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p,q for Zd with parameters p and q is unique, the q-divideand colour (DaC(q)) model on Zd is de�ned as follows. First we drawa bond con�guration with distribution ΦZ
d
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2 ANDRÁS BÁLINTsimple de�nition but nontrivial behaviour. The study of such models mayalso lead to a better understanding of models of primary physical importance,as it was the case in [2] where an informative, new perspective of the hightemperature Ising model on the triangular lattice was given.The model treated here is de�ned as follows. Let G = (V, E) be a (�niteor in�nite) locally �nite graph. Fix parameters p ∈ [0, 1], q > 0 in such away that there exists exactly one random-cluster measure for G with param-eters p and q. We denote this measure by ΦG
p,q. Fix also an integer s ≥ 2,and a1, a2, . . . , as ∈ (0, 1) such that ∑s

i=1 ai = 1, and de�ne the single-spinspace S = {1, 2, . . . , s}, and the state space ΩG = ΩG
C ×ΩG

D with ΩG
C = SVand ΩG

D = {0, 1}E . Let Y be a random bond con�guration taking values in
ΩG

D with distribution ΦG
p,q. Given Y = η for some η ∈ ΩG

D, we construct arandom ΩG
C-valued spin con�guration X by assigning spin i ∈ S with prob-ability ai to each connected component in η (i.e., the same spin i to eachvertex in the component), independently for di�erent components. We write

PG
p,q,(a1,a2,...,as)

for the joint distribution of (X,Y ) on ΩG, and µG
p,q,(a1,a2,...,as)for the marginal of PG

p,q,(a1,a2,...,as)
on ΩG

C . This de�nition is a slight general-isation of the fractional fuzzy Potts model de�ned in [16], p.1156 (see also[1], Section 1.2). However, we shall call this model the q-divide and colour(DaC(q)) model to emphasise that we look at it rather as a generalisationof the model introduced in [17] by Häggström (which is the DaC(1) modelin the present terminology) than of the fuzzy Potts model of [25, 18].Let us now consider the (hypercubic) lattice with vertex set Zd and edgeset Ed with edges between vertices at Euclidean distance 1. With an abuseof notation, we shall denote this graph by Zd, and the sets ΩZd

D ,ΩZd

C and
ΩZd by ΩD,ΩC and Ω, respectively. The present work is focused on theGibbs properties and k-Markovianness of the measure µZd

p,q,(a1,a2,...,as)
in d ≥ 2dimensions. Since the cases p = 0 or 1 are trivial, we henceforth assume that

p ∈ (0, 1). We give results for q ≥ 1 only, since much more is known aboutrandom-cluster measures with q ≥ 1 than with q < 1.We shall prove that, except in the special case of q = s and a1 = a2 =
. . . = as (when the DaC(q) model coincides with the q-state Potts modelon Zd at inverse temperature β = −1/2 log(1 − p)), the DaC(q) model isnot k-Markovian for any k. For large values of p, µZd

p,q,(a1,a2,...,as)
is not evenquasilocal and is therefore not a Gibbs measure, again with the exception ofthe Potts case. This shows that the Gibbsianness of the Potts model at lowtemperatures is very sensitive with respect to perturbations in the assign-ment of the spin probabilities, even the smallest change makes the modelnon-quasilocal. By demonstrating the special role of the q-state Potts Gibbsmeasure among DaC(q) models, our result supports the view expressed in



GIBBSIANNESS AND NON-GIBBSIANNESS IN DAC(Q) MODELS 3[5, 6] that, especially at low temperatures, Gibbsianness of measures is ratherthe exception than the rule. For a related general result, see [20], where Israelproved that in the set of all translation-invariant measures Gibbsianness isexceptional in a topological sense. However, if p is small enough, then Gibb-sianness does hold. The proof of this fact uses the idea that at small valuesof p (which corresponds to high temperatures in the (fuzzy) Potts model),the DaC(q) model is close in spirit to independent site percolation on Zd.These results are in line with those in [18] (see also [25] and [19]) concern-ing the fuzzy Potts model, and in some cases, essentially the same proofs workin the current, more general situation. Therefore, at places only a sketch ofthe proof is given, and the reader is referred to [18] for the details. Note,however, that such similarities are not immediate from the de�nition of themodels. More importantly, in the DaC(q) model, a distinction must be madebetween the case when ai ≥ 1/q for all i, and when there exists j with
aj < 1/q. In the former (of which the fuzzy Potts model is a special case), arather complete picture can be given, whereas in the latter, there is an inter-val in p where we do not know whether µZd

p,q,(a1,a2,...,as)
is a Gibbs measure.Finally, we give a su�cient (but not necessary) condition for the almostsure quasilocality of µZd

p,q,(a1,a2,...,as), and as an application, we obtain thisweak form of Gibbsianness in the two-dimensional case for a large rangeof parameters. Some intuition behind our main results will be given afterRemark 3.8.2. De�nitions and main results.2.1. Random-cluster measures. In this section, we recall the de�nition ofthe Fortuin-Kasteleyn (FK) random-cluster measures, and those propertiesof these measures that are important for the rest of the paper. For the proofsand much more on random-cluster measures, see, e.g., [14].Definition 2.1. For a �nite graph G = (V, E) and parameters p ∈ [0, 1]and q > 0, the random-cluster measure ΦG
p,q is the measure on ΩG

D whichassigns to a bond con�guration η ∈ ΩG
D probability(1) ΦG

p,q(η) =
qk(η)

ZG
p,q

∏

e∈E

pη(e)(1 − p)1−η(e),where k(η) is the number of connected components in the graph with vertexset V and edge set {e ∈ E : η(e) = 1} (we call such components FK clustersthroughout, edges with state 1 open, and edges with state 0 closed), and ZG
p,qis the appropriate normalising factor.



4 ANDRÁS BÁLINTThis de�nition is not suitable for in�nite graphs. In that case, we shallrequire that certain conditional probabilities are the same as in the �nitecase. The relevant de�nition, given below, will formally contain conditioningon an event with probability 0, which should be understood as conditioningon the appropriate σ-algebra. We shall frequently use this simpli�cation inorder to keep the notation as simple as possible.A graph is called locally �nite if every vertex has a bounded degree. Weshall denote bond con�gurations throughout by η and ζ. For the restrictionof a bond con�guration η to an edge set H, we write ηH . For vertices v and
w, we denote the edge between v and w by 〈v,w〉. The following de�nition istaken from [18], and its equivalence with a more common de�nition (wherearbitrary �nite edge sets and not only single edges are considered) is stated,e.g., in Lemma 6.18 of [11].Definition 2.2. For an in�nite, locally �nite graph G = (V, E) andparameters p ∈ [0, 1], q > 0, a measure φ on ΩG

D is called a random-clustermeasure for G with parameters p and q if for each edge e = 〈x, y〉 ∈ Eand edge con�guration ζ ∈ {0, 1}E\{e} outside e, we have that
φ({η ∈ ΩG

D : η(e) = 1} | {η ∈ ΩG
D : ηE\{e} = ζ}) =







p if ζ
x ↔ y,

p
p+(1−p)q otherwise,where ζ

x ↔ y denotes that there exists a path of edges between x and y inwhich every edge has ζ-value 1.It is not di�cult to prove that one gets the same conditional probabilities forrandom-cluster measures on �nite graphs, hence De�nition 2.2 is a reasonableextension of De�nition 2.1 to in�nite graphs.It is not clear from the de�nition that such measures exist. However, for
Zd and for q ≥ 1, two random-cluster measures can be constructed as follows.For a vertex set H ⊂ Zd, let ∂H denote the vertex boundary of the set,that is, ∂H = {v ∈ Zd \ H : ∃w ∈ H such that 〈v,w〉 ∈ Ed}. De�ne, for
n ∈ {1, 2, . . .}, the set Λn = {−n, . . . , n}d, the graph Gn = (Vn, En) withvertex set Vn = Λn ∪ ∂Λn and edge set En = {e ∈ Ed : both endvertices of eare in Vn}. For n ∈ {1, 2, . . .}, let Wn be the event that all edges with bothendvertices in ∂Λn are open, and let ΦGn,1

p,q be the measure ΦGn
p,q conditionedon Wn. Then both ΦGn

p,q and ΦGn,1
p,q converge weakly as n → ∞; we denote thelimiting measures by ΦZd,0

p,q and ΦZd,1
p,q , respectively. ΦZd,0

p,q is called the free,and ΦZd,1
p,q is called thewired random-cluster measure for Zd with parameters

p and q. These measures are indeed random-cluster measures in the sense



GIBBSIANNESS AND NON-GIBBSIANNESS IN DAC(Q) MODELS 5of De�nition 2.2, moreover, they are extremal among such measures in thefollowing sense.A natural partial order on the set ΩD = {0, 1}E
d of edge con�gurations isgiven by de�ning η′ ≥ η for η, η′ ∈ ΩD if for all e ∈ Ed, η′(e) ≥ η(e). We calla function f : ΩD → R increasing if η′ ≥ η implies that f(η′) ≥ f(η). Forprobability measures φ, φ′ on ΩD, we say that φ′ is stochastically largerthan φ if for all bounded increasing measurable functions f : ΩD → R, wehave that

∫

ΩD

f(η) dφ′(η) ≥
∫

ΩD

f(η) dφ(η).For later purposes we mention that by Strassen's theorem [28] this is equiv-alent to the existence of an appropriate coupling of the measures φ′ and φ,that is, the existence of a probability measure Q on ΩD × ΩD such that themarginals of Q on the �rst and second coordinates are φ′ and φ respectively,and Q({(η′, η) ∈ ΩD × ΩD : η′ ≥ η}) = 1.It is well-known that ΦZd,0
p,q is the stochastically smallest, and ΦZd,1

p,q isthe stochastically largest random-cluster measure for Zd with parameters pand q. Therefore, there exists a unique random-cluster measure for Zd withparameters p and q if and only if(2) ΦZd,0
p,q = ΦZd,1

p,q .This is the case for any �xed q ≥ 1, except possibly for at most countablymany values of p. It is widely believed that for any q ≥ 1, there is at mostone exceptional p, which can only be the critical value pc(q, d) = sup{p :

ΦZd,0
p,q ({η ∈ ΩD : 0 is in an in�nite FK cluster in η}) = 0}, where 0 denotesthe origin in Zd. It is not di�cult to show that the choice of ΦZd,0

p,q in thede�nition is not crucial. That is, for any random-cluster measure φ for Zdwith parameters p and q, we have that
φ({η ∈ ΩD : 0 is in an in�nite FK cluster in η})

