction between D and I'. In the
following we will outline these assumptions in order to be able to properly state our
existence result concerning the Skorohod problem with oblique reflection. However,
while these assumptions are introduced quite briefly here, the intuition behind the
assumptions, as well as the implications of the assumptions, are explained in more
detail in Section 3.2 below.



Geometry of the time-slice D;. We let N; (z) denote the cone of inward normal
vectors at z € dD;, t € [0,T], see (3.11) below for a definition. In particular, we
assume that N; (z) # 0 whenever z € 9D,, t € [0,T]. Note that we allow for the
possibility of several inward normal vectors at the same boundary point. Given
N; (2), we let N} (2) := Ny(z) N S1(0). Then the spatial domain D; is said to verify
the uniform exterior sphere condition if there exists a radius 7y > 0 such that

B,,(z —ron) C ([0,T] x RY) N (R*\ D), (1.8)

whenever z € dD;, n € N} (z). Note that B,,(z — ron) is the open Euclidean ball
with center z — ron and radius ro. We say that a time-dependent domain D satisfies
a uniform exterior sphere condition in time if the uniform exterior sphere condition
in (1.8) holds, with the same radius 7o, for all spatial domains Dy, t € [0, T).

Temporal variation of the domain. Following [16], we let

[(r)= sup supd(z, D), (1.9)
s,t€[0,T) 2Dy
ls—t|<r
be the modulus of continuity of the variation of D in time. In particular, in several
of our estimates related to the Skorohod problem we will assume that
lim [ (r) =0. (1.10)

r—0t

Cones of reflection. Following [15], we assume that
Y1 - Yo > —1 holds whenever v,,7, € I'} (2) and for all z € D;, t € [0,T]. (1.11)

The assumption in (1.11) eliminates the possibility of I containing vectors in opposite
directions. We also assume that the set

G' ={(t,z,7):y €T, (2), 2 € dDy,t €[0,T]} is closed. (1.12)

The interpretation of the condition in (1.12) is discussed in Section 3.2. In addition,
we need the following assumption concerning the variation of the cones I';(z). Let

h(E, F) = max(sup{d(z, E) : z € F'},sup{d(z, F') : z € E}), (1.13)

denote the Hausdorff distance between the sets E, F' C R%. Moreover, let {(s,, 2,)}
be a sequence of points in R*™!, s, € [0,T], 2, € dD,,, such that lim, . s, = s €
[0, 77, lim,, 00 2, = 2 € 0Ds. We assume, for any such sequence of points {(s,, z,)},
that

lim h(Ts, (z,),Ts(2)) = 0. (1.14)

n—oo

Interaction between the geometry and the cones of reflection. For z € 0D,,
s € [0,7T], and p,n > 0 we define

as.(p,n) = max min min min (v, u) . 1.15
’ (o) u€S1(0) s<t<s+1 ycdDyNB,(z) v€TE (y) ) ( )




and

¢s» (p,m) = max max max max (M Y% 0) . (1.16)
SIS yedDunB, (2) 2€DinB, (), 24y 1€ W) \ [y — ]

For technical reasons we also introduce the quantity

Cs,2 (P, M) '
(as- (0, )V as. (p.m) /2

In the proof of certain a priori estimates for the Skorohod problem, established in
the bulk of the article, we will consider time-dependent domains satisfying (1.2) and
the uniform exterior sphere condition in time, with radius ry. In addition we will
assume that there exist 0 < p, < ry and 7, > 0, such that

es.z (p,m) = (1.17)

. f 3 f 8,2 ) = > O7 1.18
SGIE,T] zélalea’ (Po: o) a ( )
Sup sup €. (pg,79) = e<1. (1.19)
s€[0,T] z€8Ds

Interpretations of (1.15), (1.16), (1.18) and (1.19) are given in Section 3.2.

Existence of good projections. Let 0 < 09 < 79, hg > 1 and let I' = T'y(2) =
['(t,z) be given for all z € dD;, t € [0,T]. We say that ([0,7] x R?) \ D has the
(80, ho)-property of good projections along I' if there exists, for any y € R?\ D,
t € (0,77, such that

d(y,Dy) < bo, (1.20)

at least one projection of y onto 0D, along I';, denoted ﬂg})t (y), which satisfies

|y — o, ()| < hod (y, Dy). (1.21)

Concerning the existence and continuity of solutions to the Skorohod problem,
as defined in Definition 1.1, we prove the following two theorems.

Theorem 1.2 Let T > 0 and let D C R™! be a time-dependent domain satisfying
(1.2), (1.10) and a uniform exterior sphere condition in time with radius o in the
sense of (1.8). Let I' = Ty (2) be a closed convex cone of vectors in R for every
z € 0Dy, t € [0,T], and assume that I satisfies (1.11), (1.12) and (1.14). Assume
that (1.18) and (1.19) hold for some 0 < p, < 719, ny > 0, a and e. Finally,
assume that ([0,T] x RY) \ D has the (8o, ho)-property of good projections along T,
for some 0 < §g < py, ho > 1, as defined in (1.20) and (1.21). Then, given w €

S 14 _
D g ([O,T] ,Rd), with wg € Dy, there exists a solution (x,\) to the Skorohod
problem for (D,T',w), in the sense of Definition 1.1, with x € Do ([0,T],R).

Theorem 1.3 Assume that the assumptions stated in Theorem 1.2 are satisfied and
let py be as in the statement of Theorem 1.2. Let w : [0,T] — R? be a continuous
function and let (xz,\) be any solution to the Skorohod problem for (D,I',w) in the
sense of Definition 1.1. If z € Do ([0,T],R?), then x is continuous.



In the following remarks we have gathered comments concerning the importance
of the assumptions imposed in Theorem 1.2 and Theorem 1.3, as well as comments
concerning situations when these assumptions are fulfilled.

Remark 1.4 Our proofs of Theorem 1.2 and Theorem 1.3 rely, as outlined below, on
certain a priori estimates proved in Section 4. These estimates are proved assuming
that D C R is a time-dependent domain satisfying (1.2), (1.10) and a uniform
exterior sphere condition in time with radius ro in the sense of (1.8). Furthermore,
to derive these estimates we also assume that (1.18) and (1.19) hold for some 0 <
Po < To, Mo >0, a and e and that ([0,T] x RY) \ D has the (8o, ho)-property of good
projections along ', for some 0 < 09 < py, ho > 1, as defined in (1.20) and (1.21).
In particular, we do not have to assume that I' = Iy (z) satisfies (1.11), (1.12) and
(1.14) in order to derive the results in Section 4 .

Remark 1.5 In Section 5 we proceed towards the final proof of Theorem 1.2. In par-
ticular, we use the a priori estimates of Section 4 to derive general results concerning
the convergence of solutions to Skorohod problems in time-dependent domains. We
note that our assumptions on D do not exclude the possibility of holes in D and
Dy, for some t € [0,T]. Nevertheless the assumptions on D ensure that the number
of holes in Dy stays the same for all t € [0,T] and that these holes cannot shrink
too much as time changes. This observation, Lemma 3.1 below and its proof allow
us to conclude the validity of the conclusion in Remark 3.2, which, in turn, is used
to complete the proofs in Section 5. Simple examples show that the conclusion in
Remark 3.2 would not hold if we, for instance, allowed the number of holes in D, to
change as a function of t and if we, in particular, allowed the holes to vanish.

Remark 1.6 The assumption that I' = 'y (2) satisfies (1.11), (1.12) and (1.14) is
used to complete the proofs in Section 5. In particular, focusing on Theorem 5.3,
which s the convergence result actually used in the proof of Theorem 1.2, we note
that we need to assume (1.14) in order to be able derive (5.69). We then use (1.12) to
complete the argument in the proof of Theorem 5.3. Note also the difference between
(1.12) and (1.14). Assumption (1.12) simply states that if (S,, 2n,7,) @S @ sequence
such that vy, € Ty, (2n), 2n € 0Dy, ,s, € [0,T], and if (Sn,2n,7,) — (t,2,7) in
R x R? x R?, for some (s,2,7) € R x RY x RY, then v € Ty (2), z € dD,, s € [0,T].
Assumption (1.14), on the other hand, is a statement concerning the convergence,
in the Hausdorff distance sense, of the cones {T's, (z,)}. Finally, to comment on
assumption (1.11), which was also imposed in [15], we note that (1.11) is only used
in the proofs of Theorem 5.1 and Theorem 5.3 and, in particular, in the verification
of (5.51) and (5.52). Assumption (1.11) eliminates the possibility of I' containing
vectors in opposite directions and we have not been able to complete our argument
without this assumption. However, there are articles dealing with Skorohod type
lemmas and reflected Brownian motion, see [14] in particular, where this assumption
is not required. As noted in [14], the inclusion of vectors in opposite directions can be
viewed as a critical case and [14] considers a related problem in a particular setting in
the plane. In our general case we leave this question as a subject for future research.



Remark 1.7 For examples of cases when the geometric assumptions imposed in
Theorem 1.2 and Theorem 1.3 are fulfilled we refer to Section 7. However, we here
briefly discuss Theorem 1.2 and Theorem 1.3 in the context of conver domains. In
particular, let T > 0 and let D C R be a time-dependent domain satisfying
(1.2) and (1.10). Assume, in addition, that D, is convexr whenever t € [0,T]. Let
' =T (2) be as in the statement of Theorem 1.2. Assume that

limlim inf inf a..(p,n) = a>0, 1.22
ngr(l)pl—%sel[%,ﬂ Zéralea ’ (p n) “ ( )

lim lim sup sup e, (p,n) = e<1l. (1.23)
n—0p=0 (0,7 2€0Ds

If D, is convex whenever t € [0,T] then there exists, for every 0 < &g given, hg > 1
such that ([0,T] x RY) \ D has the (o, ho)-property of good projections along T' as
defined in (1.20) and (1.21). In this case the conclusion of Theorem 1.2 is, as can be
seen from the proofs below, that given w € D ([0, T ,Rd), with wy € Dy, there exists
a solution (z, \) to the Skorohod problem for (D,T',w), in the sense of Definition 1.1,
with x € D ([0, T],R). Moreover, if w is a continuous function, then x is continuous.
In particular, if the time-slices { D;} are convex then the restrictions, in Theorem 1.2
and Theorem 1.3, on the jump-sizes in terms of dg, p, can be removed. Moreover, this
is consistent with the results in [15] valid in time-independent domains, see Theorem
4.1 and Proposition 2.3 in [15].

We next formulate a subsequent application of Theorem 1.2 and Theorem 1.3 to
the problem of constructing weak solutions to stochastic differential equations in D
with reflection along I'; on 9D; for all ¢ € [0,T]. Given T > 0, we let C ([0,7],R?)
denote the class of continuous functions from [0, 7] to R%. In the following, we let
m be a positive integer and we let b : R, x R — R%and o : R, x R? — R¥™ be
given functions which are bounded and continuous.

Definition 1.8 Let d > 1 and T > 0. Let D C R be a time-dependent domain
satisfying (1.2), let T = Ty (z) be a closed convex cone of vectors in R for every
2z € dDy, t € [0,T), and let 2 € Dy. A weak solution to the stochastic differential
equation in D with coefficients b and o, reflection along Ty on dD,, t € [0,T],
and with nitial condition zZ at t = 0, is a stochastic process (X 0.2, AO’E) with paths
in C ([O,T] ,Rd) x BY ([O,T] ,Rd), which 1s defined on a filtered probability space
(Q, F,{F},P) and satisfies, P-almost surely, whenevert € [0,T],

t t
X% — 3 _|_/ b (S,ng’:') ds —|—/ o (S,ngé) dW, + A%, (1.24)
0 0
t
AV = / Y. dIA%],, 7, € Ty (X°9) (1 5,(0), d|A%|-ae,  (1.25)
0
X% e D, d[r% ({t € [0,7]: X% ¢ Dt}> —0. (1.26)

Here W is a m-dimensional Wiener process on (0, F,{Fi},P) and (Xo’é,AO’é) is
{Fi}-adapted.



Concerning weak solutions to stochastic differential equations in D with oblique
reflection along 0D we prove the following theorem.

Theorem 1.9 Let T > 0, D C R¥ and I' = Ty (2) be as in the statement of
Theorem 1.2. Letb: R x R* — R? and 0 : R, x R4 — R¥X™ be given, bounded and
continuous functions on D and let 2 € Dy. Then there exists a weak solution, in the
sense of Definition 1.8, to the stochastic differential equation in D with coefficients
b and o, reflection along Ty on 0Dy, t € [0,T], and with initial condition Z at t = 0.

We note that Theorem 1.9 generalizes the corresponding results in [15], [16] and
[53]. Furthermore, we note that there has recently been considerable activity in the
study of reflected diffusions in time-dependent intervals. In particular, in this context
we mention [9], [10], [11] and [12] and we refer the interested reader to these articles
for more information as well as for references to other related articles.

The rest of the article is organized as follows. In Section 2 we first briefly out-
line two general and important themes present in the proofs of the results in this
article. The first theme concerns a priori estimates and compactness for solutions to
Skorohod problems and the second theme concerns convergence results for sequences
of solutions to Skorohod problems. Secondly we discuss the proofs of Theorem 1.2,
Theorem 1.3 and Theorem 1.9 and we try to point out the new difficulties occurring
due to the time-dependent character of the domain. This section is included for
further reference and, in particular, to convey some of the ideas to the reader. In
Section 3 we introduce additional notation, outline the restrictions imposed on D
and I' and collect a few notions and facts from the Skorohod topology. There is
also an appendix attached to Section 3, Section 7. In Section 7 we state sufficient
conditions for the (dg, ho)-property of good projections along I" and we give exam-
ples of time-dependent domains satisfying the assumptions stated in Theorem 1.2,
Theorem 1.3 and Theorem 1.9. Section 4 is devoted to estimates for solutions to the
Skorohod problem, with oblique reflection, which have bounded jumps and also to
the corresponding estimates for certain approximations of the Skorohod problem. In
Section 5 we first prove Theorem 5.1, containing a general result concerning conver-
gence of solutions to Skorohod problems in time-dependent domains. Furthermore,
we establish the somewhat similar result for certain approximations of the Skorohod
problem. The latter estimates are then used in the proof of Theorem 1.2. The final
proofs of Theorem 1.2, Theorem 1.3 and Theorem 1.9 are given in Section 6. The
article ends with the appendix, Section 7, discussed above.

