STOCHASTIC CALCULUS OVER SYMMETRIC MARKOV PROCESSES
WITHOUT TIME REVERSAL

K. KUWAE

ABSTRACT. We refine stochastic calculus for symmetric Markov processes without using time
reverse operators. Under some conditions on the jump functions of locally square integrable
martingale additive functionals, we extend Nakao’s divergence-like continuous additive func-
tional of zero energy and the stochastic integral with respect to it under the law for quasi-
everywhere starting points, which are refinements of the previous results under the law for
almost everywhere starting points. This refinement of stochastic calculus enables us to es-
tablish a generalized Fukushima decomposition for a certain class of functions locally in the
domain of Dirichlet form and a generalized It6 formula.

1. INTRODUCTION

In this paper, under the framework of general symmetric Markov processes without using
time reverse operators, we give a refinement of stochastic calculus developed in the previous
joint paper [3]. More precisely, we establish stochastic integrals both of Ito type and of Fisk-
Stratonovich type by Dirichlet processes by extending the Nakao’s divergence-like continuous
additive functinonal of zero energy to a continuous additive functional locally of zero energy
for a class of locally square integrable martingale additive functionals. Throughout this paper,
we use the terminology Dirichlet process specifically for an additive functional decomposed
into the sum of a locally square integrable martingale additive functional and a continuous
additive functional (locally) of zero energy, which is not necessarily a semi-martingale in
general; indeed, the notion of Dirichlet process in a more general context was introduced by
H. Follmer [8]. As in [10], stochastic integrals are defined to be additive functionals admitting
exceptional sets. So all formulas in this paper can be regarded as a decomposition of additive
functional, which holds for all time (or up to the life time) with probability 1 starting from
quasi-everywhere point.

Hereafter, we use the abbreviation CAF (resp. MAF) for continuous additive functional
(resp. martingale additive functional). For a Dirichlet process given by Fukushima’s decom-
position, Nakao [21] defined stochastic integrals integrated by his divergence-like CAF of zero
energy, which enables us to construct an Ito type stochastic integral by the Dirichlet process.
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He also defined a Fisk-Stratonovich type integral for symmetric diffusion processes with no
inside Kkilling in order to establish the stochastic line integral along 1-forms for symmetric
diffusion processes over smooth manifolds and gave an application of stochastic line integral
to a homogenization problem.

On the other hand, Lyons-Zheng [18] and Lyons-Zhang [17] introduced the notion of Fisk-
Stratonovich type integrals in terms of the sum of forward and backward martingales, which
is described by time reverse operators in the framework of symmetric conservative diffusion
processes. They proved that their Fisk-Stratonovich type integrals are consistent with Nakao’s
one under the law P,,.

In the joint paper [3], we extend Nakao’s divergence-like CAF of zero energy in terms of
time reverse operators and define a stochastic integral integrated by this extended CAF under
some mild conditions, which plays an important role to deduce the perturbation of general
symmetric Markov processes, that is, the combination of Feynman-Kac formula and Girsanov
formula (see [4]), however, the stochastic calculus developed in [3] are still described under
the law P, except a special case.

We extend Nakao’s CAF's of zero energy and stochastic integrals with respect to it for more
general integrand and integrator in terms of the the space locally in the Dirichlet space and
a subclass of locally square integrable MAF on [0, (] (Definition 3.1). We will define both
the It6 type and the Fisk-Stratonovich type stochastic integrals integrated by (not necessarily
continuous) Dirichlet processes under the law P, for quasi-everywhere starting point x €
X, which are described in terms of a subclass of locally square integrable MAF on [0, (]
over general symmetric Markov processes (Definitions 4.2 and 4.3). Our definitions of Fisk-
Stratonovich type integrals are somewhat different from what is defined by Meyer [20] and
Protter [22] in the framework of semi-martingales (Remark 4.1).

We further show that our stochastic integrals integrated by the purely discontinuous part
of Dirichlet processes have a representation of sum of jumps on Dirichlet processes if the
jump function of integrator is anti-symmetric, which enables us to see the pathwise behavior
of pure jump processes under the law for quasi-everywhere starting points (Theorem 4.1,
Corollary 4.3).

As a corollary, we establish a generalized Fukushima decomposition for a class of functions
locally in the domain of forms (Theorem 4.2). We also present a generalized It6 formula
in terms of our extended stochastic integrals by Dirichlet processes (Theorem 4.3). Our Ito
formula for Fisk-Stratonovich type integrals has an expression different from what is exposed
in Protter [22] (Remark 4.3).

Let us briefly outline the organization of this paper. In Section 2, we describe the setting
of the paper and give some basic lemmas. In Section 3, we formulate the extension of Nakao’s
CAF of zero energy and stochastic integral with respect to it under the law for quasi everywhere
starting points. In Section 4, we define our stochastic integrals by Dirichlet processes and
expose the result as noted above.

2. PRELIMINARY FACTS

Let M = {Q,F ., F;, X, 0, (,Pr,x € X} be an m-symmetric right Markov process on a
Lusin space X, where m is a o-finite measure with full support on X. Its associated Dirichlet
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space (€, F) on L?*(X;m) is known to be quasi-regular (see [19]). By [7], (£, F) is quasi-
homeomorphic to a regular Dirichlet space on a locally compact separable metric space. Thus
using this quasi-homeomorphism, without loss of generality, we may and do assume that M
is an m-symmetric Hunt process on a locally compact metric space X such that its associated
Dirichlet space (£,F) is regular on L?*(X;m) and that m is a positive Radon measure with
full topological support on X. But we implicitly use the quasi-left continuity up to oo, which
is not the usual property of right Markov processes. So the strict quasi-regularity of (€, F) is
essentially assumed (see [7]). However, if we restrict ourselves to state the result that holds
up to the life time with probability 1 for quasi-everywhere starting point, then the framework
of quasi-regular Dirichlet forms is enough.

Without loss of generality, we can take €2 to be the canonical path space D([0, co[— Xp)
of right-continuous, left-limited (rcll, for short) functions from [0, co[ to Xy. For any w € Q,
we set Xi(w) = w(t). Let ((w) := inf{t > 0 | X;(w) = 9} be the life time of M. As usual,
F o and F; are the minimal completed o-algebras obtained from F° := o{X, | 0 < s < o0}
and FV := o{X, | 0 < s < t}, respectively, under P,. We set X;(w) := 9 for t > ((w) and
use 6; to denote the shift operator defined by 60;(w)(s) := w(t + s), t,s > 0. For each s > 0,
the shift operator 6, is defined by O,w(t) := w(t + s) for t € [0,00[. For a Borel subset B of
X, op :=1inf{t > 0 | X; € B} (the first hitting time to B) and 75 := inf{t > 0 | X; ¢ B} (the
first exit time of B) are (F;)-stopping times. If B is closed, then 75 is an (F?, )-stopping time.
Also, ¢ is an (F?)-stopping time because {¢ < ¢t} = {X; = 9} € F?, t > 0. The transition

semigroup of M, {p;,t > 0}, is defined by
pof () = B [f(Xy)] = B [f(Xy) 1t < (],  t>0.

Each p; may be viewed as an operator on L?(X; m); collectively these operators form a strongly
continuous semigroup of self-adjoint contractions. The Dirichlet form associated with M is
the bilinear form

.1
g<u7 U) = ltli%l ;(u — Db, U)m

defined on the space

t>0

F = {u € Lz(X;m) sup t_l(u — DU, W)y < Oo} :

Here we use the notation (f, g)m = [y f( m(dx) for f,g € L*(X;m).

An increasing sequence { F}, } of closed sets is called an £-nest if U2 | Fp, is &; '/2_dense in F,
where Fr, :={u € F| u=0m-a.e. on X \ F,} and a family {F},} of closed sets is an E-nest
if and only if it is a nest, that is, P,(lim,, ..o 7r, = () = 1 q.e. x € X. A function v on X is said
to be £-quasi-continuous if there exists an E-nest {F,,} of closed sets such that u is continuous
on each F,. A subset N of X is called E-polar or (E€-)exceptional if there exists an E-nest
{F,} such that N € 2, (X \ F}), equivalently there is a Borel set N containing N such that
P,.(05 < 00) = 0. A statement S(z) is said to hold for quasi-everywhere z € X (q.e. z € X
in short) if there exists an exceptional set N such that {x € X | S(x) does not hold } C N.

An increasing sequence {F,} of closed sets is called a strict £-nest if

lim Cap; ¢,,(X \ F) =0,
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where Cap, ¢, ,, is the weighted capacity defined in Chapter V Definition 2.1 of [19] and a family
{F,} of closed sets is a strict £-nest if and only if it is a strict nest, that is, P, (lim, . ox\p, =
o) = 1 m-a.e. € X in view of Chapter V (2.5) in [19], equivalently it holds q.e. x € X
by Chapter V Proposition 2.28(i) and Remark 2.8 in [19]. A function u on Xy is said to be
strictly €-quasi-continuous if there exists a strict E-nest {F,} of closed sets such that u is
continuous on each F, U {0}.

An increasing sequence {G,} of (q.e.) finely open Borel sets is called a nest (resp. strict
nest) if P,(lim,o 7, = ¢) = 1 for q.e. € X (resp. Py(lim,—ocox\¢, = 00) = 1 for
q.e. z € X). (The definition of q.e. finely open sets can be found in [10]). In [3], we show that
under the quasi-left-continuity up to infinity of M, for an increasing sequence {G,} of (q.e.)
finely open Borel sets, {G,,} is a nest if and only if it is a strict nest. Denote by © the family
of (strict) nest {G,} of (q.e.) finely open Borel sets Note that for an E-nest {F,} of closed
sets, {Gi} € © by setting Gy, := F,f'mt, k € N, where F,{'mt means the fine interior of F},.

Let F. be the family of m-measurable functions v on X such that |u| < com-a.e. and
there exists an £-Cauchy sequence {u,} of F such that lim u, = u m-a.e. We call {u,}

n—od

as above an approximating sequence for u € F.. For any u,v € F. and its approximating
sequences {u,}, {v,} the limit £(u,v) = lim &(u,,v,) exists and does not depend on the
n—oo

choices of the approximating sequences for u, v. It is known that £/2 on F. is a semi-norm
and F = F,NL*(X;m). We call (£, F.) the extended Dirichlet space of (€, F). Let L°(X;m)
be the family of m-measurable functions on X. We further let

Fioe .= {u € L°(X;m) | there exist {G,} € © and u, € F such that

u = u, m-a.e. on G, for each n € N},

Fioe is called the space of functions locally in F in the broad sense. It is shown in [15] that
FCF, C -,’tloc and every u € j'_zoc admits an £-quasi-continuous m-version @. More strongly
every u € F admits a strictly £-quasi-continuous m-version @ on Xy with 4(9) = 0. For
U € }'}OC, we always assume that @ is extended to be a real-valued function u on Xy if not
otherwise specified, where we do not necessarily assume %(0) = 0. However, we can reduce to
this case by setting @ — 4(9) on Xp, which is in Froe as a function defined on X.

