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Abstract

We consider the solution wu(z,t) to a stochastic heat equation. For fixed z, the
process F(t) = u(x,t) has a nontrivial quartic variation. It follows that F' is not
a semimartingale, so a stochastic integral with respect to F' cannot be defined in
the classical 1t6 sense. We show that for sufficiently differentiable functions g(z,t),
a stochastic integral [ g(F(t),t)dF(t) exists as a limit of discrete, midpoint style
Riemann sums, where the limit is taken in distribution in the Skorohod space of cadlag
functions. Moreover, we show that this integral satisfies a change of variables formula
with a correction term that is an ordinary It6 integral with respect to a Brownian
motion that is independent of F'.
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1 Introduction

Recall that the classical It6 formula (i.e., change of variable formula) contains a “stochastic
correction term” that is a Riemann integral. A purely intuitive conjecture is that the Ito
integral itself may appear as a stochastic correction term in a change of variable formula when
the underlying stochastic process has fourth order scaling properties. The first formula of
this type was proved in [I], however, the “fourth order scaling” process considered in that
paper was a highly abstract object with little intuitive appeal. The present article presents
a change of variable formula with It6 correction term for a family of processes with fourth
order local scaling properties; see and Corollary .

The process which is our primary focus is the solution, u(z,t), to the stochastic heat
equation dyu = %fﬁu + W (z,t), with initial conditions u(x,0) = 0, where W is a space-time
white noise on R x [0, 00). That is,

(1) = /R Pty ), (1.1)

where p(z,t) = (2rt)"1/2e=*"/2 is the heat kernel. Let F(t) = u(z,t), where z € R is fixed.
In the prequel to this paper [15], it is shown that F' is a continuous, centered Gaussian
process with covariance function

p(s,t) = EF(s)F(t) = (2m) (|t + 52 — |t — s['/?), (1.2)

and that F' has a nontrivial quartic variation. In particular,
—~ . , 6
Y oIFG/n) = F((G = 1)/t = -
j=1

in L?. It follows that F' is not a semimartingale, so a stochastic integral with respect to F
cannot be defined in the classical It6 sense. In this paper, we complete the construction of
a stochastic integral with respect to F' which is a limit of discrete Riemann sums.

More generally, we shall construct a stochastic integral with respect to any process X of
the form X = c¢F' +¢&, where ¢ € R and £ is a stochastic process, independent of F', satisfying

£ € C'((0,00)) and /0+ I€'(t)|dt <00  as. (1.3)

This allows us, for example, to consider solutions to ([1.1)) with non-zero initial conditions.
Another example of such an X is fractional Brownian motion with Hurst parameter 1/4.
See Examples [6.7] and [6.8] for more details.



Note that £, and therefore X, need not be a Gaussian process. If it is Gaussian, however,
its mean function will be px(t) = EX(t) = pe(t), and its covariance function will be
px(s,t) = 2p(s,t)+pe(s,t). Conversely, the results in this paper will apply to any Gaussian
process X whose mean and covariance have the form uxy = i and px = ?p + p, where
and p are the mean and covariance of a Gaussian process satisfying .

We conjecture that the results in this paper hold when £ is only required to be of bounded
variation. We require ¢ to be O, however, because of our particular method of proof. See
the proofs of Corollaries 4.6 and 6.4 for further details.

For simplicity, we consider only evenly spaced partitions. That is, given a positive integer
n, let At =n~1 t; = jAt, and AX; = X (t;) — X(t;_1). Let [z] denote the greatest integer
less than or equal to x. For g € C(R x [0,00)), we consider the midpoint-style Riemann

sums
[nt/2]

LX(g,t) = > g(X(tgj-1), taj—1) (X (tz) — X (tzj-2)). (1.4)
j=1
When X = F, we will simply write I,, rather than 7.

In the construction of the classical Ito integral, the quadratic variation of the integrator
plays a crucial role. Although the quadratic variation of X is infinite, the “alternating
quadratic variation” of X is finite. That is, QX (¢) = Z]U:Ltl/ 2] (AX3; — AX3; ;) converges
in law. If we denote the limit process by {X},;, then it is a simple corollary of the main
result in [I5] that {X}; is a Brownian motion which is independent of X. More specifically,
(X,QF) — (X,kc®B), where B is a standard Brownian motion, independent of X, and
Kk~ 1.029. (See for the precise definition of x.) The convergence here is in law in the
Skorohod space of cadlag functions from [0, 00) to R?, denoted by Dg:[0, c0).

We shall show that IX(g,t) also converges in law. If fg 9(X(s),s)dX(s) denotes a process
with this limiting law, then our main result (Corollary is the following change of variables
formula:

oX(0).0 = ox0).0) + [ 09(X (s), 5) ds

v 0,0(X(9). s / $)d{X).,

where the equality is in law as processes. This can be rewritten as
t
9XD.6) = 9(X(0,0)+ [ 2g(X(s),)ds
0

+f 0,0(X(s). ) / $)dB(s), (L5)

where this last integral is a classical [t6 integral with respect to a standard Brownian motion
that is independent of X.
To state our results more completely, let Y be a semimartingale and define

P 0.0.0) = (X0, o(X(0).0)~ [ Dg(X(5)5)ds =5 [ g(X(6),5 ¥ 5). (1.6)



We show that (F,QF, IX(8,g,-)) — (F,kB,I*B(d,9,-)) in law in Dgs|[0,00), whenever

nJ)»n

g € CYN(R x [0,00)). (See (3:2)-(3.5) for the precise definition of the space C*!. Also see
Remarks and [6.6])

The benefit of having the convergence of this triple, rather than just the Riemann sums,
can be seen if one considers two separate sequences of sums: {IX(gy,-)} and {IX2(gy,)}.
As n — o0, these sequences will converge jointly in law. Separately, each limit will satisfy
; and moreover, the Brownian motions which appear in the two limits will be identical.
In this sense, the Brownian motion in depends only on F', and not on &, ¢, or g. Clearly,
this can be extended to any finite collection of sequences of Riemann sums.

In the course of our analysis, we will also obtain the asymptotic behavior of the trapezoid-

style sum,
[nt]
Tj((g7 t) — 2 : g<X(tJ*1>7 t]12) + g(X(tJ)ﬂ tJ)AX]

(1.7)

J=1

We shall see (Corollary that T:X(0,g9,t) — g(X(t),t) — g(X(0),0) — fot 0rg(X (s),s)ds
uniformly on compacts in probability (ucp), whenever g € Ci'(R x [0,00)). This result
remains true even when X = cF + £, where ¢ satisfies only , and is not necessarily
independent of F'.

It is instructive to contrast these results with those of Russo, Vallois, and coauthors
[5, 6, 13, [14], who, in the context of fractional Brownian motion, use a regularization
procedure to transform these Riemann sums into integrals before passing to the limit. (Also
see [2].) For instance, if g does not depend on ¢, then the regularized midpoint sum is

1 t

2 J(F(s))(F(s+¢e)—F((s—¢)V0))ds

and the regularized trapezoid sum is

1 t

% ; (§'"(F(s))+d(F(s+¢)(F(s+e¢)— F(s))ds.

Using a change of variables, we can see that if ¢’ is locally integrable, then the difference
between these two integrals goes to zero almost surely as ¢ — (0. Hence, under the
regularization procedure, the midpoint and trapezoid sums exhibit the same limiting
behavior: they converge ucp to integrals satisfying the classical change of variable formula
from ordinary calculus. Under the discrete approach which we are following, however, we see
new behavior for the midpoint sum: the emergence of a correction term which is a classical
[to integral against an independent Brownian motion.

It should be noted that all of our convergence results rely on the fact that F' is a quartic
variation process. That is,

CiAPT < EAF? < CoAT, (1.8)

where H = 1/4. For example, the convergence of QF to a Brownian motion is made plausible
by the fact that it is a sum of terms of the form AF3;—AF3; |, each of which is approximately
mean zero with an approximate variance of At. If we replace F' with a rougher process which
satisfies for some H < 1/4, then the midpoint sums will evidently diverge. On the

4



other hand, the ucp convergence of the trapezoid sums 7,,(0,¢g,t) remains plausible for any
H > 1/6. This is consistent with the analogous results in [2, [5] for regularized sums.

The critical case for the trapezoid sum is H = 1/6. At the time of this writing, we know
of only one result in this case. If g(z,t) = x*, then

[nt]
1
T (0pg,t) = F(t)* — F(0)® + 3 > AFY.
j=1

(Here and in what follows, X,,(¢) ~ Y,,(¢) shall mean that X,, —Y,, — 0 ucp.) If F' is replaced
with fractional Brownian motion with Hurst parameter H = 1/6, then this last sum converges
in law to a Brownian motion. (See [12], for example.) It is natural to conjecture that a result
analogous to holds in this case as well.

Our project is related to and inspired by several areas of stochastic analysis. Recently, a
new approach to integration was developed by Terry Lyons (with co-authors, students and
followers). The new method is known as “rough paths”; an introduction can be found in [9].
Our approach is much more elementary, since it is based on a form of Riemann sums. We
consider it interesting to see how far the classical methods can be pushed and what they can
yield. The It6-type correction term in our change of variable formula has a certain elegance
to it, and a certain logic, if we recall that our underlying process has quartic variation.
Finally, our project can be considered a toy model for some numerical schemes. The fact
that the correction term in the change of variable formula involves an independent Brownian
motion may give some information about the form and size of errors in numerical schemes.

After the first draft of this paper had been finished, we received a preprint [10] from
Ivan Nourdin and Anthony Réveillac, prepared independently of ours, and using different
methods. That paper contains a number of results, one of which, Theorem 1.2, is a special
case of our Corollary Namely, if X = B'Y*, fractional Brownian motion with Hurst
parameter H = 1/4, if g does not depend on ¢, and if g satisfies an additional moment
condition (see Hy in Section 3 of [10]), then [10] gives the convergence in distribution of
the scalar valued random variables IX (¢, 1). While [10] is devoted exclusively to fractional
Brownian motion, it is mentioned in a footnote that a Girsanov type transformation can be
used to extend the results from B'/* to F.

2 Preliminaries

2.1 Tools for cadlag processes

Here and in the remainder of this paper, C' shall denote a constant whose value may change
from line to line.

Let Dgal0,00) denote the space of cadlag functions from [0, 00) to R? endowed with the
Skorohod topology. We use the notation x(t—) = limg; 2(s) and Ax(t) = z(t) — z(t—).
Note that if F,,(t) = F(|nt]/n), then AF,(t;) = F(t;) — F(t;—1). As in Section [1} we shall
typically use AF; as a shorthand notation for AF,(¢,).

We note for future reference that if x is continuous, then x,, — x in the Skorohod topology
if and only if z,, — x uniformly on compacts. For our convergence results, we shall use the



following moment condition for relative compactness, which is a consequence of Theorem

3.8.8 in [4].

Theorem 2.1 Let {X,} be a sequence of processes in Dgal0,00). Let q(x) = |x|A1. Suppose
that for each T > 0, there exist v >0, 3 >0, C' >0, and 8 > 1 such that

(i) Elq(Xn(t+h)—X,(1)2q( X (t) — X, (t—h))%%] < ChY for alln and all0 <t < T+1,
0<h<t;

(ii) lims_osup,, Fl¢(X,(0) — X,,(0))°] = 0; and
(111) sup,, E[| X, (T)]"] < oc.