{

= 0 if p < pc(q, d),
> 0 if p > pc(q, d).For the rest of the paper, we shall assume without further mentioning thatparameters d, p, q for the DaC(q) model on Zd are always chosen in such away that (2) holds, and denote the unique random-cluster measure by ΦZd

p,q.Another important feature of the random-cluster measures ΦZd,0
p,q and ΦZd,1

p,qwith q ≥ 1 is that they satisfy the FKG inequality for increasing events [8](an event A ⊂ ΩD is called increasing if its indicator function is increasing,i.e., if η ∈ A and η′ ≥ η implies that η′ ∈ A). This in particular meansthat for d ≥ 2, p ∈ [0, 1], q ≥ 1, for any edge set E ⊂ Ed, con�guration



6 ANDRÁS BÁLINT
ζ ∈ {0, 1}E on E, and increasing events A1, A2 ⊂ ΩD, we have denoting
B = {η ∈ ΩD : ηE = ζ} that(3) ΦZd,0

p,q (A1 ∩ A2 | B) ≥ ΦZd,0
p,q (A1 | B)ΦZd,0

p,q (A2 | B).Finally, for our main result, we need to consider the critical value in half-spaces as well. Let H+ = H+
d denote the subset of Zd which consists of thosevertices whose �rst coordinate is strictly positive, Ẽ ⊂ Ed the set of edgesthat are incident to at least one vertex in Zd \ H+, and denote the vertex

(1, 0, 0, . . . , 0) ∈ Zd by u1. Consider also the event AH+ = {η ∈ ΩD : u1 is inan in�nite open path in η which is contained in H+}. For q ≥ 1, we de�ne
pHc (q, d) = sup{p : ΦZd,0

p,q (AH+ | {η ∈ ΩD : ηẼ ≡ 0}) = 0}.Using (3), it is easy to see that pHc (q, d) ≥ pc(q, d). Equality of the twocritical values for q = 1 was proved by Barsky, Grimmett and Newman [3],for q = 2 by Bodineau [4], and for very large values of q, it follows from thePirogov-Sinai theory (see the last paragraph of Section 2.3 in [4]). For general
q ≥ 1, equality has been conjectured ([27],[18],[4],[29]), but no de�nite answeris known thus far. However, an upper bound pHc (q, d) ≤ pc(1,d)q

pc(1,d)q+1−pc(1,d) canbe given easily, using that for q ≥ 1, ΦZd,0
p,q conditioned on {η ∈ ΩD : ηẼ ≡ 0}is stochastically larger on Ed\Ẽ than ΦZd,0

p
p+(1−p)q

,1
and that pHc (1, d) = pc(1, d).Note that pc(1, d) is the critical value for Bernoulli bond percolation on Zd.It is well-known (see, e.g., [13]) that for all d ≥ 2, 0 < pc(1, d) < 1. Thisimplies that the above upper bound for pHc (q, d) is nontrivial.2.2. Main results. Before stating the main results, let us give the relevantde�nitions. In this section, µ denotes a probability measure on ΩC = SZd .Spin con�gurations will be denoted throughout by ξ, σ, and κ, and the restric-tion of a spin con�guration ξ to a vertex set W by ξW . For a set W ⊂ Zd anda spin con�guration σ ∈ SW on W , we denote Kσ
W = {ξ ∈ ΩC : ξW = σ}. Weshall use A ⊂⊂ B to denote that �A is a �nite subset of B� throughout. Wedenote the graph-theoretic distance on Zd by dist, and de�ne the distanceof a vertex v ∈ Zd and a vertex set H ⊂ Zd by dist(v,H) = min{dist(v,w) :

w ∈ H}. For k ∈ {1, 2, . . .}, let ∂kH denote the k-neighbourhood of H,that is, ∂kH = {v ∈ Zd : 1 ≤ dist(H, v) ≤ k}. Note that ∂1H = ∂H.We usually want to view the DaC(q) model as a dependent spin modelon Zd, in which the only role of the edge con�guration is to introduce thedependence. One of the �rst natural questions one may ask about a spinmodel is whether the �nite energy property of [26] holds. This turns outto be the case, moreover, we can even prove a stronger form of it, called



GIBBSIANNESS AND NON-GIBBSIANNESS IN DAC(Q) MODELS 7uniform nonnullness. The proofs of all statements in this section will begiven in Section 4.Definition 2.3. µ is called uniformly nonnull if there exists an ε > 0such that for all v ∈ Zd, m ∈ S, σ ∈ SZd\{v}, we have that
µ(Km

{v} | Kσ
Zd\{v}) ≥ ε.Proposition 2.4. For all d ∈ {1, 2, . . .}, q ≥ 1, p ∈ [0, 1), and arbitraryvalues of the other parameters, the measure µZd

p,q,(a1,...,as)
is uniformly nonnull.The concept of k-Markovianness is concerned with the following question:conditioning on a spin con�guration outside a set W , do vertices farther than

k from W have any in�uence on the spin con�guration in W ?Definition 2.5. For k ∈ {1, 2, . . .}, µ is called k-Markovian if for all
W ⊂⊂ Zd, κ ∈ SW and σ, σ′ ∈ SZd\W such that σ∂kW = σ′

∂kW , we have that
µ(Kκ

W | Kσ
Zd\W ) = µ(Kκ

W | Kσ′

Zd\W ).A weaker notion is that of quasilocality, where the above conditional prob-abilities do not need to be equal for any k, just their di�erence is required totend to 0 as k → ∞. Due to the compactness of SZd in the product topology,this amounts to the following.Definition 2.6. µ is called quasilocal if for all W ⊂⊂ Zd, κ ∈ SWand σ ∈ SZd\W , we have that
lim

k→∞
sup

σ′∈Zd\W

σ′
∂kW

=σ∂kW

|µ(Kκ
W | Kσ

Zd\W ) − µ(Kκ
W | Kσ′

Zd\W )| = 0.If the above equation holds for µ-almost all σ ∈ SZd\W , then µ is calledalmost surely quasilocal.Finally, we need to say what we mean by Gibbsianness. Instead of the usualde�nition with absolutely summable interaction potentials (see, e.g., [10, 6]),we shall use a well-known characterisation (see [6], Theorem 2.12), namelythat µ is a Gibbs measure if and only if it is quasilocal and uniformlynonnull.We are now ready to state our main result concerning k-Markoviannessand Gibbsianness of the DaC(q) model. The cases p = 0, 1 are trivial, there-fore we assume that p ∈ (0, 1). For �xed q, s, and a1, . . . , as, recall that



8 ANDRÁS BÁLINT
S = {1, 2, . . . , s}, and de�ne S1/q = {i ∈ S : ai = 1/q}. The case S = S1/q iswell understood since S = S1/q implies that s = q and a1 = a2 = . . . = as,in which case the procedure de�ning the DaC(q) model gives the random-cluster representation of the Potts model. Therefore, for all p ∈ (0, 1),
µZd

p,q,(1/q,1/q,...,1/q) equals a Gibbs measure for the q-state Potts model on Zd(at inverse temperature β = −1/2 log(1−p)). It follows immediately from thestandard de�nition of Potts Gibbs measures with a Hamiltonian (see e.g. [11]for the de�nition) that all such measures are Markovian (i.e., 1-Markovian).For an alternative proof of the Markovianness of µZd

p,q,(1/q,1/q,...,1/q), see Re-mark 3.8. If S 6= S1/q, let ` ∈ S be an (for concreteness, the smallest) indexsuch that a` = min{ai : i ∈ S \ S1/q}.Theorem 2.7. Assume that d ≥ 2, q ≥ 1, and that S 6= S1/q. Then wehave the following.1. For any values of p, a1, . . . , as ∈ (0, 1), the measure µZd

p,q,(a1,...,as)
is not

k-Markovian for any k ∈ {1, 2, . . .}.2. If a` > 1/q, then(a) for p < pc(qa`, d), µZd

p,q,(a1,...,as)
is quasilocal, but(b) for p > pHc (qa`, d), it is not quasilocal.3. If a` < 1/q, then(a) if p < pc(1,d)qa`

pc(1,d)qa`+1−pc(1,d) , then µZd

p,q,(a1,...,as)
is quasilocal, whereas(b) if p > pc(1, d), it is not.Combining Theorem 2.7 with Theorem 2.4 and the earlier mentioned char-acterisation of Gibbs measures, we conclude the following.Corollary 2.8. If S = S1/q and in cases 2(a) and 3(a) of Theorem2.7, the measure µZd

p,q,(a1,...,as)
is a Gibbs measure, and in cases 2(b) and 3(b)of Theorem 2.7, it is not a Gibbs measure.To demonstrate the fundamental di�erence between the q-state Pottsmodel and other DaC(q) models, let us consider the case with s = q − 1and a1 = a2 = . . . = as = 1

q−1 . Intuitively, for very large values of q, thedi�erence between this scenario and the case when S = S1/q should vanish.Nevertheless, while µZd

p,q,(1/q,1/q,...,1/q) is a Gibbs measure for any p and q,Corollary 2.8 gives that there exists a constant c = c(d) ∈ (0, 1) such thatfor all q ∈ {3, 4, . . .} and p > c, µZd

p,q,( 1
q−1

, 1
q−1

,..., 1
q−1

)
is not a Gibbs measure.