We need the following lemma:

Lemma 2.1. Every u € F. admits a strictly €-quasi-continuous m-version 4 on Xg with

a(d) = 0.

Proof. Take u € F,. Then there exists an m-a.e. strictly positive bounded function g €
LY(X;m) such that u € (F9)., where (€9, F9) is the Dirichlet form on L?(X;m) defined by
F9 .= FnNL*(X;gm), E9(v,w) = E(v,w) + (v,W)gm, v,w € FI9, and (FY), is its extended
Dirichlet space. Then there exist an increasing sequence { F},} of closed sets and a function @
on Xy such that

nlLHOlo Cap(go) (X\ F,) =0,

@ = um-a.e. on X and @ is continuous on each F, U {9} with @(9) = 0, where Cap{ is the
0-order capacity with respect to (€9, (F9).). It suffices to prove that {F,} is a strict £-nest
with respect to (€, F). For this, we need that for any open set U,

HY1(z) i= B, e~ 57 oX]
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satisfies H{/1 € (F9), and
(2.1) Cap?o)(U) = EY(H}1, H)1).
This can be similarly proved along the same way as in the section 4.4 in [10]. We will omit

the details.
From (2.1), we have

OX\Fp,
P, (hm / 9(Xs)ds = oo) =1 m-ae. z € X,
0

n—oo

hence {F,} is a strict nest, because of the boundedness of g. U

As a rule we take u to be represented by its (strictly) £-quasi-continuous m-version (when
such exists), and drop the tilde from the notation.

Let M and N, denote, respectively, the space of martingale additive functionals of finite
energy and the space of continuous additive functionals of zero energy. More precisely, we set

M :={M | M is a finite rcll AF, E,[M?] < oo, E,[M;] =0 for q.e. z € X and all ¢ > 0}.
For an AF M, if the limit

N 1 2
(2.2) e(M) = lim =, [M;]

exists, we call it energy of M. When M € M, t — %Em[]\/[f] is increasing and the limit may
diverge in general. Then we define

o

M::{MEM)e(M)<oo},
N = {N ‘ N is a finite CAF, E,[|V;|]] < o0 q.e. x € X for each t > 0, and e(N) = O}.

For M, N G/\(;l, we set
1
M,N) :=lim —E,,[M;N,
e(M, N) == lim o B [M Ny

and call it mutual energy of M, N. It is well-known that ( ,/\(;1, e) is a real Hilbert space with
inner product e.
For u € F., the following Fukushima decomposition holds;

(2.3) uw(Xy) — u(Xo) = M + Ny
for all ¢t € [0, oo P,-a.s. for q.e. x € X, where M* eM and N* € N,

A positive continuous additive functional (PCAF) of M (call it A) determines a measure
v = v, on the Borel subsets of E via the formula

(2.4 /() =1 1 E, [ / (X)) dAS] ,

in which f : X — [0,00] is Borel measurable. The measure v is necessarily smooth (denote
by v € ), in the sense that v charges no exceptional set of X and there is an E-nest {F,} of
closed subsets of X such that v(F,) < oo for each n € N. Conversely, given a smooth measure
v, there is a unique PCAF A" such that (2.4) holds with A = A”. In the sequel we refer to
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this bijection between smooth measures and PCAFs as the Revuz correspondence, and to v as
the Revuz measure of A”.

Lemma 2.2. € S if and only if p charges no exceptional set and there exists {G,} € ©
such that u(G,) < oo for each n € N.

Proof. The “only if ”part is trivial by setting G,, := F,J:mt We only prove the “if "part. Take
an f € L*(X;m) with 0 < f < 1 on X and set R{"f(z) = E,[[,°" e™*f(X,)ds]. Then
RS f(z) > 0 on G,, and RS f is £-quasi-continuous for each n € N Take a common €&-
nest {Ay} such that all RY"f. m > 1 are continuous on each Aj,. We set F, := {z € A, |
RS f(x) > 1/n}. Then {F,} is an E-nest by use of Lemma 3.3 in [15], where we observe
B, = {R{"f > 1/n} is increasing and X \ |J°°, B, is exceptional. For each n € N, we have
(X \G,)" C X\ E,, where (X \ G,,)" = {z € X | R¢" f(x) = 0} is the set of regular points
for X\ G,. Since (X \ G,)\ (X \ G,,)" is exceptional, we obtain u(F,) < u(G,) < oo for each
n € N. U

A (positive) Radon measure p on X is said to be a measure of finite energy integral if there
exists C' > 0 depending on p such that

/X lu(x)|u(dr) < C\/E(u,u) for all u € F N Cy(X).

Let Sy be the family of measures of finite energy integrals. For pu € Sy and a > 0, there exists
a unique element U,p € F such that

Ea(Uap,v) = /Xv(x),u(dx) for v e F N Cy(X).

It is known that every pu € Sy is a smooth measure. If we set Spo := {u € Sy | u(X) <
00, Uy € L*(X;m)}, then N is exceptional if and only if v(N) = 0 for all v € Sy.

For any p € S, v € Spo, a (q.e.) finely open Borel set G and ¢ > 0, we have the following
formula

(2.5) Eo[Abroyiol < 1+ DU |lop(G),
which can be similarly proved as in the proof of Lemma 5.1.9 in [10] with the help of
Lemma 5.1.10(ii) in [10].

Take M, N € ./\O/l and denote by (M, N) its quadratic covariational process, which is a CAF
of bounded variation, and let g, Ny be its Revuz measure. In view of Theorem 2.2 in [21],

for M N G/\i{, e(M,N) = 0 implies that (M, N) = 0 on [0, oo[ P,-a.s. for q.e. x € X. For
M €M and f € L*(X; pry), there exists a unique f x M €M such that

e(f«M,N) /f L4(M,N) dx)forNG/\/l

Moreover, we have the following.
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Lemma 2.3. Let M E/\il and f € L*(X; pony). If fis a strictly €-quasi-continuous function,
then fx M admits a Riemann sum approximation: for each t > 0

n—1
(f * M), = lim D FXuyn) Mgy — Mayn)
=0

holds P,-a.s. for q.e. x € X, where the convergence of the right hand side is in P,-probability
for g.e. x € X.

Proof. This is well-known for experts and shown for the case f € Cy(X) in Lemma 5.6.2 of
[10]. We shall show it for readers convenience. By assumption, we have for v € Sy

e ([ t PO < @400 [ P < .

In particular,

E, {/t fQ(XS)d<M)S} < oo forqe zeX.
0

Then by Theorem A.3.19, for x € X \ N with an adequate properly exceptional set N, we can
define the stochastic integral f e M := fot f(Xs-)dM, under P, which is characterized by

B[/ 0 ] =E. | [ t Paon.| <z [ t P

From this, we can get f e M 6/\31 and frers,ny = fr,ny for N E/\jt, hence we have fx M =
f @ M. On the other hand, since t — f(X;_) is left-continuous P,-a.s. for q.e. x € X,
f ® M admits the Riemann-sum approximation in view of Chapter I Proposition 4.44 in [12].
Therefore, we obtain the result. 0

Remark 2.1. From Lemma 2.3, we may write (f* M), = f(f f(Xs-)dM, if f is strict E-quasi-
continuous on Xj.

Let (N(z,dy), H;) be a Lévy system for M; that is, N(z,dy) is a kernel on (Xs, B(Xy))
and H, is a PCAF with bounded 1-potential such that for any nonnegative Borel function ¢
on Xy x Xy vanishing on the diagonal and any = € Xy,

E. [ o(X., X,)

s<t

¢

= Ex |:/ QS(Xsa y)N(Xsa dy)st .
0 JXx,

To simplify notation, we will write

No(x) = [ é(z,y)N(x,dy).

Xo

Let py be the Revuz measure of the PCAF H. Then the jump measure J and the killing
measure x of M are given by

J(dzdy) = %N(m, dy)ug(dz), and k(dz) = N(z,{0})un(dz).
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These measures feature in the Beurling-Deny decomposition of &: for f,g € F.,

E(f.9) = E(f.9) + /

XxX

(f(2) - ) a(x) — g(y)) (dady) + /X f(2)g(x)(dz),

where £¢ is the strongly local part of £.
For u € F,, the martingale part M} in (2.3) can be decomposed as

MY = M + M + M"*  for every t € [0, o0],

P.-a.s. for q.e. x € X, where M,"“ is the continuous part of martingale M*, and

Mtu»j = lim{ Z (u(Xs) — U(Xsf))]-{|u(XS)—u(X5,)\>s}1{s<§}

€10
0<s<t

-/ ( [ o ) =N, ) at.

t
M = / w(X)N (X, {0 dH, — u(Xe-)1 gz,
0

are the jump and killing parts of M* in ,/\31, respectively. The limit in the expression for M%7

is in the sense of convergence in M and of convergence in probability under P, for q.e. z € X
for each fixed ¢ > 0 (See Theorem A.3.9 and pp. 341 in [10]).
If we let

o

M ={M eM | M is a continuous MAF},

M= (M) ={M M | e(M,N) =0 for N e M},
then every M has an orthogonal decomposition
M= M+ M*

in the Hilbert space (,/\O/l,e). Me¢ e M (resp. M4 € M?) is nothing but the continuous part
(resp. purely discontinuous part) of M discussed in [10]. Moreover, set

Mi:={M eM®| e(M, M"") =0 for u € F,}, M= :=M*n(MI)*+.
Then M7 is a closed subspace of j\o/l, hence M? has a unique orthogonal decomposition in
(M, e) as
M= M7 + M~

where M7 e M7 and M* E/\jl“. For simplicity of notation, we will use the convention AF; :=
F; — F,_ for any rcll (F;)-adapted process F. The square bracket [M, N| for M, N €M is
defined by

[M,N]; := (M°,N°); + Y AM,AN..

