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Abstract

In this paper we introduce the notion of fractional martingale as
the fractional derivative of order « of a continuous local martingale,
where o € (—%, %), and we show that it has a nonzero finite variation
of order H%’ under some integrability assumptions on the quadratic
variation of the local martingale. As an application we establish an ex-
tension of Lévy’s characterization theorem for the fractional Brownian

motion.

1 Introduction

The fractional Brownian motion (fBm) with Hurst parameter H € (0,1) is a
zero mean Gaussian process with covariance

1
B(BIBI) = (71 + 5 — |t — 5™, (1.1)
This process is a Brownian motion when H = 3. From the relation E(|Bf —

BH?) = |t — 5?2, it follows that B has Holder continuous trajectories of
order H — ¢, for any € > 0. On the other hand, the self-similarity of the
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fBm and the ergodic theorem imply that the fBm has %-Variation on any
time interval [0,¢] which equals to cyt, where ¢y = (E|BH|) (see [10]). We
refer to the monograph [4] and the review paper [9] for detailed accounts on
the properties of the fBm.

In the case of Brownian motion the famous Lévy’s characterization the-
orem states that a continuous stochastic process (B, t > 0) adapted to a
right-continuous filtration (F;,¢ > 0) is an F;-Brownian motion if and only
if B is a local martingale and (B), = t. A natural problem is the extension
of Lévy’s characterization theorem to the fractional Brownian motion.

The purpose of this paper is to introduce and study the notion of frac-
tional martingale, and apply it to the above problem. Fix a € (—%, DIf
M = (M;,t > 0) is a continuous local martingale, we denote by M@ =
(Mt(a),t > 0) the stochastic process defined by

t
M = / (t — s)*dM,, (1.2)
0

provided this stochastic integral exists for all ¢ > 0. The process M@ is
called the Riemann-Liouville process of M. Notice that M(®) is no longer a
martingale and we will say that it is a fractional martingale.

If @ € (0,1), then the stochastic integral in (1.2) always exists, and

M = (1 + a)l§, (M);, where I, is the left-sided fractional integral of
order a. If & € (—1,0) and M has o/-Holder continuous trajectories on
any finite interval for some o/ > —a, then Mt(a) exists and Mt(a) =T+
a)Dy (M), where Dy} is the left-sided fractional derivative of order —a.
We refer to Samko et al. [11] for the definition and properties of the fractional
operators.

We are interested in the variation properties of fractional martingales.
The process M(® has Hélder continuous trajectories of order v on any finite
interval, for any v < %—ka, provided M has Hoélder continuous trajectories of

order % — € on any finite interval, for any € > 0. Then, it is natural to expect

that M(® has a finite and non zero variation of order 3 = (% + a)fl = 1+L2a

We show that (see Theorem 2.6) if d (M), = &2dt, then M(®) has a finite

[B-variation c, f(f |&,|%ds under some integrability conditions on &, where c,
is a constant depending only on «. The proof of this result is based on the
variation properties of the fractional Brownian motion.

The fractional Brownian motion B is not a martingale unless H = 1

5



But the process
¢
Mt:/ st H(t — gy HqBH (1.3)
0

is a martingale with respect to the filtration generated by the fBm, verifying
(M), = dyt* for some constant dy (see Norros et al. [8]). We show that
if B = (B;,t > 0)is a continuous square integrable centered process with
By = 0, then B is a fractional Brownian motion with Hurst parameter H if
and only if the process B has the following properties:

(i) The sample paths of the process B are Holder continuous of order ~
for any v € (0, H).

(i) The process M defined in (1.3), where B is replaced by B, is a mar-
tingale with respect to the filtration generated by B. If H > % we also
assume that the quadratic variation of M is absolutely continuous with
respect to the Lebesgue measure.

(iii) For any ¢ > 0, the process B has +-variation (in the sense of Definition
2.3) which equals to cyt on the interval [0, ¢].

In order to prove that the conditions (i), (ii), and (iii) imply that B
is a fractional Brownian motion, it suffices to show that the martingale M
satisfies (M), = dyt*? for some constant dy, and this will be a consequence
of the condition (iii) and the general result on the S-variation of a fractional
martingale.

In a recent work [7], Mishura and Valkeila have proved another extension
of Lévy characterization theorem, where condition (iii) is replaced by an
assumption on the renormalized quadratic variation, and no restriction on
the quadratic variation of M is required.

Theorem 1.1 (Mishura and Valkeila) Assume that B is a continuous
square integrable centered process with By = 0. Then the following are equiv-
alent:

(a) The process B is a fractional Brownian motion with Hurst parameter
H e (0,1).

(b) The process B satisfies the following properties:



(i) The process B has Hélder continuous sample paths of order ~ for
any v € (0, H) in any finite interval.
(ii) The process M defined in (1.3), where BH is replaced by B, is a
martingale with respect to the filtration generated by B.
(#ii) For anyt >0

n

Jim n*H-1 Z(Btk/n — Bye—1y/n)° = t*1,
=1

in L.

The proof of this theorem uses different kind of techniques, and is based
on the stochastic calculus with respect to the fractional Brownian motion.

The paper is organized as follows. Section 2 is devoted to study the
(-variation of fractional martingales, and Section 3 contains the proof of
the Lévy characterization theorem for the fBm. Some technical lemmas are
included in the appendix.

2 (-variation of fractional martingales

Let (€2, F, P) be a complete probability space equipped with a right-continuous
filtration (F;,t > 0) such that Fy contains the P-null sets. Fix a parameter

o € (—3,3). We introduce the following notion.

