LARGE DEVIATIONS OF THE FRONT IN A ONE
DIMENSIONAL MODEL OF X +Y —2X

JEAN BERARD' AND ALEJANDRO RAMIREZ!"?

ABSTRACT. We investigate the probabilities of large deviations for the position
of the front in a stochastic model of the reaction X +Y — 2X on the integer
lattice in which Y particles do not move while X particles move as independent
simple continuous time random walks of total jump rate 2. For a wide class of
initial conditions, we prove that a large deviations principle holds and we show
that the zero set of the rate function is the interval [0, v], where v is the velocity of
the front given by the law of large numbers. We also give more precise estimates
for the rate of decay of the slowdown probabilities. Our results indicate a gapless
property of the generator of the process as seen from the front, as it happens in
the context of nonlinear diffusion equations describing the propagation of a pulled
front into an unstable state.

1. INTRODUCTION

We consider a microscopic model of a one-dimensional reaction-diffusion equation,
with a propagating front representing the passage from an unstable equilibrium to
a stable one. It is defined as an interacting particle system on the integer lattice
Z with two types of particles: X particles, that move as independent, continuous
time, symmetric, simple random walks with total jump rate Dx = 2; and Y particles,
which are inert and can be interpreted as random walks with total jump rate Dy = 0.
Initially, each site z = 0, —1, —2,... bears a certain number n(z) > 0 of X particles
(with at least one site = such that n(z) > 1), while each site x = 0,1,... bears a
fixed number a of particles of type Y (with 1 < a < +00). When a site z = 1,2, ...
is visited by an X particle for the first time, all the Y particles located at site x are
instantaneously turned into X particles, and start moving. The front at time t is
defined as the rightmost site that has been visited by an X particle up to time ¢, and
is denoted by r¢, with the convention ry := 0. This model can be interpreted as an
infection process, where the X and Y particles represent ill and healthy individuals
respectively. It can also be interpreted as a combustion reaction, where the X and Y
particles correspond to heat units and reactive molecules respectively, modeling the
combustion of a propellant into a stable stationary state. We will denote this model
the X +Y — 2X front propagation process with jump rates Dx and Dy. Within
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the physics literature, a number of studies have been done both numerically and
analytically of this process for different values of Dx and Dy and of corresponding
variants where the infection of a Y particle by an X particle at the same site is not
instantaneous, drawing analogies with continuous space time nonlinear reaction-
diffusion equations having uniformly traveling wave solutions [18], [14, 15, 16], [22],
[9]. A particular well-known example is the F-KPP equation studied by Fisher [11]
and Kolmogorov, Petrovsky and Piscounov [13].

Mathematically not too much is known. For the case Dy = 0, when
Y w<oexp(fz)n(x) < 400 for a small enough 6 > 0, a law of large numbers with a
deterministic speed 0 < v < 400 not depending on the initial condition is satisfied
(see [5] Section 4.1 p. 7):

. -1

tlgrnoot rE=v a.s. (1)
In [5] (Theorems 1 and 2) it was proved that the fluctuations around this speed
satisfy a functional central limit theorem and that the marginal law of the particle
configuration as seen from the front converges to a unique invariant measure as
t — oo. Furthermore, a multi-dimensional version of this process on the lattice Z¢,
with an initial configuration having one X particle at the origin and one Y particle
at every other site was studied in [21], [1], proving an asymptotic shape theorem as
t — oo for the set of visited sites (Theorems 1.1 in [21] and [1]). A similar result
was proved by Kesten and Sidoravicius [12] (Theorem 1) for the case Dx = Dy >0
with a product Poisson initial law. In particular, in dimension d = 1 they prove
a law of large numbers for the front as in (1). For the case Dx # Dy > 0, even
the problem of establishing whether the front is ballistic or not in dimension d = 1,
remains open (see [12]).

Within a certain class of one-dimensional nonlinear diffusion equations having
uniformly traveling wave solutions describing the passage from an unstable to a
stable state, it has been observed that for certain initial conditions the velocity of
the front at a given time has a rate of relaxation towards its asymptotic value which
is algebraic (see [9], [18] and physics literature references therein). These are the so
called pulled fronts, whose speed is determined by a region of the profile linearized
about the unstable solution. For the F-KPP equation, Bramson [3] proved that
the speed of the front at a given time is below its asymptotic value and that the
convergence is algebraic. In general, the slow relaxation is due to a gapless property
of a linear operator governing the convergence of the centered front profile towards
the stationary state. A natural question is whether such a behavior can be observed
in the X 4+Y — 2X front propagation type processes. Deviations from the law of
large numbers of a larger size than those given by central limit theorem should shed
some light on such a question: in particular it would be reasonable to expect a large
deviations principle with a degenerate rate function, reflecting a slow convergence
of the particle configuration as seen from equilibrium towards the unique invariant
measure [5] (p. 2 1. -3). In this paper, we investigate for the case Dy = 0 the large
time asymptotics of the distribution of r;/t,

P[%e-].
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Our main result is that a full large deviations principle holds, with a degenerate
rate function on the interval [0,v], when the initial condition satisfies the following
growth condition:

Assumption (G). For all § > 0

Zexp (0x)n(x) < 4o0. (2)
<0

Theorem 1. Large Deviations Principle There exists a rate function I
[0, +00) — [0, -l—oo) such that, for every initial condition satisfying (G),

lim supflog}}D [— € C} < — 1nf I(b) for C C[0,400) closed,

t——+o0

and

lim inf logIF’ [ € G} — inf I(b), for G C[0,+00) open.
t—+o00 beG
Furthermore, I is identically zero on [0,v], positive, convexr and increasing on

(v, +00).

It is interesting to notice that the rate function [ is independent of the initial
configuration of X particles within the class (G): the large deviations of the empir-
ical distribution function of the process as seen from the front appear to exhibit a
uniform behavior for such initial conditions. Furthermore, this result seems to be in
agreement with the phenomenon of slow relaxation of the velocity in the so-called
pulled reaction diffusion equations. In [9], a nonlinear diffusion equation of the form

06 = 036 + 1 () (3)
is studied where f is a function chosen so that ¢ = 0 is an unstable state and the
equation develops pulled fronts. It is argued that for steep enough initial conditions,
the velocity relaxes algebraically towards the asymptotic speed, providing an explicit
expansion up to order O(1/t?). Such a non-exponential decay is explained by the
fact that the linearization of (3) around the uniformly translating front, gives a
linear equation for the perturbation governed by a gapless Schrodinger operator.
The position of the front in the X + Y — 2X particle system can be decomposed
as ry = f(f Lg(ns)ds + My, where L is the generator of the centered dynamics, g is
an explicit function and M; is a martingale. The fact that under assumption (G)
the zero set of the large deviations principle of Theorem 1 is the interval [0, v] is an
indication that the symmetrization of L is a gapless operator.

The second result of this paper gives more precise estimates for the probability
of the slowdown deviations. Let

U(n) := limsup —— Zn s u(n) = léglngof log 2] log Zn ,

z——oco 10 g| ‘

and
s(n) :==min(1,U(n)).
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For the statement of the following theorem we will write U,u,s instead of
U(n),u(n), s(n).

Theorem 2. Slowdown deviations estimates. Let n be an initial condition
satisfying (G). Then the following statements are satisfied.

(a) For all0 <c<b<w, ast goes to infinity,
P [c < % < b} > exp (—t5/2+°(1)) . (4)

(b) In the special case where n(z) > a for all x < 0, one has that, for every
0<b<uw, ast goes to infinity,

Tt _ 41/3+0(1)
< <
]P’[t_b}_exp(t ) (5)
(¢c) When u < +o0, as t goes to infinity,
exp (—tU/QJrO(I)) <Plry =0] <exp (—t“/2+0(1)> . (6)

In the case of a homogeneous initial configuration, like d_ < n(y) < d; for all
y <0, with 1 < d_ <dy < 400, or when (7(y))y<o forms a realization of an i.i.d.
family of random variables with finite positive expectation, the above results take a
simpler form since u = U = s = 1. As a consequence, exp(—tl/Q) turns out to be the
actual order of magnitude for P [r, = 0], and a lower bound for P [c < ’;—t < b] when
0 < ¢ < b < v. Note that even in such a homogeneous case, there is a discrepancy
between the lower bound (4) and the upper bound (5) (more on this question at the
end of Section 5). On the other hand, one may notice that the slowdown probabilities
considered in (4) and in (6) exhibit distinct behaviors when w > 1. Furthermore,
the results contained in Theorems 1 and 2 should be compared with the case of the
random walk in random environment with positive or zero drift [20, 19].

A natural question is whether it is possible to relax assumption (G) in Theorem 1.
It appears that even if assumption (G) is but mildly violated, the slowdown behavior
is not in accordance with that described by Theorem 1. Moreover, if assumption
(G) is strongly violated, the law of large numbers with asymptotic velocity v breaks
down, so that the speedup part of Theorem 1 cannot hold either.

Theorem 3. The following properties hold:
(i) Assume there is a 6 > 0 such that
liminf (x) exp(6z) = +o0.
r——00
Then there exists b > 0 such that
limsupllogP [ﬁ < b} < 0.
t——+o00 t t
(ii) There exists ' > 0 and v' > v such that, when
lig 11015 n(x)exp(f'x) = +o0,

T

then
P [liminf? > v'] =1.

t—4o00
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It is important to stress that the proof of Theorem 1 would not be much simpli-
fied if we considered initial conditions with only a finite number of particles. Indeed,
condition (G) is an assumption which delimits sensible initial data. To prove Theo-
rem 1 we first establish that for initial conditions consisting only of a single particle
at the origin, for all b > 0, the limit

lim ¢ 'logP(r; > bt) (7)

t—-+o0
exists. The proof of this fact relies on a soft argument based on the sub-additivity
property of the hitting times. On the other hand, it is not difficult to show that for
b large enough the decay of P(r; > bt) is exponentially fast. Nevertheless, showing
this for b arbitrarily close to but larger than the speed v is a subtler problem. For
example, it is not clear how the standard sub-additive arguments could help. Our
main tool to tackle this problem is the regeneration structure of the process defined in
[5], Section 3). To overcome the fact that the regeneration times and positions have
only polynomial tails, we couple the original process with one where the X particles
have a small bias to the right, so that they jump to the right with probability 1/2+¢
for some small € > 0, and the position of the front in the biased process dominates
that of the front in the original process. We then use the regeneration structure to
study the biased model and how it relates to the original one as € tends to zero. In
particular, if v, is the speed of the biased front, we establish via uniform bounds on
the moments of the regeneration times and positions that
lim v, = v.
e—0t

Furthermore, we show that the regeneration times and positions of the biased model
have exponentially decaying tails. Combining these arguments proves that the limit
in (7) is positive for any b > v. We then establish that this limit exists and has
the same value for all initial conditions satisfying (G) by exploiting a comparison
argument.

To show that the rate function vanishes on [0, v] (and more precisely (5)), we first
consider initial conditions having a uniformly bounded number of particles per site.
In this case it is essentially enough to observe that the probability that the front
remains at zero up to time ¢ is bounded from below by (1/ \/i)t1/2+0(1), since there are
at most of the order of ¢'/2+°(1) random walks that yield a non-negligible contribution
to this event. Similar estimates on hitting times of random walks are used to prove
(6) and Theorem 3, while more refined arguments are needed to establish (4) for
arbitrary initial conditions within the class (G). On the other hand, the proof of the
upper bound for the slowdown probabilities (5) in Theorem 2 is more involved, and
relies on arguments using the sub-additivity property and the positive association
of the hitting times, together with estimates on their tails and their correlations,
refining an idea already used in [21] (p. 10, 1. -5) in a similar context.

The rest of the paper is organized as follows. In Section 2, we give a formal
definition of the model and introduce its basic structural properties, including sub-
additivity and monotonicity of hitting times. In Section 3, we explain how Theorem
1 is proved, building on results proved in other sections. Section 4 is devoted to
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the proof of the fact that speedup large deviations events have exponentially small
probabilities. Section 5 contains our estimates on slowdown probabilities, with the
proofs of Theorems 2 and 3. Several appendices contain proofs that are not included
in the core of the paper.

2. CONSTRUCTION AND BASIC PROPERTIES

Throughout the sequel we will use the convention inf () = +o0.
2.1. Construction of the process.

2.1.1. Configuration space. Any Y particle in the initial configuration of the system
may be labeled by a pair (z,i) € Z x [1,a], where z stands for the location of the
particle, and i for the index of the particle among the a particles of type Y located at
x. Then, to each X particle produced from the later transformation of one of these
Y particles into an X, we attach the label (x,4) of the corresponding Y particle, and
call it the birthplace of the X particle. As for particles which are already of type X
in the initial configuration, we think of them as having been produced in the past
from the transformation a Y particle which too bore a label (z,i) € Z x [1,a] with
the same meaning as above, so that these X particles too have a birthplace.

Using birthplaces to index X particles, we see that a configuration of X particles
achieved at some point during the evolution of our system, may be represented as
a triple w = (F,r, A), where r € Z, A is a non-empty subset of Z x [1,...,a] such
that max{z; (z,7) € A} <r,and F' : A —]—o0,...,r] is amap. The set A stands
for the set of birthplaces of X particles which are present in the configuration. The
number r stands for the rightmost position ever visited by a particle of type X, and
this explains the requirement that r has to be larger than the rightmost location at
which an X particle was born. Then, F(z,i) stands for the current position of the
X particle born at (x,1).

Such a configuration carries more information than just the number of X particles
at each site, and any distribution of X particles on || — 0o, 0] with a finite number
of particles at each site can be encoded by a triple w = (F,r, A).

Given such a triple w, let n be the map defined on || — oo, r] so that n(x) is the
number of particles at site x of the configuration w. Hence

n(x) = #{(y,i) € A; F(y,i) = z}.
For every 6 > 0, let
folw)i= 3 expO(F(a.i) 1) = 3 na) exp(6(z — 7).
(z,i)eA z<r
Let then
L :={w; fp(w) < +o0}.
We turn L into a metric space by using the distance defined as follows: for w =

(F,r,A) and v’ = (F',r', A),

d(w,w’) :==|r — 7| + Z |1((2,)€A) exp(B(F (i) —1)) —1((2,)) EA’) exp(8(F (w,i)—1"))]| -
(z,i)€Z%[1,a]
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The metric space (L, d) is a Polish space. We let D denote the space of cadlag func-
tions from [0, +00) to L equipped with the Skorohod topology and the corresponding
Borel o—field.

2.1.2. Explicit construction of the process. For our purposes, we have to define on
the same probability space not only the original model, but also models including
random walks with an arbitrary bias defined through a parameter € € [0,1/2).

In the sequel, we assume that we have a reference probability space (2, F,P)
giving us access to an i.i.d. family of random variables

[(Tn(uu 7’)7 Wn(u,z)), n Z 17 u € Za 1 S { S G] )

such that, for all (n,u,?), 7,(u,i) has an exponential(2) distribution, and W, (u, 1)
has the uniform distribution on [0, 1], and 7, (u, ) and W, (u, i) are independent.
For every n > 1, (z,i) € Z x [1,a] and € € [0,1/2), we let

en(x,i,€) :=2(01(Wp(z,i) <1/2+¢€)) — 1.

Let (Y, (z,1))t>0 be the continuous-time random walk started at Y (z,4) := 0, whose
sequence of time steps is (7,(x,1))n>1, and whose sequence of space increments is
(En(x7 i, 6))7120'

Now, for every ¢ € [0,1/2) and w = (F,r,A) € L, we define on (2, F,P) a
collection of random variables (X¢)i>0 = (Fy, 1t, At)1>0, which describes the time-
evolution of the configuration of particles starting from an initial configuration given
by w, and using the random walks Y€ defined above. Most often in the sequel, the
dependence with respect with w and € is not explicitly mentioned when there is no
ambiguity. When we have to stress this dependence, we use notations such as X7,
Xi(w), or Xf(w), and accordingly for Fy, r; and Ay.

The construction of the process is done inductively on intervals of the form
[T(u),T(u+ 1)), where T'(u) denotes the hitting time of u € Z by the front. Let us
first consider the initial condition and the trajectories of particles of type X that
are present in it. By definition, the initial value of the front is given by rg := r,
and the set of (birthplaces of) X particles in the initial condition by Ay := A. By
convention, we set T'(rg) := 0, and, for every (x,i) € Ag, the trajectory after time
zero of the X particle with birthplace (z,1) is given by Fy(z,q) := F(x,i) + Y, (2, 1)
for all t > 0. Given u > 19, assume that we have already defined the time 7'(u), the
set Ap(y) of (birthplaces of) X particles present in the system at time 7'(u), and the
trajectories of these particles. We then let T'(u + 1) denote the hitting time of v+ 1
by the front of X particles present in the system at time 7'(u), or, more formally:

T(u+1):=inf {¢t > T(u); there is an (z,i) € Ay, such that F,(z,i) =u+1}.

Between time T'(u) and T'(u + 1), no new X particle appears, and the position
of the front does not move, so that we set r; := rp(,) and Ay := Ap(,) for t €
(T'(u), T(u+1)). Then, at time T'(u+1), the front hits u+1, so that rpq41) = u+1,
and the Y particles present at site u+ 1 are instantaneously turned into X particles.
These newly born X particles have to be added into the set Ap(, 1), so that we set
Apus1) = Ap@) U{u+1} x [1,a], and the trajectories after time 7'(u + 1) of these
particles are then defined by Fy(u+1,7) := (u+1)+ Y, (u+1,i) forall t > T'(u+1).
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From the results in [5] (Section 6) — where only the case € = 0 is treated, but it
is immediate to adapt them to the present setting — the following results hold. For
any € € [0,1/2) and w € L, almost surely with respect to P:

o for every u > 0, T'(u) < T'(u+ 1) < 400, and there is exactly one X particle
hitting w at time T'(u);

o limy o0 T (u) = +00;

e for all ¢ > 0, the configuration X; of particles at time ¢, belong to the set L;

e the map t — X; belongs to the set D of cadlag functions on L.