Then {X,} is relatively compact, that is, the distributions are relatively compact in the
topology of weak convergence.

Corollary 2.2 Let {X,,} be a sequence of processes in Dga|0,00). Let q(x) = |z| A 1. Let
©1, pa be nonnegative functions of n such that sup, n~to1(n)pa(n) < co. Suppose that for
each T > 0, there exists v > 0, >0, C >0, and 0 > 1 such that sup,, E[|X,,(T)]"] < oo

and
Elg(X,(t) — X, (s))°] < C(‘Pz(n) L1 (n)t] ;@2(”) L@l(n)SJ) (2.1)

for allm and all 0 < s,t <T. Then {X,} is relatively compact.

Proof. We apply Theorem . By hypothesis, Condition (iii) holds. Taking s = 0 and
t =6 in (2.1) gives Condition (ii). By Holder’s inequality,
E[Q(Xn(t + h) - Xn(t))ﬁ/QQ(Xn(t) - Xn(t - h))B/Q]
<c(wmwwam@+hu—¢meAMH>“

n

n

y (902(71) lo1(n)t] — @a(n) 1 (n)(t —h)] )9/2‘

If 1(n)h < 1/2, then the right hand side of the above inequality is zero. Assume that
p1(n)h > 1/2. Then

Elq(Xa(t + h) — Xa(t)"2q(Xa(t) = Xt — 7))

Sc(wﬂmwﬂmh+wAM)9§5<h+

n

0

< (310
901(”)) = G
which verifies Condition (i). O

In general, the relative compactness in Dg[0,00) of {X,,} and {Y,,} does not imply the
relative compactness of {X,, + Y,,}. This is because addition is not a continuous operation
from Dg[0,00)? to Dg[0,00). It is, however, a continuous operation from Dg:[0,00) to
Dg[0,00). To make use of this, we shall need the following well-known result and its
subsequent corollary.



Lemma 2.3 Suppose x,, — x in Dg[0,00) and y, — y in Dg[0,00). If Ax(t)Ay(t) =0 for
all t >0, then x, +y, — x +y in Dg|0,00).

Corollary 2.4 Suppose {X,} and {Y,} are relatively compact in Dg[0,00). If every
subsequential limit of {Y,} is continuous, then { X, + Y, } is relatively compact.

The following lemma is Problem 3.22(c) in [4].

Lemma 2.5 For fized d > 2, {(X}, ..., X%} is relatively compact in Dga|0,00) if and only
if {X*} and {X* + Xt} are relatively compact in Dg|[0,00) for all k and (.

We will also need the following lemma, which connects relative compactness and
convergence in probability. This is Lemma A2.1 in [3].

Lemma 2.6 Let {X,}, X be processes with sample paths in Dgal0,00) defined on the same
probability space. Suppose that {X,} is relatively compact in Dgal0,00) and that for a dense
set H C [0,00), X,(t) — X (t) in probability for allt € H. Then X, — X in probability in
Dra|0,00). In particular, if X is continuous, then X,, — X wucp.

Our primary tool is the following theorem, which is a special case of Theorem 2.2 in [7].

Theorem 2.7 For each n, let Y, be a cadlag, R™-valued semimartingale with respect to a
filtration {F}'}. Suppose that Y, = M, + A,,, where M, is an {F'}-local martingale and A,
1s a finite variation process, and that

sup E[[My]: + Vi(An)] < 00 (2.2)

for each t > 0, where V,(A,) is the total variation of A, on [0,t] and [M,)] is the quadratic
variation of M,,. Let X,, be a cadlag, {F'}-adapted, R¥*™-valued process and define

Zo(t) = /O X, (s—) dYa(s).

Suppose that (X,,,Y,) — (X,Y) in law in Dgexmygm|0,00). Then Y is a semimartingale
with respect to a filtration to which X and Y are adapted, and (X,,Y,, Z,) — (X,Y,Z) in
law in Dgixmygmyrr[0,00), where

t
2(1) = / X(s—) dY (s).
0
If (X, Yn) — (X,Y) in probability, then Z, — Z in probability.

Remark 2.8 In the setting of Theorem [2.7] if {W,,} is another sequence of cadlag, {F;'}-
adapted, Rf-valued processes, and (W,,, X,,,Y,) — (W, X,Y) in law in Dgeygrxmygm [0, 00),
then (W,,, X,,, Yy, Z,) — (W, XY, Z) in law in Dyeygrxmymmyrr[0,00). This can be seen by
applying Theorem [2.7/to (X,,Y ), where X, is the block diagonal (k + £) x (m + 1) matrix
with upper-left entry W,, and lower-right entry X,,, and Y,, = (0,Y,7)7.



2.2 Estimates from the prequel

We now recall some of the basic estimates from [15].
By (2.6) in [15], for all s <,

BIF() - F(s)P — (2/m)2[t — o]2) < 7 2(1+2V%) 472t — o2,

Hence,
7r_1/2|t — s|1/2 < EB|F(t) — F(s)]* < 2|t — s|1/2. (2.3)

In particular, if O'JZ = EAsz, then
|02 — (2/m) PAL) < tPPAR = jTRAL, (2.4)

and
T PAE? < of < 2A2 (2.5)

Theorem 2.3 in [I5] shows that F' has a nontrivial quartic variation. A special case of this

theorem is the fact that Z]LZJ AF;‘ — 6t/m ucp. The proof can be easily adapted to show
that

Lnt] 3 [nt] 3
AFf——t  and > AR =t (2.6)
j=1 j=1
7 odd j even
ucp.
Let
v =2 = (G- =G+ 1) (2.7)

and note that > 7, v; = 1. By (2.4) in [15], if ¢ < j, then
’E[AEAFJ] + (271’)71/2”)/]-,Z-At1/2‘ < (ti + tj)f3/2At2 _ (’L +j)73/2At1/2'
Some related estimates are 0 < v; < 27125732 which is (2.8) in [15], and
—2(t; — ;) 3PAR = —2(j — i) PAtY? < E[AF,AF)] <0, (2.8)

which precedes (2.10) in [15].
Let ZT\] = E[F(tj_l)AF]] Since

Jj—1 o
6, + (2m) AN = (BIARAF) + (2m) 72y A82) 4 (2m) 7 2ALR Y 7,
i=1 —
it follows that
5, + (2m) " Y2A? < V2 AE2 (2.9)

In particular, |5;| < CAtY/? and |57 — (2m) ' At] < Cj~/2At.
Lemma 2.9 If integers c,i and j satisfy 0 < c < i < 3, then

(i) |B[(F(ti1) — F(to))AF]| < CAt2((j — i) v 1)~1/2%

8



(ZZ) |E[(F<t171) — F(tc))AE” S CAtl/Q[((j _ Z) v 1)—1/2 + (Z . C)_1/2],
(iii) |E[F(t; )AF)) < CAM2(( — i) v 1)-12,

Proof. By (2.§)),
i—1 i—1
[E[(F(ti1) = F(t)AF]| < Y [E[ARAE] < CAEZ Y 7 (- k)™

k=c+1 k=c+1
Hence,
[E[(F(ti1) — F(t.)AR] < CAY? Y7 k92,
k=j—i+1
which proves the first claim.

For the second and third claims, it is easy to see that they hold when 7 > 7 — 1. Assume
1 < 7 — 1. Note that

E[F(t;-1)AF] = p(ti,tj-1) — p(ti-1,tj-1)
= p(tis + At t 1) — ptioi, ti1)
= AtOsp(ti—1 + 0AL, t;_1)

for some 6 € (0,1). Since j > 4, t,_1 + At < t;_;. In the regime s < t, Osp(s,t) =
(8m)V2((t +8)7V2 + (t — s)71/2). Hence, 0 < 9,p(s,t) < C(t — s)~/2. It follows that

0 < E[F(t;1)AF] < CAtt; y — ;|72 = CALY?(j — i — 1)7V/2,

Since j — i > 2, this implies E[F(t;_1)AF;] < CAtY?(j — i)~'/2) which proves the third
claim. Combining this with the first claim gives
|E[(F(tj-1) — F(t) AE]| < [E[F(t;-1)AF]| + |E[F(t) AF]]
< CARP(G =) 24 (1= )77,

which proves the second claim. O
Recall v;, defined by (2.7). Let
4 9 00 ) . 1/2

=|-4+- “(—1) >0 2.10
. (W”;%( ¥ >0 (2.10)

(the quantity in the brackets is strictly positive by Proposition 4.7 of [15]) and define

2|nt/2)
Bu(t)=r"" )Y AF}(-1). (2.11)
j=1

(Note that this is simply £~ 'QX in the notation of Section ) By Propositions 3.5 and 4.7

in [15],
E|B,(t) — Bu(s)|* < C(2Lnt/2J - ZL”S/ZJ) (2.12)

9



for all s and ¢t. Recall that F'(t) = u(z,t), where u is given by ([1.1)). Let m denote Lebesgue
measure and define the filtration

Fy=o{W(A): ACRx [0,1],m(A) < co}. (2.13)

Fix 7 > 0 and define G(t) = F(t+ 1) — E[F(t + 7) | ;]. In the proof of Lemma 3.6 in
[15], it was shown that G and F' have the same law, and that G is independent of F,. In
particular, if j > ¢ and AF; = AF; — E[AF; | F,], then AF; is independent of F;, and
equal in law to AF}_..

According to the displayed equation above (3.32) in [15], if 0 < 7 < s < ¢, then

E|E[F(t) — F(s) | F? < 2t — st — 7% (2.14)

In particular, E|AF; — AF;|? < 2A8%(t; — t,) 732 = 2AtY2(j — ¢)=%/2 which, together with
(2.5) and Holder’s inequality, implies

E|AF? — AF,|* = E[|AF; + AF;|*|AF; — AF,|"]
< CLAPR At — t) 73 = CLAE?(j — )73/ (2.15)

Finally, we recall the main result of interest to us, which is Proposition 4.7 in [15].

Theorem 2.10 Let {B,} be given by (2.11)) and let B be a standard Brownian motion,
independent of F. Then (F, B,) — (F, B) in law in Dg2[0,00).

2.3 Tools for Gaussian random variables

Let I
_ (_1\n 2?2 % o —2%)2
hn(x) = (—=1)"e e (e ) (2.16)

be the n-th Hermite polynomial, so that {h,} is an orthogonal basis of L?(u), where
p(dz) = (21)~2e=**/2 dx. (See Section 1.1.1 of [I1] for details.) Let || - || and (-,-) denote
the norm and inner product, respectively, in L?(u).

The first few Hermite polynomials are ho(z) = 1, hi(z) = z, ho(z) = 22 — 1, and
hi(z) = 2 — 3z. We adopt the convention that h_;(x) = 0. The Hermite polynomials
satisfy the following identities for n > 0:

h (z) = nhy_1(x), (2.17)
zhy(z) = hpya(x) + nhp_1(x), (2.18)
hy(—x) = (=1)"hy(2). (2.19)

Any polynomial can be written as a linear combination of hermite polynomials by using the

formula
[n/2]

=Y (Z) (25 — 1)1 y_s; (), (2.20)

J=0

10



where (2j — 1)!! = (25 —1)(2j —3)(2j — 5) - - - 1. Note that this can be rewritten as

n

=3 (?)E[Yj]hn_j(x), (2.21)

J=0

where Y is a standard normal random variable.