Definition 2.1 A continuous Fi-adapted process (Mt(a),t > 0) is called a
fractional martingale of order a if there is a continuous local martingale
(M, t > 0) such that for allt > 0

/Ot(t _ $2d(M), < oo, (2.1)

almost surely, and

t
M = / (t — s)*dM,. (2.2)
0

Notice that by Fubini’s theorem condition (2.1) holds true for almost all
t > 0.



If a € (0, %), then (2.1) is always fulfilled. Moreover, an integration by
parts implies that the integral appearing in (2.2) exists as a Riemann-Stieltjes
integral and Mt(a) = I(a+ 1)I§, (M), where I, is the left-sided fractional
integral of order a.

For any o € (—1,0) we introduce the following hypothesis:

(H) The trajectories of M are o/-Hélder continuous on finite intervals for
some o > —a.

Then we have the following result.

Lemma 2.2 Fiz a € (—%,O), and let M be a continuous local martingale
satisfying condition (H). Then (2.1) holds, M exists as a Riemann-Stieltjes
integral and it coincides with I'(oc + 1) Dy (M), where Dy} is the left-sided
fractional derivative of order —c.

Proof. Set M, — M|
Zy = |My| + (M); + sup u “

0<s<u<t |S—ul®

For any integer n > 1 we define
Ty=inf{t>0:2, > N}.

Then, Ty is an nondecreasing sequence of stopping times such that T T oc.
For any s < t we can write

E ([(M)inty — (M)snzyl”) < CoB (IMinty — Monzy ) < CuN*Jt — 5|,

By Kolmogorov’s continuity criterion the sample paths of (M) are Holder
continuous of order « for any v < 2/, on any finite interval. This implies
(2.1), and it is easy to check that the stochastic integral is a Riemann-Stieltjes

integral and coincides with I'(av + 1) Dy (M );.  m

From fractional calculus, assuming condition (H) if a < 0, we have M; =
o Lo (M), where I~ = D if a > 0. Using the definition of left-sided
fractional integral and derivative we have

M. — {—F(lJra;F(a) fg(t — s)_l_O‘Ms(a)ds if a<0
=

1 ¢ —a (@ .
T+l (1-a) fo (t —s)"*dM," if a>0.

(2.3)



In order to define the (-variation, let us first introduce some notation.
Fix a time interval [a, b], and consider the uniform partition

={a=1t) <t} <--- <t =b},

Wheret?:cH—i(b—a) fori =0,...,n. Let > 1 and let X = (X;,t > 0)
n

be a continuous stochastic process.

Definition 2.3 We define the S-variation of X on the interval [a,b], denoted
by (X)p,ap), as the limit in probability of
a,b n
Shm (X) 1= Y _IAIX]7, (2.4)
i=1
if the limit exists, where A7 X = Xyn — Xyn . We say that the (-variation
of X on [a,b] exist in L' if the above limit exists in L'.

We also denote (X)g04 by (X)g.. For instance, a continuous local mar-
tingale has a finite 2-variation, denoted by (M),, and the fractional Brownian
motion B of Hurst parameter H € (0,1) has %—Variation which is equal to

1
cyt, where cy = (E|Bf|) 7.
A direct consequence of the above definition is that if (X)g e exists,
then for any a < b < ¢, both (X)g 44 and (X)gpq exist and

(X)pjaq = (X)s b T (X)gbd - (2.5)

It is also easy to see that the following triangular inequality holds:
a,b 1 a,b 1 a,b 1
SENX +Y)P < SEPX)5 + S(Y). (2.6)

This inequality implies that if X and Y are two continuous stochastic pro-
cesses such that (X)g ) exists and (Y)g o4 = 0, then

(X +Y)g b = (X5 ab- (2.7)

Let W = (W, t > 0) be an Fi-Brownian motion. We want to compute
the (B-variation of M (™, where M is a martingale of the form M, = f(f EsdWs.
We will denote by C' a generic constant that may depend on «. Consider
first the case where the martingale is just a standard Wiener process. We

recall that 5
S =Tt




Lemma 2.4 Let (W;,t > 0) be a Wiener process, and set X; = Wt(a) =
fg(t— s)*dW,. Then the 3-variation of X exists in L' and (X)g a0 = ca(b—

a), where co = cyry", H=13+a, cy = (E|Bf!|#r), and

QHT(2—H) \*
= (F(H +hOrE- 2H)> ' (2:8)

Proof. Because of (2.5) it is sufficient to show that (X)s: = c,t. We can
extend the underlying probability space in such a way that (WW_,,¢ > 0) is a
Brownian motion independent of W. Then, the process B defined by

t 0
Bf = ky (/ (t —s)*dWj +/ ((t—s)*— (—s)o‘)dWs) ,
0 —o0
is a fractional Brownian motion with Hurst parameter H (see Mandelbrot
and Van Ness [6]). Hence,
X, = k' B — Z,

where Z; = fi)oo ((t — s)* = (—s)*) dW,. From the #-variation property of

fractional Brownian motion we know that (B") == cyt, in L', because

Bt
B = £. Then, by (2.7) it suffices to show that lim F <|Sg)$](Z)|> = 0 for all
t > 0. We have

> B (12— 2 ")

i=1

_ (J;n; (/io (7 — )™ — (¢, — s)a)2d3>g
- Oi (/OOO ((t?l + % +8)* — (¢, + s)a)2d3>

< C (/OOO ((% +s) - 30)2d5>g + n—C;ZQ (/Ooo(t;bl + s)2a_2ds) )

= L +1.

