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Abstract

Following the recent work of Sznitman [20], we investigate the microscopic pic-
ture induced by a random walk trajectory on a cylinder of the form G x Z, where
G is a large finite connected weighted graph, and relate it to the model of random
interlacements on infinite transient weighted graphs. Under suitable assumptions,
the set of points not visited by the random walk until a time of order |G y|? in a
neighborhood of a point with Z-component of order |G y| converges in distribution
to the law of the vacant set of a random interlacement on a certain limit model
describing the structure of the graph in the neighborhood of the point. The level
of the random interlacement depends on the local time of a Brownian motion. The
result also describes the limit behavior of the joint distribution of the local pictures
in the neighborhood of several distant points with possibly different limit models.
As examples of G, we treat the d-dimensional box of side length N, the Sierpinski
graph of depth NV and the d-ary tree of depth N, where d > 2.

1 Introduction

In recent works, Sznitman introduces the model of random interlacements on Z4+!, d > 2
(cf. [18], [16]), and in [20] explores its relation with the microscopic structure left by
simple random walk on an infinite discrete cylinder (Z/NZ)? x Z by times of order N??.
The present work extends this relation to random walk on G X Z running for a time of
order |Gy |?, where the bases G are given by finite weighted graphs satisfying suitable
assumptions, as proposed by Sznitman in [20]. The limit models that appear in this
relation are random interlacements on transient weighted graphs describing the structure
of Gy in a microscopic neighborhood. Random interlacements on such graphs have been
constructed in [22]. Among the examples of G’ to which our result applies are boxes of
side-length N, discrete Sierpinski graphs of depth N and d-ary trees of depth .

We proceed with a more precise description of the setup. A weighted graph (G, &, w_ )
consists of a countable set G of vertices, a set £ of unordered pairs of distinct vertices,
called edges, and a weight w_, which is a symmetric function associating to every ordered
pair (y,y’) of vertices a non-negative number wy ,» = wy,, non-zero if and only if {y,y'} €
E. Whenever {y,y'} € &£, the vertices y and y’ are called neighbors. A path of length n in
G is a sequence of vertices (yo, . ..,y,) such that y;_; and y; are neighbors for 1 <1i <n.



The distance d(y,y’) between vertices y and y’ is defined as the length of the shortest
path starting at y and ending at y’ and B(y,r) denotes the closed ball centered at y of
radius » > 0. We generally omit £ and w__ from the notation and simply refer to G as
a weighted graph. A standing assumption is that G is connected. The random walk on
G is defined as the irreducible reversible Markov chain on G with transition probabilities
Po(y,y) = wyy/w, for y and y' in G, where wy, = Zy'eg wy,. Then wypg(y,y’) —
wyp9(y’,y), so a reversible measure for the random walk is given by w(A) = > yen Wy for
A C G. A bijection ¢ between subsets B and B* of weighted graphs G and G* is called
an isomorphism between B and B* if ¢ preserves the weights, i.e. if wy(y) 4¢) = Wy, for
ally, y € B.

This setup allows the definition of a random walk (X,,),>0 on the discrete cylinder
(11) GN X Z,

where Gy, N > 1, is a sequence of finite connected weighted graphs with weights
(Wyy )yyeay and Gy X Z is equipped with the weights

(12) Wy o) = wy,yfl{zzz/} -+ %1{yy’,z—z’1}> for x = (y7 2)7 x = (y/’ Z’) in Gy X Z.
We will mainly consider situations where all edges of the graphs have equal weight 1/2.
The random walk X starts from & € G xZ or from the uniform distribution on Gy x {0}
under suitable probabilities P, and P defined in (2.3) and (2.4) below. We consider M > 1
and sequences of points T, n = (Ym,n: Zmn), 1 <m < M, in Gy xZ with mutual distance
tending to infinity. We assume that the neighborhoods around any vertex y,, y look like
balls in a fixed infinite graph G,,, in the sense that

(1.3) we choose an ry — oo, such that there are isomorphisms ¢,, x from
B(Ym.n,rn) 10 B(om, ry) C Gy, with ¢y §(Ym.n) = o for all V.

The points not visited by the random walk in the neighborhood of z,, 5 until time ¢ > 0
induce a random configuration of points in the limit model G,, x Z, called the vacant
configuration in the neighborhood of z,, , which is defined as the {0,1}%™*%Z-valued
random variable

mN g HXn £ @ (%), for 0 <n <t} if x € B(om,ry) X Z,
(1.4) wit (%) = { 0, otherwise, for ¢t > 0,

where the isomorphism ®,, x is defined by ®,, n(y,2) = (¢ N (y), 2 — 2 n) for (y, 2) in
B(ym,N7 rN) X 7.

Random interlacements on G,,, X Z enter the asymptotic behavior of the distribution
of the local pictures w™". For the construction of random interlacements on transient
weighted graphs we refer to [22]. For our purpose it suffices to know that for a weighted
graph G,, x Z with weights defined such that the random walk on it is transient, the
law QSm*Z on {0,1}®"*Z of the indicator function of the vacant set of the random
interlacement at level u > 0 on G,,, x Z is characterized by, cf. equation (1.1) of [22],

(1.5) QEm*Zw(x) = 1, for all x € V] = exp{—u cap™(V)},
for all finite subsets V of G,, X Z,



where w(x), x € G,, x Z, are the canonical coordinates on {0,1}*"*Z and cap™(V) the
capacity of V as defined in (2.7) below.

The main result of the present work requires the assumptions A1-A10 on the graph
G, which we discuss below. In order to state the result, we have yet to introduce the
local time of the Z-projection 77(X) of X, defined as

-1

(1.6) Z Liny(x))=2), for 2 € Z,n > 1,
=0

as well as the canonical Wiener measure W and a jointly continuous version L(v,t),
v € R, t > 0, of the local time of the canonical Brownian motion. The main result
asserts that under suitable hypotheses the joint distribution of the vacant configurations
in the neighborhoods of z n,..., 2y~ and the scaled local times of the Z-projections
of these points at a time of order |Gy|? converges as N tends to infinity to the joint
distribution of the vacant sets of random interlacements on G,, X Z and local times of
a Brownian motion. The levels of the random interlacements depend on the local times,
and conditionally on the local times, the random interlacements are independent. Here
is the precise statement:

Theorem 1.1. Assume A1-A10 (see below (2.9)), as well as

|GN|

(1.7) — 3, for some 3 > 0,

and for all 1 <m < M,

z
mN N7 U, for some v, € R,
|G|

which is in fact assumption A4, see below. Then the graphs G,, X Z are transient and as
N tends to infinity, the Hﬁf:l{o, 1}6m x RY -valued random variables

LZIN LZ]M,N
LN LM alGy|? Oé\GNIQ)
e, a>0 N>1
2 ) 2y ) 9 ) - )
( “alGy| “alGyl |G N | |G|

defined by (1.4) and (1.6), with ry and ¢, N chosen in (5.1) and (5.2), converge in joint
distribution under P to the law of the random vector (w1, ... ,wp, Uy, . .., Uy ) with the fol-
lowing distribution: the variables (U, )M_, are distributed as ((1+3)L(vm, o/ (1+3)))M_,

under W, and conditionally on (Un)M_,, the variables (wm)M_; have joint distribution

G X7
H1<m<M QUm/(Hg

Remark 1.2. Sznitman proves a result analogous to Theorem 1.1 in [20], Theorem 0.1,
for Gy given by (Z/NZ)? and G,, = Z% for 1 < m < M. This result is covered by
Theorem 1.1 by choosing, for any y and y' in (Z/NZ)?, w,, = 1/2 if y and 3’ are at
Euclidean distance 1 and w, ,, = 0 otherwise. Then the random walk X on (Z/NZ)% x Z
with weights as in (1.2) is precisely the simple random walk considered in [20]. We
then have = d in (1.7) and recover the result of [20], noting that the factor 1/(1 + d)
appearing in the law of the vacant set cancels with the factor w, = d+ 1 in our definition
of the capacity (cf. (2.7)), different from the one used in [20] (cf. (1.7) in [20]).
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We now make some comments on the proof of Theorem 1.1. In order to extract the
relevant information from the behavior of the Z-component of the random walk, we follow
the strategy in [20] and use a suitable version of the partially inhomogeneous grids on
Z introduced there. Results from [20] show that the total time elapsed and the scaled
local time of a simple random walk on Z can be approximated by the random walk
restricted to certain stopping times related to these grids. The difficulty that arises in
the application of these results in our setup is that unlike in [20], the Z-projection of our
random walk X is not a Markov process. Indeed, the Z-projection is delayed at each step
for an amount of time that depends on the current position of the G y-component. In
order to overcome this difficulty, we decouple the Z-component of the random walk from
the G ny-component by introducing a continuous-time process X = (Y, Z), such that the
Gn- and Z-components Y and Z are independent and such that the discrete skeleton of
X is the random walk X on Gy x Z. It is not trivial to regain information about the
random walk X after having switched to continuous time, because the waiting times of
the process X depend on the steps of the discrete skeleton X and are in particular not
iid. We therefore prove in Theorem 5.1 the continuous-time version of Theorem 1.1 first,
essentially by using an abstraction of the arguments in [20] and making frequent use of
the independence of the G- and Z-components of X, and defer the task of transferring
the result to discrete time to later.

Let us make a few more comments on the partially inhomogeneous grids just men-
tioned. Every point of these grids is a center of two concentric intervals I C I with
diameters of order dy and hy > dy, where hy is also the order of the mesh size of the
grids throughout Z. The definition of the grids ensures that all points z,, 5 are covered by
the smaller intervals, hence the partial inhomogeneity. We then consider the successive
returns to the intervals I and departures from I of the discrete skeleton Z of Z. Accord-
ing to a result from [20] (see Proposition 3.3 below) and Lemma 3.4, these excursions
contain all the relevant information needed to approximate the total time elapsed and to
relate the scaled local time LZTC’;]VV‘2/|GN| of Z (see (2.6)) to the number of returns of Z
to the box containing z,, . For these estimates to apply, the mesh size hy of the grids
has to be smaller than the square root of the total number of steps of the walk, i.e. less
than |Gy|. At the same time, we shall need hy to be larger than the square root of
the relaxation time Ay' of Gy, so that the Gy-component Y approaches its stationary,
i.e. uniform, distribution between different excursions. This motivates the condition A2,
see below (2.9), on the spectral gap Ay of Gy.

Once the partially inhomogeneous grids are introduced, the law Q®"*Z of the vacant
set appears as follows: For concentric intervals I C I, z € 9(I1°) and 2’ € I we define the
probability P, .- as the law of the finite-time random walk trajectory started at a uniformly
distributed point in Gy x {2} and conditioned to exit Gy x I through Gy x {2’} at its final
step. We have mentioned that the distribution of the G y-component of X approaches the
uniform distribution between different excursions from Gy x I to (Gy x I)¢. It follows
that the law of these successive excursions of X under P, conditioned on the points z
and z’ of entrance and departure of the Z-component, can be approximated by a product
of the laws P, ... This is shown in Lemma 4.3. A crucial element in the proof of the
continuous-time Theorem 5.1 is the investigation of the P, .-probability that a set V' in
the neighborhood of a point x,, v in Gy x I is not left vacant by one excursion. We



find that up to a factor tending to 1 as N tends to infinity, this probability is equal to
cap™ (P, n(V))hy/|Gn|. With the relation between the number of such excursions taking
place up to time «|Gy|? and the scaled local time LZT&:]]VV|2/‘GN‘ from Proposition 3.3 and
Lemma 3.4, the law Q®"*Z see (1.5), appears as the limiting distribution of the vacant
configuration in the neighborhood of z,, x.

Let us describe the derivation of the asymptotic behavior of the P, ,,-probability just
mentioned in a little more detail. As in [20], a key step in the proof is to show that
the probability that the random walk escapes from a vertex in a set V. C Gy X [ in
the vicinity of x,, v to the complement of G'x x I before hitting the set V converges to
the corresponding escape probability to infinity for the set @, (V') in the limit model
G, X Z. This is where the required capacity appears. The assumption A5 that (potentially
small) neighborhoods B(y, n,7n) of the points y,, y are isomorphic to neighborhoods
in G,, is necessary but not sufficient for this purpose. We still need to ensure that the
probability that the random walk returns from the boundary of B(x,, n,7n) to the vicinity
of x,,, y before exiting G X I decays. This is the reason why we assume the existence of
larger neighborhoods C,, y containing B(y, n,7n) in A6. These neighborhoods C,, x are
assumed to be either identical or disjoint for points with similarly-behaved Z-components
in A8. Crucially, we assume in A7 that the sets C,, y are themselves isomorphic to
neighborhoods in infinite graphs G, that are sufficiently close to being transient, as is
formalized by A9. We additionally assume in A10 that X started from any point in the
boundary of C,, y X Z typically does not reach the vicinity of x,, y until time A\y'|Gy|¢,
i.e. until well after the relaxation time of Y. These assumptions ensure that the random
walk, when started from the boundary of B(z,, n,7n), is unlikely to return to a point
close to z,,, y before exiting G'n x I. For this last argument, we need the mesh size hy
of the grids to be smaller than (Ay'|Gx|)/2, so that hy can be only slightly larger than

the )\;[1/ ? required for the homogenization of the G y-component.

In order to deduce Theorem 1.1 from the continuous-time result, we need an estimate
on the long term-behavior of the process of jump times of X and a comparison of the local
time of X and the local time of the discrete skeleton X. This requires a kind of ergodic
theorem, with the feature that both time and the process itself depend on N. To show
the required estimates, we use estimates on the covariance between sufficiently distant
increments of the jump process that follow from bounds on the spectral gap of Gn. With
the assumption (1.7), we find that the total number of jumps made by X up to a time of
order |G |? is essentially proportional to the limit of the average weight (1+(3) per vertex
in Gy X Z, see Lemma 6.4. In this context, the hypothesis A1 of uniform boundedness
of the vertex-weights of Gy plays an important role for stochastic domination of jump
processes by homogeneous Poisson processes.

The article is organized as follows: In Section 2, we introduce notation and state
the hypotheses A1-A10 for Theorem 1.1. In Section 3, we introduce the partially in-
homogeneous grids with the relevant results described above. Section 4 shows that the
dependence between the G y-components of different excursions related to these grids is
negligible. With these ingredients at hand, we can prove the continuous-time version of
Theorem 1.1 in Section 5. The crucial estimates on the jump process needed to transfer
the result to discrete time are derived in Section 6. With the help of these estimates,



we finally deduce Theorem 1.1 in Section 7. Section 8 is devoted to applications of
Theorem 1.1 to three concrete examples of Gy.

