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Abstract

Let (X¢,t > 0) be a continuous time simple random walk on Z¢ (d > 3), and let
Ir(x) be the time spent by (X¢, ¢ > 0) on the site  up to time 7. We prove a large
deviations principle for the g-fold self-intersection local time It =) ;4 l7(x)? in the
critical case ¢ = d%‘g. When ¢ is integer, we obtain similar results for the intersection
local times of ¢ independent simple random walks.
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1 Introduction

Position of the problem.
Let (X;,t > 0) be a continuous time simple random walk on Z? whose generator is

denoted by A (where A f(z) 2 > ya(f(y) = f(2))). Let

Ir(z) = /0 U (X.) ds.

The quantity of interest in this paper is the so called ¢-fold self-intersection local time

IT = Z lT(l’)q .

xC€Z4

When ¢ is integer, then
Ir = (]!/ OX, =X y==X,, AS1 - dsg,
0<s1 < K5y <T
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which measures the amount of time the random walk spends on sites visited at least g-times.
Quantities measuring how much a random walk does intersect itself, such as the range of
the random walk, or the self-intersection local time, appear in many models in physics. Far
from being exhaustive, we can cite the Polaron problem (see for instance [17, 30]), models
of polymers (see for instance [8, 38, 39, 40]), or models of diffusion in random environments
([4, 7,11, 12, 24, 25]). Partly motivated by the understanding of these models, many studies
have been devoted to such quantities for more than twenty years. To describe the known
results, we focus on Ir in the case ¢ = 2, where the literature is more complete, and we
refer the reader to the monograph [15] in preparation for a very complete exposition of the
subject, including results on the range, or intersection local times of independent random
walks.

Regarding the typical behavior of Iy for large T, the results depend of course on the
dimension d, and of the transience/recurrence of the random walk. They are summarized
in the following table, where +; and 7y, are respectively the intersection local time and
renormalized intersection local time of the Brownian motion up to time 1, and o(d) is a
constant depending on the dimension d:

References

[9, 10, 13, 33]

Convergence in law

d | Order of E(Ir)
(4)

T3/ I—E - N
T2
Ir—E(Ip) (d)
=2t
(d)

—

T'log(T)
d>3 T

19, 27, 28, 34, 37]
14, 21, 22]

L
Ir—E(Ir)
v/var(Ir) N(O,1)
o(3)Tlog(T) sid=3
var(lr) ~ { o(d)T sid>4

Table 1: Typical behavior of I for ¢ = 2.

Once we know the typical behavior, on can ask for untypical ones, i.e. for the large
and moderate deviations for I7. In many models, such as the Polaron problem or polymers
models , this is actually the question of interest. The table below is an attempt to summarize
the results for ¢ = 2, achieved in recent years concerning this problem.

d Pl — E(I7) > b3 value of by References
d<2 | exp —WT%@”) 2% < 12 < T? 13, 30, 29, 6]
b4
d=3| exp (‘Whm) VTlog(T) < b2 < /Tlog(T)*2 [15]
exp <—WT%b§/d) VT log(T)32 < b2 < T? 2, 15]
d=4 exp <—%> VT < b3 < /TloglogT 23]
d>5 exp <—% VT < b3 < /TloglogT 23]
exp (—c(d)br) T<bh<T? 1, 4]

Table 2: Large and moderate deviations results for I for ¢ = 2.




In table 2, k.(2,d) is the best constant ¢ in the Gagliardo-Nirenberg inequality:

_d d
¥d <3,3c €)0,00[, 5.t Vf R R fIl, < el fll, VA

while ¢(d) is an explicit constant related to discrete variational inequalities.

So the picture is now almost complete, except for the dimensions d > 4. Note the
coexistence of two different regimes in dimensions d = 3 and d > 5. The first one is
an extension of the central limit theorem describing the typical behavior, the second one
corresponds to the same pattern than in dimension d < 2. To understand it, we give some
heuristics in the general case for g, where we want to control P [I; — E(I7) > bl]. For Ir
to be atypically high, one possible strategy for the random walk is to remain during a time
7 < T, in a box of size R. If 7 > R? this event has a probability of order exp(—7/R?).
If 7> R? one can expect that on the box of size R, the local time [.(z) is now of order
7/R?, so that I has increased of an amount of order 7¢/R9~Y = p%. Hence 7 = by RYY
where ¢ is the conjugate exponent of ¢q. Therefore, this strategy has a probability of order
exp(—brRY4=2). The best choice for R is now the choice that maximizes exp(—br R4 ~2),
under the constraint 7' > 7 > Rmax(2d)

e If d < 2¢ or equivalently ¢ < ﬁ, the bigger is R, the bigger is exp(—bpRY9~?), so
that the best strategy for the random walk to make Ir of order b%, is to remain all the
time 7" in a ball of radius of order (T'/br)?/¢, leading to the result of table 2 for d < 2

and the second regime in d = 3.

e If d > 2¢/, the smaller is R, the bigger is exp(—brR%7~2), so that the best strategy
for the random walk to make I of order b%., is now to remain during a time 7 of order
br in a ball of radius R of order 1, leading to the second regime of table 2 in d > 5.

e The case d = 2¢' is critical. In that case exp(—bpR%9~?) does not depend on R, so
that whatever the order of R, 1 < R < +/T/br, the strategy consisting to remain a
time 7 = by R? in a ball of size R has a probability of order exp(—br). The critical
feature of d = 2¢’ is also reflected in the fact that the Gagliardo-Nirenberg inequality
appearing in the results for d < 2¢/, is now replaced by the Sobolev inequality. For
these reasons, there is no result concerning the large and moderate deviations of I for
d=2q.

Main results.

