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Abstract

Consider n + m non-intersecting Brownian bridges, with n of them
leaving from 0 at time t = —1 and returning to 0 at time ¢t = 1, while
the m remaining ones (wanderers) go from m points a; to m points
b;. First we keep m fixed and we scale a;,b; appropriately with n.
In the large-n limit we obtain a new Airy process with wanderers, in
the neighborhood of v/2n, the approximate location of the rightmost
particle in the absence of wanderers. This new process is governed by
an Airy-type kernel, with a rational perturbation.

Letting the number m of wanderers tend to infinity as well, leads
to two Pearcey processes about two cusps, a closing and an opening
cusp, the location of the tips being related by an elliptic curve. Upon
tuning the starting and target points, one can let the two tips of the
cusps grow very close; this leads to a new process, which we conjecture
to be governed by a kernel, represented as a double integral involving
the exponential of a quintic polynomial in the integration variables.

MSC 2000. Primary: 60G60, 60G65, 35Q53; secondary: 60G10, 35Q58.
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1 Introduction

Consider n + m non-intersecting Brownian motions (Brownian bridges) on
R depending on time t € [—1, 1], with n of them leaving from and returning
to 0, while the m remaining ones leave from a,, < ... < a; and are forced
to end up at b, < ... < b;. We denote by x;(t) the position at time ¢ of the
1th largest Brownian particle among the n 4+ m non-intersecting Brownian
bridges. Denote by D the conditioning event defined by the following condi-
tions:

(i) non-intersecting paths: z1(t) > z2(t) > ... > zpen(t), t € (—=1,1),

(ii) n bridges from 0 to 0: z;(—1) = 2;(1) =0fori=m+1,...,m+n,

(iii) m wanderers from a; to b;: x;(—=1) = a;, x;(1) =b; fori=1,...,m.
Then, denote the conditional probability under D by Py, i.e.,

Pa() = P(-[D). (1.1)

The interest in non-intersecting Brownian motions stems from a paper by
Dyson [17], who made the important observation that putting dynamics into
the GUE-random matrix model (Ornstein-Uhlenbeck Processes on the en-
tries) leads to finitely many non-intersecting Brownian motions on R for the
eigenvalues (stationary process). A space-time transformation enables one
to map the Dyson process into non-intersecting Brownian motions starting
from 0 and returning to 0; see formula (1.7) in [1]. In their work on coin-
cidence probabilities, Karlin-McGregor [27] found a determinantal formula
for the transition probability of non-intersecting Brownian motions. The re-
lationship between non-intersecting Brownian motions, matrix models and



random matrix theory has been developped starting with Johansson [23] and
has led to the Airy and other processes [2—4,15,35,36], when the number of
particles tend to infinity, see also [16].

At first, consider the motion of the non-intersecting Brownian particles
above, but with m = 0, and let n become very large. The Airy process
A(7) describes this cloud of particles (“infinite-dimensional diffusion”), but
viewed from any point on the edge C : 1/2n(1 — t2) of the set of particles,
with time and space properly rescaled; the Airy process will be independent
of the point chosen and will be governed by the Airy kernel. This process
was found by Prahofer and Spohn [33] in the context of stochastic growth
models and further investigated in [2,20,24,25,35].

Assume now a fixed and finite m > 1 and all a; = 0, with the target
points all equal to b scaled as b = pyv/2n > 0. Does it affect the Brownian
fluctuations along the curve C for large n? No new process appears as long
as one considers points (y,t) € C, below the point of tangency of the tangent
to the curve passing through (pgv/2n,1). At this very point the fluctuations
obey a new statistics, which we call the Airy process with m outliers A° (1),
governed by a rational perturbation of the Airy kernel; see [1]. This kernel
was already considered by Baik-Ben Arous-Péché [5] and Péché [32] in the
context of multivariate statistics.

The first result in this paper concerns the limiting process, described in
(1.1), in the large-n limit, while keeping m fixed. The non-intersecting nature
of the first n bridges implies that the largest one will again reach a height of
about v/2n. So, it is natural to consider the following scaling of the starting
and the target points

ai:@(ljtm) and b,-z@(l—W)- (1.2)

With this scaling, the m wanderers will interact with the bulk (of n particles,
with n very large) in a non-trivial way, upon considering regions close to
r = +/2n and t = 0, namely at space-time positions (x,t) which scale like

+2
\/’nl/e‘

This will only be so under some geometric condition: the lines connecting the
starting and target points in (z, t)-space must pass to the left of V2natt =0
see Figure 1. Then, the first result concerns the gap probability at a given
time 7 for very large n and keeping m finite and fixed, i.e., the probability
that a set is not visited by any of the n + m Brownian bridges at time 7.

t=mn"3 x=+2n+ (1.3)
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Figure 1: Non-intersecting Brownian bridges with m wanderers.

Thus, in Theorems 1.1 and 1.2, a new (non-trivial) process ASS"”(T) will
appear due to the interaction of the m wanderers with the Airy field in the
neighborhood of (x,t) = (v/2n,0). Note that in the absence of wanderers the
particles must look, near the edge, like the Airy process. This also explains
why the kernel (1.5) obtained below is another rational extension of the Airy
kernel.

Theorem 1.1. Consider points a; and b;, as in (1.2), with @, < ... <a; <
by < ... < by, on the real line'. Given any compact set E C R, the gap
probability at rescaled time-space (1.3) is given, in the large-n limit, by

2
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lim Py, ({mm( ) e Van+Z

n—oo

}) = det(1 — xp K& xp)12m)
—P(A@D (1) N E =0), (14)

m

where xg(§) = 1(§ € E), where det denotes the Fredholm determinant on

!The inequalities that all the @; be smaller than all the b;’s means geometrically that
the lines connecting corresponding points intersect the x-axis to the left of x = /2n; see
Figure 1.



Figure 2: Integration paths of the kernel Kgf of (1.5).

L2(R) and where the kernel Kb is given by

) 1 ot T () (52)
Ko (1:61,&) = 72/ dw/ b T . |
(27{’&) Fa> F<l'7 e—T“l‘le w —w
(1.5)
The integration contours are as follows: Tz~ goes from e~2™/300 to e*™/300,

and passes on the right of all the @;, while T _; goes from e™/3c0 to e /300,
and passes to the left of all b;. Moreover, the two contours do not intersect;

see Figure 2 for an illustration.

This kernel has also appeared in recent work of Borodin and Péché [13],
as a limit of a directed percolation in a quadrant with defective rows and
columns, itself a generalization of a kernel of Baik-Ben Arous-Péché [5] and
Péché [32] and considered in [1] in the context of non-intersecting Brownian
motions. The proof of Theorem 1.1 will be given in section 2, when the points
a; and the points b; are all different. When the a;’s all coincide, and similarly
the b;’s, the proof of Theorem 1.1 breaks down and must be replaced by
another one; two approaches are being discussed here (section 4): (1) using
a certain moment matrix, (2) using biorthogonal polynomials.

In Theorem 1.2 (see section 3) the first result will be extended to the
joint gap probabilities at different (rescaled) times 71, ..., 7,. Obviously The-
orem 1.1 is the specialization of Theorem 1.2 to the one-time case.



Theorem 1.2. Consider { distinct times T,7a,...,T, and compact sets
Ey,...,E;, CR. Then,

l
) Tk Ep — 711
Jl_)llgopab (m {CL” €T; (m) c vV 2n + \/inl/ﬁ })

k=1

= det(l — xpK%xp) =P (ﬂ {AS,C;"E)(T,Q) NE, = @}) . (1.6)

where xg(7,§) = 1§ € Ei). Here det denotes the (matriz) Fredholm
determinant on the space L*({ry,...7,} X R) and the extended kernel K% is
given by

_ 5 (69—€1)° :
Kzlb(T17 517 T2, 52) - ]]_4(7—2 = Tl) )6_ 4(3—2*‘5}’1) _%(7'2—7'1)(524-51)-{-1—12(7-2—7-1)3
TT\To — T1
m w—ar+7 w—?)k—l—TQ
: / duw / e e () () (1.7)
T r

+ P P ~
(2mi)? e @O0 (w4 Ty) — (W+T)

a—7o> <l~177'1

The integration contours are as in Figure 2, but with a;. replaced by aj — T
and by replaced by by — 7.

In view of the new process A&va)(f), it seems natural to let the number
of wanderers m to go infinity. For simplicity, consider the case where the m
wanderers all start from the same point a, and end up at the same point I~),
with @ < b, with the scaling

a=am?, b=pm"? witha<g. (1.8)

Under this scaling, the set of m wanderers itself produces an Airy field which
then interact with the one already present after the n — oo limit. Thus,
we might expect that there will be two regions where the Pearcey process
arises. Indeed, the first Pearcey process occurs when the “Pearcey cusp”
closes, while the second does when the cusp opens, as illustrated in Figure 3.

The reader is reminded of the extended Pearcey kernel K7 (0, vy; 05, v5)
with space-time parameters (v;, 6;), which is given by

1(6, > 6 2
K7 (01,0150, 05) = &6_@2_”1) /2(02=61) (1.9)
2w ‘92 ‘91)

1 00 d 5 —24/4—}-9222/2—02,2
+(27TZ)2 oo i Zz—z =21 /4+0122/2—v1 2’

where the path I'y is illustrated in Figure 4, see Tracy-Widom [36]. This
leads to Theorem 1.3, established in section 5.




Figure 3: Illustration of the two Pearcey processes, arising around the two
Cusps.

/4

N

Figure 4: Integration paths of the Pearcey kernel K7 defined in (1.9). The
two solid lines form together 'y, the dashed line is the z-integration path.

:

Theorem 1.3. Let the starting point @ and the target point b of the m wan-

derers for the Airy process with wanderers (1.6) grow with m, as a = am!/3

and b = Bm!? with arbitrary o < B. Given o < 3, the following equations,
4ot a3

f—a = 5 , with (z,0) € € : 40%2* =22 +3 = 0, (elliptic curve) (1.10)
-

\]



have a

)) (opening cusp)

unique solution (z,0) = (z,04) € (( ,0
)) (closing cusp).

unique solution (z,0) = (z,0-) € ((

Then, the Airy process with m wanderers A& (1) properly rescaled as m —
00, converges to two (identical) Pearcey processes P(0) about two cusps, one
opening cusp (T, ) and one closing cusp (1) about’

a+f 204

T~ Tom?, €~ Xm??, with Ty = ,
2 2—x

X =02 (1-21),

(1.11)
with T_ < O‘TJ’ﬁ < Ty. To be precise, upon using the two different scalings
(1.13) below, depending on the opening or closing cusp, one has, for any

¢ =1,2,..., that the limit of the gap probability of the sets Fy,..., Ey, at

times T1,...,7; is given by the same (matriz) Fredholm determinant,
Z o~
lim P (ﬂ { am1/3 ,Bml/3)( k) NE;, = @})
k=1

¢
= det (1 — XEKPXE)LQ((Gl,...,Hl)XR) =P (ﬂ {P(O,) N E} = (Z)}) , (1.12)

k=1

where the rescaling from the space-time variables (E;, ;) to the new space-
time variables (E;, 0;) is imposed by the initial scaling (1.11), to yield

B 1/4
= Tym'? + 1!1292-771_1/6, K= 72@ D ,
2 |o|2?

~1/12

(1.13)

EZ- = Xm?? — k25,.0,m"° — kE;m

Remark: Note that the involution: vy <= vg, 0 < —05, T, T | 0, <
o_ = —o, where v, € E), maps the opening cusp into the closing cusp and,
in particular, acts on the kernel (1.9) to produce the kernel going with the
closing cusp. The tips of the two cusps come together, when «, § — 0, and
hence x — 3/2, 0. — 0 and Ty — 0; this is not the only way for this to
happen, as will be mentioned below.