Throughout this article, ¢ and ¢’ denote positive constants changing from place to
place. Numbered constants cg, ¢y, ... are fixed and refer to their first appearance in the
text. Dependence of constants on parameters appears in the notation.

Acknowledgments. The author is grateful to Alain-Sol Sznitman for proposing the
problem and for helpful advice.

2 Notation and hypotheses

The purpose of this section is to introduce some useful notation and state the hypotheses
A1-A10 made in Theorem 1.1.

Given any sequence ay of real numbers, o(ay ) denotes a sequence by with the property
by/any — 0 as N — oo. The notation a A b and a V b is used to denote the respective
minimum and maximum of the numbers a and b. For any set A, we denote by |A| the
number of its elements. For a set B of vertices in a graph G, we denote by 0B the
boundary of B, defined as the set of vertices in the complement of B with at least one

neighbor in B and define the closure of B as B = BU 0B.

We now construct the relevant probabilities for our study. For any weighted graph G,
the path space P(G) is defined as the set of right-continuous functions from [0, 00) to G
with infinitely many discontinuities and finitely many discontinuities on compact inter-
vals, endowed with the canonical o-algebra generated by the coordinate projections. We
let (Y¢):>0 stand for the canonical coordinate process on P(G). We consider the probabil-
ity measures Pyg on P(G) such that Y is distributed as a continuous-time Markov chain on
G starting from y € G with transition rates given by the weights wy .. Then the discrete
skeleton (Yn)n>0, defined by Y, = Y,y, with (0, ),>0 the successive times of discontinuity
of Y (where o) = 0), is a random Walk on G starting from y with transition probabilities
p9(y,y') = wy,/wy. The discrete- and continuous-time transition probabilities for gen-
eral times n and ¢ are denoted by pf(y,y') = Py[Y, = y'] and &(y.y) = PJ[Y; =y']. The
jump process (1) )iso of Y is denoted by Y = sup{n > 0: of < t}, so that Y; = Yy,
t>0.

Next, we adapt the notation of the last paragraph to the graphs we consider. Let G be
any of the graphs Z = {z, 7/, ...} with weight 1/2 attached to any edge, Gy = {y, v/, ...},
={y,y,...} or G = {y,¥’,...}, where Gy are the finite bases of the cylinder
n (1.1), and for 1 < m < M, G,, are the infinite graphs in (1.3) and G,, are infinite
connected weighted graphs. Unlike G,,, the graphs G, do not feature in the statement of
Theorem 1.1. They do, however, play a crucial role in its proof. Indeed, we will assume
that neighborhoods of the points Ym.n that are in general much larger than B(y., n, rn)
are isomorphic to subsets of G,,. For some examples such as the Euclidean box treated in
Section 8, this assumption requires that G, be different from G,, . Assumptions on Gm
will then allow us to control certain escape probabilities from the boundary of B(xy,n,IN)
to the complement of G x I, for an interval I containing z,, . See also assumptions
A6-A10 and Remark 2.1 below for more on the graphs Gn,.



Under the product measures Pyg x PZ on P(G) x P(Z), we consider the process

z

X =(Y,Z) on G x Z. The crucial observation is that X has the same distribution as the
random walk in continuous time on G x Z attached to the weights

1
(2.1) Wy y'x) = Wyy Lia=2y + 5 ly=yl=21=1),

for any pair of vertices {(y, z), (y’,2')} in G x Z. We define the discrete skeleton (X,,),>0
of X by X,, = X,x, with (6))n>0 the times of discontinuity of X (where o' = 0) and
similarly Z, = Z,z for the times (02),>0 of discontinuity of Z. We will often rely on the
fact that

(2.2) X is distributed as the random walk on G x Z with weights as in (2.1).

The jump process of X is defined as 7} = sup{n > 0: X < t}. We write

(2.3) P, = PO~ x P2 P = P8 x P? and P = PS x PZ,

for vertices z = (y, z) in Gy xZ and x = (y, 2) in G,, X Z or G, x Z. Two measures on Gy
are of particular interest: the reversible probability g, (y) = w,/w(Gxy) for p“¥(.,.) and
the uniform measure u(y) = 1/|Gy|, y € G, which is reversible for the continuous-time
transition probabilities ¢”¥(.,.), t > 0. We define

(2-4) PoN = Z ,u(y>PyGN7 P, = Z N(y)P(y,z)a and P = Z :u(y>P(y,0)-

yeGN yeGN yeGN
On any path space P(G), the canonical shift operators are denoted by (0;):>0. The shift
operators for the discrete-time process X are denoted by 0 = Oox, n > 0.

For the process X, the entrance-, exit- and hitting times of a set A are defined as

(2.5) Hy=inf{n >0: X, € A}, Tao=inf{n>0: X, ¢ A}
and [:IA:inf{nZ 1:X, € A}

In the case A = {z}, we simply write H, and H,. We also use the same notation for the
corresponding times of the processes Y and Z. The analogous times for the continuous-
time processes X, Y and Z are denoted Hy and T 4. Recall the definition of the local time
of the Z-projection of the random walk on G x Z from (1.6). The local times of Z and
its discrete skeleton Z are defined as

n—1

t
(2.6) L = / Liz,—yds and L2 = 1z
0 1=0

Note that [Ajﬁ should not be confused with the local time L? of the Z-projection of X,
defined in (1.6). The capacity of a finite subset V of G,, x Z is defined as

(2.7) cap™(V) = Zme[[:IV = 00| wy.

xeV



For an arbitrary real-valued function f on Gy, the Dirichlet form Dy(f, f) is given by

1 Woy o
(2.8) Dn(f =5 > (fly) = f)* 2%,
2 Gl
vy’ €GN
and related to the spectral gap Ay of the continuous-time random walk Y on G via
D
(2.9)  Axy =min Dalff) : f is not constant p, where var,(f) = pu((f — n(f))?).
var,(f)

The inverse A" of the spectral gap is known as the relaxation time of the continuous-time
random walk, due to the estimate (4.1).

We now come to the specification of the hypotheses for Theorem 1.1. Recall that
(Gn)n>1 s asequence of finite connected weighted graphs. We consider M > 1, sequences
TN = (YmN, Zmn), 1 <m < M, in Gy xZ and an 0 < € < 1 such that the assumptions
A1-A10 below hold. The first assumption is that the weights attached to vertices of Gy
are uniformly bounded from above and below, i.e.

(A1) there are constants 0 < ¢y < ¢; such that ¢ < w, < ¢y, for ally € Gy.

A frequently used consequence of this assumption is that the jump process of Y under P¢
can be bounded from above and from below by a Poisson process of constant parameter,
see Lemma 2.4 below. Moreover, by taking a function f vanishing everywhere except at
a single vertex in (2.9), Al implies that Ay < c. If in addition also the edge-weights w,,,
of G are uniformly elliptic, it follows from Cheeger’s inequality (see [14], Lemma 3.3.7,
p. 383) that the relaxation time Ay is bounded from above by c|Gy|?. We assume a
little bit more, namely that for € as above,

(A2) Ay <GNP,

which in particular rules out nearly one-dimensional graphs G . We further assume that
the mutual distances between different sequences z,, y diverge,

(A3) lim _win_ (v, 2y) = 00,

and that in scale |G y|, the Z-components of the sequences z,, y converge:

. Zm,N
A4 lim—— =wv,, R, for 1 <m < M.
(Ad) e

The key assumption is the existence of balls of diverging size centered at the points y,,
that are isomorphic to balls with fixed centers o, in the infinite graphs G,,:

(Ab) For some ry — oo, there are isomorphisms ¢, x from B(y., n,7N)
to B(om,Tn) C Gy, such that ¢, N (Ym.n) = o, for all N, m.

In the proof of Theorem 1.1, we want to show the decay of the probability that the random
walk X under P returns to the close vicinity of the center z,, y from the boundary of
each of the balls B(z,, n,7n) C Gn X Z before exiting a large box. With this aim in
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mind, we make the remaining assumptions. For any m, N, we assume that there exists
an associated subset C,, ny of G such that

(A6) B(ym,Na TN) g Cm,N7
and C”m ~ are isomorphic to a subset of the auxiliary limit model Gm, ie.

(AT) there is an isomorphism 1,,, y from C,, y with a set C,, C Gm,
such that v, v(0Cy, n) = 0C,, v,

where the last condition is to ensure that the distributional identity (2.13) below holds.
Note that we are allowing the infinite graphs G, to be different from G,,. For an
explanation, we refer to Remark 2.1 below (see also Remark 8.4). We further assume that
the sets C),, v as m varies are essentially either disjoint or equal (unless the corresponding
Z-components z,, y are far apart), i.e.

(A8)  whenever v, = vy, then for all N either Cp, vy = Cpy vy or Cpy vy N Cry v = 0.

Concerning the limit model G,,, we require that the measure of a constant-size ball

centered at Op, N =) Y (Ym.x) under the law Y;, o PE» decays faster than n~27,
(A9) lim n2te sup sup p‘S’m (yo,y) = 0, for any po > 0.

yoEGm yeB(am,vaO)szl

This assumption is only used to prove Lemma 2.3 below. Let us mention that A9 typically
holds whenever the on-diagonal transition densities decay at the same rate, see Remark 2.2
below. Finally, we assume that the random walk on G X Z, started at the interior
boundary of C,, ny X Z, is unlikely to reach the vicinity of z,, y until well after the
relaxation time of Y:

(A10) lim  sup Pyo,=) [ H,

N y0ed(Ce,),20€Z

) <AV GN[T =0,

((b;j]\f (Y)vzm,N+Z

for any (y,z) € Gy, X Z (note that ¢, '\ (y) is well-defined for large N by A5).

Remark 2.1. The infinite graphs Gy in A7 can be different from the graphs G,,, describ-
ing the neighborhoods of the points y,, x. The reason is that for A10 to hold, the sets C,,,
will generally have to be of much larger diameter than their subsets B(y,,,7n). Hence,
C,, is not necessarily isomorphic to a subset of the same infinite graph as B(y,,, ). This
situation occurs, for example, if Gy is given by a Fuclidean box, see Remark 8.4.

Remark 2.2. Typically, the weights attached to the vertices of G,, are uniformly
bounded from above and from below, as are the weights in Gx (see (Al)). In this
case, assumption A9 holds in particular whenever one has the on-diagonal decay

limn2* sup p&m(y,y) — 0,
" yeGm

see [23], Lemma 8.8, p. 108, 109.



From now on, we often drop the N from the notation in Gy, Cy, N, Tim N, Pmy and
Ym,n. We extend the isomorphisms ¢,, and ¢, in A5 and A7 to isomorphisms ®,, and
U2 defined on B(yym,,rn) X Z and on C,, X Z by

(2.10) D, : (y,2) — (dm(y), 2 — 2z1m), and
(2.11) U2 (y, 2) — (Ym(y), 2 — 20), for zy € Z.

A crucial consequence of (A5) and (A7) is that for ry > 1,

(2.12) (X¢ 10 <t < Tymry—1)xz) under P, has the same distribution as
(@, 1(X;):0<t < T Blom,ry—1)xz) under P&, (x)» and
(2.13) (X; : 0 <t <Tg,xz) under P, has the same distribution as

((Wi?)il(Xt) :0 S t S TCmXZ) under EDT\Ir,Lf)SL)(x)

The assumption A9 only enters the proof of the following lemma showing the decay
of the probability that the random walk on the cylinders G,, X Z or Gm X Z returns from
distance p to a constant-size neighborhood of (0,,,0) or (¥, (ym), 0) as p tends to infinity.
Note that this in particular implies that these cylinders are transient and the random
interlacements appearing in Theorem 1.1 make sense.

Lemma 2.3. (1 <m < M) Assuming A1-A10, for any py > 0,

(2.14) lim sup P "[Hy <00} =0, and lim sup PP [Hy < oo] =0.
p=ee d(x,(6m,0))<po p=ee d(x,(om,0))<po
d(XQ,X)Zp d(X07 )>P
The proof of Lemma 2.3 requires the following two lemmas of frequent use.

Lemma 2.4. Let G be a weighted graph such that 0 < infy, w, < sup, w, < oo.

(2.15) Under Pyg, en = (0] — o) Dwy, ,,n>1, is a sequence of

n—1
itd exp(1) random variables, independent of Y, and
(2.16) <l <™, fort >0,

where nf = sup{n > 0:e;+ ...+ e, < vt}, t >0, with (e,)n>1 as defined above, is a
Poisson process with rate v > 0.

Proof. The assertion (2.15) follows from a standard construction of the continuous-time
Markov chain Y, see for example [12], pp. 88, 89. For (2.16), note that for any k& > 0,
(2.17) M oy TN

sup,wy — infyw,’

hence for t > 0,

n; —sup{n>0 Z — oy, <t}

(2.17) "
= SUP{” =0: Z(Uz —o) )= < t} ey
k=1

10



as well as

(2.17) " w inf, w

Lemma 2.5.
1+t—s
NG

Proof. By the strong Markov property applied at time s + H,: o 6,

(2.18) PrZ e Zyyl <c , for0<s<t<oo,zz €.

t+1

t+1
(2.19) EZ| / 1(z,—ndr] > EZ[s + Hy 06, <, / 1(z,—.ndr]
s s+H_ /005

1
Z PZZ[HZI o 03 S t— S]E? [/ ]—{ZT:z’}dT]

0
> P2 € Ziy | ES[of A1) > cP2[Z € Zj ).

It follows from the local central limit theorem, see [11], (1.10), p. 14, (or from a general
upper bound on heat kernels of random walks, see Corollary 14.6 in [24]) that

(2.20) P27, =] < c/v/n, forall zand 2’ in Z and n > 1.

Using an exponential bound on the probability that a Poisson variable of intensity 2t is
not in the interval [¢, 4¢], it readily follows that PZ[Z, = 2'] < ¢/+/t for all t > 0, hence

t+1 t+1
1 14+¢—
EzZ [/ 1{zr:z/}d"”} < c/ —dr < cg.

With (2.19), this implies (2.18). O

Proof of Lemma 2.3. Denote by G either one of the graphs G, or Gy, and by P the
corresponding probabilities P™ and P™. Assume for the moment that for all n > ¢(e, pg),

e

(2.21) sup sup pf(yo,y) < c(po)n~27F,
y0€G yeB(o,p0)

where o denotes the corresponding vertex 6,, y or o,. For any points x = (y, 2) in
B((0,0), po) and xg = (yo, 20) in G x Z such that d(x¢,x) > p, we have

o0

(2.22) Py, [Hy < 0] Z o) Vo = V22 € Zigy o

n+1}

B

By independence of (Y, oY) and Z, the probability in this sum can be rewritten as

G [Ya =y, PAlz € Zi)| gy |.
Y

t:Un+1

11



which by the estimate (2.18) and the strong Markov property at time o is smaller than

1+ o0706,y7 (A1) 1
CE}% [Yn =y, 7"} < cE}% [Yn =y, —} .

