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MARKOV LOOPS AND RENORMALIZATION

By YvVEs LE JAN
Université Paris Sud 11

We study the Poissonnian ensembles of Markov loops and the
associated renormalized self intersection local times.

1. Introduction. The purpose of this paper is to explore some simple relations between
Markovian path and loop measures, spanning trees, determinants, and Markov fields such as
the free field. The main emphasis is put on the study of occupation fields defined by Poissonian
ensembles of Markov loops. These were defined in [9] for planar Brownian motion in relation
with SLE processes and in [10] for simple random walks. They appeared informally already
in [24]. For half integral values % of the intensity parameter «, these occupation fields can be
identified with the sum of squares of k copies of the associated free field (i.e. the Gaussian field
whose covariance is given by the Green function). This fact is related to Dynkin’s isomorphism
(cf 2], [17], [13]). We first present the results in the elementary framework of symmetric Markov
chains on a finite space, proving also in passing several interesting results such as the relation
between loop ensembles and spanning trees. Then we show some results can be extended to
more general Markov processes. There are no essential difficulties when points are not polar but
other cases are more problematic. As for the square of the free field, cases for which the Green
function is Hilbert Schmidt such as those corresponding to two and three dimensional Brownian
motion can be dealt with through appropriate renormalization. In particular, we can show that
the renormalised powers of the occupation field (i.e. the self intersection local times of the loop
ensemble) converge in the two dimensional case and that they can be identified with higher even
Wick powers of the free field when « is a half integer.

2. Symmetric Markov processes on finite spaces. Notations: Functions and measures
on finite (or countable) spaces are often denoted as vectors and covectors. The multiplication
operator defined by a function f acting on functions or on measures is in general simply denoted
by f, but sometimes it will be denoted M. The function obtained as the density of a measure
v with respect to some other measure v is simply denoted £.

Our basic object will be a finite space X and a set of non negative conductances C, , = Cy ,,
indexed by pairs of distinct points of X.

We say {z,y} is a link or an edge iff C;, > 0 and an oriented edge (z,y) is defined by the
choice of an ordering in an edge. We set —(z,y) = (y,z) and if e = (z,y), we denote it also
(e, e™).
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The points of X together with the set of non oriented edges E define a graph (X, FE). We
assume it is connected. The set of oriented edges is denoted E°.

An important example is the case in which conductances are equal to zero or one. Then the
conductance matrix is the adjacency matrix of the graph: Cy , = 11, 1ep

2.1. Energy. Let us consider a nonnegative function £ on X. Set Ay = gy + 32, Coy Py =

C; L. P is a Ad-symmetric (sub) stochastic transition matrix: A\, P = A\, P with Py = 0 for all
z in X. It defines a symmetric irreducible Markov chain &,.

We can define above it a continuous time A-symmetric irreducible Markov chain x;, with
exponential holding times, of parameter 1. We have z; = {p,, where NV; denotes a Poisson

process of intensity 1.The infinitesimal generator is given by Ly = P7 — d;.

We denote by P, its (sub) Markovian semigroup exp(Lt) = Y %Lk. L and P; are A-symmetric.

We will consider the Markov chain associated with C| k, sometimes in discrete time, sometimes
in continuous time (with exponential holding times).

Recall that for any complex function z*,x € X, the “energy”

e(z) =(—Lz,Z), = Z —(L2)"Z" Ay

zeX

is nonnegative as it can be written
1 -
=3 Z Cry(z" —29)(Z" —2Y) + Z Kg2® Z Ap2® Z Cypy2"7Y
T,y z,y

The Dirichlet space ([4]) is the space of real functions equipped with the energy scalar product
defined by polarization of e.

Note that the non negative symmetric “conductance matrix” C' and the non negative equi-
librium or “killing” (or “equilibrium”) measure k are the free parameters of the model.

We have a dichotomy between:

- the recurrent case where 0 is the lowest eigenvalue of — L, and the corresponding eigenspace
is formed by constants. Equivalently (since X is assumed to be finite), P1 = 1 and &
vanishes.

- the transient case where the lowest eigenvalue is positive which means there is a ”Poincaré
inequality”: For some positive €, the energy e(f, f) dominates e (f, f), for all f. Equiva-
lently, x does not vanish everywhere.

We will now work in the transient case. We denote by V the associated potential operator
(-L) ' = Jo© Pidt. It can be expressed in terms of the spectral resolution of L.

We denote by G the Green function defined on X2 as G%Y = ‘)\/—{ = )\—ly[(I - P)_l]?”j ie.
G = (M) — C)~L. It induces a linear bijection from measures into functions. We set (Gu)® =
22y GV iy
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MARKOV LOOPS AND RENORMALIZATION 3

Note that e(f,Gu) = (f,n) (i.e. >, f¥u,) for all functions f and measures p. In particular
Ge=1as e(l,f)=> ks = (f, 1),

See ([4]) for a development of this theory in a more general setting.

In the recurrent case, the potential operator V operates on the space A of functions f such
that (f,1), = 0 as the inverse of the restriction of I — P to At. The Green operator G maps
the space of measures of total charge zero onto A“. Setting for any signed measure v of total
charge zero Gv = V. we have for any function f, (v, f) = e(Gv, f) (as e(Gv,1) = 0) and in
particular f* — fY = e(G(05 — 0y), f).

2.2. Feynman-Kac formula. For the continuous time Markov chain z; (with exponential
holding times) and k(x) any non negative function, we have the Feynman Kac formula:

t

For any nonnegative measure x, set V, = (—L + M, )~} and
X
Gy = ViMy = (My + My — o)t

. It is a symmetric nonnegative function on X x X. Gy is the Green function G, and G, can be
viewed as the Green function of the energy form e, = e + || H%Q(x)'

Note that e, has the same conductances C' as e, but x is added to the killing measure.
Note also that V, is not the potential of the Markov chain associated with e, when one takes
exponential holding times of parameter 1 but the Green function is intrinsic i.e. invariant under
a change of time scale. Still, we have by Feynman Kac formula

00 rtx 22)ds -
/0 E;(e Jy 3(ea)d 1{xt:y})dt = [Vx]y-

We have also the "resolvent” equation V —V, = VM X Vi=V,M x V. Then,
G-Gy=GMG, =G,MG

2.3. Countable spaces. The assumption of finiteness of X can be relaxed. On countable
spaces, the previous results extend easily under spectral gap conditions. In the transient case,

the Dirichlet space H is the space of all functions f with finite energy e(f) which are limits in
w(f)?

energy norm of functions with finite support. The energy of a measure is defined as sup ycy FE
It includes Dirac measures. The potential Gy is well defined in H for all finite energy measures
i, by the identity e(f, Gu) = (f, u), valid for all f in the Dirichlet space.

Among the many well known examples of such infinite graphs, note that many important
cases can be obtained as a non ramified covering of some finite graph.
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3. Loop measures.

3.1. A measure on based loops. We denote by P* the family of probability laws on piecewise
constant paths defined by P;.

]P’x(’y(tl) =2, ...,’y(th) = wh) = Ptl (.%', .%'1)Pt2_t1 (.%'1, .%'2) Ce Pth—th—l (.%'hfl, wh)

Denoting by p(7y) the number of jumps and 7; the jump times, we have:

Px(p('Y) = k57T1 =Ty s VT = xk‘—l,Tl € dtl, aTk; € dtk‘)

CJ: $20$k 1,75 Ry, .
— ’ —1 1 e kdt dt
>\m)\x2)\mk {0<ti<...<tg} 1 k

For any integer p > 2, let us define a based loop with p points in X as a couple [ = (§{,7) =
(Ems1 <m <p),(Tm, 1 <m <p+1),)in XP x ]R{frl, and set & = &,41 (equivalently, we can
parametrize the discrete based loop by Z/pZ). The integer p represents the number of points in
the discrete based loop § = ({1, ...§,(¢)) and will be denoted p(§). Note two time parameters are
attached to the base point since the based loops do not in general end or start with a jump.

Based loops with one point (p = 1) are simply given by a pair (£,7) in X x R,.

Based loops have a natural time parametrization [(¢) and a time period

T = ZI;SIHI 7i. If we denote 21" 7 by Tt 1(t) = &—1 on [Thn—1,Ty,) (with by convention
To =0 and & = &,).

A o-finite measure p is defined on based loops by

001 X, T
= Z/ SPEE Al
zex ’0

where P;"Y denotes the (non normalized) "law” of a path from z to y of duration ¢ : If t; <
ta... <tp <t,

1
P?’y(l(tl) = 1‘1, ceey l(th) = xh) = [Ptl]£1 [Ptg—tl]gé---[Pt—th]gajh)\_'
Y
Its mass is p;"¥ = @. For any measurable set A of piecewise constant paths indexed by [0 ¢,

we can also write

BPY(A) = Py(AN {2, = y})%y,

From the first expression, we see that by definition of u, if 1 < ... <t < t,
1
(1) pl(t) = 21, ..., [(ty) = 25, T € dt) = [Pt1+t7th]§1[Ptzftl]ﬁé---[Ptrthfl]izfl;dt-
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MARKOV LOOPS AND RENORMALIZATION )

Note also that for k > 1, using the second expression of P;** and the fact that conditionally
on Ny = k, the jump times are distributed like an increasingly reordered k—uniform sample of
0]

)\thx’x(p =k 52 = T2, ,gk = xk,Tl S dtl, ...,Tk € dtk)
= P:B P:L.2 P;’k1{0<t1<___tk<t}eitdt1...dtk.

xo L s
Therefore,
(2) pulp=k& =, ., & = ag, T1 € dty, .., Ty, € dty, T € dt)
(3) - Pf;..PﬁMe_tdtl...dtkdt

for k > 1.