In Theorem 1.3, the Pearcey process appears as a result of the fact that
a certain F-function has a critical point w, of order 4. One further checks

2T, corresponds to o, < 0 and T_ corresponds to o_ > 0, with obviously o, = —0_.



A new
process

Figure 5: When two Pearcey cusps touche there will be a new process.

that the curve £ contains another real point, namely at (z,0) = (o0, 0), for
which (o, 3) = (23, —2'/3); there the critical point w, of the F-function
becomes order 5, with (X,T) = (—2%/3,0) and thus here also the two tips
come together. This is to say, Figure 5 occurs and thus a new process emerges,
which will be determined by a “quintic kernel’

1 1 62w5/5—151113/34-1032
Q4. — !
K (t, T, y) - (27TZ)2 /> dw /< dw w — W' e2w/5—tw’ /3+w'y

- / p( + wp(y + u)du,

(1.14)

for an appropriate function p(x) satisfying a 4th order differential equation.
The path of integration > goes from e~*"/500 to €>™/°00 and the path < from
e*™/500 to e~ ?"/50c0. This statement appears as a conjecture; its proof will
be given elsewhere. Evidence for this conjecture will be given in Section 6;
other representations of the quintic kernel will be given in section 7.

Acknowledgments: The support of a National Science Foundation grant
# DMS-07-04271 is gratefully acknowledged (AM, PvM). Also, a European
Science Foundation grant (MISGAM), a Marie Curie Grant (ENIGMA), a
FNRS grant and a ”Interuniversity Attraction Pole” grant are gratefully
acknowledged. PLF started the work while being at the Weierstrass Institute
for Applied Analysis and Stochastics (WIAS), Berlin.
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2 Airy process with wanderers leaving from
and going to distinct points

The aim of this section is to prove Theorem 1.1 in the case that all points a;
are distinct and all b; as well. We first present the case 7 = 0. The multi-
time joint gap probabilities will be discussed in the next section, implying
the case of the one-time process; i.e., general 7 beyond 7 = 0. However, first
presenting the one-time case will prove useful for understanding the basic
structure.

Denote by p(x,y;t) the one-particle Brownian motion transition from x
to y during a time interval ¢, namely

(r,y;t) = L e_(mgty)2 (2.1)
P\T, Y ot . :

Let us consider n + m Brownian bridges leaving at t = —1 from a,,1, <
e Qa1 < Ay < ... < a7 and ending at t = 1 at positions by, < ... <

b1 < by, < ... < by. The positions of these particles at time ¢ are denoted
by x(t) = {x1(t), ..., Tmin(t)}. Then, the probability density that x(¢) = x,
conditioned that the Brownian bridges do not intersect in t € (—1,1), is
given by Karlin-McGregor formula [27], namely

P(x(t) =x) = % det(p(ai, zj; 1+ 1))1<i j<men det(p(i, bj; 1 = ))1<ij<men,
(2.2)
with Z the normalization constant, which is equal to the probability that the
m+n paths do not intersect, given the initial and final conditions at t = +1.
It is known that a measure on x = (z1,...,Zy.,) of the form (2.2) has
determinantal correlation functions (see e.g. Proposition 2.2 of [10], or for
information on determinantal processes [7,22,28,37,38]).
As mentioned before we restrict the discussion in this section to the case
t = 0. Then, the k-point correlation functions p*) are given by

PP (xy, ... xp) = det (K (4, L)<t (2.3)
with the kernel K explicitly given by
m-+n
K(z,y) =Y _ plx,b; 1)[B i pla;, y: 1), (2.4)
ij=1
where
B = B, jli<ij<mtn, Bij= /Rdxp(ai,x; 1)p(x,b;;1). (2.5)

10



In particular, the gap probability of a set FE, i.e., the probability that none
of the xy,..., 2,1, belongs to the set E, is given in terms of a Fredholm
determinant,

P(none of the z; € E) = det(1 — x,Kx,)2m), Xp(z) =1(z € £). (2.6)

The structure of the measure does not change when taking the limit of
one of more of the Brownian bridges starting and/or leaving from the same
position. Thus the determinantal structure of correlation still holds, yielding;:

Proposition 2.1. Consider a1 = ... = aman = 0 and by = ... =
bpmin = 0 and the other m Brownian bridges from a; to b;, with 0 < a,, <
.<ap and 0 < b, <...<by. Then,

P(z(0) € F) = det (1 — xgKnmXE) (2.7)

where the kernel K, ., is given by

Kpm(w,y) = KRt )+ > o (@) (el (). (2.8)

ij=1

The Hermite kernel KHe™ite js defined by the classical Hermite polynomials
and their L*-norms 3

. 1
K};Iermlto(x’y> — e—(:c2+y2)/2 gHz(x>HZ(y)7 (29)

the functions w,g") and go,(:) are defined as follows for 1 < k < m,

—z2/2 —2242x2 —z2/2 —2242x2
(n) € e (n) e e
P (1) = —— 7{ Az, W (¥) = —— 7{ dz———~,
g To,a/2 “ (Z__k> g r

211 . 211 02 2 (z — %)
(2.10)
where I'g 42 denotes any contour containing the points z = 0,a1/2,...,an/2,

and similarly for Uoy/e. Finally, the entries of the matriz of inner products

u= (Mk£)1gk,zsm with pige = <90k ﬂhn ) = / dx@/(gn) (@%m (z) (2.11)
R

can be written *

Nk e*
My = ; % dz . (2.12)
200 Jryy e 2 (z — agby/2)
3f]R dIH]J%)Hg(I)szZ = 5]@7@ Ci = 5]@7@2]@]{3!\/%.
4Similarly L, oty denotes a contour containing 0 and agbg/2. Note that
e*dz oo gk
271'1 §Fo w z"(z u) (Zk:n F)

11



Proof. We start from the setting (2.2)-(2.6) and take the limit when the 2n
points apmin, .-, @me1 — 0 and byipn, ..., bpne1 — 0, and leaving the 2m
points a,, < ... < a; and b,, < ... < by fixed. Then, the probability density
on the x;’s becomes

2 2
a;x;—x% /2 bjx;—x7/2
(6 ! )1<i§m (e 7 Ji<i<m

1<5<m+n 1<5<m+n

1
P(x(0)=x) = 7 det (xé‘le_x?/2) det <x§—1€—x§/2>

)

1<i<n 1<i<n
1<j<m+n

1<5<m+n

(2.13)
where Z’ is a normalization constant. Consider any set of functions
{aplg")(x), k=1,...,n+ m} spanning the vector space

V(ay, ... am) =span{e®® /2 1 <i<m, 2/ e/ 1<j<n}, (2.14)

and similarly a set of functions {¢,(€n)(x),k = 1,...,n + m} spanning
V(by,...,bn). Then,

P(x(0)=x) = 7 det (4" ;)

= det (W) (a:j)) . (2.15)

1<4,5<n+m 1<i,5<n+m

As mentioned above, this measure defines a determinantal point process with
defining kernel

n+m

K(a,y) = > ¢ @B ey v), (2.16)

ij=1
where B = [B;j]i<ij<n+m has entries B;; = <<p§">,¢§")>. Thus the goal is
to find nice functions w,g") and @,&n) such that the inverse of the matrix B is
manageable; usually one looks for a set of functions such that B becomes the
identity matrix (bi-orthogonalization). In this instance, it is more convenient
for doing asymptotics to find functions such that the matrix B has the form

B= ( ’5 Ilon ) . (2.17)

As will be shown below, the choice of functions for which this is the case is
as follows:

() e—x2/2 —224 22
"(z) = P 1<k <m,
2 (@) 2mi 71{1()& p Zz"(z —ag/2) =m=m
_ —x2/2 —22 422
(n) _ (]{7 1)' e 7{ d e _ Hk_l(l’) _x2/2 1< k‘ <
() Ch1 2mi Jp, Tk Ch1 ‘ ’ =r=n
(2.18)

12



The Hy(x) are the classical Hermite polynomials, with generating function

2\ 1 d H,
e—z2+2:cz _ Z z—H(ZIZ’), and thus S 6—z2+2:cz‘_z _ J.(x>’
s g i Jr, 2+ j!
(2.19)

and with orthogonality relations
/dl’Hk(l’)Hg(l’)e_xz = 5]“5 Ci, with Cp, =V Qkk'% (220)
R

By the residue theorem it follows that

2/2% d —22 " S Span(eukl H, H )e @?/2 (2 21)
z ce n— . .
2mi Toaz 7 (Z ak/Q) Y 7 '

Similarly one defines the functions @b,g") (x) upon replacing a, by by in (2.18).
Thus the set of functions {go,i") (x),k =1,...,n+ m} spans the vector space

V(ay,...,a,), and the set {@D,g")(z),k = 1,...,n + m} the vector space
V(by,...,by), as defined in (2.14).
The last step is to show that with our choice we actually obtain (2.17).

From the representation (2.18) of the (™ (z),4\"(y) in terms of Hermite
polynomials, it follows immediately that

Next we show that

(™M WMy =0 for 1<k<mm+1<l<m+n

and m4+1<k<m+4n,1</l<m.

Indeed for 1 <k <mand m+1 < /¢ <m+ n, we have

2 2

const dze *? e v o 2
<(p(n)’¢ n)> _ : % % dw / dr e ® +2x(w+z)
koot (278)* Jry, . 2"z — @ /2) Jp,  wtT

_ consty/T Ef e
@2ri)? Jr,, ., 2"z = ar/2) Jr, wt

_ocomstym [ d Penna(®) (2.23)
271 To.a/2 Zn(z _ak/2>

where P;(x) is a polynomial of degree i. The result is zero because for ¢ —
m — 1 <n — 1 the residue at infinity is zero.

13



Finally, for 1 < k,¢ < m, by the same argument one gets

VO = G b TG h, 0=

(2.24)
By the residue theorem, the contribution of the pole at w = 0 is a polynomial
of degree n — 1 in z. Thus the integral over z is zero, because the residue at
infinity is zero. Thus, it remains to compute the contribution of the pole at
w = by/2, namely

™ e?be on Ton e?
,Uk,éz%j{ dzn——n: \/_ 2% dz - .
(271) Toays 2 (z —ag/2) b} (2mi) Toanya (z — arbe/2)
(2.25)
This ends the proof of Proposition 2.1. O

The next step in showing Theorem 1.1 for 7 = 0 is to determine the
n — oo limit of the kernel under the space scaling

z=2n+ y—\/_—l-

f 1/6, (2.26)

with a;, b; scaled as in (1.2),

\/_nl/ﬁ’

- Ez
a; =V2n (1 + 1/3) and b, =V2n (1 - W) (2.27)

and with the assumption
a; < b, 1<i,j<m. (2.28)

Thus, we have to show that for &1, &, in a bounded set,

lim Knm(,y) = Kb (0:61,6), (2.29)

n—oo \/777/1/6

It is well known that the Hermite kernel under the above scaling, for &, &
in a bounded set, converges to the Airy kernel K 4 (see e.g. App. A.7 of [19])

Hermite —w3/3+§2w
nh_{{)lo \/7711/6 Kn (LL’, Yy = 27” /I:> dw A“< dw w—0 6—w3/3+§1w
=. KA(fl, §2 (230)

where the path I's goes from e=2™/300 to €>™/300, the path I'~ from e™/300
to e~ ™/300, with I's and I'c not intersecting each other.

14



What remains is to compute the limit of the last term in (2.8). Since
m remains finite, one can take the n — oo limit inside the sum. Below we
compute the asymptotics for wi("), ¢§"), and /1, jl separately. Let us start with
the matrix u, as defined in (2.17).