53
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It is easy to see by the dominated convergence theorem that Iy — 0 as
n — 00. On the other hand,

L<Ctn 'Y (i—1)7" < Ot — 0

1=2

since @ < 1/2. This proves the lemma. =
We will make use of the following lemma.

Lemma 2.5 Fiz a > 0. Fort > a let X; = foa(t — §)*dWs, where W =
(Wi, t > 0) is a Wiener process. Then, for allt > a

lim E (\sgf;f]o()\) ~0. (2.9)

n—oo

Proof. Take § =2/(1 + 2«). First we have
Y E
i=1

n a N B/2
< o [l -or - o)
i=1 /0

where t > a and {tI'} is a uniform partition on [a, t]. Then we apply a similar
argument as in the proof of Lemma 2.4. [ ]
The following theorem is the main result of this section.

B

/0 [ — s — (e, — )] W

Theorem 2.6 Set = 2/(14+2«). Consider a continuous local martingale of
the form M; = fot EsdWs, where & = (&,t > 0) is a progressively measurable
process such that for allt >0

/t(E(lgs\ﬁ))%lds < oo for some 3 > (3 if a<0,
0

; (2.10)
/O(E(ﬁg))gd8<oo if a>0.

Then, the B-variation of M) on any interval [0, t] exists in L', and <M(O‘)>ﬁt =

Cor f; |&s|Pds, where co = cyrp™, H = %4— o, and kg 1s defined in (2.8).



Proof. We can represent the martingale M as a stochastic integral M, =
fot &sdWs, where W = (W, t > 0) is a Brownian motion defined on an exten-
sion (Q, F, ﬁ) of our original probability space (2, F, P). The space (ﬁ, F, 13)
is the product of (2, F, P), and another space (ﬁ, ]—A', 13) supporting a Brow-
nian motion independent of M. Clearly, if the conclusion of the theorem
holds in the extended space, it also holds in the original space.

Notice that if o < 0, by Hélder’s inequality condition (2.10) implies that

/t(t —5) 2 E(£2)ds < oo,
0

and (2.1) holds.

Suppose first that the process £ has the form & = Y[y, 4,(t), where
0 <t <ty and Y is a bounded F;,-measurable random variable. In this
case the process M () denoted by X, is given by

tAt2
Xt = Y[[tl,oo) (t) / (t — S)adWS.

t1

For t € [0,t], we clearly have (X)z, = 0. For t € [t1, 1],

t t1
X = Y/ (t—s)*dWs — Y/ (t — s)*dWs,
0 0

and by lemmas 2.4 and 2.5, for any interval [a,b] C [t1,ts], the S-variation
of X exists in L', and

(X)g 10 = calY|7(b—a).

Finally, by Lemma 2.5, for any interval [a,b] C [ts,00), (X)g a5 = 0, in L',
Hence, we have proved that

t
(X)gr = cal YIP(E ANty — 1))y = ca/ €| ds.
0

Let us denote by S the space of step functions of the form

gt = Z }/;I(tifl,ti] (t))
=1



where Y; is F;, | measurable and bounded, and 0 =¢y < --- <t,. For{ € S
we have X, = 3" | X}, where X; = [[&i(t — s)*dW, and & = Yil(;, , . (1)
From (2.5) we have

n

<X>ﬂ,t = Z<X>ﬁ»[ti717ti]ﬂ[0¢] :

=1

From the first part of the proof we see that

. Vil (s At —tisy). i j=i
XJ . X — 9
(X7) g1t 01004 {0 Ty

and applying the triangular inequality (2.6) we see then that

<X>ﬁ7[ti—1,ti]ﬂ[0’t] = <Xi>ﬁa[t¢—1,ti]ﬂ[0’ﬂ :

Hence,

n t
(psos = SO WP (At~ tir)e =co [ JePds 2D
i=1 0

and this proves the result for step functions.
To complete the proof we use a density argument. Fix a time interval
[0,T]. We can find a sequence of step functions (§ k k> 1) in & such that if

a > 0, then
T

lim [ (BlS - &)

k—oo 0

B8
2

ds =0,
and if o < 0, then
T ’
lim [ (Ele, - €419)Fds = .
— 00 0

Define X} = fot(t — 5)?€*dB, for t € [0,T]. From the triangular inequality
(2.6) and the Burkholder-Davis-Gundy inequality (see, for instance, [5]) we

10



have, for all t € [0, 7]
B (|s00x)3 — 58k gE(( 04(x — x*)

gc<E(§

i=1 ) )
<C (E (Z )) (2.12)
i=1
Now we will consider two cases depending on the sign of a.

(i) If a > 0, namely, 3 < 2, then by the concavity of %2 and Lemma 4.1,
we have

51)

[ oo 6 - ha,

/0 (= s — 1 - 9)%)? (6 — €4

B (1S5 (x)% - shil(xhys)

VAN

/0 (=9 — (- 9)%) B (& — €42) ds
=1

< c(/0t<E(\ss—5§P)>5ds)é. (2.13)

enE(S[O“ (o [lepas)” D

< E(\S}éﬁ;ﬁxﬁ—%";ﬂx’wé)+E<S§%ﬁ X’f%—( / gt \ﬁds)

+CE:E< (/Ot|§§|ﬁds)é ([ |ss|ﬁds)ﬁ'> .