This paper is a contribution to the large and very large deviations for I in the critical
case d = 2¢'. By large deviations, we mean deviations of the order of the mean FE(Ir), and
by very large, we mean deviations of order much larger that the order of the mean. When ¢
is an integer (i.e. when d = 3 and ¢ = 3, or when d = 4 and ¢ = 2), we obtain also similar
results for the mutual intersection Q)7 of ¢ independent random walks (Xt(i); t>0,1<i<gq),
defined by:

q
_ () _
=3 [[Ww) = | St sty

rezd i=1 0<s1,,8¢<T



where l( f 0z ( . To state our main results, we introduce some notations. For
any functlon f: 74 R Hpr is the I, norm of f (|[f[|} = > cz¢ [f[P(x)), and V[ is the
discrete gradient of f (for all j € {1,---,d}, for all z € Z9, V, f(x) = f(x + ¢;) — f(x)).

Proposition 1 : Ford > 3, let Cs(d) €]0; +00] be the best constant in the discrete Sobolev’s
inequality:

Vf el (Z%), |If]l 20 < Cs(d) |V, -

1. Exponential moments for Ir.
Let d > 3, and let ¢ = 7%

1
[qu Lbr <T, VO €0 [, limsup — log F [exp (9[71/(1)} =0. (1)

1
02( ) T—o0 bT

Ifl<br<T, V0> —— hmmf—logE[exp <9[ )] =+00. (2)

1
C2(d)’ Tow by

2. Exponential moments for Qr.
Assume that d =4 and g =2, ord =3 and q = 3.

[fTi <br <T, V0 €0

c2(d) [ lizr}ljip % log E |:eXp <€Q;/q)] —0. (3

Fl<br<T, V0> -1 11m1nf—10gE[exp<0Q ﬂ——i—oo. (4)

CQ(d) T—oco by

From proposition 1, it is straightforward to obtain very large deviations upper bounds for
I and Q1. However, due to the degenerate form of the log-Laplace of ]%/ ? the corresponding
lower bounds are not a direct consequence of proposition 1. These lower bounds are actually
the main statement of the following theorem.

Theorem 2 : Very large deviations.

1. Very large deviations for IT

Assume that d > 3, ¢ = and T > bp > T4,

=t
hm —logP [Ir > bl] = ! . (5)
T—o0 by - C3(d)

2. Very large deviations for Qr.
Assume that d =4 and ¢ =2, or d =3 and ¢ = 3, and that T > by > T4,

1
lim > log P[Qr > 1] = |
A, g s Pler 2 bl = =75 ©)

Concerning the large deviations, our result is less precise since the lower and upper
bounds are different. To state it, we recall that for d > 3 and ¢ > 1, limy_.o 7 E [I7] exists
in R* (when ¢ is integer, this limit is equal to ¢!G4(0)9~!, where Gd is the Green kernel of
the simple random walk on Z%).



Theorem 3 : large deviations for Ir.

Assume that d > 3, ¢ = 7% There exists a constant ¢(d) > 0 such that Vy > ¢(d)

Y/
_CT@;) < liminfy_ Tl/q log P [Iy > Ty]

7
< limsupg_, o Tl/q log P Iy > Ty|] = _Tld)yl/q. (7)

Remark 1 Unfortunately, our proof does not allow to obtain the result for all y > limp_, o, E(I{T) .
Remark 2 As in theorem 2, we could obtain similar results for Q7. However such a result
would not correspond to a large deviations result for Qr, since E(Qr) is of order log(T)
for d > 3 and ¢ = d/(d — 2). Concerning Qr, we should also mention that papers [31]
and [35] give moderate deviations estimates P [Qr — E(Qr) > log(T')br] for scales br up to
log log log(T).

Sketch of the proof.

The proof of the lower bounds is easy and relies heavily on the large deviations results
for iz = proved by Donsker and Varadhan. Namely, let & = { w24 — RY P Y pezd (T) = 1}
Fis endowed with the weak topology of probability measures. By the results of Donsker &
Varadhan [18], I7/T satisfy a restricted large deviations principle in F (by “restricted”, it is
meant that the large deviations upper bound is only true for compact sets), with rate function

Ir I l !
= ||V\/_|| Now, for any M satisfying Mbr < T, - > quT = M || More-
2 b b Mbr ||,

over, the function p € ¥ — H,u|| = sup {Z p(z) f(z); f compactly supported, ||f|| /

is lower semicontinuous in weak topology. The large deviations lower bound for Mbg (with
the change of variable u(z) = g*(z)), leads therefore to

1
ot - tog P {1 > 0] > =M int { V13 9 such that g, =1 and. gl > 1 |

(8)
for all M < lim inf % For by < T, all the values of M are allowed, and taking the supremum
in M in (8) leads to the lower bound in (5). Actually, this argument remains valid for any
scale by such that 1 < by < T (see proposition 11).

For the very large deviations upper bound for I, the results of Donsker and Varadhan
are not sufficient, since on one hand, the large deviations upper bound for I7/T is only
true for compact sets of &, and on the other hand, the function p € F — ||uf|, is not
continuous. We present now the main ingredients of the proof of the upper bound (1).
First of all, it is easy to see that I < Ir(R), the intersection local time of the random
walk folded on the torus of radius R. Now, the main tool in the proof is the mysterious
Dynkin isomorphism theorem, according to which the law of the local times of a symmetric
recurrent Markov process stopped at an independent exponential time, is related to the law
of the square of a Gaussian process whose covariance function is the Green kernel of the
stopped Markov process. This allows to control the exponential moments of I%/ 7 with the

exponential moments of Np(R) = 3 (3 ,cr, Z2‘1)1/q =1 Z|)3, r where:

- Tg is the torus of radius R;



- (Zz,x € Tg) is a centered Gaussian process whose covariance function is given by
Gra(z,y), the Green kernel of the simple random walk on Tg, stopped at an in-
dependent exponential time with parameter A ~ by /T, (lemmas 4, 5, and 6);

- |Ill4, 5 denotes the norm in I*4(Tg).