Moreover, for loops reduced to one point, u{p(§) = 1,& = z1, 7 € dt} = eT_tdt.

3.2. First properties. Note that the loop measure is invariant under time reversal.

If D is a subset of X, the restriction of u to loops contained in D, denoted p” is clearly
the loop measure induced by the Markov chain killed at the exit of D. This can be called the
restriction property.

Let us recall that this killed Markov chain is defined by the restriction of A to D and the
restriction PP of P to D? (or equivalently by the restriction ep of the Dirichlet norm e to
functions vanishing outside D).

As [ tkk_!le_tdt = %, it follows from (2) that for k£ > 1, on based loops,

@ pp(©) = k&1 =11, i = ) = 7 PP

In particular, we obtain that, for k > 2

plp=k) = %TT(Pk)

and therefore, as Tr(P) = 0,
=1
1) — ) = —log(det(I — P)) = log(det(G Az
pu(p > gk og(det(I — P)) og(e()];[ )
since (denoting M) the diagonal matrix with entries \;), we have
det(M)\ — C)
det(l — P) = —————
¢ ( ) det(M)\)

Moreover

/ ()1 ps1yp(dl) ZTr P*Y=Tr((I - P)"'P) = Tr(GC)
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3.3. Loops and pointed loops. 1t is clear on formula 1 that p is invariant under the time shift
that acts naturally on based loops.

A loop is defined as an equivalence class of based loops for this shift. Therefore, i induces a
measure on loops also denoted by p.

A loop is defined by the discrete loop ¢ formed by the & in circular order, (i.e. up to
translation) and the associated scaled holding times. We clearly have:

(€

However, loops are not easy to parametrize, that is why we will work mostly with based
loops or pointed loops. These are defined as based loops ending with a jump, or as loops with a
starting point. They can be parametrized by a based discrete loop and by the holding times at
each point. Calculations are easier if we work with based or pointed loops, even though we will
deal only with functions independent of the base point.

o

= (21,22, ..y p) ) = Pyl . Pk

The parameters of the pointed loop naturally associated with a based loop are &, ...,§, and
T+ Tp=T10,Ti=T7, 2<i<p

An elementary change of variables, shows the expression of u on pointed loops can be written:

t
5 w(p=k,& = a;, 7 € dt,) = PP .. PP o= Xltigr  dt,
7 i T2

LYt

Trivial (p = 1) pointed loops and trivial based loops coincide.
Note that loop functionals can be written

(%) =Y Lgpery@u((&i77) i = 1,..k)
with @ invariant under circular permutation of the variables (&;, 7).

Then, for non negative ®y,

° t
/‘I)k(l )M(dl) = /Z@k(m,,tl)P:f;Pfl’“e’Ztl th'dtl...dtk

and by invariance under circular permutation, the term ¢; can be replaced by any t;. Therefore,
adding up and dividing by k, we get that

o 1
/@k(z ) u(dl) :/EZ@k(xi,tl-)Ple...Pfl’“e’Ztidtl...dtk

The expression on the right-hand side, applied to any pointed loop functional defines a different
measure on pointed loops, we will denote by p*. It induces the same measure as p on loops. We
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MARKOV LOOPS AND RENORMALIZATION 7

see from this expression that conditionally on the discrete loop, the holding times of the loop
are independent exponential variables.

(6) wip=k& =x;,7 €dly) = % H Cﬁu&ﬂe_tidti
1€EL/PZL

Conditionally on p(§) = k, T is a gamma variable of density %e_t on R, and (%, 1<i<k)
an independent ordered k-sample of the uniform distribution on (0,7") (whence the factor %)
Both are independent, conditionally on the number of points in the discrete loop. We see that
1, on based loops, is obtained from p on the loops by choosing the based point uniformly. On
the other hand, it induces a choice of &; biased by the size of the 7’s, different of p*. But we
will consider only loop functionals.

It will be convenient to rescale the holding time at each & by A¢, and set

The discrete part of the loop is the most important, though we will see that to establish
a connection with Gaussian fields it is necessary to consider occupation times. The simplest
variables are the number of jumps from x to y, defined for every oriented edge (x,y)

Naz,y = #{Z 16 = x7§i+1 = y}

(recall the convention &,4; = &) and

Note that N, = #{i > 1:§; = x} except for trivial loops for which it vanishes.
Then, the measure on pointed loops (5) can be rewritten as:

dt
(7) pp=1&=27edt)= e*)‘th and
1
(8) ﬂ*(p =k & =27 € dti) = % Hcgjc\zy H)\;Nw H )\&e—ksitidti
.y x i€Z/pT.

Another bridge measure ;Y can be defined on paths « from x to y:

p(dy) = /0 Py (dy)dt.
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8

Note that the mass of u*¥ is G*Y. We also have, with similar notations as the one defined for
loops, p denoting the number of jumps

,u,gﬁ’y(p("y) = k,’yTl =1y YTy = wk,l,Tl S dtl, ...,Tk,l S dtkfl,T S dt)

Cr,20Crs.25---C.
_ x,x2 - %2,x3 Tk—1,Y 1{0<t1<,,,<tk<t}6_tdt1---dtkdt
Ae Ay Ay

For any x # y in X and s € [0, 1], setting P = PY if (u,v) # (z,y) and Py(s)’m = sPJ, we

can prove in the same way as to give the expression of u(p > 1) that:
(™o 1 psy) = —log(det(I — P&))
Differentiating in s = 1, it follows that:
#(Nay) = [(I = P)"' 4Py = G™Cyy

and p(Nz) = 30, #(Nzy) = XoG®* =1 (as G(M) — C) = Id).
We finally note that if C, > 0, any path segment on the graph starting at x and ending at
y can be naturally extended into a loop by adding a jump from y to z. We have the following

Proposition 1 For C,, > 0, the natural extension of u™¥ to loops coincides with NCy’T’y)p(dl).

)

Proof. It follows from the expressions of the densities of u and p®¥, noticing that a loop [
can be associated to Ny (1) distinct bridges from x to y, obtained by ”cutting” one jump from
ytox. A

3.4. Occupation field. To each loop ! we associate local times, i.e. an occupation field {l;, T €

X} defined by
p()

~ () 1
= [ e s = 3 e T
O ; {e=o)

for any representative [ = (§;, ;") of [°. For a path ~, 7 is defined in the same way.
Note that

—al® > _ _aydt «
© Pl = e Yoy = [T et —e BT = log1+ 1)
(noticing for example that ff(e_“ - e_dx)d?"” is symmetric in (a,b) and (c,d)).

In particular, ,u(lA‘Tl{p:l}) = %

From formula 5, we get easily that the joint conditional distribution of (lA“” , © € X) given
(Nz, x € X) is a product of gamma distributions. In particular, from the expression of the

moments of a gamma distribution, we get that for any function ® of the discrete loop and k£ > 1,
(Y 1oy ®) = AT (N, + b — 1).0.(N, + 1N, @)
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MARKOV LOOPS AND RENORMALIZATION 9

In particular, pu(I*) = = [1(N) + 1] = G*=.
Note that functions of [ are not the only functions naturally defined on the loops. Other such
variables of interest are, for n > 2, the multiple local times, defined as follows:

n—1
T 1
jZO 0<ty<...<tn<T {Et)=w145,. - &(tn—j)=2n,...{(tn) x]}H )‘$z ?

It is easy to check that, when the points z; are distinct,

n—1 n
(10) lxl""’xn = Z Z H 1{§il:$l+j}7/—i\l'

7=01<i1 <. <in<p(l) I=1

Note that in general [Z1-7% cannot be expressed in terms of l.

Ifoi=20=... = x,, [1tn = (nil)! [le]" It can be viewed as a n-th self intersection local
time.

One can deduce from the defintions of u the following:

Proposition 2 p(I%1-n) = GF1T2Grats | G

Proof. Let us denote % [P; by ;Y or pi(z,y). From the definition of 21T and Ly
(I equals:

S

where sums of indices k + j are computed mod(n). By the semigroup property, it equals

pt T, T Pt (z dt;dt
0<ty..<tn<t} T i +) nti® H

n

1
Z// —Pry—tr (T145 T245) - Doyttt (Tntjs T145) | [ dtadt.
0! Ho<ti<<ta<ty

Performing the change of variables vo = to —t1,..,v, = t, —tp_1,v1 =t1 +t—t,, and v = tq,
we obtain:

n—1
1
E :/{0< co1,0<0i} V1 + o+ 0 pv2(x1+j7w2+j)"'pvl(xn+j7x1+j) | | dv;dv
=0 v<vy,0<v; n

- - dv:
Z/O<vl} v1 + .. + Unpv2(x17.%'2) Duvq (ﬂcn,xl) H v;

=/{0< Pua(1,22) o (o) [ o
v;
— GTLT2T2TI (T
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10

Note that another proof can be derived from formula (10) m
Let us come back to the occupation field to compute its Laplace transform. From the Feynman-
Kac formula, it comes easily that, denoting M x the diagonal matrix with coefficients ’/\‘—i

Ppem () - 1) = S exp(t(P — T~ M)% — exp(t(P — 1)),

X
Integrating in ¢ after expanding, we get from the definition of y (first for y small enough):
k—1

[ —1ydu) = > / (P = M)Y) = Tr((P)) et
= 3" LT (P = MY~ Tr((P)Y)
k=1
= —Tr(log(I — P+ M§ )) + Tr(log(I — P))
Hence, as Tr(log) = log(det)
/(e—<lAvX> — 1)dpu(1) = logldet(—L(~L + My 3) )] = — log det(I + VM)

which now holds for all non negative y as both members are analytic in x. Besides, by the
”resolvent” equation:
_ det(Gy)
11 det(I + GM,)~! = det(I — Gy M, ) = X
(11) eI+ GM)™ = det(l = GiMy) = 5 e

Note that det(I + GMy) = det(I + M zGM sx) and det(I — Gy M,) = det(I — M G\ M /),
so we can deal with symmetric matrices. Finally we have

Proposition 3 ,u(e_<lA’X> —1) = —log(det(! + M xGM f)) = log(d(f;((cg)))

Note that in particular ,u(e_tﬁ —1) = —log(1l + tG**).
Note finally that if y has support in D, by the restriction property
det(GL)

—<bx> _ 1)) = —log(det(I + M\/QGDM\/%)) - log(m)

1L G\ py=oy €

Here the determinants are taken on matrices indexed by D and G denotes the Green function
of the process killed on leaving D.