0<s<t
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Then (M, N) is the dual predictable projection of [M, N]| (see (A.3.7) in [10]). We further set
for each i = 0,¢,d, j, K

/\il}_locz — {M | there exist {G,} € © and {M™} C./\ili
such that M, = M™ for all t < ox\c, and n € N, P,-a.s. for q.e. z € X},
N, pioe - = {N | there exist {G,,} € © and {N™} c N,
such that N, = Nt(" for all t < ox\g, and n € N,P,-as. for g.e. z € X}.

o

Similarly, we can define M, and N, . as subclasses of local AFs (or AFs on [0,(]) in terms
of first exit times 7, (see [10], [3] for the notlon of local AF). Here i = () means /\il‘D:: M
and write M frloc (resp. M loc) instead of /\/l floc (TESD. ./\/l loc). Every PCAF is an element of
MNioe- Our Mf 1oc (resp. N f0c) 1s slightly narrower than Mloc (resp N_10e) treated in [10]
(in [3] we use the same symbol Mf loc (resp. N r0c) to denote Mloc (resp. Neioc)). However,
Fukushima’s decomposition (2.3) for u € .7-}00 with J = k = 0 can be characterized by Mo
and M,f.zoc- Before seeing this, we need the following lemma:

Lemma 2.4. Let G be a (q.e.) finely open Borel set.

(1) If u € F satisfies u =0 g.e. on G, then ey (G) =0 and

M =0 for any t < ox\g Py-a.s. for ge. v € X.

(2) For M E_/\c;l, pon(G) = 0 implies My = 0 for any t < ox\g Py-a.s. for g.e. v € X.

Proof. The proof of (1) is quite similar as in the proof of Lemma 5.3.1 in [10]. Note that
t <ox\q¢ < 0x\q implies X, X, € GU{0} for all s €]0,t], which means u(X,) —u(X,_) =0
for all s €]0,t], because of u(9) = 0. Here ox\¢ := inf{t > 0| X;,— € X \ G} (see (A.2.6)
and Theorem A.2.3 in [10]). Next we prove (2). Suppose iy (G) = 0 for M eM. Note that
f(f 1oy (X5)d(M)s = 0 P,-a.s. for q.e. € X. Combining this and Theorem 5.1.3(i) in [10],
we have Em[fot 1augoy (Xs)d(M)s] = 0 for each ¢t > 0, hence (M), =0 for all t < ox\¢ Pp-a.e.
Then by Lemma 5.1.10(iii) in [10], we obtain the result. O

Remark 2.2. Our method of the proof of Lemma 2.4(1) does not work to show the same
assertion in the case that u is only constant q.e. on G.

From this lemma, we can construct M*“¢ eM§,,. for u € Fioe. Under J = x = 0, for

U € Fioe, (2.3) holds for all t € [0,([ P,-a.s. for qe. = € X, where M* G.Ajlj_loc and
N* € M_fie. If further uw can be extended to be a real-valued function on Xy (without
assuming u(d) = 0), then the decomposition (2.3) holds for all ¢ € [0,00[ P,-a.s. for q.e.
r € X.
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In order to define the stochastic integrals by Dirichlet processes, we have to investigate the

structure of MY, For this we introduce the spaces 7, J, J of jump functions:

T = {gb  Xg X Xg — R ‘ ¢ is a Borel measurable function
such that ¢(x,z) =0 for # € X5 and N(1xyx¢?) s € S},
J = {gb  Xg X Xg — R ‘ ¢ is a Borel measurable function

such that ¢(z,2) = 0 for v € X5 and N(¢*)uy € S}

andj— {o € T | [x\ N(@*)dug < oo} Clearlij J C 7, and for ¢ € J, we see
1xxx9¢ € J. Furthervvesetjas .—{¢€j|¢—0Jae on X x X} and J, :== {¢p € J |
N(Lyxx[9P)pn € S}, Ju=J NJu and J.=J NJ.. Here d)(x y) = oy, x) for z,y € X,

gb (gb + ¢)/2 on Xy x Xpy. Clearly, Jos C J, and jascﬂ Similarly, we can define jas
and 7, by replacing J with J in its definitions. Moreover, for ¢ € J, (resp. ¢ € j*) we see
1xxx¢ € J. (vesp. ¢ € ;/7\*) For ¢ € J and £ € N, we write ¢y := ¢lyg>1/n. For ¢, € J
(resp. ¢, € j), we write ¢ ~ 1 if ¢ =1 J*-a.e. on X x Xy (resp. ¢ =1 J-a.e. on X x X),
where J* is the measure on X x Xp defined by J*(dady) := $N(z, dy)py(dz). Then ~ is an

equivalence relation and denote by [J / ~, J/ ~, J / ~ the families of equivalence classes.

Lemma 2.5. There exists a one to one correspondence between J | ~ and M which is

characterized by the relation that for ¢ 6& (resp. M € M?), there exists M € M? (resp. ¢ E\;)
such that e(M) = 3 [, fXa &*(x,y)N(x, dy)pg(dz) and My — My = ¢(X;—, X;) for all t €
0, 00[ Py-a.s. for g.e. x € X. Moreover, (M), = fot fXa &*(Xs,y)N(X,,dy)dH, for all t €
[0, 00[ P,-a.s. for g.e. x € X.

Proof. Take ¢ 6‘} and set

= 3 G(X X)) / 60X, y) N (X, dy)dH,.
Xo

0<s<t
(o]
Then we can obtain M¢ e M? and

(2.6) (M), = / [ XN (X g,

3 [ N i)

(2.7) e(M") =
Indeed, we easily see that M’ is an MAF. If we let T := inf{t > 0 | |M/| > n}, then
{T’} is an increasing sequence of (F;)-stopping times such that lim,, .., 7 = oo. Then we
have | tATé| <|M t/\Té |+ 10(Xinre—, Xiare)| < A4 |d(Xyare—, Xynre)|, which implies that for
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Ve S()()
2 2
E, [(Mt/\Té’) ] <2n°v(X) +2E, Z‘b <X87XS)]
s<t
t
=2n’v(X) + 2E, { / »*(Xs,y)N (X, dy)dHS}
0 Jx,
< 2n*v(X) +2(1 + t)HUll/Hoo/ &*(z,y)N(z, dy) pg (dr) < oo
x JXxp
That is, t — M* AT is a square integrable purely discontinuous P,-martingale for each n. By

Corollary A.3.1 in [10],

(MtATf) _Z(AMsATZ) - t/\Tf Z 07 (X, X)

s<t s<tATE

is a P, -martingale (also a P,-martingale for q.e. z € X), which yields that

E,[(M{)*] < lim B, [(M,;2)’] = lim E, | Y ¢j(X,_,X.)

n—oo n—oo

=E, |>_ (X, X,)

s<t

< (14 )0 / & (2, y)N (@, dy)yusr (de) < oo

X Jx,

S<EATE

t
S EI/ |:/ ¢2(X87 y)N(XS7 dy)dHS
0 Xs

Thus, M/ is a square integrable MAF. Since { M AT@}n | is L*(P,)-bounded, by use of Banach-
Saks theorem, we have the equality

E, [(M{)?] = [ / [ O N X, i,

for all v € Syg. We then have the same equation for q.e. x € X by replacing v with x. Hence
M* €M, (2.6) and (2.7). Note that there exists a sequence {T},} of totally inaccessible times

such that {(t,w) | Mf — M # 0} = |J>2,[T]. This yields that M* = M e M? in view
of Theorem A.3.9 in [10]. Moreover, we see that {M*}2°, is an e-Cauchy sequence in M.

Denote by M € M¢ its limit. Then there exists a subsequence {f;} such that M converges
to M uniformly on each compact subinterval of [0, oo[ P -a.s. for q.e. © € X. We see for each
0, Mf — M{ = ¢o(X;_, X;) for all t € [0,00[ P,-a.s. for q.e. ¥ € X. Therefore we have the

desired result. Conversely take an M €M¢?. Then, by Lemma 3.2 in [5], there exists a Borel
function ¢ defined on Xy x Xy with ¢(z,z) = 0 for x € Xy such that M, — M, = o(X;—, Xy),
t € [0,¢,] Pp-a.e., where (, is the predictable part of ¢ defined by (, := ¢ if ( < oo and
X = 0, and (, := oo otherwise. If M = f* M" with f € Cy(X), u € F N Cy(X), then
AM, = f(X¢,—)AME = 0 for ¢, < co. In view of Lemma 5.6.3 and Theorem 5.2.1 in [10],
we see AM., =0 for ¢, < oo, which implies My — M, = ¢(X;_, X3), t € [0, 00[ Pp,-a.e. From
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this, we have

[ [ s i) = 1 [ / as?(Xs,y)N(Xs,dy)st]
X JXp =0t 0

Z(Ms - Ms—)2]

s<t

Xo

1
S ¢(X, X, ] — lim -F,,
t—0 t

s<t

—hm IE

1
= lim IE [M?] = 2e(M) < oo,

t—0 t

where we use Corollary A.3.1 in [10]. Going back to the first argument, we can construct
M eM? such that M, — M, = ¢(X,_, X;), t € [0,00] Py-as. for qe. z € X. Applying
Corollary A.3.1 in [10] to M — M €M, we obtain

— 1 — 1 .1
(M = M) = fim 3o [ (M = W] =l B

which implies the converse assertion. O

Corollary 2.1. Take ¢ E\; and set ¢(z,y) = ¢(y,x) for v,y € Xy. Then 1y, x¢ E\;,

in particular, there exists K € M7 such that K, — K;— = —1xxx(¢ + ¢)(X,—, X;) t €]0,00]
P.-a.s. for g.e. v € X.

Proof. The assertion is clear from

/X/XaZ(x,y)N(x,dy)unx) :/ / ¢ (z,y)N (z, dy)py (dz)
/N o) pp (d) <

From this corollary, we have J7C J,.

Lemma 2.6. Take a Borel function ¢ : Xg x X9 — R with ¢(x,z) = 0 for v € Xg. The
following are equivalent under ¢ € J.
(1) ¢(Xi—, Xy) =0 for allt < ox\g Py-a.s. for ge. v € X.
(2) qS(Xt ,Xt) =0 for allt < ox\¢ Pr-a.e.
fo dH—Oforallt<0X\GIP’ -a.s. for g.e. v € X.
fo s)dH, =0 for allt < ox\q Pp-a.e.
(5) ng—OJ* a.e. on G x Xp.
Replacing ox\q (resp. ¢ in (3),(4)) with 7¢ (resp. 1xxx®), we have a similar equivalence
under 1x«x¢ € J, where the last condition is that ¢ =0 J*-a.e. on G x X.

Proof. The implication (1)==(2) is trivial and (3)<=-(4) follows from Lemma 5.1.10(iii) in
[10]. We first show (2)==-(3). Suppose ¢(X;_, X;) = 0 for all t €]0, ox\¢] Pr,-a.e. Then we see



STOCHASTIC CALCULUS WITHOUT TIME REVERSAL 13

(b(XUX\G_,XUX\G) = 0 Pp-a.e. on {ox\¢ < 0o}. So gb(XtAaX\G_,XMUX\G) = 0 P,,-a.e. From
the property of Lévy system (see Appendix (A) in [6]), we have for each ¢t > 0

thox\a
E,, { / ¢2<Xs,y>N(Xs,dy>st} “E.| 3 x| =0
0 Xa s<thox\a
which implies (4), hence (3). (3) also yields [, N(¢*)dug = 0 by Lemma 5.1.10(iii) in [10], in
particular, we obtain (5). Conversely suppose (5), that is, [, N(¢*)dpug = 0. Then, we can
obtain (1) by way of the inequality (2.5) and the property of Lévy system used above. O

Corollary 2.2. Take an MAF M € M? and the associated ¢ E‘}. Set pa(x,y) == d(x,y) Ly (y)-
Then the followmg are equivalent.

