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Abstract

We prove an existence and uniqueness result for the obstacle problem of quasilinear
parabolic stochastic PDEs. The method is based on the probabilistic interpretation
of the solution by using the backward doubly stochastic differential equation.
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1 Introduction

We consider the following stochastic PDE, in RY,

duy(z) + [ %Aut(:ﬁ) + filz,wi(x), Vuy(2)) + divg, (@, u, (), Vg () | dt )
+ he(z, ue (@), Vg (z)) - dBy = 0,

over the time interval [0,7T], with a given final condition ur = ® and f,g = (gl,~~~ ,gd),

h= (hl, e ,hd1) non-linear random functions. The differential term with dB; refers to the back-
ward stochastic integral with respect to a d'-dimensional Brownian motion on (Q, F,P, (Bt)t20>-
We use the backward notation beacause in the proof we will employ the doubly stochastic frame-
work introduced by Pardoux and Peng [22].

In the case where f and g do not depend of u and Vu, and if h is identically null, the equation (1)
becomes a linear parabolic equation,

yu(t,z) + %Au(t,x) + f(t, ) + divg(t, z) = 0. )

If v:[0,7] x R — R is a given function such that v(7T,z) < ®(x), we may roughly say that the
solution of the obstacle problem for (2) is a function u € L2 ([0, T]; H'(R?)) such that the following
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conditions are satisfied in (0,7) x R? :
(1) u>wv, dt®dr-—ae.,

1
(13) Opu + iAu + f+divg <0

(iii) (u—v)(Ou+ %Au + f +divg) = 0.
(i) up =@, dx—ae.

The relation (i) means that the distribution appearing in the LHS of the inequality is a non-
positive measure. The relation (¢i¢) is not rigourously stated. We may roughly say that one has
du+ $Au+ f+divg =0 on the set {u > v}.

If one expresses the obstacle problem for (2) in terms of variational inequalities one should also ask
that the solution has a minimality property (see Mignot-Puel [18] or Bensoussan-Lions [3] p.250).
The work of El Karoui et al [12] treats the obstacle problem for (2) within the framework of
backward stochastic differential equations (BSDE in short). Namely the equation (2) is considered
with f depending of u and Vu, while the function ¢ is null (as well k) and the obstacle v is
continuous. The solution is represented stochastically as a process and the main new object of this
BSDE framework is a continuous increasing process that controls the set {u = v}. This increasing
process determines in fact the measure from the relation (iz). Bally et al [1] point out that the
continuity of this process allows one to extend the classical notion of strong variational solution
(see Theorem 2.2 of [3] p.238) and express the solution to the obstacle as a pair (u,v) where v
equals the LHS of (i4) and is supported by the set {u = v}. Moreover, based on this observation
Matoussi and Xu [16] generalised the work under monotonicity and general growth conditions.
They have also used the penalization method and stochastic flow technics (see [2] and [15] for
more details on this method). In the present paper we similarly consider the solution as a pair
(u,v), point of view which has the advantage of expressing the notion of solution independently of
the double stochastic framework and without the minimality property of Mignot-Puel [18], which
would be very difficult to manipulate in the case of the stochastic PDE. In section 2.2 we are going
to examine the potential and the measure associated to a continuous increasing process. We call
such potentials and measures, regular potentials, respectively regular measures.

Now let us consider the final condition to be a fixed function ® € L? (Rd) and the obstacle v be a
random continuous function, v :  x [0, 7] x R® — R. Then the obstacle problem for the equation
(1) is defined as a pair (u, ), where v is a random regular measure and u € L(Q x [0, T]; H'(R%))
satisfies the following relations :

(i) u>v, dP®dt®dr— ae.,
(i) du(z) + | %Aut(m) + fi(z, ue(x), Vug(x)) + divgy (@, u (), Vg () | dt

+ he(z, ue(x), Vug(x)) - c<l_Bt = —v(dt,dr), a.s., (4)
(iii") v(u>v) =0, a.s.,
(') ur =@, dP®dr— a.e..

In Section 2.4 we explain the rigorous sense of the relation (i4i") which is based on the quasi-
continuity of v . The main result of our paper is Theorem 4 which ensures the existence and
uniqueness of the solution of the obstacle problem for (1). The method of proof is based on the
penalization procedure and the doubly stochastic calculus which is essential, although the definition
of the solution and the statement of the result avoids the doubly stochastic framework.

Similarly to the case treated in El Karoui et al [12], the most difficult point is to show that the
approximating sequence converges uniformly on the trajectories over the coincidence set {u = v}.
This is proven in Lemma 7. The existence and uniqueness of the solution for the equation (1)
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(without obstacle) has already been proven in [8]. An essential ingredient in the treatment of the
quasilinear part is the probabilistic representation of the divergence term obtained in [24] as well as
the doubly stochastic representation corresponding to the divergence term of the stochastic PDE
in [8].

Finally we would like to thank our friend Vlad Bally for a stimulating discussion on the obstacle
problem we had "a la Gare de Montparnasse" and the referee for helping us to improve the
presentation.

2 Preliminaries

The basic Hilbert space of our framework is L2 (Rd) and we employ the usual notation for its
scalar product and its norm,

(u,v) = /Rdu(x)v(:v) dz, ||lull, = (/Rd u? () dm)é.

In general, we shall use the notation
(u,v) :/ u(x)v(x) dz,
Ra

where u, v are measurable functions defined in R? and uv € L(R9).
Our evolution problem will be considered over a fixed time interval [0,T] and the norm for a
function L? ([0, 7] x R?) will be denoted by

fulyy = (/ [ mdm)

Another Hilbert space that we use is the first order Sobolev space H* (Rd) = H} (Rd) . Its natural
scalar product and norm are

(1) 13ty = (1,0) + (T, Vo)., ll g oy = (Il + 1Vl

where we denote the gradient by Vu(t,z) = (d1u(t, z), - - -, dqu(t, x)).
Of special interest is the subspace F C L2 ( [0,7); H* (Rd)) consisting of all functions u(t, x) such
that ¢ —> u; = u(t,-) is continuous in L2(R%). The natural norm on F is

T
Jully = sup ||ut||2+< / |Vut||2dt>
0<t<T 0

The Lebesgue measure in R? will be sometimes denoted by m. The space of test functions
which we employ in the definition of weak solutions of the evolution equations (1) or (2) is
Dy = C>([0,7]) ® C°(R?), where C>([0,T]) denotes the space of real functions which can be
extended as infinite differentiable functions in the neighborhood of [0, 7] and C2°(R) is the space
of infinite differentiable functions with compact support in R?.

1
2

2.1 The probabilistic interpretation of the divergence term

The operator 0; + %A, which represents the main linear part in the equation (1), is probabilistically
interpreted by the Bownian motion in R?. We shall view the Brownian motion as a Markov
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process and therefore we next introduce some detailed notation for it. The sample space is Q' =
C ([0,00);]Rd), the canonical process (W;)¢>o is defined by Wi(w) = w(t), for any w € @', ¢t > 0
and the shift operator, 6; : Q' — ' is defined by 6;(w)(s) = w(t + s), for any s > 0 and ¢ > 0.
The canonical filtration F_ = o (Wy;s < t) is completed by the standard procedure with respect
to the probability measures produced by the transition function

Pz, dy) = ¢z —y)dy, t>0, z¢€ R,

where ¢;(z) = (27rt)7% exp (—|x|?/2t) is the gaussian density. Thus we get a continuous Hunt
process (Q’ , Wi, 0, F, F?,]I’m). We shall also use the backward filtration of the future events
Fl =0 (Ws; s>t)fort>0. P°is the Wiener measure, which is supported by the set ) = {w €
2, w(0) = 0}. We also set IIp(w)(t) = w(t) — w(0), t > 0, which defines a map Iy : Q' — Q.
Then I = (Wy, M) : Q' — R? x Q is a bijection. For each probability measure on R%, the
probability P# of the Brownian motion started with the initial distribution w is given by

Pr=T1" (peP).
In particular, for the Lebesgue measure in R?, which we denote by m = dx, we have
P =1"" (dz®P").

These relations are saying that W, is independent of ITy. It is known that each component (W})¢>o
of the Brownian motion, ¢ = 1,--- ,d, is a martingale under any of the measures P*. The next

lemma shows that (W{_,, F/_.), r € (0,t] is a backward local martingale under P™.

Lemma 1. Let0 < s < t. If A € o(Wy) is such that E™ [|[W]; A] < oo, then one has E™ [|[W|; A] <
o0o0. Moreover, for each B € F}, andi=1,--- ,d, one has

E™ WS ANB] =E™ [W{; AN B].

Proof: We note that W, is uniformly distributed, and consequently for each ¢ > 0, the set
A. = {|Wy| < ¢} satisfies
E™ [|[Wy]; Ag] < o0.

This shows that the class of the sets to which applies the statement is rather large.