Lemma 2.2. The following asymptotics holds for the inverse of the m x m
matrix:

1 2¢\" 1
lim (—e) pl= A where A= ( _ ) . (2.31)
n=oo /2n1/6 \ n ar —be/) 1<k o<m

Proof. Using the scaling (1.2), the quantity

arbe ay, — by 1

is, for n large enough, strictly less than n by assumption (2.28). We use
(2.12) and make the change of variable z = un

V2" 7{ dz e*
= : - 2.33
Hke 2mi Ty, gt 2" (z — “ka‘) ( )
SRGLCT et
2mi |u|=1 u—1-— (dk — i)g)n_l/3 + O(n—2/3)
where
Flu):=u—-Inu=1+3(u—-1+0((u—-1)%), (2.34)
with
Re(F(u)) = Re(u) — In(|ul). (2.35)

Thus, we can deform the path |u| = 1 into 75 = {1 +iy,—6 <y < 0}
plus a circle segment 7' centered at zero joining the extremities of 5. By
(2.35), the path ~5 V o' is a steep descent path for F' with maximum at
u =1, F(1) = 1. We choose § = n~2/° then, the contribution of the integral
in (2.33) from 7/ is of order O(e="""") smaller than the main contribution,
coming from ~;, for some ¢ > 0. Thus, continuing (2.33),

2¢\" ﬁ 1+in—2/5 en(u—1)2/2+n0((u—1)3)
(AT

(1+O(e—°‘"”5)) .

(2.36)
By the change of variable w = (u — 1)4/n, the last integral becomes

: du = 1 2
n 2mi 1—in—2/5 u—1— (dk—bg)n_§ + O(n_ﬁ)

ﬁ inl/10 d e%w2(1+o(n72/5)) (2 37)
P W — . )
2me J im0 w — (ag — be)nt/6 + O(n=1/6)
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In the n — oo limit we finally have

-1
lim v2n'/%(2.37) = ——. (2.38)
oo ar — b
Thus, we have shown that
1i \/* 16 (T n -1
111 2n (—) Hiil = = = = —AkJ. (239)
n—00 2e ar — by

This suffices to prove Lemma 2.2, since the dimension of the matrix does not
depend on n. O

The next item is to determine the asymptotics of gp,(fn) and w,i").

Lemma 2.3. Consider the scaling (2.26) and (1.2), with &, & in a bounded
set. Then,

n/2 1 —w?/3+&w
or(6) == lim (2%) e (\/2n—|— &2 ) / dwS
n—0o0 Tap>

" 2mi

V2 n1/6 W — ay
(2.40)
where Ta,~ is a simple path from e=2™/300 to €™/300 and passing onto the

right of aj. Similarly,

. n \n/2 &1 1 e
= lim (—) (n) (\/2n+ ) = —/ dw ———=—,
Vi(&1) neso \ 2 Vi V2 nl/e 2mi Jr w — by

(2.41)
oo and passing onto the left

mi/3 —7i/3

where I' _j is a simple path from e™/*o0 to e

of by (similar to Figure 2).

Proof. The plan is to compute the large n behavior of

—x2/2 —2242z2
(n) . (& % (&
7)) = dz— 9.42
¢ () o To o (2 — ap/2) ( )

with

_ o Qg o 3

Rescaling the integration variable z = u+/n/2, one gets

. 9\ /2 g—n—gn!/3+0(n~1/) (nF(u)-+ugnl/3
n == d 2.44
op () ( ) i fé L g, /n/3 (2.44)

0,1+a,/nl/3
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Figure 6: Lines with Re(F(z + iy)) = Re(F(1)).

where F'(u) = —u?/2 + 2u — In(u). The leading contribution comes from the
neighborhood of the double critical point of F'(u) at u = 1, where we have
1
Flu) = 5 = 3(u=1)° + O((u— 1)), (2.45)

As integration path one can choose any path passing through v = 1+ om_%,

with @, < a, locally following the directions e*2™/3, and which remain inside
the region G of Figure 6. Then, the integration away from a d-neighborhood
of u=1+an"3 (where § = n=°, with 0 < ¢ < 1/3) will be of order O(e~")
smaller than the leading term, with 0 < ¢ ~ ¢ for small §. Then, in a
d-neighborhood of u = 1 we can use series expansion and after the change of
variable w = n'/3(u — 1), one finds

n §
@,ﬁ’(x/%jtﬁn%)

2e\"? | 1 1 e’ /34w
(=) = (1r0(—)) [a"—"""
() e (o (o)) o225
where the integral goes from e=2"/3§n'/3 to e2™/3§n'/3, and passing on the
right of a. From this, the n — oo limit in (2.40) holds.

The asymptotic for w,i")(x) is essentially the same, except that w —
—w and a; — —by, ending the proof of Lemma 2.3. O

We shall also need:

(1 + (9(6_6”)) ,

Lemma 2.4. Given the matriz

A= <~ ! = ) , (2.46)
@i = bj 1<i,j<m




the following identity holds:

ATy 1 (frfw—a) [2=b )
lgg'gm (Z—di)(w—gj) N w —z (g (Z_&k) <w_gk) 1). (247)

Proof. Since

det A = _ (2.48)

one checks the identity (2.47), by computing the residue on the right hand
side at the points z = @;, w = b; and identifying with (A" ~1);; using Cramer’s
rule and repeatedly using (2.48). O

Proof of Theorem 1.1. Assembling the asymptotic result (2.30), Proposi-
tion 2.1, Lemma 2.2 and Lemma 2.3, one obtains Theorem 1.1 in the special
case 7 = 0, with distinct a;, I;Z-, under the condition a; < l;j. Upon using the
scaling (2.26) and (2.27), the limit kernel is thus given by the limit of the
sum of the kernels in (2.8); i.e., the sum of the Airy kernel K 4, defined in
(2.30), and a new kernel:

(L>

lim Kym(z K4( ; -1
n—00 \/7n1/6 ( y) A 61 62 Z;w 61 ]SOJ (62)
—w3/3+£2w 1
= d dw 2.49
271"& /p> w/r< W e—@3/3+60 () — ( )
—w3/3+§2w m A1 .
dw dw gy — [~ Jig —.
51 (@ —bi)(w—ay)

The fact that this expression actually equals the kernel K f;f’(() £1,&), a
defined in Theorem 1.1, follows from Lemma 2.4. D

3 Extended kernel for the Airy process with
wanderers
In this section, we will prove Theorem 1.2. For this purpose, we need to know

the measure, defined on the positions of the Brownian bridges at different
times —1 <17 < Ty < ... < Ty < 1. Set x(T3) := (x1(T3), ..., Tonan(T})).
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Then, by Karlin-McGregor applied to these different times, the measure ob-
tained by the non-intersecting condition on the Brownian bridges is given
by

1
P(X(Tl) = xl’ o ,X(TZ) = XZ) = 7 det(p(ai, :L’}, Ty + 1))1§i,j§n+m

/-1
X <H det(p(ay, 2§ ™, Ty — Tk))1<i,j<n+m> det(p(f, b, 1 =T0)1<i j<ntm-
(3.1)

It is well known that this measure, a generalization of (2.2) to multi-times, or
any measure of this form has determinantal correlations in space-time [14,18,

21,29,34] (even in cases when the size of the determinant is not constant [11,
12]).

Proposition 3.1. Any measure on {xl(-"), 1<i<N,1<n</{} ofthe form®

-1

1 n n

Z det(gb(To,a,-;Tl,il?g-l)hgi,jgN <H det(ﬁb(TmZEE )§Tn+1,93§- +1)))1<i7j<N>
n=1

X det(cb(Te,l“gé); To1,05) <ijen, (3.2)

has, assuming Z F# 0, the following k-point correlation functions for
t1,...,t € {Tl,...,Tg}.'

p® (ty, @y, b, @) = det (K (8, x4 £y, %)) 1<ije (3.3)
where the space-time kernel (often called extended kernel) is given by

K(ti,z1:t0,22) = —¢(t1, 213t 22)L(t2 > ) (3.4)

N
+ ) Bt w15 Toen, 0)[B i 0(To, aji ts, )

ij=1
with (x means integration with regard to the consecutive dots)

. _ ¢(TT7$;TT+17')*"'*QS(TS—la';TSay)? ZfTr <Tsa
(T, ;T y) = { 0, if T, > Ty,
(3.5)
and with the N x N matriz B having entries B; ; = ¢(To, a;; Ty11,b;). Remark
that (N!)*det(B) = Z, so that B~' exists as soon as Z # 0.

5The functions ¢ (T}, z; Ty i1, y) themselves may in fact vary with n above.
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We now apply this general fact to the non-intersecting Brownian motion
formula (3.1): here z;") denotes the position x;(7},,) of the ith Brownian
motion at time 7T;,, while one sets Ty, = —1, Ty,; = 1, and one sets

o(t,z;t', ') = p(x, 2, 1" — ). (3.6)

As for the one-time case, the structure is unchanged, even after letting
Gntmy -y Gma1 — 0 and byym, ..., 01 — 0, keeping a,, < ... < a; and
b, < ... < by fixed. The only difference is that the entries on the first
and last determinants in (3.2) will be different (together with a different
normalization constant Z). Indeed, the first determinant in (3.2) is just
replaced by

(ezzz'ac;-l)/(1—i-T1)p(07 S(Z(l), T, + 1))

J 1<i<m

1<j<m+n
det N ) == (3.7)
J
(o smen),
1<j<m+n
while the last determinant is replaced by
("0 p(,0,1 - 1)) .
7 Y ) _i_m
155 <mtn
(3.8)

det 29 \ic1 |, (0
J
(1—TZ) p([lf] a071_TZ) 1<i<n
1<j<m+n
As for the one-time situation, one looks for sets of functions generating the
same vector spaces as the functions in (3.7) and (3.8), namely one searches

for functions o™ (T}, z) and ™ (T}, z), such that

(37) = const X det(goz(") (Tl,x;))1§i7j§n+m,
(38) = const x det(¢(n) (Tg, x?))lgi,jgn-l-mv

)

(3.9)

and such that the matrix B has the same form (2.17) as before. Setting

(1) = ,/1—:;, o(t) == VIFL, (3.10)

one picks, for 1 <k <m,

—x2/20(t)? 1 —225(t)2 22z /03 (t)
P ]
Lo,a5,/2

o(t) 2mi 2" (z — ay/2)
(3.11)
w(n)( ) e—x2/20(—t)2 1 \% e—z2’y(—t)2+2xz/a2(—t)
ta)=— z ,
k o(—t) 2mi Tos, /2 2" (2 — b /2)
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and for 1 <k <n,

(n) () . x .
90m+k(t ) = - 1)!2k_17(t)k Hj <W) p(0, 5t + 1),
_ (4m)'/ k-1 x r.0:1 —
¢m+k( T) = (l{;—l)!Qk—ﬂ( )" Hyy (fy(—t)a2(—t))p( ,0;1—1).

(3.12)
Remark that, using the integral representation of the Hermite polynomials,
an equivalent expression for (3.12) is

wi?ik(tv $) =

Y

(471')1/4 6—922/20(15)2 (k’ _ 1)] % y 6—227(t)2+2mz/02(t)
- z
(k—1)126—-1  o(t) 2mi Jp,

(471')1/4 6—x2/20(—t)2 (k _ 1)[ J e—z2'y(—t)2+2:cz/02(—t)
(k =12k o(=t)  2mi f? ’ ‘ '

ok

¢m+k( ) =

z

(3.13)

It is immediate to verify that these functions generate at ¢t = T}, resp.

t = Ty, the same space as the function in (3.7), resp. (3.8). So, one defines
the functions appearing in the first and last determinant of (3.2) by

¢(T07@i;T1,SL’(1)) = @En)(Tla W ) and ¢(Tz, Te+1, ) lb(n (va ())7

(3.14)
for which we show the following property:
Lemma 3.2. For any t; <ty and 1 < k <n+m, one has
/ dx gpl(gn)(tla ZI}') p(l’, Y, t2 - tl) = Sol(gn) (t27 y)v
B (3.15)

/dyp(x yits — 1) U (ta, y) = Ui (1, 7).