In the remaining part of Section [2.3] X shall denote a standard normal random variable.
If r € [-1,1], then X,, Y, shall denote jointly normal random variables with mean zero,
variance one, and F[X,Y,] = r. By Lemma 1.1.1 in [I1],

if
Bl (X)) =10 T 2.2
nlr™  if n=m.
In particular, ||k, ||* = E[h,(X)?] = n!. Hence, if g € L*(u), then
= 1
9=> {9 hn) (2.23)
n=0

where the convergence is in L?(u).
If g and ¢’ have polynomial growth and n > 1, then integration by parts gives

N d* 2
(9, ) \/_/ /dxﬁ/g(x)%(e ")
G g'(x)d‘fn_l (€7 ) dx = (g, hns). (2.24)

V2
That is, E[g(X)hn(X)] = E[¢'(X)h,—1(X)]. Using (2.22) and (2.23)), we can generalize this

as follows:
Blg(x =2 (X (1)
=g, ha)r™ = 1(g, 1 )r" ' = rE[¢" (X, ) hr (V2)]. (2.25)
The following two lemmas will be useful in Section

Lemma 2.11 Suppose g, h,qg',h' all have polynomial growth. If f(r) = Elg(X,)h(Y;)], then
f'(r) = El¢(X,)(Y,)] for all r € (—1,1).

Proof. By (2.23) and (2.22)), f(r) = >0 L(g, hn)(h, hy)r™, which, by (2.24), gives

o

hun) (s )"

n=1

Z g P 1) (W, hn—1>rn_1 = Elg' (X)W (X,)].

n=1

11



Lemma 2.12 Suppose g,q', 9", h,h', b’ have polynomial growth. Let U = aX, and V = bY,.
1f oa,b,7) = Elg(U)h(V)], then

0

S (@.b.r) = aBlg"(U)R(V)] + brElg (U)K (V)
for all real a,b and all v € (—1,1).
Proof. By (2.23) and (2.22)), ¢(a,b,r) = >0 L (g(a-), hn) (h(D-), hp)r™. Fix ag € R. To
justify differentiating under the summation at ag, we must show that there exists an ¢ > 0
and a sequence C,,(b,r) such that

% { L g(a), ) (h(b). hn>r"}

n!

< Cp(b,r)

for all |a — ag| < e, and Y~ C,(b,7) < co. For this, we use (2.18) and (2.24) to compute

% [%(9&1.), ha) (h(b-), hnw} — %(Q/(a.)’ B 1) (h(B), B}
o _1 119 (@) ) (b))
= —(g(@), hu) ((b), B}
+ ﬁ@/(w), Bp1) (1 (D), By )™

Since |-, hy,/vn!)| < ||-||, we may take C,,(b,r) = Mr™ for an appropriately chosen constant
M, provided |r| < 1. We may therefore differentiate under the summation at ag. Since aq
was arbitrary, we have

g—i(a, br)=a Z %(g”(w), hn) (h(b-), hn)r™ + bz 0 _1 0 (g'(a), hn—1) (W' (b-), hpr )"

= aB[g"(U)R(V)] + brElg (U)W (V)]

for all a,b,r with |r| < 1. O

2.4 Multi-indices and Taylor’s theorem

We recall here the standard multi-index notation. A multi-index is a vector a € Zi, where
Z, = NU{0}. We use ¢/ to denote the multi-index with e} = 1 and e} = 0 for ¢ # j. If
a € Z% and z € R?, then

d d
o :Zaj, O‘!:Haj!’
=1 j=1

aj:i B = 90 ... 9%, xa:H;,;%‘,

12



Note that by convention, 0° = 1. Also note that || = y*, where y; = |x;| for all j.
Taylor’s theorem with integral remainder states that if g € C**(R), then

’ ;z@j to / (b— w)* g™ () du. (2.26)

9(6) = >~ 9@

Taylor’s theorem in higher dimensions is the following.

Theorem 2.13 If g € C**Y(RY), then
(b—a)®

o0) = 3 g+ R
|| <k )
where ) W
R=(k+1) Z ( ;!a) /0 (1 —u)*0%g(a +u(b — a)) du.

|a|=k+1
In particular,
Rl < (k+1) Y M(b—a),

|a|=k+1

where M, = sup{|0“g(a + u(b—a))| : 0 <u < 1}.

For integers a and b with a > 0, we adopt the convention that

al
—— f0<bh<
(“)_ TR
0 ifb<0Oorb>a.

()-1(2)

for any multi-indices v and «. Later in the paper, we shall need the following two
combinatorial lemmas.

We define

Lemma 2.14 Let a,b and c be integers. If a >0 and 0 < ¢ < a, then

2 (-5)0)-0)

Proof. The proof is by induction on a. For a = 0, the lemma is trivial. Suppose the
lemma holds for a — 1. Since the lemma clearly holds for ¢ = 0 or ¢ = a, we may assume
0 <c<a—1. In that case,

()= () Go) =212 -62I0 -2 655)C)

O
Suppose o and v are multi-indices. We will write o < v if o;; < ; for all j.

13



Lemma 2.15 If v is a multi-indez in Zi and m > 0, then

2 ()-()

Proof. We shall prove this by induction on d. If d = 1, the lemma is trivial. Suppose the
lemma is true for d — 1. Let v be a multi-index in Z% and fix m with 0 < m < |y|. For
multi-indices « and 7, let @ = (ay,...,aq-1) and ¥ = (71, ...,%a—1). Then

202, O0-26R)0) -2 000

la|= ag=0 |a|=m—ay aqg=0 ag=0
aly a<y
Applying Lemma [2.14] completes the proof. O

3 Fourth order integrals

Theorem 3.1 Suppose g : R x [0,00) — R is continuous. For each n, let {s}} and {t} be

collections of points with s%,t7 € [t;_1,t;]. Then

[nt] [nt)

3 t
li F(s*), tAFY = i F(st t*AF4:—/ F d 3.1
nglgo;g( (s7),1;)AF, ngrgo;g( (55), ) AF] = = 0 g(F(s),s)ds,  (3.1)
J odd J even

where the convergence s ucp.

Proof. We prove only the first limit. The proof for the other limit is nearly identical. Let

= g(F (), t5) 1y, (t),
j=1

and
[nt]

- ZAFf’

Fodd
so that
[nt]

Z((,]AF“ /X a(s).

7 odd
By (2.6), A,(t) — 3t/m ucp. Also, by the continuity of g and F, X,, — g¢(F(-),-) ucp.
Finally, note that the expected total variation V;(A,,) of A, on [0, t] is uniformly bounded in

n. That is,
[nt] [nt]

E[Vi(A,)] =Y EAF} <CY At<Ct.
7j=1 J=1
7 odd

14



By Theorem , holds with the convergence being in probability in Dg[0, c0). Since
the limit is continuous, holds ucp. O

If » and k are nonnegative integers with » < k, then we shall use the notation
g € C*Y(R x [0,00)) to mean that

g: R x[0,00) — R is continuous, (3.2)

& g exists and is continuous on R x [0, 00) for all 0 < j <k, (3.3)

0,07 g exists and is continuous on R x (0, 00) for all 0 < j < r, (3.4)

/ sup |0,0%g(z,t)| dt < oo for all compact K C R and all 0 < j < 7. (3.5)
0+ zeK

Note that g € C*! implies &g € ijj’l whenever r > j. For functions of one spatial
dimension, we shall henceforth use standard prime notation to denote spatial derivatives.
For example, ¢ = 92g and g = 9g.

Typically, we shall need and only when j = 0. There are a few places, however,
where 7 > 0 is needed. We need j = 3 in the derivation of -, which is used in the proofs
of both Theorem [3.3] and Corollary [£.5] We need j = 2 in the proof of Lemma 5.8 And we
need j = 4 in the proof of Theorem

Recall that X,,(t) ~ Y,,(t) means that X, =Y, — 0 ucp.

Theorem 3.2 If g € Cy"' (R x [0,00)), then
t
L(g'1) = g(F(2),1) — o(F(0),0) - / 09(F (s

nt/2]
Z F(taj-1),taj—1)(AF3, — AF5, )

["t/QJ
- = Z 9" (F(taj1), toj1)(AFY; + AFy; ),

l\DIH

where I,,(g,t) is given by (1.4)).

Proof. By (2.26)),

g(x 4+ hy,t) — g(ax + ho, t) — gW(x,t)(h] — hl) + R(x, hi,t) — R(x, ha,t),

]'g

M“>

J=1

where
1

4
Taking r = F<t2j71>, hl = AFQJ" and h2 = —Angfl, we have

R(x,h,t) = (h —u)*g® (x4 u,t) du.

T

1 ) . . .
7 gV (F(tyj-1), taj—1)(AFY; — (-1 AFY, )

j
R(F(taj—1), AFyj,taj-1) — R(F(tgj-1), —AF5_1,t25-1).

M,,;

g(F(ta)), taj—1) — g(F(taj-2), taj—1) =

Il
—

15



Let N(t) = 2|]lt/2J /Tl That iS, ift e [tzjfg,tgj), then N(t) = t2j72. Let Fn(t) = F(N(t))
Then

G(F(ty). tg) — g(F (b)), tj—1) = / Y 0g(Fals + A1), s) ds,

toj—1

g(F(tyj—a),t2j-1) — g(F(taj—2), taj2) = / ” 0rg(Fn(s), s) ds

toj—2
toj—1
:/ Oug(Fuls + At), s) ds.
toj—2
Thus,
[nt/2]
g(F(t),t) = Z {9(F (t25),t25) — g(F(t2j—2), t2j—2)}
N()
— 9(F(0),0) + / Oug(Fuls + At), 5) ds + L(g',)
0
Lnt/QJ
+— Z 9" (F(taj1), tyj—1)(AFS, — AF3, )
Lnt/QJ
+ Z G"(F(taj-1), taj— 1)(AF23] +AF§; 1) Fenlg,t),
where
[nt/2]
9:1) = o5 Z g W (F(tgj-1), taj1)(AFy; — AFy; )
Lnt/QJ

+ Z{R (taj—1), AFbj,toj_1) — R(F(tgj—1), —AF5_1,t95-1)}

+9(F(t),t) — g(Fu(t), N(2)). (3.6)
By (3.4), (3.5]), the continuity of F', and dominated convergence,

N(t) t
/ Oig(Fn(s + At), s) ds — / Oig(F(s),s)ds
0 0

uniformly on compacts, with probability one. Therefore, it will suffice to show that
enlg,t) — 0 ucp.

First assume that ¢ has compact support. By the continuity of g and the almost sure
continuity of F, g(F(t),t) — g(Fu(t), N(t)) — 0 ucp. Since ¢©® is bounded, |R(x,h,t)| <
C|h|5. Thus,

[nt/2] [nt/2]
Z {R(F (1), AFyj, taj-1) — R(F(bjl)a—AF%b%l)}‘ <C Y |ARP,
j=1

16



and

[nt/2) g L » »
ELEET ; |AF| ] = ; E|AF;P =C ; 07 < CnTAE* = CT ALY,
It follows that
|nt/2]

Z{R (toj—1), AFsj,to51) — R(F(taj—1), —AFyj_1,t25-1)} — 0

ucp. An application of Theorem to the first sum in completes the proof that
en(g,t) — 0 ucp, in the case that g has compact support.