In the sequel, we use the notation @, to denote the probability distribution of
the random process (X§)¢>o starting from the initial configuration w, viewed as a
random element of D. Again, as in [5] (Corollary 7) we can prove that

Proposition 1. For any € € [0,1/2) and 6 > 0, the family of probability measures
(QS,)weL defines a strong Markov process on L.

In the sequel, we use E to denote expectation with respect to IP of random variables
defined on (92, F). The notation E, is used to denote the expectation with respect
to Q, of random variables defined on D equipped with its Borel o—field.

2.2. Properties of hitting times. For w = (F,r, A) € L, e € [0,1/2) and u > r,
the random variable T'(u) = T (u) has been defined in the previous section as the
first time that the front touches site u, given that the initial condition is w. The
definition was by induction, but one can check as well that, P—a.s., one has

Ty (u) := inf{t > 0; r{ = u}.

For all u,v € Z such that v < v, 1 <1i <a, and € € [0,1/2), let

A(u,i,v) := inf {Zm(u, i); u+ Zak(u,z’,e) =v,m> 1} . (8)

k=1 k=1
This represents the first time that the random walk born at (u, ) hits site v (assum-
ing that the walk starts at u at time zero).
Proposition 2. Let w = (F,r, A) € L.
(i) For allu>r and e € [0,1/2), P—a.s.

L-1
T;(u) = inf Z A(xj,ij,xj+1),
j=1
where the infimum is taken over all finite sequences with L > 2, x1,...,x[, €
Z and iy, ...,i—1 such that x1 = F(y1,i1) for some (y1,i1) € A, r < z2 <
o< xp1 <u,xp=1u,l2,...,ip—1 € [1,a].

(ii) For allw > 1 and € € [0,1/2), the following identity holds P—a.s.
T (u) = inf T (),
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where the infimum runs over all configurations w' consisting' of a single
particle chosen among those in w.
(iii) Forallr < u <wv and e € [0,1/2), the following sub-additivity property holds
P—a.s.
T, (v) < T (u) + Ty (v),

where w' is the configuration obtained by adding to w all the X particles born
between time 0 and T(u), located at their original birthplaces®.
(iv) Forany0 < e < e < 1/2, and allu > r, P—almost surely, TS (u) > T2 (u).

Proof. The proof of (i) is quite similar to that of Lemma 2.1 in [21], and so is the
proof that (iii) is a consequence of (i). Then (ii) is a consequence of (i).

As for (iv), this is a consequence of the characterization in (i) and of the fact that,
for every (x,i) € Z x [1,a] and n > 1, e,(x,i,€61) < en(x, i, €2). O

A consequence of (iv) in the above proposition is the following result.

Corollary 1. For any w € L, 0 < €1 < €3 < 1/2, P—almost surely, for all t > 0,
rit (w) < ri?(w).

3. PROOF OF THE LARGE DEVIATIONS PRINCIPLE FOR t_th

In this section, we always have ¢ = 0, and the notations T}, r,, etc. are used to
denote the corresponding T2, 70 | etc. without further mention.

We shall repeatedly deal with configurations consisting of a single particle at a
site, so we introduce the following notation: for u € Z, §, is the configuration formed
by a single particle located at its birthplace (u,1). More formally, §, := (F,r, A)
with A := {(u,1)}, r :==u, F(u,1) := u.

Proposition 3. There exists a convex function J : (0,+00) — [0,400) such that,
for all b € (0,400),
lim n~tlogP(Ts,(n) < bn) = —J(b).
n—+00

Proof. For any b > 0, and all n > 1, one can check that P(T5,(n) < bn) > 0.
Then let u,(b) := logP(T5,(n) < bn). Observe that, by subadditivity (part (iii) of
Proposition 2), T, (n +m) < Ts,(n) + Ty (n + m), where w' is obtained by adding
to do all the particles born between time 0 and Tjs,(n), located at their original
birthplaces. Now, by part (ii) of Proposition 2, T;y(n + m) < Tj, (n + m), since
the infimum characterizing Ty (n + m) runs over a larger set than the infimum
characterizing Ts, (n + m). As a consequence, Ts,(n +m) < Ts,(n) + Ts, (n + m).
We deduce that, for all m,n > 1, and all b, ¢ > 0,

{Ts5,(n) < bn} N{Ts,(n+m) < em} C {Ts,(n+m) < bn+ cm}. 9)

IMore formally, these are the configurations of the form (F’,r’, A’) with A’ = {(z,)}, F'(z,i) =
F(z,i), " =r and (x,i) € A.

2More formally, this means that w’ is of the form (F',r’, A’) with A’ := AU[r+1,r+u] x [1, 4],
r’:==r+wu, and F'(z,i) := F(z,i) when (z,i) € A, and F'(z,%) := x otherwise.
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Now, observe that Tj,(n) and Tj,(n + m) are independent random variables,
since their definitions involve disjoint sets of independent random walks. As a con-
sequence,

P({Ts,(n) < bn}n{Ts, (n+m) < cm}) =P(T5,(n) < bn)P(Ts, (n+m) < cm). (10)

From the above two relations (9), (10), and the fact that, by translation invariance
of the model, T5,(m) and T§, (n+ m) possess the same distribution, we deduce that,
for all m,n > 1, and all b,¢c > 0,

— (W) > wn(B) + (). (1)

Applying Inequality (11) above with ¢ = b, we deduce that the sequence (uy(b))n>1
is super-additive. Since u,(b) < 0 for all n > 1, we deduce from the standard
subadditive lemma that there exists a non-negative real number J(b) such that
lim,, 400 7~ tup(b) = —J(b). Moreover, by definition, b — u,(b) is non-decreasing,
and so b — J(b) is non-increasing,.
To establish that J is convex, consider b, ¢, such that 0 < b < ¢, t € (0,1),
k > 1, and apply (11) with ng := [kt] and my := [k(1 —t)]. For large enough k,
bz:ifn”zk < tb+ (1 —t)c, so that wpy, ym, (tb+ (1 —t)c) > up, (b) + um, (c). Taking the
limit as k goes to infinity, we deduce that J(tb + (1 —t)c) < tJ(b) + (1 —t)J(c).
O

Proposition 4. The function J defined in Proposition 8 is identically zero on
[v71, +00), positive and decreasing on (0,v71).

The proof of the above proposition makes use of the following result, which is the
main result of Section 4.

Proposition 5. If we start with an initial condition with r = 0 and exactly a
particles at each site x < 0, then, for any ¢ > v,

limsupt~ ! log P(ry > ct) < 0.

t—+o00
Proof Proposition 4. We shall use the notation Zy to denote a specific initial con-
dition with a particles at each site left of the origin: let Zy be of the form (F,r, A)
with 7 := 0, A :=] — 00,0] x [1,a], F(x,i) := z for each (x,i) € A. For n > 1,
(i7) of Proposition 2 implies that T, (n) < Tj,(n) P—a.s. In view of the identity
{T'(n) <bn} = {ry, > n}, we deduce that

P(Tgo (n) S bn) S ]P)(sz(.’z—o) Z TL)

From Proposition 5, we deduce that J is positive on (0,v~!). On the other hand,
by the law of large numbers (1), we see that .J must be identically 0 on (v—!, 4+00).
The function .J being convex on (0, +00), it is also continuous, so that J(v~=!) = 0.
Moreover, as we have already noted, J is non-increasing. These facts imply that .J
is decreasing on (0,v71). O

Let I be defined by I(b) := bJ(b~!) for b > 0 and I(0) := 0. From the previous
results on J, one can deduce the following.
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Corollary 2. The function I is identically zero on [0,v], positive, increasing and
convex on (v, 4+00).

Proof. Only the convexity of I is not obvious. Note that, since J is convex, b +—
J(b~1) is convex on (0, +00) as the composition of two convex functions. Then, since
b+ J(b™1) is also increasing and positive, the convexity of b ~— b.J(b~!) on (0, 4+00)
follows.

O

Proposition 6. Assume that the initial condition w satisfies r = 0 and (G). Then,
for all b > 0,
lim 7 'logP(Ty(n) < bn) = —J(b),

n—-+4o0o

where J is the function defined in Proposition 3.
The proof of the proposition makes use of the following lemma.

Lemma 1. Let w = (F,r,A) € L. For allt >0, and all v > 0,

P | max sup Fy(z,i) >r+t| < fo(w)exp[—g,(0)t],
(z1)€A se(0,1)

where

g(0) :=~0 — 2(cosh§ — 1).
Proof. For all K € [—o0,0], let

Gk = U { sup Fs(sv,i)>r+’yt}.

(x,0)EA; F(2,i)>K s€0,t]

Clearly, K1 < Ks implies that Gx, C Gg,, and UKe]]—oo,O]] Grg = G_s, whence
P(G_x) = limg_, o P(Gxk). Now observe that, given K, the process (M;s)s>0
defined by

M, = Z exp (0 (Fs(x,i) —r) — 2(cosh§ — 1)s)
(zi)€A; F(x,i)>K

is a cadlag martingale. Then note that Gx C {supycjo g Ms > exp(g,(0)t}, and
apply the martingale maximal inequality to deduce that

P ( sup M > exp(g»y(G)t)> < > exp [0 (F(z,i) — 1) — g4(0)t].
s€[0,1] (2,3)€A; F(z,8)>K

The r.h.s. of the above inequality is bounded above, for every value of K, by

fo(w) exp [—g,(0)t] . The conclusion follows. O

Proof of Proposition 6. Consider 0 < b < v~!, and fix # > 0. Choose v > 0 large
enough so that

9(0)b > J(b).
Denote by w = (F,r,A) the initial condition, and consider the set B, :=
{(z,i); F(z,i) < —[vbn]}. Let my = 3>, yep, exp(0(F(z,7) — [vbn]). Now let
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E, = inf{s > 0; 3(z,i) € By, Fs(z,i) = 0}. We see that Z,, < bn implies that
SUD(3,1)e B, SUPsc[0,bn] F's(¥,1) > 0. Thanks to Lemma 1 and translation invariance
of the model, we deduce that

P(Z, < bn) < myexp(—gy(0)bn). (12)

From the fact that w satisfies (G), we obtain that, for all ¢ > 0, y < 0, #{(z,i) €
A; F(x,i) = y} < fo(w)exp(—¢y). As a consequence, whenever ¢ < 6, we have
that

my, < fo(w)(1 = exp(p — 0)) " exp(p[ybn]). (13)

Now consider (x,i) € A\ By, so that F(xz,i) > —[vbn]. Let w’ denote the configu-

ration consisting in a single particle located at (x, %), or, more formally, let w’ be of

the form (F',r’, A") with v’ := 2z, A" := {(z,4)}) and F'(z,%) := (x,i). By a coupling
argument, we see that, since F(z,i) <0,

P(T,, < bn) < P(Ts, < bn). (14)

Moreover, according to (G),

#A\ By < fo(w) exp(p[bn]). (15)
Now, by (ii) of Proposition 2,

{En >bn}N{Ty(n) <bn} C {in/f Ty < bn} ,

where the infimum runs over all configurations w’ formed by a single particle located
at some (x,7) € A\ By,. We deduce from (12), (13), (14), (15) and the union bound
that

P(Tu(n) < bn) < fp(w)e?I [ (1= e#=) " exp(—g, (0)bn) + P(Ts, < bn)] -

(16)
Now, according to Proposition 3,
lir_i{l n~ogP(Ts, (n) < bn) = —J(b).
Since we have chosen 7 so that g,(0)b > J(b), we deduce from (16) that
limsupn ' log P(T,(n) < bn) < —J(b) + @vb.
n—-+00
Since ¢ > 0 is arbitrary, we deduce that
limsupn = log P(T,(n) < bn) < —J(b). (17)

n—-+4o0o

On the other hand, consider a given (x,7) € A, and let again w’ denote the configu-
ration with a single particle located at ( . Clearly

x,1)
P(Ty(n) <bn) > P(T,(n) < bn).

Now consider 7 = inf{s > 0; Fs(z,7) = 0}. Clearly, 7 is a.s. finite, and, conditional
upon 7, Tyy(n) — 7 has the (unconditional) distribution of Tj,(n). Choosing any
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M such that P(7 < M) > 0, one has that P(T,,y(n) < bn) > P(7 < M)P(Ts,(n) <
bn — M). Taking an arbitrary ¢ > b, we deduce that

limJirnf n"ogP(T,,(n) < bn) > —J(c).

By continuity of .J, we conclude that

liminf n~ ' log P(Ty(n) < bn) > —J(b).

n—-+00

The above inequality, together with (17) concludes the proof. O

Proof of Theorem 1. Consider a non-empty closed subset F' C [0,+00), and let
b := inf F. Assume that b < v. We have that infr I = 0, so the upper bound
of the LDP for F is always satisfied. Assume now that b > v. One has that
P(t7lr, € F) < P(ry, > [tb]) = P(T([th]) < t). Proposition 6 entails that
limg oot~ tlog P(T([tb] < t) < —I(b), so that the upper bound of the LDP holds
for F since I is non-decreasing.

Consider now an open set G C (v,+00). For every b € @G, there exists
an interval [b,¢) C G. By the large deviations upper bound, we know that
limsup,_,, oot ' logP(ry > bt) < —I(b) and that limsup,_, .t~ 'logP(ry > ct) <
—I(c). By strict monotonicity of I on (v,+00), we have that I(b) < I(c), so we
can conclude that liminf; ..t tlogP(bt < ry < ct) > —1(b). As a consequence,
liminf, o 2P(t"'r, € G) > —I(b). Since this holds for an arbitrary b € G, the
lower bound of the LDP for G follows.

Consider now a non-empty open set G C [0, 400) such that G N [0,v] # (). Then
infg I = 0. On the other hand, there is a non-empty interval of the form [c,b) C
G N [0,v]. In Section 5, we prove that, under Assumption (G),

liminf ¢t~ log P [c <t < b} = 0. (18)
t—o00 t

Applying Inequality (18), we see that liminf¢~logP(t~'r, € G) = 0, so that the
lower bound of the LDP holds. O

4. SPEEDUP PROBABILITIES

The main result in this section is Proposition 5: when ¢ = 0, starting from an
initial condition with exactly a particles at each site x < 0,
for any b > v, limsupt~*log P(r; > bt) < 0. (19)
t—-+o0
In the following discussion, we always assume that we are under such an initial
condition, without explicitly mentioning this assumption.

Our strategy for proving Proposition 5 is to exploit the renewal structure already
used in [5] to prove the CLT. However, this renewal structure leads to random
variables (renewal time x, and displacement of the front at a renewal time 7., see
the precise definitions below) whose tails have polynomial decay, and asymptotic
exponential bounds such as (19) cannot be derived from such random variables.
Whether it is possible to modify the definition of the renewal structure so as to
obtain random variables enjoying an exponential decay of the tails, as required for a
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direct proof of Proposition 5, is unclear, and instead we make use of a different idea.
Indeed, we apply the renewal structure defined in [5] (Section 3) to a perturbation
of the original model, one in which the random walks have a small bias to the right.
Again, a law of large numbers holds:

Proposition 7. For all small enough € > 0, there exists 0 < v < 400 such that

lim ¢t~ 17§ = v, P — a.s. and in L'(P).
t—o0
The interest of introducing a bias to the right is that, reworking the estimates
of [5] (Section 5) in this context, we can show that for any small value of the bias
parameter € > 0, exponential decay of the tail of the renewal times holds, so that
the following result can be proved.

Proposition 8. There exists €9 > 0 such that, for any e € (0, €], for any b > v,
limsupt ™! log P(r{ > bt) < 0.

t——+o0
On the other hand, it is shown in Corollary 1 above that, as expected, biasing the
random walks to the right cannot decrease the position of the front, so that at each
time ¢, a comparison holds between the position of the front in the original model
and in the model with a bias. We deduce that

Proposition 9. For any e € [0,1/2) and t > 0, and all z € {1,2,...},
P > z) < P(rf > x).

As a consequence, we can prove that (19) holds for all b such that there exists an
€ € (0, eo] for which v. < b. Noting that v, is a non-decreasing function of €, we see
that the following result would make our strategy work for all b > v:

Proposition 10.
li = . 20
i v = @
It is indeed natural to expect such a continuity property to hold, but proving it
seems to require substantial work.
Indeed, write
ve = lim ¢ R(rS). (21)

t—-+o0
= lim ¢t 'E(rD).
0= ARy
For fixed t, it is possible (using the dominated convergence theorem) to prove that

lim B(rf) = E(9). (22)

Hence, to prove Identity (20), it is enough to prove that
lim lim ¢t 'E(r{) = lim lim ¢t 'E(rf).
e—0+t—+o0 t—+00 e—0+
Our strategy for proving Proposition 10 is based on the observation that, if some
sort of uniformity with respect to € € [0,¢p] is achieved in (21), then the limits
with respect to € — 0+ and to ¢ — 400 in (21)-(22) can be exchanged. It was
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proved in [5] (Section 5) that the second moments of the random variables defined
by the renewal structure (renewal time r, and displacement of the front at a renewal
time 7, see the precise definitions below) are finite in the case ¢ = 0. Reworking
these estimates, we obtain uniform upper bounds (with respect to € € [0,¢]) for
the second moments of these variables, and are thus able to prove that the required
uniformity in (21) holds.

4.1. Random variables on D. It will be convenient in Sections 4.3, 4.4, and in
Section 8 in the Appendix, to work with random variables defined on the canonical
space of cadlag trajectories D, rather than on . In fact, each random variable
(generically denoted by L in this discussion) on  introduced in Section 2 for the
definition of the process, can be written as L = L((X{(w))i>0), where L is a corre-
sponding random variable on D. To avoid unduly complicated notations, we shall
use the same notation to denote L and L. This should not introduce ambiguities,
for our notations concerning probabilities on 2 and D are distinct, and for, except
in Lemma 4 below, we make exclusive use of random variables defined on D.