Vo

By (2.15) and Al, the sum in (2.22) can be bounded by

VoY

! G 1
< L
el+...+6n} —an[;}pn(y(),y)\/_,

where we have used that E[1/(e;+...+e,)] = 1/(n—1) for n > 2 (note that e; +. .. +e, is
['(n, 1)-distributed), together with Jensen’s inequality. By the bound assumed in (2.21),
this implies with (2.22) that

(2.23) ¢ Y o vE|

n=[p]

o0

sup Py [Hy < 00] < clpo) Y 01
d(x,(0,0))<po n=|p]
d(x0,%)>p

Since the right-hand side tends to 0 as p tends to infinity, this proves both claims in
(2.14), provided (2.21) holds for G,, and G,, in place of G. In fact, (2.21) does hold
for G = G,, by assumption A9, and also holds for G = G,, by the following argument:
Consider any yo € G, y € B(0m, po) and n > 0. Choose N sufficiently large such that
rn — d(yo,0m) > n and both yo and y are contained in B(o,,,ry) (cf. Ab). Using the

~ A

isomorphism ¢ = ,,, o ¢! from B(0,,,7x) to B(0m,7n) C Gy, we deduce that

(2.24) PE" (Y0,¥) = P;,%m Yo =, TBoprn—1) = N — d(Y0, 0m)].
= Pﬁr;o)[yn = (), TBGmrn—1) = TN — d(y0, 0m)]
< " (U(y0), ¥(y)) < elpo)n275,
using assumption A9 in the last step. This concludes the proof of Lemma 2.3. O

3 Auxiliary results on excursions and local times

In this section we reproduce a suitable version of the partially inhomogeneous grids on
Z introduced in Section 2 of [20]. These grids allow to relate excursions of the walk Z
associated to the grid points to the total time elapsed and to the local time L of Z. This is
essentially the content of Proposition 3.3 below, quoted from [20]. We then complement
this result with an estimate relating the local time L of Z to the local time L of the
continuous-time process Z in Lemma 3.4.

For integers 1 < dy < hy and points 2y, 1 <1 < M, in Z (to be specified below),
we define the intervals

(31) Il = [Zl* — dN,Zl* + dN] Q fl = (Zl* — hN, Zl* + hN),

dropping the N from zjy for ease of notation. The collections of these intervals are
denoted by

(3.2) T={,1<I<M}, andZ ={[;,1 <1< M}.

12



The anisotropic grid Gy C Z, is defined as in [20], (2.4):

(3.3) Gy = GrnUGY, where Gy = {z,1 <1< M} and
GY =1{2 € 2hNZ : |z — zf| > 2hy, for 1 <1< M}.

It remains to choose dy, hy and z;. In [20], no upper bound other than o(|G y|) is needed
on the distance between neighboring grid points, but we want an upper bound not much
larger than )\]_Vl/ 2 A consequence of this requirement is that unlike in [20], we may attach
several points 2/ to the same limit v,, in A4. We satisfy this requirement by a judicious
choice such that

(34)  APIGNT < dy, dy = o(hy), hy < AG(GN|Y,

(3.5) 1SZIE}/I;M |2/ — 25| > 100hy, and

(3.6) {21, ., z2n ) S UM 25— [dn/2], 27 + [dn/2]], for all N > c(e, M).
Proposition 3.1. Points z7,..., 25, in Z and sequences dy, hy in N satisfying (3.4)-
(3.6) exist.

The proof of Proposition 3.1 is a consequence of the following simple lemma, asserting
that for prescribed numbers a, b and ¢ > 2, any M points in a metric space can be covered
by balls of radius between a and b*a, such that the balls with radius multiplied by b
are disjoint and no more than M balls are required.

Lemma 3.2. Let X be a metric space and x+,...,xy, M > 1, points in X. Consider
real numbers a > 1 and b > 2. Then for some M, < M and a < p < b*a, there are
points {x%,..., 23, } in X such that

U B(z},p) 2 {x1,..., 75}, and the balls (B(x},bp))M are disjoint,
1<i<M,

where B(x,r) denotes the closed ball of radius v > 0 centered at x € X .

Proof of Proposition 3.1. Lemma 3.2, applied with X = Z and the points 21, ..., z); with
a= [)\;\,1/2|G|6/8] and b = [(|G|“/®)YCM+D] vields points 2], ..., 2}, in Z and a p between
a and b*M q such that (3.4)-(3.6) hold for dy = [2p], hxy = [bp/100] and M, in place of M.
The additional points 23, |, .., 2y, can be chosen arbitrarily subject only to (3.5). O

Proof of Lemma 3.2. For m > 0, set
Ey, = min{k > 0: for some z},..., 7} in X, U B(a},b°"a) D {x1,...,20}},

and denote points for which the minimum is attained by x7", ..., z}! . The first observa-
tion on k,, is that clearly 1 < k,, < M. The second observation is that

either the balls B(z",6*"a), 1 < i < k,,, are disjoint, or k1 < ky,, for m > 0.

Indeed, assume that z € B(z}*, 0> 'a) N Bz}, 0***'a) for 1 <i < j < ky,. Then since
b > 2, the k,, — 1 balls of radius b*™™a centered at ({z7",..., 27 YU {z}) \ {27, "
still cover {z1,..., x5 }. Thanks to these two observations, we may define

m, = min{m > 0: the balls B(z",b*"™a), 1 <i < k,, are disjoint} < M,

and set M, = ky,,, xf = ;" for 1 <i < M, and p = b a. O

13



The grids Gy we consider from now on are specified by (3.1)-(3.6). In order to define
the associated excursions, we define the sets C' and O, whose components are intervals of
radius dy and hy, centered at the points in the grid Gy, i.e.

(37) C =0y + [—dN, dN] CO =GN+ (—hN, hN)

The times R,, and D,, of return to C' and departure from O of the process Z are defined
as

(38) R1 :Hc,Dl :T00031+R1, and fOI'TLZ 1,
Ryi1=Ryo0p, + Dy, Dyyy = Dyobp, + Dy,

sothat 0 < Ry < Dy <...< R, < D, Pl-as. For later use, we denote for any a > 0,

(3.9) tn = By [T nyran in—an)] + By [T-ny )] = (hy = dn)® + hiy — 3,
(3.10) on = [a|G)/ty], k(N) = on —[o0Y], K*(N) = an + [o3],

where we will often drop the N from now on. We come to the crucial result on these
returns and departures from [20], relating the times Dy, to the total time elapsed (3.11)
and to the local time L of Z ((3.12)-(3.14)).

Proposition 3.3. Assuming A2,

(3.11) lim P[Dy, < a|Gy|* < D] = 1.
(3.12) lin sup ES((|Liyup — Lo, |/1Gn]) A1) = 0.
hn
3.13 Sup max E [ 1 ] < 00.
( ) Np ez |Gy| ° 1<§<:k* Preel)
(3.14) lin max sup EOZ[ L, —hn Y 1{sze1}H/|GN| = 0.

1<k<ks

Proof. The above statement is proved by Sznitman in [20]. Indeed, in [20], the author
considers three sequences of non-negative integers (ay)n>1, (An)n>1, (dv)n>1, such that

limN anN = th hN = 00, and

(3.15) dy = o(hy), hy = o(ay) (cf. (2.1) in [20]),

as well as sequences 2/ of points in Z satisfying (3.5) (cf. (2.2) in [20]). The grids Gy
are then defined as in (3.3) (cf. (2.4) in [20]) and the corresponding sets C' and O as in
(3.7) (cf. (2.5) in [20]). For any v € (0,1], z € Z, Sznitman in [20] then introduces the
canonical law Q7 on ZY of the random walk on Z which jumps to one of its two neighbors
with probability v/2 and stays at its present location with probability 1 — «. The times
(Rp)n>1 and (Dy,)n>o of return to C' and departure from O are introduced in (2.9) of [20],
exactly as in (3.8) above. The sequences ty, oy, k.(N), k*(N) are defined in (2.10)-(2.12)
of [20] as in (3.9) and (3.10) above, with |G y| replaced by ay and EZ replaced by the
Q7-expectation E7. Under these conditions, the statements (3.11)-(3.14) are proved in
20], Proposition 2.1, with |G x| replaced by ay and B and EZ replaced by Py and Ej.
All we have to do to deduce the above statements is to choose v = 1 and ay = |Gx]| in
Proposition 2.1 of [20], noting that (3.15) is then satisfied, by (3.4) and A2. O
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We now relate the local time of Z to the local time of the continuous-time process Z.

Lemma 3.4.

(3.16) S;ég Er [ifMGN‘gﬂ < c(a)|Gyl, for a> 0.
(3.17) hjlvnilelg E§[(IL3oyp — Liuoypl/IGND) Al = 0.

Proof. For (3.16), apply the bound Py[Z, = z] < ¢//n (cf. (2.20)), see (2.34) in [20].
We write T' = «|G|?. By the strong Markov property applied at time O'[ZT] AT,

[T]\/T |O'[T]7T|
(318)  EZ[LE — Li|) = EZ [/ Liz—syds| < sup B [/ Liz,—2yds]
[T] U[ZT]/\T 20€L 0

T2/3
< / sup P2[Z, = 2]ds + Ej [(ofy) — T)?)/T%3,
0

20€7Z

using the Chebyshev inequality in the last step. By the bound (2.18) on PZ[Z, = 2] and
a bound of ¢T" on the variance of the I'([T], 1)-distributed variable O'[ZT], the right-hand

side of (3.18) is bounded by ¢T''/3. Hence, the expectation in (3.17) is bounded by

(3.19) C(a)IG|_1/3+EoZ[(|L§[ — Ligl/IG)) A1),

The strategy is to now split up the last expectation into expectations on the events
Ay = {8|G| < Ly < 0|G|}, Ay = {Lip < 8|G|}, Ay = {Lip > 0|G|}, 0< 6 < 9.

In this way, one obtains the following bound on (3.19):

[T]-1
(3:20) e(a)|GI7 + BF[Ar, (| D0 (071 = 0 = Dlizeny|/IGI) A1] + 20+ PFAY),
n=0

where we have used the fact that (02, — 0%),>0 are iid exp(1) variables independent of
Z to bound the expectation on Ay by 20. By Chebyshev’s inequality and (3.16),

PE[As) < EX[L2 0] /(01G]) < c() /0.

In order to bound the expectation in (3.20), we apply Fubini’s theorem to obtain

/1G1) A1 < B {Al,f@ﬂ)‘z(;ﬂ]]

[T]-1
g (| (020 = o2 = D1z
n=0

where for any [ > 1, f(I) EZK‘Z ol —of—1) ‘/l) \G|/l)}

Collecting the above estimates and using the definition of A;, we have found the following
bound on the expectation in (3.17) for any z € Z:

c(a)|G|7Y? + 913;& f(l)+20 + #;I).
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Note that this expression does not depend on z, so it remains unchanged after taking the
supremum over all z € Z. Since moreover sup;s ¢ f(1) tends to 0 as |G| tends to infinity
by the law of large numbers and dominated convergence, this shows that the left-hand
side of (3.17) (with lim replaced by limsup) is bounded from above by 26 4+ ¢(«)/6. The
result follows by letting ¢ tend to 0 and € to infinity. O

Consider now the times R, and D,,, defined as the continuous-time analogs of the
times R, and D,, in (3.8):

R, = crlz%n and D,, = crlz)n, forn > 1,

so that the times R,, and D,, coincide with the successive times of return to C' and
departure from O for the process Z. We record the following observation:

Lemma 3.5. For any sequence ay > 0 diverging to infinity,

(3.21) limsup EZ[|Day /Day — 1| A 1] = 0.

N zez
Proof. We define the function ¢ : N — R by g(n) = Y." (67 — d%,)/n, so that
Day/Day = 9(Day ). By independence of the two sequences (02),,>1 and (D,,),>1, Fubini’s
theorem yields

(3.22) sup E7[|Day /Doy — 1| A 1] = sup EZ[Eg(lg(n) — 1] A1]|

2€7 n:DaN] ’

where we have used that the distribution of (%), is the same under all measures PZ,
z € Z. Fix any € > 0. By the law of large numbers, the EZ-expectation in (3.22) is less
than € for all n > ¢(e). Hence, for any N such that c(€) < ay, we have c(¢) < ay < D,
and the expression in (3.22) is less than e. O

4 Excursions are almost independent

The purpose of this section is to derive an estimate on the continuous-time excursions
(X[Rk7Dk])1§k§k* between C' and the complement of O. The main result is Lemma 4.3,
showing that these excursions can essentially be replaced by independent excursions after
conditioning on the Z-projections of the successive return and departure points. The
reason is that the Gy-component of X has enough time to mix and become close to
uniformly distributed between every departure and subsequent return, thanks to the
choice of hx in the definition of the grids Gy, see (3.4). The following estimate is the
crucial ingredient:

Proposition 4.1.

(4.1) sup |7V (y, 1) — —=—| < e W fort > 0.
vy’ €GN (€&

16



Proof. If w, =1 for all y € G, then the statement is immediate from [14], Corollary 2.1.5,
page 328. As we now show, the argument given in [14] extends to the present context.
For any |G| x |G| matrix A and real-valued function f on G, we define the function Af

by

Af(y) =D Ay f().

y'eG

We define the matrices K and W by K, = p©(y,y') and W, ,, = w,0,—,, for y, y' € G.
Then we claim that for any real-valued function f on G,

(4.2) E,[f(Y,)] = H,f(y), where H, = e ™"WU=K) 4 >0

In words, this claim asserts that the infinitesimal generator matrix ) of the Markov
chain (Yy)i>o is given by @ = —W (I — K), an elementary fact that is proved in [12],
Theorem 2.8.2, p. 94. Recall the definition of the Dirichlet form D from (2.8). Let us
also define the inner product of real-valued functions f and g on G by

(f.9) = fwgw)IGI™

yeG

Then elementary computations show that

%M(Htff) — —2(W(I — K)H,f, H.f) = —2D(H,f, H.f).