To deal with the general case, we use the following truncation argument, which we will
make use of several times throughout this paper. Fix 7" > 0 and n > 0. Choose L > T so
large that

P< sup |F(t)] > L> <.

0<t<T

Let ¢ € C*(R) have compact support with ¢ = 1 on [—L,L]. Define h(x,t)
glz,t)p(z)p(t). Then h € CJ'(R x [0,00)), h has compact support, and h = g on
[—L, L] x [0, T]. By the above, we may choose ny such that

P( sup [ea(h, ) >n) <y

0<t<T

for all n > ngy. Hence,

P< sup |len(g,t)| > n> < P( sup |F(t)| > L) +P( sup le,(h,t)| > 77) < 2n

0<t<T 0<t<T 0<t<T

for all n > ng, which shows that ¢,(g,t) — 0 ucp and completes the proof. O

Theorem 3.3 If g € O3 (R x [0,00)), then

To(d',1) ~ g(F(t),t) — g(F(0),0) — / Byg(F(s
[t
+ o S d"(F (1), 1) (AFS, + AFY),

j=1
where T,,(g,t) is given by (1.7)).
Proof. As in the proof of Theorem [3.2] we may assume ¢ has compact support. Define

[nt/2]
L(g,0) = D g(F(ta), o) (F(ta01) — Flta1)).

Jj=1

17



The proof of Theorem [3.2] can be easily adapted to show that

-~

In(g',t) = g(F(1),t) — g(F(0),0) — i Org(F(s),s)ds

g"(F(ta;), t2;)(AFS, . — AFY)

[nt/2]
1
~ 5 D g (F(ty), toy) (AFS  + AF). (3.7)
=1

Note that

2|nt/2] 2[nt/2]

L(g )+ T t) = > gF W), ) AF+ AF) + Y g(F(t), t;)(AF . + AF))
j=1 j=1
7 odd j even

2| nt/2]

= Y g (F(t) t;)(AFj + AF).

j=1
Also note that

[nt]—1 |nt]

Tu(g',t) = %( > G(Fty),t)AF 0 + Zg’(F(tj),tj)AFj)

=0

By the continuity of F' and ¢’, this shows that

L) + I(d, 1)
Tn / t ~ ) 9 )
(g’ t) 5

By (3.7) and Theorem [3.2

1) ~ 9(F(0).0) - o(F(0).0) - [ 0P (s).s) ds

[nt]
1
T > (g (F(ty),t;) — g"(F(tj-1), tj-1)) AF}
j=1
| Lot
— 15 2 9" (F(t), )AL + AF)). (38)
j=1

Since g € C5'(R x [0,00)), we may use the Taylor expansion f(b) — f(a) = 5 (f'(a) +

18



f'(6)(b—a)+ O(]b — a|3) with f = ¢” to obtain

S E(E) 1) — o' (F(ty), 1) / o' (F(t;), 5) ds

J

+3 @WF@Jﬂﬁyﬂ+ng@)t,DAFAJ%

/ 0:g" (F )ds——AF/ ovg" (F(t;),s)ds

J

+§(g’”(F(fJ 1),ti1) + 9" (F(t)), 1) AF; + R,

(3.9)

where |R| < C|AF;]?. Since g has compact support, we may use (3.5) with K = R and
j = 3 to conclude that the above integrals are bounded by C'At. This yields

L]
Y (9" (F(t;):t;) = ¢"(F(tj1), t5-1))AF}

j=1

T(E(t)ty) + g (F(tjo1), tj-1))AF? + R, (3.10)

l\')lr—t

S

where |R| < C > (AtAF? + At|AF;]? +|AF;]°). We can combine this formula with (3.8) to
complete the proof. O

4 Third order integrals

To analyze the third order integrals, we shall need a Taylor expansion of a different kind.
That is, we shall need an expansion for the expectation of functions of jointly Gaussian
random variables. For this Gaussian version of Taylor’s theorem, we first introduce some
terminology. We shall say that a function g : R — R has polynomial growth if there exist
positive constants K and r such that

l9(z)| < K(1+ |x]")

for all z € R? If k is nonnegative integer, we shall say that a function g has polynomial
growth of order k if g € C*(R?) and there exist positive constants K and r such that

0%g(x)] < K(1+ |2|")
for all z € R? and all |o] < k.

Theorem 4.1 Let k be a nonnegative integer. Suppose h : R — R is measurable and has
polynomial growth, and f € C**1(R?) has polynomial growth of order k+1, both with common
constants K and r. Suppose also that 0% f has polynomial growth with constants K, and r
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for all |a| < k+1. Let £ € RY and Y € R be jointly normal with mean zero. Suppose that
EY? =1 and E§J2 < v for some v > 0. Define p € R? by p; = E[¢;Y]. Then

1
E[f©OMY)] = D —p"B[0°f(§ = pY)EY"Ih(Y)] + R,
laj<k
where |R| < OZ|a|:k+1 K,|p*| and C depends only on K, r, v, k, and d. In particular,
|R| < Clp|**'.

Proof. Let U = £ — pY and define ¢ : R? — R by ¢(z) = E[f(U + 2Y)h(Y)]. Since h
and f have polynomial growth, and all derivatives of f up to order k + 1 have polynomial
growth, we may differentiate under the expectation and conclude that ¢ € C*¥T1(R%). Hence,
by Theorem and the fact that U and Y are independent,

= 3 B ) EY (Y] + R,

where

RI<(k+1) 3 M),

|o|=k+1
and M, = sup{|0“p(up)| : 0 < u < 1}. Note that

0%p(up) = B0 f(U +upY )Y R(Y)] = B0 f(€ — p(1 — )Y )Y FTh(Y)].

Hence,
0°0(up)| < KuKE[(1+ € — p(1 —w)Y )Y (1 + Y]]
< Ko KE[(1+27¢]" + 27[p"[Y]) ([Y ] + [Y[F)].
Since |p|*> < vd, this shows that M, < CK, and completes the proof. O

Corollary 4.2 Recall the Hermite polynomials h,(x) from (2.16). Under the hypotheses of
Theorem

BIF@RY)] = 3 — 50" f(€)) Bl (¥)h(Y)] +

|laf<k
where |R| < C'32,,_y41 Kalp®| and C depends only on K, v, v, k, and d. In particular,
|R| < Clp*.

Proof. Recursively define the sequences {a§n) 1320 by agp) = E[YIh(Y)] and

if j <n,

(
(nt1) _ ) . ' 4.1
“ al" — (j)a;mE[Yﬂ—”] if j>n+1. (4.1)
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We will show that for all 0 <n <k + 1,

FFOWY) = Y L@l + S B0t fe— Y )lall + R (42)

o] <n— @ ! n<\a|<k
where [R| < C>7, ;11 Kalp®| and C' depends only on K, 7, v, k, and d The proof is by
induction on n. The case n = 0 is given by Theorem . Suppose (4.2) holds for some

n < k+ 1. Fix a such that |a| = n. Let ¢, denote E[Y*]. Applying Theorem 1] to oo f
with h(y) = 1 gives

E0°f(©) = Y @P B[0P f(¢ — p¥)epy + Ba
18I<k—n
— B0 f(— pV)] + |Z 5P B0 (6 = pY e + R
1<|6|<k—n

where [Ro| < C 3705 5410 Ko 5lp%). Hence, by (4.2)),

BIFOY)) = Y B f@lal + 3 o B0 (6~ p¥)lall] — 5+ B, (43)

lajl<n n+1<|a|<k

R <|R[+C ) |p°||Ral

laf=n

SIR+CY 10" Y, Karsldl

lal=n  |Bl=k+1-n

<C D Ko,

laf=n

and

S=> > ,6,pa+ﬂE3“+ﬂf(§ pY)lag ey

la|=n 1<|8|<k—n

Making the change of index v = o + (8 and using Lemma [2.15| gives

S= > > ( ) P B0V f(& = pY)]agers)

n+1<\v\<k\g| =
= > ('2')7' B[ f(§ = pY)|a ey

n+1<ly|<k

Substituting this into (4.3)) and using (4.1]) shows that

ELF©R(Y)) = 3 g B0 (@lafi ™+ 30 "Bl (e - oYl + B

lajl<n n+1<la|<k
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which completes the induction.
By (4.2) with n = k + 1, it remains only to show that

" = Elh;(Y)h(Y)]  forall j <n. (4.4)

The proof is by induction on n. For n = 0, the claim is trivial. Suppose (4.4]) holds for all
n < N.If j < N, then (L) implies o™ = o™ = B[h;(Y)h(Y)]. If j = N + 1, then

N+1 N N +1\ v
aw:ale—(  Dake)

Using induction, this gives

N

N+1\ .

N+1 0 —

agvﬂ):aﬁv)ﬂ—Z( j )a§J)E[YN+1 i
=0

By i(N“) (Y (Y LY+

[{YN“ i( ) YN“j]hj(Y)}h(Y)}

Jj=0

By ([2.21),

N+1 N+1

N +1 , N +1 .

=3 (Y e 00 = 3 (Y o,
j=0 J Jj=0 J

Hence, ag\,:ll) = Elhn+1(Y)h(Y)], completing the proof of (4.4)). O

Theorem 4.3 If g € Cy"' (R x [0,00)), then

| nt] | nt] t

i D 0P L0, ) A = Jim 30 o(F () o)A = =5 [ (F(0),0)ds
n—00 n—00 0
7 odd 7 even
(4.5)
and
[nt] [nt] 5
Tlim Z GIAF] = lim > g(F(t),t)AF) = — | g'(F(s),5)ds,  (4.6)
=1 0
J Odd J even

where the convergence s ucp.

Remark 4.4 The non-zero limits result from the dependence between F(¢,_1) and AFj in

,and F(t;) and AF} in . Note that E[F(t;_1)AF;] = Atoyp(t;_1,t;-1+¢), for some
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0 < e < At. Similarly, E[F(t;)AF;] = Atoyp(t;,t; —e). If X is a centered, quartic variation
Gaussian process, then

—_

1
plst) = S(EX()? + EX(s)” = E|X(t) = X(s)") = S (BEX(1)* + EX(s)” — [t = s|'/%),
which means the leading term in d,p(s, t) is —|t —s|""/? sgn(t — s). Hence, it is not surprising
that the limits in (4.5 and (4.6) are of equal magnitude and opposite sign.

Proof. We prove only the case for odd indices. The proof for even indices is nearly identical.
To abbreviate notation, we shall not explicitly indicate that the indices are odd in the
subscript of the summation symbol (this convention applies only in this proof).