Specifically, we define the random variables X, F}, 7, and A; on D by writing a
generic cadlag trajectory on L under the form (Xy)i>0, with Xy = (Fy, ¢, A¢) for all
t > 0. Moreover, for u € Z, we let T'(u) := inf{s > 0; rs = u} if y > ro + 1, and
T'(u) := 0 otherwise. For (z,i) € Z x [1,a], we also define Y;(x,4) := Frp)44(7,4) —
Frey if T(z) < +oo, and Y(z,17) := 0 otherwise.

As a consequence of these definitions, the probability distributions of X, Fy(z,1),
re, A, T'(u) with respect to the probability measure Qf,, are respectively the same
as the probability distributions of X (w), Ff(w)(x,1), rf(w), Af(w), TS (u), Y (1)
with respect to P. In particular, with respect to Qf,, the processes (Yi(z,17))¢>0 form
a family of independent nearest-neighbor random walks on Z with jump rate 2 and
step distribution (1/2 + €)d41 + (1/2 —€)d_1.

For z € Z, and w = (F,r, A) € L, define ¢,(w) by

¢z(w) = Z exp(@(F(m,z) - T))a
(z,i)€AN]—o0,2] X [1,a]
and for z1 < 29 € Z, let
My (W) = > 1(F(z,i) € [z1 + 1, 22]).
(z,i)€AN[z1+1,22] x[1,a]

We use the notation 8, to denote the canonical time-shift on D. We denote by
(Ff)e>0 the usual augmentation of the natural filtration on D with respect to the
Markov family (QS,)weL-

4.2. An elementary speedup estimate. The following lemma is stated in [5]
(Lemma 10) in the case e = 0, and its adaptation to the more general case € € [0,1/2)
is straightforward.

Lemma 2. Let A(€) := 2(cosh 6 —1)+4esinh 0+a(1+2¢) exp 8 and ¢, (€) := v0—A(e).
For alle € 0,1/2), w e L, and t > 0,

Qi (7t =70 2 7t) < Py (w) exp(—cy(€)2).
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4.3. Definition of the renewal structure. We follow the definition of the renewal
structure in [5] (Section 3). Consider a parameter

M = 4(a +9). (23)
Let vp := 0 and v; be the first time one of the random walks (r¢ + Y5(70,%))s>0; @ €
[1,a], hits the site ro + 1 (the random walks (Ys(x,7)) are defined in section 4.1).
Next, define 15 as the first time one of the random walks (z+Y(2,7))s>0; 2 € [ro, 7o+
1], @ € [1, a], hits the site 7o + 2. In general, for k > 2, we define vy as the first time
one of the random walks (2+Ys(2,%))s>0; 2 € [roV (ro+k—M),ro+k—1], i € [1,a],
hits the site rg + k. For n € N, let

n+1

n
T i=1r0+n, if Zuk§t<ZVk.
k=0 k=0

The following proposition (see Lemma 1 from [5]), shows that the so-called auxiliary
front 7; can be used to estimate the position of the front ;.

Proposition 11. For every e € [0,1/2), 8 > 0 and w € L, the following holds
Q¢,—almost surely:
for every t > 0, 7 < ry.

Now, observe that for any w = (F,r, A) such that r x [1,a] C A and F(r,i) =r
for all i € [1,af, with respect to Qf,, for each j € [1, M — 1], the random variables
(v4)i>1 are a.s. finite, and that the random variables {vasg4; : & > 1} are i.i.d. and
have finite expectation since® M > 3. We deduce that a.s. (see also [4] Lemma 1
and Lemma 6),

lim 7/t =: a(e) > 0.
t—o0

First note that a(e) does not depend on € nor on w since the distribution of the
random walks (Ys(x,7))s>0 with respect to QS, does not. Moreover, a(e) is a non-
decreasing function of € by a coupling argument.

Now consider ¢y < 1/2,0 > 0, a1, as > 0 such that

0<ag <ag<al0),
0=1(2(cosh @ — 1) + 4eg sinh 0) < oy, (24)
deg < .

In the sequel, we always assume that € € [0, ).

Let us define the following random variables on D:
U .= inf{t >0;7—1rp < Laztj},
V.= 1nf{t Z 0, maxze[[rO_L_,_Lro_”] Ft(Z,Z) > \_Oéltj + 7’0},
W = inf{t > 0; ¢p,_1(X;) > flartl=(re=ro)),

Note that, for all €, U, V, W are stopping times with respect to (Ff)s>0, and that
they are mutually independent with respect to Q.

3The hitting time of a site by a single symmetric random walk has a tail decaying roughly as
t~1/2. Taking into account M independent such random walks yields a tail decaying as t~™/2,
which corresponds to an integrable random variable as soon as M > 3.
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Let
D :=min(U,V,W).
Now let p > 0 be such that
pexp(f) < 1,
and L such that L'/* is an integer and
LY*>M+1 and aexp(—LO)(1 —exp(—0))~ < p. (25)

For x € 7Z, define J, as the smallest integer j > 1 such that the following two
conditions are satisfied:

® ¢ui(j—1)L(XT(etjr) < D3
[} mx+jL7L1/4,a:+jL(XT(-”E"!‘jL)) 2 aL1/4/2.
Let Sy := 0 and Dy := 0. Then define for £ > 0,

Sk+1:=T(rp, + Jer L), Dyy1:=Dols,_ , + Ski1.
Finally, let K :=inf{k > 1: Sy < 00, D = oo}, and define the regeneration time
K= Sk.
Note that x is not a stopping time with respect to (Ff)¢>o.

4.4. Properties of the renewal structure. Throughout this section, we assume
that 0, a1, as, €g satisfy the assumptions listed in Section 4.3. We use the notation
ady to denote an initial configuration consisting in exactly a particles at site z = 0,
and 7y to denote an initial configuration with exactly a particles at each site z < 0.

Proposition 12. The following properties hold:

(i) There exist 0 < C,L* < 400 not depending on € (but possibly depending on
the choice of 0, a1, e, €y) such that, for L := L*, and all € € |0, €],

ES, (k%) < C, B, (°|U = +00) < C,

ado

Eg, (r7) < C, By (ri]U = +00) < C.
(ii) For all 0 < € < g, there exist 0 < C', L't < +00, depending on €, such that

for L:=1L',
EZ, (exp(tr) < C’, s, (exp(tr))|U = +00) < C’,
EZ, (exp(try)) < C"Egs, (exp(try)|U = +00) < C'.

adp

Proposition 12 provides the key estimates needed for the proof of the main results
in this section. Most of the technical work needed to prove it consists in a reworking
of the estimates in [5] (Section 5), either proving that, for each positive value of the
bias parameter €, exponential estimates can be obtained instead of the polynomial
ones derived in [5], or that the polynomial estimates already obtained in [5] can be
made uniform with respect to € € [0,¢]. The proofs go along the lines of [5], and
are deferred to Section 8 in the Appendix. In the sequel, we always assume that
L:=L*or L:=L'. As a consequence of Proposition 12 we see that for all € € [0, ],
Q% (0 <k < +00) =1 and Qg5 (0 < k < +oo|U = +00) = 1.
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We then define inductively the whole sequence of renewal times (k;)i>0 by K1 1= K
and for ¢ > 1, Kjq1 := Kj + Ko b,,.
As in [5] (Corollary 1), the following proposition can be proved.

Proposition 13. The following properties hold:

(i) Under @6107 K1, ko—K1, k3—Ka,... are independent, and ko—K1, k3—Ka, ... are
identically distributed with law identical to that of  under Qs (-|U = +00).
(ii) Under QF,, TkysThy = ThysThs — Thas - - - ar€ independent, and Ty, — iy, Ty —
Try,--. are tdentically distributed with law identical to that of r, under

6, CIU = +00).

We now give the proofs of Propositions 7, 8 and 10.

Proof of Proposition 7. First, note that the P—a.s. convergence stated in Proposi-
tion 7 follows from the integrability of renewal times by a standard argument. To
prove that the convergence also takes place in L!(P), we note that, from Lemma 2
above, it stems that EZ (r¢) < +o0 for all ¢ and that the family of random variables
(t71r¢)i>1 is uniformly integrable with respect to Q%,- The convergence in LY(P)
then follows from the P—a.s. convergence.

O

Proof of Proposition 8. Fix 0 < € < €, and let L := L’. For all t > 0, define
a(t) := sup{n > 1; K, < t}, with the convention that sup® = 0. From Proposition
13 and Proposition 12, we deduce that, a(t) < +oo a.s. for all ¢ > 0 and that
limy_, 4o a(t) = 400 a.s. Using the fact that the map ¢ — ry is non-decreasing, we
have that r; < Thguys1- NOW Observe that, for any 0 < € < ¢y, any b > v, and any
0 < ¢ < 400, by the union bound,

Qz, (e 2 bt) < Q7 (a(t) = [et]) + Q. (i1 = bE)-

Note that QF (a(t) > |ct]) < QF (k) < t), and observe that, by Cramér’s
theorem (see e.g.  [6] Theorem 2.2.3) for the ii.d non-negative sequence
(ki+1 — ki)i>1 and Proposition 12 for y, whenever ¢! < EZ5O(R|U = 400),
limsup,_, oot ! log QF, (K|er) < t) < 0. On the other hand, writing ry, ,, =

t]+1 . s .
Tiy —|—th2+ (Pkis1 — 7w, ), and using Proposition 12 and Cramér’s theorem as above,

we have that, as soon as b/c > ESs (rx|U = 400), limsup,_, ot~ log QF, (
bt) < 0.

The proof of the law of large numbers for 7§ given above (proof of Proposition
7) used Kingman’s subadditive ergodic theorem. However, from the existence of a
renewal structure for which x and 7, have finite expectation (Propositions 12 and
13), we can deduce that the asymptotic speed in the law of large numbers is in fact
given by

T“Lct]-;-l 2

250(7"&|U = +00)
E¢s, (kU = +00)
As a consequence, if b > v,, we see that we can choose a ¢ > 0 such that ¢™! <

a6, (K|IU = +00) and b/c > Egs (rg|U = +00). O

ado

(26)

Ve =
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Lemma 3. There exists 0 < ¢ < +oo such that, for all € € [0, €],
(AU = +00) > c.

Proof. Use the fact that, by definition, x > T(1), so that E; (k|U = +o0) >
E¢s, (T'(1)1(U = +00)). Now, by coupling, Qs (U = +00) > Qgéo(U = +00) for all
€ € [0, €0]. By coupling again, for all u > 0, Q¢s (T'(1) > u) > Q3 (T'(1) > u). Now,
since Q33 (7'(1) > 0) = 1, we can find u > 0 small enough so that Qg5 (7'(1) > u) >
1- (1/2)@250(U = +00). Putting the previous inequalities together, we see that,

for all € € [0, €], dio(T(l) > u,U = +00) > (1/2)Q% (U = +o0). The conclusion

ado

follows. O

The following proposition contains the uniform convergence estimate that is re-
quired for the proof of Proposition 10. Broadly speaking, the idea is to control the
convergence speed with second moment estimates on the renewal structure, so that
uniform estimates on these moments yield uniform estimates on the convergence
speed.

Proposition 14. For all ¢ > 0, there exists t; > 0 such that, for all t > t; and all
€ € [0, €],
ve S B, (t71re) + .

Proof. Assume that L := L*. Let 0 < A < 1 be given, and let
¢ -1
m@@:“Lﬂﬁ(MwW:+m»J.

In the rest of the proof, we write m instead of m(t,e) for the sake of readability.
Note that, in view of Proposition 12, for all € € [0, eo], E¢;5 (k|U = +00) < C/2, 50
that m > 1 as soon as t > 01/2(1 — )\)*1, which does not depend on e.
We now re-use the random variables a(t) defined in the proof of Proposition
8 above. Using the fact that t — r; is non-decreasing, we see that r; > Tha -
Moreover, 7y, > Tx,,1(a(t) = m), and ry,, 1(a(t) = m) > ry,1(a(t) > m) when
m > 1. Taking expectations, we deduce that, when m > 1,
EEIO (tilrt) > IEEIO (tilr,ﬁm) — EEIO (tilr,ﬁml(a(t) < m)). (27)
Consider the first term in the r.h.s. of (27) above, and observe that
EE—O (Tﬂm) = E:GZ-Q (T"i) + (m - 1) 250 (TH‘U = +OO>
From Proposition 12, EZ (rs) < C'/2 for all € € [0,€). Moreover, from Identity
(26), (B, (rs|U = +00)) (E&s, (|U = —i—oo))f1 = v.. We deduce that, as ¢t goes to
infinity, uniformly with respect to € € [0, €],
EZ, (Th,,) = (1 = X)tve + O(1). (28)
Consider now the second term in the r.h.s. of (27). By Schwarz’s inequality,
_ _ 1/2
B, (17, a(t) < m)) < (B, [(t71r,)2]) * Q5 (at) <m)V2. (29)
From Proposition 12 and Proposition 13, one can check that

Eg, [r2,] < Cm®. (30)

K
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On the other hand, one has that QF, (a(t) < m) < QF, (km > t). From Proposition
12 and Proposition 13, the variance of k,, with respect to Q7 is bounded above
by Cm, so that we can use the Bienaymé-Chebyshev’s inequality to prove that,
whenever t > EZ (m),

Q7,(a(t) <m) < Cm(t — E%O(nm))*? (31)

Now, using Proposition 12 as in the proof of (28) above, we can prove that, as ¢
goes to infinity, uniformly with respect to e € [0, €],

ES (km) = (1= At + O(1).

Putting the above identity together with (31), (30) and (29), we deduce that, as t
goes to infinity, uniformly with respect to € € [0, o],

ES, (t 17, 1(a(t) < m)) < CmP2 (M2 +O(t) 7.

In view of Lemma 3, we have that m < ¢!t for all € € [0, ), so we can conclude
that, uniformly with respect to € € [0, €],

Jim Ef, (t 717, 1(a(t) < m)) = 0. (32)

Plugging (28) and (32) in (27), we finally deduce that, as t goes to infinity, uni-
formly with respect to € € [0, €],

EGIO (tilrt) > (1= ANve +o(1).

The conclusion of the Proposition follows by noting that, since ve < ve,, (1 —N)ve >
Ve — AVgq-
O

Lemma 4. For allt > 0,
T E(rf) = E(:9).

Proof. Consider a given ¢ > 0. By Proposition 16 in Section 7 in the Appendix,
with P probability one, we can find a (random) K < 0 such that sup{F$°(z,7); s €
0,t]z < K,i € [1,a]} <0, so that sup{F(z,i); s € [0,t]z < K, i € [1,a]} <0
for all € € [0, €0]. As a consequence, for all € € [0, €], with probability one, r§(Zy) =
ri(w(K))s>0), where w(K) is the configuration defined by A = {K,...,0} x [1,a],
r=0and F(x,i) =« for all (z,7) € A.

Since, for every € € [0, €g], with probability one 7§ < r;°, we see that the value of
ri is entirely determined by the trajectories up to time ¢ of the random walks born
at sites (x,7) with K <z <r;°. With probability one again, we are dealing with a
finite number of random walks, and a finite number of steps. We now see that, for
all e small enough, these trajectories are identical to what they are for e = 0, so that
r§ =P, Since 0 < 7§ < 7 and r{° is integrable w.r.t. P, we can use the dominated
convergence theorem to deduce the conclusion. O

Proof of Proposition 10. Let ¢ > 0, and, following Proposition 14, consider a t; such
that, for all ¢t > ¢t and all € € [0, €],

ve < BT (t_lrt) +C.
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Consider now, thanks to Proposition 7, a t > ¢, such that E%O (t'ry) < v+ (. Now,
thanks to Lemma 4, we know that, for all € small enough,

Eg, (¢ ') <EZ,(t7're) + .

Putting together the above inequalities, we deduce that, for all ¢ small enough,

ve < v+ 3. Since ve > v, the conclusion follows.
O

Now Proposition 5 follows from Proposition 8, Proposition 9 and Proposition 10,
as explained in the beginning of this section.

5. SLOWDOWN LARGE DEVIATIONS

In all this section, we work under the assumption that ¢ = 0, and the dependence
of various quantities with respect to € is thus not explicitly mentioned.

Given an initial configuration w such that w = 0, remember that n(z) counts the
number of particles that are located at site x in the configuration, and let, for < 0

H(z):=Y n(y). (33)
y=0

For x > 0 and t > 0, let ((;)t>0 denote a continuous time simple symmetric
random walk starting at 0 with total jump rate 2. Let

Gi(x) =P ( sup (s < 1:) , Gi(z) =P (¢ > x).
s€[0,t)

_ In the sequel we will use the fact that for fixed ¢ > 0, G(-) is non-decreasing and

G(+) is non-increasing, and that, thanks to the reflection principle,

1 — Gy(x) = 2Gy(z) — P ({ = z) . (34)

5.1. Proof of Theorem 2 (a) and (c). We start with the proof of Theorem 2 (c).
The fact that 7, = 0 means that no particle in the initial configuration hits 1 before
time ¢. Both the upper and lower bounds can then be understood heuristically as
follows. Since we consider simple symmetric random walks, for large ¢, the constraint
of not hitting 1 before time ¢ has a cost only for particles within a distance of order
t1/2 of the origin. Now these particles perform independent random walks, and their
number has an order of magnitude lying between t*/2 and tU/2.

We start with the lower bound. When U = +o0, the inequality holds trivially, so
we assume in the sequel that U < +oo. The event ¢!, = 0, implies that none of
the random walks corresponding to particles in the initial condition w hit 1 before
time ¢. By independence of the random walks, the corresponding probability equals

T Gi(—a+ 1),
=0

Now let b1 > 0 be such that 1 — 2s > exp (—4s) for all 0 < s < by. From (34),
we see that for any ¢ > 0 and y <0, Gi(—y + 1) > 1 —2G(—y + 1). By the central
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limit theorem, we can find to and K > 0 such that, for all ¢t > ¢y and y < —Kt/2,
Gi(—y+1) <b.
Let k; := [Kt'/?]. Then, for all t > to,

ﬁo Gi(—z+1)"®) > exp [ —4 f n(x)Ge(—x + 1)

rz=—kt r=—"k;

Now, by definition of Gy,

S n(@)Gi(a 1) = B (SIS0 > —a+ 1))
x=0

=F

—(Ge+1
(¢ =1) ( > U(ZU))] = B¢ =1)H(=G+1))].