For paths we have Pf’y(ef<l’x>) = A—ly exp(t(L — M, ))z,. Hence
A

Also Em(ef<§’x>) = 2, [Gx]"Yhy ie. [Gyr]®.

Finally, let us note that a direct calculation shows the following
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MARKOV LOOPS AND RENORMALIZATION 11
Proposition 4 On loops based in @, p®*(dl) = lyu(dl)
4. Poisson process of loops.

4.1. Definition. Still following the idea of [9], the germ of which was implicitly in germ in
[24], define, for all positive a, the Poissonian ensemble of loops £, with intensity au. We denote
by P or P, its distribution.

Recall it means that for any functional ® on the loop space, vanishing on loops of arbitrary
small length,

B(e'Zeen ") —expla (0 ~ ()

Note that by the restriction property, L2 = {I € L,,] C D} is a Poisson process of loops
with intensity p”, and that £ is independent of £,\L2.
We denote by DL, the set of non trivial discrete loops in L. Then,

det(Q) N _N@
(0% C:L"x,y )\x T
Hx )\;)3 ] g Yy

T

(DL = {l1, 1, di}) = PPk p(ly)...u(ly) = o]

with NI = Yer, Ne(l) and N;,EO;,) = Y ier, Nay(l), when these loops are distinct.
We can associate to L, a o-finite measure (in fact as we will see, finite when X is finite, and
more generally if G is trace class) called local time or occupation field

. o)
leLa

Then, for any non-negative measure y on X

B %)) _ expla / (e~ — 1)du(n))

and therefore by proposition 3 we have

Corollary 5 E(67<LQ’X>) = det(I + MﬂGMﬁ)—“ _ (d(;aett((GC})))a.

Many calculations follow from this result.
Note first that E(e7*%e ) = (1 + tG**)~*. We see that L, follows a gamma distribution

I'(a, G*7), with density 1{$>0}%% (in particular, an exponential distribution of mean

G®" for a = 1). When we let v vary as a time parameter, we get a family of gamma subordina-
tors, which can be called a ”"multivariate gamma subordinator”.

We check in particular that E(Z;w) = aG®* which follows directly from p(ly) = G=%.

Note also that for o > 1,

—

E((1 - exp(~ 225)) ™) = (o).
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12

More generally, for two points:
ey
E(e e e7%%e ) = (1 +tG®%) (1 + sGYY) — st(G¥Y)?)~

This allows us to compute the joint density of Z;x and Z;y in terms of Bessel and Struve
functions.

We can condition the loops by the set of associated non trivial discrete loops by using the
restricted o-field o(DL,) which contains the variables N, ,. We see from 9 and 7 that

e (Y pe,) = [y

The distribution of {Néa) ,x € X} follows easily, from corollary 5 in terms of generating functions:

(12) E(H Siv’ga)ﬂ) = det(0y,y + \/Mggj,y\/)‘y(l — Sy) )

Sz Sy

@)

so that the vector of components Nm( follows a multivariate negative binomial distribution (see

for example [26]).
(a

Note that for @« =1, Ny M 11 follows a geometric distribution of parameter /\zﬁ

It follows in particular that Ny ) follows a negative binomial distribution of parameters —a

and S ez Gm

4.2. Moments and polynomials of the occupation field. It is easy to check (and well known
from the properties of the gamma distributions) that the moments of Eax are related to the
factorial moments of NJEO‘) :

(NS + B)(NS + & — 1) (NS + 1)
kI\\E

E((Lo )¥|DLa) =

(a=1)
k

It is well known that Laguerre polynomials L with generating function

- kL(a_l) — e -

are orthogonal for the I'(«) distribution with density Wl {u>0}- They have mean zero and

variance W Hence if we set 0, = G*%and P, (z) = (— )kL(a 1)( ), the random variables

P 72 (L£,") are orthogonal with mean 0 and variance o2 F(O”Lk) , for k > 0.
xT

Note that PO (£o") = Lo’ — a0y = Lo, —E(La"). It wzll be denoted L

Moreover, we have > 5° tkpf’o(u) =3 (= Ut)kL(a 1)( ) = (fjr:;)t
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MARKOV LOOPS AND RENORMALIZATION 13

Note that
z;xt Z;ys
eltoxt 61+<7y5
IE((l +o.t)*(1+o 5)0‘)
T Yy

1 Ot

= 1—
(14 o,t)*(1 + oys)@ (( 1+ o0,t

oyS t s o\ _
— _ Gar,y [}
1+o0ys 1+O’$t1+0'y8(( )7
=(1- st(Gx’y)Q)_O‘.

)(1

Therefore, we get, by developping in entire series in (s,¢) and identifying the coefficients:

a+1)..(a+k-1)
k!

Let us stress the fact that G** and G¥%Y do not appear on the right-hand side of this formula.
This is quite important from the renormalisation point of view, as we will consider in the last
section the two dimensional Brownian motion for which the Green function diverges on the
diagonal.

More generally one can prove similar formulas for products of higher order.

Note that since G, M, is a contraction, from determinant expansions given in [25] and [26],
we have

—~x

(13) E(P; (La

), PO (ER) = 6@y 0L

det(l + M xGM )" =1+ Z(—l)k inl...xikPera(Gil,im, 1<l,m<k)
k=1

and then, from corollary 5, it follows that:

o~

k
E(<£a,x> )= Xy X Pera(Gipins 1 < lm < K)

Here the a-permanent Per, is defined as ¢, a™o@G G with m(o) denoting the
number of cycles in o.

Note that from this determinant expansion, an explicit form for the multivariate negative
binomial distribution follows directly (see [26]), and consequently a series expansion for the
density of the multivariate gamma distribution.

It is actually not difficult to give a direct proof of this result. Thus, the Poisson process of
loops provides a natural probabilistic proof and interpretation of this combinatorial identity (see
[26] for an historical view of the subject).

We can show in fact that:

11,05 (1) " Tk lo (k)

i1

Proposition 6 For any (i1, ...iy) in X*, E(L, Z;Zk) = Pery (GWim 1 <I,m < k)
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Proof. The cycles of the permutations in the expression of Per, are associated with point
configurations on loops. We obtain the result by summing the contributions of all possible
partitions of the points 41...i into a finite set of distinct loops. We can then decompose again
the expression according to ordering of points on each loop. We can conclude by using the
formula, pu(I%1%m) = GEL22GE2s | GUma1 and the following property of Poisson measures (Cf
formula 3-13 in [6]): For any system of non negative loop functionals F;

(14) EC > JIFRw) =][enr)

ll#lg...;ﬁlkEL‘,a
|

Remark 7 We can actually check this formula in the special case i1 = iy = ... = i, = x. From
the moments of the Gamma distribution, we have that E((Z;m)") = (G""'a(a+1)...(a+n—1)
and the a-permanent can be written 3.1 d(n, k)a* where the coefficients d(n, k) are the numbers
of n—permutations with k cycles (Stirling numbers of the first kind). One checks that d(n+1,k) =
nd(n,k) +d(n,k —1).

Proposition 8 Given any bounded functionals ® on loops configurations and F on loops, we
have:
E(Y FO)R(L,) = [ B@(La U {I))aF()u(d)
leLa

Proof. This is proved by considering first for ®(L4) the functionals of the form 37 _;, ez, [11 G;(1;))
(with G; bounded and p-integrable) which span an algebra separating distinct configurations and
applying formula (14): Then, the common value of both members is a9 31 /(FG;) [1); 1(G1) +
o (P TT (G) m

The above proposition applied to F(l) = lAm,Né
Corollary 9 E(®(La)La ) = a [E(®(La U {v})7°u(dy) = a [E(®(La U {y}))u®*(dy) and

E(®(La)N3y) = o [ E(®(LaU{1})Nay(Mildy) = aCay [E@(LaU Y} (dr) if £ .

Let 8P be the set of permutations of k elements without fixed point. They correspond to
configurations without isolated points.

Set Perd(Gwim 1 < I,m < k) = Yoesy @) Gitie) | Giie), Then an easy calculation
shows that:

Corollary 10 E(Z;“Z;Zk) = Perd(Gim 1 <I,m < k)

a)

y and propositions 1 and 4 yield the following:

Proof. Indeed, the expectation can be written

—1)k-P Gi”“Pera Gia’ib,a, bel
> > D ( )

p<kIC{l,.k},|I|=p lele
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MARKOV LOOPS AND RENORMALIZATION 15

and
Perg (G a,be I) = Z H G7 Perd (G a,b € J).
JCI jel\J

Then, expressing IE(ENZl L, in terms of PerQ’s, we see that if J C {1,...k}, |J| <k, the
coefficient of Perl (Gl a,b € J) is Z (=1)k=HI H G which vanishes as (—1)7Ml =
I,IDJ jeJe

()M = ()= and 35, (1) = 1 1)V =0. =

Set Q% (u) = P, (u+ ao) so that P, (L x) QY “(La ) This quantity will be called the
n-th renormalized self intersection local time or the n-th renormalized power of the occupation
field and denoted Zﬁ;"

From the recurrence relation of Laguerre polynomials

a—1)
n—1

—(n+a« —2)L(a 2

n—2

nLga_l)(u) =(—u+2n+a—-2)L
we get that
nQn (u) = (u = 20(n = 1))Qy% (u) — o*(a +n — 2)Q5 7% (u)

In particular Q5 (u) = 3(u? — 20u — ao?).
We have also, from (13)

spa(a+1)..(a+k—1)
k!