(1) M e/\/l]
(2) o(x, ) =0 k-a.e. x € X.
(3) Jo N(@3)(Xs)dHs =0 Py-a.s. for qe. z € X.
(4) [, N(03)(Xs)dHs = 0 Py,-a.s.
Set ¢x (z, y) = ¢(x,y)1x(y). Then the following are equivalent.
(1) M e/\/l“
(2*) ¢(x, )—OJae( y) € X x X.
3*)f0 ¢%)(Xs)dH, = 0 Py-a.s. for ge. x € X.
(4%) [y N(0%)(Xs)dHy =0 Ppy-a.s.

Proof. (1)<:>(2) is clear from e(M, M"") = —3 [\ ¢(x, 0)u(x)r(dz) for u € F,.. Here we use
the fact that F is dense in L?(X;k). (1*)<=(2%) is clear from (1)<=(2) and e(M,N) =
T/ fXa o(z,y)Y(z,y)N(z, dy)py(dz). The rest implications hold true for general ¢ € J and

are clear in view of the uniqueness of the Revuz correspondence and Lemma 5.1.10(iii) in [10].
U

Let M, be the space of locally square integrable MAFs and /\/lloc the space of locally
square integrable MAFs on [0,([. That is, M € M, (resp. M € M[[O’g[[) if and only if

loc
there exists an increasing sequence {T,} (resp. {S,}) of (F;)-stopping times and {M ™} c M
such that lim, ... T, = oo (resp. lim, .S, = () and for each n € N, Mp, = Mt(f%n

(resp. Mins, Liins,<cy = Mt(fgnl{tASTL<<}) for all ¢ € [0,00] P,-a.s. for q.e. € X. Let Mf, .
(resp. M{ ) be the space of locally square integrable continuous (resp purely discontinuous)
MAFs. That is, for M € M, (resp. M € ML), we can take {M (™} from M¢ (resp. M?) in

the above definition. Similarly, we can define the space M ZOE) <l (resp. M ZOEO CH)
[0.4T 5

integrable continuous (resp. purely discontinuous) MAFs on [0, ([. For every M € M, ",
quadratic variational process (M) can be defined to be a PCAF (Proposition 2.8 in [3]), and M
is decomposed to M = M¢ + M9 (Theorem 8.23 in [11]), where M¢ € MICO[LO <L pe e J\/llocO <
have the property (M¢, M?) = 0. Next theorem is a natural extension of Lemma 2.5.

of locally square

Theorem 2.1. There exists a one to one correspondence between J/ ~ (resp. j/ ~) and
(resp. M [O’C[[) which is characterized by the relation that for ¢ € J (resp. J) there

loc loc
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exvists M € M . (resp. MZ’HOC[[) such that My — M, = ¢(X,_, Xy) for all t € [0,00]
(resp. t € [0,¢[) Py-a.s. for g.e. v € X. Conversely for each M € ML (resp. MIOEDCH)

there exists a ¢ € J (resp. j) such that the same equation holds. Moreover, we have
M), = fot fXa ®*(Xs,y)N(Xs, dy)dH, for all t € 0,00 Py-a.s. for q.e. x € X.

Proof. We only prove the correspondence between J/ ~ and M¢ . The proof of the corre-
spondence between J / ~ and ML loc ['is similar by replacing ox\p, with 75,. Suppose ¢ € J.
Take an E-nest {F}} of closed sets such that 15 N(|¢|*)ug € Soo. Then 1g, ¢ 65 for each

k € N, where (15,¢)(z,y) := 15, (2)é(z,y), v,y € Xy, and there exists an M*) € M? such
that M* — M® = 15 (X,2)6(X,—, X,) for all ¢ € [0, 00| P,-a.s. for q.e. 2 € X. Such M®) is
an e-convergent limit of {M*)-¢}2 ~where

M= Y 10X X0 - [ 1) [ N g,

0<s<t
k k
This yields that for j > k, M G) M( ) for t < Ox\F,, more strongly Mt(/J\ZTX\F Mt(/\g'x\F
because of XUX\F _ € F,U{0}. Hence M defined by M, := Mt( for t < ox\p, satisfies
Ming g\, = MtAaX\F , which implies M € M, because {F}} is also a strict E-nest.

Conversely suppose M € M¢ . Then there exists a sequence {M (M1 of square integrable
purely discontinuous MAFs and an increasing sequence {7, } of stopping times such that
lim,, .o T, = 00 and My, = Mt(/@n for all t € [0, 00[ P,-a.s. for q.e. © € X. By an argument
in the proof of Proposition 2.8 in [3], we can construct a quadratic variational process (M),
which is a PCAF, and a nest {F}} of closed sets such that 179y * M G/\jl and e(1p, gy *
M) = puy(Fy). Note that 1py * M = 0, because fot 1y (X)d(M)s = 0. We remark that

(M,N) =0 for all N € Mj,., which implies 1, 19y ¥ M €M, hence M €M§,,.. As in the
proof of Proposition 2.8 in [3], we see M; = (1p,uq9} * M), for t < ox\p,. Indeed, we have this
from the assertion for ¢t < ox\p, and AMUX\F 1Fku{8}(XUX\Fn )AMUX\F = A(lpugay *

M)JX\Fk. By Lemma 2.5, there exists a Borel function ¢ E& such that 170y (Xe—)(M; —
M) = ¢p(Xi_, X;) for t € [0,00] Pp-a.s. for q.e. € X. From this, for j > k, we see
that ¢n(Xi—, Xi) = ¢;(Xi—, Xy) for t < ox\p, Pr-as. for qe. € X. Let Gj be the fine
interior of Fj. By Lemma 2.6, for j > k we have ¢, = ¢; J*a.e. on Gy X Xy. So we
can define ¢ on Xy x Xy such that ¢ = ¢, J*-a.e. on G X Xy. From Lemma 2.2, we see
N(¢*)ug € S. Applying Lemma 2.6 again, gb(Xt ,Xy) = op( Xy, Xy) = My — M, for all
t < ox\q,.- Moreover, we see (1p,uqa) * M); fo fXa (X, y)N(X,, dy)dH,. Therefore we
obtain the desired assertion. 0

Corollary 2.3. For ¢ € J*, there exists a K € MZ_ such that K, — K; = —1xxx(¢ +
&) (Xi_, Xy) for all t €]0, 00 Py-a.s. for ge. v € X.

Proof. This is clear from that ¢ € j\* implies 1xxx®, Lxxx® € Ja. O
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Remark 2.3. A similar argument of the proof of Theorem 2.1 yields

/\/lloc = {M | there exists {G,} € © and M™ e M9 such that
M, = M(n) for all t < ox\q, and n € N,P,-a.s. for q.e. v € X},

MO — (01| there exists {G,} € © and M™ GMd such that
M, = Mt ™) for all ¢ < 1g, and n € N,P,-a.s. for q.e. x € X}.

loc

These show ./\/lloC CM§,,. and MDAl CM loc- We also have the coincidences Mj,. =M,
and MOI0CT — Indeed, the inclusion M . M f10c Can be obtained in the same way of

loc loc
the proof of Theorem 2.1. The converse inclusion is easily confirmed from the continuity of

M eM§F,,. and P, (lim, o 0x\cz,, = 00) = 1 for q.e. . € X.

Next corollary is needed to assure the uniqueness of the generalized Fukushima decompo-
sition later.

Corollary 2.4. We have Moe N Nz fi0c = {0} and Mol NN = {0}.

loc

Proof. We only prove M,. N N, 10 = {0}. The proof of ./\/ll[[ocd[ N Neioe = {0} is similar to
this by replacing ox\p, with 75,. Take M € My, N € N f10e and suppose M; + Ny = 0
for all t € [0,00] P,-a.s. for q.e. € X. In particular, M is continuous. Let ¢ € J be the

jump function associated to M?. As in the proof of Theorem 2.1, we can construct a common
{Gy} € ©, M® Ej\o/l with its jump function ¢y 6f7 and N®) ¢ AN, such that M, = Mt(k),
N, = Nt(k) for all t < ox\@, Ps-a.s. for gqe. v € X, and ¢ = ¢, J*-a.e. on Gy x Xy. The
continuity of M yields ¢(X;—, X;) = 0 for all ¢ €]0, 00[ P,-a.s. for q.e. x € X. Then we can
conclude that ¢ (X;—, X;) = 0 for all t €]0, 0x\¢,] Ps-a.s. for q.e. € X by way of Lemma 2.6.
This implies that M) = MM P,-a.s. for gq.e. x € X. On the other hand, we see that

t/\UX\G t/\UX\G —
Mt(f(),x\ck_ + Nt(/\(),X\G = 0 P,-a.s. for q.e. z € X because Mt(k) + Nt(k) =0forallt € [0,0x\¢,[

P,-a.s. for q.e. x € X, Therefore we obtain

M N®

t/\O'X\G t/\O'X\G

=0 for all t € [0, 0] P,-a.s. for q.e. x € X.

Then we can conclude that M, = Ny = 0 for all ¢ € [0, o[ P,-a.s. for q.e. x € X in view of the
argument of the proof of the uniqueness of Fukushima decomposition as in Theorem 5.5.1 of

[10]. O

We define subclasses of M4 i . as follows:

M, ={M e Ml | ¢(-,0) =0 r-ae on X},
={MeM. |p=0Jae on X x X}.

loc

Then we have a similar statement as in Corollary 2.2. From this, we see that M & ./\/lloc,
N € Mj, implies (M, N) = 0 P,-a.s. for q.e. S X. Every M € M, is decomposed
to M = M¢+ M7 + M*, where M¢ € M, ., M7 € Mj,, M* € Mj _ have the properties

loc?

(Me, M7y = (M7, M*)y = (M* M) =0. For M € /\/l[[ <[ Wwith its jump function ¢ € 7, we can

loc
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consider M7 € MJ__ (resp. K € MJ, ) associated to 1xxx® € J (resp. —1xxx (¢ + &) € J),

where K is constructed in Corollary 2.3.