Proof. Since ¢,i is obtained from <pk by the map t — —t and a — b, it
suffices to present the proof for <pk . At first, for 1 < k < m, one has

1 =2 (t)?

dz " (t, ) p(w, ysts — ) = —% dz—e—
/R K 2w Jrg, A" (z —ar/2)

o= 72/2(1+11) o~ (@—y)?/2(t2—t1)
dy ———— 2=/ (+1) (3.16)
R \/1+t1 27T(t2 —tl)

and, after performing the Gaussian integration, one has

(3.16) =

e~V /20(t2)* e~ (t2)? +2yz /0% (t2) (n)
— = (ta,y). (3.17
o(ty)  2mi ﬁw P 2" (2 — ag/2) =k (fry)- (317)
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Secondly, consider 1 < k < n. Comparing the representations (3.11) and
(3.13), we see immediately that the computations are exactly the same. In-
deed, the only difference is a k-dependent prefactor and the denominator in
the integrand over z. However, there are not affected by the computations
above; thus

/dx @fﬁk(tl’x)p(%y; to—t1) = <P£:3rk(t27 Y) (3.18)
R
holds, ending the proof of Lemma 3.2. O

Proposition 3.3. The extended kernel is given by

Kom(t1, 15 ta, 22) = —p(a1, 225 t2—11) L(t2 > t1)+z V(b 21 (2, 2)
i—1

+ 3 0 (b, w) [ il (), (3.19)

i,j=1

with gog-")(t,x) and ¥\ (t,z) given by (3.11) and (3.13) and with ju given by

m1
(2.24), the same as in the 1-time case.

Proof. Given the definitions (3.6) and (3.5), the first term in the kernel (3.4)
is simply

—¢(t1,$1;t2,$2)1(t2 > tl) = —p(l’l,l’g,tg — tl)ﬂ(tg > tl). (320)

It remains to be shown that B has the form

B = < ’5 10n ) , (3.21)

as in the 1-time case, with p given in (2.24).

Indeed, for any choice of 1 < k < ¢—2, and for t; = T; with 1 < ¢ < /£, one
has, using the convolution property of the Brownian transition probability
and the convolution property in Lemma 3.2, the property that (x means
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integration with regard to the common variable)

Bij = ¢(Tv,ai; Tita, by)
= o (t,2D) s« plaV, 2Dty — 1) #
ap(x® a® Dty — ) x p(a P 2B — )

Coep(a@Y 2O, — )« wj(.") (tg, 29)
= (%(n) (tr, 2M) s p(a, 2™ty — tl))
* (p(i'f(kﬂ), 2Oty — trpr) * %('n)(té, 93(6)))
= o (trgr, ) 5 08 (b, D) = (08 (B, ), 05 (b, )

is independent of t;,q; therefore, by setting t;,; = 0, it is, in particular,
equal to the value y;; obtained in (2.25) and (2.24). This establishes Propo-
sition 3.3. O

In order to prove Theorem 1.2 (and thus also Theorem 1.1 for generic 7),
one needs to compute the n — oo asymptotics of the kernel. For convenience,
recall the scaling for the starting and ending points of the top m Brownian
bridges (1.2) and of the subsequent scaling (1.3) of the space-time region one
focuses on:

=V2n+v2an®, b =2n—2bn'/
ti = mn~\/3 v = 20+ &—Ti. (3.22)

with a; < Bj, 1 < 4,7 < m. Below we prove that, given the scaling (3.22) and
for &1, &, in a bounded set,

nh—>nolo \/’nl/ﬁ Kty w1512, w2) = Kan(T17£17T27£2) (3.23)

where = we means an equivalent kernel®.

Proposition 3.4. With the above scaling, for &,&s in a bounded set (and
T, Ty fized), in the case where all the a; (and b;) are distinct, one has

f(71,61)
f(72,&2)

Kom(t1, z1;t2, 20) = Kg{b(ﬁa SHERS)

lim (3.24)

N—00 \/777,1/6
where f(7,€) = exp(73/3 — £7).

6Two kernels are equivalent if they define the same determinantal point process.
Namely, if there exists some function f(z) # 0 such that K(z,y) = K(z,y)f(x)/f(y),
then K and K are equivalent, since all the correlation functions are given by determinants
in which the functions f cancel exactly.
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Proof. Consider the first two terms in the kernel (3.19). These terms are
independent of the a;, b; and of m. Indeed, it corresponds exactly to the kernel
of the system without wanderers, which can be denoted by K, . Indeed,

1/2

n—1
Zwm-ﬂ tlaxl Spm—i-z tg,l’g = Z kf'Qk 7 ( tl)
k=0

p(21, 0:1 = 81)p(0, 225t + 1) Hi (V(_tl)ﬁ%—tl)) e (W)
2

For fixed 71, 75, one gets

v}ilgofnl/G Kooty 215 ta, 72) = KA(TI’&;T%&)%

uniformly for &1, & in a bounded set, with K 4 the extended Airy kernel given
by

(3.26)

fllh AANANTTAIE + A Ai(& +N), T >,
Ka(m1,61572,62) =
- fR, d\ 6)‘(7—2_7—1) A1(€1 + )\) Al(fg + )\), 71 < To.
(3.27)
To obtain this result, for &;, &, in a bounded set, one can just use the asymp-
totics of the classical Hermite polynomials (see for example App. 7 of [19]).
Another, better, way is to first perform the sum over k£ using two different
integral representations for Hermite polynomials, a first one is (3.13) and a
second one is an integral over iR (see e.g. sect. 2.2 of [26]). Then one just
does the usual steep descent computations to get the result. Then, one ob-
tains the representation of the Hermite extended Airy kernel, which is just
(1.7) in which one replaces d; = by = 0 and m = 0, namely

a1, 070, 6) = — 22T~ h )Gt s ()’

——6 4(ma—71)

VAr(me — 1)

_w3/3+€2w 1
dw / des (3.8
(2mi)? /p> b e (w4 ) — (@ 4 7) (3.28)

What remains is to compute the limit of the third term in (3.19), namely

m

i (n) -1 (n)
nh—>Igo V/2n1/6 i;1¢i (t,z) [ Jige; (b2, @2). (3.29)
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Since m remains finite, we can take the n — oo limit inside the sum. Also, the
limit of p~!, taking into account the prefactor, has already been computed
in Lemma 2.2. It remains to determine the asymptotics of w,i")(tl,zl) and
@é")(tg, x9) (for 1 < k < m) under the above scaling.

As will be seen, the computations are very close to the ones for t = 0 in
Lemma 2.3. For convenience, recall the notations y(t) = /(1 —1t)/(1+1¢)
and o(t) = v/1+t. From (3.11), after the change of variable z = w/~(t),

one gets

(n)( ) 6—902/2U(t)2 ( ) 1 p e—w2+2w:c’ (3 30)
o (t,r) = ——<—(1 n—% Wl — o7 /9’ :
k o 2mi Tou s (w—a/2)

where 2/ = U(t)gv(t), aj, = axy(t), with the following asymptotics

7 =V2n+ +0n%), a, =V2n+ V2@, —m)nt" + O(n ).

\/_n1/6
(3.31)

Now we benefit from the computation made in the 7 = 0 case. Indeed, we
showed that

1 —22422y 9 n/2 1 —w3/3+&w
— dz S (—e) —./ dw"———— (1+0(1)),
2mi Jr,,,, 2"(z—a/2) n 2mi Jr,. w—a
(3.32)

if y and a are scaled as

y=V2n+ f e = V2n + V2 an'/, (3.33)
2n

This is exactly our situation with a = a, — 7. Thus we get

—x2/20(t)? , D) n/2 1 —w3 /34w
At 2) = T e (—) [t o).
r T> _'_T

o(t) n 2mi w — ay

(3.34)

Moreover, the asymptotics of the prefactor reads

—x2/20(t)? , 7
€ a(t) fy(t)”ex 2/2 _ 6—7—3/3+§7+O(n 1/3)' (335)
Thus we have showed that
w2 1 e—w?/3+6w 1

= lim (¢ ( ) d .
gpk(Tz’ £2) nl_)n;lo SOk ( > xz) 2e 27”’ F&k*72> ww - &k + 7 f(T27 52)
(3.36)
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and similarly,

n/ 03 /3-&w
Up(m1,61) = 7}220%({ (t1,21) <2€> i L dw ~e~7f(7'1>§1)-

21 _
g, w—b,+7n

(3.37)

Now we can put together all the pieces, which make up the kernel (3.19),

namely (3.26), (3.36), (3.37), and the asymptotics of the inverse of the matrix
B in Lemma 2.3. Thus we have

M il \/_nl/6 nm(tl’zht%@);g?gji = Ka(m1, 6172, &2)
:?:2? ; % 7'1751 - ]i,j@j(72,£2). (338)

The last term in (3.38) (including the minus sign) is equal to

—w?/3+Ew T -1
_%/ d“’/ dae—a3/3+§a Z ~_ 7 AL ~ '
(271"&) Da—ry> F<5*71 (& 1 ij=1 (w — bl -+ Tl)(w — aj + Tg)
(3.39)
Applying the identity in Lemma 2.4 we get as final result the kernel

K&b(7, €15 m9,&) of Theorem 1.2, and this ends the proof of Proposi-
tion 3.4. ]

Proof of Theorem 1.2: For any bounded set F, the probability (1.6) is given
by the Fredholm determinant of the kernel, obtained in Proposition 3.4.
Since this kernel is conjugate to the one in Theorem 1.2, their Fredholm
determinants are identical. O

4 Airy process with wanderers all leaving
from a and all going to b.

In this section we prove Theorem 1.2 (and thus also Theorem 1.1) for the
case where m wanderers all leave from one point and all are forced to one
point; i.e.,

a::am:...:dl<51:...:Bm::b. (41)
Thus, the m top Brownian bridges start from a and end at b with
a=2n(1+an"3), b=+2n(1—0bn"3). (4.2)

The arguments presented in the previous sections break down. Therefore
one should redo the proof, using an argument adapted to this case. It is
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instructive to shortly present two different approaches. The first follows
the approach of the previous section, consisting in computing the inverse
of the m x m matrix p, and the second approach is to perform the bi-
orthogonalization. In principle, with some care because of the n — oo limit,
one might also be able to do the argument by analytic continuation, since
the measure is analytic in the a;, b; as well as the final kernel (provided the
inequality a; < I;j for all 7, j is satisfied).

4.1 Via the inversion of the moment matrix

The start is almost the same as in the previous section. The only difference
is that the first and last determinant in the measure, instead of (3.7) and
(3.8), are now

1

(Gay=tees/ 0T p(0, 2,7, + 1)

1<i<m

det , 1<j<mtn || (4.3)
((2)='p(0, 25, Ty 4+ 1)) 1<i<n
1<j<m+n
and
. 2L _
((zg)z—leb e Tl)p(!)ﬁ?, 0,1— Tg)) e
det it 1<<m+n | . (4.4)
((%) p(z;,0,1— Te))lgign
1<j<m+n
respectively. The functions gp,&") and w,i"), for 1 < k < m, defined by
(n) (t.2) e /20(t)* % o282 +222/02 (t)
o (tw) = ——~—5— ,
‘ o(t) 2mi Lo a/o 2 (2 —a/2)F
vl (4.5)
w(n)( ) e~ 2% /20(-t)* q j{ o2 1(—)2+222/0% (—1) .
t,r) = ————— ,
‘ o(=t) 2miJr,,, 2 (2 —b/2)F

replace those of (3.11), where we recall that v(t) = /{55, o(t) = VI +1.

Of course, since the last n rows of the determinants (4.3) and (4.4) are exactly

the same as in (3.7) and (3.8), we keep the same choice for the functions <p,(33rk

and wglika 1 <k <nasin (3.12)-(3.13). Define the matrix m x m matrix p
by w;; = <g0§"), ¢§")>, 1 <i,5 < m. Once again, this choice of ¢,§"> and wli")
generates the same vector space as the function in the above determinants
(4.3) and (4.4).