GIBBSIANNESS AND NON-GIBBSIANNESS IN DAC(Q) MODELS 9This result might seem to contradict Theorem 2.9 in [24], which implies thatany su�ciently �ne local coarse graining preserves the Gibbs property of the
q-state Potts model. Note, however, that an arbitrarily �ne coarse grainingis available only when the local state space is continuous, which is not thecase here.The question whether quasilocality is �seriously� violated in cases when
µZd

p,q,(a1,...,as)
is not a Gibbs measure (i.e., whether �bad� con�gurations areexceptional or they actually occur) is related to that of percolation by thefollowing statement, which is a generalisation of Proposition 3.7 in [17].Proposition 2.9. Consider the event E∞ = {ξ ∈ ΩC : ξ contains anin�nite connected component of equal spins}. If the parameters p ∈ [0, 1], q ≥

1, s ∈ {2, 3, . . .}, and a1, . . . , as ∈ (0, 1) of the DaC(q) model are chosen insuch a way that(4) µZd

p,q,(a1,...,as)(E∞) = 0,then µZd

p,q,(a1,...,as) satis�es almost sure quasilocality.It is easy to see that (4) is not a necessary condition for almost surequasilocality. For instance, one can take d ≥ 2, q ≥ 1, p = 0, s = 2, and an
a1 < 1 which is greater than the critical value for Bernoulli site percolation on
Zd. Then, although (4) fails, µZd

0,q,(a1,a2) is Markovian (and therefore obviouslyalmost surely quasilocal). Despite this, Proposition 2.9 is not useless. Weshall demonstrate this below by giving an application in the two-dimensionalcase. Häggström's results in Section 3 of [16] imply that for d = 2, q ≥ 2, p <
pc(q, d), if ai ≤ 1/2 for all i ∈ S, then (4) holds. Using the main result in[21], this can be extended to d = 2, q ≥ 1, p < pc(q, d) with the same proof.Combining this with Proposition 2.9, we obtain almost sure quasilocalitywhen d = 2 for these parameters.Corollary 2.10. If q ≥ 1, p < pc(q, 2), and ai ≤ 1/2 for all i ∈ S, then
µZ2

p,q,(a1,...,as)
is almost surely quasilocal.3. Useful tools. Here we collect the lemmas needed for the proofs of theresults in Section 2.2. The statements of the most important ones, Lemma3.3 and Corollary 3.7, are proved for �nite graphs �rst, then a limit is taken.We shall have an appropriate limiting procedure for q ≥ 1 only, and this isthe reason why we need to restrict to this case in all our results. Throughoutthis and the next section, we shall use the following notations. For a set

W ⊂ Zd and a spin con�guration σ ∈ SW on W , we denote Cσ
W = {(ξ, η) ∈



10 ANDRÁS BÁLINT
Ω : ξW = σ}. Analogously, for E ⊂ Ed and a bond con�guration ζ ∈ {0, 1}Eon E, we denote Dζ

E = {(ξ, η) ∈ Ω : ηE = ζ}.For �xed parameters s ∈ {2, 3, . . .}, p, a1, a2, . . . , as, and q ≥ 1, the mea-sure PZd

p,q,(a1,...,as)
can be obtained as a limit as follows. Let Gn = (Vn, En)be as in Section 2.1. Consider the DaC(q) model on Gn with the given pa-rameters as de�ned in the introduction. Then the corresponding sequence ofmeasures PGn

p,q,(a1,...,as)
converges to PZd

p,q,(a1,...,as)
as n → ∞, in the sense thatprobabilities of cylinder sets converge. Note that q ≥ 1 is needed to ensurethe convergence of ΦGn

p,q to the (unique) random-cluster measure ΦZd

p,q, seeSection 2.1.The next two lemmas, which give the conditional edge distribution in theDaC(q) model given any spin con�guration, are of crucial importance forthe rest of this paper. The statements (and the proofs) are analogues ofProposition 5.1 and Theorem 6.2 in [18]. For a graph G = (V, E) (where
V and E are �nite or V = Zd, E = Ed) and a spin con�guration σ ∈ ΩG

C ,we de�ne for all i ∈ S the vertex sets Vσ,i = {v ∈ V : σ(v) = i}, edgesets Eσ,i = {e = 〈x, y〉 : x, y ∈ Vσ,i} and Eσ,di� = E \ ∪s
i=1E

σ,i, and graphs
Gσ,i = (Vσ,i, Eσ,i).Lemma 3.1. Let G = (V, E) be a �nite graph. Fix parameters p ∈
[0, 1], q > 0, s ∈ {2, 3, . . .}, a1, a2, . . . , as ∈ (0, 1) in such a way that∑s

i=1 ai =
1, and an arbitrary spin con�guration σ ∈ SV , and de�ne the event A =
{(ξ, η) ∈ ΩG : ξ = σ}. Then we have that(a) for all e ∈ Eσ,di�, PG

p,q,(a1,...,as)
({(ξ, η) ∈ ΩG : η(e) = 0} | A) = 1, and(b) for all i ∈ S, independently for di�erent values of i, on the set {0, 1}Eσ,i ,the conditional distribution of PG

p,q,(a1,...,as)
given A is the random-cluster measure ΦGσ,i

p,qai
.Proof. Statement (a) is immediate from the de�nition of the model. Nowlet η ∈ ΩG

D be such that η(e) = 0 for all e ∈ Eσ,di�. Denote by kσ,i(η) thenumber of connected components in η that have spin i in σ, and notice that
k(η) =

∑s
i=1 kσ,i(η). Using this observation, (1), and a rearrangement of thefactors, we obtain that

P((σ, η)) = ΦG
p,q (η)

s
∏

i=1

a
kσ,i(η)
i

=
(1 − p)|E

σ,di�|
ZG

p,q

s
∏

i=1



(qai)
kσ,i(η)

∏

e∈Eσ,i

pη(e)(1 − p)1−η(e)



 ,



GIBBSIANNESS AND NON-GIBBSIANNESS IN DAC(Q) MODELS 11where we wrote P for PG
p,q,(a1,...,as)

, and | · | for cardinality. Therefore,
PG

p,q,(a1,...,as)
((σ, η) | A) =

s
∏

i=1

ΦGσ,i

p,qai
(ηEσ,i)since the factor (1−p)|E

σ,di�|
∏s

i=1
ZGσ,i

p,qai

ZG
p,qµG

p,q,(a1,...,as)
(σ)

is constant in η, thus it must be 1 togive a probability measure. This proves statement (b). 2Remark 3.2. Let σ ∈ SV and A ⊂ ΩG be as in Lemma 3.1. The factthat random-cluster measures factorise on disconnected graphs provides asimple way of drawing a random bond con�guration Y with distribution
PG

p,q,(a1,...,as) given A. First, set Y (e) = 0 for all e ∈ Eσ,di�. Then choose anycomponent C = (VC , EC) in the graph (V, E \ Eσ,di�). Notice that C is amaximal monochromatic component in G (with respect to σ); suppose thatfor all v ∈ VC , σ(v) = i. Then, independently of everything else, draw YECaccording to the random-cluster measure ΦC
p,qai

. Repeat this procedure witha new component in (V, E \Eσ,di�) until there are no more such components.Lemma 3.1 and the observation at the beginning of this paragraph ensurethat we get the correct (conditional) distribution.By using Lemma 3.1 and the limiting procedure for PZd

p,q,(a1,...,as), one ob-tains analogous statements for Zd in case of q ≥ 1.Lemma 3.3. Fix parameters d, p, q ≥ 1, s, (a1, a2, . . . , as) of the DaC(q)model on Zd and a spin con�guration σ ∈ ΩC . Then the conditional distri-bution of P = PZd

p,q,(a1,...,as)
given Cσ

Zd assigns value 0 to all edges in Eσ,di�,and is a random-cluster measure for Gσ,i with parameters p and qai on Eσ,i,independently for each i. Moreover, for each edge e ∈ Eσ,i and almost everyedge con�guration ζ ∈ {0, 1}E
d\{e}, we have that

P({(ξ, η) ∈ Ω : η(e) = 1} | Cσ
Zd ∩ Dζ

Ed\{e}
) =







p if ζ
x ↔ y,

p
p+(1−p)qai

otherwise.Proof sketch. Unless the edge con�guration ζ ∈ {0, 1}E
d\{e} is special in thesense that it contains at least two in�nite FK clusters or there exists an edge

f ∈ Ed \ {e} such that changing the state of f in ζ would create at least twoin�nite FK clusters, we see after a certain stage of the limiting constructiondescribed at the beginning of this section whether or not ζ
x ↔ y occurs,



12 ANDRÁS BÁLINTtherefore, an equality corresponding to the �moreover� part of Lemma 3.3 canbe veri�ed by Lemma 3.1 for all further stages of the limiting construction.Since the above mentioned special edge con�gurations have ΦZd

p,q-measure 0,we are done. For the details, see the proof of Theorem 6.2 in [18]. 2The next lemma, which is a more general form of Lemma 7.3 in [18], andcan be proved in the same way, shows that given edge and spin con�gurationsof a certain type (such as the ones that we shall use in the proof of Theorem2.7 parts 1, 2(b), and 3(b), see Figure 2 before Lemma 4.1), the �price ofchanging a spin� depends only on the existence or nonexistence of connectionsin the edge con�guration. Since it looks somewhat specialised, and will notbe used until Section 4, the reader might choose to skip it for now.Lemma 3.4. Fix parameters d ≥ 2, q ≥ 1, p ∈ [0, 1), s, (a1 , a2, . . . , as) ofthe DaC(q) model, and let i, j ∈ S be di�erent spin values. Then there existpositive constants ci,j
1 = ci,j

1 (p, q, ai, aj) and ci,j
2 = ci,j

2 (p, q, ai, aj) such thatfor any v ∈ Zd with nearest neighbours u1, u2, . . . , u2d and the edges between
v and ui denoted by ei (i ∈ {1, 2, . . . , 2d}), we have for all σ ∈ SZd\{v} and
ζ ∈ {0, 1}E

d\{e1,e2,...,e2d} satisfying1. σ(u1) = σ(u2) = i and σ(u3) = σ(u4) = . . . = σ(u2d) = j, and2. no two of u3, u4, . . . , u2d are connected in ζ,that
PZd

p,q,(a1,...,as)(C
i
{v} | Cσ

Zd\{v}
∩ Dζ

Ed\{e1,...,e2d}
)

PZd

p,q,(a1,...,as)(C
j
{v} | Cσ

Zd\{v}
∩ Dζ

Ed\{e1,...,e2d}
)

=

{

ci,j
1 if ζ

u1 ↔ u2,

ci,j
2 otherwise.The exact values of ci,j

1 and ci,j
2 are

ci,j
1 =

p2qai + 2p(1 − p)qai + (1 − p)2(qai)
2

(1 − p)2(qai)2
·
ai

aj
·

(

(1 − p)qaj

p + (1 − p)qaj

)2d−2and
ci,j
2 =

p2 + 2p(1 − p)qai + (1 − p)2(qai)
2

(1 − p)2(qai)2
·
ai

aj
·

(

(1 − p)qaj

p + (1 − p)qaj

)2d−2

,and this shows that










ci,j
1 > ci,j

2 if and only if qai > 1,

ci,j
1 = ci,j

2 if and only if qai = 1,

ci,j
1 < ci,j

2 if and only if qai < 1.