2 A briefly outline of proofs and our contribution
Concerning proofs we note that the arguments in this article follow two general and
important themes which we here, to start with, briefly outline.

A priori estimates and compactness. To explain the a priori estimates, we let
T >0,D C R and I' =T, (2) be as in the statement of Theorem 1.2, and we let



w € D ([0,T],R?) with wo € Do. Assume that (z, \) is a solution to the Skorohod
problem for (D, I', w) such that = € Dro ([O,T] ,Rd). Under these assumptions, we

prove, see Theorem 4.2 below, that there exist positive constants Ly (w,T'), Ls (w,T),
Ls(w,T) and Ly (w,T) such that

[l < La(w, T) Jwlly, , + Lo (w, T) Lt = 1),
(Alty =M < Ls (w, T) [Jwlly, 4, + La (w0, T) L(t2 = 1), (2.1)

whenever 0 < t; < t5 < T. Furthermore, we prove that if W C D ([O,T ] ,Rd) is

relatively compact in the Skorohod topology and wy € Dy, whenever w € W, then,
there exist positive constants LT, LT LI and LI, such that

sup L; (w,T) < LT < 0o, fori=1,2,3,4. (2.2)

weW
Convergence results for sequences of solutions to Skorohod problems. The
a priori estimates and compactness result in (2.1) and (2.2) are useful for prov-
ing convergence of solutions to Skorohod problems. To explain this further, let
{D"}2 | be a sequence of time-dependent domains D" C R¥*! satisfying (1.2) and
let {1}, = {I"(2)}>°, be a sequence of closed convex cones of vectors in R
Assume that {D"}22, and {I"}¢°, satisfy the conditions stated in Theorem 1.2
with constants that are ‘uniform with respect to n’ in a sense made precise in Sec-
tion 5. Let {w"}, with w} € Dy, be a sequence in D ([O,T ] ,Rd) which is rela-
tively compact in the Skorohod topology and which converges to w € D ([O, T ,Rd)
with wy € Dy. Furthermore, let D C R4 be a time-dependent domain satisfy-
ing (1.2), let I' = ['y(2) be, for every z € 9Dy, t € [0,T], a closed convex cone of
vectors in R? satisfying (1.11) and (1.12). Assume that the sequences { D"}, and
{I'"}22, converge to D and T, respectively, in a sense specified in Theorem 5.1.
If there exists, for all n > 1, a solution (z",\") to the Skorohod problem for
(D", I, w") such that 27 € Dy, for all t € [0,T], and 2™ € D™ ([0,T],R?), then
it follows, using (2.1) and (2.2), that {(w™, 2™, A", |\"|)} is relatively compact in
D ([0,T7],R%) x D ([0,T],R?) x D ([0,T],R?) x D([0,T],R;). Hence, we are able
to conclude that {(z", \")} converges to some (z,A) € D ([0,7],R?) x D ([0, 7] ,R%)
with z € D and we can, in addition, prove that (x, \) is indeed a solution to the Sko-
rohod problem for (D, ', w). This result, found in Theorem 5.1 below, constitutes a
general convergence result for sequences of solutions to Skorohod problems based on
the a priori estimates and compactness result in (2.1) and (2.2).

Although Theorem 1.2 does not follow directly from the results outlined above,
we claim that (2.1), (2.2) and Theorem 5.1, stated below, are of independent interest
and may be useful in other applications involving the Skorohod problem. To start
an outline of the actual proofs of Theorem 1.2, Theorem 1.3 and Theorem 1.9 we
note that to prove Theorem 1.2 we use arguments similar to those outlined above
but in this case we have to construct, given (D,I',w), an approximating sequence
{(D", T, w™)} such that a solution (z™, A") to the Skorohod problem for (D", I'", w™)
can be found explicitly.

10



Proof of Theorem 1.2, Theorem 1.3 and Theorem 1.9. To discuss the con-
struction of {(D™, T w™)} and {(z™, A")} used in the proof of Theorem 1.2, we
consider w € D ([0, T] ,Rd), with wy € Dy and with jumps bounded by some con-
stant, and we now let {74} , define a partition A of the interval [0,T], that is
O=1o<T1 < ... <7n_1<7Nn=T. Given A we let

A* = — 2.3
ke{g}%ﬁ_l} Tk+1 — Tk, ( )

and, given A and w, we define

th = w,,_,, whenever t € [14_1,7), k€ {l,..., N}, (2.4)

and w® = wy. Then w® € D ([0,7],R?) is a step function approximation of w.
Furthermore, assume that A and w® are such that

||wA||7'k71,7'k + l<A*) < 507 (25)

whenever k € {1,..., N}. Recall that 0y is the constant appearing in the notion of
the (dg, ho)-property of good projections. We next define

DA =D 2 =T, ., whenever t € [1,_1,71), k€ {1,...,N}, (2.6)

Tk—1"

and D2 = Dy, T = TI'y. Given w?, D? and T'® as above we define a pair of
processes (xA, )\A) as follows. We let

& =we, A2 =0, fort €[0,7y). (2.7)
If x Tk € DA . for some k£ € {1,..., N}, then, by the triangle inequality and (2.5),
a (o8, +wd = wl D) < ey r, +UAT) < . (2.8)

Hence by the (0o, ho)-property of good projections it follows that if xfk o+ wTAk —
¢ D , then there exists a point

Tk 1
I% (A A
Toms (¥, +wd —wh ) €oDs, (2.9)
Wthh is the pI‘OJGCthIl of ka L+ wA — wTAk _, onto (‘3DTAk along I‘TAIc . Furthermore, if
DA
Tk Lt wa Tk . € D2, then we let
Fﬁk A A A 2 1
Tops (T +w —wy, | =~ +w —wy, . (2.10)

Based on this argument we define, whenever t € [Ty, 7141), k € {1,..., N — 1},

A _ IS (A A A
Ly = 6DA Ly s _'_w Wry 1)
A A
)\t = )\ka1 + (xtA - ( Tk 1 + w w?‘]‘,l)) (211)



Finally, we define 2 and A\ as in (2.11) by putting k = N in (2.11). By construction,
the pair (22, A*) is a solution to the Skorohod problem for (DA, 2, wA). Moreover,
using the assumption on the size of the jumps of w stated in Theorem 1.2, we will be
able to make the construction so that we can conclude that =2 € Do ([0, 7], R?).
As the next step we then apply Theorem 4.6 stated below, showing the existence of
positive constants Ly (w,T), Ly (w,T), Ls (w, T) and Ly (w,T) such that

o], ., < Li(w, T) Jwlly, y, + Lz (w,T) (I (t2 — 1) + U(A7)),

N3 = A% < L (w, T) [wlly g + La (w0, T) (Lt = t2) +U(AY)), (2.12)

whenever 0 < t; <ty < T. Provided with the estimates in (2.12) we are then able
to prove Theorem 1.2 by means of compactness arguments similar to those outlined
above. Indeed, we construct an appropriate sequence of partitions {A,}°,, based
on w, such that z®» € Dro ([O,T ] ,Rd) for n larger than some ny and such that
(% A2") is a solution to the Skorohod problem for (DA, T4 whn) for n > ng.
Then, using (2.12) we conclude that { (w™, 24", ABn | \Bn ) } is a relatively compact
sequence in the Skorohod topology and that {(xA”, )\A")} converges in the sense
of the Skorohod topology to a pair of functions (z, ). Note that an important
difference here, compared to the situation outlined above, is that D and I'* as
defined in (2.6) are discontinuous in time. To be able to handle this situation we
employ some additional arguments, similar to the ones in the proof of Theorem 5.1,
in order to prove that (x, \) is a solution to the Skorohod problem for (D,T',w) on
[0,7]. This completes the proof of Theorem 1.2. Concerning Theorem 1.3 we see
that this theorem follows immediately from the continuity of w and (1.10) using the
estimates in (2.1). To prove Theorem 1.9 we argue somewhat similar as in the proof
of Theorem 1.2 and we refer to the bulk of the article for details.

To conclude, we note that the proof of Theorem 1.2 is more involved compared to
the proof of the corresponding result for time-independent domains established in [15]
and that new difficulties occur, naturally, due to the fact that we are considering time-
dependent domains. In the time-independent case a solution (z, A) to the Skorohod
problem for (D, T, w) is constructed as the limit of a sequence {(z®", A®*")}, where
(2%, A*") is a solution to a Skorohod problem based on w”. In this case (z®", \*")
is a solution to a Skorohod problem for (D, T',w*"), while in our case (2", \>") is a
solution to a Skorohod problem for (D?» T'A wAn). Hence, in the time-dependent
case we, at each step, also have to discretize and approximate D and I' due to the
time-dependent character of the domain. In particular, the fact that D?» and I'*",
as defined in (2.6), are discontinuous in time induces several new difficulties which
we have to overcome in order to complete the proof of Theorem 1.2.

3 Preliminaries

In this section we introduce notation, collect a number of preliminary results con-
cerning the geometry of time-dependent domains and recall a few notions and facts
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from the Skorohod topology.

3.1 Notation

Points in Euclidean (d + 1)-space R are denoted by (¢,2) = (¢, z1, ..., 24). Given
a differentiable function f = f (¢, 2) defined on R x R%, we let 9., f (¢, z) denote the
partial derivative of f at z with respect to z; and we let V. f denote the gradient
(0x fy...y0.,f). Higher order derivatives of f with respect to the space variables
will often be denoted by 0....f (t,2), 0.2,z f (t,2) and so on. Furthermore, given
a multi-index 8 = (8y,...,84), B; € Z, we define |G| = 5, + ... + B, and we let
O f (t, z) denote the associated partial derivative of f (¢, z) with respect to the space
variables. Time derivatives of f will be denoted by & f (t,z) where j € Z,. As
in the introduction, we let (-,-) denote the standard inner product on R? and we
let |z| = (z,2)"? be the Euclidean norm of z. Whenever z € R% 7 > 0, we let
B, (2)={yeR?: [z —y|<r} and S, (z) = {y e R?: |z — y| = r}. In addition dz
denotes Lebesgue d-measure on R?. Moreover, given £ C R? we let £ and OF be the
closure and boundary of E, respectively, and we let d(z, E') denote the Euclidean
distance from z € R? to E. Given (¢,2),(s,y) € R we let d, ((¢,2),(s,y)) =

max { lz—y|, |t — s|1/2} denote the parabolic distance between (¢, z) and (s,y) and

for I C R we let d, ((,z), F) denote the parabolic distance from (¢, 2) € R**!
to F. Moreover, for (t,2) € R4 and r > 0, we introduce the parabolic cylinder
Cr (t,z) = {(s,y) e R¥ : |y — 2| < r,|t — s| < r?}. Given two real numbers a and
b, we let a Vb = max{a,b} and a A b = min{a,b}. Finally, given a Borel set
E C R4, we let x5 denote the characteristic function associated to E.

Given a time-dependent domain D', a function f defined on D’ and a constant
a € (0,1], we adopt the definition on page 46 in [41] and introduce

’f (t,Z) B f (872)’
| flisap = sup|85f|+ sup sup =
T |,32<:1 D’ (tLo)eD! (s2)eD\ ()} |t — 5|2

B _ 9B
B N U . )
521 BHED’ (s)ED\{(t:2)} [dy ((t,2) , (5,))]
The third term on the right hand side of |f|, +a,p 18 superfluous for our purposes
but we include it here for agreement with the theory of partial differential equations
in time-dependent domains (see [45]). Using the norm [f[, , p, we let Hiiq (D)
denote the Banach space of functions f on D' with finite |f|,,, ,-norm.

3.2 Geometry of time-dependent domains

We here outline the geometric restrictions which we impose on the time-dependent
domains and cones of reflections. Concerning D we first prove the following auxiliary
lemma.
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Lemma 3.1 Let T > 0 and let D C R be a time-dependent domain satisfying
(1.2), (1.10) and assume that D satisfies a uniform exterior sphere condition in time
with radius ro in the sense of (1.8). Let

[(r):= sup sup d(z,dD,). (3.2)
s,t€[0,T7] 2€0D;
[s—t|<r

Then, 1 (r) =1 (r) for all7 > 0 such that | (r) < ro.

Proof. In the following we let ¢ > 0 be arbitrary and we consider r small enough
to ensure that [(r) < ro. With € and r fixed we let s,t € [0,77], |s — t| < r, be such
that

I, <I(r) <l +e¢ where l; = sup d(z,0D,). (3.3)
2€0D;
Naturally
I = max{ sup d(z,0D;), sup d(z,@Dt)}. (3.4)
2€0DsN(R4\ Dy) 2€0DsNDy

Assume z € 9D, N (R4 \ D;). Then we immediately obtain

sup d(z,0D;) = sup d(z,Dy) < sup d(z,D;) <I(r). (3.5)
2€0DsN(RI\ Dy) 2€0DsN(R4\Dy) 2€Ds

Assume, on the contrary, that z € 9D;ND,. In this case, as [ (r) < ro and D; satisfies
the uniform exterior sphere condition with radius ry, we can conclude that there exists
at least one point y, € 9D; N {z +ny €RY:ny € N,(2) NSy (0),0< A< 7’0} and
obviously d(z,0D;) < |z — y,|. Furthermore, again applying the uniform exterior
sphere condition, we see that z minimizes the distance from y, € 9D, to D,. Hence

sup d(z,0Dy) < sup |z —y.| < sup  d(y., Ds)

2€0DsNDy 2€0DsNDy 2€0DsNDy
< sup d(y,,Ds) < supd(y,Ds) <I(r). (3.6)
Y2€0Dy y€Dy

r). Using (3.3) it is clear that Z(T) <
(r). We next consider the opposite
T], |s — t| <r, be such that

Combining (3.4)-(3.6) we conclude that I
I (r) + € and then, as € is arbitrary, [ (r)
inequality. With e and r fixed, we let s,t € [0,

(
l

<l
<

Iy <1 (r) < Iy + € where Iy = sup d (z, Dy) . (3.7)

2€Ds

In this case we have

Iy = max{ sup d(z,Dy) ,O} = max{ sup d(z,0Dy) ,O} (3.8)

2€DsN(RI\ Dy) 2€DsN(RI\ Dy)

and in the following we can assume, without loss of generality, that I, > 0. Then,
by the uniform exterior sphere condition, and the fact that I (r) < ro, we see that
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every point z € D, N (R?\ D,) can be written as z = g, + n, for some 3. € 9D,
and some ny € Ny (y.) NSy (0), 0 < A < 7. Furthermore, there exists a point

Z =1y, +n; € 0D, with 0 < A < XA < ry. Once again applying the uniform exterior
sphere condition we see that vy, minimizes the distance from Z to dD; and we obtain

sup d(z,0D;) < sup |2 — v.]
2€DsN(RI\Dy) 2€DsN(RI\Dy)
< sup  |Z—y.| < sup d(z,8D,) <I(r). (3.9)
2€DsN(RI\Dy) Z€0dDs

Combining (3.8)-(3.9) we conclude that Iy < li(r) Using (3.7) it is clear that [ (r) <
[(r) + € and then, as € is arbitrary, [ (r) < [(r). This completes the proof of the
lemma. a

Remark 3.2 Note also that the prerequisites of Lemma 3.1 ensures that the number
of holes in D, stays the same for all t € [0,T] and, in particular, that these holes
cannot shrink too much as time changes. Furthermore, Lemma 3.1 and its proof
allow us to conclude that

h (Dy, D;) = h(Dy, Dy) = h (0D, 0D;) (3.10)
whenever s, t € [0,T], |[s —t| <r, L(r) <rp.