We can now rely on concentration inequalities for norms of Gaussian processes. Let Mg
denote the median of || Z||,, 5. For small a,

0 (1 + « 0
exp (5 1218, 8] < 0 | "0 521200~ M o |05t

By concentration inequalities, the tail behavior of [|Z],, , — Mgz is that of a centered
Gaussian variable with variance

p—sup {(1.Graf) § | Flagyn =1} -

Therefore, for § < ——

(1+a)p’
6(1+ ) 5 1
- — < ,
exp [ 5 (Zllyq 5 — MR, T) } < o

1
C3(d)
if A\R? > 1. We therefore obtain the result in (1), if R is chosen so that by > R%? and
AR* ~ 2 R? > 1. The best choice for R is now to take R¥? = T/R? ie. R =T"¢ since

q= d%zv leading to by > T4,

Besides, on can prove that Mg is of order R% as soon as AR > 1, and that p ~

An open question. The large, very large and moderate deviatons for I and Q7 in the
subcritical case (i.e. d < 2, ord = 3 and ¢ < d%‘lQ) are linked to Gagliardo-Nirenberg
inequality in a continuous setting (i.e for functions f from R? to R), while the same problem
in supercritical case d > 3 and ¢ > d%‘g, is linked to functional inequality in a discrete
setting. One can therefore think that in the critical case ¢ = d%d27
of Ir — E [I7] are at least up to some scale, related to the Sobolev inequality in a continuous
setting. However since the best constants in the discrete and continuous Sobolev inequality
are the same, this would not change the statement. Therefore, we do believe that in the

critical case d = 2¢’, there are only two regimes of deviations from the mean:

the moderate deviations

2q q
exp —;}%) for \/T<<bi}<<Tm,
Pl — E(Ip) > b7] =

exp —%b;ﬁ for T1 < b, < T1.

We do not know how to prove this result. Actually, the same question is also open in the
supercritical case (with C+@ replaced by the constant ¢(d) given in [1]).
S

The paper is organized as follows. Section 2 is devoted to the proof of exponential
moments lower bounds (2) and (4). In section 3, we prove the exponential moments upper
bounds (1) and (3). In section 4, we give the proof of the large and very large deviations
lower bounds. With proposition 1, this ends the proof of theorem 2. Finally, section 5 is
devoted to the proof of the upper bound in (7), which ends the proof of theorem 3.
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2 Exponential moments lower bound.

This section is devoted to the proof of the lower bounds (2) and (4) in proposition 1.

Lower bound for I7. Fix M > 0. Since by < T, for T sufficiently large (T" > Ty(M))
Mby < T, and Iy > Inp,. For any f such that | f||, =1,

> E |exp (92 F(@)ar, (@)] (9)

E [exp(QI%/q)] > F [eXP(QIJI\/;ZT)}

It is a standard result that the occupation measure of X satisfies a weak large deviations
principle in &, in 7-topology (i.e. the topology defined by duality with bounded mesurable

functions), with rate function J(u) = HV\/_ H see for instance theorem 5.3.10 page 210 in
[16]). Since f is bounded by 1 as soon as || f||,, = 1, the function u € 3" = Y peza J(@)p(x) is
continuous in 7-topology and the large deviations lower bound for —— Mb OMbT dx, ds (written

with the change of variable g = \/u) yields: V8 > 0, VM > 0, Vf € ly(Z%) such that
Iflly =

lzgxllnfb—logE [exp(@] /q)} > M sup {HZf HVgHQ} : (10)

— gillglla=1

Assume now that 8 > Cg @ = inf I:Eﬁ;”? for ¢ = . Since the infimum can be reduced to
2q

the infimum over compaotly supported functions f we can find gy with compact support in

Y
Z4, such that 6 > ‘}‘ g|(|)H2 Dividing gy by its ly-norm if necessary, we can moreover assume
2q

2(g-1)
that ||gol|, = 1. We now take f = ”g‘)HQT (note that || f][,, = 1), g = go in (10). VM >0,
90 2q

hmmfb—logE [exp(GI )] > (92f - HV9Hz>

. M(ﬂ’ ”—HmHi)

= M (0lgoll3, — IV 903) -

But 6 ||go||§q — IVgollz > 0, so that (2) is proved by sending M to infinity.

Lower bound for Qr. Fix M > 0. Since by < T, for T sufficiently large (7" > To(M))
Mbp <T, and Qr > Qum,- V0 > 0, and Vm € N,

E [expwolT/Q)] > E [exp(eQ}éZTﬂ

gam
(qm)! £t



- o 3 [T )

(qm)‘ 1, Tm L j=1i=1

gam B '
= (qm)' Z E HleT Z; ]

g M '
> Qpn)![ > f@r)- fam)E IIZAMT($0]] >

for any f € l,(Z%), such that | fll, = 1. Therefore, V¢ > 0, and ¥m € N,

(Zf 2)lagr (@ )m] (11)

It follows from Stirling’s formula that there exists C' > 0 such that Ym € N
C—— —. Hence, VO > 0, and Vm € N,

qm

B [exptoyn] >

G

T 2

(o ) i) m] (12

Summing over m, we have thus proved that for T' > To(M), V0 > 0, Vf € 1, (Z?) such that

1/q
E [exp(@Q%F/q)} > C’%E

1f1lg
1/ g [Mbor
E [exp(&@%r/q)} ! >CFE {exp (—/ f(Xs) ds)] :
q.Jo
At this point, the proof is the same as the proof of the lower bound for I. [ ]

3 Exponential moments upper bounds.
In this section, we obtain an upper bound for the exponential moments of L}/ 7 and Q;/ 1,

Step 1: comparison with the SILT of the random walk on the torus, stopped at
an exponential time.

Lemma 4 Let o > 0, and let T be an exponential random variable with parameter A = ab?T,

independent of the random walk (Xs,s > 0). Let R € N*, and let us denote by x® =
Xsmod(R) the simple mndom walk on Tg, the d-dimensional discrete torus of radius R.