Note that in this section we use the same notations as in the previous
section. However, the matrix x4 and some of the functions are not the same.
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What remains the same is the form of the kernel. Indeed, since Proposition
3.3 holds exactly as before, one has once again:

m

Kot 213 te, 22) = Koty 215 t2, 22) + Z %(n)(tl,xl)[ﬂ_l]i,ngn)(tzab),
ij=1
(4.6)
where K, is the kernel without wanderers and in the scaling limit will
converge to the extended Airy kernel. Thus, we only have to deal with the
double sum below.

Lemma 4.1. Under the scaling (4.2), we have

‘ N 1 BH-L ] 1 [+ Fk—2
nll—{l;lo’ukJ (2@) (n /\/5> 92 (b—a)+h—1\ k-1 (4.7)

for1 <k, Il <m.

Proof. For convenience, in the proof we compute jix41,41 to avoid —1’s in the
formulas. Since, as before, py, is time-independent, we may set t; = t, = 0
in the computation; so, as in (2.24) and after integrating over the x variable,
one finds

NG ]{ 1 7{ 2w
Hik4+1,0+1 = 75 g dz dw . (4.8)
T (27i)? o 2z —a/2)F Jp o wh(w —b/2)H!

Then we apply twice the identity

PR i (%)k s 49)

2 LN 0\
Mk-}-l,l-‘,—lzm(%) (%) M- (410)

But 11 was already expressed as a single contour integral; see (2.12). Thus

N AN A ANV e
=" (=) (% dz ———. (411
] (aa) (8()) 2mi f}o,am e—ap MY

and obtain

We now compute the derivatives of (z — ab/2)~" and obtain
AN AN B S SN R |
KN\ Oa da) »—2 (2= PRIt (k= )N = 5)Y

(4.12)
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and so

min(k,l)

1 (l+k—7)!
l1k
Hit1041 = a'b . : ——
i = G

2n 4
o VT2 f{ dz — ¢ (4.13)
To,ab/2 Z (

27i z — ab/2)Hk—i+1

Finally, we need to do the asymptotic analysis of the integral, which
essentially has already been made in Lemma 2.2. Consider the following small
change in (2.33), with a;, = a, by = b: replace (z —ab/2)~! by (z —ab/2) P!
for any finite p = 1,2,.... Then the steepest descent analysis is unchanged
except for that finite power, which would be present in (2.37) too. This extra
power gives a factor n ?/% and we also have an extra factor coming from the
change of variables equal to n?/2. In the end, the result is

n z n —2p/3
\/7?2 7{ dz ‘ = (%) - 1~ n (1+0(1)).
216 Jry . 2z —ab/2)P n ) (b—a)p+! /2nl/6
(4.14)
We put (4.14) into (4.13) and compare the dependence in j of the different
terms in the sum. Since ab/2 = n(1 + O(n~?)), the jth term in the sum
(4.13) contains the following power of n, namely:

inzj/?’ =3, (4.15)
nJ

Therefore, since the sum is finite, in the n — oo limit, the leading term is
the one with j = 0, the other ones being of smaller order. Thus,

k+1\ [2e\" 1 albFn=20+0/3
Het1041 = ( 2 ) (z) (5—&)“”1 Joni/o (1+0(1))

— %(k;:l) (%)”(W\/%El))kﬂﬂ(uo(l)), (4.16)

ending the proof of Lemma 4.1. O

Corollary 4.2. With the same scaling as in Lemma 4.1, we have

lim [y <§)n (nl—\/i> =2(b—a)* LY LYy (4.17)

n—00 n

for 1 < k.1 < m, where the m x m lower-triangular matriz L™ has binomial

entries (L) = (-1 (/;:: 11) (4.18)
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Proof. From (4.7) it follows that computing the inverse of x reduces to com-
puting the inverse of the m x m matrix v,

. k+1—-2
V= (V1) 1<k i<m, With vy = ( P ) (4.19)

A convenient way of taking the inverse is to compute the v = LLT decom-
position, where L is lower-triangular, yielding

k—1
v=LL" Ly = (z B 1), (4.20)

from which
-1 TN—17 -1 -1 w1k —1
v = (L") "L, (L7 )k =(-1) 1) (4.21)

This establishes the asymptotics (4.17). O
We now turn to the asymptotics of the functions gp,(fn) and w,i"), defined

in (4.5).

Lemma 4.3. Under the scaling (4.2) and

2
-1/3 & 7 (4.22)

ti:Tm s inV2n+\/§nl/6,

one has
. n n \n/2 _
‘Pk(7'27£2) = 7}1_{20901(6)(7527362) (%) (n1/6/\/§)k !
1 3 1 1
= — dwe™™ /3+&w — , (4.23
27 Jry (W —a+m)" f(12,&) ( )
and

n/
Gilm&) =l g (e, (o) @10/

—1)¢1 o - 1
( 22@ /F dis e /3—51wm, Flm, €0)(4.24)

<l~)77'1

Proof. We must compute the asymptotics of
—227(t)2 4222 /02 (t)

—x2/20(t)? 1

(n) o e 7{ e
t,r) = ————— dz 4.25
o (o) o(t) 2mi To.as o (2 — a/2)k ( )
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and compare this expression with (3.11). One sees that the only differences
are that now a replaces a; and the denominator in z — a/2 has a power k
instead of power 1. For any finite k, the asymptotic analysis for this case has
only minor differences with respect to the asymptotic for (3.11). Namely, one

picks up some extra factors by the changes of variables: setting z = u\/n/2,
k—1
one gets a factor \/2/n  and then w = n'3(u — 1) results in a factor

n*=D/3 Tn total, an extra factor (v/2/n'/®)*=1 appears. A similar argument
holds for ", O

Proof of Theorems 1.1 and 1.2 for Brownian bridges starting from a and
ending up at b. Putting together Corollary 4.2 and Lemma 4.3, one obtains

fim s S ) gl )
ij=1
- ;::1 bi(71, &) (b — a) (L) T LT (7, &) ;EZ: 23
1 e e (i €))
—(2mi)? /1“ e /1“ o e /30D f(1y, &)

a—13> <l_777'1

X (@ —b) i i_ (]j: 11) (7; B i) ( (b — a)iti-2(—1)/ —{4.26)

41 —b)i(w+ T —a)

Finally, using the fraction decomposition identity
1 U—-a\" [V —=b\"
—1 4.2
o) (=) 1) 127

B R (20 S

k=1 14,j=1

with U =w + 7 and V = w + 7, one gets the final result

1 ~ —w3/3+§2w 1
(4.26) = 7/ dw / o <
r r

(27i)? e @P/BHOS (w4 1) — (W +71)

a—7o> <l_777'1

@-dtn)w=b+mn) m_ [, &)
X [((&—E+ﬁ)(w_d+72)> 1] (. 63 (4.28)

4.2 Via bi-orthogonal functions

Here we present a slightly different approach, which consists in using
biorthogonal functions, instead of the functions defined in (4.5). We use
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a representation with determinants known from classmal orthogonal polyno-
mial theory. Let us first define the polynomials goz , 1&](-"), and then show
they are actually biorthogonal.

Set

pig(t) = (@(0,),457(0,))  and Ay = det(ui)i<ijer. (4.29)
and define

M1 M2 ottt M k-1 <P§n) (t,x)
@(n) (t I) R 1 det /’l’271 /"L2,2 e M2,k—1 gpén) (t7 'I) (4 30)
B VAL S : : o
Mk Hk2 c Hkk—1 @;&n)(t )
and
H11 Hi12 T M
H2.1 H2.2 ce 2,1
e Hi—1,1 Hi—1,2 ce Hi—1,
(4.31)
First of all, notice that gb,i") is linear combination of the gogn) with¢=1,... k,

with a non-zero coefficient in front of golg") (because Ay # 0, since both
{<p§"),1 < ¢ < k} and {wé”),l < ¢ < k} form a basis of a k-dimensional
vector space). The argument is similar for 151(") Observe, for ¢ < k,

right hand side of (4.30) with
(B, ), v (t,)) = { the last column replaced by =0. (4.32)
the ¢th column of (4.30)

Therefore also (3 (¢, ), ¥ (t,-)) = 0 for ¢ < k and thus also for £ # k, by
merely interchanging the roles of ¢ and . The above argument also shows

~(n) ~(n) ~(n) (n) Ay AVWAVISY
12 t7'7¢ ta' =¥ t7'7¢ ta' = =1L
(B 0,900 ) = (), 00 ) R = e
(4.33)
The consequence is that now the kernel instead of (4.6) reads
Kpm(t, v1;5t2, 12) = Ky o(ty, 11512, 12) + Z tl; )| ]i,j@§")(tz, )
) (4.34)
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with fi;; = (M, ), @Dm (t,-)) = 6;;. Therefore, the double sum in (4.34)
becomes just

Kp(ty, 215t0, 20) = Z t1,$1 _]i,jﬁgn)(tm@)

- }: (b1, 20) 2" (b, ). (4.35)

This last sum is of Darboux-type and can be rewritten as

K, (t1, x1; ta, 22)

0 Wt an) O (ten) e 00 (h @)
] soi”) (ta, x2) 1,1 1,2 e H1m
N det SDYL) (t2, z2) 2,1 2,2 H2,m ;
907(7?) (t27 x2) Hm,1 ,U/m,2 te Hm,m
(4.36)

the latter follows from the fact that K, (t1,z1;te, z2) is a bilinear combi-

nation of @b-(")(tl,:cl) and gog-")(tg,atg), for 1 < 4,7 < m and is completely

characterized by (K (ty, z1:ts,.), 0\ (ta, ) = ™ (1, 21) for 1 < i < m.
At this point we have to determine the n — oo limit of the rescaled

kernel, namely

) 1
nll_}rﬁ.lo WKm(tl,l'l,tg,l’g) (437)

with x;,t; scaled as (4 22) The asymptotics of p;; already appears in
Lemma 4.1, and for gp ) and @D( in Lemma 4.3. Hence Lemma 4.1, to-
gether with the fact that m is finite, yields the asymptotics of A,,:

nynm (l/e\™ 11 ktl—2
lim A,, [ — — = ———=———det
n—00 (26) (x/ﬁ) 2m(h—a)m? ( k-1 )1§k§m
1
2 (b —a)™

1

(4.38)

This result (4.38) and the linearity of the determinant, together with the
results of Lemmas 4.1 and 4.3, substituted in (4.36) lead to the limit in
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(4.37), namely

—w3 /34w (=
%/ dw/ e b-a
(2mi)* Jr,_,. . r_; e~ BTOE (4 —a) (D + 7 — D)

1 f(m,6)
% det (k+l—2) rhiom f(Tg, 52) .

< —(l;—&) )m—l
w+m —b

The final step is to use the following identity, established by observing that
both sides are identical upon integrating against =%, 1 < i < m from z = 0
tox =1,

(4.39)

0 1 - (4 1)m!

1 (zy)™ — 1
R (5712 g

. k—1 )1§k,l§m
(y+1)m"

withy+1=(@—0)/(@+mn —b)andz+1 = (b—a)/(w+ 7 — @). Thus,
one obtains for (4.37):

(4.40)

lim Km(tlaxl;t%xé)

n—oo \/_ nl/6

_fmé) 1 / dw/ i e
f(T2’ £2> (27Ti)2 Tamy> L - e oras
7 O+711—a w+Ta—b

(b — EI,) (G-H'i—l; uJ—I—Tj a)

— o\ _p) @tm-awtm-b ’
(wWH+m—a)(w+m —0b) SEnSgetn —

(4.41)

which is equal to the kernel (4.28) obtained previously.