Concerning I', we let I' = I';(z) = I'(¢, ) be a function defined on R%*! such that
I'; () is a closed convex cone of vectors in R? for every z € 0D;, t € [0,T] and we
assume that I" satisfies (1.11) and (1.12). To understand the condition in (1.12), that
is the assumption that the graph G' is closed, we observe that one motivation for
using a cone of reflection, rather than a single-valued direction of reflection, is to be
able to deal with discontinuities in the direction of reflection. Such discontinuities
arise, for instance, in the normal direction for a convex polygon. At a point of
discontinuity of the direction of reflection one can use the cone generated by all the
limit vectors (if they exist) of the direction of reflection. For a cone of reflection, the
assumption that the graph G' is closed provides a form of continuity of the cone.
In fact, for a cone of the form T'y(z) = {\y,(2), A > 0}, for some R%valued function
v,(2), the assumption that G is closed is equivalent to the assumption that the
function v,(z) is continuous as a function of (¢, z).

The cone Ny (z) of inward normal vectors at z € 9Dy, t € [0,T], is defined as
being equal to the set consisting of the union of the set {0} and the set

{veR?:v#0,3p> 0such that B, (z — pv/|v]) C ([0,T] x R)\ D}. (3.11)

Note that this definition does not rule out the possibility of several unit inward
normal vectors at the same boundary point. Given N; (2), we let N/ (z) := Ny(z) N
S1(0), so that N}!(z) contains the set of vectors in N;(z) with unit length. Moreover,
based on N (z), we introduce the set

GN ={(t,z,n):n € N,(2), 2 € dD,,t € 0,T]}. (3.12)
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The spatial domain D; is said to verify the uniform exterior sphere condition if there
exists a radius ry > 0 such that (1.8) holds. It is easy to see that (1.8) is equivalent
to the statement that

1
<"7y—z>+2—ro|y—2|2 >0, (3.13)

for all y € Dy, n € N} (2) and z € dD;. Moreover, as deduced from Remark 2.1
in [15], the uniform exterior sphere condition in time asserts that N; (z) is a closed
convex cone for all z € dD;, t € [0,T] and that GV is closed.

For z € 0Dy, s € [0,T], and p,n > 0, recall the definition of the quantity as_. (p,n)
introduced in (1.15),

as,z (p, 1) Jéfq?f%) SSI%I?M yed g}rljr% ven%ir(ly) (7, u) .

The vector u that maximizes the minimum of (v, u) over all vectors v € '} (y) in
a time-space neighbourhood of a point (s, z), z € 0Dy, s € [0,7T], can be regarded
as the best approximation of the T’} (y)-vectors in that neighbourhood. With this
interpretation as , (p,n) represents the cosine of the largest angle between the best
approximation and a I'} (y)-vector in the neighbourhood. Hence, in a sense, as . (p, )
quantifies the variation of I' in a space-time neighbourhood of (s, z). For z € 0D,
s € [0,7] and p,n > 0, recall the definition of the quantity c; . (p,n) introduced in
(1.16),

cs. (p,m) = max max max max (M v 0) :
’ s<t<s+1 yecdDNB,(z) 26DiNB,(z), £y YLt () ly — 2|

This quantity is close to one if the vectors v € T'} (y), in a time-space neighbourhood,
deviate much from the normal vectors and/or the domain is very concave. Hence,
in a sense, cs. (p,n) quantifies the skewness of I" and the concavity of D. Note that
(1.16) implies

(v 2=w)+esz(pm)ly — 2 20, (3.14)
for all y € D, N B,(2), 2 € D;N B,(z), 2 # y and v € I'} (y) with z € D,
t € [s,s+mn] C [0,7]. This condition exhibits some similarity with the uniform
exterior sphere property (3.13). Finally, recall the definition of the quantity e . (p, n)
introduced in (1.17),

s (p,M)

(asz (p,m)* Vs (pom) /2

Furthermore, as stated in the introduction, in the subsequent section we prove esti-
mates related to the Skorohod problem in time-dependent domains satisfying (1.2)
and the uniform exterior sphere condition in time, with radius rq. Moreover, to de-
rive these estimates we also assume that there exist 0 < p, < 79 and n, > 0, such
that the assumptions in (1.18) and (1.19) hold, i.e.,

€s,z (p7 77) =

inf inf a,. ) - >0,
i 28D, 0o (P h) =

sup sup e (pg,1m) = e <Ll
s€[0,T 2€0D;
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Remark 3.3 The function as . (p,n) is a straightforward generalization of the func-
tion
Q. = max min min (n,u), 3.15
2 u€51(0) yedQNB,(z) "N (y) < ) ( )
introduced by Tanaka [61] in his treatment of the Skorohod problem. Here Q C R? is
a bounded spatial domain and N'(y) is the set of unit inward normals at y € 0Q. In
[15], [42], [53] and [61] the condition

})13(1) Zle%fg a, (p)=a >0, (3.16)

is used to rule out the case of tangential normal directions (see [15] for equivalent
characterizations of domains satisfying this criterion).

Remark 3.4 The functions c, ., (p,n) and es . (p,n), introduced in (1.16) and (1.17),
are straightforward generalizations of the functions ¢ and €, respectively, introduced
in [15]. Moreover the related functions ¢ and e, also introduced in [15], are useful
only in the context of convex domains. Hence, as we here consider general (possibly
non-convez) domains, only generalizations of the functions ¢ and € are useful. For
notational simplicity, we have removed the tilde in our definition of the generalized
versions of ¢ and €.

Given T' > 0, let D C R4*! be a time-dependent domain satisfying (1.2) and a
uniform exterior sphere condition in time with radius ry in the sense of (1.8). Given a
point (¢, z) € ([0, T]xR?)\ D in a neighbourhood of D we in this article heavily use the
projection of (¢, z) onto 0D along the vectors in the cone I'. While such projections
can be defined in several ways, we in this article here only consider projections in
space along vectors v € I'y (), y € 0Dy, onto dD;. With this restriction, the analysis
of Section 4 in [15] can be used to derive sufficient conditions for the existence of
a projection of a point z € R?\ D,, onto dD,, along T';. In other words we can
determine whether or not there exist, for a given point z € R?\ D,, a point y €
0D, and a vector v € 'y (y) such that y — z || 7. In particular, it can be understood
when, for 0 < 6y < 1o, hg > 1 and I' = Ty(2) = I'(t, 2) given, ([0, T] x R%)\ D has the
(00, ho)-property of good projections along I' in the sense defined in the introduction,
see (1.20) and (1.21). We refer to the appendix, Section 7, for more on this as well
as for a discussion of examples of time-dependent domains satisfying the restrictions
imposed in Theorem 1.2, Theorem 1.3 and Theorem 1.9.

3.3 Cadlag functions and the Skorohod topology
Let T > 0 and let z € D([0,T],R?). Given a bounded set I C [0, 7] we let
w(x, 1) = sup |z, — x,|. (3.17)

u,rel

Then, using Lemma 1 on page 122 in [7] we see that there exists, for € > 0 given, a
sequence of points tg, ..., t,, such that

O=to<ti <...<t, = T, 'L/lj(l', [tifl,ti)) < €. (318)
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In particular, there can only be finitely many points ¢ € [0,7] at which the jump
|z, — x4~ | exceeds a given positive number. To proceed we, in the following, use
the notation and exposition of Chapter 3 in [30]. We let ¢ (z,y) = |[r—y| A1
whenever z,y € R? and we let dp([0,T], z,y) be the metric on the space D([0, T, RY)
introduced, for the interval [0,7], as in display (5.2) in [30]. Then, by Theorem
5.6 in [30] we see that (D([0,T],R%),dp([0,T],,)) is a complete metric space and
the topology on D([0,T],R?), induced by the metric dp([0,T],-,-), is known as
the Skorohod topology on D([0,T],R?). Recall that if x,y € D([0,7],R?), then
dp([0,T],z,y) = 0 implies that x; = y, for every t. Furthermore, if {"} is a sequence
in D([0,T],R%) and = € D([0,T],R?), then the statement that dp ([0, T], 2", x) — 0
as n — oo is equivalent to the statement that there exists {\,} C A (see [30] for the
definition of the space A) such that (5.6) in [30] holds and such that

lim sup |z} — 25,0 = 0. (3.19)
For a proof of this result we refer to Proposition 5.3 in [30]. Furthermore, to under-
stand the relatively compact sets in D([0, 7], R?) we introduce and use a modulus
of continuity. In particular, for z € D([0,7],R?) and § > 0 we define the quantity

w' (2,6,T) = infmax sup |z, — 2|, (3.20)
{t:i3 ¢ U,T‘E[tl‘,tprl)
where the infimum is taken with respect to all partitions of the form 0 =ty < t; <
e <tpo1 <T <t,, withmin; |t; — ¢;_1| > 0. Furthermore, given W C D ([O,T] ,Rd)
we let
u(W,0,T) = sup w' (w,d,T). (3.21)
wew

Using this notation we first quote Theorem 6.3 in [30] which states that W C
D ([O, T ,Rd) is relatively compact in the Skorohod topology if and only if for every
rational ¢ € [0, 7] there exists a relatively compact set A, C R? such that w; € A,

for all w € W and such that
lim pu (W, 8,T) = 0. (3.22)

6—0

Finally, we also note the following. Given §' > 4, let

W' (z,0,0",T) = infmax sup |z, — x|, (3.23)
{ti} ? u,T‘E[ti,tz‘Jrl)
where the infimum is taken with respect to all partitions as above but with the addi-
tional restriction that max; |t; — ¢;_1| < ¢'. Furthermore, given W C D ([0,7],R?)
we let

ap(W,0,0",T) = sup @' (w, 0,0, T). (3.24)
wew
Then
W' (2,6,0",T) =w' (2,6, T) and o (W, 8,8, T) = pu(W,d,T). (3.25)
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4 Estimates for solutions and approximations to
Skorohod problems

In this section we first prove certain estimates for solutions to the Skorohod problem
for (D, T, w), assuming that D satisfies the assumptions stated in Theorem 1.2 and
that w € D ([0, T] ,]Rd) with wy € Dy. In particular, we prove that the modulus of
continuity of cadlag solutions to the Skorohod problem for (D, ', w), with bounded
jumps, can be estimated from above by the modulus of continuity of w and the
modulus of continuity [. This result is derived in two steps. In the first step we
prove, see Lemma 4.1 below, a local compactness result which is valid in a spatial
neighbourhood of a given boundary point and on a constructed time interval. In
the second step we then prove that corresponding global estimates, see Theorem 4.2
below, can be derived based on the local compactness result. In particular, Theorem
4.2 is the main result we establish in this context. In Section 4.1 we derive these
estimates for solutions to the Skorohod problem and in Section 4.2 we establish the
corresponding results for approximations to the Skorohod problem. In particular,
given w € D ([O,T] ,Rd) with wy € Dy and a partition {7}, which we denote
by A, of the interval [0,7], we define w®, D®, I'®, z® and A\* as in (2.4), (2.6),
(2.7), (2.11). Then, by construction, the pair (2, A*) is a solution to the Skorohod
problem for (DA, 2, wA). In Lemma 4.5 and Theorem 4.6 we prove estimates for
solutions to the Skorohod problem for (DA, ra, wA), which are similar to the ones
established in Lemma 4.1 and Theorem 4.2 for the Skorohod problem for (D, T, w).
We note that the reason for this twofold approach is that since we are considering
time-dependent domains the condition in (1.10) will in general not hold for D4,

4.1 Estimates for solutions to Skorohod problems

Given a > 0 and e € (0,1) we define the positive functions K;, Ky, K3 and K, as
follows,

2a? 2 2a? 2
Kl(a,e) _ a—+ 2a%e + —i—ae’ K2(a,e): a‘e + —i—ae’
a(l—e) a(l—e)
1+ K 1+ K
Ks(a,e) = ++m,e)’ K4(a76):++m’e)_ (4.1)

In this section we first prove the following two general results for solutions to the
Skorohod problem.