The vector (Wy, Wy — Wy, Wy — Wy) has the distribution m @ N(0,s) ® M (0,¢ — s), under the
measure P™. Then one deduce that (W, Wy — W;) has the distribution m @ A (0,¢ — s) and we
may write, for ¢1, @2 € C, (Rd),

B (o1 (W = W) = [ [ rudeata+ )iy

- (/Rd @z(x)da:> (/Rd sm(y)qts(y)dy) :

This relation shows that the vector (W; — W,, W;) has the distribution N'(0,¢ — s) ® m, under
P™ . Then the obvious inequality |Ws| < |[Wy| + |W; — Wy (1{\Wt\§1} + \Wt|) allows one to deduce
the first assertion of the lemma.

In order to check the second assertion of the lemma we write

E™ [Wi;ANB] =E™ [W/; AN B] —E™ [W} — W}; AN B|

and all that it remains to check is that the last term is null. In order to shows this one first
observe that the distribution of the vector (Wy — Wy, Wy, Wyn — Wy, Wiz — Wy oo, Win — Win—a)
is N(0,t —s) @m @N (0, —t) ® --- @ N(0,t,, — t,,_1), for each system s < t <t} < - < ¢".
Then one has, for each B € 0 (W — Wy, -+, Wi — Win—1),

E™ [W} = W5 ANB] =E° [W} — W!] m(A)P°(B) =0,

S
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which implies the assertion of the lemma. O

Now let us assume that f and |g| belong to L2 ([0,7] x R%) and u € F is a solution of the
deterministic equation (2). Let us denote by

/g,*dw Z(/ gi(r, W, ) AW + /:gi(r,w,.)dﬁ) (5)

Then one has the following representation (Theorem 3.2 in [24])

Theorem 1. The following relation holds P™-a.s. for each 0 < s <t < T,
t
w (Wh) — us (W) /au,« AW — /fr dr—f/gr*dWr (6)

In [24] one uses the backward martingale M defined under an arbitrary P#, with p a probability
measure in R?, in order to express the integral f : gr * dW,.. Though formally the definition looks
different, one easily sees that it is the same object.

2.2 Regular measures

In this section we shall be concerned with some facts related to the time -space Brownian motion,
with the state space [0, T[ x R?, coresponding to the generator d; + %A. Its associated semigroup

will be denoted by (E)t>0'
(Py);s in the following way

We may express it in terms of the Gaussian density of the semigroup

= e (@)Y (s+ty)dy, if s+t<T,
Pup (s, 2) = { 0, otherwise,

where v : [0,T[ x R — R is a bounded Borel measurable function, s € [0,T[,> € R? and ¢ > 0.
So we may also write (th)s = Pypys if s+t < T. The corresponding resolvent has a density
expressed in terms of the density ¢; too, as follows

_ T
Unt (t,x) = /t /]Rd e*a(sft)qs,t (x —y) Y (s,y) dyds.
or

- T
(Uat), = / e TP, ds,
t

In particular this ensures that the excessive functions with respect to the time-space Brownian
motion are lower semicontinuous. In fact we will not use directly the time space process, but only
its semigroup and resolvent. For related facts concerning excessive functions the reader is refered
to [6] or [4]. Some further properties of this semigroup are presented in the next lemma.

Lemma 2. The semigroup (ﬁt)t>0 acts as a strongly continuous semigroup of contractions on the
spaces L2 ([0, T[ x RY) = L? ([0, T[;L? (R?)) and L2 ([0, T[; H' (R?)).

Proof : Obviously it is enough to check the following relations

T—r T
lim ( / | Prttegr — e[ dt + / e dt) =
r— 0 T—r
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T—r T
lim (/ IV (Prttgr — ut)||§dt+/ ||Vut||§dt) =0.
0

r—0 T—r
First we note that, for each function u € L? ([07 T x Rd) and r > 0, one has

T—r 5
}}_{% A [weqr — uell5 dt = 0.
This property is obvious for a function u € C, ( [0, T x ]Rd) and then it is obtained by approximation
for any function in L2 ([O7 T[ x Rd) . Then the relation

T—r 9
lim ||Prut+r - UtH2 dt = 0,

r—0 0

easily follows. From it one deduces the strong continuity of (ﬁt) 40 O1 L2 ([O, T[ x Rd) .

In order to prove the same property in the space L2 ([07T[;H ! (Rd)) one should start with the

relation
T—r

lim ||V(ut+rfut)||§dt:(),

r—0 0

which holds for each u € C2° ([0, T x R?) and then repeat with obvious modifications, the previous
reasoning. O

The next definition restricts our attention to potentials belonging to ﬁ, which is the class of
potentials appearing in our parabolic case of the obstacle problem.

Definition 1. (i) A function 1 : [0,T] x R? — R is called quasicontinuous provided that for each
e > 0, there exists an open set, D. C [0,T] x R%, such that ¢ is finite and continuous on DS and

P" ({weQ/3te|0,T] s.t.(t,W; (w)) € D.}) < e.

(ii) A function u : [0,T] x R? — [0, 00] is called a regular potential, provided that its restriction to

[0, T[xRY is excessive with respect to the time-space semigroup, it is quasicontinuous, u € F and
limy,pus =0 in L? (Rd).

Observe that if a function 1 is quasicontinuous, then the process (¢ (W¢))iepo, ) is continuous.
Next we will present the basic properties of the regular potentials. Do to the expression of the
semigroup (Pt) t>0 0 terms of the density, it follows that two excessive functions which represent

the same element in F should coincide.

Theorem 2. Let u € F. Then u has a version which is a reqular potential if and only if there
exists a continuous increasing process A = (At)te[o,T] which s (}}) -adapted and such that

Ap =0, E™[A3] < o0 and

te(0,T]

Ut(Wt) =K [AT |]:t} - At7 [P’m—a.s., (Z)

foreacht € [0, T]. The process A is uniquely determined by these properties. Moreover the following
relations hold

d T
uy (W) = Ap — Ay — Z/ dius (W) dW?E, P™ —a.s., (i)
i=1"1

T
eI +/ [V, |5 ds = E™ (Ar — A)? (i)
t
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T T
(o) + [ 5 (Ve V) + (uedig)ds= [ [ o (s.pvdsdo), (iv)

for each test function ¢ € Dy, where v is the measure defined by

T
ve) =B [ et WA, peC.(0.7)xRY). ()

Proof : We first remark that the uniqueness of the increasing process in the representation (i)
follows from the uniqueness in the Doob -Meyer decomposition.

Let us now assume that @ is a regular potential which is a version of u. We will use an approximation
of @ constructed with the resolvent. By the resolvent equation one has

aﬁaﬂ = aﬁo (E — a[j’aﬂ) .

Let us set " =n (E — nﬁnﬂ) and u" = nU,u = ﬁof". Since u is excessive, one has f™ > 0 and
u”,n € N* is an increasing sequence of excessive functions with limit @w. In fact u",n € N*, are
potentials and their trajectories are continuous. On the other hand, the trajectories t — w; (W;) are
continuous on [0, T by the quasi-continuity of u. The process (u; (Wt))te[o risa super-martingale

and, because lim;_7u; = 0 in L2, it is a potential and the trajectories have null limits at 7.
Therefore this approximation also holds uniformly on the trajectories, on the closed interval [0, 7],

lim sup |up (Wi) —u, (W) =0, P —

n—00 )<< T

The function u™ solves the equation (9, + L)u™ + f™ = 0 with the condition v} = 0 and its
backward representation is

(W) / e (w, dsz/ oul (W) dW?.
If we set A} = fot fIr(Wy) ds, after conditioning, this representation gives
a (Wi) = A3 — A7 — / Oyt (W,) AW = E™ [A}/F] - AT, (%)
In particular one deduces
uy (Wo) =E™[A% ) Fo| = A} — Z/ diul (X,) dW?,
Also from the relation (x), it follows that
E™ (AL — A7)? = Em(ut W) +Z/ diu” ( dWl)

- ””?||§+/t V| ds. (4%)

A similar relation holds for differences, in particular one has

T
B (A = 45)" = g — bl +2 [ 9 (02 o) s
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On the other hand, the preceding lemma ensures that lim,_. aﬁa = T, in the space L2 ([07 T[; H* (Rd)) ,
which implies
T
. ST S

i [ 19 ) e =0
These last relations imply that there exists a limit lim,, A% =: Az in the sense of L2 (P™).
Let us denote by M" = (M{"),co11- M = (M¢);c)o ) the martingales given by the conditional
expectations M* = E™ [A%/F;], My = E™ [Ar/F;]. Then one has lim, .., M"™ = M, in L? (P™)
and hence

lim E™ sup |M} — M;|> = 0.

n—o00 0<t<T

Then the relation u} (W;) = M*— A} shows that the processes A", n € N* also converge uniformly
on the trajectories to a continuous process A = (At)te[o 7] - The inequality

sup |A} — Ay| < Ap + [A} — Arl,
0<t<T

ensure the conditins to pass to the limit and get

. 2
lim E™ sup |A} — A" =0.
oo 0<<T

Passing to the limit in the relations (*) and (**) one deduces the relations (i), (ii) and (iii).
In order to check the relation (iv) from the statement we observe that the relation is fulfilled by
the functions u",

T T
(ug, ©o) -l-/o (%(Vu?,Vg@s) + (ul, ps) ) ds = /0 /Rd o (s,3) f7 (s, ) dsda

T
Em/ (s, Ws)dA?Z,
0

where ¢ is arbitrary in Dr. In order to get the relation (iv) it would suffice to pass to the limit
with n — oo in this relation. The only term which poses problems is the last one. The uniform
convergence on the trajectories implies that, P™ -a.s., the measures dA} weakly converge to dA;.