This equation implies that the function u, defined by u(t) = var,(H,f), t > 0, satisfies

(2.9)

u'(t) = =2D(Hy(f — u(f)), H(f — n([f))) < —2Ayu(t), t >0,

hence by integration of of u'/u,
(4.3) var, (H. f) = u(t) < e ?V'u(0) = e ?Vivar,(f).

Using symmetry of ¢©(.,.), (4.2) and the Cauchy-Schwarz inequality for the first estimate,
we obtain for any ¢t > 0 and y,vy’ € G,

1G1¢C (v, ) — 1| =

> (IGICJﬁz(y,y”) - 1) (Iquﬁz(y”,y') B l)ﬁ’

y"eG
< var, (Ht/2|G|5y(.))1/2varM (Ht/2|G|5y/(.))
(4.3)

1/2
LYt 1/2 1/2
< e Whar, (IG[0,(.)) var, (|Gl (1))

=e WG| - 1).
Dividing both sides by |G|, we obtain (4.1). O

Next, we show that the time between any departure and successive return indeed is
typically much longer than the relaxation time Ay' of Y:
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Lemma 4.2.

(4.4) lim]\?up |G| /16 logiup PIR, — Dr_1 < MGy < 0.
>2

Proof. By (3.4), we may assume that N is large enough so that dy < hy/2. We put
Y= 2>‘;71‘GN‘6/87

so that 7 diverges as N tends to infinity (see below Al), and define the stopping times
(Up)n>1 as the times of successive displacements of Z at distance [,/7], i.e.

Uy =inf{t > 0:1|Z, — Zy| > [\/7]}, and for n > 2,
U, =Ujo06y, , +U,1.

To get from a point in O° to C', Z has to travel a distance of at least hy /2 > [hn/(2\/7)][\/7)-
As a consequence, Ry — Di_1 > Upy /2 JA) © Op,_, and it follows from the strong Markov
property applied at time Dy, then inductively at the times Uy, /2, 4)-1, - - -, U1 that

h 2
(4.5) PER. — Dyt < 9] < eEFlexp{—Upny /2 /73] < e(BEfexp{—Uy /7 }]) "/ &7,

Since Uy = T 4,1,7) = ajzﬂ(f[m‘[m), we find with independence of (0)n>0 and T(_{ 5],[, A1)

Eflexp{—Uy/7}] = EF[(1 — 1/7)T-vavan],

by computing the moment generating function of the I'(n, 1)-distributed variable o2. By
the invariance principle, the last expectation is bounded from above by 1 — ¢ for some
constant ¢ > 0. Inserting this bound into (4.5) and using the bound hy > ¢\/7|G |/
from (3.4), we find (4.4). O

We finally come to the announced result, which is similar to Proposition 3.3 in [20].
We introduce, for G any one of the graphs Gy, Z or G x 7Z, the spaces P(G)/ of right-
continuous functions from [0, 00) to G with finitely many discontinuities, endowed with
the canonical o-algebras generated by the finite-dimensional projections. The measurable
functions (.)$! from P(G) to P(G)! are defined for 0 < sy < s1 by

(4'6) <<W>§é>t = W(so+t)As19 t>0.

Given z € C and 2’ with P.[Zp, = 2] > 0, for P, defined in (2.4) (in other words 2’ € oI
if OI is the connected component of O containing z), we set

(47) Pz,z’ = Pz[-‘ZDl = ZI].

Lemma 4.3. For any measurable functions fy, : P(Gn) x P(Z)) — [0,1], 1 < k < k,,

(8)  tim|E] T f00R)] = B[ TT Bawy o, (081 = 0.

1<k<ks« 1<k<ks«

18



Proof of Lemma 4.3. Consider first arbitrary measurable functions g, : P(G)Y — [0, 1],
1 <k <k, real numbers 0 < s; < s} <... < s, <) <ooand set

Hy = gi((Y)3h).

With the simple Markov property applied at time si,, then at time s;, 1, one obtains

1<k<ky 1<k<k.—1
‘EG[( [T #)> a5y (Ve _1,y>]Eﬂgk*<<v>o’“k*>]-
1<k<ky,—1 yeG

With the estimate (4.1) on the difference between the transition probability of Y inside
the expectation and the uniform distribution and the fact that g, € [0, 1], it follows that

[T ] - 29 T m]en o0 )| < dGlesm(—(n. — s v,

1<k<k. 1<k<k,—1

By induction, we infer that

G[ 11 gk((Y)?E)} - 11 EG[gk((Y)S“’“)]’gqm $ ety

1<k<k, 1<k<k, 2<k<ky

(4.9)

Let us now consider the first expectation in (4.8). By Fubini’s theorem, we find that

Bl T seorn| =5 [E7] TT s (e ﬁw]’(z)iﬁfg(a?};]'

1<k<ky 1<k<ksx

Observe that (4.9) applies to the E¢-expectation with g(.) = fi(., (Z)?,j), and yields

w0) |5 T aiooR0] - 52 T #T0i™ @R

1<k<ksx 1<k<ky

G‘ Z E()Z[e*(Rk*Dkfl)AN].

2<k<k,

<c

Note that for large NV, the last term can be bounded with the estimate (4.4) on Ry, —Dy_;:

(3.10)
(4.11) Z EZe~Re=Pe-DAN] < ek, exp{—¢/|G|*} < c(a)|G| exp{—c|G|*}.

2<k<k,

It thus only remains to show that the second expectation on the left-hand side of (4.10)
is equal to the second expectation in (4.8). Note that for any measurable functions
hi, : P(Z)! — [0,1], 1 < k < k, and points z1,..., 2, 2},...,2, in Z such that
PZZk [Zp, = #] > 0 for 1 < k < ki, one has by two successive inductive applications of
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the strong Markov property at the times Ry, ,Dg, 1, Rk, _1,...,D1, with the convention
P,=P
0 Y

B[ () {Zre =220, = b [T me(@RY)]

1<k<ks 1<k<ks

= T (P%,1Ze = 2 Buy (@RI PE (20, = 4))

1<k<k.
=B () {Zr =220, = 43| TT B (@)
1<k<k. 1<k<k.
Summing this last equation over all 2z, 2, as above, one obtains
B TT m@R0)]| = 5| TT Bz, [ (2)30)]]-
1<k<k. 1<k<k.

Applying this equation with

!

he((2)R:) = EC[fil ()™, (2)i8)]

@)=t

substituting the result into (4.10) and remembering (4.11), we have shown (4.8). O

5 Proof of the result in continuous time

The purpose of this section is to prove in Theorem 5.1 the continuous-time version of
Theorem 1.1. Let us explain the role of the crucial estimates appearing in Lemmas 5.2
and 5.3. Under the assumptions A1-A10, these lemmas exhibit the asymptotic behav-
ior of the P, -probability (see (4.7)) that an excursion of the path X visits vertices
in the neighborhoods of the sites x,, contained in a box Gx x [. It is in particular
shown that the probability that a set V,, in the neighborhood of z,, is visited equals
cap™ (P, (Vin))hn /|G N|, up to a multiplicative factor tending to 1 as N tends to infinity.
This estimate is similar to a more precise result proved by Sznitman for Gy = (Z/NZ)?
in Lemma 1.1 of [21], where an identity is obtained for the same probability, if the distri-
bution of the starting point of the excursion is the uniform distribution on the boundary
of Gy x I (rather than the uniform distribution on Gy x {z}).

According to the characterization (1.5), these crucial estimates show that the law of
the vertices in the neighborhood of x,, not visited by such an excursion is comparable to

Q%V" /XéN‘. In Lemma 4.3 of the previous section, we have seen that different excursions

of the form (X)g:, conditioned on the entrance and departure points of the Z-projection,
are close to independent for large N. According to the observation outlined in the last
paragraph, the level of the random interlacement appearing in the neighborhood of x,,
at time o|Gy|? is hence approximately equal to hy /|G x| times the number of excursions
to the interval I performed until time a|Gx|*. As we have seen in Proposition 3.3 and
Lemma 3.4, this quantity is close to the local time ﬁi""GNIQ /|G x| for large N. An invariance
principle for local times due to Révész [13] (with assumption A4) serves to identify the
limit of this quantity, hence the level of the random interlacement appearing in the large
N limit, as L(v,, «). This strategy will yield the following result:
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Theorem 5.1. Assume that A1-A10 are satisfied. Then the graphs G,, X Z are transient
and as N tends to infinity, the [[)_,{0,1}6 x RM -valued random variables

LZI LZIVI
1,N M,N a|G |2 a|Gn|? 0
wnx AR 7wnx ) G AR ) G b > )
alGp |2 alG N2 | N| | N|

defined by (1.4), (2.6), with rx and ¢y chosen in (5.1) and (5.2), converge in joint
distribution under P to the law of the random vector (w1, ... ,wa, Uy, ..., Uy) with the
following distribution: (U, )M_, is distributed as (L(vy,, «))M_, under W, and condition-

ally on (Uy,)YM_,, the random variables (wy,)M_, have joint distribution [],-, < Q%:ZXZ‘

Proof. The transience of the graphs G,, x Z is an immediate consequence of Lemma 2.3.
To define the local pictures in (1.4), we choose the ry in (1.3) as

(5.1) ry = ( min_ d(Tm N, Ty N) ATN A dN> /3, cf. A3, A5, (3.4)
1<m<m/<M

(5.2) and ¢, v as the restriction of the isomorphism in A5 to B(Ym N, v)-

Then the local pictures in (1.4) are defined. We set

(53) Bm,N = B(Im,Na v — 1) and Bm,N = (I)m,N(Bm,N)a fOI‘ 'n Z 1.

From now on, we drop N from the notation in ¢, n, By, v and B,, y for simplicity. Our
present task is to show that for arbitrarily chosen finite subsets V,,, of G,, X Z,

(5.4) An(a|Gy?, a|Gn)?) — A(a), for any 0, € R, 1 <m < M.

where for times s, s > 0 and V,,, = ®_'V,, (well-defined for large N, see (2.10)),

(5.5) An(s, s :E[ H Liny, >s) exp{—éﬁLj”H, and
(5.6) Ala) = BW [exp{— S Lt ) (cap™ (V,n) +em)H.

Theorem 5.1 then follows, as a result of the equivalence of weak convergence and conver-
gence of Laplace transforms (see for example [3], p. 189-191), the compactness of the set
of probabilities on [],, {0, 1}®m*% and the fact that the canonical product o-algebra on
[1,,{0,1}5m*Z is generated by the 7-system of events NY_,{w(z) = 1, for all x € V,,},
with V,,, varying over finite subsets of G,, x Z.

We first introduce some additional notation and state some inclusions we shall use.
For any interval I € Z (cf. (3.2)), we denote by J; the set of indices m such that z,, € I:

(5.7) J={1<m<M:z,ny€I}/=0if no z, n belongs to I.

Note that the set J; depends on N. Indeed, so does the labelling of the intervals I; in Z.
It follows from the definition of ry that

(5.8) the balls (B,,)1<m<m are disjoint, cf. (5.3).
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Since the sets V,,, are finite, we can choose a parameter £ > 0 such that V,,, C B((o,0), K)
for all m and N. Since ry tends to infinity with /V, there is an Ny € N such that for all
N > Ny, we have ry > 1 as well as for all I € Z and m € J;,

Vin C B((om,0),r) C B, C  B(om,rvn—1)x2Z
(5.9) LRt Lot Lo}

(5.1)
Vi C B(xpm, k) c B, C

A6
B(Ym,rv —1)xI C Cp x 1.
Since dy = o(|Gy|) (cf. (3.4), A2), any two sequences z,, that are contained in the same
interval I € 7 infinitely often, when divided by |G x|, must converge to the same number
Um, cf. (A4). By A8, we can hence increase Nj if necessary, such that for all N > Ny,

(5.10) for m and m’ in J;, either C,,, = C,,y or C,,, N C,y = 0.

We use Vi, to denote the union of all sets V), included in C), x I and V; for the union
of all V,,, included in Gy x I, i.e.

5.9)
(5.11) Vi = U VwcCuxI andVi= ] Va ey x1,

m/'eJr:C,1=Cm meJr
with the convention that the union of no sets is the empty set.

The proof of (5.4) uses three additional Lemmas that we now state. The first two
lemmas show that the probability that the continuous-time random walk X started from
the boundary of Gy x I hits a point in the set V; € Gy x I (cf. (5.11)) before exiting G x [
behaves like hy /|G n| times the sum of the capacities of those sets V,,, whose preimages
under ®,,, are subsets of Gy x I.

Lemma 5.2. Under A1-A10, for N > Ny (cf. (5.9), (5.10)), any I € T, I C Ie1,
z1 € O(1°) and z9 € 01,

d h -1 d
(5.12) 1—c-2 <P, ., [Hy, < Tg] (—N capB(V[)) <142
hy ’ |G| hn
where B = Gy x I and capz(V;) = Z P,[Ts < Hy,]Jw,.
zeVr

Lemma 5.3. With the assumptions and notation of Lemma 5.2,

capp(Vr) — Z capm(Vm)‘ =0.

meJr

(5.13) lim max
N Iz

The next lemma allows to disregard the the effect of the random walk trajectory until
time Dy, cf. (5.15), as well as the difference between D+ and Dy, , cf. (5.16).

Lemma 5.4. Assuming Al,

(5.14) lim sup  P.[H, <Dy, ] =0.
N 2€Z,x2€GN XL
(5.15) lim sup P,[Hy,v, < D] = 0.
N ez
(5.16) im B[] T toooer— I Lonooer|] =0
1<m<M 1<m<M
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Before we prove Lemmas 5.2-5.4, we show that they allow us to deduce Theorem 5.1.
Throughout the proof, we set T = a|Gy|?* and say that two sequences of real numbers
are limit equivalent if their difference tends to 0 as N tends to infinity. We first claim
that in order to show (5.4), it is sufficient to prove that

(5.17) Ay = An(Dy,, T) — A(a), for a > 0.
Indeed, by (5.16), the statement (5.17) implies that also
(5.18) li]{[n An(Dy, T) = A(«), for a > 0.

Now recall that Dy, < T < Dy with probability tending to 1 by (3.11). Together with
(3.21), it follows that

lij{[nPOZ[(l —0)Dy, <T < (1406)Dy+] =1, for any § > 0.
Monotonicity in both arguments of Ay(.,.), (5.17) and (5.18) hence yield
lim;up An(T/(1=10),T/(1-96)) < lim]?up An(Dy,,T) = A(«) and
lim inf Ay (T/(1+6),T/(1+0)) > lim inf Ay (D, T) = A(a), for 0 <4 < 1.