Lemma 4.1 Let T > 0 and let D C R be a time-dependent domain satisfying
(1.2), (1.10) and a uniform exterior sphere condition in time with radius o in the
sense of (1.8). Let T' = I';(z) be a closed convex cone of vectors in R for every
z € 0Dy, t € [0,T]. Assume that (1.18) and (1.19) hold for some 0 < p, < 79,
N > 0, a and e. Finally, assume that ([0,T] x R?) \ D has the (o, ho)-property of
good projections along T, for some 0 < 09 < rg, hg > 1 as defined in (1.20), (1.21).
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Let w € D([0,T],R?) with wg € Do and let (z,\) be a solution to the Skorohod
problem for (D,T',w). Consider a fived but arbitrary s € [0,T], such that x, € Dy,
and note that it follows from (1.18) and (1.19) that there exist 0 < p < 19 and n > 0
such that

sz, (p1) >0, €5z, (p,n) < 1. (4.2)

Then, for 0 < s <t; <ty < Tp,,
|zl ., < Kila,e)[Jwlly,, + K2 (a,e)l(ta —t), (4.3)
Al = AL, < Ks(ae)flwll,, ,, + Kala,e)l(ta —t1), (4.4)

where a = a5, (p,n), € = esq.(p,n). Here 7,, is defined as follows. If there exists
some t such that s <t < (s+n) AT and |v; — xzs| + 1 (t — s) > p, then

Tom=1nf{t: s <t < (s+n) AT, |z —zs| +1(t —s) > p}, (4.5)
whereas if |ty — xs| +1(t—s) < p foralls <t < (s+n)AT, then
Tom = (s+n)ANT. (4.6)

Theorem 4.2 Let T > 0, D C R¥ 7o, T' =T (2), 0 < py < 70, 7y > 0, a, e, dg
and hg be as in the statement of Lemma 4.1. Let w € D ([0, T] ,Rd) with wy € Dy
and let (x,\) be a solution to the Skorohod problem for (D,T',w). Moreover, assume
in addition that x € Dro ([0, T ,Rd). Then there exist positive constants Ly (w,T),
Ly (w,T), L3 (w,T) and Ly (w,T) such that

Ly (0, T) 1]y, + Lo (0, T) 1 (12— 1) (47)
L (w0, T) 0], + L (0, T) 1 (1 = ) (48)

[/ P

<
’>‘|t2 - |>“t1 <

whenever 0 < t; <ty <T. Furthermore, if W C D ([0, T] ,]Rd) 1s relatively compact

in the Skorohod topology and satisfies wg € Dy, whenever w € W, then there exist
positive constants LT, LT, LT and LY, such that

sup L; (w,T) < LT < oo, fori=1,2,3,4. (4.9)

wew
Remark 4.3 Versions of Lemma 4.1 and Theorem 4.2, valid only in the setting
of time-independent domains, are proved in Lemma 2.1, Theorem 2.2 and 2.4 in
[15]. Our contribution is that we are able to establish similar results when D C
R4t s a time-dependent domain. Furthermore, concerning related results in the
setting of time-dependent domains we note that if D is an Hay-domain and if T'y(2) =
{\(2),A > 0}, for some Sy (0)-valued continuous function v, (z) such that

V3
inf — 4.1
ZeaDglte[o’T]m(Z),nt(2)> > (4.10)
then a version of Theorem 4.2 is proved in Theorem C.3 in [16]. Note also that if D
is an He-domain then there ezists a unique unit inward normal, ny(2), at z € 0Dy,
t €1[0,7).
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Remark 4.4 Unlike in the statements of Theorems 1.2, 1.3 and 1.9, we need not
assume that T satisfies (1.11), (1.12) and (1.14) in the prerequisites of Lemma 4.1
and Theorem 4.2. This remark also applies to Lemma 4.5 and Theorem 4.6 stated
below.

Proof of Lemma 4.1. To simplify the notation we in the following let a =
asz, (p,M), ¢ = sz, (p) and e = e, (p,n). Moreover, we let u be a unit vector
such that

(Y, u) = a, (4.11)

forally, € I'l (y),y € 0D,NB, (z5) and r € [s,7,,] C [s, (s + 1) A T]. The existence
of such a vector follows from the definition of as .., (p, 7). Using properties (1.5)-(1.6)
in Definition 1.1 we see that

ty
<:L‘t2 - C(:1517u> = <wt2 - wtvu) +/ <’7ra u>d |/\|r’ (412)
tF S~

>a

for any 0 < s <t; <ty <7,,. Based on (4.12) we deduce that
1
’)\‘tg - |)\‘t1 S a (|wt2 - wt1‘ + ‘xtz - xt1|) . (413)

Furthermore, again using properties (1.5)-(1.6) in Definition 1.1, we also see that

t 2
|xt2 - xt1|2 - <wt2 — Wy + /+ /Vrdp“r) (414)
t

1
t+

tf ’ ;
- |wt2—wt1|2+( / %dw) 2 [ Gy — ) A
t t1

1

whenever 0 < s <t; <ty < 7,,. Note that the integrand in the last term in this
display can be rewritten as

<wt2 - wt1=7r> - <wt2 - Wy, /7r> + <w7" - wt177r> (415)

rt
= <wt2 - wra’%ﬂ) + <x7’ - Itu’yr) - <</+ rYud|/\|u> v’7r> .
t

In particular, combining (4.14) and (4.15) we see that
t+

2
o=zl = o= w42 [ (o~ ) A,

t

ts 2
(= 2,70 d A, + ( /. %dwr)
t

+2

t3

J; 1
t; rt

=7 <(/ vu<a:u>d|A|u>,w>d|A|r. (4.16)
tF tit+
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We now intend to derive bounds from above for all integrals in (4.16). To do this
we first note that the first integral on the right hand side of (4.16) is bounded from
above by

+
t2

ty
2 [ = v d, <2 [ - wildlA, - (4.17)
tf tf

To find an upper bound of the second integral in (4.16) we must take into account
that, due to the fact that our domain is time-dependent, x;, might not belong to
D,. Recall that we are assuming that N,(y) # 0 for all y € dD,, r € [0,7], and,
given r € [0,T], y € R?\ D,, we in the following denote a projection of y onto 9D,
along N, by ﬂé\[gr (y). Furthermore, whenever y € D, we let nggr (y) = y. Using this
notation, and the definition of 7,,, we see that

}WéVBT (x4,) —xs} <ay — x| +1(r—t1) < p. (4.18)
(4.18) implies that ng)r (z1,) € B, (z5) NOD, C B, (z5) N D,. Next, writing
<x7“ - $t177r <$r 7T8D xtl 7r> + <7T<]9VD (xh) xt1a7r> > (419)

and using the fact that z, € B, (zs) N dD, a.e. when d|)|, # 0, together with a
version of (3.14), we deduce that

(x, —mhp (2,),7,) < clo, —m)p (24)] < clo —ay |+ (r—t1). (4.20)
Furthermore,
(0, (x0) — Ty, V) < |mhp, (2) — 2| < U(r—t1). (4.21)

Using the estimates derived above we conclude that the second integral in (4.16) has
the upper bound

ty ty
2 [ o=, < 2 [ ml i,
t t

+2(c+ 1)1 (ta—t1) (A, — 1AL,) - (4.22)
Next, we use Lemma 2.1 (ii) in [53] and rewrite the third integral in (4.16) as

ty 2 ty rt
(/ %dIMT) = 2/ <</ Vu (xu)dMlu> ,%> d[Al,
tF tF tF

1

- Z |’7r|2 (|)\|7" - |)\|7"*)2 : (423)
ti<r<tz _4

Based on the last display it is clear that and the third and fourth integral in (4.16)

reduce to the term
2
— > (AL = A2 (4.24)

t1<r<ts
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Putting the relations (4.16)-(4.24) together, we obtain

ty t
|$t2 - xt1|2 < |wt2 - wt1|2 + 2/+ |wt2 - w?"| d|)‘|r + 20/+ |:L‘7" - xt1| d |)\|r
i i
= > (L= AP 2(e+ 1)1t — 1) (1], — 1A, ) -(4.25)

t1<r<ts

If we now combine (4.25) and the properties (1.5)-(1.6) in Definition 1.1 we first get

ty ty
o = < g — w42 [ = w20 [ - w4
t t

! |
it
T NGRS P S
iy t1<r<ta
+2(c+ 1)1t —t1) (A, = [Al,) (4.26)

and then, again using Lemma 2.1 (ii) in [53] as well as the fact that 0 < ¢ < 1, we
conclude that

ty ty
o = < = w42 o = w20 [ - w4
t t]
2
+e (A, — M)+ 2+ 1)1t —t1) (AL, — 1Al,) - (4.27)

Relation (4.13) and the inequality in the last display yield

2(c+1) ¢ c+1 ¢
2 2
foll, < (14 2w S ol 2 (S5 5 el il (425)

2(c+1) 2(c+1)

c 2
gl + Lt =) llzlly, 4, + Lt =) lwlly, g, -

In addition, combining (4.13) and (4.25), we obtain

2c

2 2(c+1)
2 2
lolly < (14 2) Nl 25l ol g, + 25

+2(c;—1) 2(c+1)

2
1211 o,

L(te —t) [z, 4, + [t —t1) |lwlly, 4, - (4:29)
The inequalities (4.28) and (4.29) can both be written on the form
2 2
Allzll;, 1, = Bllzllyy 4, wlly, r, = Cllwlly, o, = Dlllly, 0, = Pllwlly, ,, <0, (4.30)

where the positive constants A, B and C' are easily shown to satisfy the condition
A+ B = C in both cases. We claim that

C D
ol iy < 5 ol gy + - (131)
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Indeed, suppose, on the contrary, that

A D

C Hx”tl,t2 ek (4.32)

0 < fjwll,,, <

Then, by (4.32),

2 2
A||x||t17t2 _B||'/I/‘||t17t2 ||w||t17t2 _O”wHtl’tQ _D||x||t17t2 _D||w||t17t2
A D A D\?
> Alalf + Bliel g (-5 el + 3 ) =€ (Sl - 3)

A D
~Dllelly i, + 0 (=5 el + 5 )

B A B 24 A
= A H:UHchtg (1 — 6 - 5) + D Hthl’tQ <5 + ? - 5 — 1) =0. (433)

(. J . J

Vv vV
_C—B—A__ _A+B-C__
o =0 = e =0

Obviously (4.33) contradicts (4.30) and hence the claim in (4.31) is proved. To
complete the proof of Lemma 4.1 we first note that (4.28) implies

C D 1+ 2(c+1) T 2(c+1)
||x||t1,t2 S Z ||w||t1,t2 + Z - 1 i % < ||w||t17t2 + 1 _a %l (t2 - tl)
a a
a® + 2ac +2a + ¢ 2a (¢ +1)
- a2 — ¢ [wlly, 4, + Wz (t2 —t1), (4.34)

and that (4.29) implies

C D 1+2 2(c+1)
Hx”tl,tz S Z Hw”h,tQ + Z = 1— ic HwHtl,tg + 1 _a %l <t2 - tl)
a+2 2(c+1)
= — l(ty—t1). 4.35
a_2c ||w||t1,t2 a/_2C ( 2 1) ( )
From the definition ¢ = ———— we know that if — < a?, then we can set ¢ = a’e
a?Va/2 2
in (4.34) and obtain
a’® + 2a’e + 2a + a’e 2a%e + 2a
||x||t1,t2 < o2 (1 — 6) ||wHt1,t2 + ml (tQ — tl)
a+ 2a%e + 2+ ae 2a%e + 2
= —(ts — t 4.36
a (1 _ 6) ||w||t1,t2 + a(l . 6) ( 2 1)7 ( )

whereas if % > a?, then we can set 2¢c = ae in (4.35) and obtain

a—+ 2 ae + 2

zll;, 4, < al—o lwllyy r + ml (ta —t1). (4.37)
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Hence, in either case, we arrive at
a+2a%e + 2+ ae 2a%e + 2 + ae
||x||t1,t2 — a (1 ||w||t1,t2 + a (1 _ 6)

—e)
and the proof of estimate (4.3) is complete. Finally, we note that estimate (4.4) now
follows directly from (4.3) and (4.13). This completes the proof of Lemma 4.1. O

(ts—t1), (4.38)

Proof of Theorem 4.2. We first note that the assumptions stated in Theorem 4.2
ensure that there exist some a > 0 and 0 < e < 1 such that as,, (py,7,) > a and
€s.zs (o, M) < e for all x, € 0D, s € [0,T]. Next we recursively define two sets of
time-points {Tl} and {7;}. In particular, we let To = Ty = 0 and define, for i > 0,
Tiv1 =T if z, € D, for all t € [0,T] and

Ty — inf {t T <t<T ac 6Dt}, (4.39)

otherwise. Similarly, for + > 0, we let Ti+1 = (Tix1 +mo) N T, if ‘xt — xTiH‘ +
[(t —Tit1) < py for all t such that T;1 1 <t < (T;41 + 1) AT, and

ﬂ"rl = inf {E-ﬁ-l S t < (1—;‘4,_1 + 770) AT : {l’t - "L‘Ti-ﬁ—l‘ + l (t - ﬂ+1) Z pO} s (440)

otherwise. Using (1.10) and the fact that = is a right continuous function, it follows
that T;,1 < T;41 for all @ > 0. Moreover, using (4.39)-(4.40), we can apply Lemma
4.1 to any pair of time points (¢1,t2) such that T; < t; < t, < T; and obtain

[l < Kilase) fwlly, ,, + Ko (ae) Lt =),
(Al =M < Ks(a,e) [wlly, ,, + Kala,e) L(ta = 1), (4.41)

A

whenever T; < t; < ty < T; where K;, K5, K3 and K, are defined as in Lemma
4.1 based on a and e introduced above. Next, we want to find a similar estimate
whenever TZ <t <ty < Tpyy. If T, = T;y1 we are done and hence we assume
that Tl < Ti11. In that case x; € D, for all Tl <t < T;;; and, as a consequence,
the changes in x and w coincide on this time interval. Finally considering the case
TZ-§t1<TZ-§t2<Ti+1,W€have

|$t2 - xtl‘ < |’LU,52 - wTi‘ + ‘:L'TZ - xff’ + "TT; - xtll?
At = Al < (Mg, = [Alz) + (A7 = ) (4.42)
t, in (4.42) can be handled using (4.41). Regard-

The terms |qu— —$t1| and |/\|T.— - |)‘
ing the terms [r4, — 5| and [A[ — ||z~ in (4.42), we can, since ‘JJT - wT*s‘ < Po>

use (3.14) and the definition of the Skorohod problem to first conclude that

2 2 2
= |Tq —Tp-| + ‘VT (I/\|Ty. - |/\|T;>‘
—2 (-’KT - $T7> 4, (Wﬁ- - |)“Ti’>
2 2
e (|)\|Ty - |/\\T;.—)

~2¢,, 1, (pom0) |23, = v | (Ng, = Wz ) (4.43)

‘ UJT_ — wfi_

(3

v
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Then

2 2

[ 7

F (e g o)) (g~ ) (4

and, as (@ (pg;79))° V sy (00, M0) /2 < 1, for all y € D, s € [0,T], we obtain

’w:ﬁi — Wp- > <1 - CKCTZT% (Po: 770)) ‘le e

2
(0, 2, (P00)) Vs, 1, (P010) /2

Cop Ti (P> o) < = 6o, T (Po,mo) < e (4.45)