GIBBSIANNESS AND NON-GIBBSIANNESS IN DAC(Q) MODELS 13Lemma 3.4 will play a role in proving parts 1, 2(b), and 3(b) in Theorem2.7. For the proof of parts 2(a) and 3(a), we shall need Lemma 3.10, whichis preceded by a few de�nitions and another lemma. The next de�nition ismotivated by Corollary 3.7.Definition 3.5. We call an edge set E = {e1, e2, . . . , ek} a barrierif removing e1, e2, . . . , ek (but not their endvertices) separates the graph Zdinto two or more disjoint connected subgraphs. Note that exactly one of theresulting subgraphs is in�nite, which we call the exterior of E, and denoteby ext(E). We denote the vertex set of ext(E) by Vext(E), and the edge set of
ext(E) by Eext(E). We call the union of the �nite subgraphs the interior of
E, and denote it by int(E), and use Vint(E) and Eint(E) to denote its vertexand edge set, respectively. E = {e1, e2, . . . , ek} is called a closed barrierin a con�guration (ξ, η) ∈ Ω if E is a barrier and η(ei) = 0 holds for all
i ∈ {1, 2, . . . , k}, and it is called quasi-closed barrier if for all edges e =
〈x, y〉 ∈ E such that η(e) = 1, it is true that ξ(x) = ξ(y) ∈ S1/q.For a vertex set W ⊂ Zd, we de�ne the edge boundary ∆W of W by
∆W = {〈x, y〉 ∈ Ed : x ∈ W,y ∈ Zd \ W}. Note that the edge boundary ofa union of �nite spin clusters is a closed barrier and that all closed barriersare quasi-closed.According to Lemma 3.3, the states of edges in spin i clusters where ai =
1/q are chosen independently of everything else, hence they should play norole in issues of dependence. We prove a formal statement concerning thisin the following lemma, and we show in Corollary 3.7 a way to make use ofthis feature of the model. For an event A, we denote the indicator randomvariable of A by IA.Lemma 3.6. Let G = (V, E) be a �nite graph, V1, V2 ⊂ V a partition of
V, and for i ∈ {1, 2}, de�ne edge sets Ei = {e ∈ E : both endvertices of e arein Vi}, and graphs Gi = (Vi, Ei). De�ne also the edge set B = {e ∈ E : e hasone endvertex in V1 and one in V2}, a subset B0 ⊂ B, and for i ∈ {1, 2},
Wi as the set of endvertices of edges in B \ B0 that are in Vi, see Figure 1below. Fix parameters p, q > 0, s, (a1, a2, . . . , as) of the DaC(q) model on G,and a spin con�guration σ ∈ SW1∪W2

1/q such that for all e = 〈x, y〉 ∈ B \ B0we have that σ(x) = σ(y). Considering the events C(B,σ) = {(ξ, η) ∈ ΩG :
ηB0 ≡ 0, ξW1∪W2 = σ}, K1 = {(ξ, η) ∈ ΩG1 : ξW1 = σW1}, K2 = {(ξ, η) ∈
ΩG2 : ξW2 = σW2}, and Z(B0) = {η ∈ {0, 1}B0

: η ≡ 0}, we have for each
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(ξ, η) ∈ ΩG that
PG

p,q,(a1,a2,...,as)
((ξ, η) | C(B,σ)) = PG1

p,q,(a1,a2,...,as)((ξV1 , ηE1) | K1)

×P
G2

p,q,(a1,a2,...,as)
((ξV2 , ηE2) | K2)

×IZ(B0)(ηB0)
∏

e∈B\B0

pη(e)(1 − p)1−η(e).This implies in particular the conditional independence given C(B,σ) of therandom con�gurations on G1 and on G2.

Fig 1. Illustration of the situation considered in Lemma 3.6. The circles represent thevertices in V1, and the squares are the vertices in V2. The union of the dotted and dashededges make up B, with the dotted ones being in B0. Accordingly, the black circles are thevertices in W1, and the black squares represent the vertices in W2.Proof. Let us �x (ξ, η) ∈ ΩG. Note that
IC(B,σ)(ξ, η) = IK1(ξV1 , ηE1)IK2(ξV2 , ηE2)IZ(B0)(ηB0),hence if (ξ, η) /∈ C(B,σ) then we have that both sides of the equation that wewant to prove are 0, thus for all such con�gurations we indeed have equalityof the two sides. Therefore, let us assume that (ξ, η) ∈ C(B,σ). De�ne theevent A = {(κ, ζ) ∈ ΩG : there is no edge e = 〈x, y〉 ∈ E with ζ(e) = 1 and

κ(x) 6= κ(y)}, and denote the analogously de�ned subsets of ΩG1 and ΩG2by A1 and A2 respectively. Since (ξ, η) ∈ C(B,σ), we have that
IA(ξ, η) = IA1(ξV1 , ηE1)IA2(ξV2 , ηE2).Therefore, if (ξ, η) /∈ A, we have 0 on both sides of the desired equation inLemma 3.6 by the de�nition of the model, so let us assume that (ξ, η) ∈ A.Now denote by n the total number of FK clusters in η, and for all i ∈ S,

j ∈ {1, 2} the number of FK clusters in η that contain a vertex in Vj with
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j, and for each i ∈ S the number ofFK clusters in η that contain a vertex in W1 ∪ W2 with spin i in ξ by ni

3.Throughout this proof, we shall omit the subscripts of the joint measures inthe DaC(q) models, e.g., we write PG for the measure PG
p,q,(a1,a2,...,as). Since

(ξ, η) ∈ C(B,σ) ∩ A, it immediately follows from the de�nition of PG andthe de�nition (1) of random-cluster measures that
PG((ξ, η)) =

qn

ZG
p,q

(
∏

e∈E

pη(e)(1 − p)1−η(e))(
s
∏

i=1

a
ni

1+ni
2+ni

3
i ).(5)Note that E = E1 ∪E2 ∪B0 ∪ (B \B0). Since (ξ, η) ∈ C(B,σ) ∩A, we havethat ∏e∈B0 pη(e)(1− p)1−η(e) = (1− p)|B

0| where | · | denotes cardinality, and
n =

∑s
i=1 ni

1 + ni
2 + ni

3. Furthermore, it is the case that
s
∏

i=1

(qai)
ni

1+ni
2+ni

3 =
s
∏

i=1

(qai)
ni

1+ni
2 ,since for all i /∈ S1/q we have ni

3 = 0, whereas for all i ∈ S1/q , we have
qai = 1, so the factor ∏s

i=1(qai)
ni

3 is indeed 1. Using these observations,we can factorise the expression in (5). Indeed, denoting by c the quantity
(1−p)|B

0|/(ZG
p,qP

G(C(B,σ))) which does not depend on (ξ, η), we have that
PG((ξ, η) | C(B,σ)) =

PG((ξ, η))

PG(C(B,σ))

= c





∏

e∈E1

pη(e)(1 − p)1−η(e)
s
∏

i=1

(qai)
ni

1





×





∏

e∈E2

pη(e)(1 − p)1−η(e)
s
∏

i=1

(qai)
ni

2





×





∏

e∈B\B0

pη(e)(1 − p)1−η(e)



 .The last part of the proof, namely to show that the expressions betweenthe �rst and second pair of square brackets are c1PG1((ξV1 , ηE1) | K1) and
c2PG2((ξV2 , ηE2) | K2) respectively where c1 and c2 are constants (i.e., theydo not depend on ξ or η) will be easy. It is su�cient to show the �rst one,since then the second one follows by relabeling V1 and V2. Let n4 denotethe total number of FK clusters in ηE1 , and for each i ∈ S, ni

5 the numberof FK clusters in ηE1 that contain a vertex in W1 with spin i in ξV1 . Since
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(ξ, η) ∈ C(B,σ) ∩ A, we have that n4 =

∑s
i=1 ni

1 + ni
5. Similarly as in theparagraph after (5), we have ni

5 = 0 for all i /∈ S1/q and qai = 1 for all
i ∈ S1/q, hence

s
∏

i=1

(qai)
ni

1+ni
5 =

s
∏

i=1

(qai)
ni

1 .Denoting ZG1
p,q PG1(K1) by c1, the above observations imply that

PG1((ξV1 , ηE1) | K1) =
PG1((ξV1 , ηE1))

PG1(K1)

=
qn4

c1

∏

e∈E1

pη(e)(1 − p)1−η(e)
s
∏

i=1

a
ni

1+ni
5

i

=
1

c1

∏

e∈E1

pη(e)(1 − p)1−η(e)
s
∏

i=1

(qai)
ni

1 .Finally, notice that none of c, c1, c2 depends on (ξ, η), hence the product
cc1c2 must be equal to 1 to make PG(· | C(B,σ)) a probability measure.This observation completes the proof of Lemma 3.6. 2Lemma 3.6 combined with the limiting procedure for PZd

p,q,(a1,...,as) yieldsthe following result, which shows why quasi-closed barriers are useful.Corollary 3.7. Fix parameters d, p, q ≥ 1, s, and (a1, a2, . . . , as) of theDaC(q) model on Zd. Let (X,Y ) be a random con�guration in Ω with distri-bution PZd

p,q,(a1,...,as), B a barrier, and C(B) the event that B is quasi-closed.Then, given C(B), (XVint(B)
, YEint(B)

) and (XVext(B)
, YEext(B)

) are condition-ally independent. In particular, for a set H ⊂ Zd and a spin con�gura-tion σ ∈ SH , we have that the conditional distribution of (XVint(B)
, YEint(B)

)given C(B) and {(ξ, η) ∈ Ω : ξH = σH} is P
int(B)
p,q,(a1,...,as)

conditioned on
{(ξ, η) ∈ Ωint(B) : ξH∩Vint(B)

= σH∩Vint(B)
}.Remark 3.8. As a �rst application of Corollary 3.7, we give a proof ofthe Markovianness of the measure µZd

p,q,(1/q,1/q,...,1/q) that does not use theconnection between the DaC(q) and Potts models. Fix a �nite subset Wof Zd. For any spin con�guration σ ∈ SZd\W outside W , we have that theedge set B = {e ∈ Ed : e has one endvertex in ∂W and one in ∂2W \ ∂W}is a quasi-closed barrier since for each edge e = 〈x, y〉 ∈ B, it is eitherthe case that σ(x) 6= σ(y) and therefore e is closed, or σ(x) = σ(y) ∈
S1/q since S = S1/q. Therefore, we have by Corollary 3.7 that for any spin
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∂W = σ∂W , the conditional distributions