=0

By assumption, H(z) < |z|VT°(1). Hélder’s inequality yields that
E[1(¢ > 1)(H(=¢ 4 1))] < 9/,

We deduce that for all ¢ > tg

[T Gi(x)"™ > exp(—t/2+e)), (35)

:D:—kt

Now, for —k; < y < 0, observe that G¢(—y + 1) > G¢(1). As a consequence,

—ki+1
H G’t(_x + 1)77(93) > ét(l)H(*ktJrl)_
=0
But there exists ¢4 > 0, such that, for large enough t, Gi(1) > ¢qt~1/2. Us-
ing again the fact that H(z) < |z|VT°M), one can deduce that Gy(1)H(-ke+1) >
exp(—tY/2to(M) whence
—ki+1
H Gi(—x +1)"®) > exp(—tV/2Ho0)), (36)
=0
From (35) and (36), we deduce that

P(t 71y < 0) > exp(—t7/2He0),

Now, let us prove the upper bound when u < +o00. Using an argument similar to
the one used in the proof of the lower bound above, we obtain that

P(t~'ry = 0) < exp (=B [1(¢ > 1)(H (=G + 1)]) -
One can then deduce that
E[1(G > 1)(H(=G +1))] > #4/2Fo),

and the upper bound follows.
We now turn to the proof of Theorem 2 (a). The idea of the proof when s(n) = 1is
to combine the following two arguments. First, for b > 0, it costs nothing to prevent
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all the particles in the initial condition from hitting |bt] up to time ¢. Intuitively,
this result comes from the fact that hitting |bt] before time ¢ has an exponential
cost for any particle in the initial condition within distance O(t) of the origin, and,
due to (G), there is a subexponentially large number of such particles.

Second, in the worst case where all the particles attached to sites 1 < z < bt are
turned into X particles instantaneously at time zero, the cost of preventing all these
particles from hitting bt up to time t is of order exp(—tl/ 2+o(1))7 due to the lower
bound in (6) proved above, The actual proof is in fact more complex since we want
to consider probabilities of the form P(ct < r, < bt), and not only P(r, < bt), and
deal also with the case s(n) < 1.

We state two lemmas before giving the proof.

Lemma 5. Consider an initial condition w = (F,0, A) satisfying assumption (G).
Then, for all b >0, and all ¢ > 0,

P [ max sup Fy(x,1) > bt] < fo(w)exp [t(cosh(2p) — 1)] Gy (| bt]) /2.
(z)€A0<s<t

Proof. The probability we are looking at is the probability that at least one of the
random walks corresponding to particles in w exceeds bt before time ¢. By the union
bound, this probability is smaller than

Zn (1= Gz + (b)) < 3 2m(@)Ci(—x + [bt])).
=0

Now observe that by definition of Gy,

in(x)Gt(—w+thJ) = (Zn 1(¢ > x+thJ)>
=0

=G+ (bt ]

=B |Gzt | Y a) = E[(G = [bt])(H (=G + [bt]))]-

=0

From assumption (G), we deduce that, for all o > 0, H(z) < f,
x < 0. As a consequence, when (; > thJ H(—(+|bt]) < H(—(;
Applying Schwarz’s inequality, we see that

E[1(G 2 b)) (H (=G + [bt])] < P (G > [0t]))"? fo(w) E exp(20G)]2.

Now note that E [exp(2¢(;)] = exp[2(cosh(2¢) — 1)t]. O

(w) exp(—px) for all

) ex
) < folw )eXp(cpCt)

Lemma 6. Consider an initial condition w = (F,0, A) satisfying assumption (G).
Then, for all ¢ >0

E Z exp (¢(Fi(z,i) — 1)) | < exp[2(cosh(p) — 1)t] fo(w) + aE(ry).
(z,0)€As
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Proof. Write }_, hea, = D(zijeda T 2(wijeana- For (z,i) € A, observe that
exp (p(Fi(x,i) — 1)) < exp(pFi(x,i)) and that E[exp(¢pFi(x,i))] = explpr +
2(cosh(p) — 1)t]. As a consequence,

E| S exp(p(Filw,i) — )| < expl2(cosh(e) — D fp(w).  (37)

(z,i)€A

On the other hand, observe that A;\ A ={1,...,r} x{1,...,a}. Since it is always
true that Fi(x,i) < ry,

Z exp (p(Fi(x,i) — 1)) < ary. (38)
(:L‘,’i)EAt\A
The result follows from putting together (37) and (38). O
Proof of Theorem 2 a). Let a,0 € (0,1) be such that ¢ < v(1 —a) < b, ¢ < (1 —
a)(1=0)v < (1—a)(1+4d)v < b, and define v := b—(1—a)(140)v, B4 := (1—a)(1+9)
and - = (1 —a)(1 —9).
For each t > 0, define B; := {,B_Ut <ra—ap < ,6+vt} ,
Cy = i sup  Fy(z,i) <rog_ge + 7t
t U, YEAG_ayt {Se[(la)m (z,1) < T(—ay }
Dy := U(z,i)é[[m_a)t,tbtﬂlX[[l,a]] { sup =+ Ys(z,i) < bt} )
s€[0,0t]
Observe that
BiNCyN Dy C {ct <ry < bt} (39)

Indeed, thanks to the choice of ¢, By implies that 7(;_,); > ct, so that r; > ct. On
the other hand, since r(;_qy < bt on By, the event By N {ry > bt} implies that either
a particle born before time (1 — «)t at a position x < T(1—a)¢;» OF a particle born
between time (1 — a)t and t at a position T1—a) < © < bt, exceeds bt at a time
between t(1 — «) and ¢t. The former possibility is ruled out by B; N C;, since on
B: N Cy me < 1(1_a)yt + ¢ < bt. The latter possibility is ruled out by Dy.

Now define

[(t) := exp[2(cosh(p) = 1)(1 — a)t] fo(w) + aB(ra_ay),

and

H; := > exp (e(Fa—ay(@,i) = ra_ayp)) < 21(t)
(z ) €A1 _aye
By Lemma 6 and Markov’s inequality, for all t > 0, P (H;) > 1/2. Moreover, by the
law of large numbers (1), lim;_, o P(B;) = 1. We deduce that there exists a ¢y such
that, for all ¢t > tog, P(B; N Hy) > 1/4. Let us call F; the o—algebra generated by
the history of the particle system up to time t. Observe that B; and H; belong to
F(1-a)t> and by Lemma 5, on Hy,
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P(CF|F1—ay) < 21(t) exp [at(cosh(2¢) — 1)] Gar([E]) /2.
We deduce that

P(B; N H, N CY) < 2I(t) exp [at(cosh(2p) — 1)] Gat(htj)l/z. (40)
Moreover, we see that, by coupling, if Zg denotes an initial configuration with exactly
a particles per site at the left of the origin,

P(Di|F1-ayt) = P(rat(Zo) = 0),

so that
P(B, N Hy N Dy) > (1/4)P(rot(Zo) = 0) > exp(—t/2o0), (41)

where the last inequality is due to the lower bound in (6). By standard large de-
viations bounds for the simple random walk, there exists ((a,7) > 0 depending
only on v and « such that, as t goes to infinity, liminf, . .t 1log Gar(|Vt]) =
—((a, ). Furthermore, limy 4ot 'log(2l(t) exp [at(cosh(2¢) —1)]) = £&(a, @),
where {(a, @) = a(cosh(2¢) — 1) + 2(cosh(p) — 1)(1 — ). We see that, choos-
ing ¢ small enough, (o, ¢) < ((a,7)/2. For such a ¢, (40) and (41) show that
P(B;NH;NCS) = o(P(B;NH; N Dy)), so that P(B; N H;N Dy NCy) > exp(—t/2+o1)),
It then follows from (39) that P(ct < r; < bt) > exp(—t/?°(1)) 5o we are done
when s(n) = 1.

Now, let us consider (z,i) € A. Define 7 = inf{s > 0; Fs(z,7) = 0}, and let w’
denote the configuration consisting in a single particle located at (z,7), or, more
formally, let w’ be of the form (F',r'; A") with v’ := 2, A" :== {(x,4)}) and F'(z,i) :=
(x,4). Remember the notations 34 and §_ introduced at the beginning of the present
proof, then let

Ky = {(1-ppt<7<(1-p-)t}

Ly = {ct <rg_par(W') < rpar(w') < bt}

Ly = {ct <rg_i(o) < rg (o) < bt},

M, = {forall (y,j) € A\ {(x,7)} and all s € [0,¢], Fs(y,j) < 0}.

Observe that, on My, r¢(w) = r¢(w’). Moreover, K; N Ly C {ct < ri(w') < bt}. As a
consequence,
MyN KN Ly CA{ct < ry(w) < bt} (42)

But according to the lower bound of Theorem 2 (b), P(M;) > exp(—tU/2+o()) On
the other hand, conditional upon 7, rsi,(w’) has the (unconditional) distribution
of 75(dp), for all s > 0. As a consequence, P(K; N L;) = P(K)P(L}), and, by the
law of large numbers (1), lim;— o P(L};) = 1. Moreover, it is seen from elementary
estimates on hitting times by a simple symmetric continuous time random walk that
liminf; 4o =1/ 2P(K;) > 0. Finally, M; being defined in terms of random walks
that do not enter the definition of K; and L;, we deduce that M; is independent
from K; N L;. We finally deduce that P(M; N K; N L;) > exp(—tU/2+°(1)), and the
result follows from (42).

O
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5.2. Proof of Theorem 3. Exactly as in the proof of the the upper bound (6) of
Theorem 2 (c) given above, we can prove that

P(t™ ry(w) < bt) < exp (—E[L(¢ > [bH])H (=G + [bt])]) -
One can check that, for small enough b > 0,
liminf ¢ log B[1(G > [b6]) exp (0(G — [b1]))] > 0. (43)

This proves (7). We now prove (i7). Again, one can check that, for all b > 0, there
exists 6 > 0 such that (43) holds. Choosing b > v, the result follows.

5.3. Proof of Theorem 2 (b). Note that by coupling, it is enough to prove the
result with an initial condition consisting of exactly a particles per site x < 0.
We shall need to consider translated versions of such an initial condition, so we
define, for all u € Z, the configuration Z,, to be of the form (F,r, A) with r := u,
A =] —o0,u] x [1,a], F(z,i) := x for each (z,7) € A. Hence, we will establish that
forall 0 < b <wv,and all « > 0, as t — 400,

P[rt(-,[O) < bt] < exp <_t1/3+o(1)> _

Using the fact that P(T7, (|bt]) > t) < P(ry(Zp) < bt) < P(T,([bt]) > t), one can
see that (5) is equivalent to the following result.

1

Proposition 15. For every ¢ > v™", as n goes to infinity,

P(Tz,(n) > cn) < exp (—n1/3+0(1)) .

Our strategy for proving Proposition 15 can be sketched as follows. Given m > 1,
let x; :=T7,,,(m(j + 1)). By subadditivity, we have that

[n/m]
Tr,(n) < Y x5
i=0

so that
[n/m]

P(Tr(m) = en) <P [ S x5 = (me)n/m] | . (44)
j=0

Now, by translation invariance, for all j > 0, x; and xo = T7,(m) have the same
distribution, and it can be shown that
lim m 'E(Tg,(m)) = vt
m—-+00

Hence, given ¢ > v~! we can always find m > 1 such that mc > E(xo), so that

the r.h.s. of (44) is the probability of a large deviation above the mean for the sum
Z]Li/omj Xj- We then seek to apply large deviations bounds for i.i.d. variables in
order to estimate this probability. Of course, the random variables (x;; j > 0) are
not independent, but the dependency between (x;; j < ji) and (x;; j > j2) is weak
when jo — ji is large. Indeed, for given j, x; mostly depends on the behavior of
the random walks born at sites close to mj. We implement this idea by using a
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technique already exploited in [21] (p. 10, l. -5) in a similar context. Given ¢ > 1,
we define a family (X;; j > 0) of hitting times as follows: X; uses the same random
walks as y; for particles born at sites (z,7) with mj —ml < x < m(j + 1), but uses
fresh independent random walks for particles born at sites (x,4) with < mj — mt.
We can then prove that the following properties hold:

(a) For all j > 0, the family (X;+p([+1); p>0)is iid;

(b) when ¢ is large, the probability that X;‘ = x; is close to 1.
We can thus obtain estimates on the r.h.s. of (44) by estimating separately the
probability that x; = x; for all j € [0, [m/n]], and the probability that ZJLZ/OmJ X; >
(mc)|n/m]. Now, thanks to property (a) above, this last sum can be split evenly
into £+1 subsums of i.i.d. random variables distributed as xo = Tz, (m). Controlling
the tail of 77, (m) then allows us to apply large deviation bounds for i.i.d. variables
separately to each of these subsums. In fact, the proof of (5) is a bit more subtle,

since it also makes use of a positive association property, but we do not go into the
details here (see Remark 3 below).

5.4. Proof of Proposition 15. Observe that the subadditivity property (part (iii))
of Proposition 2 reads as:

for all n,m > 0, Tr,(n +m) < Tr,(n) + Tr, (m).
We deduce that, for ¢ > v1,

[n/m]
P(Tr,(n) > cn) <P Z Xj > cn
=0

In Steps 1 and 2 below, m and ¢ denote fixed positive integers, while a denotes
a fixed real number 0 < o < 1. For the sake of readability, the dependence with
respect to these numbers is usually not mentioned explicitly in the notations. Only
in Step 3 have the values of m, £ and « to be specified.

5.4.1. Step 1: Comparison with a sum of i.i.d. random variables. Assume that the
probability space (2, F,P) is such that we have access to an i.i.d. family of random
variables

(7] (uy3), ) (u,0)); § >0, k> 1, ueZ, i€ [1,d]],
independent from the random variables
[(Tk(U,i),Ek(U,i,O)); k > 17 U € Za (AS [[17@]]]
used in the construction of the process (see Section 2),'and such that, for all j, k, u, 7,
73 (u, 1) has an exponential(2) distribution while P(e},(u,7) = +1) equals 1/2, and
73 (u, 1) and W] (u,%) are independent.

Now, for all and j > 0, all w,v € Z such that u < v, and i € [1,a], define a
random variable B;(u,?,v) in the same way as A(u,i,v) in (8) of Section 2, but
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using (Ti(u,i),ei(u,i)) instead of (7 (u, %), ek (u,,0)). Specifically, let

m m
B;(u,4,v) := inf {ZTg(u,z), u+ Zsfc(u,z) =v, m> 1} .
k=1 k=1
Let also 5 ; )
. i(u,,v) ifu<mj—m
Cj(u,4,0) = { AJ(EL,’Z',’U))if U >_mj]— ml
We then proceed to define x; in the same way as x; = Tr,,;(m(j+1)) is characterized
in Proposition 2 (i), but using C;(u,,v) instead of A(u,%,v). Since we deal several
times in the sequel with variants of such a construction, we now introduce the

following general definition: a sequence (x,1) = (x1,...,2z1,41,...,i5—1) with L > 2,
Z1,...,x € Z and 1iy,...,i—1 € [1,a], is said to be (u,v)—admissible if L > 2,
1 <u,u<x9 <---<xp_1 <v,and xy = v. Given such a sequence (x,1i) and a
map D = D(z,4,y) (such as D = A or C;), we define the notation
L-1
D(x,i) := ZID)(xg,ig,ng).
g=1

When applied to x;, Proposition 2 (i) reads as
\ = inf Ax, i),
where the infimum is taken over all finite (mj, m(j + 1))—admissible sequences.
Accordingly, we let
X = inf Cj(x,1),
where the infimum is taken over all finite (mj, m(j + 1))—admissible sequences.

Clearly, X;‘ and x; have the same distribution. Moreover, we have the following
lemma, whose proof is immediate.

Lemma 7. For every j > 0, the family of random variables (X;+p(z+1)? p> O) 18
i.1.d.
We now study the event { X;' = Xj}- To this end, let
J; =inf Cj(x,1), K; :=inf A(x, i),
where in both cases the infimum is taken over all finite (mj, m(j + 1))—admissible
sequences that satisfy the additional assumption x1 < mj — mf. Let also
L; = inf A(x, i),
where the infimum is taken over all finite (mj, m(j 4+ 1)) —admissible sequences that
satisfy the additional assumption 1 > mj — m/.
Observe that, x; = min(.J;, L;) and that x; = min(/;, L;). As a consequence,
{min(J;, K;) > L;j} € {x) = x;}
For a > 0, we now define

D(j) := {min(Jj,Kj) < a(m€)2},
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and
Y(j) = {L; > a(ml)?},
so that
(7)) N DG C{x; = x5} (45)
Lemma 8. There exist A, Ao, A3 > 0, not depending on m, £, o, such that
P(D(5)) < A1 exp (—Aea(ml)?) + Aga(mﬁ)QGa(mZ)Q(mﬁ)) = A\

Proof of Lemma 8. Consider the random walks born at sites (z,7) for x < mj —
a(m?)?. By Lemma 1 choosing v = 1 and # > 0 small enough so that g,(6) > 0,
we obtain the existence of Ay > 0 and Ay > 0 such that the probability that any of
the walks born at a site (x,4) with < mj — a(m#)? hits mj before time a(m#)?
is < Arexp (—A2a(ml)?). On the other hand, for mj — a(ml)* < z < mj — md,
the probability that a walk started at z hits mj before time a(mf)? is less than the
corresponding probability for the walk started at mj —m/, that is, 1 — Ga(mg)Q (md).
In turn, this probability is less than 2G(p2(mf). A union bound over all the
corresponding events yields the result.

O

Lemma 9. There exist V1, Vo > 0, not depending on ¢, o, but depending on m, such
that for all j,
P(Y(j)) < Viexp (—VQQI/QE) .

