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We identify stationary distributions of generalized Fleming-Viot pro-
cesses with jump mechanisms specified by certain beta laws together
with a parameter measure. Each of these distributions is obtained from
normalized stable random measures after a suitable biased transforma-
tion followed by mixing by the law of a Dirichlet random measure with
the same parameter measure. The calculations are based primarily on
the well-known relationship to measure-valued branching processes with
immigration.

1 Introduction

In the study of population genetics models, it is of great importance to identify their
stationary distributions. Such identifications provide us with basic information of
possible equilibria of the models and are needed prior to quantitative discussions on
statistical inference. Since [5], [14] and [1], theory of generalized Fleming-Viot pro-
cesses has served as a new area to be cultivated and has been developed considerably.
(See [3] for an exposition.) In view of such progress, it seems that we are in a position
to explore the aforementioned problems for some appropriate subclass of those mod-
els. In this respect, it would be natural to think of the one-dimensional Wright-Fisher
diffusion with mutation as a prototype. This celebrated process is prescribed by its
generator ,
1 d
A= 2x(l x)dxg + 5 o
where c¢; and ¢y are positive constants interpreted as mutation rates. The stationary
distribution is a beta distribution

x € [0,1], (1.1)

[c1(1 — ) — oz

Bey oy (dar) = 5((;1;(2)) 2N (1 = ), (1.2)
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where I'(-) is the gamma function. In addition, the process associated with (1.1)
admits an infinite-dimensional generalization known as the Fleming-Viot process with
parent-independent mutation, whose stationary distribution is identified with the law
of a Dirichlet random measure.

In the present paper we consider a problem of finding a class of generalized
Fleming-Viot processes whose stationary distributions can be identified. As far as
the first term on the right side of (1.1) is concerned, its jump-type version has been
discussed in population genetics as the generator of a model with ‘occasional extreme
reproduction’. (See Section 1.2 of [3] for a comprehensive account.) We addition-
ally need to look for an appropriate modification of the second term, which should
correspond to a generalization of the mutation mechanism. With these situations in
mind, our problems can be described as follows.

(I) By modifying both mechanisms of reproduction and mutation, find a jump pro-
cess on [0,1] whose generator extends (1.1) and whose stationary distribution can be
identified.

(IT) Establish an analogous generalization for the Fleming-Viot process with parent-
independent mutation.

Since these problems are rather vague, it may be worth showing now the generator
we will believe to give an ‘answer’ to (I). For each a € (0,1), define an operator A,
by

A.G(2)
o /1 Blfa,lJra(du)
0

u?

[2G((1 —w)z +u)+ (1 —2)G((1 —u)x) — G(x)]

b [ Brael®e 6 —we )+ 61 - W) - (@ + )G (L)
0 (a+1)u 1 u)T + u) + co u)x c1+ c)G(z)] (1.
where G are smooth functions on [0, 1]. Observe that A,G(x) — AG(z) as a T 1.
It should be noted that A, is a one-dimensional version of the generator of the
process studied in [2] if ¢; = ¢y = 0. See also [12] and [13]. The reader, however,
is cautioned that our notation « is in conflict with that of these papers, in which
a plays the same role as a + 1 in our notation. (We adopt such notation in order
for the formulae below to be simpler.) The constant ¢; (resp. ¢;) in (1.3) can be
interpreted as the rate of ‘simultaneous mutation’ from one type to the other type
and a proportion u of the individuals with that type, which are supposed to have
the frequency 1 — x (resp. z) in the population, are involved in this ‘mutation’ event
with intensity Bi_qq(du)/((ov + 1)u). (Note that (1 —u)x +u =2 +u(l —x).) As
will be seen in Proposition 3.1 below for more general case, the closure of (1.3) with
a suitable domain generates a Feller semigroup on C([0,1]), and our main concern
is the equilibrium state of the associated Markov process. It will be shown in the

forthcoming section that a unique stationary distribution of the process governed by
(1.3) is identified with

1 I ¢
Pr(er.e0)(dz) := D(a + 1)/0 Beve(d4) By (Vi 4 ¥) ™ i €, (14)
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where E, , denotes the expectation with respect to (Y7, Y>) with law determined by
log By y[e 172272 = —yA¢ — (1 — y)AS (A, A2 > 0). Again we see that (1.4) with
a =1 reduces to (1.2).

One might think that (1.3) appears very special among possible generalizations
of (1.1). In fact, such restriction has resulted from our strategy, which is described
in the following. It is well-known [20] that the Fleming-Viot process with parent-
independent mutation can be obtained by way of a normalization and a random time
change from a measure-valued branching diffusion with immigration. (See also [10]
and [18] for related works.) An extension of this significant result was shown in [2] for
a class of generalized Fleming-Viot processes, one-dimensional version of which corre-
sponds to (1.3) with ¢; = ¢ = 0. Moreover, [2]| proved that such a jump mechanism
is necessary for a generalized Fleming-Viot process to have the above mentioned link
to a measure-valued branching process with immigration (henceforth MBI-process).
Recently, [13] showed essentially that the second term of (1.3) is required when we
additionally take a generalization of the mutation mechanism into account. Our ar-
gument will be crucially based on this kind of relationship between the generalized
Fleming-Viot process associated with a natural generalization of (1.3) and a certain
ergodic MBI-process. That relationship can be reformulated as a factorization result
on the level of generators and hence is expected to yield also an explicit connection
between stationary distributions. In principle, the problems (I) and (II) can be con-
sidered in a unified way. Nevertheless, we shall discuss (I) and (II) separately. This is
mainly because the factorization identity will turn out to yield a correct answer only
for certain restricted cases and in one-dimension one can avoid to use it by taking
an analytic approach instead (although this does not reveal clearly the mathematical
structure underlying).

The organization of this paper is as follows. Section 2 is devoted to derivation of
(1.4) by purely analytic argument. Exploiting the relationship to MBI-processes, we
show in Section 3 that the above mentioned answer to (I) has a natural generalization
which settles (IT). The irreversibility of the processes we consider is discussed in
Section 4.