(15) E(Q7 (La), Q1" (La")) = 0,1(G™)

The comparison of the identity (15) and corollary 10 yields a combinatorial result which will
be fundamental in the renormalizing procedure presented in the last section.

The identity (15) can be considered as a polynomial identity in the variables o, o, and G*Y.

If Qa 7 (u) = Sk 04qm Fymah=m and if we denote Ny.m,rp the number of ordered configura-
tions of n black points and m red pomts on r non trivial oriented cycles, such that only 2p links
are between red and black points, we have

E((La )" (L)) =0 2 @ Nugurp(GY)(02)" P (o)™ "

" p<inf(m,n)

and therefore

(16) Z Z Z o %kqganmnp = Qunless p =1 = k.
T p<m<kp<n<l
1)... k-1
(17) Zar ok a, Nior = ala+1)..(a+ )

k!

Note that one can check directly that qg’k = %, and Ny 1k = K'(k — 1), Npgrr = k! which
confirms the identity (17) above.
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4.3. Hitting probabilities. Denote by [H ly = Pu(z7 = y) the hitting distribution of I by
the Markov chain starting at 2. Set D = F° and denote by e, PP = P|pxp, VP = [(I—-PP)]~!
and GP = [(My — C)|pxp]~! the energy, the transtion matrix, the potential and the Green
function of the process killed at the hitting of F'. Recall that

[HF]E = gy} + 2207 ZZGD[(PD)]“]QZUP; = Lamy) + 2207 ZzeD[VD]fP;. Moreover we have by
the strong Markov property, V = VP + HF'V and therefore G = GP + H'G. (Here we extend
VP and GP to X x X by adding zero entries outside D x D).

As G and GP are symmetric, we have [HFG];’ = [HY'G)Y so that for any measure v, HI' (Gv) =
GwHT).

Therefore we see that for any function f and measure v,

e(H" f,GPv) = e(HT f,Gv)—e(H" f, HF Gv) = (HT f,v)—e(HT f,G(H"v)) = 0 as (HT)? =
HF.

Equivalently, we have the following well known:

Proposition 11 For any g vanishing on I, e(HY f,g) = 0 so that I — HY is the e-orthogonal
projection on the space of functions supported in D.

For further developments see for example ( [12]) and its references.

The restriction property holds for £, as it holds for u. The set £ of loops inside D is
associated with p” and is independent of £, — £Z. Therefore, we see from corollary 5 that
~(La-Lix), _  det(Gy) det(GP)

E(e )= C3eu(@) det@))

o~

From the support of the Gamma distribution, we see that p(I(F) > 0) = oo. But this is
clearly due to trivial loops as it can be seen directly from the definition of p that in this simple
framework they cover the whole space X.

Note however that

o~

pI(F) > 0,p>1) = p(p > 1) = p(I(F) = 0,p > 1) = p(p > 1) = uP(p > 1)
B det(/ -P) . det(GP)
= el o= T O den @)

It follows that the probability that no non trivial loop (i.e.a loop which is not reduced to a
point) in £, intersects F' equals

exp(—au({l,p(l) > 1,I(F) > 0})) = (H E(;t)\(fde‘)c(G)

Recall that by Jacobi’s identity, for any (n + p,n + p) invertible matrix A,

)"

det(A™1) det(A;,1 < 4,5 <n) =det((A )py,n <kl <n+p).
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MARKOV LOOPS AND RENORMALIZATION 17

In particular,
det(Q)
det(GP _—
( ) det(G\FXp)

so we have the

Proposition 12 The probability that no non-trivial loop in L, intersects F' equals

[TT o det (G)]~

FxF
zel

Moreover -

—(Loa—LD]

E(e < a X> _ detFxF(GX))a
detpy F(G )

In particular, it follows that the probability that no non-trivial loop in L, visits x equals
(AZTIH)O‘ which is also aconsequence of the fact that N, follows a negative binomial distribution
of parameters —« and y—== Gw -

Also, if F} and F5 are disjoint,

~ ~

p(U(FDUE) > 0) = p(l(Fy) > 0,p > 1) + p({(F) > 0,p > 1) — p(l(Fy UF) > 0,p > 1)
. det(G) det(GP11P2)
= log( det(GP1) det(GP2)

Therefore the probability that no non-trivial loop in £, intersects F; and F5 equals

det(G) det(GP1"P2)

exp(—ap({l,p(l) > 1 Hl )>0}) =( det(GP1) det(GP2) A

It follows that the probability no non-trivial loop in L, visits two distinct points « and y equals

T,z Y,y (G%:Y)2 . . z,9)2 ., . . .
(%)a and in particular 1 — % if o = 1. This formula can be easily generalized

to n disjoint sets.
5. The Gaussian free field.

) . . . . . X
5.1. Dynkin’s Isomorphism. By a well known calculation, if X is finite, for any x € R,

VAT —CT [ o e = [ 191G

(27) (om)IXl2 det(G)
and
\/det M)\ — Ye ——<2’2 x> —le(z) u T,y det(G )
T enXiE / @z ¢ Mhexd=" = (GJ™\ "3 @
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This can be easily reformulated by introducing on an independent probability space the
Gaussian field ¢ defined by the covariance Eq(¢"¢¥) = G™Y (this reformulation cannot be
dispensed with when X becomes infinite).

So we have E¢<(e‘%<¢2’x>)) = det(I + GM,)"% = /det(GG ) and
Ey((p7¢¥e” < o)) = (Gy)™Yy/det(GyG~!) Then since sums of exponentials of the form

1 . . . .
e~ 2<"X~ are dense in continuous functions on Rif the following holds:

Theorem 13  a) The fields L1 and %gbz have the same distribution.
2

b) Es((¢°¢YF(5¢%)) = [E(F (Z\% + 7)™ (dy) for any bounded functional F' of a non nega-
tive field.

Remarks:

a) This is a version of Dynkin’s isomorphism (Cf [2]). It can be extended to non-symmetric
generators (Cf [14]).

b) Corollary 9 and b) imply that if Cy,, # 0,

<

MI»—A
~
~—

MI»—‘

Bol(60"F(50%) = o [ E(F

¢) An analogous result can be given when « is any positive half integer, by using real vector
valued Gaussian field, or equivalently complex fields for integral values of « (in particular o = 1).

d) Note it implies immediately that the process ¢? is infinitely divisible. See [3] and its
references for a converse and earlier proofs of this last fact.

5.2. Fock spaces and Wick product. The Gaussian space H spanned by {¢*, x € X} is iso-
morphic to the Dirichlet space H by the linear map mapping ¢* on G** which extends into an
isomorphism between the space of square integrable functionals of the Gaussian fields and the
symmetric Fock space obtained as the closure of the sum of all symmetric tensor powers of H
(Bose second quantization: See [22], [18]). We have scen in theorem 13 that L2 functionals of £;
can be represented in this space of Gaussian functionals.

In order to prepare the extension of these isomorphisms to the more difficult framework of
continuous spaces (which can often be viewed as scaling limits of discrete spaces), including
especially the planar Brownian motion considered in [9], we shall introduce the renormalized
(or Wick) powers of ¢. We set : (¢)" := (Gm’m)%gn((bx/\/ G®7) where H,, in the n-th Hermite

tu—L

polynomial (characterized by > = th (u) = €™~ 7). It is the inverse image of the n-th tensor
power of G*- in the Fock space.
Setting as before o, = G*%, from the relation between Hermite polynomials Hs,, and Laguerre
1

polynomials Ly, 2,

x2

2

SIS

Hop(x) = (=2)"n!Ly 2 (=)
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MARKOV LOOPS AND RENORMALIZATION 19

it follows that: N
:(¢m)2n My 'P27 (((¢) ))

More generally, if ¢1, ¢2...¢0 are k independent copies of the free field, we can define
?:1 QS;LJ D= Hle : gb;-” :. Then it follows that:

1 ni+..+ng=n LS REEE

k
From the generating function of the polynomials P 7

k

%,0 n! k %,0
BOGCw) = 3 o LR w)
1+..+nE=n j=1
Therefore,
ko Z(¢j)2
(18) (= m.- Z%

Note that : Z’f gb? = Z’f (;5? — ¢ These variables are orthogonal in L?. Let [ = 1% — ¢ be the
centered occupation field. Note that an equivalent formulation of theorem 13 is that the fields
% : Z’f qﬁ? : and L have the same law.

2

Let us now consider the relation of higher Wick powers with self intersection local tlmes
Lo i}

Recall that the renormalized n-th self intersections field £7" = P*9 (L, ) = Q% (Lq ) have
been defined by orthonormalization in L? of the powers of the occupation time.
Then comes the

Proposition 14 The fields Zﬁn and : (n,% Sk QS?)" : have the same law.
2

This follows directly from (18).

Remark 15 As a consequence, it can be shown that:

H Qa T ) Z (2a)m(a) G e(1) | (ko (k)

TESk ky,...k;

where Sk, k,, .k, is the set of permutations o of k = 3" k; such that
o e, T e k0 S T R 41, T Ry k) s empty for all .