Proof. By translation invariance, we can assume that j = 0. Let t = a(mf)?. Since
Y(0) implies that no random walk born at a site —m¢ 4+ 1 < x < 0 hits 1 before
time a(mf)?, one has that P(Y(0)) = Hg__m@rl Gi(1 — )% Since 0 < a < 1, we
see that t'/2 < mf, so that P(Y(0)) < H /241 G4(1 — z)®. Using monotonicity
of Gy, we deduce that P(Y(0)) < Gt(Ltl/QJ)“Ltm .

By the central limit theorem, lim; ., o, G¢ (Lt1/2j) > 0, so that, since Gy < 1 -Gy,
limsup; ., Gy ({tl/QJ) < 1. As a consequence, we can find ¢ > 0, and ty > 0 such
that, for all t > tg, Gy ({tl/gj) < 1—c. Fort > tg, we deduce that P(Y(0)) <
(1 - c)“Lth. For t < tg, we see that we can find a large enough V; such that
P(Y(0)) < Vi(1 — ¢)?l!"”?) using only the trivial bound P(Y(0)) < 1.

]
Lemma 10. For all t > 0, the events {Z]V:"/OmJ Xj > cn} and U]U:L/OmJ D(j) are
negatively associated.

Proof. For any integer N > 1, let

m m
AN (u,i,v) ::inf{ZTk(u,i); u+25k(u,i,e) =v,1<m< N}.

k=1 k=1
Similarly, let

m m
IB%J (u,i,v) : 1nf{27 ui);u+Z€i(u,é):v,1<m<N},

1 k=1
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and let

cN

(., v) .:{ IB%;V(U,Z',U) if u<mj—ml
¥ Y *

AN (u,i,v) if u > mj — me

Now let x; v := inf AV (x,1), where the infimum is taken over all finite (mzj, m(j +
1))—admissible sequences that satisfy the additional assumption x; > —N. Simi-
larly, let J;n := inf Cj-v(x, i), and K;n = inf AN(x,1), where in both cases the
infimum is taken over all finite (mj, m(j + 1)) —admissible sequences that satisfy the
additional assumptions z1 > mj — mf and x1 > —N.

Observe that P—almost surely, for all j > 0, the sequence (Xj,N) N>1 is P—a.s.
constant after a certain rank, and that its limiting value is x;. Similarly, P—almost
surely, the sequences (J; n)n>1 and (K n)n>1 are P—a.s. constant after a certain
rank, and their respective limits are J; and Kj.

Then let Sy n = Zi:a Xp(e+1),n and D(j,N) := {min(J;n, K; n) < a(ml)?}.

Now let g1 :=1(S, > 1), g2 :=1(Jl_,D(p(f +1))), and g1 n := 1 (S, n > t) and
q pO ’ q,

gox =1 (Uip Dot + 1), ).

Note that (g1, n) n>1 is a bounded sequence of random variables that is P—a.s. con-
stant after a certain rank, and converging to g1 as K goes to infinity. The same holds
for (g2,n)n>1 and ga2. Now, for every N, gi v and go n are functions of a finite num-
ber of the random variables (—&,(z,1), —&h(z,,0), 7(x, i), 7/ (x,3); n > 1, x € Z, i €
[1,a]]). Moreover, one can check from the definitions that, with respect to these
random variables, g1 is non-increasing, while go x is non-decreasing. Since these
random variables are independent, we deduce that E(—g1 nvg2.n) > E(—g1,5)E(g92,n7)
(see e.g. [10] Theorem 2.1). Taking the limit as N — +o00, and using the dominated
convergence theorem, we obtain the result.

O
Now let us define three events X, Y, Z by
|n/m] [n/m] [n/m]
X={J DG, Y= (] @G)NTG)), 2= T0),
j=0 j=0 j=0
and observe that 2 C X UY U Z. Let then
[rn/m]
P .= Z Xj = cn
j=0

By the union bound, P(®) <P(®NX)+P(@NY)+P(®NZ). Now, according to
Lemmas 10, 8 we see that

P(@NX) <P(P) x ([n/m] + 1)\
From (45), we see that

n/m]|
P@NY)<P| Y xj>en
j=0
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From Lemma 9, we see that,
P(® N Z) < (|n/m] + 1)Vi exp (—‘/2041/26) .
This leads to the following bound:

Ln/m]
p(n)P(®) <P Z X; = en | +([n/m] +1)Viexp <—V2a1/2m£) . (46)
j=0
where p(n) :=1— (|n/m] + 1)\
Using the independence properties of the random variables X;' (Lemma 7), and
the union bound, we see that the following inequality holds
[n/m] on
/
P Z Xj>en | <({+1)P <R1+ o+ Ry > €+1)

where Rj, Ra, ... denote i.i.d. copies of xp, and where k(n) := 1+ Ln/ﬁl_lj

5.4.2. Step 2: Large deviations estimates for i.i.d. random variables. We start with
a bound on the tail of xg.

Lemma 11. There exist 31,32 > 0 (depending on m) such that, for all t >0,
P(xo = t) < Brexp <—52 Ltl/ZJ) :

Proof. Observe that the event yo > t implies that none of the random walks born
at a site (z,7) with x < 0 has hit m before time t. As a consequence, P(yg >
t) < [L.2 Lt/ Gi(—x + m)®. Using monotonicity of Gy, we deduce that P(yo >
t) < Gt(m + [t1/2]) e al'?]) " Re-using the notations of the proof of Lemma 9, we
see that, for all ¢ > to, P(xo > t) < (1 — c)*“ttl/zj). Now, for t < ty, we can
find 3, such that, using only the trivial bounds —|t'/2] > 0 and P(xo > t) < 1,
P(xo > t) < Bi(1—c)~l""®) for all ¢ € [0, to]. O
Remark 1. The lower bound (4) shows that the upper bound of Lemma 11 yields
the right order of magnitude for the tail of xo.

The probabilities of large deviations above the mean for sums of i.i.d. random
variables with an exp(—tl/ 2) decay of the tail are described by the following lemma,
whose proof is deferred to Section 6 in the Appendix.

Lemma 12. Let (R;);j>1 be a sequence of i.i.d. non-negative random variables with
common distribution p. Let M := [axdu(z). Assume that there exist B, 32 > 0
such that for every x >0

e, +00)) < B exp (—Boa'/?). (47)
Then M < +oo and for all f > M, there exists h > 0 and ng such that if n > ng
P (n_l(Rl +---4+ R, > f) < exp (—hn1/2> )
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5.4.3. Step 3: Conclusion. Lemma 12 above can be applied to probabilities of large
deviations of the form P(Ry + ...+ Ry > kb), where b > E(xo), and our goal is to

control probabilities of the form P (R1 + o+ Ry >
one can check from the definition that

%), where ¢ > v™!. First,

cn

(41

Then, observe that Kingman’s subadditive ergodic theorem (see e.g. [8] Theorem
6.4.1) can be applied to the sequence of random variables (77, (v))y<y. Indeed,
these variables are non-negative, integrable (Lemma 11), and satisfy the required
distributional translation invariance properties. We deduce that

lim m 'E(Tg,(m)) = v '

m—-+00

n

> k(n)em (1 + m(“”)_l . (48)

As a consequence, for all ¢ > v™!, we can find m > 1 large enough so that
em > E(Tg, (m)) = E(xo). (49)

In the sequel, we assume that m is chosen such that (49) holds. Now let us choose
( := ¢, = n'/3. Taking into account Lemmas 11, 12, (48) and (49), we now see that,
as n goes to infinity, there exists a constant hy > 0 such that

cn 1/3
P <R1 + ot Ry > 7 1) O (exp( hin )) (50)

Now, for 0 < ¢ < 1/2, let us choose o := o, = n~¢, and consider Inequality
(46). With our definitions, a}L/Z(mEn) = mn'/3=¢/2 while mf,, = mn'/3. As a
consequence, a moderate deviations bound for the simple random walk (see e.g. [6]
Theorem 3.7.1) yields that G, (e, )2 (mén+1) = O (exp(—hgnt)) for some constant
ha > 0, whence the fact that p(n) = 14 o(1). Using (50), we see that Inequality
(46) entails that, for large n,

P(®) <O (exp (—h3n1/3_</2>) .

Since ¢ can be taken arbitrarily small, the conclusion of Proposition 15 follows.

Remark 2. In view of (4) and (5), we see that our upper and lower bounds on slow-
down probabilities do not match. One may wonder whether it is possible to improve
upon either of these bounds so as to find the exact order of magnitude of slowdown
large deviations probabilities. What we can prove (the details are not given here) is
that the exp (—n1/3+°(1)) bound in Proposition 15 gives the best order of magnitude
that can be reached by following our proof strategy based on subadditivity. Indeed,
despite the fact that each x; has a tail decaying roughly as exp (—t1/2), so that
the probabilities of large deviations above the mean would be of order exp (—n_1/2)
if these random variables were independent, the positive dependence between these

variables makes such large deviations much more likely, with probabilities of order
exp (—nl/ 3).
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Remark 3. One may wonder whether the use of association (see Lemma 10) is really
needed in the proof. Indeed, a simpler approach would be to bound the probability of

the event X by P (UJLZ/OmJ D(j)) . By properly choosing oy, and £,,, we could make this
probability of the order of exp (—n1/3+0(1)), compared to the exp (—hgn*C) obtained
in the proof of Proposition 15. However, such a choice interferes with the other
bounds used in the proof, (making o, smaller increases the probability of Y(j)). The
best order of magnitude we could obtain with that simpler method is exp (—n2/7+0(1)).

6. APPENDIX: LARGE DEVIATIONS OF I.I.D. RANDOM VARIABLES WITH
exp(—t'/?) TAILS

Neither the result stated in Lemma 12 nor the idea of its proof are new, but we
could not find a reference providing both a statement suited to our purposes and a
short proof, so we chose to give the details here.

We refer to the papers [17, 7] for a review of results concerning large deviations
of random variables with subexponential tails, and to Theorem 4.1 in [2] for an
example of a result from which Lemma 12 may be derived.

Lemma 13. For every v > 0, as x — 400,

/:OO exp (*I/ul/2> du=0 {exp (7@/2):61/2)} |

Proof of Lemma 13. Observe that there exists di > 0 such that, for every
u > 1, ul/QeXp(—(u/Z)ul/Q) < dj. As a consequence, exp(—yul/Q) <
dyu=1? exp (—(1//2)u1/2), so that

/+OO exp (—I/’Lbl/2> du < dy /+00 u % exp <—(u/2)u1/2) du.

x

The r.h.s. of the above inequality is then equal to d;(4/v) exp (—(V/2)a:1/2) .
O

Proof of Lemma 12. Let A and ¢ be as in the statement of the lemma. And let G
be defined by G(z) := u([z, +00)).

Let A, be the following event: A, := ();<;<,{Ri < n}. By the union bound,
P(A%) < nu([n, +00)), so that, by Assumption (47) above and Lemma 13 below,

P(45) = O [nexp (=(3/2)n"/?)] . (51)

We now apply the Cramér bound for i.i.d. random variables possessing finite expo-
nential moments (see e.g. [6] Theorem 2.2.3) to the i.i.d. bounded random variables
R; ,, defined by R;,, := min (R;,n). For every A > 0, the following inequality holds.

P (n_l(RLn +-- 4+ Ryp) > f) < exp [-nAf] [Eexp (AR1 )" . (52)
Let A\, = (62/3)n*1/2 and K, := n'/%*. By definition Fexp (MPRipn) =
f[o n) exp(Apz)dp(z) + exp(Apn)u([n, +00)). Let us split the above integral into
f[oyn) = f[O,K") —i—f[Kmn). Fix a real number a > 0. Since \,K, goes to zero as
n goes to infinity, we have, for all large enough n (depending on «), an inequality of
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the following form: for every x € [0, K},), exp(A,z) < 14 (1 + o) \,x. Taking the
integral in this inequality, we obtain that, for all large enough n,

[ expa)duta) < p(0.5.) + @+ ) [ adu(a),
[0,Kr) [0,Kr)

Since « is arbitrary in the above argument, we see that

/ exp(nz)dp(z) < u([0, Kn)) + (1 + o(1))An / rdu(z).  (53)
[0,Kp) [0,Kn)

By definition, M = f[o Kn):cd,u(x) + ‘f[Kn to0) xdp(z). Integration by parts
yields that f[Kn ooy Tp(T) = — [2G ()] + 'f[Kn ooy G(@)dz. Assumption (47)
above says that G(z) < Aexp(—fBz'/?). As a consequence, —[mG(a;)]}r(io <

AK, exp <_52K7}/2>, Moreover, Lemma 13 yields that f[Kn to0) G(z)dx =
0 [exp (—(B2/2)Ki) .

Putting the above estimates together, and using the definitions of A, and
K,, the above estimates clearly imply that f[Kn,+oo) xdp(x) = o(Ay). Similarly,
p([Kn, +00)) = o(An). As a consequence, Inequality (53) above yields that

/ exp(Apz)dp(z) <1+ (14 o(1))MA,.
[0,/x)

We now study f[Kmn) exp(Apz)dp(z). Integration by parts says that
f[Kn,n) exp(Apz)du(r) = — [exp (M) G(2)]%, + [, Anexp (Anz) G(z)dz. Observe
that, with our definitions of \, and K,, for every = € [0,n], Az < (B2/3)z'/2.
As a consequence, exp (\,z) G(z) < Aexp (—(252/3)x1/2). This estimate, together
with Lemma 13, yields that, as n goes to infinity, f;n exp (Apx) G(z)dx = o(1).
Similarly, [exp (\nz) G ()], = o(M\n). As a consequence, as n goes to infinity,
f[Kmn) exp(Apz)dp(z) = o(A\y,). Similarly, exp(A,n)u([n, +00)) = o(Ay)-

Finally, we obtain the following estimate: Eexp(MRin) = 1+ Aym(1 +
o(1)). As n goes to infinity, an expansion yields that [Eexp(ARin)|]" =
exp (RM A, (1 +0(1))) . From Cramér’s inequality (52), we obtain that

P (nfl(Rlyn + 4+ Ryp) > f) <exp (—nA,(f — M)(1+0(1)))). (54)

Now, on the event A,, R; = R;,, for all 1 <¢ <mn.
As a consequence, P (n‘l(Rl +--+Ry) > f) <P (n_l(Rl,n +- 4+ Ryp) > f)+
P(AS).
The statement of the Lemma now follows from the bound (51) on P(AS) and the
large deviations bound (54) for Ry + -+ Ryn.
O
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7. APPENDIX: NEGLIGIBILITY OF REMOTE PARTICLES

Proposition 16. For any w € L, € € [0,1/2), and any t > 0, with P probability
one,

lim  sup >, exp(O(Fa(w,i) =) =0.
K——o00 Se[o,t} (1‘7i)€A§ [L‘ST+K

Proof. For all x,i,t, let Cy ;¢ := exp(0(Fy(z,i) —r)). For k € [—o0,0], let also
HK’]@(S) = Z Cx,i,s-
(z,i)eA;r+ K+k<x<r+K

Now let v := [2(coshf — 1) + 4esinh ], and observe that, for every (z,i) €
A, (Cpisexp(—7vs))s>0 is a cadlag martingale.  As a consequence, so is
(Hg i (t) exp(—~t))e>0 for all k €] — 00,0], and we have the following inequality,
valid for all A > 0:

P ( sup Hp x(s) exp(—7ys) > )\> <A'E (Hg x(0)) -
s€[0,t]

Since E (Hk 1(0)) = -4 i)ea; welrt K+hr+ k] EXP(O(F (2, 7) — 7)), we deduce that

P ( sup Hg r(s) > )\> < A lexp(qt) Z exp(0(F(x,i) —r)).

s€[0,¢] (x3)eA; z€]r+K+k,r+K]
(55)
Now observe that, for every s, the sequence (Hgk(S))k=0,—1,. 1S non-
decreasing since we are summing non-negative terms. As a consequence,

P (supse[()?t] Hg () > /\> equals P (U;’B Supseioy HK k(s) > A) , which is the
probability of the union of a non-decreasing sequence of events, and so is equal
to limyg_, oo P (Supse[oﬂ Hp 1 (s) > )\>. As a consequence, by (55),

P ( sup Hp _oo(s) > A) < A lexp(yt) > exp(6(F(x,i)—r)). (56)
s€0.] (zi)ed; z<r+K
Now observe that, for every s, the sequence (Z(m,z’)eA;mngrK Coris) K=0,~1,... 18
non-increasing, since we are summing non-negative terms. As a consequence,
limpe—, oo SUPgejo ) HE,—co(s) exists, and P (thH,OO SUPgefo,] HK,—00(8) > A

equals P (ﬂK<0 SUPsefo,] HK,—o0o(8) > A), which is the probability of the inter-
section of a non-increasing sequence of events, and so is equal to the limit
limpg oo P(supsejo ) Hi,—oo(8)) > A). From Inequality (56), we see that this last
expression equals zero. ]

8. APPENDIX: ESTIMATES ON THE RENEWAL STRUCTURE

In this section, we work with random variables defined on the space of trajectories
D, as explained in Section 4.1. The definitions related to the renewal structure are
given in Section 4.3. In the sequel, every constant C; or §; appearing in the estimates
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is implicitly assumed to depend on the quantities a, 6, €y, a1, o, p, L, € (see Section
4.3), unless there is a special mention that dependence with respect to some of these
parameters is absent. The notation (£5)s>0 stands for a nearest-neighbor random
walk on Z with jump rate 2 and step distribution (1/2+¢€)d41+(1/2—€)d_1, started
at zero. The probability measure governing (£5)s>0 is denoted by P. We use the
shorthand M’ := M /4 — 1, which is an integer number according to (23). We also
use the notation

Ly ={w=(Fr,A)eL;rx[l,a] C A, F(r,i) =r for all 1 <i < a}.
For every = € Z, let My(x,i) := supg<s<; Fs(x,7). Let also, for z € Z,
P, (t) == Z exp(O(Mi(x,i) —14)). (57)
(z,1); <2, (x,i)EA;

Let pe := 0ar; —2(cosh @ — 1) —4esinh 0, and observe that, for all € € [0, €g], fe > fiey,
and that, according to (24), ue, > 0.