‘7"—1{,6 of Fiye as follows:

We introduce the subclasses F

Fle:={u€ Fioe | N(Lxwx(u(-) — u)*)py € S},
Fioi={ueF |ud) eRand (u(-) —u(d))* € S}.

loc

Clearly, ]:zToc and ]:z{)c are linear subspaces of ,7-'"106, and 1x,,1x € .7-";06 By Remark 3.9 of [3]

and k € S, we see F, U (.73;06)1, C .7-"1106 by regarding u(9) € R for u € Fioe. For u,v € .7:;;0
(resp. u,v € F (resp. wv € F

loc loc

Theorem 2.1, for u € F ), there exists a M*“? € M, (CM$,,.) (resp. M*“* €

loc loc

/\/ld7[0’<[) such that AM"* = Au(X,) for all t € [0, 00] (resp. [0,¢]) Py-a.s. for q.e. z € X.

loc
Moreover, we define

), we see uv € Fi

e ) provided u or v is bounded. From

(resp. u € Fj

loc

Floo= {u € Floe | for any compact set K, (u(y) — u(x))*J (dzdy) < oo} :

KxX

far={ueﬁh

u(0) € R and for any compact set K,/ (u(z) — u(9))*k(dx) < oo} .
K

Here Fi,. is the space of functions locally in F in the ordinary sense (see [10]). Clearly,
F o cF and F2 c FF  Forue Floe, U € }'ZTOC if and only if that for any compact set K

loc loc loc loc®
with its relatively compact open neighborhood G

/ (uly) — u(x))2J (dady) < oo.
KxGe

We see F, U (Fioe)s C Fr  because of J(K x G¢) < 0o and k(K) < oo (see Corollary 5.1 in

loc)

[15]), where K and G are noted as above.

Example 2.1. Let (£, F) be a regular Dirichlet form on L?(R") whose jumping measure .J
has an expression J(dzdy) = f(|x —y|)dxdy such that f is a Borel function on [0, co| satisfying

(2.8) / f(r)r¥dr < oo for some ¢ > 0.

For instance, relativistic symmetric a-stable processes satisfy (2.8) (see [6]). Then each co-

ordinate function f(z) := =z satisfies ¢, € F, (k = 1,2,---,N) under (2.8). Indeed,
for any compact set K and its relatively compact open neighborhood G with d(K,G°) =
inszK,yGGC T — y| > 07

/KXGC 10 (2) — £, (y)|2J (dzdy) < /

& = yI*f |z — yl)dydx
K JGe

[e.0]

_ |K\U(SN1)/ PN (r)dr < oo,
d(K,Ge)

where | K| is the volume of K and o(SV~!) is the area of unit sphere.
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3. NAKAO INTEGRALS

Now we are in a position to define an extension of Nakao’s divergence-like CAF of zero
energy and stochastic integrals with respect to it in our setting.

Let V¥ C N, denote the class of continuous additive functionals of the form N+ [ g(X)ds
for some u € F and g € L*(X;m). Nakao [21] constructed a linear operator I' from M into

N’ in the following way: For every Z € M, there is a unique w € F such that

[

1
(3.1) E(w, f) = §,LL<Mf+Mf,m7z>(X> for every f € F.

This unique w is denoted by v(Z). The operator I' is defined by
t (0]
(3.2) 0(Z); = NJP _/ v(Z2)(Xs)ds  for Z eM .
0

It is shown in Nakao [21] that ['(Z) can be characterized by the following equation:

1 1
(3.3) ltllr(I)l ;Eg.m T(Z2):] = —§,u<Mg+Mg,m,z)(X) for every g € F,.

Here Fp, := F N L>®(X;m). So in particular we have I'(M") = N* for u € F. Moreover, we
have the following:

Lemma 3.1. [t holds that T'(M") = N* for u € F..

Proof. Fix u € F, and let {u,} be an approximating £-Cauchy sequence such that u, — u
m-a.e. In view of the proof of Theorem 5.2.2 in [10], by taking a subsequence {ng}, {u,, (X:)},
M, and N,"* uniformly converges to u(X;), M and N} respectively on any compact subin-
terval of [0, 00[ P,-a.s. for q.e. x € X. From Theorem 3.2 in [21], by taking another subse-
quence, I'(M"") converges to I'(M*) uniformly on any finite interval P,-a.s. for q.e. x € X.
Since I'(M¥m) = N¥  we have ['(M") = N*. O

In the same way of Nakao [21] (cf. (3.13) in [3]), we can define a stochastic integral used by
the operator I': For M 6,/\0/1 with its jump function ¢ €7 and f € F. N L*(X; ), we set

(3.4) /0 F(X,)AD(M), == T(f * M), — %(Mf»c + MM+ M7+ K, t € (0,00

where (f * M), := [} f(X,-)dM, and K eM? with K, — K;~ = —1x.x(¢ + ) (Xi—, X0)
t €]0,00] P,-a.s. for q.e. z € X. (3.4) is well-defined under P, for q.e. z € X. In this paper,
we call the operator I' Nakao operator and the integral (3.4) Nakao integral.

Remark 3.1. (3.4) is consistent with the extension of Nakao integral developed in [3] up to
¢ under P, (see Theorem 6.3 in [16]).

For any M e M{ = MZC’EO’C[[, (in particular for M eM¢§,,.= M, ), (M) can be defined as

loc™ o]
an element in N, r5,.. To see this, we need the following lemma extending Lemma 3.4 in [21]:
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Lemma 3.2 (Local Property of T on M°). Let M e M¢ and G be a (q.e.) finely open Borel
set. Suppose that M; = 0 Py,-a.e. on {t < 75} for each t > 0. Then I'(M); = 0 for all
t € [0,0x\g| Py-a.s. for g.e. x € X.

Proof. By assumption, E.,[(M) i o] = Em[(M)ins;] = En[M7,] = 0 for each fixed ¢ > 0.
Then pi3(G) = 0 by Lemma 5.1.10(iii) in [10]. Let h € Fp for a closed set F' with F' C G.
Then puipmey (X \ G) = 0 by Lemma 2.4(1). From this, we have

H(nrhee M) (X)? < 2parmey (X ) pianry (G) + 24000y (X) piarney (X \ G) = 0.
Hence & (y(M),h) = 0 for any h € Fp with F C G. Since (£g, Fg) is a quasi-regular
Dirichlet form on L?(G;m), there exists an Eg-nest { F),} of compact sets of G (see Lemma 3.4
n [15]). From this, for any h € Fg, there exists hy € |J— | Fp, such that {hy} &}%-converges
to h as kE — oo. Therefore E(y(M),h) = 0 for any h € Fg, which implies I'(M); =
fo Y(M)(X,)ds = 0 for t < ox\¢ by way of Lemma 5.4.2(ii) in [10]. O

Let (M), (resp. (M .)as) be the subclass of Mloc associated to jk/ ~ (resp. Jas/ ~)
and (M [0 C[[)* (resp. (M [0, C[[) s) the subclass of J\/l ‘L associated to T.) ~ (resp. Tas/ ~).

loc loc

We say that M € (My.). (resp. M € (Moe)as) if and only if its purely discontinuous part
M4isin (M4, (resp. (MY .)as), and the classes (M[[O’C[[) and (MI°CD) | are similarly defined.

loc loc

For M € (Ml”fjf[[)* with its jump function ¢ € \Ik, let M¢ € ./\/llo[[co <[ be its continuous part
and take M7 € /\/l] associated with 1x,xp € J, and K € /\/l] constructed in Corollary 2.3
associated with 1XXX(<p +9) € T,

We shall extend I' over (/\/ll[[g(’f[)* and establish (3.4) for more general integrands and inte-

grators under PP, for q.e. z € X. To do this we need the following lemma:

Lemma 3.3. Take M € (M[[O’C[[)* with its jump function ¢ € J.. Let G be a (g.e.) finely

loc
open Borel set satisfying 1oxx¢, laxx® €J. Take f € Fo N L*(X; pry) and suppose that
f=0m-a.e. on G. Then we have T'(f*M), = $(M5c+ MM M +MI +K), fort € [0,0x¢|
P.-a.s. for g.e. v € X.

Proof. We show that for any g € (Fg)s

(3.5) lim Ilegm L(f*M), —

t—0

(M5 + M5 M+ M7 + K), | =0.

— N

Then we can obtain the assertion from (3.5) in view of the proof of Theorem 2.2 in [21] and

Lemma 5.4.4 in [10]. We know

1
11_1)18 _Egm [F<f * M = __/ f N(M9+M9” M>(dm>
So for (3.5) it suffices to show
(3.6) [ F@mase an(de) = = [ s e siode).
X

Noting fg = 0 g.e. on X and the derivation properties of continuous part and jumping
part of energy measures (see the proof of Lemma 3.1 in [21]), we see [, fdpnoc, are) +
fX gd,LL<Mf,c’Mc> = 0, fX fd/,L<Mg,j7Mj> —+ fX gd/uL<Mf,j’Mj+K> = 0 and fX fd/i(Mg,n’Mn> = 0, Wthh
imply (3.6). O
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Definition 3.1 (Extensions of Nakao Operators and Nakao Integrals). Fix M € (MI<hy,

loc

with its jump function ¢ € J. and f € Foe. Let {G\} € © be a common nest such that
f = fr m-a.e. on Gy, for some fi, € Fp, 1o xxp, la.xxp €J for each k € N. Set Ej :=
{v € X | E[f;% e 'g(Xy)dt] > 1/k} for g € L*(X;m) with 0 < g < 1 m-a.e. Then
e = k:Ex[fOTG’“ e tg(Xy)dt)N1 € Fg, satisfies 15, < e, < 1g, q.e. on X. In view of Lemma 3.3
in [15], we have {E}} € ©.

We now define

1 | |
P(M)s :=T(ep % M)y = (M + M9, M+ M7+ K)q for t € [0,0x,]

for each k € N P,-a.s. for q.e. z € X. For M € (M[[o,g[[)* and f € F.N L*(X; ), we set

loc
t
1 . .
/ f(X)dD(M)g =T (f x M), — §<va0 + MM M+ M7 + K), for t € [0, 00]
0

P,-a.s. for q.e. x € X. For general f € f}oe and M € (M[[o,g[[)* as above, we set

loc

/O t F(X)dD (M), := /O t( Fer)(X,)dD (M), for t € [0, 035,

for each k € N P,-a.s. for q.e. x € X. Note that fe;, € F,NL*(X; tuary) for each k € N. These
are well-defined for all ¢ € [0, oo[ P,-a.s. for q.e. € X in view of Lemma 3.3 and are elements

m JVe¢ f-loc-

For f € Fipe and M € (./\/l[[o’g[[)*7 we see

loc

37) [ xgar e, = (5« 20 = Jar5e are,

for all t € [0, 00] P,-a.s. for q.e. x € X, where I'(f x M), can be defined by way of Lemma 3.2.