Using the truncation argument in the proof of Theorem [3.2] we may assume that g has
compact support. Fix 7' > 0. Let 0 < s <t < T be arbitrary. Recall o; and o, from Section

22 Let

[nt]
Zn(t) =Y g(F(tj1),t; 1) AFY,

lns)+1
We may write
[nt] [nt] 9
E|X, —Yo|* = Z g(F(tj-1),t- 1AF3 3 Z tj- 1>JJJ]2
j=lns|+1 j=|ns]+1
= (81— 52) — (52 — S3),
where

[nt] [nt]
- > > E ti ) AFg(F(t;-1), ;1) AF}],
i=|ns|+1 j=|ns|+1
[nt] [nt]
S=3 Y Y E DAY (F(tjo1). tj-1)15507,
i=|ns]+1 j=|ns|+1
Lnt) Lnt)
Sg=9 » Y E ):tj-1)g (F(tj-1),t;-1)|Gio} 507,
i=|ns|+1 j=|ns]+1
Let & = F(tis), & = 0, 'AF, & = F(tj1), Y = o;'AF;, and pp = E[&Y]. Define
f e C3R? by f(z) = g(x1,tj—1)a3g(w3,t;—1) and define h(z) = 2*. By Corollary [1.2] with
k=2,

BIF©Y)) = 3 o B0 FOEha (VY] + R=3 3" ~ o B0 f(€)] + R,

laj<2 lo]=1
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where |R| < C|p|®. Hence,

[nt] [nt]
D D alo(BIFE)Y?] - 3psE[0s(€)])
i=|ns|+1 j=|ns|+1
|nt| |nt|
<C Yo Y dlalel + lpal + lpsl?)
i=|ns]+1 j=|ns|+1
[nt| [nt|
<C Y Y (APMEF(tio)AF| + At EAFAF| + At*(5,)%).
i=|ns]+1 j=|ns|+1

By [2.8), (2.9), Lemma[2.9(i) with ¢ = 0, and Lemma [2.9(iii),

[nt] [nt]
[Si= Sl <C > Y (AT =i v )T AP — i v 1) T 4 AL

i=|ns|+1 j=|ns|+1

[nt)
<C Z A4 < C’(WJ;&) Atl/4

i=|ns|+1

S1 — So| =

To estimate Sy — S3, let & = F(ti_1), & = F(tj_1), Y = 0; 'AF;, and p, = E[£Y]. Define
[ € C*(R?) by f(x) = g(x1,tj—1)g (22,t;_1) and h(xz) = 2. As above,

[nt| [nt|
YooY G0l (EF(Y?] - 3 E[01£(€)])
i=|ns|+1 j=|ns|+1
[ nt] [nt]
<C Z Z 551070} (lp2| + 1p1])
i=|ns|+1 j=|ns|+1
nt]  nt)
<C DY) (AR(j il v )T+ AP

i=|ns]+1 j=|ns|+1

[rt]
<C Z Ap3/2 < O(M)Atlﬁ‘

i=|ns|+1

|Sg — 53] =3

Combining these results, we have
— _ 5/4
E|X, - Y,|* < C(M>AW4 < C(M) '
n n

Note that

[nt] [nt] [nt] [nt] ntJ . LnSJ 2
EY;<C Y > [Golgel<c Y ) A= <T)

i=|ns|+1 j=|ns]+1 i=|ns|+1 j=|ns|+1
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Since t — s < T, this shows

n

Taking s = 0 verifies Condition (iii) of Theorem 2.1} Hence, by Corollary R.2, {Z,} is
relatively compact. Since X,, — Y, — 0 in L? it will suffice, by Lemma to show that

3 t
Y, (0,t) = SZg tj_1)0,05 — ~5- g (F(s),s)ds
0

in probability. For this, observe that by (2.4) and (2.9)),
|Eja]2~ + 7 AL < |55 + (2%)_1/2At1/2|a? + (2m)"V2ALY2|(2/7) V2 A2 — 0J2.| < CjY2AL.

Hence,
[nt] Lnt

Zg (tj1),tj—1)0j05 + — Zg )At'<0At1/2—>O

Since
[nt]

Zg jl let—> /

i odd

almost surely, this completes the proof of (4.5).
For (4.6)), note that we may use (3.5)) with K =R and j = 0 to obtain

g(F(t;),1;) — g(F(t;1) . tj1) / g(F(t;), s)ds + g(F(t;),t;1) — g(F(t;1), tj1)
(F(t;_1),t;1)AF; + R,
where |R| < C(At + AF}). Hence,

|nt| [nt] [nt|

Zg t,)AF? = Zg ti1), i) AFP +> g/ (F(tyo1),t)AF) + R,
7j=1
where |R| — 0 ucp. Applying ([1.5) and Theorem completes the proof. a

As a reminder, X,,(t) ~ Y, (t) means that X,, —Y,, — 0 ucp. Let

2|nt/2|

Talg:t) = Y g(F(tj1),tj ) AF(—1). (4.7)

J=1
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Corollary 4.5 If g € C7'(R x [0,00)), then

T(g'.t) ~ g(F (1), 1) — / 09(F(s),5)ds — S To(d"

1),

where I,,(g,t) and J,(g,t) are given by (1.4) and (4.7), respectively. Moreover,

t
17 (g 0) % 9(F(0).0) - 9(F(0),0) ~ [ ag(F
0
where TY is given by (1.7).

Proof. By Theorems B.3] and [£.3] it will suffice to show that

|nt/2]
D g (Fltyj-1), taj1)(AFS; — AF3, ) = Ju(g", ).

Jj=1

As before, we may assume g has compact support. Note that

[nt/2)
Z 9" (F(taj-1),taj—1)(AF; — AF5,_))
- 2\nt/2] 2(nt/2]
= Y J(F(tia), tj)AF) = > g"(F(t)), 1) AF;
jje:vi,n Fow
2(nt/2]
Z {g"(F —g"(F(t;-
Foda

The proof is completed by using (3.10) and applying Theorem [4.3]

Corollary 4.6 If g € C7'(R x [0,00)), then

TX(g',1) ~ g(X(£),1) — g(X(0),0) - / Brg(X (s

where TX is given by (1.7). This result remains true even when X = cF+¢, where £ satisfies

only (1.3)), and is not necessarily independent of F.

Proof. By passing to a subsequence, we may assume that Corollary holds almost surely.

1):tj-1) JAF}.

It will therefore suffice to prove Corollary [4.6] under the assumption that & is deterministic.

The claim is trivial when ¢ = 0. Suppose ¢ # 0. Let h = he be given by h(z,t) =
g(cx + £(t),1). We claim that h € C5"' (R x [0,00)). Note that A9 (F(t),t) =

g (X(t),1)

for all 7 < 7. It is straightforward to verify (3.2)-(3.3]). Conditions (3.4)-(3.5)) follow from

the fact that

0h) (z,t) = I gUt V) (cx + £(1), ) (1) + 0D (e + £(¢), 1),
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for all j < 3.
Observe that

nt) oy, ,
T, 0 = TE 1)+ ot 5 L) S R

=1

By our hypotheses on £, and the continuity of A’ and F, the above summation converges
uniformly on compacts, with probability one, to f(f h'(F(s),s)¢'(s)ds. Thus, by Corollary
[4.5 we have

TX(g' 1) ~ h(F(t), 1) — /é% ck+01£fﬂF@%@€@ﬂh
~ 40X(0.0) - oX0.0) - [ 09X (s

which completes the proof. O

5 Relative compactness

The main result of this section is Theorem below, from which the relative compactness
of {J,(g,-)} will follow as a corollary. (Recall that {J,(g,-)} is defined in ([£.7).) We will
again need Theorem later in Section [6 when we show that J,, converges weakly to an
ordinary Ito6 integral.

Theorem 5.1 Let g € C3' (R x [0,00)) have compact support. Fiz T > 0 and let ¢ and d
be integers such that 0 <t. <ty <T. Then

2
< Cltg —to|*?,

Z {g<F(tjfl)7tjfl) _g<F(tc)7tC)}AF}2(_1>j

j=c+1

where C' depends only on g and T'.

Consider the simple case ¢ = 0 and g(x,t) = z. In that case, the above expectation is

d

Z (J I)AF2

J=1

2

E }:2: (tim))AFZF (tj_y) AF?)(— 1),

Using Corollary we can remove the AF? factors from inside the expectation. The leading
term in the resulting expansion would be roughly

d d
Atz Z BlF(ti1)F(tj-)](=1)"7 = At | Z E[(F(tim1) = F(ti—2))(F(tj-1) — F(tj-2))].

We could now use (2.8]) to analyze these expectations and prove the theorem in this simple
case.
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If we are to follow this strategy, then we shall need an estimate analogous to which
applies to functions of F'. The estimate in was originally arrived at through direct
computations with the covariance function. Unfortunately, such direct computations are
not tractable for a general function of F'. There is, however, an alternative derivation of
([2-8). Specifically, if we observe that [dyp(s, t)| < C|t —s| 72, where dy is the mixed second
partial derivative, then we may conclude that |E[AFAF]| < CAt?|t; — t;|~3/%. Based on
these heuristics, we begin with the following.

Lemma 5.2 Let X be a centered Gaussian process with continuous covariance function
p(s,t) and define V(t) = p(t,t). Suppose that p is a C* function away from the set
{s = 0}U{t = 0y U {s = t}, and that V(t) is a positive C' function on {t > 0}.
Suppose ¢ € C*(R) has polynomial growth of order 2 with constants K and r, and define
Vo(t) = Elp(X(t))]. Then

V() = SV B (X))

©p

In particular, V) (t)] < C|V'(t)| for all 0 <t < T, where C depends only on K, r, and T.

Proof. Let o(t) = V(¢)"/? and note that o is a positive C' function on {t > 0}. Fix
t > 0 and let X = o(¢t)"'X(¢), so that X is a standard normal random variable and
Vo(t) = Elp(o(t)X)]. Since ¢’ has polynomial growth, we may differentiate under the
expectation, giving

VA = OB 00)X)] = 5 B 00X (X))
where h,, is given by . By , we have
Vi) = 5 Lot (o(0:0R(X)] = 3V OB (X0

|

Proposition 5.3 Let X, p, and V' be as in Lemma . Let g, h € C*(R) have polynomial
growth of order 2 with common constants K and r, and define f(s,t) = Elg(X(s))h(X(t))].
Then

O f(s,t) = %V’(S)E[g”(X(S))h(X(t))] +0p(s, 1) Elg'(X () A (X (2))] and (5.1)
Of(s,1) = %V’(t)E[g(X(S))h"(X(t))] +0up(s, ) Elg' (X (s)) 1/ (X (2))] (5.2)

whenever 0 < s,t < T and s # t. In particular,

101 (s,8)] < C(IV'(s)| + [0sp(s, 1)]) and
10/ (s, 0)] < C(IV' ()] + |ep(s, 1)),

where C' depends only on K, r, and T.
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Proof. By symmetry, we only need to prove (5.1). Let o(t) = V(¢)"/? and note that o
is a positive C! function on {t > 0}. Let r = r(s,t) = o(s) 'o(t)"'p(s,t) and define
X, =o(s)"'X(s) and Y, = o(t)"' X (t). Note that X, and Y, are jointly normal with mean
zero, variance one, and F[X,Y,] =r.