2 The one-dimensional model

Let 0 < o <1, ¢; >0 and ¢ > 0 be given. The purpose of this section is to show
that (1.4) is a unique stationary distribution of the process with generator (1.3).
Analytically we shall prove that a probability measure P on [0, 1] satisfying

1
/ A,G(z)P(dx) =0 for all G(z) = pp(x) ;== 2" withn =1,2,... (2.1)
0
is uniquely identified with (1.4). Actual starting point of the calculations below is

/ ' ALG@)P(dz) = 0 for all G(z) = Gi(a) == (14 t2) L with £ > 0. (2.2)



The equivalence of (2.1) and (2.2) is a consequence of uniform estimates

|Aw%@ﬂﬁ<r+qi?>72 n=12,...,
(8%

which can be shown by observing that

a((l—wz+u)"+c((1—u)x)” — (1 + )"
= al((T=wz+u)" = ((1 —w)r+ur)"] + ca” [(1 = u)" = (1 = u) +u)"]
(

1—u)" P k(1= 2%) — 2™ <Z> (1 —u)" Fu”

_ zi: Z) (1- u)n—kuk [Clxn—kz (e 4 62)$n] (2.3)

and in particular
r(1—wz+u)"+(1—2)((1 —u)x)" — 2"

= S () a-arte —

k=2
_ u2 Z <n> (1 . u)n—kuk—Z(mn—k—i—l . [L’n)
k=2 k

Indeed, these bounds ensure that the function
1 00 1
te [ AGa)P(dr) = Y- (1) [ Augpa(2)P(dr)
0 — 0
is real analytic at least for —1/2 <t < 1/2. We prepare a simple lemma in order to

calculate A,G;.

Lemma 2.1 Assume that b >0 and a +b > 0.
(i) It holds that for any 61 > 0 and 63 > 0

! 391,92 (du> —017,—6

(i) In addition, suppose that a’ # a and a’ +b > 0. Then

/01 (af:ab;z;,id?b) " ala _1af>b1+a [(a+b)* — (@’ +)7]. (2.5)

(2.4) is a one-dimensional version of the formula due to [4], which is sometimes
referred to as the Markov-Krein identity. (See e.g. [22] or (3.6) below.) We will give
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a self-contained proof based essentially on the well-known relationship between beta
and gamma laws.
Proof of Lemma 2.1. The proof of (2.4) is simply done by noting that

. o0 le 1 _ o0 dZQ 1 _
+ b elb 02 — 01—1 (a+b)21 02—1 bzo
) o T o T8

and then by change of variables to u := 21 /(214 22),v := 21+ 2. (2.5) can be deduced
from (2.4) with §; = 1 —a and 0y = a since Bi_q140(du) = Bi_q o(du)(1 —u) /o and

1—u B 1 at+b ad+b
(au+b)(du+b) (a—a)b\au+b du+b)’

[ ]
We proceed to calculate A,G;.
Lemma 2.2 For any t > 0 and x € [0, 1],
1+ —1 1— 1—2)(1+t) ! —
ALGil) =t (1+1) Cx(l-z)  t a(l-x)(1+1) CoT (2.6)

a (1 +tx)?>te  a+1 (14 tx)tte
Proof. By straightforward calculations
AG((1 —u)x +u) + G ((1 —u)x) — (c1 + c2)Gy(2)

tu a(l—1x) o
l+te |[14+t(l—wzr+tu 14+t1—u)x

Replacing ¢; and c; by z and 1 — x, respectively, we get
G (1 —w)z+u)+ (1 —2)Gi((1 —u)x) — Gi(x)
?u?z(1 — x) 1
14tz (1+¢(1—wz+tu)(1+ (1 —u)x)

Plugging these equalities into (1.3) with G = G; and then applying Lemma 2.1 yield

 ta(l—a) f? Bi_g1ta(du)
AGile) = 0w + (1 6= 0)0)
t 1 Bl_ma(du)
(a4 1)1 +tx) ~all _I)/o 1+t(1 —u)x +tu
t U Bi_aa(du)
+(a+1)(1+tm) 02“”/0 1+ t(1—u)z
_ ta(l-a) 1 o
T 14tz at(ltx)tte 0=
t (1 —x) 2T
(a4 1)1 +tx) [(1 +i)a(l+tx)e (14 tz)e

bt



which equals the right side of (2.6). |

Next, we are going to characterize stationary distributions P in terms of

Sa(t) == /01 m, >0, (2.7)

which is a variant of the generalized Stieltjes transform of order a.

Proposition 2.3 A probability measure P on [0, 1] is a stationary distribution of the
process associated with (1.3) if and only if S, defined by (2.7) satisfies for all t > 0

<1+2a_1(1 +0)S(1) (2.8)

+Kc1+1+;) (L+0)*=1)+ ¢ + | SL(t) +ac (1 +1)*71S,(t) = 0.

Proof. By virtue of Theorem 9.17 in Chapter 4 of [7], P is a stationary distribution
of the process associated with A, if and only if (2.1) (or (2.2)) holds. By Lemma 2.2
(2.2) now reads for all t > 0

_(l—i-t)o‘—l/ol(x(l—x) P(dx)

o 1+ tx)*+e

1 1—2x )
1 to‘l/iPd - / P(dz) = 0.
+a+1( 1) 0 (14 ta)tte (dz) a+1Jo (1+tx)l+e (dz)
This equation becomes (2.8) by substituting the equalities
z(1—x) 1+t 1
— dr) = —=S"(t) + =S, (¢
/ —|—t91:2+°‘ Pldz) ala+1) O‘()+a at);
L 1—z 1+t
—————P(dr) = ——S!(t) + S, (¢
Jy Ty Pdn) = = Sh(0) + Sal)
and . .
x
———P(dx) = ——S/ (¢
J) ey Pl = = SL0)
all of which are verified easily. ]

We now derive (1.4) as the unique stationary distribution we are looking for.
Recall that for each y € (0,1) we denote by E, , the expectation with respect to the
two-dimensional random variable (Y7, Ys) with joint law determined by

E

—A1Y1 -\ Y- — YA —(1—y)\Y
ayle MR — oA =(mAS Ty ) > 0.