Remark 3.2. (1) In [3], we define extensions of Nakao operators and Nakao integrals in
terms of time reverse operators, which are defined up to ¢ under P, and the Nakao

integral is also refined for integrator I'(M), M E/\c;l and integrand f(X) for f € Fio.
under P, for q.e. z € X. So the Nakao integral in Definition 3.1 is a pure extension
of this refinement. Though the condition on the integrator of our Nakao integrals is
rather restrictive than theirs described to be up to ( under P,,, it is defined for all time
under the law for quasi-everywhere starting points.

(2) The extensions of Nakao operators and Nakao integrals in [3] are consistent with our
corresponding notions up to ¢ under P, (see Theorem 6.3 in [16]).

The following lemma is needed to establish the generalized It6 formula.

Lemma 3.4 (Local Property of extended Nakao Integral). Take M € (MHO’CH)* with its jump

loc

function ¢ € J. and f € Fioe. Let G be a (g.e.) finely open Borel set. Suppose that f =0
m-a.e. on G. Then

holds for all t € [0,0x\¢| Py-a.s. for g.e. v € X.
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Proof. Let {E,} € © and e, € F be constructed as in Definition 3.1. Since fe, € F, N
L*(X; pory) and Lgrey )< x @, Licneyxx@ €J, we can apply Lemma 3.3 so that

t
/ (fer)(Xs)dI'(M), =0 holds for t € [0,0x\¢ A ox\5,[
0
P,-a.s. for q.e. x € X. Therefore we obtain the desired assertion. O

The following propositions are addendum (cf. Theorems 4.1 and 4.2 in [3]). We omit its
proofs.

Proposition 3.1. Take M € (M}[;)f“)* and f € Fioe. Suppose that L(M) is a CAF A of finite
variation on [0,([. Then

uéthYJdFUW)s—LAthY aA

holds for all t € [0,(] (for all t € [0, 00] provided M € (Mpe)«) Pr-a.s. for qe. x € X.
Proposition 3.2. Take M € (M[[O’C[[)* and f,q € Fipe. Then

loc

/Otg(Xs)d (/0 f(Xu)dF(M)u)s = /Ot(fg)(XS)dP(M)S

holds for all t € [0,¢[ (for all t € [0, 00] provided M € (Mioe)s) Pr-a.s. for g.e. x € X.

4. STOCHASTIC INTEGRALS BY DIRICHLET PROCESSES

Definition 4.1 (Dirichlet Processes). For M € (M¢1), we set A := M + I'(M), which can

loc

be defined by way of Definition 3.1. Note that A is defined on [0, oo P,-a.s. for q.e. x € X if
M € (My,.)+, otherwise it is only defined on [0, ([ P,-a.s. for q.e. x € X. For M = M" with

u € F., we see A = A% where A} = u(X;) — u(Xp). For M E,/\jl and each i = ¢,d, j, Kk, we
further set Al := M} + T'(M"), and write A% := A" if M = M*, u € F,.

We see A = A°+ Al = A+ AT + A for A = M—I—F(M),Mej\jl. By (2.3) and Lemma 3.1,
we have A" = A%¢ 4 A%d = AWe 4 A% 4 A%* for u € F..

Definition 4.2 (Stochastic Integrals by Dirichlet Processes). Take and fix M € ,/\jl For
[ € L*(X; paey), we set

/f ) o dAS = (f % M®); + T(f » M°),

for all ¢ € [0, 00[ Py-a.s. for q.e. . € X. For f € F. N L*(X; ), we set

/f ) o dM, : :(f*M)tJr%[Mf,M]t,

[ rxyaac=gean+ [ secman.
/f )odA, : /f odM+/f DT (M),
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for all t € [0,00[ P,-a.s. for qe. € X. We call (f*M) (resp. fot )dA)the Ito

integral of f(X) with integrator M (resp. A) and fo ) o dM, (resp. fo )odA,) the

Fisk-Stratonovich integral of f(X) with integrator M (resp A).

Remark 4.1. (1) For the definition of fo odMC for f € F.NL*(X; pney), we need
f € F., which is unnecessary to define fo ) o dAS.

(2) Our definitions of Fisk-Stratonovich type mtegrals are somewhat different from what
is found in Protter [22] or in Chapter VI of Meyer [20] except the case of diffusions.
The definition of fg f(X) o dM; in [22] or [20] is given by (f * M), + $(MFe, M),
which has an advantage to give a version of Ito’s formula in terms of their Fisk-
Stratonovich integrals (see II. Theorem 34, V. Theorems 20 and 21 in [22]), but it
only has a Riemann-sum approximation under that f(X ) and u(X ) have no jumps in
common (see V. Theorem 26 in [22]). Our definition of fo ) o dM admits such an
approximation in the framework of semi-martingales at least (cf Definition 3.9.21 in
[2] or Problems 9.12 and 9.13 in [11]). On the other hand, in [14], there is a different
way of the definition of Fisk-Stratonovich type integrals if the underlying process is a
solution of an SDE. Our definitions are also different from theirs.

Now take a jump function ¢ € J associated to a given M € M,.. We set for each ¢ € N

MM =" (X, X)) — /O tN(w)(Xs)st.

0<s<t

In the same way of the proof of Lemma 2.5, if M E/\jl, then

e =M™ =5 [ [ PN dpunda).
Xo

The stochastic integrals f % M% and f % M% for M € My, with f € Fioe N LA(X; f(aray) and
f(9) = 0 belong to /\O/l, and satisfy that

(M) = 3 F(Xo el X, X) /f o) (X)L,

0<s<t

holds for all ¢ € [0, o[ P,-a.s. for q.e. z € X and
e(f « M* — fx M) = / fi(x / & () Vo<1 N (@, dy) i (dz).
Xo

Lemma 4.1. (1) Take M € My, with its jump function ¢ € J. Then for g € Froe N
L*(X; ppgay) with g(9) =0,

(4.1)

[(g* M%), = /Nlmx(gw 9<P£))(Xs)st+/0 9(Xs)pe(Xs, 0)N (X, {0})dH
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holds for all t € [0, 00[ Py-a.s. for q.e. x € X. Moreover, for f € FeN L*(X; puginrasy),
(4.2) / F(X)dT (g + M*), / J(X)N (Xxxx (900 — 990))(Xs)dH

/ (X)) g(X.)oe(Xo, OYN(X,, {0))dH

holds for all t € [0,00] Py-a.s. for q.e. v € X. More generally if M € M
jump function o € J, then for M?* € M] . with its jump function 1xxxpr € J and
9 € Froe N L*(X; priapiy) with g(d) =0,

0T yith, its

loc

(4.3) L(g+ M), = /N Lxxx(gpe — g90))(Xs)dHs

holds for all t € [0,00[ P,-a.s. for g.e. x € X, and for f € F.N L2(X;,u<g*Mj,e>),

(4.4) / F(X,)dT (g * M7, / F(XONAxxx (90 — 590))(Xs)dH,

holds for all t 6 0,00[ P,-a.s. for g.e. x € X.
(2) Take M € (M), and K' € Mi_ associated with —1x,x (¢ + @7) € J.. Then for

loc

g e ,7:100 NLA(X; Py ) with g(0) = 0, we have

(4.5) D(g * KY), = / N(Lxux (g — g) (e + 70))(Xo)dH,

holds for all t € [0,00[ Py-a.s. for g.e. x € X. Moreover, for f € Fo N L*(X; fgurce)),

46) [ FO0 K = 5 [ SN Lo - o)+ ) (X,
holds for all t € [0, 00[ P,-a.s. for g.e. x € X.

Corollary 4.1. Take M € (./\/l[[o’d[)* and f € Fioe. Let K be an element in (MZ.), associated

loc

with —1xxx(p + @) constructed in Corollary 2.53. Then we have that

/Otf(Xs)dF(K)s _0

holds for all t € [0,00] Py-a.s. for g.e. x € X. In particular, T'(K); = 0 for all t € [0, 00]
P.-a.s. for g.e. v € X.

Corollary 4.2. Take M E,/\O/l with its jump function ¢ 6‘;. Let K* be an element in M7
associated with —IXXX(W + @), Set A = pdt + le' Then we have

—dt
Ay 25 D (e =P (Xo, X)Ly + (X, 0)1pingy

0<s<t

holds for all t € [0,00[ Py-a.s. for q.e. x € X. Moreover, for f € F,N L*(X; fhnrdy)

/ f Z f SO@(‘XS , Xs )1{S<C}+f(XC )@Z(XC 78>1{t>4}

0<s<t
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and
‘ _ X))+ (X)) o0 — Bi
/Of(XS_) odA = Y I/ )+2f( ) o P (X om, X Lgeqy + F(Xe )Xo, 0)1(ngy

2
0<s<t

hold for all t € [0, 00] Py-a.s. for q.e. v € X.

Proof of Lemma 4.1. We only prove (4.1). The proofs of (4.2), (4.5) and (4.6) are similar.
(4.3) (resp. (4.4)) is clear from (4.1) (resp. (4.2)). By (3.3), for h € F

1 1
lim -E,.,, [F(g * Md’é)t} = ——/ g dpiiarns vty —/ G dphnghm sty
tl0 t 2 X X

- /X h(z)(ge — T20) (2, ) T (dedy) + /X h(x)g(x)pe(z, )r(dr)

x X

1

= 5/ hN(1XxX(9W—9_<Pe))dMH+/ hgN (1xx{oype)diim.
X X

Therefore, by Theorem 2.2 in [21], we have the desired assertion. UJ

Proof of Corollary 4.1. Let {Gy} € © be a common nest such that f|g, € Fplg, and 1g, xx ¢,

1g,«xx® €J for each k € N. Let {E,} € O be the nest and let e, be the function constructed
through {Gy} as in Definition 3.1. Replacing f with fey, it suffices to prove the assertion for
the case f € (Fg,)p in view of Definition 3.1. For f € (Fg, ), we have that

[ #OR )T = 1)+ G0 8

holds for ¢ € [0, 0o P,-a.s. for q.e. # € X. From Lemma 4.1, we have I( f«K*)+4 (M7 K*), =
0 holds for ¢ € [0, 0o[ P,-a.s. for q.e. z € X in view of Theorem 2.2 in [21]. On the other hand,

we see f*K,f*Ké,lgj * K, 1g, x K* E/\jl for 7 > k with
e(f* (K —K") <|fll2e(lg, = (K — K%)= 0, { — oc.