The identity follows from Wick’s theorem when « is a half integer, then extends to all « since
both members are polynomials in a. The condition on ¢ indicates that no pairing is allowed
inside the same Wick power.
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6. Energy variation and currents. The loop measure pu depends on the energy e which
is defined by the free parameters C, k. It can be denoted p.. We shall denote Z, the determinant
det(G) = det(My — C)~L. Then u(p > 0) = log(Ze) + X log(A,).

Z¢ is called the partition function of L.

The following result is suggested by an analogy with quantum field theory (Cf [5]).

Proposition 16 i) aaTHz -
ii) If Cpy > 0, %5_1, = Ty yp with Ty (1) = (17 +1¥) — z(l) - #y(l)

Proof. Recall that by formula (7): p*(p=1,{ = x,7 € dt) = e_Axt% and

W=k & =7 €dt;) = LTl Cry” Tla Ae ™ Tiezypn Aee 6t

Moreover we have C, , = Cy , = )\xP; and A\, = K, + Zy Cry

The two formulas follow by elementary calculation. m

Recall that p(1%) = G and pu(N, ) =GOy,

So we have u(7T,,) = G** + G¥Y — 2G™Y.

Then, the above propomtlon allows us to compute all moments of 1" and I relative to tte (they
could be called Schwinger functions). The above proposition gives the infinitesimal form of the
following formula.

Proposition 17 Consider another energy form €' defined on the same graph. Then we have the
following identity:

a,u,e/ _ 62 Ny ,y log( gz:z )*Z(AQ*)\I)TI
Olte
Consequently

Cruy_ Ny 3 Ve ,
((GZNz,ylog(#y) ST =) ~1)) Ze)

1 e =1
(19) z o8

Proof. The first formula is a straightforward consequence of (7). The proof of (19) goes by
evaluating separately the contribution of trivial loops, which equals >, log(i—%‘). Indeed,

(¢S Ve B " EO )

= per(p > 1) = pe(p > 1)
+':ue(l{pzl}(BE:(AgiAz)

~
x

1))
The difference of the first two terms equals log(Z.) 4+ > log(\.) — (log(Z.) — >"log()\;)). The

A=Az _
last term equals ), [77(e” X« b 1)67tdt which can be computed as before:

YL A
(20) pe(Lip=y (205721 — 1)) = — 37 log(T5)
|
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MARKOV LOOPS AND RENORMALIZATION 21

Remark 18 (h-transforms) Note that if C;w = h*hYCy, and k), = —hLhX for some positive
function h on E such that Lh <0, as X = h®X and [P']} = L PThY, we have [G'|*Y = £ and

Z — hTy
’
H(h”‘

Remark 19 Note also that |
with e.

ZZZ/]% = E(e_%[el_e}(‘é)), if ¢ is the Gaussian free field associated

Integrating out the holding times, formula (19) can be written equivalently:

C’ Az Z.
(21) pel T 2% [T = 1) = tog(22)
(xy) ~*Y z ¢
and therefore
Cl o @ e g2 (@) Cl . n@ —{N-ALa Zo
B (TS99 [T+ -k, ([ (Gt ) - (22
(zy) Y z 7@ (zy) Y N
Note also that [], y)[ ]Nw v = H{x’y}[ ]Nx v+ Ny

Remark 20 These Ze' determine, when €' varies with % <1 and ’\7/ =1, the Laplace transform

of the distribution of the traversal numbers of non oriented links Ny, + Ny ..

Other variables of interest on the loop space are associated with elements of the space A~ of
odd functions w on oriented links : w®¥ = —w¥?. Let us mention a few elementary results.

The operator [P(w)]g = Py exp(iw™¥) is also self adjoint in L?()\). The associated loop variable
is written >°, , w™Y Ny y(1). We will denote it flw Note it is invariant if w™¥ is replaced by

(1P~
. By an argument similar to the one given

WY 4 g¥ — g* for some g. Set [GW)]™Y =
above for the occupation field, we have:
IP’fmm(eiflw —1) = exp(t(P“) — 1))y — exp(t(P — I)), . Integrating in ¢ after expanding, we

get from the definition of u:

k=1

Y

)) = Tr((P)")]

wm

Hence

/ (% — D)dp(l) = log[det(—L(I — P&)1)]
Hence f(eiflw — 1)dp(l) = log[det(—L(I — P“))~1)] and
/ (exp(i /l W) — Dp(dl) = log(det(G a1
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We can now extend the previous results (19) and (21) to obtain, setting det(G“)) = 2,

!

— Cac,‘ _ / _ o~ A Z ,
(22) (e 2 Newlos(ei) =Y 0aAnlti i gy o0 )
e
and /
E( [%eiway]ng??}ei Z(A;*)\z)az) _ (Ze’,w )a
x,y x,y Z(i

Let us now introduce a new

Definition 21 We say that sets A; of non trivial loops are equivalent when the associated oc-
cupation fields are equal and when the total traversal numbers Y cn. Nyy(l) are equal for all
oriented edges (z,y). Equivalence classes will be called loop networks on the graph. We denote
A the loop network defined by A.

Similarly, a set L of non-trivial discrete loops defines a discrete network characterized by the
total traversal numbers.

Note that these expectations determine the distribution of the network £, defined by the
loop ensemble £,. We will denote B¢ the variables

/ —z
[Cm,y eiwx,y]N}cfﬁ)e— SO -A)La
zy Y
Remark 22 This last formula applies to the calculation of loop indices: If we have for example

a simple random walk on an oriented planar graph, and if 2’ is a point of the dual graph X', w,
can be chosen such that [jw, is the winding number of the loop around a given point z' of the

dual graph X'. Then e Yieca i is a spin system of interest. We then get for example that

21

1
pu( W #0) = “or log(det(GP™=) G1)) du,
and hence ,
P(Y. | / wa]) = 0) = 3 Jo 1oB(det(GCTH G du

Conditional distributions of the occupation field with respect to values of the winding number can
also be obtained.

7. Loop erasure and spanning trees.. Recall that an oriented link g is a pair of points
(97, g") such that Cy = Cy- + # 0. Define —g = (g%, 97).

Let ,uZéy be the measure induced by C on discrete self-avoiding paths between x and y:
1 (@, 29, ey 01, Y) = CryCry g - Cioy sy
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MARKOV LOOPS AND RENORMALIZATION 23

Another way to define a measure on discrete self avoiding paths from = to y is loop erasure
(see [7] ,[19] and [8]). In this context, the loops can be trivial as they correspond to a single
holding times, and loop erasure produces a discrete path without holding times.

We have the following:

Proposition 23 The image of u*Y by the loop erasure map v — yBE is Wiy defined on self
s , , det (@

avoiding paths by pie(n) = ,u;éy(n)ﬁ({n%c) = ,u;,,é Y(n) det(Gppyxqny) (Here {n} denotes the set

of points in the path n)

Proof. If n = (z1 = x,x9, ...x, = y),and 1, = (T, ...2Ty),
0 <) = B SPER o <o
Ay

where ,uf;}yc denotes the bridge measure for the Markov chain killed as it hits « and 6 the natural
shift on discrete paths. By recurrence, this clearly equals

T DT T T T _ x, det G
VEPEIY I VI s R O = ) e o
as
¥z = 9T = Pllnyexuage)  _ etV det(Glml) )

Lm det([(l_P”{nm—1}c><{77m—1}c) det(V{nm}C) B det(G{nm}C)

forallm<n-—1. =m
Also, by Feynman-Kac formula, for any self-avoiding path »:

- det(Gy)
e I L ey i (dy) = ———2— 7" (n) = det(G Hz'(n
/ {y n} ( ) det(Gin} ) # ( ) ( X)l{n}x{n} # ( )
_ det(Gy ) {n} x {n} 29 (7).
det (G iny) 77

Therefore, recalling that by the results of section 4.3 conditionally to 7, L1 and E‘l{"}c are
independent, we see that under p®Y, the conditional distribution of 7 given v2¥ = 5 is the

distribution of £; — Ein}c i.e. the occupation field of the loops of £; which intersect 7.
More generally, it can be shown that

Proposition 24 The conditional distribution of the network Z defined by the loops of v, given

that YBE =1, is identical to the distribution of the network defined by El/ﬁin}c i.e. the loops of
L1 which intersect 7.
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Proof. Recall the notation Z. = det(G). First an elementary calculation using (7) shows that
R S
e’ (e "1 pe_py) equals

Ce e, A
k2 (1,5 T1I c%i Ai])

/ / , .
Cm mgC;m ,T3" ll?n LY ’f ( H [Cuvv eiw“,v]Nu,v(»c’Y)ei<>\ 7)\77>

1 BE _ .
C$7J320x1,1‘3 an 1,9 e Cu,v {7 —Tl})

(N a7
(Note the term e < 7> can be replaced by [, ()‘“ yNe()),
Moreover, by the proof of the previous proposition, apphed to the Markov chain defined by
e’ perturbed by w, we have also

) ) 2 nime
:“:/y(ezfywl{vBE:n}) Cr2:C1 05--Ch iy 2l

r1,r3" Tn—1,Y Z.
e’ w

Therefore,

cl ., . —(N=273 ZeZininye
Mz’y(H[ “’UBZW“’U]N%U([:W)Q < 7>||WBE :77) _ Ze [e/]{n}¢ w

uFv Cu,v e{n}cZe’,w ‘
Moreover, by (22) and the properties of the Poisson processes,
/ . N ) .
(T [ i) Noo(Cr /217 o (N AEE)) _ BBy
u#v Cu,v Ze{ﬂ}cze’,w

It follows that the joint distribution of the traversal numbers and the occupation field are

identical for the set of erased loops and £/ Ein}c. u
Similarly one can define the image of P* by BE which is given by

BE(N) = Czyyzp--Crp_y 20 By, det(G\{n}X{n})’

for n = (x1,...,x,), and get the same results.