Therefore one has .

T
lim Pt (Wt) dA? == / Pt (Wt) dAt, P™ —a.s.
0

n—oo 0

On the other hand one has

< sup @} (Wh) + A% + A% — Agf*.
0<t<T

T
/ Pt (Wt) dA?
0

By Ito’s formula and Doob’s inequality one has

T 9 T )
Em( sup ©?(t, Wt)) < 4|0 +4Em</ |0upl(t, Wt)‘dt) + 16Em/ Vo™ (t, Wy) dt
0<t<T 0 0

+2Em(/OT |Agl(t, Wt)dt>2

T T T
§4H<p0||2+4T/ ||8t<pt[|§dt+16/ \|V<pt||;dt+2T/ 1A dt < oo.
0 0 0

The preceding estimate ensures the possibility of passing to the limit and deducing that

T T
limEm/ o (s, Ws)dA? :Em/ (s, W) dAs.
" 0 0
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and thus we obtain the relation (iv).

Let us now consider the converse. Assume that u € F and A is a continuous increasing process
adapted to (.7-}) te(0,7] and satisfying the relation (i). In order to simplify the subsequent notation
it is convenient to extend our given function by putting u; = 0 for ¢ > T. Now we shall show that

Pr(ut+'r‘) S’U,t, te [O,T], r > 0. (7)
By the Markov property one gets

Py (W) = EM* gy (W;)] = E™ {“tJrr(Wrth)

7]

—E" [E" [Ar|Fire] - Ay

F) =E" [42|7] - Avrs,
where the last line comes from the relation (i). This shows that
Prugpr (W) < ug(Wy), P"—a.s.

and as the distribution of W; under P™ is m, we deduce the inequality (7). Moreover this inequality
shows by iteration that if r < 7/, then

Py < Prttgy,. (8)

By the properties of the semigroup density and since ¢ — u; is continuous with values in L2, it
follows that, for each r > 0, Pyusy,,t € [0,7], has a continuous version in [0, 7] x R? defined by

W (ta) = [ o) ) dy

The inequality (8) shows in fact that @" is supermedian with respect to (13,5) >0 and, because of
continuity, in fact it is excessive. Then w = lim,_,o@" is also excessive and since lim, g Pru¢q, =
ut, in L2, clearly @ is a version of u. The process (u; (Wt))te[o,T] is a cadlag supermartingale and
more precisely a potential. By the relation (i) this process admits a continuous version. It follows
that itself is continuous and, as a consequence, one has the following convergence, uniformly on
the trajectories,

lim sup |u; (W) —w, (W) =0, P™ —a.s.

r—=00<t<T

On the other hand, by the representation (i) one has

E™ sup [u (Wy)|* < oo,
0<t<T
which leads to
lim E™ sup [a} (W) — @ (W)|* = 0.
r—0 0<t<T
This relation implies that @ is quasicontinuous, and hence it is a regular potential, completing the
proof. O

It is known in the probabilistic potential theory that the regular potentials are associated to con-
tinous additive functionals (see [4], Section IV.3 or [13], Theorem 5.4.2). In the above theorem the
additive aspect is not evident. In fact it is hiden in the relation (i). This relation implies that, for
t <s, As — A; is measurable with respect to the completion CT(WT /T € [t, s]) This can directly
be proven but it also follows from the approximation of A by A™. For the processes A", n € N,
this measurability property obviously holds. And this measurability ensures the fact that A cor-
responds to an additive functional for the time -space process, which we are not explicitly using.
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The measure v from the theorem, expressed in the relation (v), is also completely determined by
the relation (iv), because the test functions are dense in C, ([0, 7] x R?) . A natural question now is
whether one Radon measure on [0, T] x R? can be associated via the relation (iv) from the theorem
to two distinct potentials. The answer is that there is only one such potential and more precisely
it can be directly expressed with the density ¢; (z,y) in terms of the measure, as one can see from
the next lemma.

Lemma 3. Let u be a reqular potential and v a Radon measure on [0,T] x R? such that relation
(iv) holds. Then one has

o= [ [ ([ o@aita-ar) s,

for each ¢ € L? (R?) and t € [0,T].

Proof : We first remark that the relation (iv) is in fact equivalent to the following more explicit

(we, ) + /tT (% (Vus, Vi) + (US,(‘?SSDS)) ds = /tT /Rd ¢ (s,z) v (dsdx),

with any ¢ € Dy and ¢t € [0,7].

Clearly it is sufficient to prove the lemma for ¢ € C, (]Rd) such that ¢ > 0. Then we set ¢ (s,y) =
fRd ¢ () qs—¢ (x — y)dx, for s € [t,T] and y € R Then ¢, = P,_;¢ and the map s — 1, is in
Ct (Jt, T); L* (RY)) and 9,9 = 2 A¢,. Let n € C. (Ry) be a decreasing function such that n = 1
on the interval [0,1] and n = 0 for > 2. Set 0, (z) = n (%) , 50 that (7,),cy is an increasing
sequence in C,. (Rd) with limit 1ga. For each fixed n the function 7,1 can be approximated by
convolution with smooth functions and then by test functions from Dr, and consequently we may
write the relation (iv) in the form

(e, Mte) + /tT (% (Vug, V(naths)) + (US,nnasile))ds = /tT /Rd N (2) 1 (s,7) v (dsdx) .

Then it is easy to see that we may pass to the limit with n — oo, in this relation too. Then we get

et + [ (3 (PP + w0 s = [ [ wtssapv dsan),

which becomes the relation asserted by the lemma, on account of the relation dsi = %Aﬁjs. 0

We now introduce the class of measures which intervene in the notion of solution to the obstacle
problem.

Definition 2. A nonnegative Radon measure v defined in [0, T] x R is called reqular provided that
there exists a reqular potential u such that the relation (iv) from the above theorem is satisfied.

As a consequence of the preceding lemma we see that the regular measures are always represented
as in the relation (v) of the theorem, with a certain increasing process. We also note the following
properties of a regular measure, with the notation from the theorem.

1. Aset BeB ([O,T] X Rd) satisfies the relation v (B) = 0 if and only if fOT 1p (t, W) dA; =
0, P™ —a.s.
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2. If aset B € B(]0,T[ x R%) is polar, in the sense that
P™ ({w e Q'/3t € [0,T], (t,W; (w)) € B}) =0,

then v (B) = 0.

3. If 91,42 : [0,T] x R? — R are Borel measurable and such that 1! (¢,2) > ¥%(t,z), dt ®
dxr — a.e., and the processes (wg (Wt)) i = 1,2, are a.s. continuous, then one has

v (' < ?) =0.

tel0,T]’

2.3 Hypotheses

Let B = (B;)i>0 be a standard d'-dimentional Brownian motion on a probability space (9, FZ,P).
So B, = (Btl, e 7Blfh) takes values in RY . Over the time interval [0,T] we define the backward
filtration <f£T)sE[O,T] where ]-"fT is the completion in FZ of o(B, — Bg;s <r < T).

We denote by Hr the space of H'(R?)-valued predictable and ffT—adapted processes (ut)o<t<T

such that the trajectories t — u; are in F' a.s. and
2
l[ully < oo

In the remainder of this paper we assume that the final condition ® is a given function in L2(R%)
and the functions appearing in the equation (1)

f @ 0T xOxRIxRxR? =R,
g = (91,.940) : [0,T] x A x RY x R x RY — R
ho o= (hiyeyhg) 1 [0,T] x Q x R x R x RY — R

B

are random functions predictable with respect to the backward filtration (ft’T We set

)te[o,T]'
f(+0,0):= £ g(-,--0,0):=g¢° = (¢{,...,99) and h(,-,-,0,0):=h = (Y, ...,hgl).

and assume the following hypotheses :
Assumption (H): There exist non-negative constants C, «, 3 such that
(i) ‘ft(waxay7z) - f(t,w,x,y/,zl)| < C(|y - y/‘ + |Z - le)

1

.s d ’ ’ 2 ’ ’
(11) (Zjlzl ‘hj,t(wvxayvz) - hj(tvwa‘rvy y 2 )‘2> S C‘y_y |+ /6"2_ z |7

N

ese d v ’ ’
(111) (Zi:l |gi,t(wax,yvz) - gi(tawvxvy y % )|2) S C|y ) | + OZ|Z -z |

| —

2
(iv) the contraction property (as in [8]) : « + % <

Assumption (HD2)
2 2 2
E (17015, + oI5+ 12113 ,) < oo

Assumption (HO) : The obstacle v(t,w, x) is a predictable random function with respect to the
backward filtration (FET). We also assume that t — v(t,w, W;) is P& P™-a.s. continuous on [0, T]
and satisfies
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We recall that a usual solution (non reflected one) of the equation (1) with final condition ur = @,
is a processus u € Hr such that for each test function ¢ € Dr and any Vt € [0, T], we have a.s.