Hence we obtain the assertion in view of Theorem 5.2.1 in [10] and Theorem 3.2 in [21]. [

Proof of Corollary 4.2. Since K* E/\(;t, we have from Corollary 4.1 that T'(K*); = 0 holds for
t €10, 00[ P,-a.s. for q.e. z € X. Note that M®* + %Kf is given by

Pe — Yo
> 5 (Xomy Xo)Lscq + 9e(Xe—, O) 12y

0<s<t
! Ye — P !
_ / N <1XXX 5 > (Xs)dH, — / 0o(Xs, 0)N (X, {0})dH,.
0 0
Then we obtain the assertion in view of Lemma 4.1. [l

Definition 4.3 (Extensions of Stochastic Integrals by Dirichlet Processes). For M € (M)«
with its jump function ¢ € J, and f € L*(Gy; puey) for each n € N and some {G,} € O, we
define

/o f(Xs)odAS = (f+« M), +T(f % M°),.
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for all ¢ € [0, oo P,-a.s. for q.e. x € X. Moreover 1ff€.7-"10C with f(0) = 0, we define

/f Yo dM, : /f M, £+ [f(X),M]t,

/ F(Xo)dA, = / F(X. )dM, + / F(X)dD(M).,
/f o dA, /f odM+/f Ddr(M),

for all ¢ € [0, 00[ Py-as. for q.e. x € X, where [f(X), M]; := (M}¢, M), + >, (f(Xs) —
f(Xs2) (Mg — M,_). For M € (MES;C[[)* with its jump function ¢ € J, and f as above these

are defined for all ¢ € [0, ([ P,-a.s. for q.e. z € X. We can define fot f(X,)dA,, fo ;) odA,
for A:= A+ %K by replacing M with M + ;K. Note that T'(K) = 0.

Hereafter we use the following convention; let f € F,. with f (0) = 0 and take ¢, :
Xy x Xg — R vanishing on the diagonal such that |¢| < M|i| on X x X for some M > 0
and Y, V¥ (Xs—, X,) < oo for all t € 0,00 Py-as. for q.e. © € X. If there exist a nest
{G,} € O such that f|g, € Fi|g, for each n € N and a subsequence {{;} depending only

on {Gn}, f, ¢ and ¢ such that ¢t — > f(Xs )o(Xso, Xo)1{p(x.  x.)|>1/6) converges
uniformly on each compact subinterval of [0,0x\¢,[ for each n € N as k — oo Pg-a.s. for
g.e. ¢ € X, then we shall denote its limit by

S HX) (X, XL).
0<s<t

Note that if ¢t — > __, f(Xs2)o(X,—, X,) absolutely converges uniformly on each compact
subinterval of [0, 00 P,-a.s. for q.e. # € X, then we can eliminate the symbol * from the
above sum. We shall use > [, (f(X,) + f(Xo))o(Xs—, X,) and D7, ¢(X,—, X) in a similar
fashion. -

We then have the following:

Theorem 4.1. Let [ € Fio. and suppose that f is extended to be a real-valued function on
Xo with f(0) = 0. Take M € (Mio). with its jump function p € T, and set A:= A+ 1K =
M+T (M) + %K where K € (Mioe)« associated with —1xyx (¢ + @) € J.

= A; + Z 1X><X

0<s<t

/f dA_/f ) dAS+ S (X)L D

0<s<t
+f(X S)e(Xe—, )1y,
/f ) o dA, _/f yodas 4 Y AKNHIXS), 0Py, x,)

2 2
0<s<t
+ (X )e(Xeo, 0) >0y

Xs 7X ) + QO(Xg_, a)l{tZC}’

— P (X, X,)

loc

function ¢ € T, these expressions hold for t € [0, ([ Py-a.s. for g.e. x € X.

hold for all t € [0,00[ Py-a.s. for q.e. x € X. More generally, for M € (M[[O’C[[)* with its jump
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Proof. First we assume M 6./\0/1 and f € F.NL*(X; puqary)- Since fxM®¢ converges f+M? in (j\c;l
,e) as £ — oo, there exists a common subsequence {3} such that f* M%% (resp. ['(f* M%)
uniformly converges to f * M? (resp. I'(f * M?)) on each compact subinterval of [0, 00| P,-
a.s. for q.e. v € X by Theorem 5.2.1 in [10] and Theorem 3.2 in [21]. On the other hand,
M4t also converges M in ( M e), which yields that there exists a subsequence {f;} such
that [M7d M3%] (vesp. (M7, M%*%)) uniformly converges to [M/4 M) (resp. (M7 M%)
on each compact subinterval of [0, co[ P,-a.s. for q.e. x € X. Therefore, for such subsequence,
f(f f(XS_)de’Ek (resp. fot f(XS_)dZZ’Zk) uniformly converges to f(f f(XS)ode (resp. fot f(Xs)o
de) on each compact subinterval of [0, co| P,-a.s. for q.e. z € X. So the conclusion holds by
Corollary 4.2. For general M € (M) (resp. M € (M[[O’q[)*) with its jump function ¢ € J,

loc
(resp. ¢ € J.), the assertion is clear from Lemma 3.4. O

Recalling Theorem 2.1 and the last description of Section 2, for u € ]—'lioc (resp. u € .ﬁt}c)
there exists an M"* € M (CM{,,,) (resp. M*% € Md’[[O’C[[(CMZOC)) such that M — M4 =

loc

u(Xy) — u(X;-) for all t € [0,00] (resp. [0,(]) P,-a.s. for q.e. € X. By Lemma 2.4(1), we

can define M"¢ € Mg, =Ms,,, for u € Fipe 5 M 1= M for t < ox\, for some
{G,} € © and u, € F such that u = u, m-a.e. on G,, for each n € N (see Remark 2.3).
Put A"¢ := M™¢ + ['(M*"°) for M™¢, which can be defined by way of Lemma 3.2, and
Awd = Mwd + T (M) for M*“? which is defined by Definition 3.1.

Corollary 4.3. Take f € Froe and u € .7:;00
function on Xy with f(0) :=0. Then

(4.7) / FXeydAs = 37 FX ) ((X,) — u(X.0)),

0<s<t

(13) / Fx)odard = SYIED TN ey, )
0<s<t

hold for all t € [0, 00] Py-a.s. for g.e. x € X. Similarly

(4.9) APt =3 (w(X,) — (X))

0<s<t

Suppose that f is extended to be a real-valued

hold for all t € [0,00[ Py-a.s. for q.e. x € X. More generally, if u € ]:ZTOC and f € Fioe is only
defined on X, then all assertions above hold for allt € [0,([ Py-a.s. for q.e. x € X.

Owing to (4.9), we can obtain a generalized Fukushima decomposition for u € F, f

loc*

Theorem 4.2 (Generalized Fukushima Decomposition). For u € .7-"1100,
A" defined by A} = u(X;) — u(Xo) can be decomposed as

A" = M" + Nua M" e Mloca N" € -/V’c,f—loc
in the sense that A = M*+N¥, t € [0, 00[ Py-a.s. for q.e. x € X. More generally, if u € F|

loc?

the additive functional

then A" is decomposed as

At = M"+ N", M" € ML N* € Nojoe

loc >
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in the sense that A} = M} + N, t € [0,(] Py-a.s. for q.e. x € X. Such decompositions are
unique up to the equivalence of (local) additive functionals.

Proof. The uniqueness is proved in Corollary 2.4. We shall only prove the existence in the
first assertion. We set M* := M%“ + M*“? € (Mjpe)as and N* := T'(M") € N, fi0c, Where
M®¢ and M*? are defined above. Take {G,} € © and {u,} C F, such that u — u(d) = u,
m-a.e. on G,. Then (4.9) implies that for ¢t € [0,0x\¢, [

w(X) — u(Xo) = wn(X) — wn(Xo) = AP+ APt = A9 4 3 (un(X,) — un( X))
0<s<t
u,c * 49 u,c u U u
= A Y (lX,) — u(X) B AP APt = M4 T (M),

0<s<t

P,-a.s. for q.e. x € X. O

Remark 4.2. (1) We emphasize that 1y, does not satisfy 1y,(d) = 0. So we can not
deduce (4.9) from (4.7), (4.8).

(2) For f € Fioe with f(8) =0 and u ¢ F, , we have no way to define M*?, T'(M*?) and
stochastic integrals with respect to them. However, we can define the left hand sides
of (4.7), (4.8) keeping the same expressions as they have.

(3) In Theorem 4.2, M* for u € F; (resp. u € F, ) can be decomposed to M =

M4+ M + M"" t € [0, 00[ (resp. M} = M“**+ Mt € [0,([) Py-a.s. for q.e. z € X,

where M%i € Mi i =c,j,k (resp. M € MEOCE ppud ¢ pqhI0<T),

loc loc

Now we expose a generalized [to formula in terms of our stochastic integrals.

Theorem 4.3 (Generalized It6 Formula). Suppose that ® € C'(RY) and take u = (uy, - -+, uy)
(Froe)Y having an RY -valued extension on Xp. Then

(1) ®(u) € Fioe and for each k=1,2--- N, ®(u) € L} .({Gn}; pparuney) for some
{G,.} € O, where &), := = and

CE

(4.10) Z / ®p(u(X,)) o dA™*

holds for all t € [0,00[ Py-a.s. for g.e. x € X. If we further assume ® € C?*(RY),
then for each k,0 =1,2,--- | N, ®p(u) € Fioe, Pre(u) € Ly ({Gn}; tiipauney) for some
{G,} € ©, where ®py := 22 and

Ox0xy’

N

(1) A Z/% MC§Z/EM%wwwwwn

ke=1"0

holds for all t € [0, 00[ Py-a.s. for g.e. x € X.
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(2) Suppose u € (F. )N and ® € C*(RN). Then ®p(u) € Fipe for each k =1,2,--- | N.

Moreover if we assume ®(u) € .7:;00, then
(4.12)
N
AP Z / Op(w(X ) dAT +) (A(I)(u(XS)) - Z@k(u(Xs))Auk(Xs)>
s<t k=1
(4.13)

s<t k=1

holds for all t € [0,00[ Py-a.s. for g.e. x € X, where the last terms in the right hand
sides are absolutely convergent uniformly on each compact interval of [0, 0o Py-a.s. for
g.e.x € X. If we replace ]-"lioc with ]-ZTOC in the above conditions, then the formulas (4.12)

and (4.13) hold only on [0,([ Py-a.s. for q.e. x € X without assuming the RY -valued
extension of u on Xy.

(3) Under the same conditions in (2), we have ®y(u) € Fige for each k =1,2,--- | N and

(4.14)
<I>(u Z/ Cbk Auk+ Z/ (I)ké Mu’“c M e c>
k[ 1
+ Z (A‘D(U(Xs)) - Z‘I)k(u(Xs—))Auk(Xs))
(4.15) )

holds for all t € [0,00[ Py-a.s. for g.e. x € X, where the last terms in the right hand
sides are absolutely convergent uniformly on each compact interval of [0, 0o Py-a.s. for
g.e.x € X. If we replace .7-";;0C with .7-";06 in the above conditions, then the formulas (4.14)

and (4.15) hold only on [0,([ Py-a.s. for q.e. v € X without assuming the RY -valued
extension of u on Xjy.