Replacing a by (1 — ) and a(1 + §) respectively, we deduce that
Ala(l1+9)) < limNinf An(T,T) < limsup An(T,T) < A(a(l —9)),
N

for > 0 and 0 < § < 1, from which (5.4) follows by letting § tend to 0 and using the
continuity of A(.). Hence, it suffices to show (5.17). By (3.17) A’y is limit equivalent to

O ..
(5.19) E[lnm{vawk*}eXP{— > —|GN|L[T}H’
1<m<M

which by (5.15) remains limit equivalent if the event N,,{Hy,, > Dy, } is replaced by
A :{for all 2 < k < k., whenever Zg, € I for some I € Z,Xg, p,) NV; = @}, cf. (3.2).

Making use of (3.12) and (3.14) (together with Zp, = Zg,) we find that A} is limit
equivalent to

hn (3, : O,)
|Gi|7 Z 1{2Rkell}}], cf. (5.7).

1<k<ks

(5.20) E[lA exp{— Z

1<I<M
Since hy = o(|Gy]) (cf. (3.4), A2), this expectation remains limit equivalent if we drop
the £ = 1 term in the second sum. In other words, the expression in (5.20) is limit
equivalent to (recall the notation from (4.6))

k*
E[H f((X)E,’j)], with f: P(Gn)! x P(Z)! — [0,1] defined by
k=2
hN(EmEJI em)
f(W> - H (1 - 1{W0€GNXll}]'{w[(),oo)mvll#@}> exp{— ‘GN‘ l 1{W0€GN><IL}}'
1<I<M
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By Lemma 4.3 with f; = 1, fi, = f for 2 < k < k,, A’y is hence limit equivalent to

EE[ T Faoy 20, H (O]

2<k<kx

The above expression equals

(5.21) Eg;[ H (1 - 1{ZRk€IZ}gl<ZRk7 ZDk)) exp{— G |Il 1{ZRk€Il}}]’
2<k<k, N
1<ISM

where gl(z, Z/) = Pz,z’ [X[O,Dl} N VIL 7& ®]

From (5.12), we know that

dN hN dN
(5.22) 1 - . < 9i(ZRy, ZDk)(m Capc;xfl(vl)> <1+ .

With the inequality 0 < e™* — 1 4+ u < u? for u > 0, one obtains that

‘ H (1 - l{ZRkGIZ}g) - H exp{_l{szEIl}g}‘ S Z 1{ZRk€Il}92’

2<k<k, 2<k<k, 2<k <k
1<IEM 1<ISM 1<IEM

where we have witten g in place of ¢;(Zg,, Zp, ). The expectation of the right-hand side in
the last estimate tends to 0 as N tends to infinity, thanks to (5.22) and (3.13). The expres-
sion in (5.21) thus remains limit equivalent to A’y if we replace 1 — 1z, e1,191(ZR,: Zp,)
by eXp{—l{szeh}gl(ZRk, Zp,)}. Using again (3.13), together with (5.13) and (5.22), we
may then replace g;(Zg,,Zp,) by o Y ome 7, Cap (V). We deduce that the following

expression is limit equivalent to A'y:

EZ[eXp{— Z Z Gn 1{ZR ell}(cap (Vm)—l-@m)H.

1<k<k. meJry,
1<I<M

By (3.14) and (3.12), this expression is also limit equivalent to

(5.23) EE [exp{— Z |G1N|L[Z%’j (cap™ (V) + Qm)H.

With Proposition 1 in [13], one can construct a coupling of the simple random walk Z

on Z with a Brownian motion on R such that for any p > 0,

n~Y4A=r sup}ii — L(z,n)| =30, a.s.,
z€EZ

where L(.,.) is a jointly continuous version of the local time of the canonical Brownian

motion. It follows that (5.23), hence A’y is limit equivalent to

(5.24) EY [exp{— Z ﬁL(zm,[a|GN|2])(Capm(Vm)+0m)}].

1<m<M
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By Brownian scaling, L(z,, [a|G|*])/|G| has the same distribution as
L(zm /|G|, [a|GPP]/IG]?).

Hence, the expression in (5.24) converges to A(«) in (5.6) by continuity of L and con-
vergence of z,,/|G| to v, see Ad. We have thus shown that Ay, — A(a) and by (5.17)
completed the proof of Theorem 5.1. O

We still have to prove Lemmas 5.2-5.4. To this end, we first show that the random
walk X started at 0C,, x I typically escapes from G x I before reaching a point in the
vicinity of z,,. Here, the upper bound on hy in (3.4) plays a crucial role.

Lemma 5.5. Assuming A1-A10, for any fized vertex x = (y,z) € Gy, X Z, intervals
ITeZ, ICIeT (¢f (3.2)) and 2z, €1,

(525) h]{}n sup P(ymzo)[HCD,}l(x) < TGNXf] = 0.
y0€0(CE,),20€Z

(Note that ®, ! (x) is well-defined for large N by A5.)

Proof of Lemma 5.5. Consider any z¢ = (Yo, 20) with yo € 9(C¢,) and zy € Z. In order
to bound the expectation of T, ;, recall that T} denotes the exit time of the interval

I by the discrete-time process Z, so that T can be expressed as T plus the number
of jumps Y makes until 7. Since Y and Z, hence ¥ and ¢Z, are independent under
P,,, this implies with Fubini’s theorem and stochastic domination of n* by the Poisson
process n°* (cf. (2.16)) that

0

B [Toei] = B5 [T+ Bty 1] < ESIT + B2 0] = (1-+ 00 EX[T}] < ol

using a standard estimate on one-dimensional simple random walk in the last step. Hence
by the Chebyshev inequality and the bound (3.4) on hy,

PuoTayi = MG < By [Tau )M IGIC < chi3 |Gl < |G,
The claim (5.25) thus follows from A10. O

Proof of Lemma 5.2. With z;, 2o as in the statement, we have by the strong Markov
property applied at the hitting time of V; C G x I (cf. (5.9)),

PZI,Z2[HVI < TB] = Pz1[HV1 < TB? ZTB = 22]/PZZ1 [ZTI” = 2’2]
= B[y, <Tp. Py, [Zr; = 2] /P[Zr; = 2.
From (3.4) and the definition of the intervals I C I, it follows that

sup|P2[Zt, = 23] — 1/2| < cdy /h,
zel

hence from the previous equality that

(526) (]_ — CdN/hN)P21[HVI < TB] < le,zz[HVI < TB] < le[HVI < TB](l + CdN/hN).
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Note that {Hy, < Tz} = {Hy, < T3}, P.,-a.s. Summing over all possible locations and
times of the last visit of X to the set V;, one thus finds

P, [Hy, <Tj]= Z ile {Xn =2,n < Ts}n(6)H{H, > T3}].

eV n=1

After an application of the simple Markov property to the probability on the right-hand
side, this last expression becomes

S E, [Z Ly | Pol s > T

reVr

- 5w [[ et i 1)
0

lB:(y,Z)EV]

because the expected duration of each visit to x by X is 1/w,. Exploiting independence
of Y and (Z, T;) and the fact that Y; is distributed according to the uniform distribution
on G under P, , one deduces that

Wy °° ~
(5.27) P Hy <Tg= Y @Eﬁ [ /O 1{thz,t<Tf}dt] P,[H, > Tg).

lB:(y,Z)EV]

Since the expected duration of each visit of Z to any point is equal to 1, we also have

(5.28)  EZ [ /0 h 1{Zt:z7t<TI_}dt} g [Z 1{Zn_z}] PE[H, < Ty)/ P2, > Ty,

where we have applied the strong Markov property at H, and computed the expectation
of the geometrically distributed random variable with success parameter PZ[H, > Tj|
in the last step. Standard arguments on one-dimensional simple random walk (see for
example [7], Section 3.1, (1.7), p. 179) show with (3.4) that the right-hand side of (5.28) is
bounded from below by hy(1—cdy/hy) and from above by hx(1+cdy/hy). Substituting
what we have found into (5.27) and remembering (5.26), we have proved (5.12). O

Proof of Lemma 5.3. In order to prove (5.13) it suffices to show that
(5.29) lim  max  |Py1 [T < Hy,]| — Py [Hy,, = oo]| = 0.

N mejj ,XGVm

Indeed, since the sets V,, are disjoint by (5.8) and (5.9), assertion (5.29) implies that

max‘capB (V) — Z cap™ ‘

meJr

= r?eazx) Zj % ol 15 < Hy,| — P™[Hy,, = 0o])wy| — 0, as N — oo.
meJy xeVm

The statement (5.29) follows from the two claims

(5.30) lim e | Pyt (w15 < Hy,] = Py-1([Ts,, < Hy, ]| =0 and
(5.31) lim max ‘PT[HV,” = 00| = Py-1[T5,, < ﬁvm“ = 0.

N meJr,x€Vy,
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We first prove (5.30). It follows from the inclusions (5.9) that Py-1.,-a.s.,
Ts =Tg, +T¢ ,j© 07)“(3,” +Tzo0 Q%(mef o Gime.

Since the sets B, are disjoint (cf. (5.8)), the strong Markov property applied at the exit
times of B,, and C,, x I shows that for z = ®_1(x) € V,,,,

(5.32) Pu[Ts < Hy,] = E, [TBm < v gy, [Te, i < Hypps Py, [T < HVI]H
> P,[Tp, < Hy,] inf P[T, .;<Hy, ] inf P,[Ts<Hy)

©o€0Bm T 20€d(Cm <)
We now show that a; and ay tend to 1 as N tends to infinity, where we have set

(5.33) ay = inf Py [T, .j<Hy,] aa= inf P, [Tz < Hy,].
©0€0Bm 20€d(Com x 1)

Concerning aq, note first that

(5.34) ap=1-=M max  sup Py [Hy , <Tp ]

m/:C, 1 =Cm 20€OBm,

With the strong Markov property applied at the entrance time of B,,, recall that B,,
is either identical to or disjoint from B,, by (5.8), we can replace dB,, by dB,, on the
right-hand side of (5.34). With this remark and the application of the isomorphism ¥ ',
one finds with (2.13) and 6,, = ¥, (y) that

sup Py lHv , < Ty il < sup I@’;”/ [H =, <T -, ]
0€0Bm ’ " Cmr X1 x0€0B((0,,,7,0),rn—1) ° \Ilm' Vour) \Ijm/ (Cpr x1)
S sSup Pm [H\Ijzm’ (V ) < OO]

XoeaB((ém/ ,0),rv—1)

From Vi (V,,) C Vi (B(xm, k) = B((0m,0), k), see (5.9), and the left-hand estimate in
(2.14), we see that the right-hand side tends to 0, and hence a; tends to 1 as N tends to
infinity. We now show that ay tends to 1 as well. The infimum defining as can only be
attained for points xo = (yo, 20) with yo € C,, (if zy € 01, the probability is equal to 1).
Hence, we see that

(5.35) as > 1— 1|V max Hel%X sup Py, zo) [Hp1 Sy < T3].
m x " yo€dCm,20€l

By applying the strong Markov property at the entrance time of the set Cy, x I (which
is either identical to or disjoint from C,, x I by (5.10)), it follows that the supremum on
the right-hand side of (5.35) is bounded from above by

Sup P(y(),ZO)[H@;;(x’) < Tgl,

Yo€d(Ce ,),z0€l

which tends to 0 by the estimate (5.25) of Lemma 5.5. Thus, both a; and a, in (5.33)
tend to 1 as N tends to infinity. With (5.32) and the P,-a.s. inclusion {T < Hy,} C
{Ts,, < Hy,,}, we have shown the announced claim (5.30).
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To show (5.31), we apply the strong Markov property at the exit time of B,, and
obtain for any x € V,,, C B,,,

The right-hand side can be bounded from above by

PITs,, < Hy,] = Py [Ts,, < Hy,], cf. (2.12),

(X)[
and using V,,, C B((0m,0), k) (cf. (5.9)) from below by

P19 [Ts,, < Hy, |(1 = |V,| sup sup P [Hy < o).
" x0€IBm x'€B((0m,0),x)

The right-hand estimate in (2.14) shows that this last supremum tends to 0, hence (5.31).
This completes the proof of Lemma 5.3. O

Proof of Lemma 5.4. Following the argument of Lemma 4.1 in [20], we begin with the
proof of (5.14). To this end, it suffices to show that for

(5.36) v =tyod*, cf. (3.9), (3.10),

and some constant ¢y > 0,

(5.37) sup PZ[Dy-_r, > c27] 2% 0 and
2€EZL

(5.38) sup  P.[H, < ¢y =,
2€ZL,2€GXZ

Observe first that by the definition of the grid in (3.3), the random variables Ty and R; are
both bounded from above by an exit-time Tj,—chy, scny]s Pr-a.s. With EZ[T1,_chy steny]] <
ch3, < cty, it follows from Khasminskii’s Lemma (see [17], Lemma 1.1, p. 292, and also
[10]) that for some constant ¢z > 0,

(5.39) sup EZ [exp{cs(To V Ry)/tn}] < 2.

2€EZ

With the exponential Chebyshev inequality and the strong Markov property applied at
the times Ry_x,, Dyx—g,—1,---, D1, Ry, one deduces that

sup P [Dy-_p,, > 7] < eXp{—CC?)U?\&} sup E7 lexp{es Dy, /tn}]
2€EZ 2€Z

3/4 . 2(k* k)
< exp{—cc3oy }<sup EZ [exp{cs(To v Rl)/tN}D
2€EZL

(5.39)
< exp{—ccso* + 2(log 2)2[o3/*]}.

Hence, the claim (5.37) with D replaced by D follows for a suitably chosen constant
c. The claim with D for a slightly larger constant ¢, is then a simple consequence of
Lemma 3.5, applied with ay = k* — k,.
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To prove (5.38), note that the expected amount of time spent by the random walk X
at a site 2 during the time interval [H,, H, + 1] is bounded from below by (1 A o7) o 6y, .
Hence, for z € Z and = = (v/, 2') € G x Z, the Markov property at time H, yields

coy+1 Al
E, [/ 1{Xt:x}dti| > P.[H, <cyy] inf Eug[1A0Y] > cP[H, < 9]
0 ' €GXZ

Using the fact that Y, is distributed according to the uniform distribution on G under
P,, and the bound (2.18) on the heat kernel of Z, the left-hand side is bounded by

c cov+1 ﬂ
— PZ[Z, = 2]dt < cor.
af  Hlz=desan

We have therefore found that
_, (5:36) 3/8) o1 (3.10),(3.9) /4
sup P.[H, <] < eA|GIT < evinoF|G] < c(a)(hn/|G])

z2€ZL,x€EFR

and by (3.4) and A2, we know that hy/|G| is bounded by |G|~¢/*. This completes the
proof of (5.38) and hence (5.14).