PZd

p,q,(1/q,1/q,...,1/q) given Kσ
Zd\W

and PZd

p,q,(1/q,1/q,...,1/q) given Kσ′

Zd\W
are thesame in SVint(B) × {0, 1}Eint(B) . The statement follows.Corollary 3.7 enables us to give some intuition behind our main results.Roughly speaking, quasilocality means that conditioning on a spin con�gu-ration σ ∈ SZd\H outside a set H, the spin distribution in H does not dependon spins very far away from H. Corollary 3.7 shows that this is the case if His surrounded by a quasi-closed barrier. In particular, the presence of such aquasi-closed barrier is automatic if S = S1/q, as witnessed in Remark 3.8. Itis also easy to see that if there is no percolation in σ in any spin (i.e., thereexists no in�nite connected component of equal spins), then there exists aclosed barrier surrounding H, namely the edge boundary of the (�nite) unionof H and the spin clusters in σ that contain at least one vertex in ∂H. Thisreasoning will be used in the proof of Proposition 2.9.However, if there exists an in�nite spin i cluster C in σ with i ∈ S \ S1/qthat contains a vertex in ∂H, then it cannot be decided whether a quasi-closed barrier surrounding H exists or not by looking at the spin con�gura-tion only, but one also needs to check the edge con�guration in C. Clearly,if we see an in�nite open edge component in C that contains a vertex in

∂H, then there is no quasi-closed barrier that surrounds H ∪ ∂H. Since byLemma 3.3 the conditional edge distribution in the spin i cluster C is arandom-cluster measure with parameters p and qai, the question is whethersuch measures percolate.Now recall the de�nition of ` ∈ S right before Theorem 2.7, and considerthe case when a` > 1/q. Note that the condition p < pc(qa`, d), whichappears in part 2(a) of Theorem 2.7, ensures that there is no in�nite edgecluster in any spin j cluster where j ∈ S\S1/q by the de�nition of `, using thewell-known fact (see, e.g., [14]) that if q1 ≥ q2, then pc(q1, d) ≥ pc(q2, d). Weshall show in Section 4 that for all such p there exists a quasi-closed barriersurrounding H given any spin con�guration σ ∈ SZd\H with arbitrarily highprobability, and hence quasilocality holds.This argument suggests that the best candidate for a spin con�gurationin which spins arbitrarily far away from H still have a signi�cant in�uenceon the spin distribution in H (thereby implying non-quasilocality) are thosewith an in�nite spin ` cluster, and that quasilocality might fail for all p >
pc(qa`, d). We did not manage to prove this, but got very close by provingnon-quasilocality for all p > pHc (qa`, d) in Section 4. Indeed, this is equivalentto the full statement under the widely accepted conjecture that for random-cluster measures the critical value and the half-space critical value coincide.



18 ANDRÁS BÁLINTThe case of a` < 1/q is more problematic, mainly because then therandom-cluster measures with parameters p and qa` do not satisfy posi-tive association of the edge variables; in fact, it is easy to see that for suchrandom-cluster measures, the conditional probability given in De�nition 2.2is non-increasing in ζ. Since for a` > 1/q positive association plays a roleboth in proving quasilocality for small p and in proving non-quasilocality forlarge p, without that we had to resort to comparing the conditional edgecon�guration given a spin con�guration to Bernoulli bond percolation. This,however, yielded worse upper, respectively lower bounds for the quasilocalityand the non-quasilocality regime, leaving a gap between the bounds.The following de�nition will help us to localise quasi-closed barriers.Definition 3.9. Let (X,Y ) be an SZd
×{0, 1}E

d -valued random pair withdistribution PZd

p,q,(a1,...,as)
. Given that (X,Y ) = (ξ, η) for some (ξ, η) ∈ Ω, let

Ŷ ∈ {0, 1}E
d be de�ned by setting, for each e = 〈x, y〉 ∈ Ed,

Ŷ (e) =

{

0 if ξ(x) = ξ(y) ∈ S1/q,

η(e) otherwise.We write P̂Zd

p,q,(a1,...,as)
for the induced joint distribution of (X,Y, Ŷ ) on Ω̂ =

SZd
× {0, 1}E

d
× {0, 1}E

d .The next lemma, which is a generalisation of Lemma 9.5 in [18], comparesthe conditional distribution of Ŷ given a spin con�guration and Ŷ outside a�nite edge set F to a random-cluster measure for Zd with parameters p and
qa` in case of a` > 1/q, and the conditional distribution of Y given a spincon�guration and Ŷ outside a �nite edge set F to Bernoulli bond percolationwith parameter p

p+(1−p)qa`
if a` < 1/q.Lemma 3.10. Suppose that q ≥ 1 and S 6= S1/q. For any spin con�gura-tion σ ∈ SZd, edge set F ⊂⊂ Ed, and edge con�gurations ζ, ζ ′ ∈ {0, 1}E

d\Fsuch that ζ ′ ≥ ζ, denoting Â = {(ξ, η, η̂) ∈ Ω̂ : ξ = σ, η̂Ed\F = ζ} and
A′ = {η ∈ ΩD : ηEd\F = ζ ′}, we have the following.1. If a` > 1/q, let φ be a random-cluster measure for Zd with parameters pand qa`. Then the conditional distribution of φ given A′ is stochasticallylarger than the marginal on Ŷ of P̂Zd

p,q,(a1,...,as)
given Â.2. If a` < 1/q, then the conditional distribution of the product measure

ΦZd,1
p

p+(1−p)qa`
,1
given A′ is stochastically larger than the marginal on Y of

P̂Zd

p,q,(a1,...,as)
given Â.



GIBBSIANNESS AND NON-GIBBSIANNESS IN DAC(Q) MODELS 19Proof. First we prove part 1. By Holley's theorem on stochastic domination(see [11], Theorem 4.8), it is su�cient to prove that for all a ∈ {0, 1}, e =
〈x, y〉 ∈ F , ζg, ζs ∈ {0, 1}F\{e} such that ζg ≥ ζs, denoting Bg = {η ∈ ΩD :
ηF\{e} = ζg} and B̂s = {(ξ, η, η̂) ∈ Ω̂ : η̂F\{e} = ζs}, we have that(6) φ({η ∈ ΩD : η(e) ≥ a} | A′ ∩ Bg)is greater than or equal to(7) P̂Zd

p,q,(a1,...,as)({(ξ, η, η̂) ∈ Ω̂ : η̂(e) ≥ a} | Â ∩ B̂s).This is obvious for a = 0. For a = 1, using the notation (η1; η2) for an edgecon�guration which agrees with η1 on Ed \F and with η2 on F \{e}, we haveby De�nition 2.2 of random-cluster measures that (6) equals






p if x
(ζ′;ζg)
↔ y,

p
p+(1−p)qa`

if x
(ζ′;ζg)

= y.For (7), we need to check �rst what the spins of the endvertices x, y of eare in σ. Indeed, if σ(x) 6= σ(y) or σ(x) = σ(y) ∈ S1/q, then (7) = 0 byDe�nition 3.9. Let us assume that σ(x) = σ(y) = j /∈ S1/q, and denotethe maximal monochromatic component (with respect to σ) in the graph
Zd which contains x by Gx. By Lemma 3.3, the conditional distribution of
Y given σ is a random-cluster measure on Gx with parameters p and qaj.Moreover, since j /∈ S1/q , we have that Ŷ and Y agree on Gx. Keeping theseobservations in mind, it follows that (7) equals















0 if σ(x) 6= σ(y) or σ(x) = σ(y) ∈ S1/q,

p if σ(x) = σ(y) /∈ S1/q and x
(ζ;ζs)
↔ y,

p
p+(1−p)qaj

if σ(x) = σ(y) = j /∈ S1/q and x
(ζ;ζs)
= y.Since due to the assumption a` ≥ 1/q, we have for all j ∈ S that

p ≥
p

p + (1 − p)qajand by the de�nition of a` we have for all j ∈ S \ S1/q that
p

p + (1 − p)qa`
≥

p

p + (1 − p)qaj
,we obtain the desired result by noting that x

(ζ′;ζg)
= y implies x

(ζ;ζs)
= y.



20 ANDRÁS BÁLINTPart 2 can also be proved by a direct application of Holley's theorem,noticing that due to the de�nition of ` and the assumption qa` < 1 we havethat
p

p + (1 − p)qa`
≥ max{p,max

i∈S

p

p + (1 − p)qai
}.

2Although in Lemma 3.10 the set F had to be �nite so that we could useHolley's theorem in the proof, it will not be di�cult to deduce an analogousstatement corresponding to F = Ed, see below.Corollary 3.11. Suppose that q ≥ 1 and S 6= S1/q, and let σ ∈ SZdbe an arbitrary spin con�guration. De�ning Â = {(ξ, η, η̂) ∈ Ω̂ : ξ = σ}, wehave the following.1. If a` > 1/q, then the wired random-cluster measure ΦZd,1
p,qa`

is stochasti-cally larger than the marginal on Ŷ of P̂Zd

p,q,(a1,...,as) given Â.2. If a` < 1/q, then the product measure ΦZd,1
p

p+(1−p)qa`
,1

is stochasticallylarger than the marginal on Y of P̂Zd

p,q,(a1,...,as)
given Â.Proof. We only give the proof of part 1 since part 2 can be proved analo-gously. Assume that a` > 1/q, and let φ be a random-cluster measure for

Zd with parameters p and qa`. For n ∈ {1, 2, . . .}, let En and Wn be as inSection 2.1, and de�ne φn as φ conditioned on Wn ∩ {η ∈ ΩD : ηEd\En
≡ 1}.It follows from Lemma 3.10 that for each n, φn is stochastically larger thanthe marginal on Ŷ of P̂Zd

p,q,(a1,...,as) given Â. On the other hand, φn coincideson En with φGn,1
p,qa`

(which is de�ned in Section 2.1), therefore it convergesto ΦZd,1
p,qa`

as n → ∞. Since stochastic domination is preserved under weaklimits, this observation �nishes the proof. 2Note that if S1/q = ∅, then Ŷ can be replaced by Y in part 1 of Lemma3.10 and Corollary 3.11. Also, since Ŷ ≤ Y by de�nition, we could write Ŷinstead of Y in part 2.4. Proofs of the main results. After all the preparation in Section 3,we are now ready to prove our main results. The proof of Proposition 2.4 isnot di�cult. In fact, one can use the same idea as the one behind the proofof Lemma 5.6 in [17], namely that any vertex can be isolated (i.e., incidentto closed edges only) in the edge con�guration (given any spin con�guration)with probability bounded away from 0, in which case it can be assigned anyspin in S, independently of everything else. A formal proof goes as follows.