By using ¢t = T'(a) ™! [7° dvv*te ™ (t > 0) and Fubini’s theorem, observe that

Eay [V +%2)] = T(@)™ [~ doo™ exp=y(on)® — (1 = y)o°)

1 1
T Da+1) 1+t —1)y (2.9)




for ¢ > 0. In particular, E,, [(Y1 + Y2)"%] = 1/I'(a+ 1) and hence

R
"Y1+ Y,

1
P ey (dz) = T(a + 1) /0 Be, o (dy) B, [(yl +Yy)e € d

(2.10)

defines a probability measure on [0, 1]. Although for each y € (0,1) an expression of
the distribution function

<z

Yy
0,1 = T(a+ 1)E,, |[(Y; +Yy) ™
0.1] 5 & = T+ 1) Eay (Vi +Y2) " 55 <o

is given as the formula (3.2) in [23], i.e.

sin ar /f’f (1—y)(z —u)* udu
7 Jo (1—y)2u? +y2(1 —u)?* +2y(1l — y)u(l — u)*cosan’

we do not have any explicit form concerning P, (., ,) except the case ¢; + ¢, = 1.
(See Remark (ii) at the end of this section.)
The main result of this section is the following.

Theorem 2.4 The process associated with (1.3) has a unique stationary distribution,
which coincides with Py (¢, c,)-

Proof. Notice that the existence of a stationary distribution follows from compactness
of the state space [0,1]. (See e.g. Remark 9.4 in Chapter 4 of [7].) Let P be
an arbitrary stationary distribution of the process associated with (1.3) and S, be
defined by (2.7). Put

To(u) = So (1 +uw)/* 1)
for u > 0. Setting ¢ = (1 +u)"/* — 1 or u = (1 +t)® — 1, observe that for u > 0

1 1
- (1 E_l /
Liswso

T (u)
and

() = ;(1 _ 1) (1+w)225.(t) + {1 1+u>i—1]25g(t)

« a(
1 1w 1 2-2qn
a_1) (1+u) Ta(u)+?(1+U)a Sa(t).

Hence S',(t) = a(1 +u)'"aT7,(u) and

SU() = (1 4 u)> [Tg(u) _ <; _ 1) (1+ u)_lT(;(u)} |

Also, (2.8) can be rewritten as
1
%(1 +u)a S (1) + [(cl +1+ O) u+c + CQ:| S' (1) + ey (14 u) a8, (t) = 0.
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From these preliminary observations, it is direct to see that the equation (2.8) is
transformed into a hypergeometric equation of the form

w(l+u)To(u) + [(e1 4+ e2) + (e1 4+ 2) u] To(u) + 1 To(u) =0,  u > 0. (2.11)
Clearly T,(0) = S,(0) = 1. In addition,
T(0) = 84(0) /o =~ [ Pldz)z = e /(e +c2)

where the last equality follows from (2.1) with n = 1. These facts together imply

that B J
To(u) = / L(y) w>0
o 1+uy
or X 5 p
Sa(t) :/ cres (AY) : t>0.
o 1+{(1+t)*—1}y
(See e.g. Sections 7.2 and 9.1 in [16].) Combining this with
1 ! Y,
-7 1/7@ Y1 4 Ya) " e drl.
1+{(1+t)a—1}y (a+)0(1+t$)a ,y(l‘i' 2) le_|_Yv2 T
which is immediate from (2.9), we arrive at
1P (dx)
Sa(t) = / “olae 0 > 2.12
(®) o (14tx) - (2.12)

in view of (2.10). Therefore, we conclude that P = P, (, c,) and the proof of Theorem
2.4 is complete. [ ]

Remarks. (i) In the case where ¢; + ¢; > 1, an alternative expression for P, (, c,)
exists:

7 -
Pofereny(dz) = T(a+1)(c1 + ¢ = 1)E [(Z1 + Zo) ™% -t € dit| = P (y.00)(d2),
Zy + 2y
(2.13)
where Z; and Z, are independent random variables with Laplace transforms
Ele %] = exp [—¢; log(1 4+ \Y)], A > 0. (2.14)

This reflects the fact that the solution to (2.11) with the same initial conditions
T,(0) =1 and T.(0) = —c1/(c1 + ¢2) admits another integral expression of the form

1
To(u) = / Blch—l(cdy), u>0
o (I4+uy)
and accordingly by (2.12)
/1 Pa,(cl,cz)(dx) _ /1 Bl,cl-i—cz—l(dy) = t> 0. (215)
o (1+tx) o [T+ {(1+4+t)*—1}y]

8



On the other hand, it is not difficult to show that (2.15) with P, (¢, c,) in place of
P, (¢, ;) holds, too. In fact, we prove in Lemma 3.5 below a generalization of the
coincidence (2.13) in the setting of random measures. Also, the role of Z; and Z,
will be made clear in connection with branching processes with immigration related
closely to the process generated by (1.3). (Compare (2.14) with (3.9) below.)

(ii) It will be shown in the Remark after Lemma 3.5 below that Py (¢ c,) = Bac,acs
holds whenever ¢; 4+ ¢ = 1. At least at a formal level, this would be seen by letting
¢1+ ¢ ) 11in (2.15) and then by making use of (2.4).

(iii) In contrast with the case of the Wright-Fisher diffusion mentioned in the Intro-
duction, Py (¢;,¢,) With 0 < a < 1 is not a reversible distribution for the generator
(1.3) at least in case ¢; # co. This will be seen in Section 4.

3 The measure-valued process case

The main subject of this section is an extension of Theorem 2.4 to a class of gen-
eralized Fleming-Viot processes. But the strategy will be different from that in the
previous section, and so an alternative proof of Theorem 2.4 will be given as a by-
product. To discuss in the setting of measure-valued processes, we need new notation.
Let E be a compact metric space having at least two distinct points and C'(E) (resp.
B, (F)) the set of continuous (resp. non-negative, bounded Borel) functions on E.
Define M(FE) to be the totality of finite Borel measures on E, and we equip M(E)
with the weak topology. Denote by M(FE)° the set of non-null elements of M(E).
The set M;(E) of Borel probability measures on E is regarded as a subspace of
M(E). We also use the notation (n, f) to stand for the integral of a function f with
respect a measure 7. For each r € E| let §, denote the delta distribution at r. Given
a probability measure @, we write also E9[] for the expectation with respect to Q.