Combining the estimates in (4.44) and (4.45), we arrive at

1 1
x:—xﬁ__‘ ’wa—wj_ §—‘w:—w§_ ,
’ : . 1- C.Z‘j“.uTi (pU) . . m . .
1
[Alz, — |)‘|Ti‘ S Jl—¢ ‘wT} - Wi~ (4.46)
Introducing the notation
1
K, = Kl(aae)+1+ 1 ) KZZKQ(G7€)>
—e
1
K3 = Ks(a,e)+ , Ky=Ky(a,e), 4.47
3 3( ) m 4 4( ) ( )
we can use the deductions in (4.41)-(4.46) to conclude that
||37||t1,t2 < K HwHtl,tg + Kol (ta — 1),
Al = Ao < Ksllwlly, g, + Kal (t2 = 1), (4.48)

whenever T; < t; <ty < T;11. We now intend to make use of the estimates in (4.48)
to complete the proof of Theorem 4.2. Note that above we have constructed a set of
time-points {7}, where M is so far undetermined, and

0=Ty<Ti < ... <TM<T:TM+1. (449)
IfM>1,let
0<ti<u<r<ty<T, Th1<u<Ty, T,<r<Ty, h—1<wv. (4.50)

Then, using (4.48), we have

)

|z, —z,| < (M+1)

/N

Kl + Kol (b = 41)) + 3 o, —
i=h

Mo =W < (O +1) (K lloll, g, + Kl (82 = 1)) + D7 Ay, — M- (451)
i=h
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Moreover, arguing exactly as in the deduction of (4.46), we obtain

1
)%Ti - Tp- < — wy, — wr-|
1
|>\|Tl - |)\|T; S m ‘wTi - wa 5 (452)

whenever 1 < ¢ < M + 1. Hence, to complete the proof of Theorem 4.2 we have
to estimate M. To do this we consider W C D ([(), T ,Rd), which is assumed to
be relatively compact in the Skorohod topology and for which wy € Dy whenever
w € VW. We shall prove that the M introduced above is bounded for every such set
W. To do this we use the notation introduced in Section 3.3 concerning the Skorohod
topology. In the following let ¢’ be a fixed number such that

N

& = min{n,, 3/}, where 4 is such that 1(0) < py/ (2(K2+1)). (4.53)

Note that the existence of § follows immediately from (1.10). Using the definition
of ¢ and the fact that W C D ([0,7],R?) is relatively compact in the Skorohod
topology, we see, by (3.22) and (3.25), that

lim i (W, 6,6, T) = 0. (4.54)

6—0

In particular, using (4.54), we can find a 0 < § < ¢’ such that for every w € W there
exists a partition {t; }jj‘io, in general depending on w, such that

0 < |tj+1 — tj| < (5/, for JE {0, e M — 1}, (455)
and p
0

max su Wy — Wy| < ——. 4.56

0sj<M-1 uvre[tj§j+1) | | 2K, ( )

We claim that none of the intervals {[t;,¢;4+1)} in this partition can contain more
than one point from the sequence {7T;}. To prove this we suppose, on the contrary,
that there exist ¢ and j such that t; <T; <Tj;; < t;;;. Then, by construction,

t; <Ty < Ty <Tipy <ty (4.57)

We intend to estimate ‘ZL‘E —zr| + I(T, — T;). We first note that if |z, — x| + [(t —
T;) < po for all ¢ such that T; < t < (T} +n1y) AT, then T; = (T; 4+ 1,) A T. However
using (4.53) and (4.55) it is clear that neither T, = (T} + 7,) nor 7; = T' can occur.
Hence we can assume that 7} is given by (4.40) and, as a consequence, that

|25, — o |+ UT; = T0) > py. (4.58)
But on the other hand, using (4.48) we first see that

g, — o [ HU(T=T) < allg g, HUT=T0) < K fwlly, 7+ Kz + D) UT-T), (4.59)
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and then, using (4.53), (4.55) and (4.56), we deduce

+UT = 1) < Kagre + (K +1)1(5) < p, (4.60)
1

}Irﬁi I

which contradicts the assumption t; < T; < Tj;1 < tj;+1. Hence none of the intervals
{[tj,tj+1)} in the partition can contain more than one point from the sequence {7;}
and, in particular, we conclude that

M < % +1. (4.61)

Combining (4.51), (4.52) and (4.61), we see that

ol < 7+ 1) (Kallwll, g, + Kol (6 = 12)) + Mo, |
T T 1
= <5 § 2) (Bl g, + Fol (12 = 1)) + (5 y 1) = 1hasa-
T 1 T
(1 (5 +2) + = (5 1) ) ol

I (% + 2) [(ts— 1), (4.62)

and, similarly, that

T 1 T
= < (K (5 +2) + o= (5 +1) ) Il

T
+Ky (g + 2) [(ty —1t1). (4.63)
The deductions in the last two displays complete the proof of Theorem 4.2. O

4.2 Estimates for approximations to Skorohod problems

Let T > 0, D C R¥*! and I' = Iy (2) satisfy the assumptions stated in Theorem
4.2. In this section we derive estimates for approximations to the Skorohod problem
for (D,T",w). In particular, given w € D ([0, T ,Rd) with wy € Dy and a partition
{7}, of the interval [0, T'], which we denote by A, we define w® as in (2.4). Recall
that A* was defined in (2.3). Furthermore, in the following, we will assume that
(2.5) holds whenever k£ € {1,..., N}. Based on the assumption in (2.5), we define
DA, T4, 2 and \* as in (2.6), (2.7) and (2.11). Then, by construction the pair
(2, A?) is a solution to the Skorohod problem for (DA, ra, wA). In this section we
prove the following results.

Lemma 4.5 Let T > 0, D C R rg, I =T, (2), 0 < py < 70, g > 0, a, e, dg
and hy be as in the statement of Theorem 4.2. Given a > 0 and e € (0,1), let the
Junctions Ky, K», K3 and Ky be defined as in (4.1) and let w € D ([0, T],R?) with
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wy € Dy. Let A = {7} be a partition of the interval [0,T), let w™ be defined as
in (2.4) and assume that (2.5) holds. Given A and w®, let D®, T?, z® and \* be
defined as in (2.6), (2.7), (2.11). Consider a fized but arbitrary s € [0, T, such that
a8 € OD2. Then, for0 < s <t <ty < Tﬁomo, (W™, 2%, \2) satisfies the estimates

HxAHtl,tQ < Ki(ae) HwHtl,tQ + Ky (a,e) (I (te — t1) + 1(AY)), (4.64)
DA = [N, < Ks(ae) wll,,,, + Ka(ae) (It — t2) + 1(AY). (4.65)

Here 7'/?0,% is defined as follows. If there exists some t such that s <t < (s+ny) AT

and |z — z8| +1(t — 5) + 1(A*) = py, then

To e =if{t 1 s <t < (s4ng) AT, |20 — 23| +1(t—s) +1(A) > p},  (4.66)

whereas if | — x8| +1(t — s) + U(A*) < py for all s <t < (s+mny) AT, then

Tﬁ)mo =(s+mny) NT. (4.67)
Theorem 4.6 Let T >0, D C R ry, T =Ty (2), 0 < py < 70, 79 > 0, a, e, d
and hy be as in the statement of Theorem 4.2. Given a > 0 and e € (0,1), let the
Junctions Ky, K», K3 and Ky be defined as in (4.1) and let w € D ([0, T],R?) with
wy € Dy. Let A = {14}, be a partition of the interval [0,T), let w™ be defined as
in (2.4) and assume that (2.5) holds. Let A be such that [(A*) < py/(4(K2(a,e)+1))
and let

Al

8" = min{n,, 51}, where § is such that 1(6) +1(AY) < po/(2(Kz(a,e) +1)). (4.68)

Given A and w®, let D, T®, 2 and \* be defined as in (2.6), (2.7), (2.11).
Moreover, assume that x> € Dro ([O,T | ,]Rd). Then there exist positive constants

Ly (w,T) , Ly (w,T), Ly (w,T) and Ly (w,T), independent of A, such that

HSUA”tm < Ly (w,T) wly, ,, + Lo (w,T) (1(ts — t1) + 1(AY)),
N = M2y < Ls(w,T) wll,, , + La (w,T) (I (2 — t1) + 1(AY)), (4.69)

whenever 0 < t; <ty <T.

Proof of Lemma 4.5. Naturally the proof of this lemma is similar to the proof of
Lemma 4.1 and thus we only describe the main differences compared to the proof
of Lemma 4.1. First we note, by the assumptions on D and the construction of D*
based on D, that there exists a unit vector u such that

(77 u) > a, (4.70)
for all v € T (y), y € AD2 N B,y (#2) and r € [5,75 ] C [s, (s +19) AT]. We
also note that if ¢, € [7;,7;41) and ty € [T, Tg41), for some j, k € {0,..,N — 1},

A_ AL if g — - A_ A _|.A A -
then |z, — ay| = 0 if j = k and otherwise |2y, — 3| = 27, — 27 |. Now, using the
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fact that (z2, )\A) solves the Skorohod problem for (DA, A, wA), we conclude, in
analogy with (4.12), that

(zfy —ap,u) = <wt2—wtl,u>+/ <’y,,, d})\A] (4.71)

for any 0 < s <t; <ty <75, , where v2 € I'™1 (y) for some y € OD2. Based on

(4.71) we obtain

Po:Mo’

1
‘)\A|t2 - })\A‘tl S a (‘wm wt1| + ‘xtQ - l’ﬁ}) (472)
Furthermore, arguing as in the proof of Lemma 4.1 we derive
+

t2
ry—afl = ul—uff 2 [ (ud - wda2)alad],

1

ts t 2
2 [ sty o (e
tF tF

t;r rt 1
_2/ <(/ fyﬁd|>\A‘u> ,%A>d|/\A‘T. (4.73)
2 t1+

As in the proof of Lemma 4.1 we have to find upper bounds of all integrals in (4.73)

and, naturally, particular attention has to be paid to the second integral as xtAl might

not belong to D_TA. For y € DA, t € [0,T], we let N2 (y) denote the set of inward
normals at y € D2 and given r € [0,T], y € R?\ DA we in the following denote a

projection of y onto D2 along N2 by Wé\[f: (y). Furthermore, if y € D_TA then we

let 7T8DAA (y) = y. Using this notation, and the definition of Tp nee We see that
A
‘ﬂ'éVDA (z5) — — st| +1(r—t1) +1(A") < po. (4.74)

(4.74) implies that 7 aDA (z8) € B, (¢2) N ODA C B,, (z2) N DA. Arguing as in
(4.19)-(4.21) we then deduce that
A NA (A LA A _ NP (A

(22 = mhns (28) 98) 2= (78)

IN

C|T

< ol -y +cl (r —t1) + cl(A"), (4.75)

and that
NA (A A A < A A
77—6DA (:Ctl) Lys Tr <5?DA (xtl) Ty

Using the estimates derived above we conclude that the second integral in (4.73) has
the upper bound

<U(r—t)+1(AY). (4.76)

i
20/+ 22 — 2@V 4 2(e+ 1) (Ut — ) + 1A (X, — W2],) - @)
tl
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Equipped with (4.77), the proof of Lemma 4.5 can now be completed following the
lines of the proof of Lemma 4.1. O

Proof of Theorem 4.6. Proceeding as in the proof of Theorem 4.2, we first recur-
sively define two sets of time-points {7;*} and {T;*} in order to use Lemma 4.5. In
particular, we let 7 = Tg* = 0 and define, for ¢ > 0, T4, = T if 2 € Df for all
t €10,7] and

T2, = inf {t L TA < <T ab e 8DtA} , (4.78)

otherwise. Similarly, for i > 0 we let T4, = (T4, +no) AT, if |22 — x|+
[(t—TE) + I(A%) < p, for all t such thz}t TH, <t <(TH,+ny) AT. Moreover, if
the latter is not the case we then define 73, to equal

inf {TfH St< (TR +mo) AT : |z —ap | +1(t—T3) +1(AY) > po} . (4.79)
We can then repeat the argument in (4.41)-(4.48) to conclude that

HxAHtl,tg S Kl HwHtl,tz +K2(l (t2 _t1>+l(A*>)7
Mo = A2 < K llwlly,,, + Ka(l (2 — 1) + I(A"), (4.80)

whenever T~ < t; < t, < T,. Furthermore, we note that the M in {T;}X#! is so
far undetermined and as in (4.51)-(4.52) we derive

[y < 1) (Bl + Kol (2 = 1) +UAY)

1 M
+~/ 1—e;‘wTiA _wTiA,—‘,

Nl = W2 < (1) (B fll, 4, + Kall (12— 1) +1(A%)

1 M
/7 — Zl ‘wTiA - wTiA,,( , (4.81)

whenever 0 < t; < ty < T. To complete the proof of Theorem 4.6 we can now
proceed as in the proof of Theorem 4.2 and conclude that M < T'/§ 4+ 1 where § is
given in the proof of Theorem 4.2. This completes the proof of Theorem 4.6. a

5 Convergence and approximation of Skorohod
problems

In the first subsection of this section we prove the general convergence result for
sequences of Skorohod problems, see Theorem 5.1 stated below, referred to in Sec-
tion 2. Then, in the second subsection we explicitly construct, given (D,I',w), an
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approximating sequence { (D", I w™)} and, for each n, an explicit solution (™, \")
to the Skorohod problem for (D™, '™ w™). We then prove that the constructed se-
quence { (2", \")} of solutions converges to a solution to the Skorohod problem for

(D, T, w).

5.1 Convergence of a sequence of solutions to Skorohod prob-
lems

Let T > 0 and let D C R be a time-dependent domain satisfying (1.2). Let
I' = I'; (2) be a closed convex cone of vectors in R? for every z € 0Dy, t € [0,T]
and assume that I' satisfies (1.11) and (1.12). Let {D"}>°, be a sequence of time-
dependent domains D" C R4 and let {T"}22, = {I'"(2)}%, be a sequence of
closed convex cones of vectors in R?. Let w € D ([0,7],R?) with wy € Dy and
let {w"} with w? € DJ be a sequence of cadlag functions converging to w in the
Skorohod topology. Assume that there exists a solution (z™, \") to the Skorohod
problem for (D™, I w™). Then in Theorem 5.1 we prove, by making appropriate
assumptions on D, T, {D"}°, and {I"}2,, that if D" — D and ' — T in the
sense defined in Theorem 5.1, then (2", \") converges to (z, A) and (x, \) is a solution
to the Skorohod problem for (D,T',w). However, to state Theorem 5.1 we need to
introduce some additional notions and notation. In particular, in the following we
let af , and e}, be defined as in (1.15) and (1.17) but with respect to (D", ™). We
assume that D", for n > 1, satisfies the uniform exterior sphere condition in time
with radius 7, independent of n, and that there exist 0 < p, < ro and 7, > 0 such
that, for all n > 1,

Sé{é,T} zenangL s, (o> M0) a (5.1)
sup sup ey (pg,7) = en <L 5.2

s€[0,T] ze0D?