GIBBSIANNESS AND NON-GIBBSIANNESS IN DAC(Q) MODELS 21Proof of Proposition 2.4. Fix v ∈ Zd,m ∈ S and σ ∈ SZd\{v}, and recallthe de�nition for W ⊂ Zd of the event Kσ
W ⊂ ΩC at the beginning of Section2.2 and of the analogous event Cσ

W ⊂ Ω at the beginning of Section 3. Denoteby Ev the event that all 2d edges incident to v are closed. We have that
µZd

p,q,(a1,...,as)(K
m
{v} | Kσ

Zd\{v}) ≥ PZd

p,q,(a1,...,as)(C
m
{v} | Cσ

Zd\{v} ∩ Ev)

×PZd

p,q,(a1,...,as)
(Ev | Cσ

Zd\{v}).(8)Obviously (or as a special case of Corollary 3.7), we have that the �rst termon the right hand side of (8) is am, since given Ev, v is assigned a spinindependently of everything else.On the other hand,
PZd

p,q,(a1,...,as)(Ev | Cσ
Zd\{v}) =

∑

b∈S

PZd

p,q,(a1,...,as)(Ev | Cσ
Zd\{v} ∩ Cb

{v})

×PZd

p,q,(a1,...,as)(C
b
{v} | Cσ

Zd\{v}).Now, whatever value b ∈ S takes, the full spin con�guration is given in the�rst factor on the right hand side, so we can apply Lemma 3.3. Under anyrandom-cluster measure with parameters p and q̃ > 0, the probability of Evis bounded away from 0: a lower bound for q̃ ≥ 1 is (1− p)2d, while for q̃ < 1it is (1 − p
p+(1−p)q̃ )

2d. Since here the parameter q̃ equals qab for some b, weget the lower bound
min{(1 − p)2d, (1 −

p

p + (1 − p)q mini∈S ai
)2d}for the �rst factor, which is uniform in b. As PZd

p,q,(a1,...,as)(C
b
{v} | Cσ

Zd\{v}) for
b ∈ S sum up to 1, we get the same bound for PZd

p,q,(a1,...,as)
(Ev | Cσ

Zd\{v}
).Combining this with (8) and the remark thereafter, we have that

ε =

(

min
i∈S

ai

)(

min{1 − p, 1 −
p

p + (1 − p)q mini∈S ai
}

)2dis a lower bound for µZd

p,q,(a1,...,as)
(Km

{v} | Kσ
Zd\{v}

). Since ε does not depend on
v,m or σ and is positive for any values of p ∈ [0, 1), q ≥ 1, a1, . . . , as ∈ (0, 1),we conclude that µZd

p,q,(a1,...,as) is uniformly nonnull for such parameters. 2The proof of Theorem 2.7 consists of many parts. For the proof of parts 1,2(b), and 3(b), we use a counterexample that is very similar to the one givenin [17, 18] (see also [7, 22, 23]), de�ned below. After the de�nition, we give



22 ANDRÁS BÁLINTLemma 4.1, after which it will not be di�cult to prove parts 1, 2(b), and3(b). Finally, we prove parts 2(a) and 3(a). From this point on, we assumethat S 6= S1/q .Recall �rst the de�nitions of Λn and ` from Sections 2.1 and 2.2, respec-tively. Fix an arbitrary spin m ∈ S such that m 6= `, and de�ne an auxiliaryspin con�guration σ∗ ∈ SZd by setting, for each x = (x1, x2, . . . , xd) ∈ Zd,
σ∗(x) =











m if x1 = 0, |x2| + |x3| + . . . + |xd| = 1or x1 = −1, |x2| + |x3| + . . . + |xd| > 1, and
` otherwise,and for k ∈ {1, 2, . . .}, spin con�gurations σk,`, σk,m ∈ SZd\{0} (see Figure 2below) by
σk,`(x) =

{

` for x ∈ Zd \ Λk,
σ∗(x) otherwise,and

σk,m(x) =

{

m for x ∈ Λk+1 \ Λk,
σk,`(x) otherwise.

` ` ` ` ` ` ` ` ` m m m m m m m m m
` ` ` m ` ` ` ` ` m ` ` m ` ` ` ` m
` ` ` m ` ` ` ` ` m ` ` m ` ` ` ` m
` ` ` ` m ` ` ` ` m ` ` ` m ` ` ` m
` ` ` ` ` ` ` ` m ` ` ` ` ` ` m
` ` ` ` m ` ` ` ` m ` ` ` m ` ` ` m
` ` ` m ` ` ` ` ` m ` ` m ` ` ` ` m
` ` ` m ` ` ` ` ` m ` ` m ` ` ` ` m
` ` ` ` ` ` ` ` ` m m m m m m m m mFig 2. Restriction of σ3,` (to the left) and σ3,m (to the right) to Λ4\{0} in two dimensions.For all x ∈ Z2 \ Λ4, σ3,`(x) = σ3,m(x) = `.Denote the two nearest neighbours of 0 in Zd with σ∗-spin ` by u1 =

(1, 0, 0, . . . , 0) and u2 = (−1, 0, 0, . . . , 0), the other nearest neighbours by
u3, u4, . . . , u2d, and for i ∈ {1, 2, . . . , 2d}, the edges between 0 and ui by ei.Most of the work needed for the proof of parts 1, 2(b), and 3(b) of Theorem2.7 is contained in the following lemma.Lemma 4.1. Fix parameters d ≥ 2, q ≥ 1, p, a1, a2, . . . , as ∈ (0, 1) of theDaC(q) model on Zd in such a way that S 6= S1/q. Considering the events
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A = {(ξ, η) ∈ Ω : there exists an open path in ηEd\{e1,e2,...,e2d}

between u1 and
u2} and O`,m = {(ξ, η) ∈ Ω : ξ(0) ∈ {`,m}}, we have the following.1. If for a �xed k ∈ {1, 2, . . .} we have that

PZd

p,q,(a1,...,as)(A | O`,m ∩ Cσk,`

Zd\{0}) > 0,then µZd

p,q,(a1,...,as) is not k-Markovian.2. If there exists γ > 0 such that, for all k ∈ {1, 2, . . .},
PZd

p,q,(a1,...,as)
(A | O`,m ∩ Cσk,`

Zd\{0}) > γ,then µZd

p,q,(a1,...,as) is not quasilocal.Proof. In order to simplify the notation, in this proof we denote PZd

p,q,(a1,...,as)by P, Cσk,`

Zd\{0}
by L = Lk, and Cσk,m

Zd\{0}
by M = Mk. The �rst step in the proofis to derive, for all k ∈ {1, 2, . . .}, inequality (10). Consider the expression(9) ∣

∣

∣P(C`
{0} | L) − P(C`

{0} | M)
∣

∣

∣ .Note that we have that
P(C`

{0} | L) = P(C`
{0} | O`,m ∩ L)P(O`,m | L),and similarly with M . Using this, we obtain by basic algebra (i.e., �rst sub-tracting, then adding a dummy term P(C`

{0} | O`,m ∩ M)P(O`,m | L) in (9)between the absolute values and �nally using that |a − b| ≥ |a| − |b|) that(9) is greater than or equal to
∣

∣

∣P(C`
{0} | O`,m ∩ L) − P(C`

{0} | O`,m ∩ M)
∣

∣

∣P(O`,m | L)

−
∣

∣

∣P(O`,m | L) − P(O`,m | M)
∣

∣

∣P(C`
{0} | O`,m ∩ M).Since P(O`,m | L) = P(C`

{0} | L) + P(Cm
{0} | L), we have by uniform nonnull-ness (i.e., Proposition 2.4) that there exists δ > 0 such that, uniformly in

k, ∣∣∣P(O`,m | L)
∣

∣

∣ ≥ δ. This observation, noting that P(C`
{0} | O`,m ∩ M) ≤ 1,and that P(O`,m | L) = P(C`

{0} | L)+P(Cm
{0} | L) and similarly with M , andapplying the triangle inequality yields that (9) is greater than or equal to

∣

∣

∣P(C`
{0} | O`,m ∩ L) − P(C`

{0} | O`,m ∩ M)
∣

∣

∣ δ

−
∣

∣

∣P(C`
{0} | L) − P(C`

{0} | M)
∣

∣

∣−
∣

∣

∣P(Cm
{0} | L) − P(Cm

{0} | M)
∣

∣

∣ .



24 ANDRÁS BÁLINTAfter a rearrangement of the terms, this gives that
2
∣

∣

∣P(C`
{0} | L) − P(C`

{0} | M)
∣

∣

∣+
∣

∣

∣P(Cm
{0} | L) − P(Cm

{0} | M)
∣

∣

∣

≥ δ
∣

∣

∣P(C`
{0} | O`,m ∩ L) − P(C`

{0} | O`,m ∩ M)
∣

∣

∣ .(10)From now on, we shall be working on bounding the right hand side of (10)from below. Elementary calculations and an application of Lemma 3.4 with
i = `, j = m, v = 0 show that
P(C`

{0} | O`,m ∩ L ∩ A) =
P(C`

{0} | O`,m ∩ L ∩ A)

P(Cm
{0} | O`,m ∩ L ∩ A)

P(Cm
{0} | O`,m ∩ L ∩ A)

= c`,m
1 (1 − P(C`

{0} | O`,m ∩ L ∩ A)),and therefore(11) P(C`
{0} | O`,m ∩ L ∩ A) =

c`,m
1

c`,m
1 + 1

.By similar considerations, we obtain that(12) P(C`
{0} | O`,m ∩ L ∩ Ac) =

c`,m
2

c`,m
2 + 1

,and that
P(C`

{0} | O`,m ∩ M) = P(C`
{0} | O`,m ∩ M ∩ Ac)

=
c`,m
2

c`,m
2 + 1

.(13)Using (11) and (12), we get that
P(C`

{0} | O`,m ∩ L) =
c`,m
1

c`,m
1 + 1

P(A | O`,m ∩ L)

+
c`,m
2

c`,m
2 + 1

P(Ac | O`,m ∩ L)