T
/ [(u87 85‘)08) + % (vusa V@s) + (gsa v<Ps) ]ds - (CI), SDT) + (ut7 Spt)
- T ©)
:/t (fsa@s)d5+/t (hs, @s) - dBs.

By Theorem 8 in [8] we have existence and uniqueness of the solution. Moreover, the solution
belongs to Hy. We denote by U(®, f, g, h) this solution.

Remark 1. Let L = Zij 9;a'19; be an elliptic operator in divergence form, with the matriz
a= (aij) :R? — R? x R? being symmetric, measurable and such that

MEP <> e (2) € < A,
iJ

for any x,& € R If instead of the operator %A in our equation (1) we had the operator L, then

the contraction condition (iv) of hypothesis (H) would be replaced by o + %2 < X (this ensures the

contraction condition as formulated in [8]). Then the time change t — 5xt' yields a one to one
correspondence betwen the solutions u of the equation

dut + [L’U/t + ft (Ut, V’U,t) + divgt (ut, V’U/t)] dt + h,t (Ut, V’U,t) . <d._Bt = 07

over [0,T] and the solutions u; = w1y satisfying the equation
1 N N —
du; + {2Aﬂt + fi (e, Vug) + divgy (uy, Vﬂt)} dt + hy (U, V) - dB, =0,

over the interval [0,2AT], with the transformed coeficients

~ 1 1 ~ 1 1
t = —f( =t h(t = h|—t
[t xy, 2) A (ZA,x,y,Z>7 (t,z,y,2) ) <2A7:r7y,Z),

1 1 .
Gi = |ag(— S a (@) 2 — Az |, i=1,.
gi (tamvyvz) 2A gi (2At7$,y72’> + - a (x) Zj 2 y 1 ) ada

and the transformed Brownian motion By = (2A)% Byt €[0,2AT]. This can be checked just by
direct calculations using the above definition of a solution. Moreover, if one writes L in the form
Lu = AAu — div (yVu) , where v = (v"9) is a matriz with the enties v (z) = A6¥ — a" () i, =
1,...,d, then one has

0<y=AT—-a<(A-N1,

in the sense of the order induced by the cone of non-negative definite matrices. This implies that
one has

Iy () €] < (A=) [¢],
for any x,& € R Then it easy to deduce that G; (z,y,2) = 5% (gﬁt (z,y,2) + v (x) z) Sulfils
condition (iii) of assumption (H) with a constant @ = 5% (a4 (A — X)). On the other hand one

can see that h satisfies condition (i) with a = (2§)lﬂ, so that the condition a + ’%2 < )\, ensures
2

a+ %2 < %, which is condition (iv) of our assumption (H). Therefore we conclude that our

framework covers the case of an equation that involves an elliptic operator like L, because the
properties of the solution u are immediately obtained from those of the solution u.
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2.4 Quasi-continuity properties

In this section we are going to prove the quasi-continuity of the solution of the linear equation, i.e.
when f, g, h do not depend of u and Vu. To this end we first extend the double stochastic 1t6’s
formula to our framework. We start by recalling the following result from [8] (stated for linear
SPDE).

Theorem 3. Let u € Hr be a solution of the equation
1 —
dut-+ §ZXU¢dt'+ (ﬁ +—divgt)dt%—h¢dfh ::0,

where f, g, h are predictable processes such that

T
B[ AN+ ol + ) de < oo and 01 < .

Then, for any 0 < s <t < T, one has the following stochastic representation, P"™-a.s.,

t

w(t,Wy)— /8urW ) AW — /fr dr—f/g*dW / W,)-dB,. (10)

S

We remark that Fr and ‘FOB:T are independent under P ® P™ and therefore in the above formula
—
the stochastic integrals with respect to dW; and dW; act independently of ffT and similarly the
—
integral with respect to dB; acts independently of Fr .

In particular the process (u;(W3)),e(,7) admits a continuous version which we usually denote by
Y = (Yi);e[0,m) and we introduce the notation Z; = Vu,(W;). As a consequence of this theorem
we have the following result.

Corollary 1. Under the hypothesis of the preceding theorem one has the following stochastic rep-
resentation for u?, P ® P™-a.e., for any 0 <t < T,

T 1 1
Ut2 (Wt) - (I)z(WT) = Q/t [usfs(Ws) - *|VU5|2(W9) - <VUS7gs>(VVs) + §|h9|2(W9)] ds
+ / (urg,.)( ) x dW, — QZ/ u,a u, D dWE + Q/T (u,.hr) (W) c(l_B7
t (1)

Moreover one has the estimate

T T
EE™ ( sup [Yi|*) + IVusl3ds| <c|loIz+E [ [IIf:l3 + llgsllz + 1sl3 ] ds|, (12)
t t

t<s<T
for each t € 10,T).

Remark 2. With the notation introduced above one can write the relation (11) as

[Y:|* + /IZIdT—IYT|2+2/ Y, fr(W, )dT‘—Q/ (Zr, g0 (W, dr+/ Y, g, (W,) % dW,

—QZ/YZ”dW’—&—Q/ Y, h,(W,) - dB, +/ |h |2 (W,.)dr.
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Proof: Assume first that g is uniformly bounded and belongs to (’HT)d, so that F/ fOT Hdivgtszt <
00. Then we may represent the solution in the form

t t
—

ur (W) = s W) = 3 [ 0y (W) aws = [ (5,09, + divgn (W) ar = [ o (,) - 3B,

S S

By Lemma 1.3 of [22] we may write

t
? (W) =2 (W) = =2 [y (4 -+ divg, ) (W) = [V POW,) = P (W,) ] dr
t
+22/(ur&ur) (W,.) dW? 72/ (urhy) (Wy) - dB,.
On the other hand, by Lemma 3.1 of [24] one has

¢ ¢
—2/ div(ur g ) (W) dr = / U gr (W) % dW,.,
S S

so that the preceding relation immediately leads to the relation (11). Then the standard calcu-
lations of BDSDE involving Young’s inequality, BDG inequality and Gronwall’s lemma give the
estimate (12).

Finally to obtain the result with general g one proceeds by approximation. O

In the deterministic case it was proven in [24] that the solution of a quasilinear equation has a
quasicontinuous version. Here we shall prove the same property for the solution of an SPDE as is
stated in the next proposition.

Proposition 1. Under the hypothesis of Theorem 3, there exists a function @ : [0, T] x Q@ x R —
R which is a quasicontinuous version of u, in the sense that for each € > 0, there exits a predictable
random set D€ C [0, T] x Q x R? such that P-a.s. the section DS is open and @ (-, w,-) is continuous
on its complement (D) and

P@P™ ((w,w')| 3t €[0,T] s.t. (t,w, Wy(w')) € D) <.

In particular the process (ﬂt(Wt)) has continuous trajectories, P @ P™-qa.s.

te[0,T]
Proof : Let us choose k¥ € N with £ > %, so that the Sobolev space H*(RY) is continuously
imbeded in the space of Holder continuous functions C7(RY), with v = 1+ [4] — 4. We first
assume that ¢ € H*(R?) and f, g1, -+, 94, h1, -+ ,hq, belong to L2 ([O,T] X Q;H%(Rd)). By
Theorem 8 in [8], applied with respect to the Hilbert space H*(R?), one deduces that the solution
u=U(®P, f,g,h) has the trajectories t — u;(w,-) continuous in H*(R?) which implies that they
are in C[[0,T] x R%). On the other hand, we have from (12) the following general estimate

T
EE™ ( sup u(t,Wy)*) < cE[||<I>H§+/ (ILF213 + llgel3 + Iel13) e
0<t<T 0

Now, for general (@, f, g, h), one chooses an approximating sequence of data (®", f", g, h™) which
are H*(R?) -valued and such that

T
n n n n n n 1
E(H(I’n_(bn-&-ﬂ'?""/ [Hft - t+1H§+ ||9t — 9 +1||§+ ||ht _ht—H”%] dt) < on
0
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Let u™ be the sequence of P-a.s continuous solutions of the equation associated to (®", f™, g™, h™).
Then set Ef, = {|u™ — u"™| > ¢} and D§ = ,,»,, E5. Then we have

PP ((w,w') | 3t € [0,T] s.t. (t,w, Wi(w')) € E, ) <EE™[ sup (up(Wy) — u?H(Wt))Q] < 2%
0<t<T
1

Further one takes € = 2 to get

= en?
P@P" ((w,w')| 3t €0,T] s.t. (t,w,Wy(w')) € Df) < TR

n=~k

This shows the statement. g

We also need the quasicontinuity of the solution associated to a random regular measure, as stated
in the next proposition. We first give the formal definition of this object.

Definition 3. We say that w € Hy is a random regular potential provided that u(-,w,-) has a
version which is reqular potential, P(dw)-a.s. The random variable v : @ — M ([0, T] x R?) with
values in the set of regular measures on [0,T] x R? is called a regular random measure, provided
that there exits a random regular potential u such that the measure v(w)(dtdx) is associated to the
reqular potential u(-,w,-), P(dw)-a.s.