Finally, let 117 (z) = [76,(X")ds, and In, = ¥ ,cr (87 (2))0. Then, ¥ > 0, Vo > 0,
VR>QVT>O
E [exp (0[%/(1)] < TR [exp (9[}{3)} . (13)

Proof of lemma 4:



Ir = Y l(z)= Y l(z+kR)

zeZd z€Tr kezd
< Z(ZlTﬂc+k‘R> Zl x)=Ipr
z€TRr \keZd z€TR
Therefore,
E [exp <9[71/q)} exp (—abr) < exp (6[}{%)} Plr>T]
S exXp (9111%/’%) ]ITZT]
< E|exp (9111%/,3” :
where the first inequality comes from the choice of A = abTT, and the second one from
independence of 7 and X. [ ]

Step 2: the Eisenbaum isomorphism theorem. There are various versions of isomor-
phism theorems in the spirit of the Dynkin isomorphism theorem. We use here the following
version due to Eisenbaum [20] (see also corollary 8.1.2 page 364 in [32]).

Theorem 5 (Eisenbaum) Let o and T be as in lemma 4. Let us define for all x,y € Tg,
Gra(z,y) = E, [fOT (5y(XS(R))ds]. Let (Z,,x € Tg) be a centered Gaussian process with

covariance matriz Gry, independent of T and of the random walk (Xs,s > 0). For s # 0,

consider the process S, = IV (2)+3(Zs+s)*. Then, for all measurable and bounded function
F:R™» — R,
1 9 Zo
E[F((S;;z € Tgr))|=FE |F (§(Zx+s) ;o € Tg) 1+? . (14)

Step 3: comparison between exponential moments of /r and exponential mo-
ments for ) 724,

Theorem 5 allows one to control exponential moments of Ill%{ 4 by exponential moments
Of (X yep, Z29)1/2

Lemma 6 For any o > 0 and R > 0, let 7 cmd (Zy,x € Tgr) be defined as in lemma 5.
Vo >0, V0 > 0, Vy > 0, Ve €]0;min(1, /7 [, VR > 0, VT > 0, there exists a constant
C(€) €]0; 00| depending only on €, such that

E [exp (9]}{2)}

<14 C(e)

0 VTR Eleo ($1218,2)] L (19)
S 1+ exp (fye bT) ,
7 =01 +) Vabr ) P11 2]y, = 2v/20re]

where ||-||,, s the l, norm of functions on Tg.

9



Proof of lemma 6: By independence of (Z,,x € Tg) and (Xs,s > 0), Vs # 0, Yy > 0,
Ve > 0,

(Zs + 5)*
P ZmGTR T Z b%eq P [IR,T 2 b%yq]
B | (Zy +5)% q.q. (R) a
- P ZIETR T Z bTeq’ EZT (l’r (x))q 2 bqu (16)
L x R
< P [Yoer, SEZ byt + )]
. %
=F _(1 + ?) HzxeTR (Zw;s)ququ(yqﬁq)} , by theorem 5.
Hence, using Markov inequality,
B [exp (0142)] = 14 % 8br P 1, > bhy1) dy
Z
E {(1 + —0) exp (5117 + 5 11||§q,3)} . (17)
<1+ s / nge%Tyebev(quréq)l/q dy ,
P12+ 5 Wy, p = v/2bre] 0
Now, Ve > 0, V0 > 0, Vv > 0, VT > 0,
/Oo ngeebTye—bTv(yf“req)”q dy < /OO ngeebTye—bTw dy = L ] (18)
0 —Jo v—0
Regarding the denominator in (17),
P17+ 5 Wlayn = V2re| = P[1Zl3n 2 V20re + s Ty, 4 (19)
= P2l = V2re +|s| RV (20)
On the other hand, Ve > 0,
1
||Z +s HH%(],R < (HZ”2q,R + ||5 I[||2q,R)2 < ||Z”§q,R (1 + 6) + (1 + g) HS ]IH;],R )
so that
Zo gl 2
[+ %) 12+,
Zo v 2 Yl+e€ 54
<E KH?> exp (5(1+e) HZHQ%R)] exp <§ ES R 21)
Zo| 5T = 1+
<FE ’1 +22 E [exp <%(1 + ¢€)? ||Z||§q R)] T exp (%—Engd/‘]>
s ’ €

Zy being a centered Gaussian variable with variance Gz (0,0) < E(7) = 1/, for all € > 0,
there exists a constant C'(¢) depending only on € such that

E 1+Z°1t61i€<0() 1+,/T1 (22)
s = vie abps |’




Putting (17), (18), (20), (21) and (22) together, we have thus proved that ¥0 > 0, Vv > 0,
Ve >0,VR >0, VT >0, Vs #£ 0,

E |exp(01;{%)]

1
7(1+€)2 2 e
E |exp | ———||Z]|
0 | T 1 [ ( 20.R 1
<1+ C(e) 1+ - 2 exp <Zj82Rd/q) .
10N Vb Jp 7] > Obre+ [s| RO A2 €

(23)

Choose s = v/2bre*/2R~%%4 in (23). ¥ > 0, ¥y > 0, Ye > 0, VR > 0, VT > 0,

E [exp(01;(1)]

(14 €)? 2 =
B ow (105 E12)
d/2q 2¢,R
<1400 (1 VIR ) 2

+ exp (v€*(1 + €)br) .
YO VP ) P2, 0 = Vel + €]
(24)
(15) is now obtained by the change of variable v ~ ~v/(1 + ¢€). u

Step 4: Large deviations for | Z]|,, ».

Lemma 7 For any o >0 and R > 0, let 7 and (Z,,x € Tg) be defined as in lemma 5. Let
p1(a, R, T) :=inf {Zx’yeTR fo}_%})\(x,y)fy; f such that 3 . f2 = 1}.