=
c`,m
2

c`,m
2 + 1

+ (
c`,m
1

c`,m
1 + 1

−
c`,m
2

c`,m
2 + 1

)

×P(A | O`,m ∩ L).(14)



GIBBSIANNESS AND NON-GIBBSIANNESS IN DAC(Q) MODELS 25Applying (14) and (13) in (10) yields that, for any k, we have that
2
∣

∣

∣P(C`
{0} | Lk) − P(C`

{0} | Mk)
∣

∣

∣+
∣

∣

∣P(Cm
{0} | Lk) − P(Cm

{0} | Mk)
∣

∣

∣

≥ δ

∣

∣

∣

∣

∣

c`,m
1

c`,m
1 + 1

−
c`,m
2

c`,m
2 + 1

∣

∣

∣

∣

∣

P(A | O`,m ∩ Lk).(15)Since a` 6= 1/q by de�nition, we have that c`,m
1 6= c`,m

2 . This implies thatthe �rst two factors on the right hand side of (15) are positive constants,neither of which depends on k. Now suppose that µZd

p,q,(a1,...,as)
is k-Markovianfor some k. In that case the left hand side of (15) is 0 since σk,`

Λk\{0}
= σk,m

Λk\{0}
,therefore P(A | O`,m ∩ Lk) = 0. This proves part 1 of Lemma 4.1. Similarly,if µZd

p,q,(a1,...,as)
is quasilocal, then the limit of the left hand side of (15) is 0as k → ∞, which cannot be the case if P(A | O`,m ∩ Lk) is bounded awayfrom 0, uniformly in k. This concludes the proof of part 2. 2Proof of Theorem 2.7, parts 1, 2(b), and 3(b). For this proof, recallthe notion of an increasing event on ΩD (see Section 2.1). Let d ≥ 2, q ≥

1, p, a1, a2, . . . , as ∈ (0, 1) be arbitrary parameters of the DaC(q) model on
Zd in such a way that S 6= S1/q, and let σk,`, A, and O`,m be as in Lemma4.1. For k ∈ {1, 2, . . .}, de�ne the edge sets Ed,k = {e ∈ Ed : e is incident to
0 or to some v ∈ Zd \ {0} with σk,`(v) = m}. For a parameter p̃ ∈ (0, 1) andeach k ∈ {1, 2, . . .}, we de�ne an inhomogeneous bond percolation measure
Pp̃,k on ΩD which assigns value 0 to all e ∈ Ed,k, and independently to each
e ∈ Ed \ Ed,k value 1 with probability p̃ and 0 with probability 1 − p̃. Itfollows from Lemma 3.3 and De�nition 2.2 that the marginal on Y of theconditional distribution PZd

p,q,(a1,...,as) given O`,m ∩ Cσk,`

Zd\{0}
is stochasticallylarger than Pp̃,k with p̃ = p

p+(1−p)qa`
if qa` ≥ 1, and with p̃ = p if qa` ≤ 1.Therefore, denoting the projection of A on ΩD by AD (note that AD ⊂ ΩDis increasing), we have for any k that(16) PZd

p,q,(a1,...,as)(A | O`,m ∩ Cσk,`

Zd\{0}) ≥ Pp̃,k(AD).Since min{ p
p+(1−p)qa`

, p} > 0 for all p ∈ (0, 1), we obviously have for any�xed k ∈ {1, 2, . . .} that Pp̃,k(AD) > 0. This proves non-k-Markovianness ofthe measure µZd

p,q,(a1,...,as) according to (16) and part 1 of Lemma 4.1.For the proof of part 2(b), recall the de�nition of the vertices u1, u2 ∈ Zdand edges e1, e2, . . . , e2d ∈ Ed (right before Lemma 4.1), and thatH+ denotesthe set of vertices in Zd whose �rst coordinate is strictly positive. De�ne H−as the set of vertices in Zd whose �rst coordinate is strictly negative. Consider



26 ANDRÁS BÁLINTthe following events:
AH+ = {η ∈ ΩD : ∃ an in�nite open path in ηH+ which contains u1},
AH− = {η ∈ ΩD : ∃ an in�nite open path in ηH− which contains u2},
U = {η ∈ ΩD : there is at most one in�nite open cluster in ηEd\{e1,e2,...,e2d}

},and note that AH+ ∩ AH− ∩ U ⊂ AD.Now assume that a` > 1/q. This implies that qa` ≥ 1 and hence thefree random-cluster measure ΦZd,0
p,qa`

exists and is the stochastically smallestrandom-cluster measure for Zd with parameters p and qa` (see Section 2.1).Let us denote by Φ
(c)
k the measure ΦZd,0

p,qa`
conditioned on the event {η ∈ ΩD :

ηEd,k ≡ 0}. Due to the above mentioned extremality of ΦZd,0
p,qa`

with respectto stochastic ordering, Lemma 3.3 implies that the marginal on Y of themeasure PZd

p,q,(a1,...,as)
conditioned on O`,m ∩ Cσk,`

Zd\{0}
is stochastically largerthan Φ

(c)
k . Therefore, we have that
PZd

p,q,(a1,...,as)(A | O`,m ∩ Cσk,`

Zd\{0}) ≥ Φ
(c)
k (AD)

≥ Φ
(c)
k (AH+ ∩ AH− ∩ U).(17)Under the measure ΦZd,0

p,qa`
the event U has probability one, and the eventone conditions on to obtain Φ

(c)
k has positive probability, so it follows that

Φ
(c)
k (U) = 1. Hence, we have that

Φ
(c)
k (AH+ ∩ AH− ∩ U) = Φ

(c)
k (AH+ ∩ AH−)

≥ Φ
(c)
k (AH+)Φ

(c)
k (AH−)(18)by (3), since AH+ and AH− are increasing events.Recalling from Section 2.1 that Ẽ ⊂ Ed is the set of edges that are incidentto at least one vertex in Zd \H+, we have, again by the FKG inequality, that(19) Φ

(c)
k (AH+) ≥ ΦZd,0

p,qa`
(AH+ | {η ∈ ΩD : ηẼ ≡ 0}).Similarly, de�ning the half-space H≥−1 as the set of vertices in Zd whose�rst coordinate is at least −1, and denoting by Ẽ′ the set of edges in Ed thatare incident to a vertex in H≥−1 \{u2}, we have by the FKG inequality that

Φ
(c)
k (AH−) ≥ ΦZd,0

p,qa`
(AH− | {η ∈ ΩD : ηẼ′ ≡ 0})

=
p

p + (1 − p)qa`
ΦZd,0

p,qa`
(AH+ | {η ∈ ΩD : ηẼ ≡ 0}).(20)Here we have also used that, conditioning on {η ∈ ΩD : ηẼ′ ≡ 0}, AH− canoccur only if the edge between u2 and (−2, 0, . . . , 0) is open (which has con-ditional probability p

p+(1−p)qa`
by De�nition 2.2), and that the state of edges



GIBBSIANNESS AND NON-GIBBSIANNESS IN DAC(Q) MODELS 27incident to u2 are conditionally independent of the event that (−2, 0, . . . , 0) isin an in�nite open edge component in the corresponding half-space. It followsfrom (19),(20), and the de�nition of pHc (qa`, d) that for all p > pHc (qa`, d),both Φ
(c)
k (AH+) and Φ

(c)
k (AH−) are bounded away from 0, uniformly in k.Therefore, by (17) and (18), PZd

p,q,(a1,...,as)(A | O`,m∩Cσk,`

Zd\{0}
) is bounded awayfrom 0 for such values of p, which implies non-quasilocality of µZd

p,q,(a1,...,as)by part 2 of Lemma 4.1. This concludes the proof of part 2(b).In case of a` < 1/q, as remarked above, (16) holds with p̃ = p. On theother hand, if p > pc(1, d), then p̃ > pc(1, d), hence by Lemma 8.2 in [18](whose proof is based on a computation similar to (17) and (18)), we have
lim

k→∞
Pp̃,k(AD) > 0.By this, (16), and part 2 of Lemma 4.1, it follows that µZd

p,q,(a1,...,as)
is notquasilocal, proving part 3(b). 2Our proof of Theorem 2.7 part 2(a), i.e., quasilocality of µZd

p,q,(a1,...,as)
forsmall p when a` > 1/q, will be a straightforward generalisation of the proofof Theorem 4.4 part (i) in [18]. Although slightly more care is required when

a` < 1/q, a similar argument will work in that case as well. Therefore, wewill be able to give a proof below that deals with both cases simultaneously.Proof of Theorem 2.7, parts 2(a) and 3(a). For the proof, recall thede�nition of Ŷ and Ω̂ (De�nition 3.9), and for a set W ⊂ Zd and a spincon�guration κ ∈ SW , the de�nition of Kκ
W (Section 2.2), and de�ne theanalogous event Ĉκ

W = {(ξ, η, η̂) ∈ Ω̂ : ξW = κ}. Fix parameters d ≥ 2, q ≥
1, a1, a2, . . . , as ∈ (0, 1) of the DaC(q) model on Zd, then p in such a waythat p < pc(qa`, d) if a` > 1/q, and p < pc(1,d)qa`

pc(1,d)qa`+1−pc(1,d) if a` < 1/q. Fix anarbitrary W ⊂⊂ Zd, κ ∈ SW , and ε > 0. We shall show the existence of N =
N(ε,W ) such that for all n ≥ N , if σ, σ′ ∈ SZd\W are spin con�gurationsthat agree on Λn \ W , then(21) |µZd

p,q,(a1,...,as)
(Kκ

W | Kσ
Zd\W ) − µZd

p,q,(a1,...,as)
(Kκ

W | Kσ′

Zd\W )|is smaller than or equal to ε.In order to �nd such an N , we consider a �dominating measure� φdom on
ΩD: we de�ne φdom = ΦZd,1

p,qa`
in case of a` > 1/q, and φdom = ΦZd,1

p

p+(1−p)qa`
,1
if

a` < 1/q. By Corollary 3.11, φdom is stochastically larger than the conditionaldistribution of the modi�ed random edge con�guration Ŷ given any spin



28 ANDRÁS BÁLINTcon�guration. Note that the parameters are chosen in such a way that φdom-a.s. there exists no in�nite open edge cluster (for the case a` < 1/q, noticethat p < pc(1,d)qa`

pc(1,d)qa`+1−pc(1,d) ensures that p
p+(1−p)qa`

< pc(1, d)). Therefore, itis possible to choose an N so large that(22) φdom({∂W ↔ ∂ΛN}) ≤ ε,where {∂W ↔ ∂ΛN} = {η ∈ ΩD : there exists a path between ∂W and ∂ΛNalong which all edges are open in η}. Fix an arbitrary n ≥ N , and let σ, σ′ ∈