The relation between a random measure and its associated random regular potential is described
by the following proposition.

Proposition 2. Let u be a random regular potential and v be the associated random regular
measure. Let U be the excessive version of u, i.e. (-, w,-) is a.s. an (Pt)t>0 -excessive function
which coincides with u (-, w,-), dtdz-a.e. Then we have the following properties:

(i) For each € > 0, there exists a (ffT)te[o 1 -predictable random set D C [0,T] x Q x R? such

that P -a.s. the section DS is open and U (-,w,-) is continuous on its complement (DZ)" and
P P" ((w,w') /3t €[0,T] s.t.(t,w, Wi (w)) € D) <e.

In particular the process (ﬂt(Wt)) has continuous trajectories, P @ P -a.s.

te[0,T
(it) There exists a continuous increasing process A = (A¢),co) defined on Q x Q' such that

Ags — Ay is measurable with respect to the P @ P™ -completion of ffT Vo (W,/re€lt,s]), for any
0 < s <t <T, and such that the following relations are fulfilled a.s., with any ¢ € D andt € [0,T),

(a) (ut,wt)Jr/tT <; (Vus,Vsos)Jr(us,@sws)) dSZ/tT/Rdgo(s,x)z/(dsdx),
() w(W,) =E[Ar|F Vv FE] - A,

d T
(c) ut(Wt):AT_At—Z/ Oyus (Wy) dW?,
i=1"1
2 T 2 )
@ full+ [l ds = 7 (4 — 47,
t

() v(p)=E™ /0 o (1,17 dA,.

Proof: The proof of this proposition results from the approximation procedure used in the proof
of Theorem 2.
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(i) Let » > 0. The process " = (1117;)%[01]7 defined by u; = P,u;4,, has the property that
(t,x) — u} is jointly continuous P-a.s. We also have

lim EE™ sup |uj(W;) — ﬁt(Wt)|2 =0,
r—0 0<t<T

by the arguments used at the end of the proof of Theorem 2. The one concludes as in the proof of
the preceding proposition.

(ii) The construction of the increasing process described in Theorem 2 holds globally for a ran-
dom regular potential producing on a.e. trajectory w € 2, the increasing process corresponding to
u(s,w, ). O

We remark that, taking the expectation of the relation (ii-d) of this proposition one gets
2 T 2
EE™ (A2) :E(Huo\|2+/0 [V ud] | dt).
3 Existence and uniqueness of the solution of the obstacle
problem

3.1 The weak solution

We now precise the definition of the solution of our obstacle problem. We recall that the data
satisfy the hypotheses of Section 2.3.

Definition 4. We say that a pair (u,v) is a weak solution of the obstacle problem for the SPDE
(1) associated to (P, f,g,h,v), if

(i) w € Hy and u(t,z) > v(t,z), dP @ dt @ dz a-e. and w(T,z) = ®(x), dP ® dx a-e..
(ii) v is a random regular measure on (0,T) x R%.

(i) for each ¢ € Dr, and t € [0,T],
T
l |:(u5, 83905) + % (vusv V@s):| ds — ((1)7 @T) + (Ut; @t)
T
= [ 100 P0) ) = (300 V). Vi) ] s (14)

+/tT (hs <u87ws>,gos>-cTBs+/tT/Rd pul2) v(da, ds).

() If u is a quasicontinuous version of u, then one has

/OT /Rd (s (v) —vs () v (dsdzx) = 0, a.s.

We note that a given solution u can be writen as a sum v = u; + ug, where uy satisfies a linear
equation u; = U(®, f(u, Vu), g(u, Vu), h(u, Vu)) with f,g,h determined by u, while uy is the
random regular potential corresponding to the measure v. By the Propositions 1 and 2, the
conditions (ii) and (iii) imply that the process u always admits a quasicontinuous version, so that
the condition (iv) makes sense. We also note that if @ is a quasicontinuous version of u, then the
trajectories of W do not visit the set {u < v}, P ® P"-a.s.

Here it is the main result of our paper
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Theorem 4. Assume that the assumptions (H), (HD2) and (HO) hold. Then there exists a
unique weak solution of the obstacle problem for the SPDE (1) associated to (®, f, g, h,v).

In order to solve the problem we will use the backward stochastic differential equation technics. In
fact, we shall follow the main steps of the second proof in [12], based on the penalization procedure.
The uniqueness assertion of Theorem 4 results from the following comparison result :

Theorem 5. Let @', f/,v" be similar to @, f,v and let (u,v) be the solution of the obstacle problem
corresponding to (D, f, g, h,v) and (u',v') the solution corresponding to (®', f’, g, h,v'). Assume
that the following conditions hold

(i) <P, der®dP -ae.
(1) f(u,Vu) < f'(u,Vu), dtdz®P -a.e.

(#i1) v <0, dtdr QP -a.e.
Then one has u < v, dtder QP -a.e.

Proof : The proof is identical to that of the similar result of El Karoui et al ([12], Theorem 4.1).
One starts with the following version of Ito’s formula, written with some quasicontinuous versions
u, u’ of the solutions u,u’ in the term involving the regular measures v, v/,

2

B[+ [ 190 - ut) s =5 @ - 2]

T T
28 [ (=) fo (V) = £ V) ) ds+ 2 [ [ (@) (@) (v = /) (dsd)
t t Rd
T T
+ QE/ (V (s = )™ g4 (s, V) = gl (s, V) ) dis +]E/ s (g, Vug) — B, (o, Vil |3 ds.
t t

We remark that the inclusion {u > v} C {@ > v} U{v > v’} U{v’ > u'} and the fact that the set
{v > v} U{v' >} is not visited by W, imply that v(u > «') = 0, a.s.. Therefore

/tT / (7~ )" (2) (v = V) (dsde) <0, as.

and then one concludes the proof by Gronwall’s lemma. O

3.2 Approximation by the penalization method
For n € N, let u™ be a solution of the following SPDE

duf (x) + %Au?(m)dt + f(t, z,up(z), Vug (x))dt + n(ug (x) —v(z))~ di (15)
+div(g (¢, z,uf (x), Vuy (x)) ) dt + h(t, 2, u} (z), Vu}(z)) cﬁt =0

with final condition uf, = ®.
Now set f,,(t,x,y,2) = f(t,z,y,2)+n(y—vi(z))” and v™(dt, dz) := n(u} (z)—vi(z))  dtdz. Clearly
for each n € N, f, is Lipschitz continuous in (y, z) uniformly in (¢,x) with Lipschitz coefficient

C + n. For each n € N, Theorem 8 in [8] ensures the existence and uniqueness of a weak solution
u™ € Hr of the SPDE (15) associated with the data (®, f,,g,h). We denote by Y;* = u™(t, Wy),
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Zn = Vu"™(t,W;) and Sy = v(t, W;). We shall also assume that u™ is quasi-continuous, so that Y™
is P ® P™-a.e. continuous. Then (Y", Z") solves the BSDE associated to the data (®, f,,g,h)

T
T
1
Y=o (Wr) +/fr (X, Y., Z") dr + n/ (Y — S~ dr+ 3 /gr (W, Y, Z0) % dW
t
t

., t (16)

T
+/hT (W,,Y", Z") - dB, —Z/Z{frdwj.
i

t

S

¢
We define K} =n / (Y — S5)~ds and establish the following lemma.
0

Lemma 4. The triple (Y™, Z™, K™) satisfies the following estimates
T T

EE™ [Y;"|? +>\E]EE"’/ |2 *dr < cEE™ [|®(Wr)|? +/ (LS WP + gl (W) [? + |h3(W)[?) ds]
t t

T
+ e EE™ / VPP dr+ s EE™ (sup |S,[?) + SEE™ (K3 — K7')?
t t<r<T
(17)
where \c = 1 — 2o — 3% — €, c., c5 are a positive constants and € > 0, § > 0 can be chosen small
enough such that Ac >0 .