Furthermore, we let

l,(r)= sup supd(z, D}), (5.3)
S,tE[O,T] Zeﬁ?
js—t|<r
and we assume that
lim supl, (r) = 0. (5.4)
r—0+ p>1

Note also that if we define [, (r) as in (3.2) but with D replaced by D", then Lemma
3.1 and (5.4) imply that
lim supl, (r) = 0. (5.5)
r—0t p>1
Moreover, we assume that there exists R > 0 such that D ¢ B(0,R) and D, C
B(0,R), for all n. > 1 and t € [0, 7], and we let

R =2 sup sup max{diam(D}'),diam (D;)}, (5.6)
tel0,T] n
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where diam(D}"), diam(D,) are the Euclidean diameters of the spatial regions D}
and Dy, respectively. Recalling that the set GT' was introduced in (1.12), we here
also introduce, for n > 1,

G" ={(s,2,7): vy €T (2), z€ 0D s€[0,T]}, (5.7)
and we let, whenever ¢ € [0, T,

G, = G"n([0,t] x Br(0) x S1(0))
Gt = G N ([0,t] x Br(0) x S (0)). (5.8)

In the following we need to measure the distance between the sets Gp and G7
and hence we introduce an appropriate Hausdorff distance for subsets of [0,7] x
Bgr (0) x S1(0). In particular, we let, given (s, z,7) € [0,T] x Bg(0) x S; (0) and
(8,2,%9) € 10,T] x Br(0) x 51 (0),

E((57Za7>7(§727ﬁ/>>:|3_§|+’Z_2‘+|’7_:7|7 (59)

denote the (Euclidean) distance between (s, z,v) and (8§, 2,4). Furthermore, based
on E, we define, given Fy, F5 C [0, 7] x B (0) x S; (0) and (s, z,7) € [0,T] x Bg (0) x
S1(0), the distances E((s, z,7), F1), E((s, z,7), F2) and E(F}, F3) in the natural way.
Furthermore, for F; and F3 as above, we introduce a Hausdorff distance between F}
and F5 as

H(Fy, F;) = max{A, B},
A = sup{E((s,2,7), F): (s,2,7) € Fi},
B = sup{FE((5,2,9),F1): (5 2,9) € Fy}. (5.10)

In the following we say that G’ converges to G if
H(G},Gr) — 0, as n — o0. (5.11)

Imposing the assumptions on D, I' stated above and assuming (5.11) we can, for
example, ensure that if {(s,, z,)} is a sequence of points in R**! s, € [0,7], z, €
oD? , lim, . 5, = s € [0, T, limy, .0 2, = 2 € 0D, then

lim (I} (2,),T%(2)) =0. (5.12)
To see this we consider, for {(s,,2,)} and (s, z) given as above, (s,,z2,,7% ) € G}
and (s, z,7,) € Gr. Given (8, 2,,7%, ) € G we let (3, 2,,7;,) € G be a point on
G'r which minimizes the distance, as defined in (5.9), from (s, z,,7} ) to Gp. Then,

E((sn, 20,75, (5, 2,74))
E((8ny 2n,7%.), (3ns 200 45,)) + E((8n, 2y 45,)5 (5, 2,75))
H(Gr,G%) + E((8n, 20, 7% )5 (8, 2,75))- (5.13)

Ve, — Vsl

VAR VANRVA
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Hence,
MTE, (2),Ts (2)) < H(Gr, G7) + Ry, (5.14)

where

R, = max{A,, B,},
An = sup{E((5n, 20, 75,), {(s, 2, Ts(2))}) + 42, € % (2)}
By = sup{BE({(m 2 TL ()} (5,27)) - 1 €Tu(2)}. (5.15)

As, by assumption, G is closed we can now first conclude that R, — 0 as n —
o0, and then we find, using (5.11), that A(T'} (z,),Is(2)) — 0 as n — oo. This
completes the proof of (5.12). We are now ready to formulate our convergence result.

Theorem 5.1 Let T > 0 and let D C R**! be a time-dependent domain satisfying
(1.2). Let T' = T (2) be a closed convex cone of vectors in RY for every z € 0D,
t € (0,7, and assume that I" satisfies (1.11) and (1.12). Let {D"}$°, be a sequence
of time-dependent domains D™ C R4 satisfying (1.2) and a uniform exterior sphere
condition in time with radius ro in the sense of (1.8). Let {T™}22, = {T'} (2)}22, be
a sequence of closed convexr cones I'™ = T'? (2) of vectors in R for every z € DY,
t € [0,T]. For alln > 1, D" and T satisfy (5.1) and (5.2) for some 0 < p, < 19,
Mo > 0, an, e, and, moreover, ((0,T) x RY) \ D" has the (8¢, ho)-property of good
projections along I'™, for some 0 < 09 < py, ho > 1. Assume that inf,{a,} > 0,
sup,{e,} < 1 and (5.4) hold. Regarding the convergence D™ — D and I'" — T,
assume that

lim sup h(Dy,D;) = 0, (5.16)
N0 tel0,T]
lim sup h(0D},0D;) = 0, (5.17)
n=00 ¢€[0,T)

and, with Gp and G%. defined as in (5.8), that
G converges to Gr in the sense of (5.11). (5.18)

Let w" € D ([O,T] ,]Rd) with wl € D§ and assume that there exists a solution
(z",A") to the Skorohod problem for (D™, I™ w") such that z™ € Do ([0,T],R?)
for all n > 1. Assume that {w"} is relatively compact in the Skorohod topol-
ogy and that {w"} converges to w € D ([0,T],R?). Then {(z",\")} converges to
(z,A) € D([0,7],RY) x BV ([0,T],R?) and (z,)) is a solution to the Skorohod
problem for (D,T,w) with = € D™ ([0,T],R?).

Remark 5.2 We note that the formulation of Theorem 5.1 contains several subtle
points. First, we do not have to assume that the elements in the sequence {I'"}5°,
satisfy (1.11), (1.12) and (1.14). The reason for this, see Remark 4.4, is that The-
orem 4.2 holds, with constants independent of n, for each element in the sequence
{(w™, 2™, \")} even without these assumptions. Secondly, we only have to impose
very modest restrictions on D but, as can be seen in the proof below, we have to
assume that I' = T'y (2) satisfies (1.11) and (1.12).
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Proof of Theorem 5.1. As {w"} is relatively compact in the Skorohod topology,
we first note that Theorem 4.2 can be used to conclude the existence of positive
constants Ly, Ly, L3 and Ly, independent of n, such that

||ant1,t2 < Ll ||wnHt17t2 + L2ln <t2 - tl) 5

|>\n - |An|t1 S L3 ||wn||t1,t2 + L4ln <t2 - tl) Y (5']‘9)

e
whenever 0 < t; <ty <T. As {w"} converges to w € D ([0, T],R?), we also see, us-
ing (5.4) and (5.19), that {(w", 2™, A", |A\"|)} is relatively compact in D ([0, T],R?) x
D ([0,7],RY) x D ([0,7],R?) x D ([0, T],Ry). Furthermore, we know that z} € D"
forall ¢ € [0,7], n > 1. Hence, {(z",\")} converges to some (z,\) € D ([0,7],R?) x
D ([0,7],R?). We intend to prove that (z,A) € D ([0, 7], R?) xBY ([0, 7], R?) solves
the Skorohod problem for (D, T',w) and to do this we have to prove that

A e By ([0,T],RY), (5.20)
and we have to verify that
(D,I',w) and (z,\) satisfy properties (1.5)-(1.7) in Definition 1.1. (5.21)

We begin by verifying (1.5) in Definition 1.1. To do this we first note, using the
convergence properties of the Skorohod topology and the fact that (z", A\") solves
the Skorohod problem for (D™, '™, w™), that

Ty = W¢ + )\t, (522)

for all points of continuity and hence, since w, r and A are cadlag functions, that
(5.22) holds for all t € [0,7T]. Hence, to verify (1.5) in Definition 1.1 it only remains
to ensure that o, € D, for all t € [0,7]. To do this we first note, using Proposition
5.3 and Remark 5.4 in Chapter 3 of [30], that there exists a sequence {fn} such that

n n n n
th = 1, of, = @y, T — T, AL = A, AL — M- as n — oo (5.23)

Furthermore, using the triangle inequality, (1.10), (5.16) and (5.23), we obtain
d(w, D) < |o—ap|+d(ap.DF) +n(DFDy,) +h (D, D))
< e — LEZL‘ +h (W,D_t?) +I([t, — t]) = 0, as n — co. (5.24)

This proves that 2, € D, for all ¢ € [0, 7] and hence we have verified that (w;, z,, \;)
satisfies (1.5). We next prove (5.20), i.e., that A € BV ([O,T] ,Rd). To do this we
use an argument similar to the proof of Theorem 3.1 in [15] but as described below
our argument is more subtle due to the fact that we consider sequences (D™, ', w"™)
where, in particular, D" is time-dependent. Recall that with R as introduced in
(5.6), we have

sup sup |zy| < R, sup |z¢| < R. (5.25)
n  t€[0,T] t€[0,T]
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Let G'", G; and G? be as in (5.7) and (5.8). By the prerequisites of Theorem 5.1,
see Remark 5.2, we have that G' is closed. We next define a positive measure x" on
[0,7] x Br (0) x S (0) by setting, for every Borel set A C [0,7] x Bg (0) x S; (0),

T
i (A) = / Yoancn (:20,47) d X, (5.26)

where 47 € T™(2") is as in (1.6)-(1.7) for the solution (2", \") to the Skorohod

S
problem for (D™, '™ w™) and x Ancy. 1s the characteristic functions for the set ANGT.

We then first note that
IA"|, = " (GY), whenever t € [0,7]. (5.27)

We also note that the support of ™ is contained in G% in the sense that pu™(A) =0
whenever A C [0, 7] x Bg (0) x S;(0) is such that AN G = (. Using this, and the
fact that (1.6) holds for A", we see that (5.27) implies that

A= / ydu™ (s, z,7v), whenever t € [0,7T]. (5.28)
[0,t]x Br(0)xS1(0)

Next, using (5.4), (5.19), (5.27) and the fact that {w"} converges tow € D ([0,7],R?),
we conclude that
sup 1" (Gf) < o0, (5.29)

which implies that {¢"} is a compact set of measures, on [0, 7] x Bg (0) x S; (0), in
the sense of the weakx-topology. Therefore, by the Banach-Alaoglu theorem we can
conclude that {4} converges in the weakx-topology to a measure p such that

([0, T] x B (0) x S (0)) < oo. (5.30)

Moreover, since (z™, A\") converges to (x,\) in the sense of the Skorohod topology,
we obtain, using (5.28), that

= [ Y (5,2,7). (5.31)
[0,t]x BR(0)xS1(0)

for all ¢ € [0,7] such that A, = A\~. However, as both sides of (5.31) are right
continuous, (5.31) holds for all ¢ € [0,7]. Having proved (5.31) we see, also using
(5.30), that A is of bounded variation and hence (5.20) is proved. We next claim that

At :/ ydu (s, z,7), (5.32)
Gt

that is we claim that the support of the measure y is the set G in the sense that if
A C [0,T])x Bg (0)xS1(0) is such that ANGy = (), then p(A) = 0. To see this we let
(8,2,%) € [0, T]x Bg (0)x.S; (0)\ G and we see, as G is closed, that if we define, for
n >0, B((5,2,9),n) = {(s,2,7) : E((s,2,7),(5,2,%)) <n}N[0,T]x Br (0) x 51 (0),
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then there exists 7, > 0 such that B((3,2,%),2n,) N Gr = 0. Recall that E is the
distance function introduced in (5.9). Furthermore, the above set-up implies that
E(B((5,2,%),m9), Gr) > 1y and since

E(B((ﬁ, Z, ’3/)7 770)a GTIL“) > E(B(<§7 Z, ’?)7 770)7 GT) - H(GT7 GT})? (533)
we can use the assumption in (5.18) to conclude that there exists ny € N such that

for all n > ng. In particular, B((5,2,9),n,) N G4 = 0 for all n > ny. Hence
w(B((5,2,%9),m)) = 0, for all n > ng, and p(B ((§ 2,9),m9)) = 0 by the weakx-
convergence of u" to p. This completes the proof of (5.32). Having proved (5.20)
and (5.32) we see that

t
A = / v, d|A|, whenever t € [0,T], (5.35)
0

for some S; (0)-valued Borel measurable function v, and to prove (1.6) we have to
prove that v, € T'}(xz,) for all s € [0, T]. To prove this and to verify (1.7) we consider
the following two cases.

Case 1. t € [0,T] is such that x; — ;- # 0,
Case 2. t € [0,T] is such that z; — x;- = 0. (5.36)
Case 1. Note that Case 1 occurs for an at most countable set of jump times of x.

Moreover, in Case 1 it is enough to prove that

At — A— # 0 implies that 2, € 9D, and that Ay — A\- € Ty () . (5.37)

We first note, as we are assuming \; — ;- # 0, that

—)\”‘ > 0 for n suffi-

ciently large, see (5.23). Furthermore, since (2", A") solves the Skorohod problem for
(D™, T™, w™), we have that

T, €0Dg . N =N e Ty (a). (5:38)
Combining (5.5), (5.17), (5.23) and (5.38), we obtain

d(x,0D;) < v, —af | +d(z} D2 )+ h(dD} ,0D;,) + h(dD;,,0D,)

<
< |z — a2} |+ (0D} ,0D;,) + I(|i, —t]) — 0, as n — co. (5.39)
Hence, using (5.39) we can, since 9Dy is closed, conclude that
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We next recall that the set G, defined in (1.12), is, by assumption, closed. Further-
more, arguing as in (5.39), we first see that

d(A = A Do) < [ = A) = (AF, = AR+ (A, = AL TG (a7)
+h(IF (27 ), Ti(2))
< = AR [ A = AR AR (2), Tu(a)),  (5.41)

and then, letting n — oo, it follows, using (5.12), that d (A; — A=, ['y(z)) = 0.
Applying the fact that the set G is closed, we can therefore conclude that

)\t - )\t, € Ft(l't). (542)
This concludes the proof of (5.37) and hence we have verified (1.6)-(1.7) in Case 1.