We call (4.14) the Ité formula for It type integrals and (4.15) the It6 formula for Fisk-
Stratonovich type integrals.
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Corollary 4.4 (Chain and Leipniz Rules for Purely Discontinuous Part). Under the same
conditions as in Theorem 4.3(2), we have that

(4.16)
<I>(u)d Z/ Oy (u Mukd+2( Z Auk(Xs))
_ {Z ( Z Auk(Xs)>}
(4.17) _ _
= /0 Oy (u(X,)) o dMI +> (A(I)(u(Xs)) -2 P zq)k(U(XS_))A“’“(XS))
- {Z <M><u<xs>> - Z@k<u<xs_>>Auk<Xs>>} ,
(4.18) 7
(MR, Z/O Oy (u( X)) dT (M), + {Z (ACD(U(XS)) - Z‘I’k(u(Xs—))Auk(Xs)> }

hold for all t € [0, 0] Py-a.s. for q.e. v € X, where BY denotes the dual predictable projection
of By for an AF B. If we replace F'  with ]—"T in the conditions, (4.16) and (4.17) hold only

loc loc
on [0,¢[ Py-a.s. for q. €. x € X without assummg the RN-fualued extension of u on Xgo. In

particular, for u,v € Fi  (resp. u,v € Fp.) with wv € F,._ (resp. uv € Fi. with u(d) =
v(d) =0),
¢ t
(4.19) Mt = / w(Xs_) dM>? + / V(X ) dM® 4 [M™4 MY, — (M MY,
0 0
¢ ¢
(4.20) = / u(X,_) o dM>* + / v(X,_) o dM®® — (M™ Mv?),,
0 0

(4.21)  T(M™), = / tu(Xs)dF(M”’d)s + / tv(Xs) dD (M™%, + (M™ MY,

hold for all t € [0,(] (resp. t € [0,00]) Py-a.s. for q.e. v € X.

Corollary 4.5 (Fisk Stratonovich Integration by Parts Formula). Foru,v € Fj  (resp. u,v €
! ) with uwv € F_ (resp. wv € Fi_ with u(d) = v(d) = 0),

loc loc loc

(4.22) u(Xy)v(Xy) — u(Xo)v(Xg) = /tu(XS) odA? + /tv(Xs) odAY.
0 0
holds for all t € [0, ([ (resp. t € [0,00]) Py-a.s. for g.e. x € X.

Remark 4.3. (1) In [3], we prove a generalized Ito formula for u € (F)Y under the law
for quasi everywhere starting points, extending the early result by Nakao [21]. Our It
formula can be applied to wider class of integrators than that in [3].

(2) In Theorem 4.3(2), if u € ((Fioe)s)™ with u(d) € RN, & € C2(RY), then ®(u) € Fi

loc*
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(3) ®p(u) € Fioe does not necessarily satisfy @ (u)(d) = 0. So the integrals appeared
in the first terms of the right hand sides of (4.11)—(4.14) should be understood to be
modified, for example, [7 @4 (u(X,))dA% should be understood to be [} (®y(u(X,)) —
O, (u(9)))dAL + Py (u(D)) A"

(4) Comparing with (4.10), the case for diffusion part, our It6 formulas (4.13) and (4.15) for
Fisk-Stratonovich integrals are not so simple. This phenomenon can be found in the Ito
formula for Fisk-Stratonovich integral exposed in II. Theorem 34 and V. Theorem 21
of [22] in the framework of semi-martingales. We emphasize that the expression of the
second term (denoted by C}) of the right hand side in (4.15) is different from theirs
(that is, the third term of the right hand side in (4.14), which is the usual expression
of the Itd6 formula for purely discontinuous part). Note that C; is an odd additive
functional, that is, for each ¢ > 0, Cy oy + Cy = 0 P,,-a.e. on {t < (}, where r,; is the
time reverse operator. Hence the both sides in our formula (4.15) possess this property,
which is not yielded by the It6 formula in [22].

(5) In Theorems 4.1, 4.3, Corollaries 4.3-4.5, we do not require the strict £-quasi-continuities
of f, u and v. If we do not impose the condition that such functions are extended on
Xy and vanish on {0}, or if we only assume that (€, F) is not necessarily regular (i.e.
quasi-regularity only holds), then all assertions are restricted to “for all ¢ € [0, ([ P,-
a.s. for q.e. z € X”7and each convergence of the right hand side is uniform on compact
subinterval of [0, ([ P,-a.s. for q.e. z € X.

(6) In [9], an It6 formula for a general multi-dimensional process with finite quadratic
variation is presented, but the formula like (4.15) is not exposed in [9].

(7) As noted in Remark 4.2, even for u ¢ (F, )N, we can define the first terms in the right
hand sides of (4.12), (4.13), (4.14) and (4.15). So the formulas hold in this setting
without using stochastic integrals with respect to M4, T'(M*%). So the conclusion of
Corollary 4.5 also holds for u,v € Fj,. with u(0) = v(0) = 0 in this context.

Proof of Theorem 4.3. (2) is a consequence of (1) and (3). We firstly prove (1). The for-
mer assertion of (1) follows from Theorems 6.1 and 7.2 in [15]. Note that M®®:e Mfuee ¢

e zj\ch_lgc and T'(M®®<) T(M™e) N 1oe» Which are defined on [0, o[ under P, for
g.e. x € X. The formula (4.10) can be obtained from the chain rule for continuous part of
MAF:

N t
(4.23) 2P [ Buu(x
k=10

for all ¢ € [0,00[ P,-a.s. for q.e. € X (see Theorem 7.2 in [15]). The latter assertion of (1)
also follows from Theorem 7.2 in [15] and (3.7).

Next we prove (3). Applying Theorem 6.1 in [15] to ®; € C*(R") again, we have ®y(u) €
Fioe for u € (F} )N, (4.14) is proved by Nakao [21] for the case u € (F)N. (4.15) for u € (F,)N

loc

also follows from (4.14) for u € (F,)" and that for each k =1,2,--- /N

¢ t
1
/ P (u( X)) 0 dM™" = / i (u( X)) AM P o S[M P, ey

0 0
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for all ¢ € [0, 00[ Py-a.s. for q.e. z € X. (4.14) and (4.15) for general u € Fp_ (or u € F} )
hold for all £ € [0,00[ (resp. t € [0,¢[) P,-a.s. for q.e. x € X in view of the both of local
properties of stochastic integrals by M%< and I'(M"“?) (see Lemma 3.4). O

Example 4.1 (Symmetric Lévy Process on RY). Let M = (0, X;, (,P,.) ey be the symmetric
Lévy process. That is, M is a time homogeneous additive process determined by a family {v;}
of probability measures on RY satisfying (4.17), (4.18) and (4.19) in [10]. Let (&, F) be the
corresponding Dirichlet form on L2(RY). Then (£, F) is given by

{ E(u,v) = [on w(€)T(E)P(E)dE,
F = {ue L*(RY) | [on a(§)P(£)dE < oo},

where (§) = W Jen €€Pu(z)dz and ¢(z) is the function determined by Eo[e¢*] =

e~ We assume that M is purely discontinuous, namely v has the following expression

w(©) = [ (1= costemtan),

where v is a symmetric measure on R \ {0} such that [gx, (o, (I€]* A 1)v(d€) < oo, which is

called the Lévy measure of M. We see Cy*(RN) € F, hence CLP(RYN) C Fige, because, in
view of Corollary 7.16 in [1],

1+ 9(€) <c(l+]¢P) "¢ e RY

for some constant ¢ > 0. Here Cy™*(RN) (resp. C)P(RN)) is the family of Lipschitz continuous

functions with compact support (resp. locally Lipschitz continuous functions) and Fj,. is the
space of functions locally in F in the ordinary sense (see [10]). Further (£, F) is a regular
Dirichlet form having C5°(RY) as its core (see [24]). Define N(z, A) := v(A—=z), N(z,{0}) =0
for A € B(RY), x € RN and H; = t. By Theorem 19.2(i) in [23], we have

N(z,A) =E,

Z 1A(Xs - Xs—) A€ B(RN)v

0<s<1

hence (N, H) becomes a Lévy system of M (see also §7 in [13]). By Corollary 4.3, we have
that for any u € CLP(RN)

loc
w(X) —u(Xo) = > (u(X.) — u(X.))

holds for all ¢ € [0, ([ P,-a.s. for q.e. x € RY. Further we assume v(dy) = f(|y|)dy, where f is
a Borel function satisfying (2.8). Let u € CMP(RY). Then

sup/ (u(z +y) — u(z))*v(dy) < oo for any compact set K,
zeK JRN

hence u € JEZTOC Therefore u admits the generalized Fukushima decomposition.

Example 4.2 (Symmetric Stable Process on RY). We fix a €]0,2[. Let M = (Q, X;, P,),crn
be a Lévy process on RV with
Eo [/ HEX0] — o~tl",
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M is called the symmetric a-stable process. It is known that M is conservative. Let (£, F) be
the associated Dirichlet form on L2(RY) with M, which is given by

Eu) — -—Ofb/)LNXRN 1%9))$ﬁi2-—14y))dxdy7

(4.24) |z - y( )2
F {u€L2 (RM) ‘// dxdy<oo},
RN xRN ’35 — y|Nte
where A(N, ) := %, 7 < N. The Lévy system (N, H) of M is given by N(x,dy) :=

A(N, —a)|z — y|"WN+¥dy and H; = t. So puy(dr) = dr. Hence J(dxdy) = f(|x — y|)dxdy for
f(r) == A(N,—a)r~N== r > 0. Note that f does not satisfy (2.8). Take 3 € [0,a[. Assume
that N > o, hence {0} is polar, and take u € C*(RV\{0})NC%#/2(RN). Here C%%/2(RV) is the
family of 3/2-Holder continuous functions on RY. For example, for a function F' € C'([0, ool)
with bounded derivative F' u(z) := F(|z]|%?) is a function in C*(RM\ {0})NC%%/2(RN). Then
ue Fl = F! . Indeed, the polarity of {0} implies C'(RY \ {0}) C Fio. and we have that
for any compact set K(C R™ \ {0}) with its relatively compact neighborhood G(C RN\ {0})
satisfying d(K, G°) : 1nfx€K yege |t —y| >0

u(y)) ‘K‘Huuéo,ﬁ/zU(SN_l)
dl‘dy < < 00,
//K><Gc |x A

—y[re — (a = P)d(K, Ge)
equivalently
_ 2
JI R .
KxrN | —y[Ne
where |K| is the volume of K and |lulcosz = sup,, % Therefore u admits the

generalized Fukushima decomposition.
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