Wilson’s algorithm (see [16]) iterates this construction, starting with z’s in arbitrary order.
Each step of the algorithm reproduces the first step except it stops when it hits the already
constructed tree of self avoiding paths. It provides a construction of a random spanning tree. Its
law is a probability measure P¢, on the set ST'x A of spanning trees of X rooted at the cemetery
point A defined by the energy e. The weight attached to each oriented link g = (x,y) of X x X
is the conductance and the weight attached to the link (x,A) is k, which we can also denote by
Cy.A- As the determinants simplify, the probability of a tree T is given by a simple formula:
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MARKOV LOOPS AND RENORMALIZATION 25

(23) Sr(1) = 2. [ C
£eY

It is clearly independent of the ordering chosen initially. Now note that, since we get a probability

Ze Y I] Cew I se=1

YeSTx A (z,y)€EY z,(z,A)eT

or equivalently
1

pz pT —

w2 AL 1 =gz
€STx A (z)€Y  o,(2,8)€Y e

Then, it follows that, for any e’ for which conductances (including ') are positive only on links

of e,

I ) By B I S
(z,y)eY P; x,(z,A)EYT PK HmeX A; Zer
and
c! K z
24 e T,y e | _ 2e
(24) sol 1L &2 11 =3
(z,y)eT Yoz (2,A)EYT

Note also that in the case of a graph (i.e. when all conductances are equal to 1), all spanning
trees have the same probability. The expression of their cardinal as the determinant Z, is Cayley’s
theorem (see for exemple [16]).

Corollary 25 The network defined by the random set of loops Ly constructed in this algorithm
is independent of the random spanning tree, and independent of the ordering. It has the same
distribution as the network defined by the loops of L.

This result follows easily from proposition 24.

8. Decompositions. Note first that with the energy e, we can associate a rescaled Markov
chain z; in which holding times at any point  are exponential times of parameters \;: Zy = x,
with 7 = inf(s, [ idu = t). For the rescaled Markov chain, local times coincide with the
time spent in a point and the duality measure is simply the counting measure. The Markov
loops can be rescaled as well and we did it in fact already when we introduced pointed loops.
More generally we may introduce different holding time parameters but it would essentially be
useless as the random variables we are interested in are intrinsic, i.e. depend only on e.

If D C X and we set F' = D¢ the orthogonal decomposition of the energy e(f, f) = e(f)
into eP(f — HY f) + e(HT f) leads to the decomposition of the Gaussian field mentioned above
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and also to a decomposition of the rescaled Markov chain into the rescaled Markov chain killed

at the exit of D and the trace of the rescaled Markov chain on F, i.e. fiF} = %Sf, with

S =inf(s, [ 1p(Zy)du = t).

Proposition 26 The trace of the rescaled Markov chain on F is the rescaled Markov chain
defined by the energy functional e\F}(f) = e(HT f) , for which

CHY = Coy+ Y CraChylGP)™
a,beD

M= = Y CraChalGP

a,beD

and
Ze = Z.pZ r)

Proof. For the second assertion, note first that for any y € F,

[HFE = 1m=y + 1D($) Z [GD]m’bey.
beD

Moreover, e(HY f) = e(f, HY f) and therefore

)‘;{UF} = 6{F}(l{ac}) = e(l{x}a HFl{a:}) = Az — Z C:v,a[HF]g = Am(l - pg{cF})
a€eD

where pi} = S avep PGP Chp = 3 jcp PE[HY]% is the probability that the Markov chain
starting at z will return to x after an excursion in D.
Then for distinct « and y in F,

F a F
O = et 1y, 1) = —e(lgay, H 1gyy)

=Coy+ Y CoulH S =Coy+ Y CuaChylGP™.
a a,beD

Note that the graph defined on F' by the non-vanishing conductances CEZ} has in general
more edges than the restiction to F' of the original graph.

For the third assertion, note also that G/} is the restriction of G to F as for all z,y € F,
e{F}(Géy‘F, Lizy) = e(G6y, [HFl{m}]) = 13—y} Hence the determinant decomposition already
used in section 4.3 yields the final formula. The cases where F' has one point was already treated
in section 4.3.

Finally, for the first assertion, note that the transition matrix [P{F }]Z” can be computed directly
and equals
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P4 Y pep PEPLVPVUEE = pry 52 PEC, , [GPP{#]@8 Tt can be decomposed accord-
ing to whether the jump to y occurs from z or from D and the number of excursions from x to
x:

[PUNE =3 (> PIVPRPY Py + > BIVPIP)
k=0 a,beD a,beD

- i( > PGP C, ) (P + > PIGPIMCyy).

k=0 a,beD a,beD
. it ) L
The expansion of %F} in geometric series yields exactly the same result.

{F}

Finally, remark that the holding times of z;” ’ at any point z € F' are sums of a random
number of independent holding times of Z;. This random integer counts the excursions from x

to x performed by the chain Z; during the holding time of @{F} It follows a geometric distribution
of parameter 1 — p;{c } . Therefore, ﬁ = m is the expectation of the holding times of x{ ;
at z. m ’

If x is carried by D and if we set ey =e+ || [/;2(,) and denote e, ]I} by elX} we have

CE =y + 3 CuaChy[GR10, X = N PGPy,
a,b a,beD

and A = Az (1 — p;{cF’X}).
More generally, if e# is such that C# = C on F x F, and A = \*# on F we have:

ctifl =c ,y+Zc# Cf [GFPet, p#F) = N pRe[g#PIebe,,
a,beD

MY =01,

and

A loop in X which hits F can be decomposed into a loop {{f} in F and its excursions in D
which may come back to their starting point. Let ,u%’b denote the bridge measure (with mass
[GP]%b) associated with eP.

Set . b o '
ng = {F} [C$7y5@ + Z C$7acb7y/j’% ]7 Pf = Z {F} Z CJ: aCb m:U'D )
Cx,y a,beD n=1 AzPx a,beD

F
and v = oy (8 + X0 [ pP)n).
Note that p2 (1) = v, (1) = vP(1) = 1.
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A loop [ can be decomposed into its restriction [} = (&,7;) in F' (possibly a one point loop),
a family of excursions 7, ¢, attached to the jumps of I{F} and systems of i.i.d. excursions
('yg_ ,h < ng,) attached to the points of I1F}. Note the set of excursions can be empty.

We get a decomposition of x into its restriction u” to loops in D (associated to the process
killed at the exit of D), the loop measure ,u{F } defined on loops of F' by the trace of the Markov
chain on F', probability measures Vfc?y on excursions in D indexed by pairs of points in F' and
measures p~ on excursions in D indexed by points of F. Moreover, the integers ng, follow a

Poisson distribution of parameter )\{ }TZ and the conditional distribution of the rescaled holding

times in &; before each excursion '751- is the distribution ﬁng_,T; of the increments of a uniform
sample of ng, points in [0 7;] put in increasing order. We denote these holding times by 7; , and

set | = A(Z{F}7 (7£i,£i+1)7 (n§¢77g7?i,h))'
Then p — P is the image measure by A of

P A T e ) (e ) T

The Poisson process ci = {I1F} 1 € L4} has intensity x{f} and is independent of £P.

Z &Tlngﬁk[/’f]@k(d’é)ﬁk@ (dTi,h)-

,)\{ }"
1

Note that Eép} is the restriction of Z; to F. If x is a measure carried by D, we have:

7> /7D =
E(e <£“’X>|LgF}):E(e <£‘“X>) 11 [/e—<%x>,,£y(d7)]Nz,y(z:éF}>
z,yeF
< 1 25 [0 Z1) 0 ()
zeF

— [Z‘f? 11 [Cég’X}]Nx,ywé”) I Iz

Z.p CéF}

z,yel el

(recall that E&F} is the restriction of Lo to F ). Also, if we condition on the set of discrete loops
pri

~(Lax Zep cibx (F} (F}
E(e < >|D£‘{)‘F}):[Z—] ( H [ _ .Y Nx (Lo )H )\{Fx N(Ea )+1)

{r}
eP el C T,y zeF

where the last exponent N, + 1 is obtained by taking into account the loops which have a trivial
trace on F' (see formula (20)).
More generally we can show in the same way the following

Proposition 27 IfC#* =C on F x F, and A\ = \* on F, we denote B the multiplicative

~ %
functzonalH ’y |Newe™ Ywep e —Aa)
$7y
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Then,

ot Z#D 14 Cﬁ{F} (F} #{F)_ {Fhw
]E(B s |££F}) — [ﬂ] H [ {yF} ]Nx,y(ﬁa ) H 6)\90[]790 DPax ]La
eP T, yeF Car,y reF

and

Z 4D C#{F} {F} ALY {F}
E(BpLl) = (e T S 1™ ) T )
Z.p EF C{F} }; ALY

These decomposition and conditional expectation formulas extend to include a current w
Note that e} will depend on w unless it is closed (i.e. vanish on every loop) in D. In particular,

it allows to define w!" such that:
Zew = ZeDZe{F}7wF

The previous proposition implies the following Markov property:

Remark 28 If D = Dy U Dy with D1 and Do stongly disconnected, (i.e. such that for any
(z,y,2) € D1 x Dy x F, Cy and Cy .C,, . vanish), the restrictions of the network Lo to DiUF
and Do U F are independent conditionally on the restriction of Lo to F.