Let 0 < a < 1 and m € M(E) be given. We shall discuss in this section an
M (E)-valued Markov process associated with

Aam® (1) (3.1)
o [Pl ) (1~ et ) — @)
b e [ i) [0 = k) = B0, e Mu(E)

where ® belongs to the class F; of functions of the form ®¢(u) := (u®", f) for some
positive integer n and f € C'(E™). (3.1) shows clearly that A, ,, satisfies the positive
maximum principle and hence is dissipative. (See Lemma 2.1 in Chapter 4 of [7].)
We begin by seeing that A, ,,, defines a Markov process on M;(E) in an appropriate
sense. For this purpose, we need an expression for A, ,,®r with f € C(E™). Set
(a)p = '(a+b)/T'(a) for a > 0 and b > 0, and let | - | stand for the cardinality. It



holds that for any 6 > 0 and v € M, (FE)

Auasy() = 3 UZ Tt 57 (om0 p) — (1)
k2 I:|1|=k

v3s Lo alOhat 5 (e 00 — o). (32

where I are nonempty subsets of {1,...,n}, o . C(E™) — C(E™) is defined by let-
ting @ f be the function obtained from f by replacing all the variables r; with ¢ € I
by Tmins and = H“ : C(E™) — C(E™) is defined by letting ull,f be the function ob-
tained from f by replacing all the variables r; with ¢ € I by r and then by integrating
with respect to v(dr). (For a degenerate v (3.2) is a special case of the corresponding
expression found in the proof of Lemma 11 in [12].) (3.2) can be deduced from the
following identities (cf. (2.3)) among signed measures on E™:

<§> (1= wuldr) + ub, (dry)) — ém(dm

= é (1 — w)p(dr;) + ud,(dry)) ® (1 — w)p(dr;) + up(dr;))

=1

— Y ® (1 udry)) [@(u@(dm)—@(uu(dn»]

T£0 j¢T i€l iel
= > w1 — o)1 &) pu(dry) [@ O (dr;) — ®,u(dri)1 :
I£0 gl iel iel

As for the Fleming-Viot process with parent-independent mutation, the result corre-
sponding to the next proposition is a special case of Theorem 3.4 in [8].

Proposition 3.1 For each m € M(E) the closure of A, defined on Fy generates
a Feller semigroup on C(M;(E)).

Proof. Let 6§ > 0 and v € M;(E) be such that m = fv. We simply mimic the
proof of Theorem 3.4 in [8]. In particular, the Hille-Yosida theorem (Theorem 2.2

in Chapter 4 of [7]) will be applied. Let n be an arbitrary positive integer. Rewrite
(3.2) as

Aapr®s(11) = (&0 ) + 0" Z0 ) — co(, )P (1),

where O™, =2 . C(E™) — C(E™) and ¢,(a,6) are respectively the non-negative
operators and the positive constant defined implicitly by the above equation combined
with (3.2). Let A > 0 be arbitrary. Given g € C'(E™), define

o0

b= O+ en(0,0) 3 [+ enl,0) T (60 + 027
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Then h € C(E™) since the operator norm of O™ 4 9= equals ¢, (a, #). Moreover,

(A + cn(a,0)h — (0™ + =()h = g,
s0 (A — Ay 0,) Py, = ;. This implies that the range of A\ — A, 4, contains F;, which
is dense in C'(M;(FE)). The rest of the proof is the same as that of Theorem 3.4 in
8]. u

For simplicity, we call the A, ,,,-process the Markov process governed by A, ,, in
the sense of Proposition 3.1. This process is a natural generalization of the process
generated by (1.3) in the following sense. Suppose that E consists of two points, say
ry and 7o, set m = ¢1d,, + ¢20,,, and let {X(¢) : t > 0} be the process generated by
(1.3). Then, verifying the identity A, ,,®(n) = A.G(z) for u = x6,, + (1 — z)d,, and
®(u) = G(x), we see that the process {X(t)d,, + (1 — X(¢))d,, : ¢ > 0} defines an
A m-process. We note that [13] discusses the case where E = [0, 1] and m = ¢4, for
some ¢ > (.

We could also establish the well-posedness of the martingale problem for A, ,,
by modifying some existing arguments. More precisely, the existence could be shown
through a limit theorem for suitably generalized Moran particle systems by modifying
those considered in the proof of Theorem 2.1 (especially (2.2)) of [14], which took ac-
count of the jump mechanism describing simultaneous reproduction (sampling) only,
so that simultaneous movement (mutation) of particles to a random location (type)
distributed according to m(dr)/m(FE) is allowed. The uniqueness would follow by the
duality argument employing a function-valued process as in the proof of Theorem 2.1
of [14]. Tts possible transitions and the associated transition rates are found in (3.2).
The duality would be useful in discussing (weak) ergodicity of the A, ,,-process. (See
e.g. Theorem 5.2 in [8] for such a result in the Fleming-Viot process case.)

The following argument is based primarily on the relationship between the A, -
process and a suitable MBI-process, which takes values in M(FE). More precisely,
the generator, say L, ., of the latter will be chosen so that for some constant C' > 0

Lom¥() = Cn(E)*Aam® (n(E) '),  n€M(E), (3:3)

where ¥(n) = ®(n(E)"'n) and ® is in the linear span Fy of functions of the form
w= (p, f1) - (w, fr) with f; € C(E), i = 1,---,n and n being a positive integer.
In the case of the Fleming-Viot process (which corresponds to o = 1 formally),
such a relation is well-known. For instance, it played a key role in [20]. As for the
generalized Fleming-Viot process, factorizations of the form (3.3) have been shown
in [2] for m = 0 (the null measure) and in [13] for degenerate measures m. From
now on, suppose that m € M(FE)°. To exploit (3.3) in the study of stationary
distributions, we further require the MBI-process associated with L, ,, to be ergodic,
i.e., to have a unique stationary distribution, say @mm, supported on M(FE)°. Once
these requirements are fulfilled, (3.3) suggests that

Pon(-) = B9 [n(E) = n(E)'n € -] /B9 [n(B)~] (3.4)
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would give a stationary distribution of the A, ,,-process provided that n(E)~* is
integrable with respect to @a,m. This conditional answer may be modified to be a
general one, which must be consistent with the one-dimensional result (1.4).