Proof : By using Ito’s formula (13) for (Y™, Z™) we get

T T T
YoP e [z = WP a2 [ YRR s w2 [ YRR
t t t
T T h )
—2/ <Zg,gs(W5,1g”,Zg)>ds+/ YS"gS(WS,Y;,Zg)*dW—zz/Ygzgjsdwg (18)
t t -
ot

T T
+ 2/ Y h(W,, Y2, Z7) - dB, + / \h (W, Y, 27 2ds.
t t
Using assumption (H) and taking the expectation in the above equation under P ® P™ we get

T T
EE™ [Y;"|* + EE’”/ |2 ds <E|S(Wr)|* + ceEE’”/ (LS W) + g (W) |2 + RS (W) [*]ds
t t
T T
+CEEEm/ Y™ ds + (2a+ 5 +¢) EIE’”/ \Z" | ds
t t

1
+ —EE™[ sup |S,|*] +EE™[(K} — K}')?]
0 t<s<T

where € > 0, 7 > 0 are a arbitrary constants and ¢, is a constant which can be different from line
to line. We have used the inequality || tT YIdK" > ftT S™"dK" and then we have applied Schwartz’s
inequality. We also have used the fact that under the measure P™ the forward-backward integral
J Y g(r,W,.,Y,™, Z")xdW as well the other stochastic integrals with respect to the brownian terms
have null expectation under P ® P™. Finally Gronwall’s lemma leads to the desired inequality. [J

Lemma 5.
T
BE™{(K} ~ K7'?) < ¢ [BE™ Y7+ 0] +cc[BE™ [ [V 41207 as
t
T (19)
< [ [15913-+ 19815 + 14218] ds |
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Proof : Let now (4™),ecn be the weak solutions of the following linear type equations
duy + iAut + div gy (ug, Vuy) dt + hy (up, Vuy') - dBy = 0,

with final condition u% = 0. Set Yr = @n(t,W;) and Z, = V" (t, W;). Then by the estimate (12)
one has

T
EEm[’Y;n‘z_i_/ |22 ds] < A (20)
0
T
where A = IEJEm/ [1gs(Ws, Y, Z2)|? + |hs(W,, Y*, Z2)|?] ds. Since u™ —u™ verifies the equation
0

- 1 -
O(uy —uy) + §A(u" —uy) + fi(uy, Vuy) + n(uy —v)~ dt =0,

we have the stochastic representation
T T
V-V = e+ [ 1z s K- Ky - Y [ (20 - 2 aw
t i

from which one easily obtains the estimate

T
EE™[(K}: — K7)%] < cBE™ | [ + [V + |@ (W) | +/ (IFLWIP + Y2+ 12217 ) ds
t

T ~
+ / 72 ds].
¢
Hence, using (20), we get
T
BE" (K} — K7)?) < ¢ BE™ [V + |@(Wr) | + L EE™ [/ (v + 1212 ds
¢
T
+ [ IR OVIR + 12OV + 1ROV as .
t
which gives our assertion. O

Lemma 6. The triple (Y™, Z™, K™) satisfies the following estimate

T
BE™ ( sup [V7") +EE™ [ |20 ds + BE (7)< c[|@]3 + EE™ ( sup [S.P)
0<s<T 0 0<s<T

T
+B [ (1203 + oI5 + 1213 s

where ¢ > 0 is a constant.

Proof : From (17) and (19) we get

T
(1—6¢)EE™ |YS"|2+(1—2a—ﬂ2—e—5cg)EEm/ |ZM2dr < (1+6) || @3 + (cc +c) A

S

T
(ce—i—éc'e)EEm/ [Y,"|?ds + ;s EE™ ( sup [S,[?)

s t<r<T
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T
where A = ]EEm/ [\fg(WS)F + 192 (We)||? + |hg(Ws)\2] ds. It then follows from Gronwall’s
lemma that '

T
sup BE™ (|v7 ") +BE” [ |20 dr + EE™ (K})® < o [0 + EE™ ( sup |5, )
0<s<T s 0<r<T

T
B [ (L2 + 21 + 1218 ] ar ]
S

Coming back to the equation (16) and using Bukholder-Davis-Gundy inequality and the last esti-
mates we get our statement. O

In order to prove the strong convergence of the sequence (Y™, Z™ K™) we shall need the following
result.

Lemma 7. (The essential step)

2
lim EE™ { sup (7" = 51)7) } =0 (21)
n—00 0<t<T

Proof: Let (u™)nen be the sequence of solutions of the penalized SPDE defined in (15). From
Lemma 6, it follows that the sequence (f(u",Vu™),g(u™, Vu™), h(u™, Vu™)), .y is bounded in
L2 ([O, T] x Q x R%; R1+d+d1). We may choose then a subsequence which is weakly convergent to
a system of predictable processes (f,g,h) and, on account of the Lemma 13 in the Appendix,
we obtain a sequence of families of coefficients of convex combinations, (a*)en, such that the
sequences

= Z af f(ut, Vu?), ¢~ = Z afg(u’, Vu') and h* = Z afh(ut, Vu')
i€l i€l i€l
converge strongly, i.e.
T
i B [ = fillde =0
k—oo 0
and similarly for §*, g and h*, h.
Now for i > n we denote by u*™ the solution of the equation

duy™ + [iAui’" —nuy" +nv + fi(u', Vu') + div g (u*, Vu') | dt + he(u', Vu') - dBy =0 (22)

with final condition uZT” = vy. By comparison (Theorem 5) we have that u*" < u’. Further we
set 4F = Zielk afu“"’f, where nj; = inf I, and we deduce that

ok < Z afui < lim u", (23)

n—oo

where the last inequality comes from the monotonicity of the sequence u™. Moreover we observe
that 4" is a solution of the equation

1 N N
ditf + [ A0 — niitf + v+ ff +div gf ) dt + b - dB; =0 (24)
with final condition d’% = vp.

Now we are going to take the advantage of the fact that the equations satisfied by the sequence
of solutions 7* have strongly convergent coefficients. Let us denote by Y* the continuous version
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on [0,7] of the process (ak(Wt)) for any £ € N. We will prove now that there exists a

subsequence such that

telo,T)’

lim sup |Y}* -S| =0, P®P a.s. (25)
k—ooo<t<T

Since the equation (24) is linear the solution decomposes as a sum of four terms each corresponding
to one of the coefficients f*, ¥, h* v. So it is enough to treat separately each term.

a) In the case where f = 0, g = 0, h = 0 one obtains the term corresponding to v. Then the
relation (25) is a direct consequence of the Lemma 11.

b) In the case where v =0, g =0, h = 0, the representation of Yk is given by

A~ T A
)/tk _ / efnk(sft)f;c
t

T
/6fnk(s t)a k( )sz

t

M&

Il
-

3

Ws)ds
Thus we have
<

(
1/2
/tTe—w—ﬂff(Ws)ds <= /f(f?(m))gds) .

T
/enst)fk( )S

the second term in the expression of Y* we make an integration by parts formula to get

This shows that lim sup =0, P® P™-a.s., on some subsequence. For

k—oog<i<T

T , . r .
/ e TN Al (W) dWE = e TDURE — UPF 4y, / Uike (57N ds
t t

where Uk = / d;i (W,.) dW;. By the Corollary 3 of section 4 we know that the martingales
0

U* Kk € N converges to zero in L2, and hence on a subsequence we have limy,_ . SUPg<i<T |Uti’k| =
0, P® P™-a.s. Then by Lemma 12 we see that for that subsequence

lim sup =0, P P"-a.s.

k—oog<i<T

T
/ e TR ak (W) dW

Therefore the desired result (25) holds also in this case. This time we get limy_ o supg< <7 [V =
0, P®P"-a.s..

¢) In the case where f =0, h =0, v = 0, the representation of Y*is given by

T
Y'tk:/ efnk(s t AW — Z ek (s— t (W)sz
t

a T
z:lt

d

_Z/ *nkS t sz+Z/ —ng(s— t) k sz Z/ —ng(s— t (W)dWZ.

t
Now the proof is similar to that of the preceding case. We treat only the second term in the last

: STik g ok STrm.i : :
expression. We set UL" = gy (W) dW ™. Integration by parts formula gives
S

T T
/ —nk(s t)dUz k Uz k — ek (T—t) }7;’6 —ng / Eé,ke—nk(s—t)ds.
t t
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On the other hand the convergence §* — g implies that the backward martingale ((ﬁ;k)
T _ N .
converges to ( [ gi,T(Wr)dW;"”)te[()’T]

sion of Y* may be handled similarly by integration by parts and taking into account Corol-
lary 4. Using again Lemma 12, as in the preceding case we get the relation (25) in the form
limp— o0 SUPg< <7 [¥7¥| = 0, P @ P™-a.s...

t€[0,T]
in L2 (IP ® ]P’m). The other terms in the above expres-

d) In the case where f =0, g =0, v = 0, the representation of Yk is given by
a T T
V)= —Z/e—%(s—%a’: (W) dW; +/ e DRk dB, .
=1 t

On account of Lemma 10, the same arguments used in the previous cases work again.
Now it is easy to see that the relation (25) holds for the general case. On the other hand (25) and
(23) clearly imply the relation

lim sup (Y;"—5S;) =0, PRP"-a.s.
n—00 0<t<T

and then, since Y™ is bounded in L2, one gets the relation of our statement. O

We have also the following result

Lemma 8. There exists a progressively measurable triple of processes (Yz, Z, Kt)te[o 7] such that

EE™

T
sup \Yt"—Y}\Z—F/ |Z} — Z,*dt + sup Kt”—KtZ] — 0 asn— 0. (26)
0<s<T 0 0<t<T

T

Moreover we have that (thZtaKt)te[o,T] satisfies Yy > Sy, Vit € [0,T] and / (Ys — S5)dK, = 0,
0

P®P™-a.e.