Proof. It follows from the fact that as D; and D- are disconnected, any excursion measure

V;?,y or pf from F into D = Dy U Dq is an excursion measure either in D; or in Dy. m

Branching processes with immigration. An interesting example can be given after extending
slightly the scope of the theory to countable transient symmetric Markov chains: We can take
X =N—-{0}, Cpny1 =1foralln > 1 and k1 =1 and P to be the transfer matrix of the simple
symmetric random walk killed at 0.

Then we can apply the previous considerations to check that EAZ is a branching process with
immigration.

The immigration at level n comes from the loops whose infimum is n and the branching from
the excursions of the loops existing at level n to level n + 1. Set F,, = {1,2..n} and D,, = Ff.

From the calculations of conditional expectations made above, we get that for any positive
parameter -,

(e~ | L)) = B(e BT T AT

From this formula, it is clear that Eg is a branching Markov chain. To be more precise note
that for any n,m > 0, V" = 2(n Am) and A, = 2 and that G' = 1. Moreover, Gw1 =

1, 1,1 Ln _
Ggtn — Ggh ’yGésothath—H,y

D,, is isomorphic to the orlgmal Markov chain. Then it comes that for all n, pj;

and for any n > 0, the restriction of the Markov chain to
{Fn} — l )\{Fn} —

and )\{F”’w"“} =2-— = 2L 56 that the Laplace exponent of the convolution semigroup 4

1+7 1+~
defining the branching mechanism )\{F" 170} )\{F" Jequals %—1 m = [(1—e 7)e %ds.

It is the semigroup of a compound Poisson process whose Levy measure is exponential.
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The immigration law (on R*) is a Gamma distribution T'(a, GY1) = I'(, 1). Tt is the law of
L} and also of [EaD”’l]” (it means the occupation field of the trace of £, on D,,_; evaluated at
n) for all n > 1.

The conditional law of £+ given L is the convolution of the immigration law I'(a, 1) with
Vin

Alternatively, we can consider the integer valed process Nn(ﬁ({xF”}) + 1 which is a Galton
Watson process with immigration. In our example, we find the reproduction law 7(n) = 27"~ for
all n > 0 (critical binary branching).

If we consider the occupation field defined by the loops going through 1, we get a branching
process without immigration: it is the classical relation between random walks local times and
branching processes.

9. The case of general Markov processes. We now explain briefly how some of the above
results will be extended to a symmetric Markov process on an infinite space X. The construction
of the loop measure as well as a lot of computations can be performed quite generally, using
Markov processes or Dirichlet space theory (Cf for example [4]). It works as soon as the bridge or
excursion measures P} can be properly defined. The semigroup should have a locally integrable
kernel p;(z,y).

Let us consider more closely the occupation field 1. The extension is rather straightforward
when points are not polar. We can start with a Dirichlet space of continuous functions and a
measure m such that there is a mass gap. Let P; denote the associated Feller semigroup. Then
the Green function is well defined as the mutual energy of the Dirac measures ¢, and J, which
have finite energy. It is the covariance function of a Gaussian free field ¢(x), which will be
associated to the field Egj of local times of the Poisson process of random loops whose intensity

is given by the loop me;sure defined by the semigroup F;. This will apply to examples related
to one-dimensional Brownian motion or to Markov chains on countable spaces.

When we consider Brownian motion on the half line, we get a continuous branching process
with immigration, as in the discrete case.

When points are polar, one needs to be more careful. We will consider only the case of the
two and three dimensional Brownian motion in a bounded domain D Xkilled at the boundary,
i.e. associated with the classical energy with Dirichlet boundary condition. The Green function
does not induce a trace class operator but it is still Hilbert-Schmidt which allows us to define
renormalized determinants dety (Cf [21]).

If A is a symmetric Hilbert Schmidt operator, deto(I + A) is defined as [J(1 + \;)e™ where
A; are the eigenvalues of A.

The Gaussian field (called free field) whose covariance function is the Green function is now a
generalized field: Generalized fields are not defined pointwise but have to be smeared by a test
function f. Still ¢(f) is often denoted [ ¢(z)f(z)dz.

Wick powers : ¢™ : of the free field can be defined as generalized field by approximation as soon
as the 2n-th power of the Green function, G(x, y)?" is locally integrable (Cf [22]). This is the case
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for all n for Brownian motion in dimension two, as the Green function has only a logarithmic
singularity on the diagonal, and for n = 2 in dimension three as the singularity is of the order of
”x ik More precisely, taking for example 72 (dy) to be the normalized area measure on the sphere
of radius € around z, ¢(7?) is a Gaussian field with covariance 0¥ = [ G(z,2")nZ(dz)n¥(dz). Its
Wick powers are defined with Hermite polynomials as we d1d previously.

: G(n)" = (0%)Z H, (¢\(/ﬂ—)) Then one can see that, [ f(z) : ¢(7%)" : dx converges in L? for
any bounded continuous function f with compact support towards a limit called the n-th Wick
power of the free field evaluated on f and denoted : ¢™ : (f). Moreover, E(: ¢™ : (f) : ¢" : (h)) =
J G (z,y) f () h(y)dwdy.

In these cases, we can extend the statement of theorem 13 to the renormalized occupation
field Eﬁ and the Wick square : ¢ : of the free field.

Let 121s explain this in more detail in the Brownian motion case. Let D be an open subset of
R? such that the Brownian motion killed at the boundary of D is transient and has a Green
function. Let py(z,y) be its transition density and G(z,y) = [;° p(x, y)dt the associated Green
function. The loop measure p was defined in [9] as

o [

where Pf’m denotes the (non normalized) excursion measure of duration ¢ such that if 0 < t; <
.th <1,

Py (E(ty) € dxy, .., E(L) € dxp) = pry (T, 21)Pry—t, (T1, T2) .. Pi—t), (Th, x)dzy...dzp,

(the mass of P;"" is py(z,z)). Note that u is a priori defined on based loops but it is easily seen
to be shift-invariant. R
For any loop [ indexed by [0 T'(1)], define the measure | = fOT(l) dy(s)ds: for any Borel set A,

1(A) = fOT(l) 14(ls)ds. As before, we have the following:

Lemma 29 For any non-negative function f,
,u(<lA, f> )=(n— 1)!/G(ﬂ:l,xQ)f(azg)G(xQ,xg)f(a:g)...G Tn,x1) f (21 ]:[dacZ

One can define in a similar way the analogous of multiple local times, and get for their integrals
with respect to p a formula analogous to the one obtained in the discrete case.

Let G denote the operator on L?(D,dx) defined by G. Let f be a non-negative continuous
function with compact support in D.

Note that <ZA, f > is u-integrable only in dimension one as then, G is locally trace class. In that

case, using for all z an approximation of the Dirac measure at z, local times 1% can be defined
in such a way that <l, f> = [I"f(z)dx
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<ZA, f > is p-square integrable in dimensions one, two and three, as G is Hilbert-Schmidt if D
is bounded, since [ [, p G(z,y)*dzdy < oo, and otherwise locally Hilbert-Schmidt.

N.B.: Considering distributions y such that [ [(G(z,y)?x(dz)x(dy) < oo, we could see that

N 2
<l, X> can be defined by approximation as a square integrable variable and u(<l, X> ) = [(G(x,y)
Let z be a complex number such that Re(z) > 0.

0 ~ ~ N2
Note also that eiz<l’f> +z <l, f> — 1 is bounded by 5 2 <l f> and expands as an alternating

series Y 5° %(— <lA, f>)", with 'e_z<lA’f> —1-¥ zn—r,b(— < > < M— . Then, for |z| small

(N D!
enough., it follows from the above lemma that

e 2 (Tp) —1) = ; S Tr(=(M FGM 5)")

As.M \/?GM N Hilbert-Schmidt deto(I42M \/?GM \/?) is well defined and the second member
writes -log(deta (I + zM\/}GM\/?))
Then the identity

ule ) 42 (T, ) = 1) = ~log(det oI + M GM 1))

extends, as both sides are analytic as locally uniform limits of analytic functions, to all complex
values with positive real part. .
The renormahzed occupatlon field L, is defined as the compensated sum of all [ in £,

(formally, Lo = —f fo 51 dsp(dl)) By a standard argument used for the construction of
Levy processes,

(£af) = lim (Loe. )
with by definition

(Camad)= 3 Qprasy [ 100d5) —anligrasy [ 7ds)

YELA

The convergence holds a.s. and in L2, as

Ty
E((Z'\/Eﬁa(l{T;a} fo (vs)ds) — O‘M(l{T>e} fo (7s)ds))?) = a [( 1{T>a} fo (Vs ds) p(dl)
and E(<Z;,f> ) = Tr(( \/}GM\/?) ). Note that if we fix f, a can be considered as a

time parameter and <L'Aa/ e f > as Levy processes with discrete positive jumps approximating a
Levy process with positive jumps <£~a, f> The Levy exponent ,u(l{T>€}(ef<lA’f> + <lA, f> —1)) of
<£,Z€, f>) converges towards the Lévy exponent of <Z;, f>) which is ,u((e_<lA’f> + <lA, f> —1)).

et i)

- Z"\;v
and, from the identity E(e < f>) = , we get the
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Theorem 30 Assume d < 3. Denoting Lo the compensated sum of all 1 in Ly, we have

E(e’<2‘:’f>) :det2(1+MﬁGM\ﬁ))—a

~(Lae, _ ~(La,
Moreover e < f> converges a.s. and in L' towards e < f>.
Considering distributions of finite energy x (i.e. such that [(G(z,y)?x(dz)x(dy) < o), we can

see that <Z;, X> can be defined by approximation as limxﬂoo(<2;, G /\X>) and

— 2
E((Laix) ) = [(Glay)*x(do)x(dy).
Specializing to o = g, k being any positive integer we have:
Corollary 31 The renormalized occupation field ZVE and the Wick square % : Zlf (]512 : have the
2
same distribution.