From (2.13) and (2.11) we obtain

S[Ot] ( /]fs‘ﬁd$> D
< c (/0t<E|5S —s§|2>5ds)ﬁ LB (‘ (/ |§§|ﬁds)ﬁ - (/Otw%)ﬁ‘) ,

11

@
@l

[l

lim sup F (

n—oo




and letting k tend to zero we prove the desired result.
(ii) If @ < 0, namely, § > 2, then applying Minkovski inequality in (2.12)
and using Lemma 4.2, we have

E (1S5 (x)% - shil(xhy3)

ol

i=1

< o [we-grie)”
0

Now in the same way as for the case a > 0, we can show

1
1 t B
lim £ < Sg)’;](X)ﬁ — (ca/ \fslﬁds) D = 0.
n— 00 ’ 0

This proves the theorem. ]

@[

B

IN

/o (=5 — (1, — 9)2) (B (g — €1°)) s

Remark 2.7 ]fa>()cmdf0 (£2)ds < oo, thenfo 52)2d5<oo and
the B-variation of the fractional martingale M(a) exists in L', and (M )>g7t =
Ca fg |&,|Pds.  Using a localization argument, we can prove that this result
remains true with the convergence in probability, for any continuous local
martingale such that (M), = fg &2ds for all t > 0. On the other hand, if
a <0 and fot E(|§S|ﬁ,)ds < oo forallt >0, and for some ' > 3, then the
B-variation of the fractional martingale M®) ezists in L' and (M), =
Ca f(f |&,Pds. As a consequence, again by a localization argument, the result
remains true with the convergence in probability, for any continuous local
martingale such that (M), = [ €2ds, assuming that [} 16,7 ds < oo almost
surely, for allt >0, and for some ' > .

Corollary 2.8 Consider a continuous local martingale M = (M;,t > 0)
with My = 0 and (M); = fot £2ds, where £ = (&,t > 0) is a progressively
measurable process. Suppose that M satisfies (2.1) for some a € (—%, %)
Then there exists C' > 0, such that

n—oo

b
lim inf E(S} (M ))zc/ E (|&]%) ds

12



Proof. For each integer N > 1 let ¢y (z) = x if |2| < N and ¢y(x) = &

if || > N. Denote M = fot(t — )N (&)dMs. An application of the
Burkholder’s inequality yields
6)

E (sh)) = E(i
> cr (Y / (s — (1 — ) (s

=1
i=1

/0 (=8 — (2, — 8)%) dM,

2

> ce (Y / (= 5 = (- 9)%) (6] A NY2ds

> CE(S§I(M@Ny),

By Theorem 2.6, S[Cf;f](M(a)’N) converges to f;(|§5| AN)Pds in L* as n tends

b
to infinity. So, lim E(SE;IL’](M(O‘)’N)) = / E ((|&| A N)?)ds, and conse-

b
quently liminf £ (S[;’;f}(M(O‘))) > C’/ E|¢|Pds. m
So far we have considered continuous local martingales such that (M), is

absolutely continuous with respect to the Lebesgue measure. The next result
says that in the case a < 0 if the quadratic variation of the martingale is not
absolutely continuous with respect to the Lebesgue measure with positive
probability, then the S-variation is infinite.

Proposition 2.9 Fiz —3 < a < 0. Suppose that M = (M,,t > 0) is a
continuous local martingale, satisfying (2.1). Consider the Lebesque decom-
position of its quadratic variation given by (M), = u; + vy, where p; and
vy are continuous nondecreasing adapted processes such that dpy is absolutely

continuous with respect to the Lebesque measure, and dv; is singular. If
P(dvy #0) > 0, then we have lim,,_, E(Sgi](M(a))) =00, for allt > 0.

13
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Proof. By Burkholder’s inequality, we have

B (z M M w)
=1

> CZ E ( / (= - (- 9’ d<M>s)g
> CZE ( / = (- s>i>2dus)g

+Cg E ( / (s e - 02)? dvs)g -

Then the result follows from the above inequality and Lemma 4.3, proved in
the Appendix. [

On the other hand, the next results says that in the case a € (0, i), the
[-variation is zero if the quadratic variation of the martingale is singular.

Proposition 2.10 Suppose that M = (M,;,t > 0) is a continuous local mar-
tingale, such that almost surely the measure d{M), is singular with respect to

L) we have lim,, o E(SE}?(M(Q))) =

the Lebesgue measure. Then, if o € (0, 3

0, for allt > 0.

Proof. The result is an immediate consequence of Lemma 4.3, proved in the
Appendix. [

3 Characterization of fractional Brownian mo-
tion

Suppose that B is a fractional Brownian motion with Hurst parameter
H € (0,1). The process B¥ admits the following representation (see [4])

¢
Bl = /ZH(t,s)dWS, (3.1)
0
where
tyH-% H-1 Loy [ H-1
Zy(t,s) = kg (;) (t—s) 2—(H—§)52 u? T2 (u— )" T 2du,
(3.2)

14



with kg defined in (2.8).
The next theorem is the main result of this paper and provides an exten-
sion of Lévy characterization to the fractional Brownian motion.

Theorem 3.1 Fiz H € (0,1), H # % Suppose that B = (By,t > 0) is a
zero mean continuous stochastic process. The following two conditions are
equivalent:

(1) B is a fractional Brownian motion with Hurst parameter H.