Remark: Using (4.30), (4.31), a 1-border identity analogous to the 2-
border identity (4.40), Lemmas 4.1 and 4.3 and (4.38), one finds the limiting
biorthogonal functions (which also yield (4.41)):

(1)t r _ ]yt
lim 21/4n1/12¢;}(t’x) — 4 /b—d( ) / dwe—T—l—fu} (w + T ]) -
Tars

n—oo 27 (w+T—aj;)

<—n%i/ w7 Ay
I

lim 2402y (t,2) = Vb—a A
vy (t7) (@47 —b)

n—oo 271

E*T>
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5 Limit to the Pearcey process

In this section we prove Theorem 1.3. To do this, we must apply the scaling
(1.8) to the kernel with m wanderers, where all the @; = @ and b; = b and
where one uses the shift w — w — 7 and w — W — 7, to yield:

Kdl;(7'1>€177'2a§2) —1(7—2 >7) e_f(gflrf)_%(TZ—Tl)(£2+€1)+712(T2—71)3
" 47‘(‘(7’2 — 1)
@-ml /3o 1 b\ (H—a\"
de du) (@-71)3/3+6@-71) () — <w—a> (Z&—B) .

(5.1)
According to Theorem 1.3, the scaling limit we need to take is the following:
a=am'? b= pm3
7 =Tem'? + %/{29,-771_1/6, (5.2)
1/6 -1/12.

& = Xm?? — k20.0;m'% — kvym

Then, we have to compute the large m limit of the rescaled kernel (5.1). We
prove the following result, which implies Theorem 1.3.

Proposition 5.1. Under the above scaling, for any fixed 6y, 65, the limit
lim “m_l/lszj(ﬁa £1;72,62) = K7 (61, 01; 02, 03) (5.3)

m
m—0o0

holds uniformly for vy, ve in a bounded set.

Proof. The first term in (5.1) is a straightforward limit. Indeed, for 0 > 6,

_ k2 e 515(27;51712)_%(72 ) (E24€1)+ 55 (2—71)3
471'(’7'2 — 7'1)
= o ~S Uéi) Q) (5.4)
27T(92 - 91) Q(Q)
where the conjugation terms (i) are given by
1
Q(i) = exp <§m2(02 + X)0im? + kovym'/* + (’)(m‘”‘*)) : (5.5)

Next, one deals with the double integral, where it is natural to introduce
the change of integration variables:

w=wm? T =am?, (5.6)
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leading to

mFo(w)+m1/2F2(w 02)+m /4 B3 (w,v2)+Fu(w,02)+O(m—1/4)
27rz /Fa>dw /F w W emFo(@)+m'/2F(@,01)+m!/4 F3(@,01)+F4(@,01)+O0(m=1/4)’
(5.7)

where the functions F; are given by

Fo(w) = —%(w ~T¥ +X(w—-T)+In(w— ) —In(w — a),

Fy(uw,0) = 5((w =T = X)i0 — (w = T)so0, -
Fy(w,v) = —(w = T)rv
Fy(w, 0) = i(w T — o)rte2.
Setting
wi=w-T, o =a-T, f=p4-T, (5.9)
one defines

_ 13

Fy(w') := Fy(w' +T) = —% + Xw' +log(w' — ') — log(w' — 3. (5.10)
One now imposes the condition that F”’ (w') experiences a triple zero at some
critical point w’; this happens when the following polynomial P(w’) is iden-
tically zero, with w!, # wy:

0=P) = —(w—a)(w —pF)EFw)— (- w)(w —w) 2(5-11)

= Bu. 4w, —a -+ (F — X — 3w = 3ww))w
+(w!? + 3w, + X (o + B ) — (/X —a' + '+ wlw)).

Setting the coefficients of this cubic in w’ equal to 0 amounts to 4 equations
in 5 unknowns o/, ', w., wj, X, thus yielding an algebraic curve. At a first
stage, let us look at it purely algebraically; later we will have to take into
account the real character of the parameters, including various inequalities.
Close inspection of the four equations suggests the following birational map

, 20 , 20 ,  o(3z—2)

_ _ _ 20 _ 5.12
o 2 _ 1 Ty ﬁ 2—5(7+r’ Wy 2 _ ) ( )
with inverse (assuming o’ + 3 # 0)
1 22wl + o/ + ) 1
R Rt
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Substituting this map in P(w’), one now solves the 4 equations (5.11) defined
by P(w') inductively, beginning with the highest degree in w’. At first, one
checks P(w') = 3(w!, — o)w” + ..., leading to w), = o, together with the value
of w}, which we already knew from (5.12); thus

o(3x —2)

S (5.14)

w,=0 and w)=
Substituting this back into P(w’) yields a quadratic polynomial in w’; the
vanishing of the coefficient of w'? yields

20%(3z% — 6x + 2)
X = —r? 5.15

P(w') becomes thus linear, with vanishing linear and constant terms, yielding

(2z — 3) 21301
2= 2 2m and 7":2_3:. (516)

2

The compatibility between the r and r* equations (5.16) yields a curve re-

lating « and o,
20 — 3
. 6 __
Incidentally, this curve is elliptic; indeed, viewed as a 6-fold cover of the
x-plane, the total ramification index equals 12, with a ramification of index
5 above x = 3/2, there are two ramification points of index 2 above x = 0
and three simple branch points above x = oo; thus the genus = 1. Then
substituting the value (5.16) of r into (5.12) and (5.15), yields the following
expressions for o/, 3 and X, all defined on the algebraic curve (5.17):
2
o = 5 _Ux(l—at?’a?’) .

20

9 x(1+95303), and X = o?%(1 —2z). (5.18)

Using these expressions, together with the value of the critical point w. = o,
one checks from (5.10) that

1 (x —1)

@Fow(wé) T o2 (5.19)
and thus
Fy(w') = Fy(wl) + (z—1) (w' —w)" + O ((w —w))®). (5.20)

2220

One then requires the parameters o/, ', X, wl, wy to be real with o/ < [,
w!, # wy, and o/ + B # 0. This implies that x, o and r must be real; the
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curve relation (5.17) yields two real solutions for o, namely o, < 0 and
o = —oy > 0. In particular from (5.17) one must have x > 3/2, and
since o < (', one must have, according to (5.13), that 2r = ' — o/ > 0
yielding from (5.16) the inequality x < 2. Thus one has 2 > = > 3/2.
Moreover (5.19) will be < 0 for ¢ = o, and > 0 for ¢ = o_; one then
sets :F“f — U with k > 0. Since 252, the right hand side of (5.17),

222 O’i’ 474
is an increasing function of 3/2 < x < 2, this function has its maximum at

xr = 2, for which oy = F1/2, according to the curve relation (5.17). That
o' + [ # 0 follows from adding the two first equations in (5.12). Also one
has w. = o4 > ' and w, = 0_ < &/, since from (5.18) and the curve (5.17),
one computes for ' — o, and similarly for o/ —o_:

ﬁ'—a+—;z(1+2x 2) = 20+x(1—\/255—3)<Oanda'—a_>0.
—x
Finally, from (5.14), it is clear that w| # w’, since Z5—= 390 2) 7& o in the admis-

sible range z € (2,2), with w} — w/, for z — 2.

To summarize, using the change of variables (5.9), the relations (5.18)
imply, for a given a < 3, two values T of T' below, and thus

2
a=T;+ 202(1 z°al), 5, (1+:)5 ?), and X =0} (1—27),
a+ 0 204
T, = — 5.21
* 2 2z’ (5.21)

from which (1.11) in the statement of Theorem 1.3 follows, with inequalities

a+p

1
3/2<x<2, O0<l|og<=z, X<0 T.<

<Ti.
2 +

Also the critical point w, of Fy(w) and the extra-root w; of Fjj(w) occur at

< 0 < w, 3x — 2
we = oy + T4, Witha f<w and wlszE—i-M

e (5.22
we < a<pf 2—x 7 we (5:22)

The statement about the uniqueness of the solution (x, o) to the equations
(5.21) and (5.17), given arbitrary < (3, remains to be shown. Indeed, upon
using the identities (5.21) obtained for o and [, together with the curve
equation (5.17), it is easy to see that the right hand side of the equation,

dota® Azl (20 — 3)Y3

fra=-— 5 (5.23)

is a monotonically increasing function in the range 3/2 < x < 2; therefore
the right hand side of that equation takes on every value in (0, c0) exactly
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once and thus given arbitrary a < f3, there is a unique value = € (3/2,2)
satisfying the first equation in (5.23). Substituting this value of = in the
Ti-equation of (5.21), the value of Ty is specified unambiguously and thus
Ty can take on any value in R. Therefore, only when «, 3 — 0, do

x — 3/2, o — 0 and Ty — 0, and thus, by (5.22), w,,w; — 0, (5.24)

which proves the remark at the end of Theorem 1.3.
Then, the series expansions about the critical point oy give

Fo(w) = Fy(w.) F i/@‘l(w —w)* + O((w — w,)?),

1
Fy(w,0) = Fy(we, 0) + S k0w — w.)?, (5.25)

F3(w,v) = F3(we,v) — ko(w — w,),

We now apply the steepest descent method, which we spell out for the open-
ing cusp; i.e., for T}, and 0 = o, < 0. By Cauchy’s Residue theorem, one
can deform the paths as indicated in Figure 7. The contribution of the last
contour is zero. Indeed, the integration over w is trivial, since the only pole
is simple at w = w. All the factors involving o and 3 cancel exactly. Thus,
we remain with a contour in w around £ of an analytic function (no pole at 3
anymore) which is zero. The deformation also involves contributions which
vanish at infinity.

The final and most important step is to deal with the previous last con-
tours of Figure 7. First a remark on the integration paths in (5.7). For
large w and w, the leading term is the cubic in Fj, which means that with-
out any error, we can let the the directions of the path w go to infinity in
the cones of angles in (7/2,57/6) and (—57/6, —m/2) instead of 27/3 and
—27/3. Similarly for w we can let it go to infinity in the cones with angles
in (7/6,7/2) and (—n/2, —7/6) instead of /3 and —=/3. Finally, the small
contour around [ can be also deformed to go to infinity as soon as it does
in directions in (57 /6, 7w /6). Therefore without errors we can deform the
contours to become as in Figure 8. Let us verify that these paths satisfy the
steepest descent property. This will be done for the case 0 = o, ; the case
o = o_ is essentially the same.

Slope of the function Fo(w) starting from w. = o4. Consider the curve given
by

w = w, + C;ﬂeii(“/2+6), for 0 <§ <7/3 and ¢ > 0. (5.26)
—
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Figure 7: First deformation of the paths which then pass close to the critical
point w, = o, + T. The solid contours are for w, while the dashed ones
for w. (For the case of o_, one has w, < « and the figures is essentially
reflected.) The circles in the first and second figures on the right hand side
become dashed and in the second figure it sits on the right hand side of the
full curve. In the third figure, the inner circle is dashed and the outer is full.
In effect, the roles of w and w’ are interchanged.

Remember that o < 0. Then, at first one verifies

0 2?0’ Py(G; x, 9)

0_CReFO(w) T 2= 2PPy(Ga, —0,0)Pa(Ciw,0,0)

<0for (>0, (5.27)

with

Py(C,—0) = * —2¢(1 + 22%0%) sin § + (1 + 22°0°)?
P5(C;w,8) = 0(3z + O(6))¢7 + (2(2 — ) + O(5%))¢?
+6((102% + 42 — 24) + O(6%))¢ + (8(z — 1)(2 — x) + O(6?)).

(5.28)

Indeed, Pp(u;z,+0) > 0, since its discriminant, as a quadric in u, is < 0.

Moreover P3(u;xz,d) > 0, for 0 < 6 < e(x) with £(z) sufficiently small, since

in that case the coefficients of u°, ..., u? are positive (since x € (3/2,2)) and

¢ > 0. Thus the chosen path for w is a path of steepest descent.
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Figure 8: Second deformation of the previous last contours in Figure 7 for
o = oy. At the critical point w,, the path of w has angles £+ /4, 437 /4,
while the path of w leaves it with any angle in (7/2,37/4). The value of ¢
will be chosen during the analysis. For ¢ = o_, one picks the mirror image
of the figure above about the vertical line through w,., with w and w also
flipped; i.e., the dashed and solid lines are interchanged.