Proof : From the monotonicity of the sequence (f,)nen and the comparison theorem 5 we get
that u™(t,z) < u"tl(t,x), dtdr @ P -a.e., therefore one has Y;* < Y for all t € [0,T], P P™
-a.s. Thus, there exists a predictable real valued process Y = (Yt)te[o,T] such that Y;" T Y, for all
t €10,7] a.s. and by Lemma 6 and Fatou’s lemma , one gets

]EEm< sup |Yt|2) <ec.
0<s<T

Moreover, from the dominated convergence theorem one has

T
IE]ETm/ V" — Y;[?dt — 0 as n — oc. (27)
0
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The relation (13) gives, for n > p,
T T
Ve YR [ 12n - zplds =2 [ (0 = Y2 (LWl Y2 2) - LW Y2, 2D)] ds
t t
T T
2 / (V" — YP)d (KT — K?) 2 / (20— 20, (W Y2, Z0) — gu (W, Y2, Z7)) ds
t t
T
+/ (st_Ysp) [gS(Xsaysnvzg) _gs(W&Ysvasp )] *dW
t

T
T
-2) / Y =YP) (2}~ Z7,) W, + 2 /t (Y2 = Y2) [ha(Wo, Y2, Z0) — hy(We, Y2, 22 - dB,
-

T
+ / |hs (W, Y, Z1) — ho(W,, YP, ZP)|2ds.
t

(28)
By standard calculation one deduces that
T T T
]EEm/ |Z" — ZP2ds < c]E]Em/ Y —YP]? +4EE’”/ (Y — S,)” dK?
t ¢ t
T (29)
+4]EIEm/ (YP —S,)” dK?
t

Therefore from Lemma 7, (27) and (29) one gets

T T
mzm/ V" — YP|2dt +E]Em/ |z — ZP|*dt — 0 as n,p — oo. (30)

0 0

The rest of the proof is the same as in El Karoui et al ([12] p.721-722), in particular we get that
there exists a pair (Z, K) of progressively measurable processes with values in R% x R such that

T
EE™ | sup |Yt”fYt|2+/ |ZP — Zy?dt + sup |K] — K;*| — 0 as n — oo.
0 0

0<s<T <t<T

It is obvious that (Kt)te[o,T] is an increasing continuous process. On the other hand since from
Lemma 7 we have lim, ..o EE™[ sup ((¥;* —S¢)7)?] =0, then, P®P"—a.s.,
0<t<T
Y, > S, Vtelo,T], (31)

which yields that fOT(YS — S¢)dKs > 0. Finally we also have fOT(YS — S5)dKs = 0 since on the
other hand the sequences (Y"),>¢ and (K"™),>o converge uniformly (at least for a subsequence)
respectively to Y and K and

T T
/ (V)" = S5)dK = —n/ (Y — S,)7)2ds < 0.
0 0

O

As a consequence of the last proof we obtain the following generalization of the RBSDE introduced
in [12] :
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Corollary 2. The limiting triple of processes (Yz, Zt’Kt)te[(),T] is a solution of the following re-
flected backward doubly stochastic differential equation (in short RBDSDE) :

T T
1
Y, = @ (Wy) +/fr<WT,m,Zr>dr+KT K+ 5/gT(WT,YT,Z» . dWV
t t
- - (32)
+/hr (W,,Y,,Z") - dB, fZ/Zi,rde
t iy
with Yz > Sy, YVt € [0,T], (Kt)te[&T] s an increasing continuous process, Ko =0 and
T
| o= soix. =0 (33)
0

Proof of Theorem 4 : Since
T T
J A R A s A (AL

by the preceding lemma one deduces that the sequence (u")n oy IS @ Cauchy sequence in L2 (Q X

[0,T]; H'(R?)) and hence has a limit u in this space. Also from the preceding lemma it follows
that dK}' weakly converges to dK;, P ® P"-a.e. This implies that

T T T
lim/ / n(u” —v) ¢(t, z)dtde = lim Em/ (W) dK} = / / o(t, z) v(dtdz),
n Jo Jrd n 0 o Jrd

where v is the regular measure defined by

/OT /Rd o(t,z)v(dtde) = E™ /OT o (W) dE;.

Writing the equation (15) in the weak form and passing to the limit one obtains the equation (14)
with v and this v. The arguments we have explained after Definition 4 ensure that u admits a
quasicontinuous version %. Then one deduces that (at(Wt)) +€(0.7] should coincide with (Y3).e[0,17,

P ® P™-a.e. Therefore the inequality Y; > S; implies v > v, dt ® P ® dz-a.e. and the relation
fOT (Yt — St) dK; = 0 implies the relation (iv) of Definition 4. O
4 Some technical lemmas

Lemma 9. Let f € L?([0,7] x R%;R) and denote by (u™)nen the sequence of solutions of the
equations

(8,5—|—%A)u”—nu”+f:0, Vn € N,

with final condition uy = 0. Then we have

T 1 T T
[ vtz <e [ igaes [ e oy s | (3)
0 0 0

Proof : Tt is well known that the solution (u™),en is expressed in terms of the semigroup P; by

T
u?z/ e_”(s_t)Ps_tfsds.
t
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A direct calculation shows that one has
T
n/ 67"(54)P3_tu2ds = u? —uy,
t
which leads to -
upf = e M T0y) 4 n/ e "7 (u? — Py yuf) ds. (35)
t

The function @} = e~™7=Y4 is a solution of the equation (0 + 3A) " — nu™ + f = 0 where
fi = Tt f,. Therefore one has the following estimate for the gradient of the first term in the
expression of u"

T T
e - U t<c e - t
/ nT0|| 70 |24t < / (0| ]2 (36)
0 0

(see Lemma 5 of [§] for details). In order to estimate the gradient of the second term of the
expression of u™ we first remark that

S
0 0
Uy — Psftus = / P._; frdr,
t

so that one has

T T—t s
nV/ e Y (u) — Ps—yuld) ds|| < n/ e_”s/ VP, fisr|l2 drds
¢ 0 0

T—t S 1
< nC/ e_"s/ —= || fesrll2 drds,
0 0 \/F

2

where we have used the well known inequality

C
IVPglle < oligll, forp € L2

Then we estimate the time integral of the norm of the gradient, which is the expression we are

interested in,
T 2 T[ fT—t s q 2
/ dtSCQ/ / ne_"s/ — | frarll2drds| dt
0 ) 0 0 0o VT
) T s T s’ T—sVs' ;1 1
=c ne” " ne™ " —| fosrlle—= I feqr 2 dt dr’ ds’ dr ds
I Aol

T T 1 2 c T
< [hnlgar( [ gvamemas) << [ inlgar
0 o 2 nJo

T
nV/ e ) (uf — Ps_yul) ds
¢

This estimate together with (36) imply the statement (34). O
T
Obviously the lemma implies that lim | Vul||3dt = 0. We need a strengthened version of this
n—oo

relation, which is presented in the next corollary whose proof is easy, so you omit it.

T
Corollary 3. Let f, f",€ L?([0,T] x R4 R), n € N, be such that lim / Ilff — fill3dt = 0.
n—oo 0

Then the solutions (u™)ncn of the equations

1 n n n
tT 5 - =V,
(8 + ZA)U nu” + f 0

T
with final condition ul. = 0, satisfy the relation nlirrolo/ | Vui||3dt = 0.
—Jo
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T
Corollary 4. Let g, g € L? ([0,T] x R%;R?) be such that lim / g — gil|l3dt = 0. Then the
n—oo 0

solutions (u™)nen of the equations

(at + %A)u" —nu” +divg" =0

T
with final condition u} = 0, satisfy the relation nlinéo/ | Vul||3dt = 0.
—Jo

Proof : We regularize g by setting g5, = P.giy, for i = 1,...,d, ¢ > 0, t € [0,7]. Then
T
gf € HY(R?) and f© = divg® is in L? ([0,7] x R4 R). Moreover we have liné/ lgs — ge||3dt = 0.
€— 0
Let u®™ be the solution of the equation

1
(at + 2A) ue,n _ nue,n _|_ fE — O,

with final condition u2" = 0. By Lemma 5 of [8] one has

T T T
| 1w v < [ g - gilBae<c [ (o - gl + gk - alB) at.
0 0 0

T
On the other hand, Lemma 9 implies, for € fixed, lim / [Vus™||3dt = 0. From these facts one
n=eeJo

easily concludes the proof. O

Lemma 10. Let h, h™, n € N be Lz(Rd;Rdl) -valued predictable processes on [0,T] with respect
to (ffT)t>O and such that

T T T
IEJ/ | he]|3dt < oo, IE/ |h7||3dt < 0o and lim E / A — hel|3dt = 0.

Let (u™)nen be the solutions of the equations

1 —
duy + [§Au? —nuy]dt + hy -dB; =0,

T
with final condition u}. =0, for each n € N. Then one has lim / | Vul||3dt = 0.
n—oo 0

Proof : We regularize the process h by setting B;)t = Pchiy, fori =1,...,di1, e >0,t € [0,T].

T T
Then h{, € Hj(R?) and IE/ ||vB;H§dt < oo and 1in%1E/ |hS — he||3dt = 0. Let u®™ be the
0 e 0
solution of the equation
€,n 1 €,n e,n 1€ D
du,” + iAut’ —nuy +hi-dB; =0

with final condition u3" = 0, for each n € N. The relation (iii) of Proposition 6 in [8] written with
respect to the Hilbert space H = H{}(R?) takes the form

€n||? T 1 e,n||2 T e,n||? T 7€1|2
E[||Vus ||2+/t I3 A ds+n/t |Vug|? ds] :]E/t |V ds.