(2) The process B satisfies the following conditions:

(i) The trajectories of B are Hélder continuous of order H — € for
any H—¢e € (0,H).

(ii) Let
t
M, :/ s H(t— 52 HyB, . (3.3)
0

Then M 1is a local martingale. Furthermore, if H > %, the quadratic
variation of the martingale M is absolutely continuous with respect
to the Lebesgue measure almost surely.

(iti) For anyt > 0, the %-variation of B in the interval [0,t] exists
in L', and <B>%7t = cyt, where cy = E(|§|%) and £ is a standard

normal random variable.

Remark 3.2 Notice that condition (i) is always true if H < %, and the
Riemann-Stieltjes integral in (3.3) exists by Proposition 4.6.

Proof. From the properties of the fractional Brownian motion we know that
(1) implies (2). Suppose that (2) holds. Fix H —e € (0,H), and 7" > 0.
We are going to show that B is a fractional Brownian motion with Hurst
parameter H in the time interval [0, 7"]. Denote by ||B||,_, the Holder norm
of order H — € on [0, 7] (see (4.2)). The proof is divided into several steps.

Step 1. From (3.3), we can solve the integral equation to express B as a
functional of M. This can be done as in the proof of Theorem 5.2 of [8]. In
this way we obtain

1
By =dy [t" R, — (H — Vil

15



where dy = B(% — H, H+ %)*1

and

t t
Y, = / (/ w3 (u — S)Hédu> d M.
0 s

Comparing with the representation formula (3.1) for the fractional Brownian
motion it suffices to prove that

(M), = (kpditsz")ds, (3.4)

because this implies that M is a Gaussian martingale, and B has the co-
variance of the fractional Brownian motion with Hurst parameter H. In
order to show (3.4) we are going to compute the %—Variation of R, from the
decomposition

1
Ry =d;'t2" "B, + (H — 5)ﬁ—HY,, (3.5)

Step 2. Fix0<e< HALA(1—H) andsupposethatE(H ||H a> < 0.

We will first show that the %—Variation of the process Z; = s~ HPB, exists in
L' in any interval [0,¢] C [0, 7], and

(Z), = 2Heytn. (3.6)

S

An application of the triangular inequality yields

n

(D@2 By = By [7)"

=1

S[?’t] (Z) <
7o

1
1 H
Z\t” 2t — () | w By M), (37)
and
AN By — By |7)"
ﬁ:n< ) = ; By i, 7)
" %
n;, n NL1_mg L 1\H
(St = ) By 1)L (3.8)

=1

16



We have

- Lo n NA_m L 1
Dol =) | | By |
i=1

n

1
1 t 2H 1 €
< csif (5)" e

=2

o

L

L 1 €
< ClBlj_ct2a (3.9)

T

which converges in L' to 0 as n tends to infinity. From (3.7) to (3.9) we
obtain,

lim S99 (2) = lim > "(#)27 By — By |7, (3.10)
n—oo Fon n—oo — g K
in L', provided that the limit on the right side of (3.10) exists. Denote
I = (tj_y,t7] for j = 1,2,...,n. We divide every subinterval I} into m

parts, and we get a finer partition 0 = ¢§™ < --- <t =t. Then, we have

- nmy 5 — L - n\ser—1/4m n
| Z(tl )2 1|Bt;”” — Bypm |7 — ZCH<tj)2H l(tj — 1)
1=1 j=1
- i nm\ 5t —1 n\ 5 —1 L
= D D (@™ = () )| By — By |7
J=1 Ni=(j-1)m+1
jm
ny =+ — L n n
+(t])2H l( Z ’Bt?m — Bt?lnl|H — CH(tJ - tj—l)))‘
i=(j—1)m+1
n jm
5 —1 n L1 1
< D ‘(tj)w = (tj-0) ™ ‘ D |Byn = Bum|7
Jj=1 i=(j—1)m+1
1 I 1
i=(j—1)m+1

Letting m tend to infinity and using Assumption (ii), we obtain

n
1

lim Y ()27~ |By — By |7 = 2Hegt™,

=1
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in L', which shows (3.6).

Step 3. We claim that the %—Variation of the process V; = t2=HY, in
L' is zero. The increment |Y; — Y;| can be estimated by Lemma 4.7 in
the Appendix with a« = = — H, f being a trajectory of the process B and

G=H—c¢. Notlcethatoa+ﬂ s —¢c,and 2o+ =1 — H — e. Hence, for
any s,t € [0,7] we have

Y~ Yl < C[1Blly. (¢ = 7).

Therefore, as in (3.7) we have
E(sY) < CZ ()7L (1Y — Vi, |)

+CZ(t”1

= An+Bn.

w
=
* 3
,_.
~—
SIS
|
iy
N—
|~
g
=
TS
-
=
N—

For the term A, we have

n

An < CIBIE Y (men (™= — (t,) ")

i=1

1 t e
= ClBj_. ()= Zzw (i—1)ih
n
1 t 1 e _L_f_kl
< C|Bllji_. (-)m iz,
n

By Lemma 4.7, lim,, ., E(A,) = 0. For the term B,,, using that F (\Y};LJ%) <
1
CE (|;B||g_6) [t |'~#, we obtain

E(Bn)

IA

e (1B14..) YLy

i=1

1 1 _1+%_%
< cr(isif-.) () 0.

Hence, (Y)1,=0,in L', for all ¢ € [0,T].