Lemma 14. (See Lemma 2 in [5].) There exists C1 < 400 not depending on € or
L such that, for all € € [0, €] and all w = (F,r, A) € L,

Q,(t <W < 4+00) < C1¢r—r(w) exp(—piet).

Proof. Without loss of generality we assume r = 0. Let us first note that

QS [t < W < o0] <QF, [UsZt {QLL(Xs) 2 eg(talsJ_TS)H '

By the fact that s — M,(x,4) is nondecreasing, and the union bound, we deduce
that

+o0
Q5 [t<W < o0 < Z QS Z M1 (2,i) > flain)
n=|t| (z,i)€AN]—o0,—L]%x[1,a]

Using the Markov inequality, we obtain that

+o0
QL t<W<ox] < Z exp(—0|aqn]) Z E:, <€9M"+1(I’i)) . (58)
n=|t| (z,i)e AN]—o0,— L] %x[1,a]

For (x,i) € A, write Fs(z,1) as the independent sum a symmetric nearest neighbor
random walk on Z with rate 2 — 4¢, and a Poisson process with rate 4e. Since the
Poisson process is non-decreasing, the supremum of its values over the time-interval
[0, s] is just the value at time s. Consider now the symmetric random walk part.
Calling G the distribution function of the supremum of its values over the time-
interval [0, s], and G2 the distribution function of the value at time s, the reflection
principle entails that 1 — G; < 2(1 — G3). Integration by parts then yields that
f;&ol) e%2dGy(2) < 2f;(§i) e%dGy(z) = 2exp(OF (x,i)) exp (2(coshf — 1)s). Since
M (x,4) is bounded above by the sum of the suprema of the Poisson process and of
the symmetric random walk, these two suprema being independent, we deduce that

E:, (eeMS(x’i)) < 2exp(0F(x,i))exp (s[2(coshf — 1) 4 4esinh §]) .
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Plugging the last identity into (58) and summing, we finish the proof of the Lemma.
]

Define for £ > 0, and z < 7y,

Nz(t) — e@'rt—[Q(coshQ—l)—élesinh 9}t¢z (Xt) (59)

Lemma 15. (See Lemma 3 in [5].) For all € € [0,€], and all w = (F,r,A) € L,
the family (N,(t))e>o0 is a cadlag (Fy)e=o0-martingale with respect to Q,,.

Proof. Let us remark that,

N (t) _ Z e@Ft(:p,i)f@(cosh071)74esinh0]t
z - .

(z,i)eA <z
Now, each one of the terms in the above sum is an (F§ );>o-martingale. Furthermore,
since (z)z(w) < +o00, the martingales Z(m,i)eA,fnngz eOFt(x,i)—[2(cosh 6—1)—4esinh 9}1&’
converge in L'(Q%) to N.(t) as n — oo. Thus, (N,(t))t>0 is an (Ff)¢>o-martingale.

That the paths are cadlag is a consequence of (Xs)s>0 being cadlag.
O

Lemma 16. (See Lemma 4 in [5].) For every e € [0, ¢ and w = (F,r,A) € L,
Q5, (W < oo] < exp(0)pr_r(w).
Proof. See [5]. O

Lemma 17. (See Lemma 5 in [5].) There exist 0 < Cy,C3 < +00 not depending
on € or L such that, for all € € [0, €], w= (F,r,A) € L and t > 0,

QS [t <V < o0] < LCyexp(—Cist).

Proof. Without loss of generality, assume that r = 0. Then Qf,(t < V < 400)
is bounded above by the probability that one of the random walks born at a site
between —L + 1 and —1 is at the right of |a1s] at some time s > ¢. By coupling, we
see that the worst case is when all the walks start at zero, in which case, by the union
bound, the probability is less than aL times the probability for a single random walk
started at zero to exceed |as] at some time s > ¢. Let 7 := inf{s > ¢; £ > |a1s]}.
Using the fact that (exp(6£5 — [2(cosh@ — 1) — 4esinhf]s))s>0 is a martingale,
and applying Doob’s stopping theorem, we obtain the bound P(r < +o0) <

exp(0) exp(—puct). The result follows.
O

Lemma 18. (See Lemma 6 in [5].) There exists 61 > 0 not depending on € such
that, for all € € [0, €] and w = (F,r,A) € L,

QZ}[V<OO]§1—51
Proof. Without loss of generality we can assume that » = 0. Note that the
probability QS,[V < oo] is upper bounded by the probability that a random

walk within a group of aL independent ones all initially at site x = 0, at some
time t > 0 is at the right of |ait|. But this probability is 1 — f(e)**, where
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f(e) := P(for all s >0, £ < |ays]). By coupling, observe that f is a non-increasing
function of €. For e = ¢y, the asymptotic speed of the walk is 4¢y. Since, from (24)
a1 > 4ep, a consequence of the law of large numbers is that f(ep) > 0. This ends
the proof. O

Lemma 19. (See Lemma 7 in [5] and [4].) There exists 0 < Cy < 400 not depending
on € or L such that for all e < ey and w = (F,r,A) € L1, and all t > 0,

QS [t <U < o0] < Cyt™™M',

Proof. The proof given in [4] for ¢ = 0 is based on tail estimates on the random
variables (vg)r>0. By coupling, for all € € [0,1/2), and every s > 0, QS (v > s) <
QY (vg > s). Thus, the estimate in [4] is in fact uniform over e.

O

Lemma 20. There ezists 0 < C5 < +00 not depending on € or L such that for all
€ € [0,€0] and all t > 0,

QF, [Ussers < ars]] < Cst™M.

Proof. Since we start with the initial condition Zy, we can define a modified auxiliary
front (7)s>0 by replacing the random variables (vk)r>o used in the definition of
(7s)s>0 by the random variables (v )r>o defined as follows. Let v := 0 and, for
k > 1, v, is the first time one of the random walks {(z +Y;(2,7))s>0; (ro+k—M) <
z2<rog+k—1,1<i<a}, hits the site ro + k. With this definition, 7, < r, for all
s >0, and, for each 1 < j < M — 1, the random variables {Vf\/lkﬂ‘ ik >0} are i.i.d.
with finite moment of order M /2, whereas this is only true for {vasr4; : & > 1}. The
argument of [4] used to prove Lemma 19 can then be adapted to prove the present
result. Alternatively, one can invoke Lemma 38. U

Lemma 21. (See Lemma 7 in [5] and [4].) For every ¢ € (0,1/2], there exist
0 < Cg(€),C7(€) < +00 not depending on L such that, for every w = (F,r, A) € Ly,

and every t > 0,
QS [t < U < 0] < Cg(e) exp(—Cr(e)t).

Proof. We observe that, for a given ¢ > 0, v; has an exponentially decaying tail
due to the positive bias of the random walks (Ys(x,7))s>0. Using standard large
deviations estimates rather than moment estimates in the proof of Lemma 19, we

get the result.
O

Using a similar argument, we can prove the following Lemma.

Lemma 22. For all € € (0,¢g], there ezxist 0 < Cg(€),Co(e) < 400 not depending
on L such that, for allt > 0,

Qz, [Us>trs < [ar1s]] < Cs(e) exp(—Cy(e)t).

Lemma 23. (See Lemma 7 in [5] and Lemma 11 in [4].) There exists 3 > 0 not
depending on € such that, for all € € [0, €], w = (F,r, A) € L1, and t > 0,

Q;[U<OO]§1—(52
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Proof. By coupling, we see that QS, [U < oo] is a non-increasing function of e. Thus
the estimate for e = 0 proved in [4] is enough. O

Lemma 24. (See Lemma 9 in [5].)

Let 3 be such that 0 < 3 < «(0). Then there exists 0 < C1g < 0o not depending
on € or L such that, for all € € [0,¢€p], the following properties hold for all w =
(F,r,A) € L.

a) Ifr=0and w €Ly, andn > 1,

QS [T(n) > n/B) < Cron~ /2
b) Assume that r =0, m_pi/ag(w) > aL'/*/2 andn > 1. Then,

!/

@fu [T(n) > n/ﬂ] < (010L1/4n71/2)a141/4/2 + C1on7M .
c) Assume that r = 0. For all k > M and n > 1, we have,

QS [T(n+k)—T(k)>n/8) < Cron™M

Proof. The proof given in [5] for € = 0 is based on tail estimates for the random
variables (vg)r>0 and for hitting times of symmetric random walks, so that, by
coupling, the estimates proved in [5] are in fact uniform over e.

O

Lemma 25. Let 3 be such that 0 < 3 < «a(0). Then there exists 0 < C11 < oo not
depending on € or L such that, for all € € [0, €], for all w = (F,r, A) € L such that
r=0and m_pi/ao(w) > aL'*/2, for alln > 1,

QS, [T(nL) > nL/8] < Cyy(nL/?) =M
Proof. Consequence of Lemma 24 b), using the first inequality in (25). O

Lemma 26. (See Lemma 9 in [5].)
For all e € (0,1/2) and 8 such that 0 < 3 < «(0), there exist 0 < Cia(e), Ci3(e) <
oo not depending on L such that: for every w = (F,r,A) € Ly, and n > 1,

Q;, [T'(n) > n/B] < C12(B, €) exp(—C13(B, €)n).

Proof. Stems from the exponential decay of the tail of v, as in Lemma 21.
O

Corollary 3. (See Corollary 2 in [5].) There exists 0 < C14,C15 < 0o not depending
on € or L such that, for all € € [0, €], all w = (F,r, A) € Ly such that ¢, (w) < p,
and allt > 0,

QS (t < D < o) < Cra(t™™ + Lexp(—Cist)).

Corollary 4. (See Corollary 2 in [5].) For every e € (0,1/2], there exist 0 <
Ci6(B,€),C17(B,€) < 0o not depending on L such that, for all w = (F,r,A) € 1y
such that ¢p_r,(w) < p, and for all t > 0,

ny(t <D< OO) < LClﬁ(ﬁ,e) exp(—CU(ﬁ,e)t).
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Corollary 5. (See Corollary 2 in [5].) There exists 0 < 03 < oo such that, for all
€ €[0,¢], and all w = (F,r, A) € Ly such that ¢,_r(w) < p,

Q;(D < OO) <1-6;3.
Proof of the corollaries 3, 4 and 5. See [5]. O

Lemma 27. (See Lemma 11 in [5].)
There exists 0 < Cig,C19 < +00 not depending on € or L such that, for all
e €[0,¢], all w= (F,r, A) € Ly such that ¢p_r(w) < p, and all t > 0,

Qo(rp =7 > £,D < +00) < Cys (M + Lexp(~Ciot) )

Lemma 28. (See Lemma 11 in [5].) For every ¢ € (0,¢€p], there exist 0 <
Cao(€),Ca1(€) < 400 not depending on L such that, for all w = (F,r,A) € L
such that ¢p_r(w) < p, and for all t > 0,

QZU(TD —r>t,D< —I—OO) < LCQQ(E) exp(—Cgl(e)t).
Proof of Lemmas 27 and 28. Consider g > 0 large enough so that
Co (€0,0) > 0. (60)

Observe that then cy,(€) > cy,(€g) for all € € (0,e9]. Now by the union bound
and the fact that (rs)s is non-decreasing, Q,(rp —r > t,D < +00) < Qiu(rt%_l -

r>tD < t’yo_l) + @fu(t’yo_l < D < 400). Moreover, note that, by definition,
&r(0) < ¢p—,(0) + aL. Then apply Lemma 2 and Corollaries 3 and 4.
0

Lemma 29. (See Lemma 12 in [5].) Consider w = (F,r,A) € L; such that
¢r—r(w) < p. Then, for all € € [0, €o], QS,-a.s. on the event {D < oo} we have,

¢r-1(D) < ¢,
Proof. See [5]. O

Corollary 6. (See Corollary 3 in [5].) There exists 0 < Caa < 400 not depending
on € or L, such that, for all € € [0,¢)], and all w = (F,r,A) € L; satisfying
¢7‘—L(w) <p,

Efb[¢"'D (D),D < OO] < CyoL.
Proof. See [5]. O

Lemma 30. (See Lemma 13 in [5].) There is a constant 0 < Cas < 400 not
depending on € or L, such that, for all € € [0, €], and all w = (F,r, A) € L;:

a) Q’Z} (mT,T+L1/4 (XT(T+L1/4)) < aL1/4/2> S 023L7a/87
b) QZ} (mrD+L_L1/477'D+L(XT(TDJ,-L)) < aL1/4/2> S C23L7‘1M//8(M/+1).
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Proof. Without loss of generality, assume that » = 0. For the sake of readability, let
n:= L'/* We start with the proof of a).
Choose 4ep < < a(0). Then,

Q% [mo,n (X1(n)) < %} < Qg |:m0,n (X7(m)) < %»T(n) < Z} + Q;, [T(n) > %JD

Note that the event {mgn (Xr(n)) < an/2,T(n) < n/B} is contained in the event
that at least one particle born at any of the sites |n/2], |n/2] + 1,...,n hits some
site < 0 in a time shorter than or equal to n/3. Hence, we can conclude that,

QG [mon (Xrn) < 5700 < 5] < atot 1= /2 PGy < ~lnf2l), - (02)

where A§ := info<g<¢ &.

Noting that, by coupling, P[A¢ g S —n /2] is non-increasing as a function of €, we
can assume that € = 0.

Now, by the reflection principle, P[Ag/ﬁ < —n/2] < 2P[§2/ﬁ < —n/2]. Hence,

from inequality (62), we see that QS |:m(),n (X7(m)) <an/2,T(n) < %] is bounded
above by a(n + 1)P[£2/ﬂ < —n/2]. By a standard large deviations argument, for
every t > 0 and positive integer z, P[¢) > 2] < e ¥9(®#/Y | where g(u) > 0 for all
u > 0. Hence, a(n + 1)P[§2/6 < —n/2] < a(n+1)exp {—%9(5/2)}. Finally, using
part a) of Lemma 24 to bound the second term of inequality (61) and using the fact
that a(n + 1) exp {—%g(ﬁ/Q)} < 1/n%? for n large enough, we conclude the proof

of a).
Now for b), Py, [myp+L—nrp+L (XT(TDJFL)) < an/2] is upper bounded by,

Zk:lgkgm Qu[mrsr—np+L (XT(k+L)) <an/2] + Qlrp >m, D < ]

Letting m := Lo/ BM'+1)) “and using part a) and Lemma 27, we obtain the result.
O

Throughout the sequel, to shorten the expressions, we use D as an upper index
to denote quantities shifted by D. On the event {D < oo}, let

T'(nL) := T(rp+nL)—D, m;th = My toy ey Vo(t) = Y2 (8)00p, X{ := Xpiy,
where 6p denotes time-shifting of the trajectories by an amount of D.

Lemma 31. (See Lemma 14 in [5].) For every 0 < 8 < «(0), there exists 0 < Cay <
oo not depending on €, L, such that for all € € [0, €], and all w = (F,r, A) € L such
that m,_ 1, (w) > aL'*/2, and ¢,_1(w) < p, and for all natural n > 1,

QS |T'(nL) > "ﬁL,D < 00| < Coy(nLt/?)=M'+1,
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Proof. Without loss of generality we can assume that initially » = 0. Note that
Q5 [T’(nL) P = L' D< oo} is upper-bounded by

> ooq, [T’(nL) ﬂL rp =k D < oo] + Q5 [rD >nL'? D < oo} . (63)
k:1<k<L'/2n

Now, on the event {D < oo} we have that T'(rp) < D so that T(nL) < T(rp +
nL) —T(rp). Hence,

Q5 [T’(nL) > n;,rp =k,D < oo} <Q;, [T(k—l—nL) —T(k) > L]

Now, by part c) of Lemma 24, for all k > M we have Q5 [T(k‘ +nL)—T(k

) > 1
157 On the other hand for 1 < k < M — 1, Q [T(k—i—nL) T(k) > &

Q;, [T(M +nL) > 2E).

Now let # < ' < «(0). Observe that, when nL'/? > M5 /8 —1)~', (nL +
M)/B" <nL/B, so that Qf, [T(M—i-nL) nL} < QL [ (M +nL) > %ﬂ}

Thus, by Lemma 25, since mr_L1/47T(w) > aL1/4/27 we know that

Q, [T(M +nl) > ”L;M

When nL'/? < M(3'/B — 1)~1, the same bound holds, with a possibly larger con-
stant, using only the trivial inequality QS,(-) < 1. Using Lemma 27 to estimate the
second term of display (63), and combining with (64), we finish the proof. O

‘:
IN

IA

] < (Cra(nLY/2)™, (64)

Lemma 32. (See Lemma 14 in [5].) For every ¢ € (0,¢) and 0 < 8 < «(0),
there exist 0 < Ca5(S,¢€), Cos(B,€) < 0o not depending on L, such that for all w =
(F,r, A) € Ly such that ¢,—1(w) < p, for all natural n > 1,

G [T'nL) > 5.0 < x| < 5.0 xp(~Can(B. ).

n
B
Proof. Consider ¢ > 0 such that 5(1 4+ ¢) < a(0).

As in the proof of the previous lemma, Q, {T' (nL) > 2 e L'D< oo] is upper-

bounded by

L
Z Q;[T’(nL) > p =k D< oo} +QS, [rp > [¢nL],D < <]. (65)
k:1<k<[¢nL] B
By Lemma 28, QS [rp > [¢nL|,D < oo] < LCy(€)exp(—Cai(e)|[¢nL]). On
the other hand, for 1 < k < |[¢nLl], Q [T(kz +nL)—T(k) > %} <

Q, [T(LnL(l +0)]) > %] By Lemma 26, Q, [T(LnL(l +0)]) > %} < Cra(B(1 +
£),€) exp(—=Ch3(B(1 +£),€)[nL(1 +£)]).
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0

Remember the definition of u := oy — 2(cosh@ — 1) — 4esinh @, and the fact
that, for all € € [0, €9, pe > pe, > 0. We shall have ample use in the sequel of the
notation h(n) := p~ 12" exp(—pe,nL/a1).