Case 2. To verify (1.6)-(1.7) in Case 2 we first see, by combining (5.32) and (5.35),
that

/t Yo d|A|, = /G vdu (s, z,7), whenever t € [0,7]. (5.43)
0 :
We next introduce a measure v on [0,7] by setting

v([0,t]) = p(G:) whenever t € [0,7]. (5.44)
Combining (5.43) and (5.44), it is clear that v([0,¢]) = 0 implies |\|, = 0, showing

that || is absolutely continuous with respect to v. To simplify the notation we, in
the following, let, for k € N,

1
Qp = {(t,z,v)eGT: inf (|t—s|+(|z—xs|/\|z—xs|))>—}. (5.45)
s€[0,T] k

Then, using Theorem 1.2.1 (iii) in [32], the fact that p (U) <lim,_.pu™ (U) for all
open sets U and the fact that x} converges either to x; or x;-, we can conclude that

pt27) € Gr: 2 # @z # o }) = lim g (Q) < Tim limy, oo™ (Q4)

1
< klim lim,  _p" ({(t,z,'y) €Gr:|z—af| > ﬁ}) = 0. (5.46)

If ©; = 24— € Dy, then, since z € D, for all (¢, z,v) € Gr, we deduce that z # x;
and z # z4-. Hence using (5.44) and (5.46) we first see that

v({tel0,T): xy =24, 2y € Di}) =0, (5.47)
and then, by the absolute continuity of |A| with respect to v, we can conclude that

AN ({te0,T]: 2 =x4-,2, € Di}) =0. (5.48)
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In particular, (5.48) proves (1.7). Hence it only remains to prove that ,, as defined
in (5.35), satisfies v, € I'}(z,) for all s € [0,¢] and ¢ € [0,7]. From (5.43) and the
fact that (5.46) implies that

w({(s,2,7) € Gy xg = x4~ # 2}) =0, (5.49)

we deduce that

/ T A = / vdp (s, z,7)
{sE[O,t]: xszccs_} {(s,z,’y)EGt:z:xszxs_}
— / / vp (8, xs,dy) dv, (5.50)
{sE[O,t]:azS:xs_} I'l(zs)

whenever ¢ € [0, T]. Note that the last equality in (5.50) follows from the definition of
vin (5.44). Here p (s, x4, -) is a measure on the Borel o-algebra of S (0), concentrated
on I'! (x,) for dv-almost all s € [0,T] such that z, = z,—, and p(-,-, A) is a non-
negative Borel measurable function for every Borel set A. Then, since |)| is absolutely
continuous with respect to v, the Radon-Nikodym theorem asserts the existence of
a non-negative Borel measurable function f such that

f(s)v, = / vp (s, xs,dy), dr-ae. forall s € {s€[0,t]:xs=mz}. (5.51)
I3 (xs)

From the assumption in (1.11) we deduce that f is strictly positive. Thus by the
convexity of 'y (x5) and the absolute continuity of |\| with respect to v, we conclude
that

v, €T (x,), d|\-ae. forallse€ {se€[0,t]:a,=a,}. (5.52)

In particular, (5.52) verifies the second part in (1.6) and hence the proof in Case 2
is also complete.

Having completed the proof of Case 1 and Case 2 we conclude that the proofs of
(5.20) and (5.21) are complete. Hence, to complete the proof of Theorem 5.1 we only
have to ensure that = € D0 ([0,7],R). However, this follows from the assumption
that ™ € D?o ([0,7],R) for all n > 1 and from the fact that 2™ — x in the Skorohod
topology. a

5.2 Convergence of a sequence of solutions to approximating
Skorohod problems

Let T > 0 and let D C R%! be a time-dependent domain satisfying (1.2), (1.10)
and a uniform exterior sphere condition in time with radium ry in the sense of (1.8).
Let I' = I'; (2) be a closed convex cone of vectors in R? for every z € D, t € [0, T,
and assume that I' satisfies (1.11), (1.12) and (1.14). Assume that (1.18) and (1.19)
hold for some 0 < py < rg, 7y > 0, @ and e. Finally, assume that ([O,T] X Rd) \ D
has the (do, ho)-property of good projections along I', for some 0 < §g < py, ho > 1
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and let w € ply) ([0,T],R?) with wg € Do. The purpose of this subsection is
to construct a sequence of solutions to Skorohod problems which approximate the
Skorohod problem for (D,I',w). Based on this sequence we, in the next section,
conclude the existence of a solution (x, ) to the Skorohod problem for (D, T, w), in
the sense of Definition 1.1, with € Dro ([O,T ],Rd). This will then complete the
proof of Theorem 1.2. To proceed we let n € N, n > 1, and we let {¢, } be a sequence
of real numbers which tends to 0 as n — oo. Then, for each n, we can find a partition
A, = {rp}n, of the interval [0, 7], that is 0 = 74 < 70 < .. < 7% _, <75 =T,
such that (5.53)-(5.56) stated below hold. In particular,

nhj& AY =0, where A} := ke{lr?alsf( L Thi1 — Thy (5.53)

and, for some ng > 1,

)
l|w]| p T [(Ar) < min {—0 &} , whenever n > ng, k € {0,..., N, — 1}.

TkTE 2 2hg
(5.54)
Furthermore, we define w" = wf", t € [0,7T7], as
win = w,an, whenever ¢ € [7r.Th) . ke {0,...,N, — 1}, (5.55)

and w?” = wr, so that

8 P _
win e D) (0,7],RY) | wi € Dy and dp([0, T), w™ w) < e,.  (5.56)

In particular, w®" € D ([0,7],R?) is a step function which approximates w in the
Skorohod topology. Given A, and w?", we define D*" and I'" as in (2.6). Fur-
thermore, to obtain a more simple notation we write, from now on, w™, D™ and I'™
for w®», D" and I'*». Then, given w", D™ and I'" as above, we next define a pair
of processes (™, \") as follows. Let

xy =wy, \} =0, fort €[0,77]). (5.57)

If Tin € DZZ;l for some k € {1,..., N,,}, then, by the triangle inequality and (5.54),

o UAL) < 8. (5.58)

Tk k

n n n n n
d (ITZ,l +whn —w ”71’DTZ) < ||w

Hence, by the (d, ho)-property of good projections it follows that if I
witn ¢ DZZ then there exists a point

I,
Tk n n n n
’ﬂaD:g <$TZ_1'+'UQ£ _-U%ﬁ—1> E al)TZ? (5-59)

which is the projection of Tin  F Wk —wi onto anz, along I'z». Furthermore, if

T A+ wh —wl € DI then we let
k-1 k k-1 k

r~,
Tk n n n _.n n __ ,mn
Wanz <£CTZ—1 +win — w72_1> =T W — Wi (5.60)
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Based on this argument we define, whenever ¢ € [TZ, TZ+1), ke{l,.., N, —1},

an
noo__ "k n n __ .mn
T, = WBDZZ (xTZ_l + Wrn w72_1> ;
A= A (= (@ Fwdk —wl ), (5.61)

and, finally, we define 2. and A} using (5.61) by simply setting £k = N,, in (5.61).
Note that in this way we have T € Dﬁz_l for all k € {1,...,N,}. Next, again

using the (J, ho)-property of good projections, we see that

-ty | = [y (o vty - ) - (ot bty )
+ futy —uly
< hod (a2, +uly —ul D) + ‘wﬁz_wfz_l
< ho (0"l mp + UAD) + [0 g,
< ho <2p—}fo) + % < py. (5.62)

Hence, x™ € Dro ([O, T] ,Rd). Using this notation we next prove the following theo-
rem.

Theorem 5.3 Let T > 0, D C R™! o, I' = Ty (2), 0 < py < 70, 17y > 0, a,
e, 0o and hy be as in the statement of Theorem 1.2. Let w be as in the statement
of Theorem 1.2 and let w™, D™, T'™, x" and \" be defined as above for n > 1.
Then (z",\") is a solution to the Skorohod problem for (D™, I w"™) and z™ €
Do ([0,T],RY) for all n > ng for some ng € N. Moreover, {(z",\")} converges
to (z,A) € D([0,T],R?) x BV ([0,T],R?) and (z,)) is a solution to the Skorohod
problem for (D,T',w). Furthermore x € DFo ([0, T| ,Rd).

TN

Remark 5.4 Note that for Theorem 5.3 we, in contrast to in Theorem 5.1, also
need to assume (1.14) in order to be able complete the proof (see (5.69) below).

Proof. (z™, \")is, by construction, a solution to the Skorohod problem for (D™, ', w")
and the statement that z™ € Dro ([O,T] ,Rd) for all n > ng, for some ng € N, is
proved in (5.62). Next, using Theorem 4.6 we can conclude the existence of some
positive constants Ly (w,T), Ly (w,T), Ls (w, T) and Ly (w, T) such that

12"y < La (@, T) [lwlly, g, + Lo (w, T) (82 = 12) +1(A})),

Nl = Ny S Ly (0, T) wlly, g, + La (0, T) (Lt = 1) +1(A})), (5.63)

whenever 0 < t; < t, < T'. In particular, note that by choosing ng sufficiently large
we can ensure, using (5.53), that [ (AZ) < p,/ (4 (K3 (a,e) 4+ 1)) and that (4.68) holds
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for all n > ng. Hence Theorem 4.6 is applicable. Based on (5.63) we can now argue as
in the proof of Theorem 5.1. In particular, as {w™} converges to w € D ([0, T] ,]Rd),
we see, using (5.63), that {(w™, 2™, A", |\|")} is relatively compact in D ([0, 7], R?) x
D ([0,7],R?) x D ([0,T],R%) x D ([0, T],R,). Furthermore, we know that z} € D,,
forallt € [0,T], n > 1. Hence, {(z", \")} converges to some (z,\) € D ([0,7],R?) x
D ([0,7T],R?). We intend to prove that (z,\) € D ([0,T],R?) xBV ([0,T],R?) solves
the Skorohod problem for (D, ', w) and to do this we have to prove that

Ae By (0,7],RY), (5.64)
and we have to verify
properties (1.5)-(1.7) in Definition 1.1. (5.65)

The proof of (5.64) and (5.65) follows along the lines of the proof of (5.20) and
(5.21) in Theorem 5.1 and we shall only outline the main differences between the
proofs. To start with, the statements in (5.22) and (5.23) remain true. However, the

argument in (5.24) has to be changed. In particular, in this case we see, using (5.23)
and (5.53), that

d (%,E) < |z — m?n\ + h(D_fn,D_tn) +1(Jt, —t]) +1(A%) — 0, as n — 0o, (5.66)

which, since D; is closed, proves that z; € D, for all t+ € [0,T]. Hence we have
verified that (wy, x¢, \¢) satisfies (1.5). Next, arguing as in (5.25)-(5.35), using (5.63)
to conclude (5.29), we can conclude that (5.64) holds and that

t
At :/ v, d |\, :/ vdp (s, z,7), whenever ¢ € [0, T7, (5.67)
0 Gy

for some S; (0)-valued Borel measurable function v,. Hence, to prove (1.6), we again
have to prove that ~, € T'! (z,) for all ¢ € [0,T]. As in the proof of Theorem 5.1 we
consider Case 1 and Case 2. In fact, Case 2 can be handled exactly as in the proof
of Theorem 5.1 and hence shall only discuss the proof of Case 1. To prove Case 1,
we first see that the statements in (5.37) and (5.38) can be repeated and, arguing as
in (5.66), we obtain

d(z¢,0D;) < |z —a} [+ h(0D} ,0D;) +1(|t, —t]) +1(A}) — 0, as n — oo. (5.68)

Hence, since dD; is closed, we can conclude that z; € dD;. To proceed we deduce
as in (5.41) that

d ()\t — )\tf,].—‘t(.f[ft)) S ’)\t — )\?n| + |)\t7 — )\?;| + h(Ftpn (l’?n), Ft(xt)) (569)

Obviously the first two terms on the right hand side in (5.69) tend to zero as n — oc.
Concerning the third term we first note that there exists, for n large enough, some
integer k (n) such that

I (af)=T% (z ). (5.70)

A Th(n) N Th(n)
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Hence, as |t, TZ( | < Z(A*) we can conclude, using (5.23), that 7}, — t asn — oo.
Moreover, as x7. Py = x} we can also use (5.23) to conclude that 7. Py Tt s

n — oo. In particular, based on these conclusion it follows from (1.14) that also the
third term on the right hand side in (5.69) tends to zero as n — oco. Hence, having
proved that d (As — \i-, Iy (2¢)) = 0 the proof of Case 1 can now be completed as in
Theorem 5.1.

Having completed the proof of Case 1 and Case 2 we can conclude that the proofs
of (5.64) and (5.65) are complete. Hence, to complete the proof of Theorem 5.3 we
only have to ensure that x € Do ([0, T] ,Rd). However, again this follows from the
fact that 2" € Dro ([0,T],R?) for all n > ngy and from the fact that 2" — z in the
Skorohod topology. a

6 Proof of Theorems 1.2, 1.3 and 1.9

Proof of Theorem 1.2. Theorem 1.2 now follows immediately from Theorem 5.3.
(I

Proof of Theorem 1.3. Using Theorem 4.2 and (1.10) we see that

iy [rr, ] < Jim ol g, < Jim (Dol g, + Lot 12— 1)

to—t1

< O—FLchIIg l(’tg—tlD =0. (61)
2—l1
This proves that x is continuous. g

Proof of Theorem 1.9. Let W be a m-dimensional Wiener process on a filtered
probability space (Q,F,{F;},P) and let, in the following, W;, t € [0,T], be a
continuous path of W. We define, forn e N, n > 1, k € {0,1,...,2" — 1},

D} = Dgrjon, Iy = Tkrjon, whenever t € [KT/2",(k+1)T/2"), (6.2)

and DI = Dy, I'?. = I'p. Furthermore, we recursively define three processes X" =
Xy, 2" = Zp and A" = A}, for t € [0,7], in the following way. Let

Xr—z2 Zr—2 Al=0, (6.3)
and let, for k € {0,1,...,2" — 1},

n T n n
Zlynyrjon = ZkT/2n+2 (kT/2", kT/Z")

+o (KT/2%, Xy ) (Wisnyryzn — Wizjon)
Lkt1)T/2n

X(TZ;H)T/Q” = 9D 11y /2n (XI?T/2" + Z&+1)T/2n - ZI?T/Q") . (6.4)

We here have to make sure that X & +1)T/2n is well defined. To do this we note that,

either Xj o0 + Ziii1yrjon — Ziryon € D(k+1)T/2" or Xyt ion + Ziiryrjon — Ly €
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R? \ D(,C ayTyan- In the first case we identify the projection with the point itself,
whereas, in the latter case, we have to assert the existence of appropriate projections

onto 8D?k )T/ However, assuming X, Jon € Dy Jons WE see that

mn .