Let ¢ be as in Lemma[2.12] Then f(s,t) = ¢(o(s),o(t),(s,t)). Hence, by Lemmas [2.12]
and [2.11]

0. f (s, 1) = 0'(s)a(s) Elg" (X (s)) (X ()] + 0" (s)o (t)r(s, £) E[g'(X (s)) W (X (2))]
+0ur(s, t)o(s)o(t) Elg' (X (s))I'(X(2))).
Note that ¢'(s) = V'(s)/(20(s)) and

Oy (s, t) = dsp(s, t) _ p(s,t) o'(s) = B

o(s)o(t) o(s)?0(t)

Thus,

0 f(s,t) = %V’(S)E[g”(X(S))h(X(t))] + %V’(S)U(S)la(t)r(s,t)E[g’(X(S))h’(X(t))]

+0:p(s, 1) Elg' (X (s)) W' (X ()] = %V’(S)U(S)_la(t)r(s, t)Elg' (X (s))h' (X (1))]

= %V/(S)E[QN(X(S))h(X(t))] + 0,p(s,t)Elg' (X (s))W (X (1))].

|

Theorem 5.4 Let X, p, and V be as in Lemma[5.3. Let g,h € C*(R) have polynomial
growth of order 8 with common constants K and r, and define f(s,t) = E[g(X(s))h(X(t))].
Then

[0stf (5, 1) < Clowp(s,t)| + C(IV'(s)] + [Dup(s, )NV (E)] + |Oep(s, 1))

whenever 0 < s,t < T and s # t, where C' depends only on K, r, and T.
Proof. By ,
Ostf(s,1) = %V’(S)@{E[g”(X(S))h(X(t))}}
+0.p(s, )0 Elg' (X ()W (X ()]} + Duup(s, ) Elg (X () (X (1))].
Applying , we have
Ot f(s,1) = iV’(S)V'(t)E [9" (X (s))R"(X(1))] + %V’(S)atp(& t)E[g" (X (s))h'(X(1))]
+ %V'(t)ﬁsp(s, ) E[g (X (s)R" (X (1))] + Osp(s, 1)0up(s, 1) E[g" (X (s))h" (X (1))]
+ 9up(s, t) Elg' (X (s))1' (X (1))],

and the theorem now follows. O
From Theorem [5.4] we immediately obtain the following corollary.
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Corollary 5.5 Let X, p, and V be as in Lemma . Let g,h € C3*(R) have polynomial
growth of order 3 with common constants K and r, and define f(s,t) = Elg(X(s))h(X(t))].

If
V(1) < Ct 2,
[0sp(5,1)] + 10up(s,1)| < C(s™2 4 (t = 5)7V%), and
[Osep(s,1)] < C(s722 + (t — 5)7%)

forall0 < s <t <T, where C' depends on only T, then
[0t f (5,)] < O (572 4 (t = 5)7%?),
for a (possibly different) constant C' that depends only on K, r, and T.
With this corollary in place, we can now begin proving Theorem [5.1]
Lemma 5.6 Suppose g € C&’l(R X [0,00)) has compact support. If p > 0, then
Elg(F(t),t) — g(F(s), s)|" < C|t — sP/*,
for all 0 < st <T, where C' depends only on g, p, and T'.

Proof. We write
9(F(1), 1) — g(F(s), ) = / Byg(F (1), u) du

+(F(t) - F(S))/O g (F(s) + u(F(t) — F(s)),s) du.

Hence, |g(F'(t),t) — g(F(s),s)| < C|t — s| + C|F(t) — F(s)|. Since F is a Gaussian process,
an application of (2.3 completes the proof. |

Lemma 5.7 Recall that 032- = EAFJ»Q. Under the hypotheses of Theorem |5.1

2

E| Y {9(F(tja), 1) — g(F(te),te) boy (=1 | < Clta — t.[*?,

j=c+1

where C' depends only on g and T'.

Proof. By (2.4)),

> {9(FP(tjo1) tjmr) — g(F(te) te) }oi(—1) = S+,

j=c+1

where

1/2 d
S = (2) A2 Y {g(F () t-1) = 9(F(te), t) }(=1),

7T .
j=c+1
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and, by Holder’s inequality,

\erkcAt(meﬂ)t ) — (), 1)l )

< CAt( él [9(F (tj1).tj1) = 9(F<tc)’t0)’2) ( ifd)

Hence, by Lemma |5.6],

d
Elel* < CA? 37 |j — o'/? < OAP2|d — cf*? = Clty — to*2.
Jj=c+1

As for S, we assume, without loss of generality, that ¢ and d are both even. In that case,

2\"? 1 v
S (g) N Z {9(P(t;1), tim1) — g(F(ty-2). tj-2)}
9 1/2 L d ti—1
= (%) At/ ]]%I}{/%Q Org(F(tj—1),s)ds+ g(F(tj—1),tj—2) — g(F(tj—2)atj—2)}'

Using (3.5)) with j = 0, the integral is bounded by CAt, and we have E|S|*> < CAt(|ty —
te|*> + S + Ss), where

S1= Z Elg(F(tj-1),tj-2) — g(F(tj-2. tj-2))I",
Sy = 212 Z |E[{g(F(ti-1), ti2) — g(F(tia), ti2) }

1 even j even

x {g(F(tj-1),tj—2) — g(F(tj—2),t;—2) }]|

/ / Ost fij(s,t) dt ds|,

and f;;(s,t) = E[g(F(s),ti—2)g(F(t),t;—2)]. Note that F'is a Gaussian process satisfying the
conditions of Corollary [5.5] Hence,

SQ<CZ Z/ / s34 (t — 5)7¥?) dt ds

i=c+1 j=i+2

7 even j even

< CAHY? Z Z )P (=17

i=c+1 j=1i+2
i even J even

< CAtY2(d — ¢) = CAt Y2ty — t.

2y Y

i=c+1 j=i+2

1 even j even
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By Lemmal5.6] we also have S; < CAt~/2|t;—t,|. Hence, F|S|> < CAt"/?|t4—t,|. Combined
with the estimate on E|e|?, this completes the proof. O

Lemma 5.8 Let o.; = E[(F(tj—1) — F(t.))AF;]. Under the hypotheses of Theorem
d
E| > ¢"(F(tj1),t;1)02,(=1)| < CAtlta—t.,

where C' depends only on g and T'.
Proof. By Lemma[2.9(i) applied with ¢ = 0, and (2.9),

G, + (21)"V2ALY2| = (6, — E[F(t.)AF;] + (21)"V2At2| < CAEY?(j — ¢) 72,
Hence, by Lemma [2.9(1),

52, — (2m) 'A< CAtY2[G,.; + (2m) YV2ALY2 < CAt(j — ¢) V2

Therefore,
d
D= o (Flty) )2, (-1P = S +2.
j=c+1
where
d
S=(2m) AL Y g (F(tj1),t-1)(=1)
j=c+1
and
d 2
ef? < CAL‘2< d G- c)1/2> < OAL(d—¢) = CAtty — t,.
j=c+1
The proof that E|S|?> < CAt|ty — t.| is similar to that in the proof of Lemma [5.7] except
that we must use (3.5) with j = 2. O

Lemma 5.9 Under the hypotheses of Theorem

2

> {g(F(te) 1) = g(F(te), 1) JAFF (=1 | < Clta — [,

j=c+1

where C' depends only on g and T'.

Proof. Let Y(t) = g(F(t.),t) — g(F(t.),t.), and note that

d
E| ) Y(t;1)AF (- J‘ Z Z E[Y (t;)AFY (tj—1)AF?)(—1)".
j=c+1 i=c+1 j=c+1
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For fixed i, j, define f : R> — R by
f(z) = gz, tio1) — g, te) \ (g(w1,ti-1) — g(@,te) 22
ti1 —te tj1—t.
By (3.5) with j = 2, f has polynomial growth of order 2 with constants K and r that do

not depend on 7 or j.

Let & = F(t.), & = 0, 'AF, Y = O'j_lAFj, and h(y) = y*. By Corollarywith k=1,

E[f(OMY)] = E[f(&)] + Ry, where |Ry| < C|p|?. Similarly, if f(xl) = f(x1,1), then

E[f(€)] = E[f(€)h(&)] = ELf (&)] + R,
where |Ry| < C|E[£&])?. Therefore,

EY (ti)AF?Y (t;)AF?] = 070 E[Y (ti1)Y (tj-1)] + Rs,

where
|R3| = U?U?|ti,1 - tcHtjfl - tc||R1 + R2| S At?)’?, - C||j — CHRI + R2|

Using Lemma [2.9[(iii) and (2.8),
1] = |BleY]| < CALHj — o772,
o] = |E[&Y]| < C(1j — i v 1)~*2,
|Bléae]| < CALH i — e[ 72,
This gives
|[Ra| < CA(|i — | + [ — c) + CALP(|j —i| v 1) *(Ji = ¢ + ] — ).
Observe that

d d
> IRs(6,4) < CAET(d = )* + CAE(d — o) < Cltg — tf*.
i=c+1 j=c+1

Hence, we are reduced to considering

d d d 2
YD e EY ()Y (4-)l(-) = B Y Y (ta)ag (—1)
i=c+1 j=c+1 j=c+1
Using (3.5) with j = 0 and ([2.4)), we have
d d
S Yt (=1 = | > (Y(t—1)o? = Y(tj)o] 4)
j=c+1 j‘:c—i-l
j even

< D (W)l = o] + 1Y (1) = Y (t-2)lo; )

j=c+1
J even

d
< C Y (tjor = el AL + AL

Jj=c+1

d
<CAPR ST |j— o V2 < Ofta — 12,

j=c+1
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which completes the proof. O

Proof of Theorem [5.1] By Lemma[5.9] it will suffice to show that

2
< Cltg —t >

Z {g(F(tj-1),tj—1) — Q(F(tc)vtj—l)}AEjQ(_l)j

j=c+1

For brevity, let X (t) = g(F(t),t) — g(F(t.),t), and write

d
E| Y X(tj1)AF}(— Z Z ti ) AF2X (tj_ ) AF?)(—1)",
Jj=c+1 i=c+1 j=c+1
Recall that 07 = EAF?. Let 6.(t) = F(t) — F(t.). Let o2; = Eéc(tj)Z. Let & = F(t.),
&= 0. 10c(ti1), & = 0. 10c(tj 1), & = 07 'AF;, and € = (&, ..., &). For x € R, define
[ =i by
fla) = <9(5E1 + 0cim1a, tio1) — 9@1%—1)) <g($1 +0c 123, tj—1) — g(x1, tj—l))xi'
Oc,i—1 Ocj—1

Let Y =0, 'AF; and h(y) = y*.