1. Ya>0,YR>0,VT >0, o < pi(a, R, T) < 2d + 2.

2. VYa>0,Ve>0,VR >0, VT >0,
1

L= roerD b R, T
P12l 2 Vird] 2 — I oy (L OUGRT) )
¢ V/2mbrepr (o, R, T) 2

3. 3C(q) such that Yo > 0, VR > 0, VI > 0, Vv < pi(a, R, T), Ye > 0 such that
Y1 +¢€) < pi(a, R, T),

E [exp (% IIlequa)] < - exp <C(q)7]L e

Lo ot ‘
P1 (Oé, R7 T)
Proof of lemma 7:

1. Since Gg) = (\Id — A)71,

pr(e BT = inf {A|f13 = (f, 50) 3 f such that |[flly, =1}

RY1G R 5(0, 0)> . (26)

Taking f = g, we obtain that py(a, R,T) < A+ 2d = oszT + 2d. For the lower bound,

note that if ||fll,, m = 1, for all z € Tg, |f.] <1, so that ||f||§R > D ety A =1.
Therefore py(a, R, T) > A.
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2. For all (f,,z € Tg), such that > ]fx]%% =1,

> Sl \/bT_e] -

z€TR

P |1 Zllgyn > Vore] = P

erTR fzZ, is a real centered Gaussian variable, with variance

Ui,R,T(f) = Z GR,A(Z” y)fzfy-

x:yETR

Therefore, for all (f,,z € Tg), such that |fx\242731 =1,

2
P[1hynz Vird 2 GG (1= 2] exp( L)

Vary/bre bre _2U§,R,T(f)
- Tanr(f) (1 _ M) x| - 0TE
— Ve bre P 202 pr(f) )

where py(a, R, T) := sup {03737T(f) ; f such that ) |fw|% = 1}. Take the supre-
mum over f, to obtain Vo > 0, VR > 0, VT > 0,

a7R7T Od,R,T b
P 120y = Vore] 2 YLD (1 _ M) exp (_ﬁ) |

V2mbre bre a,R,T)
27)
We are now going to prove that Va > 0, VR > 0, VT > 0,
1
T = ———. 2
Pl ) = L R T) )
Indeed,
Grah, h)?
(Crah h) = (Grah, GihGrah) > pr(a R.T) [Grahlls o> pr(on R, T)(Wji;—> |
et

where the first inequality follows from the definition of p;(a, R, T’), and the second one

from Hélder’s inequality. Therefore, for all h, (Grah,h) < mﬂhﬂi%l r- Taking

the supremum over h yields ps(a, R, T) < For the opposite inequality, take

1
p1(a,RT)"
fo achieving the infimum in the definition of p;(«, R,T). Applying the Lagrange mul-

tipliers method, it is easy to see that f; satisfies the equation G;{})\fg = pi(a, R, T) 02‘171.
Hence, HG;%,I)\fOH;iq R pl(oz,R, T) Hf(?qilH%ﬂ = :01<a7 R7 T) “fOHgZ,_Rl = pl(a7 R7 T)
a- a-

1°

Moreover (Gg’&fo, fo) = p1(a, R, T), and

(Gﬁ}AfO,GR,AG;{}AfO) > pi(e, R, T) _ 1
G oo, P@RTE piaRT)

p2<055 R7 T) Z

which ends the proof of (28), and of (25).

12



3. Let Mgy denote the median of [|Z]|,, . For v < pi(a, R, T), and € > 0 such that
(1 +e€) < pi(a, R, T),

ol v(1+ € 2 vy1l+e€
© oo (5 1210)) = 2 [ (205 (1=t o (3

But Mrr = median((}, Z24)1/29) = (median(}_, Z27))'/22. Moreover, it is easy to
see that for any positive r.v. X, median(X) < 2E(X). Hence, using the fact that Z,
is a centered Gaussian variable with variance G (0, 0),

>z

z€TRr

1/q

MIQ?.,T < 21/‘1E — 21/qu/qGR7)\<O’ O)E(VQq)l/q :

where V' ~ N(0, 1).
On the other hand,

B oxp (2552 (120 - Mur) )|

2y (14 €) a0son
:1+/ il ;E)e =N PH||Z||2%R—MR,T] > \/a] du
0

We now use the concentration inequalities for norms of Gaussian processes (see for
instance lemma 3.1 in [26]): Yu > 0,

P [[1Zl3y0 = Maz| > V| <2P(V > /(@ R T))

Therefore, since y(1 +¢€) < p1(a, R, T,

1+e 2 c
E [exp (7( 5 ) <HZH2q,R - MR,T) )] < -1+2F [exp <2pZE;TR,)T)VQ>:|
2

EEDN
p1(a, R, T)

=1+

Step 5: An upper bound for exponential moments of I and Q).

Lemma 8 Assume that log(T) < by < T, and that R depends on T in such a way that
Ya > 0, by > RY1GR(0,0). For all a > 0, set

b
p1(a) = liTrriiorgfpl(a, R,T) = liTrri)i(gf inf {a% HfH;R + HVfH;R ; [ osuch that || fllyy p = 1}

p1 = limsup p ().

a—0

13



1. For any 0 € [0, p1[, imsup,_, % log E [exp(&]}r/q)} = 0.

2. For any 0 € [0, qp1],
1
lim sup . log B [GXP(HQIT/(I))] =0.

T—o00 T

Proof of lemma 8: Point 2. is a straightforward consequence of 1., since

q . 1/q q 1/q 1 q
- (Twe) < (1)) <1
x =1 =1 i=1

where the last inequality comes from the concavity of the log function. Hence,

7 [exp(teT/q)] <E |:exp (g HlTHq):|q =F {exp (gfé/q)r

We thus focus on 1. of lemma 8. Let a@ > 0, and 6 < p;(«a) be fixed. Take v such that

0 <y < p1(a). Take then € €]0;min(y/F — 1, 1)[ such that

0 <v<vy(1+2€) < pi(a).