Slope of the function —Fy(w) from w. = o to q and w, to ¢™/*co. Consider

the curves parameterized by

- n —0x
wW = W,
2

(e £1)¢, fore =+1 and ¢ > 0. (5.29)

-
One verifies

20°0°CP5 (G )

0 -
—Re(—F = 5.30
T e 2= rer T ers N
where, using the curve relation (5.17),
—x? —4 4
P;(C;SC)=€C3+242+5C%+5($—1)(2—$) (5.31)
and )
7= ol =2(;75) PG -a) >0
e (5.32)
~ 2 £
o= o =2 (205) PilGiana) >0
with
Pi((x,—0) =P +el(1 - 22%0%) — 22%0° + o — 1, (5.33)

showing at once the denominator of (5.30) is > 0.
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For e = 1, the polynomial P§ in the numerator of (5.30) is > 0 for ¢ > 0,
because its coefficients are all > 0 in the range 2 > x > 3/2 and for ¢ > 0.
Therefore the derivative (5.30) is < 0 for ¢ > 0.

For e = —1, the polynomial P5((;z) will be < 0 for large enough ¢ > 0.
However in the range 2 > z > 3/2,
4x—1)2—2) 4

= 34
2 46r—4 11 (5.34)

—224+6x—4>0 and 0<

and thus for 0 < ( < (, with

A —-1)(2—2)
T TR (5.35)

the cubic above is strictly positive:

PG| =0t ro— (- LRI ) >0
(5.36)

This is the reason why for € = —1 we bend the path at ¢ to be horizontal,
with ¢ set to be equal to

—0X

q:=w.+ (o (+i—1). (5.37)

2—x

Slope of the function —Fy(w) from q to ¢ — co. Consider the horizontal line
given by

_ —ox
= _— > . .
w=q CQ—x’ ¢=0 (5.38)
Then, in the range —o > 0 and z € (3/2,2),
0 _ oT —ox > z20?Py(C )
—Re(—F — ’ 0
o el F W) = s G e 10| o= alo = F
(5.39)
with

Ps(G) = (2= 2)°Qa(G ) + (2 = 2) P Pr(a) + (1 Q(G ). (5.40)

Indeed, Q2(¢; z) and @2@ ; ) are quadratic polynomials in ¢, with coefficients
polynomial in z and P;(z) is a seventh degree polynomial in z. All three
coefficients of Q2((;x) are > 0 for 3/2 < x < 2, while P;(xz) > 0 also as
long as 2 > x > 3/2. The coefficients of ¢° and ¢ of Q4((;x) are > 0 for
2 > x > 1.70, which moreover has a positive minimum in ¢ for 2 > x > 1.70,
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thus proving the assertion for 2 > z > 1.7. A little numerics in fact shows
we can remove the restriction 2 > x > 1.7 and deduce the inequality for
2>x>3/2.

Thus we have also shown that the chosen path for w is of steep descent.
Thus the steep descent method can be applied along these curves where the
maximum of ReFy(w), —ReFy(w) occur at the saddle point w.. The main
contribution comes from the integration over a d-neighborhood of the critical
point w, for both w and w. For small §, the error made is of order e *" with
 ~ 0%, Let us therefore choose § = s~ 'm~"*m? with any v € (0, 1/20) fixed
(i.e., m™/% > § > m~/*). Then, the only non-vanishing contribution in the
m — oo limit is given by the integrations with |w — w.| < 9, | — w.| < 0.
In these small neighborhoods, we can apply series expansions (5.25). After
the change of variables

2= rmw —w.), Z:=rm"Y @ — w,) (5.41)

we finally get for o = o4,

( 1 1 6—z4/4+€gz2/2—vgz+R2

— / dZ/ d% — = ) p

(271-1)2 > >< 2 —Ze % /4460122 /2—v1 24+ Ry

1 ~ 1 624/4+02z2/2—vzz+R2
(27i)? /\ v dz // dzz — 3 /440122 /2—v1 7+ Ry
SN S

where Q(i) = exp (Fa(we, 0;)m'/? + F3(w,, v;)m** + O(m~1/)) is the conju-
gation given in (5.5), and where the R; are error terms, to be discussed later.
Note the involution 6 < —60y,v; <> v9, z <> —Z between the two integrals
on the right hand side of (5.42), which also respect the integration paths.
The error terms R; include the following local contributions:
a) O(m~4) of (5.7) (uniform for v; in a bounded set),
(a)
(b) O(8) = O(m~Y?) from Fy(w) in (5.25) (uniform for §; in a bounded set),
(c) O(md®) = O(mPO=1/29) which is the corrections in the series expansions
of Fo(w) of order higher than 4, see (5.25).

Indeed, (b) is immediate since F} is linear (see (5.8)). To see that (c) holds,
we need to control the fifth derivative of Fj at w.. We have

1 1 16
w—aF  w—pF| = (wm—pp %

\

max
|lw—we| <

Fw)| =4 max

|lw—we|<d

for m large enough.
Finally, taking the m — oo limit to (5.42) the error terms vanishes and at
the same time the integrals extend to infinity. The fact that z is not exactly
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1R is irrelevant, since the result is identical as soon as the direction has an an-
gle strictly smaller than 7/4 to the imaginary axis. Similarly one can deform
the Z-path as depicted in Figure 4. This ends the proof of Proposition 5.1
and thus also of Theorem 1.3. O

Remark 5.2.

For future use, we point out that the elliptic curve £ has three points
above x = oo, only one of which is real, namely

2—1/6

At this point at infinity, one has, using the estimate (5.44), 8 — «

: 403 4/3 : _ a+p 4o  __ _
lim, o 52 = —2 /3 and assuming T = - — 5= =0,also a+ = 0.

This implies that 3 = —a = —2'/3. Note how this contrasts with (o,z) =
(0,3/2), (X,T) = (0,0), in which case o« = # = 0. To summarize, near the
real points on &£, namely near = 3/2 and x = oo, one has the following

1/2
2 ):

leading terms (set v :=

o.0)~ (1(e=3)"3) - @A)~ r1) 0 g (o )Y

7
(5.45)

2_% 1 1 2 We—W 4
(0,7) ~ <— oo> (e B) ~ (25, -29), (X, T) ~ (=25,0), — 75 ~

6 Limit to the quintic kernel

In this section we present a conjecture concerning the process that will occur
in the situation illustrated in Figure 5. In Theorem 1.3 and, in particular,
in formula (5.24), it was observed that when «, 3 — 0 (and only then), the
tips of the cusps (7,&) ~ (£T'm!'/3, Xm'/3) tend to the same point and that
We— Wy = W — 0; i.e., the cube root of F{j(w) turns into a quartic root.
This also means that the starting and end points a and b for the wanderers
tend to coincide and that the line connecting both points becomes vertical
and tangent to the ellipse, appearing in figure 1. This corresponds to the first
situation in (5.45). We now pick the second situation in (5.45), for which the
cube root of Fj(w) turns into a quartic root. This forces the points a and b
to be a bit beyond v/2n; this means in particular that a > I;, which actually
violates the condition @ < b in Theorem 1.1. The passage from = = 3/2 to
x = 00 can be interpreted as a phase transition.
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The most natural choice would be to set a = b = v/2n + v/2m and take
m,n — oo together. Then, under an appropriate scaling limit, we expect
to get a process with a quintic kernel. Of course, there will be a parameter
tuning regulating how close the two Airy fields come together. For example,
if m = n, then we have to choose a = 2v/2n+ O (n~/°) since the fluctuations
of the first n Brownian bridges alone live on the n~'/% scale. Here is our
conjecture.

Conjecture: The expected quintic kernel can be also obtained as the limit
of the kernel K]‘}{b(T; £1,&2), given in (1.5) and defining the Airy process with

wanderers A& (1), but now with’ a > b. The precise scaling limit is pre-
sented below in (6.2) together with the formula for the quintic kernel (6.3).

Theorem 6.1. Consider the kernel (5.1) at time T = 0 but with @ > b

1 e-srew 1 b\ (m—a\"
— d, dw = . 6.1
b ) w<w—d) (555) - o
Also, define the scaling

B ( )1/3 (1 + 19m 2/5)
—(@m)* (1= §0m™>° — 5 (vi = 556%) m™"7).

(6.2)
Then, in the m — oo limit one obtains the quintic kernel K<(&,, &),
1/3 —-2/15 _w3/3+§2w 1 . l~) mo A m
lim / dw/ Ao —— w w—d
m—00 27TZ r., €¢° /360 oy — o \w—a o—b

—%9 3 4zuo
%dz% dz —~
2m —Ze

where > (resp. <) is a path going from e °™/Poo to €*™/°oco0 (resp. from
e?™/%00 to e ?™/%00) and the two paths do not intersect. The limit is uniform
for 0,v1, vy in a bounded set.

OT\[\D 01|N)

=: K9(0;v1,v5), (6.3)

25— %€z3+zv1

3mi/5 37i/5

Proof. As in the case of the Pearcey process (see Theorem 1.3), consider the
scaling & = Xm??, @ = am'?, b = Bm'/? and the change of integration
variables w = wm'/?, & = wm!/?. Then, the kernel (6.1) becomes

1/3 (w)—mF (W)
(6.1 / dw/ I — (6.4)
27Tz s Tea

"The kernel (1.5) with @ > b still makes perfect sense.
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with
F(w) == —w’/3 4+ Xw +In(w — 3) — In(w — a). (6.5)

Here, one wishes to have the property that F’(w) experiences a 4-fold zero
at some point w,, with a, 3, X real and o # w,., [ # w,; i.e. one requires
all Az =0:

—(w —a)(w — B)F'(w) — (w — we)* =: Agw® + Ajw? + Ayw + As
= (4w, — a — B)w* + (afB — 6w? — X)w? (6.6)
+ (4w + X(a+B))w — Xaf+a— 5 —w.

The coefficients 49 = A; = 0 imply w. = 2(a + ) and X = af — 6w?
and consequently Ay = —(a + f)(5a* — 603 + 56%) = 0, whose only real
solution is given by o = —3 and thus w, = 0 and X = a8 = —a?. For these
values, one has A3 = —a(a® — 2) = 0, implying o = —3 = 2/3, X = —2%/3
and w, = 0. To summarize

=2V cuw,=0<a=2" and X = —2%/3,

Note this solution corresponds precisely to the real point on the elliptic curve
&, covering x = 00, as obtained on the second line of (5.45) (Remark 5.2).
Since we have a quintic leading term ~ mw?®, we make the change of variables
w = m Y°2a and W = m~53a. The precise coefficients are chosen to
simplify the final formula. Indeed, with (6.2) we obtain

mEF(w) = mF(0) + vyz — 02°/3 + 22° /5 + O(2"m ™%, 2m™2/%), (6.7

with the error uniform for #, v; in a bounded set. Concerning the prefactor in
(6.1), after the changes of variables, it becomes m!'/3m=1/221/3(14+O(m=2/%)),
which cancels with the 271/#m~=2/15 in front of the Lh.s. of (6.3) (as m — 00).
Except for the error terms, the result of the theorem would follow.