Lemma 33. (See Lemma 16 in [5].) Consider w = (F,r, A) € L such that r = 0.
Then for all € € [0, €g], the following properties hold.

a) For every n > 1 we have

Qs, [¢0(T(n)) >2""p,T(n) < nL/al] < ¢o(w)h(n). (66)
b) For every k > 1 and n > k we have a.s.
Q5 [Un(T(0) = (T(n)) > 27" Hp, T(n) = T(k) < (n — k)L/eu | Fip |
< aLh(n —k).
Proof. See [5]. O

Corollary 7. (See Corollary 4 in [5].) There exists 0 < Co7 < 400 not depending
on € or L such that, for allw = (F,r,A) € L, for all e € [0,e0], A >0, n > 1,

@fy [1/)6( T/LL) > p2in, T’(nL) < nL/al, D < +OO] < 027Lh(n).
Proof. See [5]. O

Corollary 8. (See Corollary 5 in [5].) There exists 0 < Caog < 400 not depend-
ing on € or L such that, for all e € [0,€p], and all w = (F,r,A) € Ly such that
mr—L1/47r(w) > aL1/4/27
Q5 [{(94(T' (1)) > p} U{m, _pase  (Xfry) < aLM4/2}, D < 00
< Cog [—0M'/BOT+D)).

Proof. See [5]. O

Lemma 34. (See Lemma 15 in [5].) Let ¢ > 1 be an integer. Consider two sequences
(ak)k>1 and (ck)r>1 of non-negative real numbers such that Y o, ar < 1 and such
that

c1 < at, (67)
and for every m > 2 we have that,
m—1
Cm < Qp + Z Am—kCk- (68)
k=1
For all integers ¢ > 0, let Ay == > apk? and Cy := S 15 k. Fort > 0,
let A(t) := S5 apexp(tk) and C(t) := Y325 crexp(tk). The following properties

hold:
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a) Assume that ¢ > 1 is such that Ay < +00. Then Cy < +oo for all1 <k < g,

" Cy < (1—Ag)~ <A+Z<)qkAk>

b) Assume that A(tg) < +oo for some tg > 0. Then A(t) < 1 for all small
enough t > 0 and, for all such t,

C(t) < (1 A1) TLA®).

Proof. Part a) is proved in [5]. As for part b), observe that the power series a(z) :=

129 arz* has a convergence radius > exp(tp). As a consequence, the map t
a(exp(t)) is well-defined and continuous for ¢ < ty. For t = 0, a(exp(t)) = S35 ax <
1 by assumption. By continuity, a(exp(t)) < 1 for all ¢ > 0 small enough.

Summing (67) and (68), we see that, for all m > 1 and ¢t > 0, > | ¢; exp(ti)
arexp(t) + ity (ai exp(ti) + v @ik exp(ti)), so that Y ", ¢; exp(ti)

S agexp(ti) + o7 op exp(th) (sz j1 Gi—k exp(t(i — k))). As a consequence,
S eexp(ti) < A() 4+ A(t) S0 e exp(tk)). When A(t) < 1, we deduce that
S e exp(ti) < (1—A(t))LA(t). Letting m go to infinity, we conclude the proof.

O

<
<

Lemma 35. Let (O, H,T) be a probability space, and (Hy)n>1 be a non- decreasing
sequence of sub-c—algebras of H. Let (Bn)n>1, (Af)n>2 kefon—1] and (Bp)n>2 be
sequences of events in H such that the following properties hold:

(i) for alln>1, B, € Hy,
(ii) for allm >2, B, C Bp_1 N (B, UAJUA}U---UA"_,).

Now assume that we have defined a sequence (an)n>1 of non-negative real numbers
enjoying the following properties:
) ( ) < ay;
) for alln > 2, T(B)|Hn-1) < a1 a.s.;
) for alln >3, T(A}_ 1|Hn 9) < az a.s.;
) for alln > 2, T(AF) < an/2 a.s.;
) for alln > 2, T(A}) < an/2 a.s.;
) forallm >4 anda112<k‘<n—2 T(A}Hr-1) < Gp—kt1 @-5.;

then, letting ¢, := T(By,) for all n > 1, the inequalities (67) and (68) are satisfied
by the two sequences (an)n>1 and (cp)p>1.

(1
(2
(3
(4
(5
(6

Proof. First, observe that Inequality (67) is a mere consequence of assumption (1).
Assume now that n > 2. By the union bound,

n—1
T(Bn) < > T(A},Bn-1)+T (B}, Bn1). (69)
k=0
Now, since B,_1 € H,—1, assumption (2) entails that T (B/,, B,—1) < a1T(Bp-1)-
On the other hand, (4) and (5) imply that T(Af) + T(A}) < ap.
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When n = 2, we deduce from (69) that T(B,,) < T(Af) + T(A}) + T (B),, Bn-1),
so that T(By,) < a, + a1T(By,—-1), and so (68) is proved for n = 2.

Assume now that n > 3. Since by assumption B,y C By_2, T(A}_{,Bp—1) <
T(A 4, By—2). Now, thanks to assumption (3) and to the fact that B,,_2 € Hp_2,
T(Ag_l, Bn,Q) S QQT(Bn,Q).

For n = 3, we deduce from (69) that T(B,) < T(Af) + T(A}) +T(A}_,, Bh—1) +
T (B}, Bn—1), so that T(B,,) < a,, + a2T(Bp—_2) + a1T(By—1), and so (68) is proved
for n = 3.

Assume now that n > 4. For 2 < k < n — 2, the fact that B,_1 C B,_; implies
that T(A}, Bn—1) < T(A}, Br—2). Since By_; € Hj_1, assumption (6) entails that
T(A}, Bi—1) < an—p+1T(Bg-1).

As a consequence, plugging the previous estimates into Inequality (69), we obtain
that

n—2
T(Bn) < an + asT(Bn-2) + a1T(Bn1) + Y _ an_p1 T(Bro1),
k=2
which is exactly (68).
O

Lemma 36. (See Lemma 17 in [5].) There exists 0 < Ly < +00 not depending on
€ such that, for all L > Lg there exists 0 < Ca9 < +00 not depending on €, such that
for all € € 10, €p], the following properties hold.

a) Foralln >1, Q7 (Jo =2 n) < Cagn3~—M',

b) For allw = (F,r, A) € Ly such that m, 11 .(w) > aL'/*/2, and ¢ _p,(w) <
p, we have that, for alln > 1, QS (J,, > n,D < 400) < Clagn3—M'

¢) Forallm >1, Qs (Jo > n,U >T(nL)) < Cagn3~M',

In the sequel, we use the notation F; instead of F to alleviate notations.
Proof of part a). For all n > 1, let
By = 0y {¢u—1(T(EL)) > p} UB;,
Bli= {mi_ g (Xran) < al/2}.
Since ¢,(X;) < 1,(t), the following inequality holds:
Q7,(Jo > n) < Qz,(Bn). (70)
Forn>2and 1 <k<n-—1,let
AR =Y (T(nL)) — Y—1)(T(nL)),
and let
5= {¢0(T(nL)) > 2_("_1)]9} , Af = {AZ > 2_("—k)p} ]

We now prove that the assumptions (i)-(ii) of Lemma 35 are satisfied, with (O, H)
being the space D equipped with the cylindrical o-algebra, and probability Qf,, and
Hy == Frenr) for alln > 1.
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Assumption (i) is immediate. Note that, for n > 2, 1) (T(nl)) =
Yo(T'(nL)) + 22;11 AT. Since 2771 4 EZ;% 2-("=k) = 1, we have that

{Yp(T(nL)) > p} € {Uo(T(nL)) > 27 phu [Upzt {Af > 270 W}

so that (ii) is established.

We now look for a sequence (ay)p>1 such that assumptions (1)-(6) of Lemma 35
are satisfied. Assume that n > 2. By the strong Markov property and Lemma 24
c), using the fact that, by (25), L > M, we have for any 1 <k <n —1, a.s.

Q%, (T(nL) = T(KL) > (n — k)L/on| Frx-1)r)) < Cro((n—k)L)~".
By the strong Markov property again, and Lemma 33 b),
Qs [ p>2" Ry T(nL) - T(kL) < (n - /c)L/a1|fT((k_1)L)} < aLh(n — k).
We deduce that, forn > 2, and 1 <k <n —1, a.s.
Q% (AR Fr(e-1)z)) < Crol(n = k)L)™ + aLh(n - k). (71)
Similarly, using Lemma 25, which is possible since m_ 174 o(Zo) > aL'/*/2, we have
that
QS, (T(nL) > nL/a;) < Cy(nLY?)~M,
On the other hand, by Lemma 33 a), we have that
Q7, [wo(T(nL)) > 2" "p, T(nL) < nL/al] < ¢o(Zo)h(n).
We deduce that
Q%, (A7) < Cui(nLY?) ™" + 6o (Zo)h(n). (72)
Now, for n > 2, by part a) of Lemma 30, the strong Markov property, the fact

that (n — 1)L < nL — L'* and that there are at least a particles at the rightmost
visited site at time T'(nL — L'/*), a.s.

QY (BL|Fr(n-1)1)) < CosL™ 5. (73)
Finally, observe that, by the union bound, Q% (B:) is upper bounded by
Q7,(¥o(T(L)) > p, T(L) < Lfan) + Qg (T(L) > Lfen) + Qg (mp_ /s (Xr(r)) <
aL'/*/2).
Thanks to Lemma 24 a), Lemma 33 a) and Lemma 30 a), we obtain that
QS (B1) < ¢o(Zo)h(1) + CroL ™2 + Coz L~/5. (74)

Now we see that, by Inequalities (73) and (74), (1) and (2) of Lemma 35 are
satisfied if we let

ay := ¢o(Zo)h(1) + CroL~"? + Cos L~/5.
Now, for m > 2, let
am =2 |Cro((m = L) ™" + aLh(m = 1) + Cri(mEY2) ™ 4 6o (T)h(m) |

Inequalities (71) and (72) entail assumptions (3)-(4)-(5)-(6) of Lemma 35. Note that
the sequence (am,)m>1 depends on €y but not on e. Moreover, observe that, for large
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enough L (not depending on ¢), nto:ol amm™' =3 < 400. On the other hand, as L

goes to infinity, Z:f:ol am goes to zero, as can be checked by studying each term in
the definition of (@, )m>1. Part a) of Lemma 36 then follows from Lemma 34.
O

Proof of part b). We use exactly the same strategy as for part a).
For all n > 1, let

By = N, {@zjgi_l)L)(T’(iL)) >p, D < +oo} UB,
Bli= {mly i (X)) < al'//2, D < +oo}.
Since ¢,(X;) < 1,(t), the following inequality holds:
Q5,(Jrp >n, D < 400) <Q5,(By). (75)
Forn>2and 1<k <n-1,on{D < +oo}, let
k=Y (T'(nL)) — wfk—l)L(T,(nL)),
and let
b= {U(T'(nD)) > 270 Vp, D < 4o}, AR = {A} > 27 Fp, D < 4oo},

for1<k<n-1.

We now prove that the assumptions (i)-(ii) of Lemma 35 are satisfied, with
(O, H,T) being the space D equipped with the cylindrical o—algebra, and prob-
ability Q,, and H,, := Fr(pqnr) = ]—},(RL) for all n > 1.

Assumption (i) is immediate. Note that, for n > 2, on {D < +oo}
W1y (T'(nL)) = ¢o(T'(nL)) + 3321 Ap. Since 270 4 3771927k = 1
we have that, on {D < 400},

{ oy (T'(nL)) > pf < {W(@' (L)) > 27 Dp} U (Uit { A > 270 Ppl ],

so that (ii) is established.

We now look for a sequence (a,)n>1 such that assumptions (1)-(6) of Lemma 35
are satisfied. Assume that n > 2. By the strong Markov property and Lemma 24
c), using the fact that, by (25), L > M, we have for any 1 < k < n— 1, on the event
{D < +o0}, as.

/

Q;, (T'(nL) = T'(kL) = (n = K)L/on |Fp_pypy ) < Crolln — K)L) ™"

By the strong Markov property again, and Lemma 33 b), we have that, on {D <
+oo}, a.s.

We deduce that, for n > 2, and 1 <k <n—1, on {D < 400}, a.s.

Qu(ARIFD (1)) < Cro((n = K)L)™™ + aLh(n — k). (76)
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Similarly, using Lemma 31, which is possible since m_ 11 (w) > aL'/*/2 and
¢r—r(w) < p, we have that
Q5 (T'(nL) > nL/ay, D < +00) < Cyy(nLY/?)=M+1,
On the other hand, by Corollary 7, we have that
Q5 [wo(T’(nL) > 27", T'(nL) < nL/oq] < CorLh(n).
We deduce that
Q5 (AD) < Cou(nLY2)=™M+1 4 Cor Lin(n). (77)
Now, for n > 2, by part a) of Lemma 30, the strong Markov property, the fact
that (n — 1)L < nL — L'/*, and that there are at least a particles at the rightmost
visited site at time T'(rp +nL — LY*), on {D < +oc}, a.s.
QS (Bh|Fpr((n_1ypy) < CosL™/%. (78)
Finally, observe that, by Corollary 8,
Q;(Bl) < ngL_aM//(S(MI+1)). (79>

Now we see that, by Inequalities (78) and (79), (1) and (2) of Lemma 35 are
satisfied if we let
ay = 023L—a/8 + 028L—aM’/(8(M/+1))'
Now, for m > 2, let

am =2 |Cro((m = L) ™ + aLh(m — 1) + Coa(mELY2) ™ 4 Cor Lh(m)]

Inequalities (76) and (77) entail assumptions (3)-(4)-(5)-(6) of Lemma 35.
Note that the sequence (am,)m>1 depends on €y but not on e. Moreover, observe
that, for large enough L (not depending on €), T2 gmm™M =3 < 400, On the other

m=1
hand, as L goes to infinity, Z;;ozol am, goes to zero, as can be checked by studying
each term in the definition of (am,)m>1. Part b) of Lemma 36 then follows from
Lemma 34. U

Proof of part ¢). For all n > 1, let
By = Nizy {¢-1)e(T(L)) > p, U >T(L)} U B,
Bli= {my g (Xran) < oLY4/2,U > TGL) |
Since ¢,(X;) < 1).(t), the following inequality holds:
Q;,(Jo > n,U > T(nL)) < Q% (By). (80)
Forn>2and 1 <k<n-—1,let
k= YrL(T(nL)) — -1y (T(nL)),
and let
n = {wO(T(nL)) > 9=y 7 > T(nL)} AT = { s 9=y s T(nL)} ,

for1<k<n-1.
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We now prove that the assumptions (i)-(ii) of Lemma 35 are satisfied, with (O, H)
being the space D equipped with the cylindrical o—algebra and probability QZ(;O,
and ‘Hy, := Frp(nr). Assumption (i) is immediate. Assumption (ii) is proved as in a).

We now look for a sequence (a,)n>1 such that assumptions (1)-(6) of Lemma 35
are satisfied.

Assume that n > 2. Exactly as in part a), we can prove that, for n > 2, and

1<k<n-1,as.
S0 (AR Fre-yz)) < Cro((n = k)L)™" + aLh(n — k). (81)

Now, note that, on Af, one has T'(nL) < (nL + 1)/ag since U > T'(nL), whence
T(nL) <nL/ay when L > oy /(e — aq).
On the other hand, by Lemma 33 a), we have that

S0 [Y0(T(nL)) > 27"p, T(nL) < nL/oy] < o(ado)h(n).
We deduce that
50 (AD) < go(ado)h(n). (82)

Exactly as in a), a.s.
o0 (Bl Fr(n—1)1)) < CasL ™%, (83)

Finally, observe that, by the union bound, Qaéo(Bl) is upper bounded by
aso (Vo(T(L)) > p, T(L) < L/ax) + Qs (T(L) > L/ar) + Q7 (my,_pisa 1 (Xr(ry) <
aL'/*/2).

Thanks to Lemma 33 a) and Lemma 30 a) and Lemma 24, we obtain that

QSs,(B1) < do(ado)h(1) + CroL ™2 + Coz L™/, (84)

Now we see that, by Inequalities (83) and (84), (1) and (2) of Lemma 35 are
satisfied if we let

a1 = ¢o(ado)h(1) + C1oL™Y2 4 Coz L™/5.
Now, for m > 2, let

am =2 |Cro((m — D)L)™ 4 aLh(m — 1) + ¢o(ado)h(m)| .

Inequalities (81) and (82) entail assumptions (3)-(4)-(5)-(6) of Lemma 35.

Note that the sequence (ap,)m>1 depends on ¢y but not on e. Moreover, observe
that, for large enough L (not depending on €), ;2001 amm™' =3 < 400. On the other
hand, as L goes to infinity, + 1 am goes to zero, as can be checked by studying
each term in the definition of (am)mzl Part c) of Lemma 36 then follows from

Lemma 34.
O

Lemma 37. (See Lemma 17 in [5].) For every € € (0, €], there exists Li(€) < +o00
such that, for all L > Ly(e), there exists 0 < Csp(e),Cs1(e) < 400 such that the
following properties hold.

a) For alln > 1, Q7 (Jo > n) < Cso(e€) exp(=Csi(€)n).
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b) For all w € Ly such that m,_j1/s,(w) > aL'*/2, and ¢,_r(w) < p, we
have that, for alln > 1, Q%,(J., > n,D < +00) < Cs(€) exp(—C31(€)n).
¢) For allm > 1, Qg5 (Jo > n,U >T(nL)) < Cs(e) exp(—Cai(€)n).