1)

1)

q

For T sufficiently large (T' > Tp), p1(c, R, T) > (1 + 2¢). Lemmas 4 and 6, lead to

i 2 Tte
. 1/ VTRY20\ E|exp (5 [1Zl5,z
b [ [601T/ ] < 1+C(e)m < N [ (2 a )} exp (ve2br) .
P |1 Zllgy.n > v/Sbre]

(29)
By lemma 7, for by < T, and T' > Ty, p1(a, R, T) > ~v(1 + 2¢), and
P12l > V3bre] > ! <1 ! >e (—dbre(2d + a)
€ - xp(—4bre ,
2k = V= Aenbre@d ta) \ Sbrepi(a R T)) T
1 1
1— ——— | exp(—4bre(2d + ).
V/167bre (2d + o) < 8brey (1 + 26)> p(—4bre( )
Moreover, for T' > Tg, (26) of lemma 7 yields
E Yizz )T < (22 B C(q)LRY1G 5.1(0,0)
exp (5 1 Z124,5 < - exp (Clq)- 7(0,0)) .
Therefore, for RY9G  1(0,0) < by, and by >> log(T),
1
lim sup . log E [exp(@[}/q)} < a+4e2d+ ) + et
T—o00 T
Sending € to 0, we thus obtain that Va > 0, V0 < py(«) ,
(30)

1
limsup — log £ [exp(@[%/q)] <a.
T—o0 bT

14



Take now 0 < p; = limsup,_,,p1(a). Let (a;) be a sequence converging to 0, such that
lim,, o p1(cv,) = p1. For sufficiently large n, p1(c,) > 6, and by (30),

1
lim sup — log £ [exp(&]%/q)} <a,.
T—o0 bT
Point 1. is now proved by letting n go to infinity. ]
Step 6: Study of p; and G (0,0).
By lemma 8 and (2), we know that if R is such that by > R¥G  ,(0,0), then p; < c+@'
S

It could however happen that p; = 0. It remains thus to determine the values of R for which
p1 > 0, and to study the behavior of G (0,0).

Lemma 9 : Behavior of pi(a, R, T).
Let d > 3, and q = . Let py be defined as in lemma 8.

1. Assume that R depends on T in such a way that Voo > 0, AR? > 1. Then p; > 02;@0'
2. Assume that R depends on T in such a way that limp_., AR* = [(«) €]0; +oo[. Then,
there exists a constant C' such that Yo > 0, p1(a) > C'min(1,1(«)).

Proof of lemma 9: Let f; € l5,(Tg) achieve the minimum in the definition of p (e, R, T).
fo is viewed as a periodic function on Z¢, and by definition

pi(e R.T) = M follsp + IV Follz 1 follagr = 1
Let 0 < r < R, and define

GT,R:Ule{erd;ngigrorR—rgxi§R}.

Then, one can find a € Z¢ such that ZJ:E@T,R 20(g —a) < 24 Indeed, on one hand,
2. 2 he-a = 3 ) Kle-a
a€[0,R]¢ z€C; R z€Cr r a€l0,R]?

= Z Z fol(x) = card(€, z) < 2drR".

xGGnR z€TR

On the other hand,

2, 2 N'e—a) =R il > [ —a)

a€lo, R]d z€Cr R z€Cr R

Set fou(z) = fo(xr — a). fo. is a periodic function of period R. Note that ||V fo.ll, » =
IVfollor 1foallsgr = Ifollag e and that [[foully z = [lfollyz- We can therefore assume
without loss of generality, that fy achieving the minimum in the definition of p;(«, R, T,

satisfies also )y
2q < _T

xEGT,R

15



Let ¢ : Z¢ — [0,1] a truncature function satisfying

Y(z) =0 if © ¢ [0; R]?;
P(x) =1 if v € [0; R]"\C,.r;
\Vip(z)| <+ Ve eZ4Vie{l,---d}.

Fix € > 0, and take r = %. By definition, for ¢ = 7%

_ V@RI
@ = okl

Regarding the denominator,

D DI A ORI D I ES B (31)

Cﬂe OR IEGTR

It remains to control ||V (¢ fo)]|,-

V@l = > Z V(@) fo(z + &) + U(2)V; folx))

z€[0;R]4 =1

- ¥ Zw D2 f3(w + &) + 3 (x) (Vi fo()”

z€[0;R]4 =1

+2 Yy va ) folx + €;)V; fo(x)

z€[0;R]4 =1
d oo > | 2Vd
< ﬁ||f0||2,R+||vf0||2,R+THfOHQ,R”VfOHQ,R

d
< Vfollor (T +e) + 2 1 foll3z (1 +1/€).

d
S (1 —|‘€) max(l,m)pl(a,R, T) (32)
It follows from (31) and (32), that Ve €]0; 1], Va > 0, VT > 0,
1 1+e¢ 44 1
< 1, —— R T). 33
ca@ = - gl e R ) (53
Case 1.: Since R is such that by > RQ, Ve >0, Va >0, pi(a) > 5 Q(d) (1;_?:/(1. Hence, letting
S
€ go to 0, Va > 0, p1 () > CQ—W), so that p; > C+@‘
S S

Case 2.: Take € = 1/2 in (33), and let [(a) = limp_ o, AR?. Then, Va > 0,

21-la 1 I(r)
in(1
3 czqa) M 55

s

p1(a) > ) > Cmin(l(«a),1).

16



Lemma 10 : Behavior of Gz (0,0).

Assume that d > 3, that A < 1, and that R depends on T in such a way that AR > 1.
Then, limy_,o GgrA(0,0) = G4(0,0), where G4(0,0) is the expected amount of time the simple
random walk on Z¢ spends on site 0.

Proof of lemma 10: Let pf(z,y) be the transition probability of Xt(R). Then,

Grs0,0) = [ exp(~30)pf(0,0) dr.
0

It follows from Nash inequality (see for instance theorems 2.3.1 and 3.3.15 in [36]) that there
exists a constant C'(d) such that VR > 0, Vt > 0,

1| c)
R
y2 (070) - ﬁ < /2 -

Therefore, VS > 0,

too 1 [ e C(d) 1 C(d)
R
/s exp(—At) p;(0,0) dt < Rd/o exp(—At) dt—l—/s 24/ dt < T + Sl

2

Thus, when AR? > 1, and S > 1,

+oo
Jim exp(—At) pf(0,0) dt = 0. (34)
—0o0 Jg
For the values of t less than S,

pR(0,0) = Po(X™ =0)

IA

R R
P, {Xt(R) = 0;sup | X < —] + R {SUP | Xl > _}
s<S 2 s<S§ 2

R R
= R =vsw X < 5|4 R fsup x> 5
SSS 2 SSS 2

2

(J(d)S)’

< By [X; =04+ C(d)exp(—

The third equality comes from the fact that as long as X does not exit a ball of radius R/2,
then X and X® are the same. The fourth one follows from standard results on simple
random walks. Thus,

S 00
/0 exp(—At)pf(0,0) dt < /0 p(0,0) dt + C(d)SeXp(—C(d)S).