To describe the answer, we need both the a-stable random measure with parame-
ter measure m and the Dirichlet random measure with parameter measure m, whose
laws on M(E)° and M (E) are denoted by Q,,,» and D,,, respectively. These infinite
dimensional laws are determined uniquely by the identities

/M(E)o Qam(dn)e™ M) = =t d™) (3.5)

and
S oy (i), 14 )7 = e lrbos40), (3.6)
M1 (E)

where f € B, (F) is arbitrary. A random measure with law @, is constructed from
a Poisson random measure on (0, 00) X E. (See also Definition 6 in [22].) Observe from
(3.5) that E9m[n(E)~] = 1/(m(E)T'(a + 1)). As in [11], D,, is defined originally
to be the law of a random measure whose arbitrary finite-dimensional distributions
are Dirichlet distributions with parameters specified by m. The useful identity (3.6)
is due to [4] and reduces to (2.4) in one-dimension. We now state the main result of
this paper.

Theorem 3.2 For any m € M(E)°, the A, m-process has a unique stationary dis-
tribution, which is identified with

Pom() = T(a+ 1)/

M (E) Do (dp) B9+ [n(E) ™ n(E) ' € -] . (3.7)

To illustrate, consider the trivial case where m = 09, for some 0 > 0 and » € E. Then
it is verified easily that P, ,, concentrates at 6, € M;(FE), and this is consistent with
the equality A, ®(d,) = 0 in that case. Also, for every m € M(E)°, we note that
Pym — Dy, as o T 1 since by (3.5) @, converges weakly to the delta distribution
at u for each p € My (FE).

The proof of Theorem 3.2 will be divided into three steps. As mentioned earlier,
we first find an ergodic MBI-process whose generator satisfies (3.3) and show, under
necessary integrability condition, that P, ,, in (3.4) gives a stationary distribution of
the A, m-process. (In fact, the condition will turn out to be that m(E) > 1. This
motivates us to make a reparametrization m =: fr with § > 0 and v € M;(FE).)
Second, for each v € M;(FE), we prove that ]5%91, = P, g, for any 6 > 1. As the last
step, we extend stationarity of P, g, with respect to A, g, to all > 0 by interpreting
the condition of stationarity as certain recursion equations among moment measures
which are seen to be real analytic in § > 0. Also, the recursion equations will be
shown to yield uniqueness of the stationary distribution.

For the first step, we prove in the next proposition that the MBI-process with the
following generator is the desired one:

Ea,mq](n)
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= s [T [t [wns o) - v -5 0)] - L S
+F(1a—a) /Ooo zclifa /Em(dr) (W(n+ 26,.) —¥(n)], (3-8)

where W is in the class F of functions of the form n +— F({(n, f1),...,(n, f»)) for some
F € C3(R"), f; € C(E) and a positive integer n, and ‘;—‘717’(7") = 4y(n+ edT)‘€:0. Up
to this first order differential term, the operator (3.8) for E = [0, 1] and m = ¢dy with
¢ > 0 is the same as the one discussed in Lemma 17 of [13], in which the factorization
(3.3) has been proved. Thus, our main observation in the next proposition is that,
keeping the validity of (3.3), such an extra term yields the ergodicity. Note that
the generator (3.8) is a special case of the one discussed in Chapter 9 of [17]. (See
(9.25) combined with (7.12) there for an expression of the generator.) In particular, a
unique solution to the martingale problem for £, ,, defines an M (E)-valued Markov
process, which henceforth we call the £, ,,-process. Intuitively, because of absence of
the ‘motion process’, the law of this process is considered as continuum convolution
of the continuous-state branching process with immigration (CBI-process) studied in
[15]. (See (3.11) below.) In addition, Example 1.1 and Theorem 2.3 in [15] concern
the one-dimensional version of the £, ,,-process without the drift. The latter proved
that the offspring distribution and the distribution associated with immigration of
the approximating branching processes may have probability generating functions of
the form s + ¢(1 — 5)*™ and 1 — d(1 — 5)*, respectively.

Proposition 3.3 Let m € M(E)°. Then Ly in (3.8) and Aam in (3.1) together
satisfy (3.3) with C =T'(a +2) and ¥(n) = ®(n(E)~'n) for any ® € Fy. Moreover,
the Lo m-process has a unique stationary distribution QQa.m with Laplace functional

foyy, Qonldm)e™P) = =moseI) - f e (), (3.9)

A random measure with law @a,m may be called a Linnik random measure since it is
an infinite-dimensional analogue of the random variable with law sometimes referred
to as a (non-symmetric) Linnik distribution, whose Laplace transform appeared al-
ready in (2.14). It is obtained by subordinating to an a-stable subordinator by a
gamma process. (See e.g. Example 30.8 in [19].) Namely, letting {Y,(¢) : ¢ > 0} and
{7(t) : t > 0} be independent Lévy processes such that

Ele ™ @] = ¢ and  Ble 0] = 0, 1) >0,
we have for each ¢ > 0

E[G—AYa(v(c))] — E[e—wcw] — e—clog(IH‘l), A > 0.
The first equality implies that
PYa(i(e) € ) = [~ P(y(e) € d)P(Yalt) € ).
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(3.9) clearly shows an analogous structure underlying, i.e.,
~ozm t) = m d an\")s
Q) = [y, (@) Q)

where G, is the law of the standard gamma process on (£, m). (See Definition 5 in
[22]). It is also obvious from (3.9) that, as o T 1, Qq,m converges to G,,. In addition,
one can see that

5 o o
li = — ) — — — ) =
i Lam®(n) = {0, 53 = (1750 + {ms o) = LB (1)

for ‘nice’ functions ¥, where ‘f%’(r) = j—;\IJ(n + €d,) o This is a special case of the
generator of MBI-processes discussed in Section 3 of [21]. It has been proved there

that G,, is a reversible stationary distribution of the process associated with L,,.