Note that for 6 € (0,1] and ¢; € [0,T], z — 6~ (g(x1 4+ 0z9,t;) — g(x1,t;)) has polynomial
growth of order 6 with constants K and r, that do not depend on 6 or j. Hence, f has
polynomial growth of order 6 with constants K and r. Thus, by Corollary with k£ = 5,

ifo=o0ci_100;- 10103, then

E[X(t; 1) AFX(t; 1) AF]] = o E[f(E)M(Y)]
= ‘7( > épaE[aaf(ﬁ)]E[M(Y)Yz] + Rl),

|| <5

where p; = E[§;Y] and |Ry| < C|pl®. If p is a positive integer, then by (2.19), (2.20]), and
(2.22)) with r =1,

Eho (Y)Y =0  if p—|a|is odd or |a| > p. (5.3)
Hence, since E[hy(Y)Y?] = E[Y* - Y?] =2,
E[X(ti ) AF? X (t;1) AFf] = 0 E[f(§)] + 0p3 E[05 f(§)] + 0 Ro,

where Ry incorporates all terms of the form p*E[0* f(£)] with |a| = 2, except a = (0,0, 2,0).
It follows that

BX(ti ) AF X (tj1)AF]
= 0 BX (ti1)AFPX (tj1)] 4 02, E[X (i) AF " (F(tj-1), tj-1)] + 0Ra,  (5.4)

where 7. ; = E[0.(t;—1)AF;] and
|Ra| < C(lpi? + o2 + |pal + p1p2] + p1ps| + |p2ps| + 1ps°).
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The terms |p1pa|, |papal, |pspal, and |ps]? are not listed on the right hand side of the above
estimate because |p1pa| + |p2pa| + |p3pa| + |pa|> < C|pa|. Using and Lemma[2.9 we have

o] < CAEPJi — of /1] — o4,

o] < Cli—e|74(1j =il 2+ |j — e 7'72),

[pr] < CAEHj =72

< Cli— el (17 =72 4 | = o),
lps] < Clj — |74,
lpa] < Clj =72,

Note that the above factors of |j — i| are actually (|j — 4| V 1), though we have omitted this
to simplify the notation. These estimates now yield

[0 Ra| < CAEY(fi = o745 = of /4 = a7+ i = e T — o7
b= e = e i = A = A = | = = ),
Using |7 —c| < |j—i|+|i —c|and |i — ¢| < |7 —i| + |7 — ¢|, one can show that
[0 Ra| < CAE2(Ji = o VH]j = e |7 = a[T2 4 15 = |71,

and therefore,

Z Z o Ry < CAP Z 02 < CAP2(d — €2 = Clty — 2.

1=c+1 j=c+1 1=c+1

By (5.4), we are now reduced to considering the sums

Z Z ti ) AFFX(t0))(=1)"

i=c+1 j=c+1

+ Z Z DAF2G"(F(t; 1), t;1))(—=1)", (5.5)

i=c+1 j=c+1

which will require two more applications of Corollary [£.2] We will be brief in our presentation
because the following estimates can be obtained in a way very similar to the one presented
above.

For x € R:)) define ﬁ( ) f(thQ;x?n 1) Let }7 547 g (£1>§Q7€3> and ﬁ] - E[€]~]
Note that f1 and f2 =0, 02 f both have polynomlal growth of order 5 with constants K
and r. Applying Corollary - 4.2{ with k = 4, and using ,

oI B[X (ti ) AF?X (t;1)] = cE[fu(OR(Y)] = o E[f1(€)] + 053 E[03 f1(&)] + o R
= 0707 BX (ti1) X (tj-1)] + 02,07 Elg"(F(ti1), tio1) X (tj-1)] + 0 Ry, (5.6)

c,i”j
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where
|Rs| < C(|pi|* + |ps)* + |papa] + [p10s] + 25| + |p2]%)- (5.7)

As before,

93] < Clj—c| Vi = G172+ 1 — o7V,

71l < CABAY = |12

S Clj— e Vi =GP+ i = o),

P2] < Cli = |74,

which gives

o Rs| < CAE(Ji = e /Mi = 5|+ Ji = 72 4 Ji = e 772),

and shows that

d d
> loRs| < Clta -t (5.8)

imet 1 j=ctl

Similarly, if & = 62 ;070.,_1, then
ESJE[X( i1)AF2G(F(tj1),ti-1)] = GE[f2( ) h(Y)] = GE[f2(6)] + 3 E[03 f2(6)] + TRy
= 0,00, BIX (ti1)g" (F (1), t;1)] + 62,02 Blg" (F(tioa), tia)g" (F(tj-1), ti1)] + G Ra,

(5.9)

where R, also satisfies (5.7). Note that || < CAt7/4|i —c|*/. Since this is a better estimate
than the one we use for |o|, the estimates above also give

d d
ST N [GR| < Clta— £ (5.10)
i=c+1 j=c+1

By (5.5), (5.6), (5.8), (5.9), and (5.10)), we are reduced to considering the sums
d d -
> > Gl E[X (i) X (t))(—1)

i=c+1 j=c+1

+ Z Z 0. ]QE "(F(t;— 1)7ti_1)X(tj_1)](_1)i+j

= c—i—l] c+1
+ Z Z 0iG2  BlX (ti)g" (F(t-1),t1)](=1)"
i=c+1 j=c+1
+ Z Z G0 Blg" (F(tia), tio1)g" (F(tj—1), tj-1)](=1)".
i=c+1 j=c+1
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Note that this can be simplified to

d d 2
E| Y oX(to)(=1) + Y 629" (Ftj—1),tj—1)(—1)
j=c+1 Jj=c+1
d 2 d 2
gc(E Y EX(t) (1| +E| Y 629" (Ftjo1), tj—)(—1) )
Jj=c+1 Jj=c+1
By Lemmas[5.7] and [5.8] this completes the proof. 0

Corollary 5.10 Recall J,(g,t) from @7). If g € C3"(R x [0,00)) has compact support,
then {J,(g,-)} is relatively compact in Dg[0, 00).

Proof. We shall apply Corollary [2.2| with 3 = 4. First note that ¢(z +y)* < C(|z|* + |y[*).
Fix 0 <s<t<T. Let c =2|ns/2] and d = 2|nt/2]. Then

2

> {9(F(tj1),tja) — g(F(te), te) JAFF (—1)

Jj=c+1

Elg(Ja(t) = Ju(s))'] < CE

4

—I—C’E‘g(F(tc),tc) > AF(-1y

j=c+1

By Theorem [5.1| and ([2.12)),

n

—2|ns 3/2
Elg(n(t) — Jn(s))1] < Clta — 6% + Oty — t.J? < C<2Lnt/2j 2| /ZJ) |

This shows that one of the assumptions of Corollary[2.2 holds. The other assumption follows
from the same estimate applied with s = 0. By Corollary {J,} is relatively compact. O

6 Convergence to a Brownian integral

Recall that J,(g,t) is given by and B,(t) is given by (2.11). Note that J,(g,t) =
/ﬁf(fg(Fn(s—),N(s—))dBn(s), where N(t) = |nt]/n and F,(t) = F(N(t)). In light of
Theorem , we would like to apply Theorem . Unfortunately, though, {B,} cannot
be decomposed in a way that satisfies . This is essentially due to the numerous local
oscillations of B,,. To overcome this difficulty, we consider a modified version of B,,.

The process B, has a jump after every At units of time. To “smooth out” this process,
we shall restrict it so that it jumps only after every At'/* units of time. Define

2m3 | mt/2|

Bu(t)=r"" > AF}(-1), (6.1)

where m = |n'/4].
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Lemma 6.1 The sequence {B,} given by (6.1) satisfies (2.2), and B,, — B, — 0 ucp.

Proof. Given k, let d = d(k) = 2m?k and ¢ = c(k) = 2m*(k — 1). Write B,(t) =
k! Z,E”ﬂ/zj &k, where

d
&= Y AF(-1).

Jj=c+1
For c < j < d, let AF; = AF; — E[AF}|F,], where F; is given by (2.13). Let
d 2
gk - Z AF](_l)]a
j=c+1

so that {&,} is an iid sequence, by the remarks following (2.13). In particular, M, (t) =
Kt Z,E’Ztl/ 2l E_k is a martingale. Let A, = B,, — M,. We must now verify (2.2)).
Since {AF;}22.,; has the same law as {AF;}22,, (2.12) implies

2

Bl =E — E|sB,(2m*/n)|*> < Cn~ Y4,

2m3
> AF}(-1)
j=1

It follows that E[M,], = x~* Z,Egm E|&,|? < Ct for all n. Also, by ([2.15)),

d
Blg, — &l < CAY? Y~ (j— o) < CAEP(2m®)/* < Cn /18,

j=c+1

It follows that EVy(A,) = xS B¢, — €| < Ctn=Y/1%, and {B,} satisfies (2.2).
By (2.12),

E[B.(t) — Ba(s)]* < c(

om3|mt /2] — 2m3Lms/2J>2.

By Corollary , {B,} is relatively compact. By Corollary and Theorem 2.10, {B,—B,}
is relatively compact. Hence, by Lemma , in order to show that B, — B,, — 0 ucp, it will

suffice to show that B, (t) — B, (t) — 0 in probability for each fixed t.
For this, note that n'/* — 1 < m < n'/4. Hence, m®|mt/2| < nt/2. Since m?®|mt/2] is

an integer, m®|mt/2] < |nt/2]. By (2.12),

2\nt /2]

A SEPN

j=2m3|mt/2|+1

E|B,(t) - B,(t)|* = E 4

_ 3 2
§C<2[nt/2j 2m Lmt/2j)
n (6.2)
! 3\ 2
SC(nt m*t + 2m )
n
_(n1/4 _ 1\4 3/4\ 2
SC(mﬁ (n 1)* +2n )
n
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Letting n — oo finishes the proof. O
With this lemma in place, we are ﬁnally ready to prove our main result.

Theorem 6.2 Let I,,(g,t) be given by (1.4) and k, B, by (2.10) and ( , respectively.
Let B be a standard Brownian motion, mdependent of F. If g € C’fl(R x [0,00)), then

(F,Bn, I,(q,-)) — (F, B, I"B(¢',-)) in law in Dgs[0,00), where I"B(g',-) is given by (1.6)).

Remark 6.3 Suppose {IW,,} is another sequence of cadlag, Rf-valued processes, adapted to
a filtration of the form {F; v Gi'}, where {F;} and {G;'} are independent. If (W, F, B,,) —
(W, F, B) in law in Dget2[0,00), then (W,,, F, B, I,(¢',-)) — (W, F, B, I1"B(¢,-)) in law in
Drets[0,00). This can be seen by applying Remark |2 - to . below.

Proof. By Lemmaand Theorem. 2.10, B,, — B in law. Define N(t) = 2m?|mt/2|/n and
F,o(t) = F(N(t)). By continuity, ¢"(F,(-), N(-)) — ¢"(F(-),-) a.s. Hence, by Corollary.
and Lemma2.5, (F, ¢"(F,(-),N(-)), Bn) — (F,¢"(F(-),-), B) in law in Dpgs [0 00). Therefore,
by Lemma Theorem 2.7, and Remark 2.8

F.¢"(Fo(-),N(-), By, K lg"(Fn(S—)aN(S—))dEn(S)
. (F,g”(F(~),-),B,/</ g (F(s), s) dB(s)) (6.3)

0
in law in Dgs[0,00). By Corollary [4.5 and Lemma [6.1]

(F> By, ]n(gla t))
t

~ <F7§n7g(F(')7 ) - g(F(O),O) - atg(F(S)v S) ds — E /.g”(FNQS_)’N(S_)) dEn(‘S))

0 2 0
1
- 5(0707 CTL(t))a
where .
Calt) = Tulg" 1) — & / §"(Fols—), N(s—)) dB(s).

Hence, it will suffice to show that ¢, — 0 ucp.