L
H>
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Step 4. From (3.5), (3.6), Step 3 and (2.7) we get that the ~-variation
of the process R in any interval [0,¢] C [0, T] exists in L', and

(R)1, = cudy"2Htn. (3.11)

|~

On the other hand, since R; is an H — % martingale, Theorem 2.6 and

Proposition 2.9 imply that if H < 1/2, the quadratic variation d{M), must
be absolutely continuous with respect to the Lebesgue measure, almost surely.
In the case H > % this is true by the assumption (ii). This implies that

(M), = fot £2ds, where £ = (&,t > 0) is a progressively measurable process.
By Corollary 2.8, there is a positive constant C' such that for any ¢, t, €

0,7), C [* s~1ds > [*E (ygs\%) ds. Then E <|§S\%) < Cs7~1. Thus

we can apply Theorem 2.6 to obtain (R>%7t =cpyky" fot |&,| 7 ds. Comparing
this with (3.11), we obtain

|€S| = HHdI_Jl‘S%_H7O S S S ta

and (3.4) holds. This proves that B is a fractional Brownian motion with

1
Hurst parameter H under the condition £ (HBH f[%) < 0.

1
Step 5. It E (||B I g_s) is not necessarily finite, we can use a localization
argument. Denote

Ty =inf{t > 0: |B|, ;. > K}AT.

=

)7,

_ 1 1 t
and B = Byar,.. Since I, |[BE—BJ |7 < 3" |Byw—Bp |7 (K~
n
1
> B = B |7 — cu(t ATk)
=1

by dominated convergence theorem we can also get
lim £ ( ) =0.

By modifying the proof in Step 1 - Step 4 slightly, we get

€| = HHd;fs%*H,O <s<tATk.
Clearly limg ., T = T, and then

€] = kudytsz0< s <T.
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Remark 3.3 Notice that in the case H > % we have imposed the additional
assumption that the martingale (3.3) has an absolutely continuous quadratic
variation. This is true, for instance, if the filtration generated by the process
B s included in the filtration generated by a Brownian motion. The next
proposition shows that this condition is necessary at least in the case H €

(3.9)-
1 3

Proposition 3.4 Suppose that H € (3,3). There exists a process B, satis-
fying conditions (i) and (iii) of Theorem 3.1, such that the process M defined
in (3.3) is a local martingale, and B is not a fractional Brownian motion.

Proof. Let BY be a fractional Brownian motion with Hurst parameter
H € (%,2). Define

274
¢ 1 1
Mt:/ sz H(t —s)2"HdBH.
0

Let N; = Wy, where W is a Brownian motion independent of Bf and
¢ is a strictly increasing, Holder continuous function of exponent « for any
v < 1, null at zero, such that the measure d¢(t) is singular with respect to
the Lebesgue measure (for the existence of such function see Lemma 4.8 in
the Appendix). Set

M:Mt“‘Nta

and B
Bf = Bf 1+,

where

e 1 1 ¢ t 3 1
Y, =dy (tH_g/ (t — s)H—Est — (H — 5)/ (/ uH—E(u — s)H—zdu> st> .
0 0 s

The process BX clearly satisfies (i) and it is not a fractional Brownian motion.

Finally, (B"). , = cyt in L', because the L variation of [ (t — s)A-2dN,

L.
is zero by Proposition 2.10, and, by the same arguments as in the proof of
Theorem 3.1 we can show that the %—Variation of Y vanishes. m
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4 Appendix

4.1 Some technical lemmas

Lemma 4.1 Let o € (0,3). Fiz an interval [0,t]. For any natural number

i
m we define t]* = —t, 0 < i < m. Let g be a measurable function on
m

[0, 00) such that for all t > 0, f(f lg(s)|ds < co. Then there ezists a function
C(t) > 0 satisfying

m tm 2 t
: ¢ m [0 m [0 ﬁ
hmsupZ( / (e = s) —<ti_1—s>+)2\g<s>|ds) < C(t) / l9(s)]3ds.
m—o0 i=1 0 0
Proof. Set
m tm g
‘ m [0 m [0 2
Amzz( [ = - -o) |g<s>|ds)
=1
We have A,, < C(Aym + Aom + Asm), where
m tm g
i-2 m (073 m (0% 2
Almzz( / (67— 5 — () — )°) rg<s>rds) |
1=3

and

Let ¢p(z) = ((x4 L£)*—2*)". The ¢(x) is a non-increasing of z when
x> 0. As a consequence,

m = i i, . )
A = ?Z/ (/ (" —s)* = (72, = 5)) |g(s)|ds) du
i=3 Yt 0
m — i iy g
S ([ o)
=3 tifz 0

INA
|3
S—



Using Holder inequality we obtain

( / ¢m<u—s>|g<s>|ds)g < ( /0”%@_8 > /“¢m<u_5),g(s>|gds

< (/Ot¢m(s)d)2 /gbmu—sm 5)|3ds.

Integrating in the variable u yields

Q

@

i < ([ onts) [ [ ot syttt
(f outers) 1/t(/t¢m<u—s>du)|g<3>|§d8
([omems) ™ [ ([ onore) o
([ o)

/0 Om(s)ds /0 |g(s)|5d8. (4.1)
Therefore

0 5/2 t
lim Ay, =t (/0 (z+ 1) — xa)zdx) /0 1g(s)[3du.