Proof of part a). We use exactly the same definitions as in the proof of part a) of
Lemma 36, except that we look for a different sequence (ay,),>1 such that assump-
tions (1)-(6) of Lemma 35 are satisfied. Assume that n > 2. By the strong Markov
property and Lemma 26, we have that, for any 1 < k <n —1, a.s.

Q%, (T(nL) = T(kL) > (n — k)L/ou|Frr-1yr)) < Ci2(e) exp(=Ciz(e)(n — k)L).
As in the proof of Lemma 36, a.s.
Q7, [ R >270"Np, T(nL) = T(kL) < (n = k)L/oa|Fr(r-1yw)| < aLh(n — k).
We deduce that, forn > 2, and 1 <k <n —1, a.s.
Qz, (AL Fr(r-1yr)) < Cra(€) exp(=Ciz(€)(n — k)L) + aLh(n — k).
By Lemma 26 again,
Q%, (T(nL) > nL/a1) < Cra(e) exp(—Ci3(e)nl).
On the other hand, as in the proof of Lemma 36,
Q%, [Yo(T(nL)) > 27"p, T(nL) < nL/a1] < ¢o(Zo)h(n).
We deduce that

Q% (A7) < Cra(e) exp(—Cua(e)nL) + do(Zo)h(n). (85)
Now, for n > 2, as in the proof of Lemma 36, a.s.
Q% (Bl Fr(n-1)1)) < CasL ™%, (86)
Similarly,
Q5,(B1) < ¢o(Zo)h(1) + CroL~/? + Cos L=/%, (87)

Now we see that, by Inequalities (86) and (87), (1) and (2) of Lemma 35 are
satisfied if we let

ay := ¢o(Zo)h(1) + CroL ™2 + CosL™/%,
Now, for m > 2, let
am, = 2[Ch2(€) exp(—Ci3(e)(m — 1)L) + aLh(m — 1) +
Cha(€) exp(—=Cis(e)mL) + ¢o(Zo)h(m)].
Inequalities (85) and (85) entail assumptions (3)-(4)-(5)-(6) of Lemma 35. Now

observe that, for L large enough, > a, exp(tn) < 400 for ¢ > 0 small enough.
As L goes to infinity, Z+°O am, goes to zero, as can be checked by studying each

m=1
term in the definition of (@ )m>1. Part a) then follows from Lemma 34.

O
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Proof of part b). We re-use exactly the same definitions as in the proof of part b) of
Lemma 36, except that we look for a different sequence (ay),>1 such that assump-
tions (1)-(6) of Lemma 35 are satisfied. Assume that n > 2. By the strong Markov
property and Lemma 26, we have for any 1 <k <n—1, on {D < +oo} a.s.

Q, (T'(nL) (kL) > (n— k)L/a1|F/T,((k_1)L)> < Cha(€) exp(—Chs(e)(n — k)L).
As in Lemma 36, we have that, on {D < 400} a.s.
Q5 [ p>2 0 Rp T'(nL) — T'(kL) < (n — k)L/oa|Fpoe_yyy | < aLh(n — k).
We deduce that, for n > 2, and 1 <k <n -1, on {D < +o0}, a.s.

Q% (AP onyry) < Cra(€) exp(=Cua(e) (n — k)L) +aLh(n— k). (88)
Similarly, using Lemma 32, which is possible since ¢,_1(w) < p, we have that
QS (T"(nL) > nL/ay, D < +00) < Cos(€) L exp(—Cag(e)nL).

As in the proof of Lemma 36, we have that
Q, [vo(T'(nL)) > 27"p, T(nL) < nL/a;] < CarLh(n).
We deduce that

QS (Af) < Chs(e)Lexp(—Cag(e)nL) + CarLh(n). (89)
Now, for n > 2, as in Lemma 36 a.s.
Q% (Bl Fpr(n-1yry) < CaaL™"%, (90)
and
QZ,(BI) < CQBLfaM/(16(M+1))' (91)

Now we see that, by Inequalities (90) and (91), (1) and (2) of Lemma 35 are
satisfied if we let
(= CygL~/3 4 Cog L =0M/(16(M+1)).
Now, for m > 2, let
am = 2[Ci2(€) exp(—Ci3(e)(m — 1)L) + aLh(m — 1) +
CQ5(6)L exp(—CQ(,-(e)nL) + 027Lh(m)].

Inequalities (88) and (89) entail assumptions (3)-(4)-(5)-(6) of Lemma 35. Now
observe that, for L large enough, E:{g an exp(tn) < +oo for ¢ > 0 small enough.
As L goes to infinity, Z::f:ol am goes to zero, as can be checked by studying each
term in the definition of (am,)m>1. Part b) then follows from Lemma 34. O

Proof of part ¢). We use exactly the same definitions as in the proof 36 c), except
that we look for a different sequence (ay,),>1 such that assumptions (1)-(6) of Lemma
35 are satisfied.

Assume that n > 2. Exactly as in the proof of part a) of the present lemma, we
can prove that, forn > 2, and 1 <k <n-—1, a.s.

QF, (AR |1 Fr((k—1)1)) < Cr2(€) exp(—Cis(€)(n — k)L) + aLh(n — k). (92)
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As in the proof of Lemma 36 c),

aso (A0) < ¢o(ado)h(n). (93)
Similarly, a.s.
<50 (Bl Fr(n-1yr)) < CasL™/8, (94)
and
QSs,(B1) < do(ado)h(1) + CroL ™2 + Coz L™/, (95)

Now we see that, by Inequalities (94) and (95), (1) and (2) of Lemma 35 are satisfied
if we let

ay ‘= gf)o(d&o)h(l) + CloL_a/Q + CQgL_a/s.
Now, for m > 2, let

am = 2[Cra(e) exp(—Caa()(m — 1)L) + aLh(m — 1) + do(ado) h(m) .

Inequalities (92) and (93) entail assumptions (3)-(4)-(5)-(6) of Lemma 35. Now
observe that, for L large enough, Z;{i‘i an exp(tn) < +oo for ¢ > 0 small enough.
As L goes to infinity, Z;OZOI am, goes to zero, as can be checked by studying each
term in the definition of (an,)m>1. Part c¢) then follows from Lemma 34. O

Lemma 38. Let (Y;)i>1 be a sequence of random variables on a probability space
(O, H,T), and (H;)i>o0 an non-decreasing sequence of sub-oc—algebras of H such that
Ho = {0,0}. Assume that the following properties hold:

e for alli > 1,Y; is measurable with respect to H;;

e there exists an integer ¢ > 1 and a constant 0 < ¢1(q) < 400 such that a.s.

Ep(YV[Hi-1) < e1(q).

Then there exists a constant 0 < co(q) < 400, depending only on q and c1(q), such
that for allt >0 and n > 1,

T (sup k!
k>n

k
Yi+---+Y, — ZE’I{‘(Y;"Hi—l)
=1

> t) < ca(q)n 92,

Proof. Observe that Er(Y;|H;_1) exists and is finite for all i since Ep(Y;4|H,_1) <
+o0o. Now let Z; := Y; — Ep(Y;|H;—1). Observe that, with our assumptions,
Er(Z;|Hi—1) = 0 a.s. Moreover, thanks e.g. to Jensen’s inequality, ET(ZZ?q|Hi_1) <
c3(q), where c3(q) depends only on g and ¢1(q).

We now prove by induction on ¢ that, for all £ € [0, ¢] there exists a constant
0 < ¢4(¢f) < 400, depending only on ¢, g and ¢1(q), such that, for all n > 1,

Er((Zy + - + Zn)%) < ca(O)n’. (96)

For ¢ = 0, the result is trivially true for all n > 1. Now consider ¢ € [0,q — 1],
assume that the result holds for £, and let us prove that it holds for £ 4+ 1. For all
n>1,

Er((Zy + - + Zn1)¥1?) = Z I

242 <2£ 42
k=0

)ET«Zl )
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With our assumptions, Er((Z; + --- + Z,)*'Z,11) = 0. Now, by Jensen’s in-
equality, ET(ZZH’Hn) < e3(q 4+ 1)@t a5, By our induction hypothesis, we see
that Bp((Z1 + -+ + Z,)?*) < ca(€)n?, with ¢4(¢) depending only on ¢, ¢, and ¢;(q).
As a consequence, Ex((Zy + -+ + Z,)%Z2 1) < ca(£)es(q)/ @ nd. On the other
hand, by Jensen’s inequality, for k > 3, Er [(Z1 + -+ + Z,)* 2% | <Eq((Z1 + - +
Zy)?0)REF2=R28 < (4 (0)n)PAH2=R2E Similarly, Er (|25 4] [Ha) < e3(9)"/? aus.,
so that |Ep((Z1 4 -+ Z,)2 2% 2k )| < c3(q)*2D (cy(£)nt)BH2=R)/2L - Putting
these estimates together, we obtain that the difference

Er((Z1 + - + Zng1)*?) = Ex((Z1 + - + Z0)*H?)
is bounded above by

2/

20+ 2 20 + 2 -

( 2)Qw%wmw+§:Qmo_meww@wMW“2W%
k=3

Since the are only terms of order n’ or less in the r.h.s. of the above inequality,
summing, we deduce that Ep((Z; 4 - - - + Z,)**1?) < es(0+ 1)n'*! for all n > 1, with
a constant ¢4 (¢ 4+ 1) depending only on ¢, ¢, and ¢1(q), so the induction step from ¢
to ¢ + 1 is complete.

Now observe that the sequence (Mj)y>o defined by My := 0 and My, := k~1(Z; +
.-+ + Zi) is a martingale with respect to (Hx)r>0. As a consequence, using the
maximal inequality for martingales and Inequality (96), we see that, for all integers
n>1and ¢ >0,

T( sup |Muzgs@mmﬂwaqr%

2n<k<2t+1ln
By the union bound,
> t)

k
T (sup EYY i+ 4+ Y, — ZET(YHHi—l)

k>n i—1

is bounded above by
+oo
Z T sup | M| >t
-0 Wn<k<2t+1n

and so by

400 —q
Z c4(q) (2€+1n> 24,
£=0

The conclusion follows. O

Lemma 39. Let (Y;)i>1 be a sequence of non-negative integer-valued random vari-
ables on a probability space (O, H,T), and (H;)i>0 an non-decreasing sequence of
sub-o—algebras of H such that Hy = {0,0}. Assume that the following properties
hold:

o for all i >1,Y; is measurable with respect to 'H;;
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e there exists 0 < c1,co < 400 such that for all i > 1 and k > 0, T(Y; >
t/Hi—1) < c1 exp(—cak).

Then there exists c3 depending only on ci,co such that, for all t > c3, there exist

0 < ¢5,c6 < 00 such that, for alll <n <m, T(Y1+---4Y, > mt) < c5 exp(—cem).

Proof. For 0 < A < cg, one has a.s.

+oo
Er(exp(A\Y;)[Hi1) < 14> (e — rE)T(Y; > k[H;1)
k=1

A—c2

S 1+Cl(1*€_)\)1_67)\702.

Letting j(A) :=c1(1 — e_)‘)@;c2 we deduce that

1_e>\—C2 9
Er(exp(A(Y1 + -+ 4+ Yn))) < (1 +5(A)™.
Then, by Markov’s inequality,
T(Y1+ -4+ Y, >mt) < exp(—mAt)Er(exp(A(Y1 + -+ Yp)),

so that
T(Y1+ -+ Yy, >mt) <exp[—m (At +log(l+j(N))]. (97)

As X goes to zero, we see that j(\) = c3A + o(\), with ¢3 :== lf;c_iz. Choosing A
small enough in (97) yields the result when n = m. For n < m, observe that by

assumption Y1 + -+ Y, <Y +--- + Y,,.

n

Lemma 40. For L > Ly, there exists 0 < Cs3q,(C33 < 400 such that, for all € €
[0, €], and all k > 1,

a) Q%O(Tsk > kCs3 +u, K > k) < ngk2u’4;

b) Qgs,(rs, > kCs3 +u, U = +o0, K > k) < Caok?u2.

Proof. Fix L > Ly. Observe that, for any £ > 1, on {K > k},
k—1
rs, =10+ (rs, —70) + Z (rs;s, —rp, + 7D, —73,) LK > j). (98)
j=1
with 1 < 57 < K, denoting w = (F,r, A), the three
conditions w € Ly, ¢r—r(w) < p, and m,._p1/a . (w) > aL'/*/2 are satisfied. As a
consequence, by Lemma 27 and the strong Markov property, for all 1 < j <k —1,
and all t > 0, a.s. QF (rp; —rs; > t, K > j|Fs;) < Cis (tiM/ + Lexp(—C’lgt)).
Now letting, for j > 1, Y; := (rDj — Tsj) 1(K > j), and H; := Fg,,,, we see that
the assumptions of Lemma 38 are satisfied with ¢ = 2, since M’ > a + 8.
Thanks to the above observation on w = erj, and to the fact that, on {K > j},

TS;s1 —TD; = LJTDJ_, we see that, by Lemma 36 b) and the strong Markov property,
forall 1 < j < k—1,and all ¢t > 0, as. QF (rs;,, —7rp; > t, K > j|Fs;) <

Observe that, for w = X

TS
SJ
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Coo(|L~1t])3~™'. Similarly, thanks to Lemma 36 a), one also has that, for all £ > 0,
a.s. Q%O(rgl —ro>t, K > j|Fs;) < Coo(| L™1t])3~M.

Now letting Y7 := rg, — ro, and, for j > 2, Y, := (rsj —7‘D]-_1) 1(K > j), and
H; := Fg;, we see that the assumptions of Lemma 38 are again satisfied with ¢ = 2.
Applying Lemma 38, we deduce the existence of two constants ¢, d not depending
on € such that for all £k > 1 and u > 0,

k—1
Qg | Y (rp, — 7)) UK > j) > ke+u, K >k | <dk*u™,
j=1

and
k-1
Q%, | sy — 7o+ (r5j+1 — rDj) 1K >j)>ke+u, K>k| < dk?u.
j=1

Part a) of the lemma then follows from the two above inequalities, (98), and the
union bound.
To prove part b), we note that, for all k > 1, on {K >k, U = +o0},
k—1
rs, =10+ (s, —10)1(U = +00) + Y _ (rs,., —7p, +rp, —rs,) 1K > j). (99)
j=1
We can use the same argument as in the proof of part a) to deal with
Zf;ll (rp, —rs,) (K > j) and Zf;ll (rs;.. —rp,) 1(K > j). To deal with the
remaining term (rg, — ro)1(U = +o00), observe that rg, — ro = LJy, and apply
Lemma 36 c). O

Lemma 41. For all ¢ € (0,e0], and L > Ly(e), there exist 0 <
C34(€), C35(€), C6(€) < +o00o such that, for all k < m,

a) QEIO (rs, > mC34(€), K > k) < Cs5(€) exp(—Csp(€)m);

b) QZJO(TSk > m034(e), U = +00, K > k) < 035(6) eXp(—ng(e)m).
Proof. Adapt the proof of Lemma 40, using Lemma 39 instead of Lemma 38, and
Lemma 37 instead of Lemma 36. O

Proposition 17. For all L > Lg, there exists 0 < C37 < 400 not depending on €
such that, for all € € [0, €],

a) Eg, (k) < Car, By, (re)?) < Car

b) E¢ (K2’U = —|—oo) < Cyr, E250<(T5)2|U = —I—OO) < Csy.

ado
Proof of Proposition 17. Observe that, for any integer ¢ > 1,
l
{r>t} C{K >0 U | J{K =k S >t}

k=1
whence

l
{k >t} C{K >/(}U U{K =k, rg, > |oat]} U{Ussrs < |a1s]}. (100)
k=1
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By the union bound,
l
Q3, (k> 1) < QG (K > 0) + ) Qf,(rs, = aat), K = k) + QF (Uszers < [aas]).
k=1
(101)
Now remember d3 defined in Corollary 5 and let ¢ := —4log ((1 — d5)~'[t]). By
(25), ¢r—r(Zo) < p so that Q7 (D < +o0) < 1 — d3. Moreover, for all j > 1, on
K >j, QST_L(XTS],), so that, by the strong Markov property, we have a.s. Q7 (D <
+00|Fs;) <1 — 3. We deduce that

Qf (K >0) < (183" <t (102)

Now observe that, for large enough ¢ (not depending on €), |a1t] > €Cs3 + a;t/2.
Using Lemma 40 a), we deduce that, for all 1 <k < ¢,

ngo (Tgk > I_Oth, K > k‘) < C’32k;2(a1t/2)_4. (103)
Finally, by Lemma 20,
QF, [Ussers < ars]] < Cst=M. (104)

Plugging (102), (103) and (104) into (101), we deduce the conclusion of part a)
regarding EZ. (k?). The conclusion for EZ, ((rx)?) follows by an application of Lemma
2.

As for part b), observe that the estimate in (102) is still valid when Zj is replaced
by adg. On the other hand, the estimate obtained in (103) follows from Lemma 40
b). Then, by definition, the event U = +o00 rules out the event Us>irs < |as].
Part b) is then proved exactly as part a), noting that, Qus5,(U = +00) > 1 — ds.

U

Proposition 18. For alle € (0, €], and L > Lq(€), there exists 0 < Csg(e), Cs9(€) <
+o00 such that

a) ES (exp(—Css(€)r)) < C3g(e), ES (exp(—Css(€)ry) < Cg(e);

b) Efs (exp(—Css(e)k|U = +oo) < Csg(e), Egs (exp(—Cas(e)ry|U = +00) <

ado

Csg(€).

Proof of Proposition 18. The proof is very similar to the proof of Proposition 17,
but this time, we use £ := | (1/2)Cs4(€) "tat], so that the r.h.s. of (102) now decays
exponentially as t — 4o0.

We then use Lemma 41 instead of Lemma 40, noting that, for large enough ¢,
|ait| > €C34(€). Finally, we use Lemma 22 instead of Lemma 20, and the conclusion
follows as in the proof of Proposition 17.

O

It remains to note that Proposition 12 is a mere rephrasing of Propositions 17
and 18 above.
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Y:, r.v. on Q, 7
Y:, r.v. on D, 15
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