By , B,, jumps only at times of the form s = 2k/m, where k is an integer. At such
a time, N(s—) = 2m?*(k — 1)/n and F,(s—) = F(N(s—)). Using the notation in the proof
of Lemma this gives

X / §"(Fo(5—), N(s—)) dBa(s)
=1 S ¢"(Ful(s—), N(s—))AB,(s)

0<s<t
|mt/2| 2m3k
= K Z t2m3 k— 1)) t2m3(k 1)):‘171 Z AF]z(—1>j

j=2m3(k—1)+1

lmt/2] d .
=> > 4 t)AFF(—1).
k=1 j=c+1
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Hence, by ([7), Ca(t) = 32173 Sk + £, where

d
Sk = Z {9"(F(tj-1)tjm1) = g"(F(te), te) JAFT (—1) (6.4)
and
2(nt/2] |
en= > G(Ft;) i )AF (1),

j=2m3|mt/2|+1

By the truncation argument in the proof of Theorem [3.2] we may assume that g has compact
support. Hence, by Corollary [5.10] {.J,(¢”,-)} is relatively compact, so by Corollary and
, {C.} is relatively compact. Therefore, by Lemma , it will suffice to show that
(u(t) — 0 in probability for fixed t.

If M =2m?|mt/2] and N = 2|nt/2], then

en=Y_ {g"(F(tjs1),tim1) — " (F(tur) tar) JAFF (—1))

j=M+1

+9"(F(tar) tar) ) AFF(-1).

j=M+1

Note that ¢” is bounded and, by (2.11)) and ([2.12]),

E EN: AF?(—1) 4 = E|B,(N/n) — B,(M/n)|* < Clty — tu]*
j=M+1
As in , this goes to zero as n — o0o. Also, by Theorem
N 2
Bl Y Ag (F(ti), i) = ¢"(F(ta) ) JAFF (=17 | < Cltn — tar[*?.
j=M+1

Hence €,, — 0 in probability and it remains only to check that Z,E’Zi/ 2

Still using the notation from the proof of Lemma [6.1] let

Sk — 0 in probability.

Se= > {g"(F(t;1),t;1) = g"(F(t), t) JAF(-1Y, (6.5)

Jj=c+1
let T, = E[Si|F..], and let Ny, = S;, — m. We claim that
E|S, — Ni|* < CAtY/E. (6.6)

For the moment, let us grant that this claim is true. In that case,

Lmt/2] [mt/2] B mt/2] 12\ 1/
E| Y S< > E|Sk—Nk|+(E > N ) .
k=1 k=1 k=1
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Since m_§£1/4 = A_t*1/4,_ gives Zgﬂm E|S, — Ni| < CAtY/1% — 0. Also, if k < ¢,
then E[N,N,] = E[N4E[N, | 7., ]] = 0. Hence,

/2l g2 bmi2l w2l [mt/2]
E| Y Nef = > EN,<C > E[N:—S[’+C > ES;
k=1 k=1 k=1 k=1

As above, the first summation goes to zero. For the second summation, note that
¢" € CIY(R x [0,00)) has compact support. Thus, by (6.4), Theorem [5.1] and the fact
that d — ¢ = 2m?® < 2At=3/4,

2

> A (F(tj),ti1) = g"(F(te), te) JAFF (=1)

j=c+1

ES?=F

< Oltg — te)? = CAP(d — ¢)3? < CALPE.

Hence, > ,Eg/ 2l ES? < CAt'/® — 0, which completes the proof of theorem.

It remains only to prove . By (6.4)) and (6.5)),

2

ST (F(tjo1) tjmr) — g"(F(to), t) HAF? — AF,)(~1)

j=c+1

< (d—c) Z E [|g”(F(tj—1),tj—1) - gﬂ(F(tc)atc”Q(Asz - AF?)Q} :

Jj=c+1

E|S, - Si*=E

By Hélder’s inequality, Lemma and ([2.15)),

d
E|Sy = Sk* < C(d—¢) D> (t; —to) PAt(j — ¢) =/
j=c+1
d
=CAPP(d—c) Y (j—c)
Jj=c+1

< CA?(d - )75 < CALB,

Hence, it will suffice to show that E|my|? < CA#/8.

By (6.5)),
d ., , d — .
e = Y Elg"(F(tj1),t;-0)AF; | B (=17 = > g"(F(te),t.) E[AF;](—1)
j=c+1 j=c+1

= Y Elg(Gtjem) + Xje tj21)AGT_ | F](—1)

=37 G(F(t) t) EIAGE J(~1)7,

j=c+1
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where G(t) = F(t+t.) — E[F(t+t.) | 7| and X; = E[F(tj+c—1) | Ft.]. As noted in the
discussion following (2.13]), G is independent of F;_ and has the same law as F'. Thus,

d—e d—c

M=) (9i(X5) = 9m1(Xm)) = g"(F(te) te) D (0F —07y),
=1 j=1
J even J even

where @;(z) = E[g"(F(tj—1) 4+ 2, tj4.—1)AF?]. Using (2.29)), if 0> = EF(t;_1)?, then we have
pj(x) = o7 E[g"(F(tj=1) + @, tjre1)] + 0, Elg"(0(07 F(tj—1)) + @, tj1e1)ha(0; ' AF))]
= 03Elg"(F(tj—1) + 7,10 1)]
+ 0} (Elo™ F(tj1)o; 'AF)])E[0’g " (0 (07 F(tj-1)) + @, tjre1)ho(0; ' AF))]

= 0} Blg"(F(tj-1) + @, b)) + (B[F () AF))?E[gW (F(tj-1) + 2, tjee)]
= O'?bj(l’) + E?Cj(x),

where

&
~—
8
~—
Il

Elg"(F(tj1) + 2, tjc1)],
¢j(x) = BlgW (F(tjm1) + 2, tjsen)]-

We may therefore write
my = Z Zgh (6.7)

where

& =07 1(¢;(X;) — ¢ (X)),

7j—1

Es = —g”(F(tc),tc)(O'? — 032»_1).

For &, (2.4) gives |0]2 — 032_1| < Cj732At'/2. Hence,

d—c

> e

j=1
J even

2

E < CAt.

The same estimate also applies to &. For &, let us write
10 () = bj—1(zj-1)| < [bj(x;) — bj(wj—1)[ + |bj(wj-1) — bj—1(wj-1)]

< Clrj — 254
+ | Elg"(F(tj—1) + ®jo1, tjre1) — 9" (F(tj—2) + Tj—1, tjse—2)]

< Clzj — xj1]
+IE["(F(tj1) + zjo1, tjre1) — 9" (F(tj-2) + @j1,tj1e-1)]
+ E[g"(F(tj—2) + j_1,tjre1) — g (F(tj—2) + Tj-1,tj4c2)]

< Clay — 21| + | AL+ CAL,
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where (5(t) = E[¢"(F(t) + zj_1,tj1c—1)] and t* € (tj_2,t;_1), and we have used (3.5 with
j = 2. By Lemma [5.2, |85(t)] < Ct~Y/2. Also note that X; — X; 1 = E[AFj . | F.], so
that by (2.14)), E|X; — X;_1]*> < Cj73/2At'/2. Thus,

< (gaﬁ_l)(zm A0P)

d—c (68)
S CAt1/4 Z(j—S/QAtl/Q +]_1At)
=1

< C(AP* + A4 (d — ¢)?3) < CAPA,

For &, [2.9) gives |62 — 57_,| < Cj~'/?At. Hence,

< CAt*(d —¢) < CAP/4,

For &, as above, we have

lcj(25) = cj1(wj—1)| < Claj =z + |Bi(17)|AL + CAL,
where (4(t) = E[gW(F(t) + 2j_1,tj1c1)] and t* € (t;_2,t; 1), and we have used (3.5) with
j = 4. Tt therefore follows as in that

d—c

E| > &

J=1
J even

2

< CAPP,

Applying these five estimates to ((6.7)) shows that E[m|? < CA#¥* < CAtY/3, and completes
the proof. O

Corollary 6.4 Let £ be a stochastic process, independent of F', such that holds. Let
X = cF + &, where ¢ € R. Let IX(g,t) be given by and k, B, by and
, respectively. Let B be a standard Brownian motion, independent of (F,§). If

e CP' (R x [0,00)), then (F,& Bn, IX(g',-)) — (F.€, B, IB(¢,-)) in law in Dga|0,c0),
where 1Y is given by .

Remark 6.5 Recall QX from Section [I| and note that QF = kB,. Note that
QX(t) ~ C2QF(t) because AX? = 2AF? 4 o(At). This and Corollary imply that
(X,QX,IX(d, ") — (X, kB, I*B(g',-)) in law in Dgs[0, 00).

Remark 6.6 Suppose {IW,,} is another sequence of cadlag, R*-valued processes, adapted to
a filtration of the form {F; vV GI'}, where {F;} and {G]'} are independent. As in Remark
6.3, if (W,,F,B,) — (W,F,B) in law in Dge2[0,00), then (W,, F,¢, B,, IX(d,) —
(W, F, &, B, I%B(¢..)) in law in Dgesa[0, 00).
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Proof. The claim is trivial when ¢ = 0. Suppose ¢ # 0. We first assume ¢ is deterministic.
Let h = he be given by h(z,t) = g(cx + &(t),t). We claim that h € CJ"'(R x [0,00)). Note
that hU)(F(t ) t) = dgW(X(t),t) for all j < 9. It is straightforward to verify (3.2)-(-3).
Conditions (3.4 - follow from the fact that

Oih ])(:v, t) = dg J“)(cx +&(8), )& (t) + cjatg(j)(cx +£(t), 1), (6.9)
for all j < 4.
Observe that
|nt/2]
IX(g' t) = LWt Z W (F(t2j-1),t2j—1)(E(t2y) — &E(taj-2))-

By our hypotheses on &, and the continuity of A’ and F', the above summation converges
uniformly on compacts, with probability one, to fo N(F ( ),8)¢'(s)ds. Thus, by Theorem

[6.2] and Remark [6.3] (F., &, B, IX(¢',-)) — (F.&, B, T), where

T = W(F(t),t) — h(F /at ds—E/O W'(F(s),s)dB(s)

Using with j = 0, this gives

7= g(X(t),1) - / Drg(X ds—% ¢"(X(s),s) dB(s),

0

completing the proof.
Now suppose ¢ is random, and independent of F'. Let H : Dg4[0,00) — R be bounded
and continuous. Since we have proven the result for deterministic &, it follows that

E[H(F.& By, IX(¢', ) | €] = EH(F,&, B, I"P(d,-) | €] as.
Applying dominated convergence completes the proof. O
We now give two examples of processes X satisfying the conditions of Corollary [6.4}

Example 6.7 Consider the stochastic heat equation du = 02u + W (z,t), with initial
conditions u(z,0) = f(z). Under suitable conditions on f, the unique solution is

wet) = [ plo =yt =)Wy < dr) + oft.z),
Rx[0,]
where

oz, 1) = / Pl — . ) f(y) dy.

For example, if f has polynomial growth, then this is the unique solution and, moreover,
dyv is continuous on R x [0,00). This implies that ¢ +— v(x,t) satisfies (1.3). Hence,
X(t) = u(z,t) = F(t) + v(z,t) satisfies the conditions of Corollary [6.40 This remains
true when f is allowed to be a stochastic process, independent of WW.

44



Example 6.8 This example is based on a decomposition of bifractional Brownian motion
due to Lei and Nualart [§]. Let W be a standard Brownian motion, independent of F'. Define

() = (16#)_1/4/ (1 —e ) s 3/ dW (s).
0
By Proposition 1 and Theorem 1 in [8], the process ¢ satisfies (1.3). Moreover, if ¢ = (7/2)'/4,

then X = cF +¢ has the same law as B'/4, fractional Brownian motion with Hurst parameter
H=1/4.
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