For the term As,, we can write

Q

-|3

B8 _
2

IA
=3

~|3

AS,m

IA
N

The functions



converge almost everywhere to |g|, and they are bounded in L'(]0,¢]). Hence
lg(s )|2 is uniformly integrable on [0, t]. Therefore,

t t
fimsup Ay < tin [ [ga(s)|f ds = [ lo(s)/ s

m—00

From the fact that |z® — y*| < |z — y|*, we see that

. 8/2
m < Z (/ " = t§'11|2“|9(8)!d8> :

Thus in the same way as for As,, we have

t
limsup Ay, < 2/ ]g(s)]gds.
0

m—o0
|

Lemma 4.2 Let a € (—3,0). Fiz an interval [0,t].  For any natural num-

? :
ber m we define t' = —t, 0 < i < m. Let g be a measurable function on
m

[0,00) such that for all t > 0, fot |g(s)|%ds < oo for some 3 > (3. Then
there exists a constant C' depending on t such that:

S ([t -or - -y |g<s>|czs)g <o ([ lots¥as) "

=1

Proof. Consider the decomposition given in the proof of Lemma 4.1. For
the first term we can write, from the inequality (4.1)

t
A < C?(/ (s — (s—|— ) /|g \ds
0

m (4 « o
< Ct<t1+2a+( )1+2 . 1+2> /\g \ds
t a
< C’? E(1+2)2/ 1g(s) st
g
E
<

[t s



Let 2ap > —1 and % +% = 1. Then ' = 2¢ > (3, and applying Holder’s
inequality we can write

m tm e %
= 3 ([ —opas) T ([ o)
i=1 6y 6y
Tt 142ap 8 & . %
< e ([ lats)ras
— tm

=1 i—1

ap t %
< ot é’( / |g(s)\qu) .
0

For the term A, ,,, with the same notation as above we can write

moon, 5
Ay < CZ(/ (t?il_s)Za‘g(Sﬂds)
i=2 248
m 14298/ m o
t p 2 /i—l qd
< C —
< Z(m) ( 19(5) )
1+2ap B t 2%
< ([ atoras) .
0

Lemma 4.3 Suppose that v is a measure on an interval [0,t], which is sin-
gular with respect to the Lebesque measure. We have

(i) If a€(—3,0), then

lim th— ) — (T —30‘2st 2:oo.
oo 0 (z i—1 +
i=1

(it) If a € (0, ), then
B
i S ([ (@ =9 - - ) ) =0
n—00 - 0
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Proof. Denote A := (¢ 4,t7]. Set

(i) If o€ (—3,0), then

> oS wamt = 3o (420,

where m denotes the Lebesgue measure. Suppose that F,, is the o-field of
subsets of the interval [0,¢] generated by the partition {A,i = 1,...,n}.
Denote by v, and m,, the restrictions of the measures v and m to the o-field
F,. Set

g
Then A, > CE(X;?). The sequence (X, k > 0) is a martingale with
respect to the filtration Fyr. As a consequence (see for instance, Theorem
3.3 in [2]), we have lim X = X (m + v)-a.e. Since v L m, X = 0 m-a.e.

s
If limy .o £(X,;) < 00, then (Xor,k > 0) would be a uniformly integrable
martingale and hence Xov = E(X|Fo) = 0, which is a contradiction.

(i) If a € (0,7), then

n

A, = Z (/Oti_l (= 5) — (tn, — dvs) + Z (/ - 2%5;/8)

i=1

= B, + C,.

For the term C,, we have

of =z 8 - 8 8
c, < (3) ST (oM = 93 L (ann) = e B(x)

n - -
i=1 i=1
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Since F (X,,) = v([0,t]) < oo, g < 1,and X,, — 0 a.e. we have lim,,_,,, C,, =
0. On the other hand,

,_.
IS

n i—

B, < Z / (7 —s)* = (t ) — s)"‘)2 dl/s)

) 1 v<A?>>

@

S|+

n i—1
S (
i=1

< (%) (= 1)) u(a)

i=1 \j=1
B n n 5
(1 — 1) ZV(A?)?

=1 j=1

LI

[N]jey

/\
~
v
Q

Notice that

n

D= (=) <O+ (i = (- 1))

=1
n

<C+) (i-1) =0+ 0n?o),

1
where C' > 0. If o € (0, Z_l)’ we have af—3+1 < 0 and then sup, 327, (i* — (i — 1)*)° <
oo. Then similarly, lim, A, =0. =

4.2 Transformations of Holder continuous functions

Let 8 € (0,1]. We denote by C4([0, T]) the set of Holder continuous functions
on [0,7]. For any function f in C?([0,7T]) and any 0 < a < b < T we will

e 1f(&) = f(s)]
f S
f = Ssu . 4.2
H Hﬁ,a,b a§s<It)§b |t S|g ( )

We also set || flls = || fllgor
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Lemma 4.4 Suppose that f € CP([0,T]), and assume that 0 < a < b <
v<T. Let, v >0 and a+ 3 # 0. Then

/ab sT(v —5)df (s)| < [|fll4 <2 + ‘ﬁ’) b0 (v =) + (v —a)**’).