Proof of Proposition 3.3. As already remarked, if the term —a~!(n, %) in (3.8)
would vanish, (3.3) can be shown by essentially the same calculations as in the proof
of Lemma 17 in [13]. (In fact, the change of variable z =: n(E)u/(1—u) in the integrals
with respect to dz in (3.8) almost suffices for our purpose.) So, for the proof of (3.3),
we only need to observe that (7, %> = 0 for ¥ of the form ¥(n) = ®(n(E)"'n) with
® € Fy. But this is readily done by giving a specific form of ®. Indeed, for ®(u) =
(e, f1) -+ (i, fn) the function ¥ takes the form ¥ (n) = (n, f1) --- (n, fu)(n,1)~", from
which it follows that

67@(7,.) — zn: fl<r)<777 1> — <777 fl> H<777fj>

on P (n, 1)r+t i

After integrating with respect to n(dr), the numerator on the right side vanishes.

The argument regarding ergodicity is based on a well-known formula for Laplace
functionals of transition functions. (See (9.18) in [17] for a much more general case
than ours.) To write it down, we need only auxiliary functions called W-semigroup
[15] because there is no ‘motion process’. These functions form a one-parameter
family {¢(¢,-)}>0 of non-negative functions on [0,00) and are determined by the
equation

%

00 = g T (), (0,0 = A (3.10)

with A > 0 being arbitrary. An explicit expression is found in Example 3.1 of [17]:

1

(0%

e to)
14 (1 —et)ra)/™

(L, A) =

Let {n; : t > 0} be an L, ,-process, and for each n € M(FE) denote by E, the
expectation with respect to {n, : ¢ > 0} starting at n. Then for any f € B, (F) and
t>0

B, [ = o [~n.Vif) - [ . (V. f)*ds| (3.11)

14



where V; f(r) = (¢, f(r)). As t — oo the right side converges to

exp = [ (m. (Vef)")at] = exp [~(m. log(1+ )]

since by (3.10)

S log (14 (Vi (1)) = ~(Vf (1)

This shows the ergodicity required and completes the proof. [

Proposition 3.4 Suppose that m(E) > 1 and let @a,m be as in Proposition 3.35.
Then B
E@m [p(E)™] = (D(a+ 1)(m(E) - 1)) 7.

Moreover,

Pom(-) = T(a+ 1)(m(E) — 1) E%m [n(E)=n(E) 'y € | (3.12)
is a stationary distribution of the A, n,-process.

Proof. The first assertion is shown by using ¢t = T'(a)™! [ dvv®te ™ (t > 0)
and (3.9) with f = v. Indeed, these equalities together with Fubini’s theorem yield

EQam [n(E)_O‘} = I'(a)™? /Ooo dvv® ! exp [-m(E) log(1 4 v*)]

= I'(a+1)"" /OOO dz exp [—m(F)log(1 + z)]
= Tla+1)"'(m(E)—1)""

As in the one-dimensional case, Theorem 9.17 in Chapter 4 of [7] reduces the
proof of stationarity of (3.12) with respect to A, ., to showing that

P, O(p) = 1
Loy P ) Ao () = 0 (3.13)

for any ® of the form ®(u) = (u, f1) - - (i, fn) with f; € C(E) and n being a positive
integer. Without any loss of generality we can assume that 0 < f;(z) < 1 for any
r € Fand ¢ =1,...,n. Furthermore, we only have to consider the case where f; =

-+ = fn =: f because the coefficients of the monomial ¢y - - - t,, in {u, t1 f1+- -+t fn)"
equals n!{u, f1) -+ (i, fn). Thus, we let ®(u) = (u, )" with 0 < f(x) < 1 for any
x € E. Because of the basic relation (3.3) and (3.12) together, (3.13) can be rewritten
as

Loy Qe ()L ¥(m) = 0, (3.14)

where U(n) = (n, f)"(n,1)"". The main difficulty comes from the fact that ¥ does
not belong to F. For each € > 0, introduce V(1) := (n, f)"({n, 1) +€)~™ and observe
that U, € F. Thanks to Proposition 3.3, we then have (3.14) with ¥, in place of ¥
provided that L, ,, ¥, is bounded. Thus, the proof of (3.14) reduces to showing the
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following two assertions:
(i) For every € > 0, £L{) W, L&) W, and L) ¥, are bounded functions on M(E).
(ii) Tt holds that for each k € {1 2,3}

1j Do (A L) T :/ Do (A LE) T (). 3.15
i | e Qom{ @ Loz Velm) = [ Qam(dn)Lom¥(n) (3.15)

Here, Lo = L), + L2, + L), and the operators L), L&) and L), correspond
respectively to the first, second and last term on the right side of (3.8).
First, we consider ngn Observe that

B SO0 )
on (. 1)+ ({0, 1)+t
n (£, 1) = (0. ) + €f (7)) (0. 1)
(1) + ey | (310

from which it follows that
0w,
5
n((n, f)(n,1) = (n, /Y, 1) +€en, ) {n, )"
((n,1) + e)m*t

all, () = —(n

V(n)
(n,1) +¢

Hence £2) WU, is a bounded function on M(E) and £®) ¥ () —
boundedly as € J. 0. This proves that (i) and (ii) hold true for £ -

In calculating £ 3) ). e, (3.16) is useful since LW (n + z6,) = (nd—;-llzc?r) (r). Indeed,
by Fubini’s theorem

0 dz © dz (7 ow
— = —_— dw——M
/0 Zl+a [We(’rl + 267‘) \ij(n)] A Z]_+a /0 wé(n + w&«) (T)