If © is a conformal map from D onto ©(D), it follows from the conformal invariance of the
Brownian trajectories that a similar property holds for the Brownian “loop soup” (Cf [9]). More
precisely, if ¢(z) = Jacobian,(0) and, given a loop [, if T¢() denotes the reparametrized loop
lr,, with [§* ¢(ly)du = s©T(L,) is the Brownian loop soup of intensity parameter a on ©(D).
Then we have the following:

Proposition 32 O(cLy) is the renormalized occupation field on ©(D).

Proof. We have to show that the compensated sum is the same if we perform it after or
before the time change. For this it is enough to check that

T T
E([ Z (1{TT>77}1{T§5}/0 f(’)/s)ds - a/(l{TT>n}1{T§6}/O f(’Ys)ds)M(de)]Q)

YELA
T
= a/(l{TT>77}1{T§5}/O f(rVS)ds)Qlu(dV)

and

T T
E( Y (rsalmsy | F00)ds = [(ralnsy [ FGds)uan)?)

vELa
T
= a/(l{T>s}1TTSn/O F(s)ds)* u(dy)

converge to zero as € and 7 go to zero. It follows from the fact that:
T 2
Jlss [ £00ds (@)
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and
Jterso [ 7dsPutan)

converge to 0. The second follows easily from the first if ¢ is bounded away from zero. We can
always consider the ”loop soups” in an increasing sequence of relatively compact open subsets
of D to reduce the general case to that situation. m

As in the discrete case (see corollary 10), we can compute product expectations. In dimensions
one and two, for f; continuous functions with compact support in D:

(25) E( <Z},fl> Ea,fk /Per Gz, ), 1 <lym < k) Hfj(xj)dxj

10. Renormalized powers. In dimension one, powers of the occupation field can be viewed
as integrated self intersection local times. In dimension two, renormalized powers of the occu-
pation field, also called renormalized self intersections local times can be defined as follows:

Theorem 33 Assume d = 2. Let w¥(dy) be the normalized arclength on the circle of radius €
around x, and set ¥ = [ G(y, z)nZ(dy)nZ(dz). Then, ff(x)QzU§(<Z;,7r§>)dx converges in L?

for any bounded continuous function f with compact support towards a limit denoted <E§{,f>
and N
1)...(a+k—1

B((Lh, f) (L, h)) = b 20HHOTED [ G2 (3, ) f(2) h(y)dady.

Proof. The idea of the proof can be understood by trying to prove that

E(([f (x)Qz’U”(<£a,W§>)dx)2) remains bounded as e decreases to zero. One will expand
this expression in terms of sums of integrals of product of Green functions and check that the
combinatorial identities (16) imply the cancelation of the logarithmic divergences.

This is done by showing (as done below in the proof of the theorem) that one can modify
slightly the products of Green functions appearing in E(QZ’U§(<£Q,7T§>) 205(<Ea,7r€>)) to
replace them by products of the form G(z,y)?(c%)!(c¥)" . The cancelation of terms containing
o2 and/or ¢¢ then follows directly from the combinatorial identities.

Let us now prove the theorem. Consider first, for any x1 xs...z,, € small enough and ¢ <
€1,...6n < 2¢, with g; = ¢ if x; = x;, an expression of the form:

A = H G(zi—1,2;)( /G Y1,Y2)--G(Yn, y1)me )t (dyr).. 72" (dyn)
1,2 _17T;
in which we define m; as sup(h,z;1p = ;).
In the integral term, we first replace progressively G(y;—1,v;) by G(x;—1,z;) whenever x;_1 # x;,
using triangle, then Schwartz inequalities, to get an upper bound of the absolute value of the
difference made by this substitution in terms of a sum A’ of expressions of the form

HG($1,$1+1)\//(G(yl,y2) - G(l“l,332))27T§11(dy1)77§22(dy2)/n G*(Yk, Y1) Hﬂglf(dyk)-
l
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The expression obtained after these substitutions can be written

W= II Glira) [ Glny) Gl m ) 72y (A,

i »Lj— 1751'2

and we see the integral terms could be replaced by (¢2¢)™ if G was translation invariant. But
as the distance between z and y tends to 0, G(,y) is equivalent to Go(z,y) = 2 log(||lz — yl|)
and moreover, G(x,y) = Go(x,y) — HP" (z,d2)Go(z,y), HP® denoting the Poisson kernel on the
boundary of D. As our points lie in a compact inside D, it follows that for some constant C, for
lon — il < &, [[(Glyr, yo)nZ (dys) — 02| < Cee.
Hence, the difference A” between W and []
where W' is an expression similar to W.
To get a good upper bound on A, using the previous observations, by repeated applications
of Holder inequality. it is enough to show that for e small enough, C and C’ denoting various
constants:

1) [(G(y1,y2) — G(a1,22))° 72 (dy1 )72 (dys)
< CE oy rafzyey + (601,72 + 108D e,y
2) [ G(yr,y2) nZ(dyr)m (d?/z) < C |log(e)|*
3) [ Gly1,y2)" 2t (dyn)m22 (dya) < C [log(e)|*
As the main contributions come from the singularities of G, they follow from the following

simple inequalities:

1)

G(xi—1,2;)(0%)™ can be bounded by eW’,

1,25 17%;

2
/ log(? + 2Rz cos(6) + R2) — log(R)| df

— / ’10g((6/R)2 +2(e/R) cos() + 1)‘2 df < C((elyps zyy +108%(R/e)1pe /2yy)

(considering separately the cases where £ is large or small)

f [log(£2(2 + 2 cos(9)))|* db < C [log(e)|*

Jlog(e1 cos(61) + €2 cos(B2) + 7)* + (e1 sin(6) + €2 sin(6s)) ‘ df1dfs <C(|log(e)])*. It can
be proved by observing that for r < &1 + &5, we have near the singularities (i.e. the values
01(r) and 62(r) for which the expression under the log vanishes) to evaluate integrals
bounded by Cfol(— log(eu))*du < C'(—1log(e))* for € small enough.

Let us now show that for € < e1,e9 < 2¢, we have, for some integer N™k

(26) ’E(Qa 7% (<£a,ﬂ' >)Qa 7y (<Z;,7Tg2>)) — 5l,kG(.%'7y)2k Oc(a + 1)]{('04 +k— 1))

< Clog(e)V* (Ve + G(a, 1) * 0y« ve)
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Indeed, developing the polynomials and using formula (25) we can express this expectation as a

linear combination of integrals under H w2, (dx;) Hw}é (dy;) of products of G (x4, i), G(x;,x;)
i J

and G(y;, y;/) as we did in the discrete case. If we replace each G(x;,y;) by G(x,y), each G(x;, xy)

by 0% and each G(y;,y;/) by 0%, we can use the combinatorial identity (16) to get the value

€927
e
by this replacement.

The bound (26) is uniform in (z,y) only away from the diagonal as G(x,y) can be arbitrarily
large but we conclude from it that for any bounded integrable f and h,

. Then, the above results allow us to bound the error made

@ (a2 )@ () - G g I gy

< C'Velog(e) Vi

(as ffG(x,y)%l{”m,ykﬁdxdy can be bounded by Ce3, for example).

Taking €, = 27", it is then straightforward to check that ff(m‘)anin“Z‘;,?Tgn»dl' is a
Cauchy sequence in L?. The theorem follows. m

Specializing to a = g, k being any positive integer as before, Wick powers of 2?21 (b? are
associated with self intersection local times of the loops. More precisely, we have:

Proposition 34 The renormalized self intersection local times Z\Z/ and the Wick powers ﬁ :
2

(Z’f @)™ : have the same joint distributions.

The proof is similar to the one given in [13] and also to the proof of the above theorem, but
simpler. It is just a calculation of the L?-norm of

JE @0 s @) - Qi 62+ (n2)))f ()
which converges to zero with €.

Final remarks:.

a) These generalized fields have two fundamental properties:
Firstly they are local fields (or more precisely local functionals of the field L, in the sense
that their values on functions supported in an open set D depend only on the trace of the
loops on D. .
Secondly, noting we could use different regularizations to define £k, the action of a con-
formal transformation © on these fields is given by the k-th power of the conformal factor
¢ = Jacobian(©). More precisely, ©(c*L£k) is the renormalized k-th power of the occupa-

tion field in ©(D).
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It should be possible to derive from the above remark the existence of exponential moments
and introduce non trivial local interactions as in the constructive field theory derived from
the free field (Cf [22]).

Let us also briefly consider currents. We will restrict our attention to the one and two
dimensional Brownian case, X being an open subset of the line or plane. Currents can be
defined by vector fields, with compact support.

Then, if we now denote by ¢ the complex valued free field (its real and imaginary parts
being two independent copies of the free field), [;w and [y (¢9.,¢— ¢, ¢)dz are well defined
square integrable variables in dimension 1 (it can be checked easily by Fourier series). The
distribution of the centered occupation field of the loop process ”twisted” by the complex
exponential exp(Yc,p [;iw + %ZA(HwHQ)) appears to be the same as the distribution of the
field : ¢¢ : "twisted” by the complex exponential exp( [y (0.0 — ¢pd,¢)dx) (CL[14]).

In dimension 2, logarithmic divergences occur.

There is a lot of related investigations. The extension of the properties proved here in the
finite framework has still to be completed, though the relation with spanning trees should
follow from the remarkable results obtained on SLE processes, especially [11]. Note finally
that other essential relations between SLE processes, loops and free fields appear in [27],

[20] and [1].
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