What remains to be seen is that the higher order expansions in the series
do not contribute. We do it by the steepest descent method as for the Pearcey
case. Consider the curve parametrized by w = e*™/°z. Then,

) B x* (22 cos(m/5) + 1)
_ReF(w) = - x4 + 222 cos (77/5) +1

o <0 forall z>0, (6.8)

and similarly, along the curve given by w = e*>™/5¢,

2t (22 cos(m/5) + 1)

P ~
_(_ReF(w)) = - x4 4+ 222 cos (7T/5) +1

ozr

<0 forall z >0, (6.9)

showing that the curves have the steepest descent property. Thus, if we
integrate (in w) around a d-neighborhood of the origin, the error term will
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be only of order O(e™#™) with u ~ 6°. We choose § = m~/5m" for any
~v € (0,2/35). Then, uniformly for 6, vy, v, in a bounded set, the error term
OF"m™2%) = O(m™2/%) — 0as m — o0, as z < dm'/®/a < m"/a. This
establishes Theorem 6.1. O

7 The Quintic kernel

In this section we present another representation of the quintic kernel, which
we first recall

2w"/5 tw? /3+wz
KC9(t;z,y) 2ri)? /dw/ dw'’ PSP Ty ey el (7.1)
and define the functions

/
p(l’) = / d_U).6211)5/5—tw3/3—|—ng7 Q(I) ::/ d_we—2w’5/5+tw’3/3—xw” (72)

S 2me < 2m

where the path of integration > goes from e™3™/°c0 to €>™/°00 and the path
< from €>™/00 to e 2™/%00. Clearly q(z) = —p(x) by the change of variable
w' = —w.

Lemma 7.1. The quintic kernel (7.1) can also be written as

5 p §x§p y) = p(2)p"(y)

K°(t;x,y) = /Ooop(:r+U)p(y+U)du =

with the function p(x) satisfying the differential equation
2p1") () — tp" () + ap(a) = 0 (74)
and decaying exponentially fast, as x — 400

p(z) = cr 33 o5 B ooy oscillatory part+ lower order terms.
(7.5)

Proof. For the moment assume (7.5). The first identity follows at once from
interchanging the integrations, from using (7.5) and from the identity,

o0 , 1
— / du =) = -, valid when Re w < Re w/, (7.6)
0 w—w
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and also setting ¢ = —p. It follows immediately that,

0
@KQ(t x+2,y+2) =—p(@+2)ply + 2), (7.7)
and thus also 5 5
K@ 7.8
(55 + 5 ) KOt = =lalplo), (75)
while
dw 8 2 WS —ty34 dw 4 2 25— twd4
— w witzw —~ (2 o w w +zTw
0 / 21 8we5 ’ /> 21 ( v fw +x) e ’
= 2p"(z) — tp"(x) + ap(z), (7.9)

yielding (7.4). Estimate (7.5) follows from a saddle point argument, w =
w4y, u = 271/4eF37/4 heing the contributing saddle points for  — 4o00.
We can now prove that K9(t;x,y) equals the second expression in (7.3).
Indeed, from (7.4) and (7.7), one computes

(@~ ) Ktz + 2, +2) = ~[(e +2) — (g + 2lpla + 2)ply + )

= —((93 + Z)p(af +2))p(y +2) +plx + 2)((y + 2)p(y + 2))
—(=2p"N (@ + 2) + " (y + 2))p(y + 2)
+p<x +2)(=2p" (y + 2) + tp" (y + 2))

—p(x + 2)p" (y + 2) + p"(x + 2)p(y + 2)
=25 +p'(x+2)p"(y+2) —p"(w+2)p(y+2) |,
+5(=p'(x + 2)ply + 2) + pla + 2)p'(y + 2))
(7.10)
and so, upon integration,

(z —y)

5 Kot +zy+2)

—p(z + 2)p"(y + 2) + p" (v + 2)p(y + 2)
=| +p(x+2)p"(y+2) —p"(x+ z)p’(y + 2) + C(t,z,y). (7.11)
+5(px+ 2)p'(y + 2) = p' (@ + 2)ply + 2))

Acting on the last equation with a% + a%, setting z = 0, and using (7.4), one
checks

0 O\Nr—y_ o x—y (0 0 0
_ =4 . — 7 K .
(8:c+8y) 5 K*(t;x + 2,y + 2) - 5 (8:c+8y) (t;z,y)
T
= A (pewly)  (712)
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and so, by (7.11) and (7.4), one computes

r ; yp(x)p(y) — (% + %) ( rhs. of (7.11) )

z2=0
_ 2=y 9 o 9.9
= —5 5, X (t7x+z,y+2)zzo+(ax+8y C(t,x,y)
0

= I pap) + (g + 5 ) Clt)

implying

9 + 9 C(t,z,y) =0, hence C(t z,y)=:C(t u)
oxr 0Oy

(7.13)

U=r—yY

Then since p(x) — 0, together with its derivatives, as z — o0, it follows from
the first identity in (7.3), that also K9(t; 2+ 2,9+ 2) — 0 as z — oo. Thus,
upon letting =, y — oo, such that x —y = w, it follows from (7.13) and (7.11)

and the above asymptotic behavior, that C (t,u) = 0 for all u € R, yielding
(7.3). 0

References

[1] M. Adler, J. Delépine, and P. van Moerbeke, Dyson’s nonintersecting
Brownian motions with a few outliers, Comm. Pure Appl. Math., online
first (2008).

[2] M. Adler and P. van Moerbeke: PDE’s for the joint distributions of the
Dyson, Airy and Sine processes, The Annals of Probability, 33, 1326-
1361 (2005). (arXiv:math.PR/0302329 and math.PR/0403504)

[3] M. Adler and P. van Moerbeke: PDE’s for the Gaussian ensemble with
external source and the Pearcey distribution, Comm. Pure and Appl.
Math, 60 1-32 (2007) (arXiv:math.PR/0509047)

[4] A. Aptekarev, P. Bleher and A. Kuijlaars: Large n limit of Gaussian

random matrices with external source. II. Comm. Math. Phys. 259 367
389 (2005) (arXiv: math-ph/0408041)

[5] Jinho Baik, Gérard Ben Arous, Sandrine Péché: Phase transition of
the largest eigenvalue for non-null complex sample covariance matrices,
Ann. Probab. 33, no. 5, 1643-1697 (2005) (arXiv:math/0403022)

49



[6]

[10]
[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

Jinho Baik: Painlevé formulas of the limiting distributions for non-null
complex sample covariance matrices, Duke Math. J. 133, no. 2, 205-235
(2006) (arXiv:math/0504606)

J. Ben Hough, M. Krishnapur, Y. Peres, and B. Virag, Determinantal
processes and independence, Probability Surveys 3 (2006), 206-229.

P. Bleher and A. Kuijlaars: Random matrices with external source and
multiple orthogonal polynomaials, Internat. Math. Research Notices 3,
109-129 (2004) (arXiv:math-ph/0307055).

E. Brézin and S. Hikami: Level spacing of random matrices in an exter-
nal source, Phys. Rev., E 58, 7176-7185 (1998).

A. Borodin, Biorthogonal ensembles, Nucl. Phys. B 536 (1999), 704-732.

A. Borodin and P.L. Ferrari, Large time asymptotics of growth models
on space-like paths I: PushASEP, Electron. J. Probab. 13 (2008), 1380—
1418.

A. Borodin, P.L. Ferrari, M. Prihofer, and T. Sasamoto, Fluctuation
properties of the TASEP with periodic initial configuration, J. Stat. Phys.
129 (2007), 1055-1080.

A. Borodin and S. Péché, Airy kernel with two sets of parameters in
directed percolation and random matriz theory , arXiv:0712.1086v3.

A. Borodin and E.M. Rains, Eynard-Mehta theorem, Schur process, and
their Pfaffian analogs, J. Stat. Phys. 121 (2006), 291-317.

E. Daems, A. B. J. Kuijlaars and W. Veys: Multiple orthogonal polyno-
mials of mized type and non-intersecting Brownian motions, J. Approx.
Theory 146, 91-114 (2007) (arXiv:math.CA/0511470)

S. Delvaux and A. B. J. Kuijlaars: A phase transition for
non-intersecting Brownian motions, and the Painlevé II equation,

(arXiv:0809.1000v1).

F.J. Dyson: A Brownian-Motion Model for the Eigenvalues of a Random
Matrix, Journal of Math. Phys. 3, 1191-1198 (1962)

B. Eynard and M.L. Mehta, Matrices coupled in a chain. I. Figenvalue
correlations, J. Phys. A 31 (1998), 4449-4456.

50



[19] P.L. Ferrari: Shape fluctuation of crystal facets and surface growth in
one dimension, PhD thesis, Technical University Munich (2004),
http://tumbl.biblio.tu-muenchen.de/publ/diss/ma/2004/ferrari.html

[20] P.L. Ferrari and H. Spohn, Step fluctations for a faceted crystal, J. Stat.
Phys. 113, 1-46 (2003).

[21] K. Johansson, Discrete polynuclear growth and determinantal processes,
Comm. Math. Phys. 242 (2003), 277-329.

[22] K. Johansson, Random matrices and determinantal processes, Mathe-
matical Statistical Physics, Session LXXXIII: Lecture Notes of the Les
Houches Summer School 2005 (A. Bovier, F. Dunlop, A. van Enter,
F. den Hollander, and J. Dalibard, eds.), Elsevier Science, 2006, pp. 1—
56.

[23] K. Johansson: Universality of the Local Spacing distribution in certain
ensembles of Hermitian Wigner Matrices, Comm. Math. Phys. 215, 683
705 (2001)

[24] K. Johansson: Discrete Polynuclear Growth and Determinantal Pro-
cesses, Comm. Math. Phys. 242, 277-329 (2003).

[25] K. Johansson: The Arctic circle boundary and the Airy process, Ann.
Probab. 33, no. 1, 1-30 (2005) (arXiv: Math. PR/0306216)

[26] K. Johansson: Non-intersecting, simple, symmetric random walks and
the extended Hahn kernel, Annales de l'institut Fourier 55(2005), 2129—
2145 (arXiv:Math/0409013)

[27] S. Karlin and J. McGregor: Coincidence probabilities, Pacific J. Math.
9, 1141-1164 (1959).

[28] R. Lyons, Determinantal probability measures, Publ. Math. Inst. Hautes
Etudes Sci. 98 (2003), 167-212.

[29] T. Nagao and P.J. Forrester, Multilevel dynamical correlation functions
for Dyson’s Brownian motion model of random matrices, Phys. Lett. A
247 (1998), 42-46.

[30] A. Okounkov and N. Reshetikhin: Random skew plane partitions and
the Pearcey process, Comm. Math. Phys. 269, no. 3, 571-609 (2007)
(arXiv:math.CO/0503508)

o1



[31]

32]

[33]

L.A. Pastur: The spectrum of random matrices (Russian), Teoret. Mat.
Fiz. 10, 102-112 (1972).

Sandrine Péché: The largest eigenvalue of small rank perturbations of
Hermitian random matrices Probab. Theory Related Fields 134, no. 1,
127-173 (2006). (arXiv:math/0411487)

M. Préahofer and H. Spohn: Scale Invariance of the PNG Droplet and
the Airy Process, J. Stat. Phys. 108, 1071-1106 (2002). (arXiv:Math.
PR/0105240)

C. A. Tracy and H. Widom, Correlation functions, cluster functions,
and spacing distributions for random matrices, J. Stat. Phys. 92 (1998),
809-835.

C. A. Tracy and H. Widom : Differential equations for Dyson pro-
cesses, Comm. Math. Phys. 252, no. 1-3, 7-41 (2004) (ArXiv:Math.
PR/0309082)

C. A. Tracy and H. Widom: The Pearcey Process, Comm. Math. Phys.
263, no. 2, 381-400 (2006). (arXiv:math. PR /0412005)

A.B. Soshnikov, Determinantal random point fields, Russian Math. Sur-
veys 55 (2000), 923-976.

H. Spohn, Ezxact solutions for KPZ-type growth processes, random ma-
trices, and equilibrium shapes of crystals, Physica A 369 (2006), 71-99.

P. Zinn-Justin: Random Hermitian matrices in an external field, Nuclear
Physics B 497, 725-732 (1997).

P. Zinn-Justin: Universality of correlation functions in Hermitian ran-
dom matrices in an external field, Comm. Math. Phys. 194, 631-650
(1998).

52