Proof. Suppose first v > 0. Integrating by parts yields

Azﬂv—$%ﬂﬁ

0 (v = b)*(f(b) = f(v)) —a” (v —a)*(f(a) = f(v))

- [ G = F)lsTo — s)7Vds

snﬂmw(mw—w“ﬂ+w@—aww

b b
—i—v/ (v —8)* P57 ds + a/ (v— s)awls”ds)

< Wl [P0 =047 4 870 =
+max{(v —a)**7, (v = 0)**}(b7 —a?)
4+ - i ﬁ‘ ((U _ a)oz—l—ﬂ _ (U _ b)a-i—ﬁ)}
< ||f||67a7v (2 + ‘a i 5 D by ((v —b)*t’ 4 (v — a)a+ﬁ) )
The case v = 0 is proved in a similar way. [ ]

Lemma 4.5 Suppose that f € C5([0,T]), and suppose o < 0, + 3 > 0.
Let g(t) = fot s*df(s). Then, g € C*TA([0,T)), and

g
[9lss < 25 11
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Proof. Fix 0 < a < b <T. Integrating by parts yields

90) - g(@)| = | [ sdlf(s) - F(a)

BLFB) — f(a)] +a / F(s) — fla)s*ds

b
< ||f||gba|b—a|ﬁ+|04|/ f(s) = f(a)l(s — a)*'ds
b
< Il (\b—aw*ma\ [ (o= aias)
< Iflls =5 !b al**?,
which give the desired result. ]

Proposition 4.6 Fiz o € (—1,1) and B € (0,1] such that 0 < o+ < 1.

Suppose that f € C?([0,T]), and let g(t fo (t — s)*dfs. Then,
1. Ifa>0, ge C*P(0,T)]) and for any 0 < a < b < T we have

9(0) = g(a)| < C|£ll50%(b — a)**. (4.3)
2. Ifa<0and 0 <20+ B <1, then g € C*+5([0,T)) and
l9(0) = g9(@)] < C Il (b — a)***.

Proof. We can write

a b
g(b) — gla) = / s (b= 8)* — (a— 5)) df. + / (b — s)°df,

- af b ( /0 Csr - S)"_ldfs) w+ [ "o s,

= A+ B.

If @ > 0 using Lemma 4.4 yields
b
Al 2 Clfla [ (=0 + o) do
= C|fllga [(b— )™ + b7 —a**7],
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and

|B] < CIfll50%(b — a)**,
which implies (4.3) follows. On the other if a < 0, the function A(t) =
f; s¥dfs is (a + B)-Holder continuous by Lemma 4.5, and [|h||,, 5 < C[|f]|5-
Then, applying Lemma 4.4 to the function h we obtain the estimates

/ab (/Oa(v — s)“‘ldhs) dv

b
S C Hf”g/ [(U —_ a)2a+,8—1 + U2a+ﬁ_1} dv

Cllfllg [(b— )7 4 b2 — g2+7]

Al < «

<
and )
Bl < |[ s < Cfl b - ape”,
The proof is complete. ' ]
Lemma 4.7 Fiz o € (— ,5) and 3 € (0,1] such thatO < a—i—ﬂ <1 and
0 < 2a+ B < 1. Suppose that f € CP([0,T)), and let g(t fo s)*dfs.
Set

ht) = /0 Cyra ( /0 S s)o‘dgs) du.

Then for any 0 < a < b < T we have
[A(b) = h(a)| < CIfll4 (V" — a”).
Proof. We have

b u
o)~ b)) < [uet| [ o) ed,
a 0
Suppose first that o < 0. Then, ||g||2a+ﬂ C ”f”g» and Lemma 4.4 yields

[ tw=sda

Substituting (4.5) into (4.4) yields the results. In the case a > 0, the Holder
norm ||gl|,, 5 in an interval [0,u] is bounded by Cu® || f||, and Lemma 4.4

yields
/ (u— 5)~dg,
0

This completes the proof of the lemma. =

du. (4.4)

< CIfll,u?. (4.5)

< ClIfllyu™
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4.3 Existence of singular Holder continuous distribu-
tion functions

Let 0 < H < 1 and p > 1. Suppose that X = (X;,t > 0) is a zero mean
Gaussian process with stationary increments and a variance o?(t) = E(X?)
given by

o*(t) = /000(1 — cos(xt))g(z)dz, (4.6)

where g(z) = 2727 119 (x) + (|logz|fz) ' 1pe)(x). If we replace g(x)
by gu(z) = 272171 in Equation (4.6), then the process X is a fractional
Brownian motion with Hurst parameter H. Taking into account that g(x) >
Cgp(z) for some constant C' > 0, it follows that the process X satisfies the
local nondeterminism property in some interval (0,d) (see Theorem 4.1 in
[1])-

The following lemma implies the existence of finite measures on the real
line which are singular with respect to the Lebesgue measure, and whose
distribution function is Holder continuous of order v, for any v < 1 on any
finite interval.

Lemma 4.8 Let X the Gaussian process introduced above. Then, there ex-
ists a version of its local time L(t,x), jointly continuous in t and x, with the
following properties

(i) Foreachx € R and~y < 1, L(t,x) is Hélder continuous of order v with
respect to t, on any finite interval.

(i1)) L(t,x) is a non decreasing function of t.

(i11) For each x € R, the support of the measure L(dt, x) is the set {s, Xs =
x}, which has a Lebesgue measure 0.

Proof. The function o2 satisfies

o*(t) = C|logt™'|™,

for some constant C' > 0 and for ¢ € (0,1). Then, property (i) follows by

Theorem 8.1 in [1]. From Theorem 6.4, page 11, in [3] it follows that for
each € R the support of the measure L(dt, x) is the set A, = {s, X; = z}.
Finally, to show that A, has a Lebesgue measure 0, we write

T T
E/ 1Az(8)d8 = / E(lXS:x)dS = O,
0 0
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which implies that fOT 14, (s)ds = 0 almost surely. This completes the proof
of the lemma. m
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