1 oo ov,
a Jo 5(n+w5r)

= —ne

L3 W(n)

«,

and combining with (3.16) yields

[ ) - ‘I’e(n)]’

/ w™ )<77+w57~,1> <77+w57,,f> —|—€f(r)| <T]+w5“f>n—1
((n + wb,, 1) + €)1

_ 1
—/ w Ydw——
aJo (N, 1) +w+e

- / = 0 duw / * dpe—r(mh+we)
« Jo 0

_ nF(a)Fél—a)«m 1)+ ). (3.18)

IA
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This shows not only that Egﬁln\lfe is bounded but also

1£8) W (n)| < nT(a) -

«,

which is integrable with respect to @mm as proved already. It can be seen also from
(3.16) and (3.17) that L£{) W, converges pointwise to L) W as € | 0. By Lebesgue’s
dominated convergence theorem we have proved (3.15) for Eff’)n

The final task is to deal with £{) .. Similarly to (3.17)

Lonr) =[5 () - w0 - )
= [ | e 50

_ 1 /000 dw [5( o, ) — o, (r)} |

I1+a wite | §(n + wé,)

By (3.16) 6(77(3;&)(7") — 66‘17’; (r) equals

(. 1) + )" (f(r)(n, 1) = (0, )+ ef (1)) [(n +we, /)" = (0, )]
(0, 1) +w+ €)1 ({n, 1) + )+
L L)+ 9™ = (1) +w+ 9™ n () 1) = (0. ) + e () (n, £)"
(. 1) +w + )1 ((n, 1) + €+ |

Moreover, we have bounds

o wde, = P = | [ dotn = D)+ b, 1)
< wlin—1)({n 1) +w)"?

and
D+ = (D +wra™| = m+1) [ (1) +v+e"
< w(n+1)((n,1) +w+e)"
Consequently
O (r) — O | < L 1) + €)"2(n — 1)((n, 1) +w)"2
6(n + wé,) on ((n, 1) +w + €)1 ((n, 1) + e)n*1

(n+1)((n, 1) +w+e)"n((n,1) + €)(n, 1) !
((n,1) +w + e)"FL((n, 1) + )+t
2n?

) +wra(mi) +o

+w

IA
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Therefore, analogous calculations to those in (3.18) lead to

‘E(l)m\lje(n)‘ =

Q,

ratla) /E Le(n, r)n(dr)

(n,1)

< 20°T(a)((n,1) + )7 ) +e

This makes it possible to argue as in the case of E&%%\IJG to verify (i) and (ii) for Eg}}n
We complete the proof of Proposition 3.4. [ ]

Next, we show the coincidence of two distributions (3.4) (or (3.12)) and (3.7). Before
going to the proof, it is worth noting that

Pam() = [\ o Dl D0, (3.19)

where in general, for § > —a and m € M(E), D> is the law of the two-parameter
generalization of the Dirichlet random measure with parameter (o, #) and parameter
measure m defined by

0+1 _ _
D) = < 1)EQ“”” (BB €.
(See e.g. Section 5 of [22].) We will make use of the identity
Loy P 14 1) = (L ) FEBUE). (320)

This is a special case of Theorem 4 in [22] and can be shown as follows.

Lo, PRV 14 )7 = Tlat DES | 1.1 (14 (1) . ) ]
= Dla+1E% [(n.1+ )]
= « /Oo dvv® ! exp [—v*{(m, (1 + £)*)]
0
= (m,(1+/)")~"
Lemma 3.5 If m(E) > 1, then P, in (3.12) coincides with Py, in (3.7).

Proof. Tt suffices to show that for any f € B, (F)

=, iy e (@) 1+ )7 = | Pam(di) 1+ )7 = 1)

Mi(E)

In view of (3.12), calculations similar to the proof of (3.20) show that
(T(a+ 1)(m(E) — 1)) I(f) = EQxm [<77,1 +f>—a}
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= I'(a)™ /OOO dvv® ! exp [—(m, log(1 +v*(1 + f)*))]

= T(a+1)" /OOO dzexp [—(m,log(1 + z(1 + f)*))]

= P(alﬂ)/ol du(1 = u)™* exp [—(m, log(1 + %(1 + 1))
= F(al—i_l) /01 du(1 — u)m(E)fZ exp [—(m,log(1 +u((1 + f)* —1)))]
= F(alJrl) /01 du(1 —u)™P= /MI(E) Dy (dp) (g, 1+ u((1 4 )™ —1)))™F),

where the last equality follows from (3.6). Hence, by applying Fubini’s theorem and
(2.4)

N 1 B (e —1(du)
I(f) = /Ml(E) Dm(du)/o (w1 +u((1 (Jr)f)“ —1)))m®

= D, (d (1 a1,
Sy P, (14 )
On the other hand, combining (3.19) with (3.20), we get
I(f) = D, (dp) (e, (1 oyt 3.21
(1) = [,y Do), (1)) (3:21)

and therefore I(f) = I(f) as desired. |

Remark. The ‘semi-explicit’ form (3.19) can be explicit if m is a probability measure.
More precisely, we have P, , = D,, for any v € M;(FE). Indeed, observe that by
(3.21) with m = v

Sy Pl 1+ £ = [ D) (14 1))

exp[—(v, log{(1 + f)*})]
= exp[—(aw,log(1 + f))]

= Do d 1+ _aa
Loy D), 1 )
where (3.6) has been applied twice. (A one-dimensional version of the identity P, , =

D, is mentioned in Remark (ii) at the end of Section 2.) By (3.19) what we have
just seen is rewritten as

D, (dp)D' Y (\) = Do (),
/MI(E) (dp) D, () ()
which is a special case of

D(ﬁﬁ/a) d D(Oc,@) ) — D(a,@,@) . cl0.1). 0 B ‘
/M1(E) v (du) D7 () o), pel0,1), 8 >—ap

19



Here notice that, in case 3 = 0, D% = Dy, by definition. This generalization can be
proved analogously by virtue of the two-parameter generalization of (3.6) and (3.20).
(See e.g. Theorem 4 in [22].)