On the other hand, pf(0,0) = PO(Xt(R) =0) > p:(0,0), so that

S S S
| et > [ no.0a- [0- o)
0 0 0
exp(—AS) — 1+ AS
) |

S
0

17



Hence, if S is chosen so that S > 1, S < R?/(log(R))'™, and \S? < 1,

S )
lim [ exp(—=At)pf(0,0)dt = / p:(0,0) dt = G4(0,0). (35)
0

T—o00 0

Now, for A < 1, and AR? > 1 (which implies R > 1), one can always choose S such that
1 < S <« min(R?/(log(R))'*,1/v/)). For such a choice of S, it follows from (34) and (35)
that

%EEOGR’A(O’O) = (G4(0,0) < oo ford>3.

Step 7: End of proof of proposition 1: Choose R such that

T

72 Kb, br > R

Then, on one hand, Voo > 0, A\br < R2, and p; > C+@ by 1. of lemma 9. On the other hand,
S

AR = oL R? > o R? > 1. Hence, by lemma 10, G 1(0,0) 2 G4(0, 0) and it follows from

lemma 8 that p; < %. Therefore, for such a choice of R, p; = _cgl( ) and
.. 1
Vo € [0; cgl(d)[7 liminfr élogE exp(@]T/q)] =0,
Vo € [0; ng(d)[, lim inf7r_ #logE exp(HQlT/q)] =0.

The best choice for R corresponds to T/R? = R¥7 = R4=2 ie. R = T, leading to
by > T'-%4 =T, m

4 Large and very large deviations lower bounds.

The aim of this section is to prove the lower bounds in theorems 2 and 3. We have actually
the following result.

Proposition 11 .

1. Lower bound for Ir.
Assume that d > 3, ¢ = d%‘lQ, and T > bp > 1.

| 1
hTHLlO%fElOgP[IT > bl > “a (36)
2. Lower bound for Qr.
Assume that d =4 and g =2, ord =3 and g =3, and that 1 < by K T.
liminf — log P [Qp > b4] > ——J (37)
T by o0 [T =01l =" Fa gy
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Proof of (36). Fix M > 0. Let Ty be such that for all T > Ty, = —> M. For T > T,

Lare 1
PlIr > VL] > PIyp, > b P =
1 2 8] 2 Pl =) 2 P | | | M]
The function p € F w— |[ul|, = supp s =12, #(z)f(x) is lower semicontinuous in 7-

topology, so that Vt > 0, {,u €F, |, > t} is an open subset of F. Therefore, Ve > 0,
- 1— e]
g M
: 1—ce¢
> —nt {19700 = 118, > S}

We have thus proved that VM > 0, Ve > 0,

log P

V

lim inf log P

1
- M] T T—ooo MbT

it 7 s

Iaroy
Mbp q

s
Mby

1—e€
1 f—log P[Ir > bl] > —M
pmint o P12 07}~ ()

where p3(y) := inf {||Vf||§ ; ||f||§q >y, Ifll,= 1}. To end the proof of (36), it remains to

show that when g = d 5, Vy >0,
: Y
int Mesly/M) = g (38)
But,ifq—d 5, Vy >0,
inf Mpy(y/M) =y inf Mpy(1/M) (39)
e 2 . 2 1
= vt it (MOl = LA, > 5 (o
= inf inf < M ||V M > 41
yf;”f”Qle{ IV 113 Hngq} (41)
2
= y inf % : (42)
Fllfl=1 [ £l
y
- , 43
2@ )
]

Proof of (37). The proof of (37) cannot be done as the proof of (36), since the func-
tion (pt1,-- -, ftg) = D pega () -+ pig(x) is not lower semicontinuous in the product of
T-topology.

Let € > 0 be fixed. Let h be a function approaching the infimum in the definition of
Cs(d), i.e. h is such that

I1hIE, o
o)’ s(1+¢6), ¢= .

VAl < =
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Dividing h by its l;-norm if necessary, we may and we do assume that [|h|, = 1.

Set n = 2%51/!17 and M = (2—(1—1-77);)1/‘1\%\\2 (€ is chosen small enough in order that M
2q

is strictly positive; actually, one has to choose € < €y(q) = (21/¢ — 1)72=(@+D). For T large
enough, "> Mbr, and
PlQr > b7] > P[Qupy > b7

leT 2

Assume that Vi € {1,---,q}, || 35~

<n Hh||;q. Then,

q

Q d lg\Zb 2
T
—nl3Y = Far, (1) — h*(z)
ke 2 150 v
qg /i1 (4) q (0
Ui, (T) Uarpy ()
< h2 MbT _h2 MbT
< 33 (I B2 o ( 11 2t
zezd j=1 \i=1 I=j+1
- 1% )
< or - Mo
o :E: Mbr I]
7j=1 l=j+1 q
I (I+n)9—-1

<l ()T =n |kl

Jj=1

= [(1+n)* = 1|5 -

Therefore, Qup, > b3M1 ||h||2q (2= (1+n)7) =i, by the choice of M.
Hence, for T large enough

(i ‘
. l
PlQrz byl 2 P Vi€ {1a} . | pt =07 <nlhli,| =P \Aﬂj—;—# <n||h||§q] -
q q
(44)
But,
bave o oo (T) o \°
—h = T —h
' Mbr 2 “atby ()

q x€Z4

quT()QqJ
SDIPIC “C—Mbﬂh‘ (x)

xezd j=0
= |y caye g — (B
MbT Mbrp

where the function Fy is defined by Fy(u) = > 7- H=1)TH=ICI S i (2) R4 (z). Hence,
for T' large enough,