Note that (5.15) is a direct consequence of (5.14), since the probability in (5.15) is
smaller than (3, |Via|)sup,cz cp P:[He < D1].

Finally, the expectation in (5.16) is smaller than
P[QBI:*{HU[V] S Dk;*—k;* }j| - E[PZDk* [HU]V[ S Dk:*—k‘*u7

and hence (5.16) follows from (5.15). O

6 Estimates on the jump process

In this section, we provide estimates on the jump process n* = 1Y + n? of X that will
be of use in the reduction of Theorem 1.1 to the continuous-time result Theorem 5.1 in
the next section. There, the number [a|G|?] of steps of X will be replaced by a random
number 77(>1<,|G‘2 of jumps and this will make the local time Lz(némg) appear. We hence
prove results on the large N behavior of nij‘g (Lemma 6.4) and L? (n;('G‘Q) (Lemma 6.5),
for o > 0. Of course, there is no difficulty in analyzing the Poisson process n? of constant
parameter 1. The crux of the matter is the N-dependent and inhomogeneous component
nY. Let us start by investigating the expectation of 7).

Lemma 6.1.

(6.1) sup B[] < maxwyt, and
yeqG yeG
(6.2) ECn)] = tw(G)/|G|, fort >0 and all N.

Proof. Under PyG , y € G, the process

t
(6.3) M;=mn —/ w(Ys)ds, t >0,
0
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is a martingale, see Chou and Meyer [8], Proposition 3. A proof of a slightly more general
fact is also given by Darling and Norris [4], Theorem 8.4. In order to prove (6.1), we
take the E{-expectation in (6.3). If we take the E¢-expectation in (6.3) and use that
E%w(Y,)] = E%w(Yy)] = w(G) /|G| by stationarity, we find (6.2). O

We next bound the covariance and variance of increments of Y. Let us denote the
compensated increments of 'r]Y as

(6.4) I:t:nf—nZ—(t—s)w(G)/|G|, for 0 <s <t
Lemma 6.2. Assuming A1, one has for 0 < s <t <s <,

(6.5) leovpe(IYp L] < (¢ = s)(t' — )|Glexp{~(s' — HAn}
(6.6) varpe (1)) < e1(t — s) + cf(t — s)*.

Proof. In Lemma 6.1, we have proved that E¢[I,,.] = 0 for 0 < r < 7/, so that by the
Markov property applied at time ', the left-hand side of (6.5) can be expressed as

|E Ll v]l = BN (BY, [Tow—] = ECLow-s])]].

With an application of the Markov property at time ¢, this last expression becomes

’Z EG [IS,t(qut(Yta y) - |G|71)} Eg[lo,t’—s’]

yeG

S ZEGUISthqut(Yhy) - |G‘71H |EyG[[07tlis/”.

yeG

The claim (6.5) thus follows by applying the estimate (4.1) inside the expectation, then
(6.1) and w(G)/|G| < ¢ in order to bound the remaining terms.

To show (6.6), we apply the Markov property at time s and domination of 7} , by a
Poisson random variable of parameter ¢;(t — s) (cf. (2.16)):

varpa(1);) < ES((nf —n))?] = E€[(n,)°] < ca(t — 5) + i (t — )% O
In the next Lemma, we transfer some of the previous estimates to the process T];(z.

Lemma 6.3. Assuming Al,

(6.7) Elny] = w(G)/|G|.

(6.8) sup B, [nY2] < 1.
r€GXZ 1

(6.9) sup E,[(nY2)?] < e + 267
2E€GXZ L

Proof. All three claims are shown by using independence of n* and ¢% and applying
Fubini’s theorem. To show (6.7), note that

Eln%) = BIEWY]|,_z] 2 Elouw(G)/IG] = w(G)/|G).

The statements (6.8) and (6.9) are shown similarly, using additionally stochastic domi-
nation of ) by a Poisson random variable of parameter ¢t (cf. (2.16)). O
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We now come to the two main results of this section. As announced, we now analyze
the asymptotic behavior of 77;(| G2 where the whole difficulty comes from the component

Nece- The method we use is to split the time interval [0, @|G|?] into [|G]/?] increments

of length longer than Ay'. This is possible by A2 and ensures that the bound from (6.5)
on the covariance between different increments of 7Y becomes useful for non-adjacent
increments. The following lemma follows from the second moment Chebyshev inequality
and the covariance bound applied to pairs of non-adjacent increments.

Lemma 6.4. Assuming Al and (1.7),
(6.10) lim B[ |nY g2/ (a|G[*) = (1+ B)| A1) =0, for a>0.
Proof. The law of large numbers implies that né‘G|g/(a|G\2) converges to 1, Pl-a.s. (see,

for example [7], Chapter 1, Theorem 7.3). Moreover, limy w(G)/|G| = 8 by (1.7). Since
n* =nY + 1%, it hence suffices to show that

(6.11) lim E[(|nygp2/ (alG[*) — w(G)/IGI)) A1} =0.

To this end, put a = [|G|?], T = a|G|?/a, and write

def.)

2 : 2 : (

(612> nLGP - OC|G‘2(’UJ(G>/‘G’) = [(Yn—l)T,nT + [(Yn—l)T,nT Z:1 + 227
1<n<a, 1<n<a,
n even n odd

for IV as in (6.4). Fix any § > 0 and ¥ € {¥;, ¥,}. By Chebyshev’s inequality,

6.13) PY[|S| > 6a|G)?] < ——-EC[2?
(6.13) PIT] 2 60|GI") < g g PO
1 Gi(1Y 2 GrrY Y
- W(ZE [(I(zel)m'f) ]+ ZE [[(ifl)T,iT[(jfl)T,jT]>7
i i#]
where the two sums are over unordered indices ¢ and j in {1,...,a} that are either all

even or all odd, depending on whether X is equal to »; or to Y. The right-hand side
of (6.13) can now be bounded with the help of the estimates on the increments of ¥ in
Lemma 6.2. Indeed, with (6.6), the first sum is bounded by car? < c(a)|G|*~“/2. For
the second sum, we observe that |i — j| > 2 for all indices ¢ and j, apply (6.5) and A2
and bound the sum with (|G|7)¢exp{—c(a)TAn} < |G|¢exp{—c(a)|G|*/?}. Hence we find
that

PE[Z| 2 8a|GP?] < cfa, 0)(IG|™/* + |G| exp{—c(a)|G|7*}) — 0, as N — oo,
from which we deduce with (6.12) that for our arbitrarily chosen 6 > 0,
P/ (@GP?) = w/|G|| > 20] < PE[|S1] > 6| GJ*] + PE[|%| > 6alG*] — 0,
as N tends to infinity, showing (6.11). This completes the proof of Lemma 6.4. O

In the final lemma of this section, we apply a similar analysis to the local time of the

process 7z(X) evaluated at time n;ﬂG‘Q. The proof is similar to the preceding argument,

although the appearance of " evaluated at the random times o complicates matters.

We recall the notation L and L for the local times of 7z(X) and Z from (1.6) and (2.6).

31



Lemma 6.5. Assuming A1, A2 and (1.7),
(6.14) h]{[nsupEmL x —(1+ﬁ)£22 |/|IG) A1] =0, fora>0.
G2 alc|?

Z€Z
Proof. Set T = a|G|?. By independence of n* and Z, we have
A (2.20) (Jensen)
ElLg] = E[Y Lueg PilZ0 =2 < cB[\/nE] "< cla)lGl
n>0

From this estimate and the assumption w(G)/|G| — § made in (1.7), it follows that it
suffices to prove (6.14) with w(G)/|G] in place of 5. It follows from the definition of L?
n (1.6) that

%

Z 1z, (1 + 77;(721+1 — 77;(721) < LZ; < Z 1z, (1 + 77;(721+1 — 77:;21), hence
_ n=0

ng—1

(6.15) supEH Z 1z, _z}(l—i—nz —770 )H <1—|—E[772 —n'z .
2€Z ng+1 re
By independence of n¥ and (0%,7%) and the simple Markov property (under P¢) applied

at time o "z the expectation on the right-hand side is with (6.1) bounded by cE [a 21~

cryzzz] Thls last expectation is equal to the sum of two independent exp(1)- dlstrlbuted
T

random variables, so it follows that the right-hand side of (6.15) is bounded by a constant.
By these observations, the proof will be complete once we show that

n5—1
Z ]—{Zn:z} Sn
n=0

S =1z — 1z = w(G)/|G], for n > 0.

T

(6.16) lim supE[(

N ez

|G|> A 1] =0, where

To this end, we will prove that

5 — [T]
(6.17) hj{[nszlelgE[( Z 1¢z,—2:35 ) A 1] =0, and
6.18 hrnsu EH 1 A9 ] = 0.
619 w Z (=)

In order to show (6.17), we note that by the Chebyshev inequality,
(6.19) Plloé — T| > T%) < {72 E[(n — T)?] = T2
The expectation in (6.17), taken on the complement of the event {|n% — T| > T3/}, is
bounded by
1

|G|T T3/4<n<T 3/4
—c <n<T+cT
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Using independence of Z and 1), and the heat-kernel bound (2.20), we find that the last
expectation is bounded by ¢E[|S,|]/+/n, which by the strong Markov property applied at
time %, (6.7) and A1 is bounded by ¢/y/n. The expression in (6.20) is thus bounded by
T3/8/|G\ = ca|G|7* and with (6.19), we have proved (6.17).
We now come to (6.18). By the Cauchy-Schwarz inequality, we have for all z € Z,

} |G\2 Hzl{zn }

We will now expand the square and respectively sum over identical indices, indices of
distance at most [|G|?~¢/2], indices of distance greater than [|G|?>~¢/?]. Proceeding in this
fashion, the right-hand side of (6.21) equals

(6.21) HZ 12— Sn

1
(6.22) @< > E[Zy=205+2 > BE|Zy = Zuw = 2,5,54]

0<n<T 0<n<n/<(n+b)A[T]

+2 Z ElZy = Zw = z, SnSn/}>, where b = [|G|>~/?].

0<n, n+b<n’/<[T]

We now treat each of these three sums separately, starting with the first one. By the
strong Markov property, (6.9) and Al,

(6.23) Y EZ,=2S]= ) E[Z,= 2, By, [So)] < ¢ > PlZ,=4].

0<n<|[T] 0<n<|[T] 0<n<[T)

By the heat-kernel bound (2.20), this last sum is bounded by 3, ¢/y/n < ¢v/T. We have
thus found that

(6.24) Z E|Z, =282 < c(a)|G].

0<n<[T]

For the second sum in (6.22), we proceed in a similar fashion. The strong Markov property
applied at time 0% > ¢Z., and the estimate (6.8) together yield

> E(Zy=Zy=7225,5/] =) E|Z, _Z,_ZSEXZ[SO]H

0<n<n/<(n+b)A|T] n,n’
n+b
<c Z E|:Z = z,|S,| Z 1{2,3}]
0<n<([T] n'=n+1

Applying the strong Markov property at time o 41, we bound the right-hand side by

c Z ( Zn —z\S|ZsupP Z/_z]>(§ Vb Z E|Z, = z,|S,]]-

0<n<|[T]
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The sum on the right-hand side can be bounded by ¢(a)|G| with the same arguments as
n (6.23)-(6.24), the only difference being the use of the estimate (6.8) rather than (6.9).
Inserting the definition of b from (6.22), we then obtain

(6.25) > EZy=Zv=1225,5u] < c(a)| G/,
0<n<n’<n+b

For the expectation in the third sum in (6.22),we first use independence of Z and S,
then (6.7) and the fact that the process 0% has iid exp(1)-distributed increments for the
second line and thus obtain

\E[Zy = Zw = 2,5,5.]| =

PlZy = Zw = 2]|E[SnSw]| < |E[SnSw]

= B[, —wi) s, =) = g Bl = o) (0hs = B

Independence of ¥ and ¢ and an application of Fubini’s theorem then allows to bound
the the third sum in (6.22) by

2 : Z 4 4
‘E gn70n+170n’7 n+1)]

0<n, n+b<n/<[T]

. where h(s,t, s, t') = covpa(n, —ny,ny —nY).

Via the estimate (6.5) on the covariance, this expression is bounded by
Gl Y E§[(oh — o) ok — o) exp{— (0% — or.) AN},
0<n, n+b<n/<[T]

Since the process o has iid exp(1)-distributed increments, this sum can be simplified to

> et s B8 ()

0<n, n+b<n/<[T] 0<n<[T] n'>n+b
1+ A 1 b

S () < @Gl < ()| G exp{—clGI}, by 42

A N+ Ay

Combining this bound on the third sum in (6.22) with the bounds (6.24) and (6.25) on

the first and second sums, we have shown (6.18), hence (6.16). This completes the proof
of Lemma 6.5. O

= (1]

7 Proof of the result in discrete time

In this section, we prove Theorem 1.1. We assume that A1-A10 and (1.7) hold. The proof
uses the estimates of the previous section to deduce Theorem 1.1 from the continuous-time
version stated in Theorem 5.1.

Proof of Theorem 1.1. The transience of the graphs G,, x Z follows from Theorem 5.1.
Consider again finite subsets V,, of G,, x Z, 1 < m < M and set V,, = ®_(V,,). We
show that for 6,, € R, a > 0,

(7.1) hgan[ H Ly, >1) exp{ —LZm}] = B(a), where T' = a|G/|* and

1<m<M |G|

B(a) = B [exp{= 3" Llvm, a/(1+ ))(cap™ (Vyr) + (1+ 5)0n) }|.

1<m<M
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This implies Theorem 1.1, by the standard arguments described below (5.6). Recall that
two sequences are said to be limit equivalent if their difference tends to 0 as N tends to
infinity. If we apply Theorem 5.1 with /(1 + ) in place of «, we obtain

hJ]\(/nE[ H 1{va>n¥/(1+m}exp{— |G| LT/(”ﬁ)H = Bla).
1<m<M
By (3.17), the expression on the left-hand side is limit equivalent to the same expression
with L replaced by L. Hence, we have

. 9m<1 + ﬁ) T Zm
hz{/nE[ 11 1{HVm>’7§/<1+@>}eXp{_ |G| LT/(IW)}] = Bla).
1<m<M
By the law of large numbers, limy 7):%/(1+ﬁ) (T/(1+8))"t =1, P-a.s. Making use of the
monotonicity of the left-hand side in the local time and continuity of B(.), we deduce
that

h]{an[ H 1{va>n§/<1+ﬂ)}exp{—Wfﬁm }] = Bla).

nZ
T/(1
CmEn /(1+8)

The estimate (6.14) then shows that the expression on the left-hand side is limit equivalent

to the same expression with (1 + 5)£z§" replaced by L7y , l.e.
7/ (1+8) T/ (1+5)

. em Zm _
hJ{/nE[ H 1{HVm>’7§/<1+ﬁ>}eXp{_@L’ﬁ/m@)H = Bla).