SZd\W be two arbitrary spin con�gurations such that σΛn\W = σ′
Λn\W

. Aninformal overview of the proof that (21) ≤ ε is as follows.Let Ŷ (respectively Ŷ ′) be the modi�ed random edge con�guration whenthe spin con�guration σ (respectively σ′) is given. We would like to show that
Ŷ and Ŷ ′ can be coupled in such a way that there exists a barrier B with ahigh enough (at least 1−ε) probability such that (a) ŶB = Ŷ ′

B ≡ 0, and (b) Bseparates ∂W and ∂Λn. By the de�nition of Ŷ , a barrier B satisfying (a)is a quasi-closed barrier in the case when the spin con�guration σ is given.Therefore, if B also satis�es (b), then by Corollary 3.7, the spin con�gurationin W does not depend on σZd\Λn
⊂ σext(B). Clearly, the same argument holdswith σ′. Since we have that σ′

Λn\W
= σΛn\W , we see that �nding a barrier

B that satis�es (a) and (b) ensures that the conditional spin distribution in
W is the same given either of σ or σ′. Therefore, �nding such a barrier withprobability at least 1 − ε yields that (21) ≤ ε.In order to �nd such a barrier, we will couple Ŷ and Ŷ ′ together withan auxiliary random edge con�guration Y dom with distribution φdom. Weshall show below how one can repeatedly use Lemma 3.10 to simultaneouslyconstruct Ŷ , Ŷ ′, and Y dom with the correct distributions in such a way that
Y dom ≥ Ŷ and Y dom ≥ Ŷ ′ holds at all stages of the construction. By thechoice of N in (22), we will �nd with probability 1− ε a barrier B satisfying(b) with Y dom

B ≡ 0. The point is that since Y dom ≥ Ŷ and Y dom ≥ Ŷ ′, thisimplies that (a) also holds for B, so we are done. It is important to add thatour construction will �nd an appropriate barrier B when such a barrier existsby assigning Ŷ -, Ŷ ′-, and Y dom-values to edges in B∪Eext(B) only. Therefore,although Ŷ and Ŷ ′ may take di�erent values on such edges, the conditionalspin distributions given σ and the explored part of Ŷ , respectively given σ′and the explored part of Ŷ ′ are indeed the same in W ⊂ Vint(B).The formal implementation of this idea goes through essentially the samecoupling as used in [18], but we give it for completeness. We shall de�nebelow a probability measure Q on Ω̂ × Ω̂ × ΩD that is a coupling of



GIBBSIANNESS AND NON-GIBBSIANNESS IN DAC(Q) MODELS 29(i) an Ω̂-valued random triple (X,Y, Ŷ ) with distribution P̂Zd

p,q,(a1,...,as) con-ditioned on Ĉσ
Zd\W

,(ii) an Ω̂-valued random triple (X ′, Y ′, Ŷ ′) with distribution P̂Zd

p,q,(a1,...,as)conditioned on Ĉσ′

Zd\W
, and(iii) an ΩD-valued random edge con�guration Y dom with distribution φdom.Then it follows from the coupling inequality (Proposition 4.2 in [11]) that

(21) ≤ Q(XW 6= X ′
W ), hence showing that Q(XW = X ′

W ) ≥ 1 − ε wouldcomplete the proof. We de�ne Q in three stages, as follows.I. Recall that En is the set of edges with both endvertices in Λn ∪ ∂Λn. Itfollows from Corollary 3.11 and Strassen's theorem (see Section 2.1) that theset Q = {µ : µ is a coupling of (i),(ii), and (iii) satisfying that µ(ŶEd\En
≤

Y dom
Ed\En

and Ŷ ′
Ed\En

≤ Y dom
Ed\En

) = 1} of probability measures on Ω̂× Ω̂×ΩD isnonempty. We shall choose Q from this set, and we will specify in stages IIand III which element of Q we pick.II. Fix an arbitrary deterministic ordering of En, and let (Ue : e ∈ En) be acollection of independent random variables with uniform distribution on theinterval [0, 1]. The following algorithm will determine Ŷ , Ŷ ′ and Y dom on asubset of En given that they are known in Ed \ En by drawing Ŷ -, Ŷ ′- and
Y dom-values for one edge at a time, as follows.1. Let e ∈ En be the �rst edge in the previously �xed deterministic order-ing which has not been selected in any previous step of the algorithmand is incident to some vertex in ∂Λn or some previously selected edge

f with Y dom(f) = 1.2. Let us denote by P(c) the probability measure P̂Zd

p,q,(a1,...,as) conditionedon Ĉσ
Zd\W

and what we have seen so far of Ŷ , by P(c)′ the measure
P̂Zd

p,q,(a1,...,as)
conditioned on Ĉσ′

Zd\W
and what we have seen so far of Ŷ ′,and by φ(c) the measure φdom conditioned on what we have seen so farof Y dom. We de�ne

Ŷ (e) =

{

1 if Ue < P(c)(Ŷ (e) = 1),
0 otherwise,analogously,

Ŷ ′(e) =

{

1 if Ue < P(c)′(Ŷ ′(e) = 1),
0 otherwise,
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Y dom(e) =

{

1 if Ue < φ(c)(Y dom(e) = 1), and
0 otherwise.Note that if we had Y dom ≥ Ŷ and Y dom ≥ Ŷ ′ before step 2 of thealgorithm (which is µ-a.s. the case for any µ ∈ Q before the beginningof this algorithm), then Lemma 3.10 implies that these inequalities arepreserved by step 2.3. If determining Y dom(e) in step 2 created either an open path in Y dombetween ∂Λn and ∂W or a barrier B such that W ∪∂W ⊂ Vint(B) ⊂ Λnand Y dom

B ≡ 0, then stop the algorithm, otherwise go back to step 1.Note that this algorithm terminates at latest once all edges in ext(∆W ) havebeen selected, and that it does not select any edge in ∆W or in int(∆W ).III. If the algorithm in stage II ended by �nding an open path in Y dombetween ∂Λn and ∂W , then draw the rest of (X,Y, Ŷ ), (X ′, Y ′, Ŷ ′), and
Y dom arbitrarily with the correct conditional distributions, given what wehave seen so far of them. This will possibly give that XW 6= X ′

W , but thatis not a problem since by inequality (22) this case occurs with probability atmost ε, and otherwise we will always be able to ensure that XW = X ′
W .Indeed, let as assume that the above algorithm found a barrier B such that

W ∪ ∂W ⊂ Vint(B) ⊂ Λn and Y dom
B ≡ 0. Since the inequalities Y dom ≥ Ŷand Y dom ≥ Ŷ ′ were retained throughout the whole algorithm (as remarkedin step 2), it follows from Y dom

B ≡ 0 that B is closed in Ŷ and Ŷ ′ as well.Since B is a barrier which closed in Ŷ , it is a quasi-closed barrier in (X,Y ),therefore Corollary 3.7 implies that the conditional distribution of (X,Y )on int(B) given XZd\W = σ and what we have seen of Ŷ is P
int(B)
p,q,(a1,...,as)conditioned on {(ξ, η) ∈ Ωint(B) : ξVint(B)\W = σVint(B)\W }. By similar con-siderations, the conditional distribution of (X ′, Y ′) given X ′

Zd\W
= σ′ andwhat we have seen of Ŷ ′ is P

int(B)
p,q,(a1,...,as)

conditioned on {(ξ, η) ∈ Ωint(B) :

ξVint(B)\W = σ′
Vint(B)\W

}. Since Vint(B) ⊂ Λn and σΛn\W = σ′
Λn\W

, we cantake (XVint(B)
, YEint(B)

, ŶEint(B)
) = (X ′

Vint(B)
, Y ′

Eint(B)
, Ŷ ′

Eint(B)
) in our coupling.This already implies that XW = X ′

W since W ⊂ Vint(B), so the coupling canbe �nished by drawing the rest of (X,Y, Ŷ ), (X ′, Y ′, Ŷ ′), and Y dom arbitrar-ily with the correct conditional distributions.These considerations yield that with a coupling Q of (i),(ii), and (iii) asspeci�ed in stages I, II, and III, we have that Q(XW = X ′
W ) ≥ 1 − ε, whichconcludes the proof as noted above. 2



GIBBSIANNESS AND NON-GIBBSIANNESS IN DAC(Q) MODELS 31The proof of Proposition 2.9 is an easier application of the concept that theexistence of a (quasi-)closed barrier �blocks the information from outside�.Since the proof is virtually the same as the proof of Proposition 3.7 in [17],i.e., the analogous statement for the DaC(1) model, we will just sketch it forthe reader's convenience.Proof sketch of Proposition 2.9. Fix W ⊂ Zd and σ ∈ SZd\W such thatnone of the spins in σ percolates. By the assumption (4), this is true foralmost every spin con�guration. Let W ′ ⊂ Zd \ W be the union of all spincomponents in σZd\W that intersect the vertex boundary ∂W . Since there isno in�nite spin component in σ, we have that W ′ is a �nite set, hence theedge boundary B = ∆(W ∪W ′) is a closed barrier. Therefore, it follows fromLemma 3.7 that the conditional distribution of µZd

p,q,(a1,...,as)
given Kσ

Zd\W is
µ

int(B)
p,q,(a1,...,as)

conditioned on {ξ ∈ Ω
int(B)
C : ξW ′ = σW ′}.Now recall the de�nition of ∂nW , the n-neighbourhood of W , in Section2.2. If k is so large that W ′ ⊂ ∂k−1W , and σ′ ∈ SZd\W is such that σ′

∂kW =
σ∂kW , then it is clear by the same argument that the conditional distributionof µZd

p,q,(a1,...,as)
given Kσ′

Zd\W
is µ

int(B)
p,q,(a1,...,as)

conditioned on {ξ ∈ Ω
int(B)
C :

ξW ′ = σ′
W ′}. Since σW ′ = σ′

W ′ , the above conditions are the same, thereforefor any κ ∈ SW , we have that
|µZd

p,q,(a1,...,as)(K
κ
W | Kσ

Zd\W ) − µZd

p,q,(a1,...,as)(K
κ
W | Kσ′

Zd\W )| = 0.This proves almost sure quasilocality of µZd
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