PlQr>bl]Y" > P

Laiby Ly ||
Mbp Mby

Loy leT
Mby Mby

(=1)*=n7) ||h||§Z] (45)

q

Lare
>p _1)7 =) |l ||2q,H :

q

1+7) ||h||§z] (16)
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i,

>Pp [Fq (j\”ﬁ;) > (14 (=17 = L) a2 ]

The second term is controled by the large deviations upper bound for I, and we have

%wm@]@w

lim sup,- ilogp laso || > (1+ n_q) 1Rl
—00 bT MbT . — 2 2q
48
(1+772 /e (HZ)”‘I -
S—M— ||h||§ == 207
C3(d) T 2= (L +n)n)liCi(d)

by the choice of M.
On the other hand, the function p € F — F,(u) is lower semicontinuous in 7-topology.
Indeed,

e For d =4 and ¢ =2, Fo(u) =2 pu(x)h?(z) is continuous;

e For d=3and ¢ =3, F3(u) =33, pi®(x)h?(x) — 33, u(x)h*(x)
— 35uDy1,1 {2, #(@)h(2)g(0)} — 8, pla)hi(x)

is lower semicontinuous.

Ivvy
Mbr

Using the large deviations lower bound in & for we get that

lim inf_.o 7 log P [Fq (%Z;ﬂ) > (1+(-1)7— %) Hh;@ﬂ )
> —Minf {[ Vgl lgll, = 1, Fy(g?) > (1+ (=)= £) b3} .
Note that
e Ford=4and g=2, F(h?) =2|h]l} > (1+ (—1)> = L) Al
e Ford=3and g =3, Fy(h?) = 0> (1+ (1) = Z) |[n]|S .

Therefore, in any case,

[ q
lim infr_o ;- log P {Fq (AA;Z;) > (14 (=1)7— %) [

VA2 . 1+e (50)
(2= (1 +m9)7 |l CH@)(2—(1+n)1)s

by the choice of M and h. Putting (47), (48) and (50) together, we get that

> —M||Vh|; = -

1 1 min (1 +e(1+ ﬂ)l/q)
2 liminf — log P[Qr > b] > — Yy ol
p %Iil_’l_{.lo bT 0og [Q T} = (2 _ (1 + n)Q)l/ch(d) ( )

But for e €]0;1], (14+€)7 =31 Cre" <14€X 1  Cr=1+4€27-1)<1+e27=1+1.
We have thus proved that Ve €]0;1 A €(q)],

q(1+e)
li f—l P > bl — . 2
I inf 7 los PlQr 2 b1l =~ ey (52)
(37) is then obtained by letting € go to zero. [ |
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5 Large deviations upper bound.

The only thing that remains to prove now is the upper bound in theorem 3.
Let o > 0 and A > 0 to be chosen later. We take here

T4

d— AT .
T’R

A=«

Let 7 be an exponential time with parameter A, independent on the random walk. Exactly
as in (16), Vs > 0, Ve > 0,

exp(—aT"/4) P Iy > Ty]

f; })[]iﬁT Ei jjy]
B (Ut 2):)1Z 45 Tl > VT 2(y + )1/
P [HZ + 5 Mlygp = \/§T1/2q€1/2q}
1
Zo 12175 P 12l = VETV(y + )12 — sRO/2 ] ™
<E {(1 + = } :
S P [Hz”gq,R > \/§T1/2q€1/2q + SRd/2q:|
(53)
We now choose sRY21 = \/2TV/24¢/24 je. s = \/2A71/21¢1/20,
Pllr > Ty
e P12l = V2TV20((y + €)1 — /20)] 7
2o ite | 1F 2¢,R = 54
< exp(al"/9)E [(1 +=2)% } : >
s

P [1Z )5 > 22T 2061 /24]

Using the fact that Zj is a centered Gaussian variable with variance G (0,0), we obtain
that Ve > 0,

E {(1 + @)*] - < C(e) (1 + —VGRSM> < C(e) (1 - \/m/ﬂ/%) _

S

But, AR? = aAT"Y? >> 1, so that limsupy_ . Gr(0,0) < oo by lemma 10. Therefore,
Ve >0, Va > 0, VA > 0,

. 1 Zo 1ae| T
11?1_}8&[) Ti/a log & {(1 + ?) : } =0.
Let us treat the numerator of the ratio appearing in the left hand side of (54). Using again
that
1/2q
Mgy = median(HZ||2q’R) < 2Vnp

>

x

< C(q)RY*GR(0,0)% ~ C(q) A>T ?1G4(0,0)"/2,
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we conclude that there exists a constant C'(¢) such that Voo > 0, VA > 0, for T' large enough,
Ve > 0,

P |1Z]l30n 2 VETV29((y + €)% — 1/20)|
< P(I1Zllgg0 — Mag = VITV((y + )2 — &2 — C(g)al2n)| - (55)
< 2exp (=TYpi(a, R, T)((y + €)/? — €'/21 — C(q) AV?)3) .

But AR? = aA%*/?, and it follows from lemma 9 that Yo > 0, VA > 0, for Ve > 0,

limsupy_ ., 7177 log P [||Z||2Q7R > V2TV ((m + y + €)'/21 — ¢1/20)

26
< —c(g)min(1, aA¥)((y + €)!/%1 — €121 — C(q) AV20)7 . o0
For the denumerator in (54), using (27), (28) and 1. of lemma 7, we get that
e 1
lim inf ——- log P [||Z\|2q’R > 2\/§T1/2q61/2Q] > —C(q)es . (57)

We have thus proved that Voo > 0, VA > 0, for Ve > 0,

1
lim sup mP [Ir > Ty] < a+0(q)e”?—c(qg) min(1, A ) ((y+€)'/21 — /21— C(q) AY?7)% .
T—o0

We send € to zero and take a = A=%/¢ to obtain that VA > 0, o
lim sup ﬁp [Ir > Ty] < A7/" — c(q)(y"/** — C(q) AV?)% . (59)
We now choose A such that C(q) A% = 1y'/?1. vy > 0,
lim sup ﬁP [Ir > Ty] < —e(g)(y"" =y /) < —c(g)y"* (60)
for y=2/4 < y'1/2 ie. y > 2. ]
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