1<m<M

Applying the estimate (6.10), with the same monotonicity and continuity arguments as in
the beginning of the proof, we can replace 1} (145 Py T, hence infer that (7.1) holds. O

8 Examples

In this section, we apply Theorem 1.1 to three examples of graphs G: The d-dimensional
box of side-length NN, the Sierpinski graph of depth N, and the d-ary tree of depth N
(d > 2). In each case, we check assumptions A1-A10, stated after (2.9). In all examples
it is implicitly understood that all edges of the graphs have weight 1/2. We begin with
a lemma from [14] asserting that the continuous-time spectral gap has the same order of
magnitude as its discrete-time analog A\4,. This result will be useful for checking A2.

Lemma 8.1. Assume A1 and let \%, bet the smallest non-zero eigenvalue of the matrix
I — P(G), where P(G) = (p%(y,y")) is the transition matriz of Y under PY. Then there
are constants c(co, 1), ¢'(co,c1) >0 (cf. Al), such that for all N,

(8.1) c(co, 1) A% < Ay < (e, 1) \%.

Proof. We follow arguments contained in [14]. With the Dirichlet form D,(.,.) defined
as D.(f, f) = Dn(/, f)%, for f: G — R (cf. (2.8)), one has (cf. [14], Definition 2.1.3,
p. 327)

Dﬂ'(f? f) X

(8.2) M = min{m : f is not constant}.
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From A1, it follows that

CII’DN<f7 f)
(8:3) coct ' p(y)

co'Dn(f, f), forany f:G — R, and

DW(fa f) (
cicotu(y), for any y € G.

<
m(y) <

<
<
Using var,(f) = infper - c(f(y) — 0)*7(y) and the analogous statement for var,, the
estimate in the second line implies that

(8.4) cocy 'var,(f) < varg(f) < cicy 'var,(f), for any f: G — R.

Lemma 8.1 then follows by using (8.3) and (8.4) to compare the definition (2.9) of Ay
with the characterization (8.2) of \%. O

The following lemma provides a sufficient criterion for assumption A10.

Lemma 8.2. Assuming A1-A9 and that

Ryvalely
(85) lim sup Pn (y07 >— - 07 fOT any po > 07
N ; Yed(CE,) vn
YEB(Yym,po)

A10 holds as well.
Proof. For x = (y, z), the probability in A10 is bounded from above by
Ryvatelly

(86) Z P(yo,zo)[Yn = ¢r;1<Y)7 Zm + 2 € Z[UZ,UZ+1]]7

using that yo # ¢, (y) for large N (cf. A6) in order to drop the term n = 0. With the
same estimates as in the proof of Lemma 2.3, see (2.22)-(2.23), the expression in (8.6)
can be bounded by a constant times the sum on the left-hand side of (8.5). O

8.1 The d-dimensional box
The d-dimensional box is defined as the graph with vertices
Gy =2°n[0,N —1]%, ford > 2,

and edges between any two vertices at Euclidean distance 1. In contrast to the similar
integer torus considered in [20], the box admits different limit models for the local pictures,
depending on how many coordinates y’ of the points y,, are near the boundary.

Theorem 8.3. Consider z, n, 1 < m < M, in Gn X Z satisfying A3 and A4, and
assume that for any 1 < m < M, there is a number 0 < d(m) < d, such that

(8.7) Yion N (N = yh ) is constant for 1 < i < d(m) and all large N,
(8.8) lijgn Yoo NN =yl y) =00 for d(m) < i <d.

Then the conclusion of Theorem 1.1 holds with G,, = Zi(m) X 71 gnd B = d.
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Proof. We check that assumptions A1-A10 and (1.7) are satisfied and apply Theorem 1.1.
Assumption Al is checked immediately. With Lemma 8.1 and standard estimates on \%
for simple random walk on [0, N—1]% (cf. [14], Example 2.1.1. on p. 329 and Lemma 2.2.11,
p. 338), we see that cN72 < Ay, and A2 follows. We have assumed A3 and A4 in the
statement. For A5, we define the sequence 7y, the vertices o,, € G,,, and the isomorphisms

Om by

1 ) 7
g (it [em — Tl Amin | min (4, A (N = y;.)) A N),

Om:(ym (N_ym)77yd(m)/\<N_ym( )>707"'7O>7
On(y) = (Y AN —yb), oy T A (N — 0y ydlmtt g dlm) 1 gyd gy

Then ry — oo by A3 and (8.8), o, remains fixed by (8.7), ¢, is an isomorphism from
B(Ym,rNn) to B(om,rn) for large N, and A5 follows. Recall that a crucial step in the
proof of Theorem 1.1 was to prove that the random walk, when started at the boundary
of one of the balls B,,, does not return to the close vicinity of the point x,, before
exiting G X [—hy, hy], see Lemma 5.3, (5.33) and below. In the present context, hy is
roughly of order N, see (3.4). However, the radius ry of the ball B, can be required to
be much smaller if the distances between different points diverge only slowly, cf. (5.1).
We therefore needed to assume that larger neighborhoods C,, x Z of the points z,, are
sufficiently transient by requiring that the sets C,, are isomorphic to subsets of suitable
infinite graphs G, In the present context, we choose G, = Zd for all m, see Remark 8.4
below on why a ch01ce different from G,, is required. We choose the sets (', with the help
of Lemma 3.2. Applied to the points y1, ..., Yy, with a = 4M10N and b = 2, Lemma 3.2
yields points 7, ..., ys, (some of them may be identical) and a p between N and
1—10N , such that

N =

4MlO

(8.9) either C,,, = C,v or C,, N Cyy =0 for C,,, = B(y),,2p), 1 <m < M,

and such that the balls with the same centers and radius p still cover {y;,...,ya}. Since
ry < p, we can associate to any m one of the sets C,, such that A6 is satisfied. The
diameter of C,, is at most 2N/5 + 3, so each of the one-dimensional projections 7 (C,,),
1 <k <d, of C,, on the d different axes contains at most one of the two integers 0 and
N — 1 for large N. Hence, there is an isomorphism 1), from C,, into Zi such that A7
is satisfied. Assumption A8 directly follows from from (8.9). We now turn to A9. By
embedding Z2 into Z?, one has for any y and y’ in Z4,

Zd

d _
e (y,y) < 2% sup pZ(y,y) < c(d)n™?,
y,y’eZd

using the standard heat kernel estimate for simple random walk on Z?, see for example
[11], p. 14, (1.10). Since d > 2, this is more than enough for A9. In order to check A10,
it is sufficient to prove the hypothesis (8.5) of Lemma 8.2. To this end, we compare the
probability PyG0 with PyZOd under which the canonical process (Y;,),>0 is a simple random
walk on Z¢. We define the map 7 : Z¢ — Gy by 7((yi)1<i<a) = (mingez |y; — 2kN|)1<i<d,
i.e. in each coordinate, 7 is a sawtooth map. Then (Y},),>o under Pyc; has the same
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distribution as (7(Y},))n>0 under PyZOd. It follows that for yo € I(C,), y € B(Ym, po),

(8.10) % (yo,y Z 2 (o, y/), where S, —QNZd+{ Z liey' : 1€ {—1,1} }

y' €Sy 1<i<d

The probability in this sum is bounded by

c C/|y0 _ y/‘Q

e =)
as follows, for example, from Telcs [23], Theorem 8.2 on p. 99, combined with the on-
diagonal estimate from the local central limit theorem (cf. [11], p. 14, (1.10)). If we insert

this bound into (8.10) and split the sum into all possible distances between y, and y’
(necessarily this distance is at least p — pg > ¢N, cf. (8.9)), we obtain

e}

dk2N? c _ 22 N? c
pn (Yo, y Z d/QeXp{ }kdl iR :cdlexp{— - }daz Nd-

By ¢N=2 < \y, checked under A2 above, this is more than enough to imply (8.5), hence
A10. Finally, one immediately checks that (1.7) holds with 3 = d. Hence, Theorem 1.1
applies and yields the result. O

Remark 8.4. In the last proof, we have used the possibility of choosing the auxiliary
graphs G, in assumption A7 different from the graphs G,, in A5. This is necessary for
the following reason: To check assumption A10, we need the diameter of each set C,, to
be of order N in the above argument. Hence, the set C,, can look quite different from the
ball B(ym,rn). Indeed, C,, may touch the boundary of the box G in more dimensions
than its much smaller subset B(y,,,rn). As a result, C,, may not to be isomorphic to
a neighborhood in the same graph G,, as B(y.,7n). However, our chosen C,, is always
isomorphic to a neighborhood in Zi for all m.

8.2 The Sierpinski graph

For y € R? and 6 € [0, 27), we denote by p, ¢ the anticlockwise rotation around y by the
angle 6. The vertex-set of the Sierpinski graph Gy of depth N is defined by the following
increasing sequence (see also the top of Figure 1):

Go = {s0 =(0,0),s1 = (1,0), 52 = p(o,0),n/3(51)} C R?,
Gy =Gy U (p2N31,47r/3GN) U (p2N32,27r/3GN)7 for N > 0.

The edge-set of G contains an edge between every pair of vertices in G at FEuclidean
distance 1. Note that the vertices in 2¥Gy C G have degree 2 and all other vertices of
Gy have degree 4.
Denoting the reflection around the y-axis by o, i.e. ((y1,y2)) = (—y1,y2) for (y1,y2) €
R?, the two-sided infinite Sierpinski graph has vertices
Go = G UG,

[oop)

where G; = UNZOGN,
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Figure 1: An illustration of G3 (top) and the infinite limit models GI, (bottom left)
and G (bottom right).

and an edge between any pair of vertices in GI or in G}, at Euclidean distance 1. We
refer to the bottom of Figure 1 for illustrations. For N > 0, we define the surjection
sy : Gny — Gy by

Yy for y € Gy,
sn(y) = p2N31,27r/3(y) for y € p2Nsl,47r/3<GN> \ Gn
PN sy an3(Y)  fOr Y € pong, o0r/5(Gr) \ G-

We then define the mapping 7y from GI, onto Gy by
n(y) = syosyi1 008, 1(y) for y € G, with m > N.

Note that 7y is well-defined: Indeed, the vertex-sets G are increasing in N and if
Yy € G, C G, for N < my < mag, then si(y) = y for k > my, so that syo---0s,,, 1(y) =
SN O+ 08, —1(y). We will use the following lemma:

Lemma 8.5. For anyy € GZ, the distribution of the random walk (Yy,)n>0 under P%N(y)

is equal to the distribution of the random walk (7N (Yy))n>0 under ]P’;(,}go.

Proof. The result follows from the Markov property once we check that for any y, 3y’ € Gy,
y € GE, with y = 7n(y),

+
(8.11) Py = Y %)
yiern T (Y)
We choose m > N such that y € GG,,,. Then the right-hand side equals

S e = > Y Y 2T ).

-1 —1 -1 -1
yiern~Hy) viEsy (V) vhEsn (1) YmEsm (Y n)
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By induction on m, it hence suffices to show that for y,y’ € G,, and § € s..!(y),

Gm A
(8.12) Py, ) = > p " (@)

Y Esm' (¥ )NB(§,1)CGrmy1

If g € Gy \ {2™51,2™59,2™(s1 + $2)}, then (8.12) follows from the observation that
Sm maps the distinct neighbors of ¢ in G,,.1 to the distinct neighbors of y in G,,. If
g € {2Ms1,2™s9,2™(s1 + S2)}, then g has four neighbors in G,,.1, two of which are
mapped to each of the two neighbors of y € {2™s1,2™s5,(0,0)} in G,, and this implies
again (8.12). O

In the following theorem, we consider points y,, that are either the corner (0,0) or
the vertex (2¥~1 0) and obtain the two different limit models GI, x Z and G, x Z for
the corresponding local pictures.

Theorem 8.6. Consider 0 < M' < M and vertices xpn, 1 < m < M, in Gy X Z
satisfying A3 and A4 and assume that

(8.13) Ymn = (0,0), for 1 <m < M', and yn = (2V71,0), for M' <m < M.

Then the conclusion of Theorem 1.1 holds with G,, = GI, for1 < m < M’, G,, = G«
for M' <m < M and 3 = 2.

Proof. Let us again check that the hypotheses A1-A10 and (1.7) are satisfied. One easily
checks that A1 holds with ¢y = 1 and ¢; = 2. Using Lemma 8.1 and the explicit calculation
of A4, by Shima [15], we find that ¢5=% < Ay < ¢/57V. Indeed, in the notation of [15],
Proposition 3.3 in [15] shows that A% is given by gb(,N)(?)) for the function ¢_ defined
above Remark 2.16, using our N in place of m and setting the N of [15] equal to 3. Then

£ = (b(,N)(?)) is decreasing in N and converges to the fixed point 0 of ¢_. With Taylor’s
theorem it then follows that A\%5Y converges to 1. Since |G| =3+ 320, 3" < 3N, A2
holds. We have assumed A3 and A4 in the statement. For A5, we define the radius

1
ry ==Y A min  d(z,,7,)), and set
4 1<m<m/<M

om = (0,0), for all m.