In particular one has

T 1 T —€ 12
|Vus™||?ds < — |Vh][; ds.
t nJi 2



The Obstacle problem for quasilinear Stochastic PDE’s 27

Now we write the relation (iii) of Proposition 6 in [8] for the solution u™ — u*™ with respect to the
Hilbert space H = L?(R%),

T

T T
E ||u3—u5’”||2+/ sz—wzﬂuidwn/ Jul — w3 ds :E/ IR — he13ds.
0 0 0

In particular one obtains

T T
B [ IVur - Vustf3as < B [ IRz - BB
0 0

From this and the preceding inequality one deduces

T T
limsup E / IVur|2ds < E / e — BS |2 ds.
0 0

n—oo

Letting € — 0, one deduces the relation from the statement. O

Lemma 11. Let v : [0,T] x R? — R be a function such that the process (ve(We))sepo, ) admits
a version S = (St),¢(o. 7 With continuous trajectories on [0,T] and such that the random variable

S* = supg<i<7 St satisfies the condition E™ [S*]* < co. Let u™ be the solution of the equation
1 n n
(8t+§A)u —nu" +nv =0,

with the terminal condition u} = vy. Let Y™ = (Y;n)te[o,T] be a continuous version of the process
(u?(Wt))tE[O,T]’ for each n € N. Then the following holds

lim E™ | sup |Y)" — S*| =o0.
n—00 0<t<T

Proof : Let us set 4} = e~ ™t

uy and observe that this function is a solution of the equation
(0 +1A)a"+17:0
t 9 ’

with vy = e~ "o, and terminal condition @} = vy. Writting the representation of Theorem 3 with

g = h =0 for a™(W}) one obtains

a T T
ay (t,Wy) = e " Typ — Z / oyuy (W) dWTi + n/ e ", (W, )dr,
=17 t

ft].

T
S, — e MT=1 g — n/ e M=t g dr
t

and this leads to the representation of our process Y, given by

t

T
Y =E" le”(Tt)ST + n/ et g8 dr
Then one has

|S; — Y| <E™

a
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Let us denote by

T
V" = sup |S;— TG n/ e M=t g dr
0<t<T t
Obviously one has V" < 25*. On the other hand one has for any fixed § > 0,
V< sup |S; — S|+ 2e™05*. (37)
[t—s]<s

This follows from Lemma 12. From the inequality (37) one deduces that lim V" = 0, P™-a.s.,

n—oo

and hence from the dominated convergence Theorem, one gets lim E™ [V”]2 = 0. Since
n—oo

fti| ’
Doob’s Theorem implies the assertion of the lemma. O

Finally, we mention the following calculus lemma.
Lemma 12. Let ¢ € C([0,1];R) and 6 € (0,T), A > 0. Then one has

)
A / ep(t)dt + e p(6) — p(0)] < sup [@(t) — 9(0)].

0<t<s

and

< sup Jo(s) = o(r)] +2e7 Y ello -

T
A / e A0 p(s)ds + e NTDp(T) — (t)
t |s—7|<d,s>0

§
Proof : The first inequality follows from the relation A e Mdt + e ™M = 1. In order to check

0
the second relation one dominates the expression of the left hand side by
t+5
‘)\/ e M o(s)ds + e M p(t + 0) — gp(t)‘
t

T
+e M ’A/ 5 e MmN (5)ds + e TN p(T) — (t +6)
t+

and then apply the first relation to dominate the first term. O

5 Appendix

The next lemma is a classical result in convex analysis, known as Mazur’s Theorem (see [5], Remark
5 p. 38). We state here the result with some notation that is useful for our proof. Let X be a
Banach space and (z,)nen @ sequence of elements in X. We call finite family of coefficients of a
convex combination a family a = {«;|i € I} where I is a finite subset of N, o; > 0 for each i € T
and ), ; @; = 1. The convex combination that corresponds to such a family of coefficients is the
point expressed in terms of our sequence by >, a;x;.

Lemma 13. Let (z)nen be a weakly convergent sequence of elements in X with limit x. Then
there exits a sequence (a*)ren of families of coefficients of convexr combinations, a* = {aﬂi € I},
such that the corresponding convex combinations x* = Zielk afx;, k € N, converge strongly to =
s limg o ||2% — 2| = 0.

O



The Obstacle problem for quasilinear Stochastic PDE’s 29

References

1]

2]

13l

4]

5]

[6]

7]

18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

Bally V., Caballero E., El-Karoui N. and Fernandez, B. : Reflected BSDE’s PDE’s and
Variational Inequalities. preprint INRIA report (2004).

Bally V. and Matoussi, A. : Weak solutions for SPDE’s and Backward Doubly SDE’s. J. of
Theoret. Probab. 14, 125-164 (2001).

Bensoussan A. and Lions J.-L. Applications des Inéquations variationnelles en controle
stochastique. Dunod, Paris (1978).

Blumenthal, R.M, and Getoor, R.K. : Markov processes and potential theory, Academic Press
(1968).

H. Brézis : Analyse fonctionnelle - Théorie et application. Dunod (2005).

Dellacherie, C. and Meyer, P.-A.: Probabilités et Potentiel, Chapitres XII & XVI, Théorie du
potentiel, Hermann, Paris, 1980. English translation : Potential theory, Chapters XII-XVI,
North-Holland (1982).

Denis, L. : Solutions of stochastic partial differential equations considered as Dirichlet pro-
cesses. Bernoulli J.of Probability 10, 783-827 (2004).

Denis L. and Stoica, I. L. : A general analytical result for non-linear s.p.d.e.’s and applications,
Electronic Journal of Probability 9, 674-709 (2004).

Denis L., Matoussi A. and Stoica, I. L. : LP estimates for the uniform norm of solutions of
quasilinear SPDE’s. Probability Theory Related Fileds 133, 437-463 (2005).

Donati-Martin, C. and Pardoux E. : White noise driven SPDEs with reflection. Probab. Theory
Related Fileds 95, 1-24 (1993).

El Karoui, N. Backward stochastic differential equations a general introduction, in vol. Back-
ward Stochastic Differential Equations, Pitman Res. Notes in Math. Ser.364 Longman (1997).

El Karoui, N., Kapoudjian, C., Pardoux, E., Peng, S., Quenez M.C. : Reflected Solutions of
Backward SDE and Related Obstacle Problems for PDEs. Annals of Probability 25, 702-737
(1997).

Fukushima, M., Oshima, Y., Takeda, M. : Dirichlet Forms and Symmetric Markov Processes,
Walter de Gruyter, Berlin- New York (1994).

Krylov N. V. : An analytic approach to SPDEs. Six Perspectives, AMS Mathematical surveys
an Monographs, 64, 185-242 (1999).

Matoussi A. and Scheutzow, M. : Semilinear Stochastic PDE’s with nonlinear noise and
Backward Doubly SDE’s. J. of Theoret. Probab. 15, 1-39 (2002).

Matoussi, A. Xu, M. : Sobolev solution for semilinear PDE with obstacle under monotonicity
condition. Electronic Journal of Probability 13, 1035-1067 (2008).

Matoussi, A., Xu, M. : Reflected Backward doubly SDE and Obstacle problem for semilinear
Stochastic PDE’s. Forthcoming paper.

Mignot, F Puel, J.-P. : Solutions maximum de certaines inéquations d’évolution paraboliques
et inéquations quasi-variationnelles paraboliques. C.R.A.S. 280 série A, page 259 and ARMA
(1976).

Nualart D. and Pardoux E. : White noise driven quasilinear SPDEs with reflection. Probab.
Theory Related Fields 93, 77-89 (1992).



30 Matoussi and Stoica

[20] Pardoux, E. Peng, S. : Adapted solution of a backward stochastic differential equation, Sys-
tems and Control Letters, 14, p. 55-61 (1990).

[21] Pardoux, E. Peng, S. : Backward SDEs and quasilinear PDEs, in Stochastic partial differential
equations and their applications, B.L.Rozovskii & R. Sowers eds., LNCIS 176, Springer (1992).

[22] Pardoux, E. Peng, S. : Backward doubly stochastic differential equations and systems of
quasilinear SPDEs. Probab. Theory Related Fields 98, 209-227 (1994).

[23] Pardoux, E. : Stochastic partial differential equations and filtering of diffusion process.
Stochastics 3, 127-167 (1979).

[24] Stoica, L. : A probabilistic interpretation of the divergence and BSDE’s. Stochastic Process
and their Applications 103, 31-55 (2003).

Anis MATOUSSI

Laboratoire Manceau des Mathématiques
Université du Maine

Avenue Olivier Messiaen

72085 LE MANS Cedex 9 -FRANCE
email : anis.matoussiQuniv-lemans.fr

Lucretiu STOICA

Institute of Mathematics "Simion Stoilow"
of the Romanian Academy

and

Faculty of Mathematics

University of Bucharest

Str. Academiei 14

Bucharest RO -70109, ROMANIA

email : lstoica@fmi.unibuc.ro