A(Xirjan + Zieryrsar — Zirjans Dipayryn)
UT/2") + | Z (5 1yr 20 — Zirjon]

(T/2") + (T/2")(sup [b]) + (sup [|o[)[Wiktnyz/2n = Wizyen|- (6.5)
D D

<
<

Hence, since W, is a continuous path, there must exist some ny € N such that

A(Xyrjan + Zisryrjar — Zirjans Diryryan) < do, (6.6)
whenever n > ng and k € {0,1,...,2" — 1}. By (6.6) and the (6o, ho)-property of good

projections it follows that the projection Wa(Dk:;f)/Tz ;;n (XZrjon + Zhiayryon = Ziryan)

is well-defined, for n > ng, whenever XkT/2n + Z(k+1)T/2” Z,?T/zn c R \ D7, (e 1)T /20
Furthermore, using the definition of Z{; )7 5. in (6.4) we also see that

|Z&+1)T/2n - ZI?T/2"| < ur/2er)+ (T/2”)(Sgp 10])
D

+(sup [[o[)[Wik1yr/2n — Wiryznl,
D

(6.7)

and hence, once more using that WW; is a continuous path, we can ensure that
(@) 2" e D) ([0,7],RY),
(@) ho (112" lkrs2n (krryrson +UAL)) + 12" lkry2n seryr/an < por - (6.8)
whenever n > ng and k € {0,1,...,2" — 1}. We next let, for k € {0,1,...,2" — 1},
tk+1)1/2n = Nirjan + X(egay2n — Xizyor = Ziieryryon + Zirjon- (6.9)
Finally, we define, for kT/2" <t < (k+1)T/2", k € {0,1,...,2" — 1},
X' = XI?T/Z*H Z{ = ZI?T/zm A} = AkT/Z” (6.10)

Then, by arguing as in the proof of (5.62), using (¢) and (i7) in (6.8), we can conclude
that

X" e D ([0,7],R?), whenever n > no. (6.11)
Furthermore, using the definitions above it is clear that
t t
Z' =% +/ b(s,X7) ds —I—/ o (s, X)) dWg—¢€"(t), (6.12)
0 0
where
" T
sup " (¢)] < (sup|b|)2—n+(sup||0||) sup |Wy — W . (6.13)
t€[0,7] D D |s—t|< L 0<s<t<T
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By construction (X", A") solves the Skorohod problem for (D", I'", Z") and using
Theorem 4.6 we can conclude that there exist positive constants L, (Z,T), Ly (Z,T),
L3 (Z,T) and L4 (Z,T), independent of n, for n > ng, such that

X"y < Li(Z D)1 Z Ny 0y + L2 (Z,T) (1 (82 = 1) + U(T/27),
A"y = A"y < L (ZT) 2]y, 0, + La (Z,T) (L (82 = 1) + U(T/27)), (6.14)

whenever 0 < ¢; <ty < T and n > ng. Hence, the sequence {(Z™, X™ A™)} is rela-
tively compact in the Skorohod topology and we can conclude, by the construction
of Z™ and (6.12)-(6.13), that also the sequence {(W,Z" X™ A" ")} is relatively
compact in the Skorohod topology. In fact, as this argument can be repeated for
each continuous path of W, it follows, by considering convergent subsequences if
necessary, that the sequence of vector valued processes {(W, Z™, X" A" ")} defined
n (Q,F, P), converges in law to a stochastic process (W, Z, X, A,0). Furthermore,
using the Skorohod representation theorem, see for example [7] and [30], there ex-
ists a complete probability space (Q, F, P) and versions {(W", Z", X", A" ")} and
(WZXA 0) of {(W,Z", X", A", &™)} and (W, Z, X, A,0) on (QFP) suchthat
{(Wn, Zm, X" A" &")} converges to (W Z,X,A,0) P-almost surely. Moreover, us-
ing Theorem 5 3 and the fact that (X A") solves, P-almost surely, the Skorohod
problem for (D™, I, Z") it follows that (X A) solves, P-almost surely, the Skorohod

problem for (D, T, Z). In particular, (X, A) € D ([0, T] 4) x BY ([0,T],R?) and
X, = :4+7Z,+A, (6.15)
Ay = /t78d|A|s, v, € Ty(X,) N S1(0), d|A]-ae., (6.16)
X, € Dy, dA{te[0,T]: X, € D})=0, (6.17)

holds P-almost surely whenever ¢ € [0, T]. We next want to verify that

t t
Zt:/ b(s,Xs)ds+/ o(s, X,) dW, (6.18)
0 0

holds P-almost surely whenever ¢t € [0,7]. Indeed, using (6.12) and (6.13), we
can, following [15], simply quote Theorem 2.2 in [39] which in our case states, since
{(o(s, X2), W)} converges to (o(s, Xs), Ws) P-almost surely whenever s € [0,7],
that

¢ ¢
/ o(s, X7)dW converges to / o(s, Xs)dWs, P-almost surely, (6.19)
0 0

whenever ¢ € [0,T], as n — oo. This proves (6.18). Now let F; and F/* be the
o-algebras generated by {W, : s <t} and {W" : s < t}, respectively. We next
prove that W is a m-dimensional Wiener process on the filtered probability space
(Q F{F}, P). To obtain this, we first note that the o-algebra generated by {wr —

W :s >t} for t € [0,7T], is independent of F". Furthermore, since W" — W
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P—almost surely, it follows that the o-algebra generated by {W W,:s> t}, for
€ [0,7}, is independent of F. In particular, (W, : t € [0,T]} is a martingale
W1th respect to {F, -t € [0,7T]} and P. Now let W = (W,™',...,W”™) and
W, = (W},...,W™). Then, using essentially the same argument as in (6.19), wi
also see that W”ZW”J — WiW9J, P-almost surely, for all 4,5 € {1,...,m}, and
hence, as above, we can conclude that {WiW} — 6;;t - t € [0,T]}, with 6;; being the
Kronecker delta, is a martingale with respect to {F; : t € [0,7]} and P. By the
Lévy characterization of Wiener processes, see for example Theorem I1.6.1 in [34],
we can thus conclude that W is a m-dimensional Wiener process on (Q, F,{F:}, P).
To finally conclude that (X, A) is a weak solution in the sense of Definition 1.8, and
hence to complete the proof of Theorem 1.9, it only remains to prove the existence of
a version of X on (Q, F, P), denoted X, such that X € C([0,7],R%), P-almost surely.
However, using standard arguments, we first note that there exists a version of Z on
(Q F,P), denoted Z, such that Z € C([0,T],R%), P-almost surely, and such that
(X, A) solves, P-almost surely, the Skorohod problem for (D, T, 7 ). Furthermore, by
(6.11), it is clear that X € Dro ([O, T] JRd). Hence, by Theorem 1.3, X is continuous

P-almost surely. This completes the proof of Theorem 1.9. O
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7 Appendix: geometry of time-dependent domains

Concerning the (dg, ho)-property of good projections along I' the following result
follows immediately from Theorem 4.1 in [15].

Lemma 7.1 Let T > 0 and let D C R be a time-dependent domain satisfying
(1.2) and a uniform exterior sphere condition in time with radius o in the sense of
(1.8). Let T' = Ty (2) be a closed convex cone of vectors in R for every z € 0Dy,
t € [0,T] and assume that T satisfies (1.11) and (1.12). Assume that there exists a
continuous map @Q : G¥ — R such that

Q(t,z,N; (2)) =Ty (2), forall z€ dD;,t €[0,T7],

Q(t,z,\w) =AQ (t,z,v), forallX>0, ve N (z), z€ 0Dy, t€[0,T]. (7.1)
Moreover, assume that
sup  max |Q (¢ z,0)] @ =[Q < oo,
te[0,T], z€dD; VEN{(2)
inf min v-Q(t,z,v) : =¢q>0. (7.2)

te[0,T], 2€0Dt vEN} ()

50:7«0(1—\/1—<q/||Q||>2), ho:l—\/%' (7.3)

Then ([0, T] x R\ D has the (8o, ho)-property of good projections along T.

Let

Note that in Lemma 7.1 we have that ¢/ |Q] < 1, 0 < §p < 1o and hg > 1 by
construction. To continue, given 7" > 0 and D as above, we say that D is a Hii,-
domain if we can find a p > 0 such that for all zy € 9Dy, ty € [0,T], there exists a
function v (¢, 2), ¥ € Hita (C, (to, 20)), with the properties

DmOp (t07z0) = {%ﬁ (ta Z) > O}HCP (t0720)7
oD N Cp (t(h ZO) = {¢ (ta z) = O} N Cp (tOv ZO) )
inf | V. (t,2)] > 0, (7.4)

(t,Z)EaDﬁCp (to,z0

for all (t,z) € (0,T) x R<.
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Lemma 7.2 Let T > 0 and let D C R be a time-dependent domain satisfying
(1.2) and a uniform exterior sphere condition in time with radius ro in the sense
of (1.8). Assume in addition that D is a Hiyyo-domain for some o € (0,1]. Let
[ = Ty(2) be, for every z € Dy, t € [0,T], a closed convex cone of vectors in R?
with the specific form {\v, (z) : A > 0}, for some Sy (0)-valued function v, (z) which
is uniformly continuous, in both space and time, and satisfies

f= inf inf (v,(2),n:(2)) >0. (7.5)

t€[0,T] z€8D;
Then D satisfies (1.18) and (1.19) and
1(r) < Lr®, whenever r € [0,T], (7.6)
for some 0 < L < oo and with & = (1+ «)/2 € (0, 1].

Proof. By the uniform continuity of 7, (z) in space and time, it is clear that the
variation of v, (z) can be made arbitrarily small on temporal neighbourhoods. Fol-
lowing Proposition 2.5 in [15], it therefore immediately follows that criteria (1.18)
and (1.19) are satisfied for some 0 < p, < 19 and 7, > 0. Hence, it remains to prove
(7.6) and we note that it suffices to prove (7.6) for small values of r. Let z € R be
arbitrary and let z; € 0D, be such that |z — z5| = d (z,0D;). We now claim that

z— 2 || ms (25) , (7.7)

or, in other words, that z — z; and ng (zs) are parallel. To prove this claim we can
assume, without loss of generality, that z;, = 0. As D is a time-dependent domain of
class Hi4q, we can assume the existence of a function 1, with property (7.4), such
that {¢(s,y) =0: y € B,(0)NdD,}, where B, (0) is a (spatial) neighbourhood of
the origin with the radius p as given in the definition of H;,,-domains. We consider
the minimization problem

“min |z —y|% (7.8)
yeB,(0)NdD;
Then, as the minimum in (7.8) is realized at the origin, we see that z = AV (s, 0)
for some Lagrange multiplier A. Obviously, this proves (7.7). Next, by Lemma 3.1,
we see that, for r < p A rg,

L(r)= sup supd(z,D¢) = sup |z — z, (7.9)
s,t€[0,T] 2eD, 0<s<t<T
[s—t|<r [s—t|<r

for some z, € 9D, z € 0D, such that
2t — 25 || ms (25) (7.10)

and |z — zs] < p A 1o. Furthermore, employing once more the fact that D is a
time-dependent domain of class Hi,, we conclude the existence of a function 1,
with the property v (s, zs) = ¥ (t,2) = 0, which is continuously differentiable in
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space. Taylor expanding ¢ up to first order in spatial coordinates, we obtain, by the
H1 o-regularity of 1),

1/J (tv Zt) - ¢ (57 Zs) = 1/} (t7 Zt) - w (Sv Zt) + w <S7 Zt) - w (87 Zs)
= Y (t,ze) = (s,2) + (21 — 25, Vo (8, 25))

+ O (|2 — 279 (7.11)
As ng (z5) = %, it follows from (7.9)-(7.11) that
I T T e
ls—t|<r [s—t|<r
— L [Ha
= Oii_%%T . (T’VZZD (Ssz(j] “ " Oji—%%T O|(V|it1/1 (sz,sl's)| ) (7.12)

Furthermore, for small r, we can assume, without loss of generality, that for some
9 > 0 independent of (s, z;) we have |V, (s, z5)| > 6. Hence, by the H;,-regularity
of 1) and the definition of [, we see that

I(r) < 0(5*1(7“(‘1“)/2 + 1(r)Hte), (7.13)

provided r < p A rg. Finally, since I(r) — 0 as r — 0, there exists € > 0 such that if
r < e, then ¢6 'I(r)® < 1/2. Combining these facts we conclude that

I(r) < Lreth/2, (7.14)
for some constant L. Hence (7.6) holds with & = (o + 1) /2. O

Remark 7.3 Let in the following C} and C} be spaces containing all functions with
bounded derivatives up to orders one and two, respectively. Consider a bounded
spatial domain Q C R? which is C}-smooth and satisfies a uniform exterior sphere
condition. Moreover, assume that the cone of directions of reflection T' (z) has the
specific form {\y(z) : A > 0}, for some Sy (0)-valued function v (z) which is con-
tinuous and satisfies

B = zle%fﬂ (v(2),n(2)) >0. (7.15)

Then Proposition 2.5 in [15] states that the time-independent counterparts of criteria
(1.18) and (1.19) are satisfied. Furthermore, Theorem 4.5 in [15] states that the
time-independent counterparts of (1.18) and (1.19) are also satisfied for piecewise
Ct-smooth domains ) if the function v (z) is uniformly continuous on each face of
0N) and satisfies some non-degeneracy and consistency criteria. Finally, we also
mention Theorem 4.6 in [15] which states that unique projections may be found if Q
is a piecewise C¢-smooth domain and if y (2) is Lipschitz continuous on each face of
09 and satisfies some other non-degeneracy and consistency criteria.
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