The balls B(y,,,rn) C Gy intersect 2VGy only at the points y,,, because the distance
between different points of 2V G equals 2. We can therefore define the isomorphisms ¢,,
from B(Ym,rn) to B((0,0),ry) C G,, as the identity for m < M’ and as the translation
by (—=2V71,0) for m > M’ and A5 follows. As in the previous example, the radius
ry defined in (5.1) can be small compared with the square root of the relaxation time,
so it is essential for the proof that larger neighborhoods C,, x Z of the points z,, are
sufficiently transient. In the present case, we define the auxiliary graphs as G = G,
and Cp, = B(ym,2V71/3) for 1 < m < M. Then A6 holds, because ry < 2V~1/3 for
large N and the isomorphisms 1, required for A7 can be defined in a similar fashion
as the isomorphisms ¢, above. Assumption A8 is immediate. We now check A9. It is
known from [2] (see also [9]) that for any y and y" in G,

d 1\ dw 1/(dw—1)
(8.14) 2= (v, 7" gcn*dsﬂexp{_cf( (v,5) ) }
n
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for dy = 2log3/log5, d, =log5h/log2 and n > 1. Since

N
(8.15) PE= (Y0, ¥) = PE=(¥0,¥) + P2 (y0, oY)

and log 3/logb > 1/2, this is enough for A9. To prove A10, we use Lemma 8.2 and only
check (8.5). To this end, note that B(y,,, po) € K C Gy, for K = Uy con-1¢, B(Y/, po) and
that the preimage of the vertices in 2V~*G), C Gy under 7y is 2V "*GL for 0 < k < N.
It follows from Lemma 8.5 that for yo € (C%,), v € B(Ym, po) C K and N > ¢(po),

(816)  p5¥(o.w) < Y PS5 (o) = Y 1 (yo,y)for K= | By, o)

y'eK y'ex yeaN-1GL

Observe now that for any given vertex y’ in G, the number of vertices in B(y’,2%) N K
is less than c(po)|B(y,2%) N2V 1GL | < ¢(po)3F~N. Also, it follows from the choice of
C,n, that d(yo, 2V 7'GL) > 2V, so the distance between y, and any point in K is at least
c(po)2". Summing over all possible distances in (8.16), we deduce with the help of (8.14)
and (8.15) that

Q(N+)dw ) 1/(dw—1)}

n

P (o, y) < c(po) Z3l exp{ (Po)(

N+4x 1/(dw—1)
< c(po)ndS/Q/ 3" exp{—c'(p0)<5 - ) }d:v.
0

After substituting z = y — N + logn/log5, this expression is seen to be bounded by

c(po)SN/ 3¥ exp{ —c(po)5Y/ "~V dy < ¢(pg)3~N

By v/5 < 3 and ¢5 " < Ay, as we have seen under A2, this is more than enough for (8.2),
hence A10. Finally, it is straightforward to check that (1.7) holds with § = 2. Hence,
Theorem 1.1 applies and yields the result. O

8.3 The d-ary tree

For a fixed integer d > 2, we let G, be the infinite d + 1-regular graph without cycles,
called the infinite d-ary tree. We fix an arbitrary vertex o € G, and call it the root of
the tree. See Figure 2 (left) for a schematic illustration in the case d = 2.

We choose Gy as the ball of radius N centered at o € G,. For any vertex y in Gy, we
refer to the number |y| = N — d(y, 0) as the height of y. Vertices in G of depth N (or
height 0) are called leaves. The boundary-tree G, contains the vertices

Go ={(k;s) : k= 0,5 € 54},

where S, is the set of infinite sequences s = (s1,8y,...) in {1,...,d}!"»*®) with at most
finitely many terms different from 1. The graph G has edges {(k;s), (k + 1;s")} for
vertices (k;s) and (k + 1;s') whenever s,.; = s, for all n > 1. In this case, we refer to
the number k& = |(k; s)| as the height of the vertex (k;s) and to all vertices at height 0
as leaves. See Figure 2 (right) for an illustration of T¥. The following rough heat-kernel
estimates will suffice for our purposes:
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Figure 2: A schematic illustration of G, (left) and G¢ (right) for d = 2.

Lemma 8.7.

(8.17) pEe(yo,y) < e,
(8.18) pE(yo,y) < n~% + c(d, |y]) exp{—(d, [y|)n°““"} and
(8.19) PN (yo,y) < ce A DIWONT s+ e(d) (d7N +n70) 1,5 .

(We refer to the end of the introduction for our convention on constants.)

Proof. The estimate (8.17) can be shown by an elementary estimate on the biased random
walk (d(Y,,¥))n>0 on N. More generally, (8.17) is a consequence of the non-amenability
of G,, see [24], Corollary 12.5, p. 125.

We now prove (8.18). Under Pfgo, the height |Y| of Y is distributed as a random walk
on N starting from |y,| with transition probabilities wy, ;41 = ﬁll, Wk -1 = ﬁ‘ll for k>1
and reflecting barrier at 0. We set for n > 1,

(8.20) L= [ logn] 4,

5logd

and define the stopping time S as the first time when Y reaches the level |y| + L:
S =inf{n >0:1Y,| > |y| + L}.

Then we have

P (yo,y) < P}iG(;O[S <n,Y, =y —l—PGO[S > n), for n > 0.

|yo

Observe that the second probability on the right-hand side can only increase if we replace
|yo| by 0. We now apply the simple Markov property and this last observation at integer
multiples of the time |y| + L to the second probability and the strong Markov property
at time S to the first probability on the right-hand side and obtain

(821)  pro(y0,y) < Bge [S <, P Yo = 91|, o] + P01 > [y| + L]+,

m=n—S

The second probability on the right-hand side is equal to 1 — (d + 1)~W+L) In order to
bound the expectation, note that by definition of S, there are d* descendants y’ of Yy at
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the same height as y, and the P;ES ¢_probability that Y}, equals y’ is the same for all such
y'. Hence, the expectation on the right-hand side of (8.21) is bounded by d~*. We have
hence shown that

29 (y0.9) < (é)L_'_ (1_ (ﬁ)b"FL)[yliL}.

Substituting the definition of L from (8.20) and using that % < ig;’ < 2 for the

second term, one finds (8.18).

We now come to (8.19) and first treat the case n < N3. By uniform boundedness and
reversibility of the measure y — w,, we have pS¥(yo,y) < cpS¥(y,v0), so we can freely
exchange yo and y in our estimates. In particular, we can assume that d(yo,0) < d(y, o).
Now we denote by y; the first vertex at which the shortest path from 7 to o meets the
shortest path from y to o. Then any path from 3 to y must pass through y;. From the
strong Markov property applied at time H,,, it follows that

Y1

(822) pSN (yo, y) == EyGON [{Hyl S TL}, Pg_ﬁ [Yk = y] }k:n—Hyl} :

The Pgﬁ -probability on the right-hand side remains unchanged if y is replaced by any

of the d%¥1¥) descendants ' of y; at the same height as y. Moreover, the assumption
d(yo,0) < d(y,0) implies that d(y1,y) > d(y1,yo), hence 2d(y1,y) > d(yo,y). In particu-
lar, there are at least do:)/2 different vertices 3’ for which Pgﬁ Y, =y| = ng Y, =4v/].

By (8.22), this proves the estimate (8.19) for n < N3. We now treat the case n > N3.
The argument used to prove (8.18) with (|y| + L) A N playing the role of |y| + L yields

(8.23) PSY (o, y) < el(d, [y]) (d=N v =35 emeldluhne @y

The assumption n > N? will now allow us to remove the dependence on |y| of the right-
hand side. By applying the strong Markov property at the entrance time Hyp(, ny—1) of
the random walk into the set dB(o, N — 1) of leaves of Gy, we have

PN (Yo, y) < PyGON [Hop(o,n—1) > N°/2] + sup sup PkGN (y',y), for n > N°.
y': |y |=0n—N3/2<k<n

Applying reversibility to exchange ¢’ and y, then (8.23) to the second term, we infer that
(8.24) pSN (yo,y) < Py(jN [HoB(on—-1) > N3/2] + ¢(d) (d_N + n_3/5), for n > N3,

where we have used that e—@n“? < c(d)n=?/3. In order to bound the first term on the
right-hand side, we apply the Markov property at integer multiples of 10/N and obtain

(8.25) PS¥[Hapgon-1y) > N*/2] < sup PE¥[Hpp(on-1) > 10N]Y".

yeGN

Note that the random walk on G, D Gy, started at any vertex y in Gy = B(o, N), must
hit 0B(o, N — 1) before exiting B(y,2N). Applying this observation to the probability
on the right-hand side of (8.25), we deduce with (8.24) that

PN (Yo, y) < P;GO[TB(O,QN) > 1ON]CN2 + ¢(d) (d*N + n*?’/“r’), for n > N°3.
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The probability on the right-hand side is bounded by the probability that a random walk
on Z with transition probabilities p, .41 = d/(d+ 1) and p,,—; = 1/(d + 1) starting at 0
is at a site in (—oo,2N] after 10N steps. From the law of large numbers applied to the
iid increments with expectation (d —1)/(d+ 1) > 1/3 of such a random walk, it follows
that this probability is bounded from above by 1 — ¢ < 1 for N > ¢/, hence bounded by
1—¢" < 1forall N (by taking 1 — ¢ = (1 — ¢) V max{PZ°[Tg2n) > 10N] : N < '}).
It follows that

SN (o, ) < e DN 1 ¢(d) (a ™+ n’3/5) <c(d)(dN + n=3/%), for n > N®.
This completes the proof of (8.19) and of Lemma 8.7. O

We now consider vertices y,, in G that remain at a height that is either of order N
or constant. This gives rise to the two different transient limit models G, x Z and G, x Z.

Theorem 8.8. (d > 2) Consider vertices Ty, 1 < m < M, in Gy X Z satisfying A3
and A4 and assume that for some number 0 < M’ < M and some § € (0,1),

(8.26) limNinf [Ym.n|/N >0, for 1 <m < M', and
(8.27) |Ym.n| is constant for M' < m < M and large N.

Then the conclusion of Theorem 1.1 holds with G,, = G, for 1 <m < M’', G,, = G for
M <m< M and §=1.

Proof. Once more, we check A1-A10 and (1.7) and apply Theorem 1.1. It is immediate
to check Al. For the estimate A2, the degree of the root of the tree does not play a role,
as can readily be seen from the definition (2.9) of Ay. We can hence change the degree
of the root from d + 1 to d and apply the estimate from Aldous and Fill in [1], Chapter
5, p. 26, equation (59). Combined with Lemma 8.1 relating the discrete- and continuous
time spectral gaps, this shows that ¢(d)|Gx|™" < An. In particular, A2 holds. We are
assuming A3 and A4 in the statement. For A5, we define

1
N = 4M1() (1§mn<17173§M

om =0 for 1 <m < M and o, = ([ym]; 1), for M <m < M,

d(Tpn, Ty ) NON), as well as

where 1 denotes the infinite sequence of ones. Then for 1 < m < M’, the ball B(y,,n)
does not contain any leaves of Gy for large N, so there is an isomorphism ¢,, mapping
B(Ym,rn) to B(o,rny) C G,. For M" < m < M, note that assumption (8.27) and the
choice of ry imply that for large N, all vertices in the ball B(y,,,ry) have a common
ancestor ¥, € Gy \ (B(ym, rn)U{0}) (we can define y, as the first vertex not belonging to
B(Ym, rn) on the shortest path from y,, to 0). We now associate a label I(y) in {1,...,d}
to all descendants y of y, in the following manner: We label the d children of y, by
1,...,d such that the vertex belonging to the shortest path from y, to y,, is labelled 1.
We then do the following for any descendant y of y,: If one of the children of y belongs
to the shortest path from vy, to y,,, we associate the label 1 to this child and associate
the labels 2,...,d to the remaining d — 1 children in an arbitrary fashion. If none of
the children of y belong to the shortest path from y, to v,,, we label the d children of y
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by 1,...,d in an arbitrary fashion. Having labelled all descendants of y in this way, we
define for any descendant y of y, the finite sequence s(y) by {(y), [(y1), - - - (Ydy,p)—1),
where (y, 91, -, Yd(y,p.)—1, Yx) is the shortest path from y to y,. Then the function ¢,
from B(Ym,rn) to G, defined by

(8.28) dm(y) = (lyl;s(y), 1,1,...),

is an isomorphism from B(y,,,rn) into G¢ mapping v, to (|ym|; 1), as required. Hence,
A5 holds. As in the previous examples, we now choose the sets (), ensuring that the
probability of escaping to the complement of a large box from the boundaries of B,
(cf. (5.3)) is large. We define the auxiliary graphs as Gy = Gyn. As in the example of
the box, we then apply Lemma 3.2 to find the required sets C,,. Applied to the points
Yiy - - - Ym, With a = 4f‘m]\f and b = 2, Lemma 3.2 yields points y7, ..., y},, some of which
may be identical, and a p between —9—N and %N such that

410
(8.29) either Cy,, = Cyy or Cy,, N Cyyy = 0 for Cy, = By, 2p), 1 <m < M,
and such that the balls with the same centers and radius p still cover {y1, ...,y }. Since

ry < p, we can associate a set C,, to any B(ym,rn) such that A6 holds. Concerning
A7, note that the definition of ry immediately implies that C,, contains leaves of Gy
if and only if m > M’ and in this case all vertices in C,, have a common ancestor in
Gy \ (C, U{0}) (one can take the first vertex not belonging to C,, on the shortest path
from y,, to 0). We can hence define the isomorphisms ,, from C,, into Gm in the same
way as we defined the isomorphisms ¢,, above, so A7 holds. Assumption A8 directly
follows from (8.29). We now turn to A9. For 1 < m < M’, this assumption is immediate
from (8.17). For M’ < m < M, note that the isomorphism ,,, defined in the same
way as ¢, in (8.28), preserves the height of any vertex. In particular, |¢,,(y.,)| remains
constant for large N by (8.27) and the estimate required for A9 follows from (8.18). In
order to check A10, we again use Lemma 8.2 and only verify (8.5). Note that for any
1 < m < M, the distance between vertices yo € 9(CS,) and y € B(ym, po) is at least
c(0, M, po)N. With the estimate (8.19) and the bound on Ay shown under A2, we find
that the sum in (8.5) is bounded by

N3Cdfc(5,M,po)N_'_C(d><‘GN‘7(lfe)/2 X Z n73/571/2)’
n=N3
which tends to 0 as N tends to infinity for 0 < ¢ < 1. We have thus shown that A10
holds. Finally, we check (1.7). To this end, note first that all vertices in Gny_; C Gy
have degree d + 1 in Gy, and the remaining vertices of Gy (the leaves) have degree 1.
Hence,

w(Gn) _ [Grald+1 (1 N \GN1‘>E
Gl [ Gn| /2

Now Gy contains one vertex of depth 0 (the root) and (d+ 1)d*~! vertices of depth k for

k=1,...,N. It follows that |[Gy| =1+ (d+ 1)(1+d+...+dV ) =1+ DLL(@" - 1)

and that limy |Gn_1]/|Gy| = 1/d. With (8.30), this yields

lim = =

Therefore, (1.7) holds with 5 = 1. The result follows by application of Theorem 1.1. [

(8.30)

1.
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Remark 8.9. The last theorem shows in particular that the parameters of the Brownian
local times and hence the parameters of the random interlacements appearing in the large
N limit do not depend on the degree d + 1 of the tree. Indeed, we have § = 1 for any
d > 1. The above calculation shows that this is an effect of the large number of leaves
of Gy. This behavior is in contrast to the example of the Fuclidean box treated in
Theorem 8.3, where the effect of the boundary on the levels of the appearing random
interlacements is negligible.
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