We can now prove our main result, Theorem 3.2. In the proof we write v (6 > 0,
v € M;(F)) for the parameter measure m.
Proof of Theorem 3.2. Let v € My(E) be given. We first show that, for arbitrary
6 >0, P, g, is a stationary distribution of the A, g,-process. For the same reason as
in the proof of Proposition 3.4 (cf. (3.13)), it is sufficient to prove that

Payd Aa Z/(I) =0 3.22
oy P A (10 (322
for @ of the form ®(u) = (u, f)" with f € C(E) and n being a positive integer. Since
Proposition 3.4 and Lemma 3.5 together imply that (3.22) holds true for any 6 > 1,

it is enough to show that the left side of (3.22) defines a real analytic function of
6 > 0. We claim that

Auan) = 35 (1) = @ Dl ) 7 = )

0 - n k n—k n
i oo (1)@= k(@ 1 = G

k=1
= Tm) > (Z> (1= a)k—a(a + Dnoilpr, f5) (s )"
HCESNO)] > @ (1= a)er(@)niv, f5)p, /)" (3.23)
— e (0 = D )"

The first equality is a special case of (3.2), and the second one can be shown with
the help of Leibniz’s formula

(6r62)" z ( >¢1" 9 (0)6 (0)

for ¢1(t) = (1 — )% and ¢o(t) = (1 — )b with (a,b) = (a« +1,—a — 1) or (a,b) =
(v, —av). Inview of (3.23), it is clear that the proof reduces to verifying real analyticity

Of J P (dpt) (tt, f1) -+~ {1t f) in 6 for arbitrary fi,. ..., fu € C(E).
To this end, we shall exploit the following identity which is equivalent to (3.21):

/M1(E) Foou(dp){p 1+ f)~ = /MI(E) Do, (dp){p, (1 + ))*) 7 (3.24)

where f € B, (FE) is arbitrary. Clearly this remains true for all bounded Borel
functions f on E such that inf,cg f(r) > —1. Therefore, for any t,...,t, € R with
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[t1] 4+ - -+ + |tn| being sufficiently small, (3.24) for f = — Y7, ¢;f; is valid, that is,
I(ty, -, t,) = J(t1, -, t,), where

—Q

I(t, ... t,) = /Ml(E) Poou(dp) (1 — itim) (3.25)

and
T(tr, . ) = /MI(E) D (dpr) (1 (1 - Zt fl> . (3.26)

Noting that (1 —¢)7% =1+ 332, (a)xt*/k! as long as |t| is small enough, we see from
(3.25) that the coefficient of the monomial ¢; - -, in the expansion of I(t1,...,t,)
is given by

(@) [, oy Posoldidoe - ). (3.27)

To find the corresponding coefficient for J(4,...,t,), define

ha(t)=1—(1—t)*=ad (1—a)_t'/l!
I=1
and observe from (3.26) that J(¢1,...,t,) equals
Doy (dp){p, tifi )™
/Ml() oo (dpr)(p, 1 (Z f))
= 1+ Z/ DHV dﬂ’ ,ua (Zt2f1>
i=1

_ 1+l§ak/Ml(E)Dgy(dM) 3 H{ - (Ztﬁ) }

l1,..lx=1j=1

One can see that the coefficient of the monomial ¢; - - - £,, in the expansion of J(t1, . .., t,)
can be expressed as

zakk' 5 [ gy Pl H{“" Hfz}, (3.28)

yem(n,k) Jj=1 h/ || 1€

where 7(n, k) is the set of partitions v of {1,...,n} into k unordered nonempty
subsets 71, ...,7. By Lemma 2.2 of [6] (or equivalently by Lemma 2.4 of [9]), each
integral in the above sum is a real analytic function of # > 0. Hence, so is the integral
in (3.27) and the stationarity of P, g, with respect to A, g, follows.

It remains to prove the uniqueness of stationary distribution P of the A, g,-process
for each # > 0. But this is an immediate consequence of (3.22) with P in place of
P, o, and (3.23), which together determine uniquely [ P(du)(u, f)™ and hence the
nth moment measure

M (dr - dry) == /Ml(E) P(dp)u(dry) - - - u(dr)
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for any n = 1,2,.... This completes the proof of Theorem 3.2. ]

It is not clear whether we can derive from (3.28) an extension of the Ewens sam-
pling formula in some explicit and informative form. (See Remarks after the proof
of Lemma 2.2 in [6].) In view of (3.19), one might think that Pitman’s sampling
formula would be applicable. But it is not the case since D,,(u is discrete) = 1. The
expression (3.12) might be rather useful for such a purpose.

4 Irreversibility

In this section we discuss reversibility of our processes. In contrast with the Fleming-
Viot diffusion case, we guess that for any 0 < a < 1 and non-degenerate m the
A m-process would be irreversible. Unfortunately, the following result does not give
an affirmative answer in all cases. However, this does not suggest any possibility of
the reversibility in the exceptional case, which is believed to be dealt with a different
choice of test functions.

Theorem 4.1 Let m € M(E)° be given. Assume that either of the following two
conditions holds.

(i) The support of m has at least three distinct points.

(ii) The support of m has exactly two points, say 1 and ro, and m({r1}) # m({ra}).
Then the stationary distribution Py, of the A m-process is not a reversible distri-
bution of it.

Proof. As in the proof of Theorem 3.2, we write v instead of m. Thus, § > 0 and
v € My(F). Recall that an equivalent condition to the reversibility of P, g, with
respect to A, g, is the symmetry

FE [(I)Aaﬂl,q)/] =F [@/Amqu)] , (I), o’ & ./T(),

in which E[-] stands for the expectation with respect to P,g,. (See the proof of
Theorem 2.3 in [6].) In the rest of the proof we suppress the suffix ‘a, §v” for simplicity.
Let f € C(F) be given and define ®,,(u) = (u, f)" for each positive integer n. We
are going to calculate

For this purpose, observe from (3.23) that

A (1) = () = (o ), (42)
ADs() = (12 + 22 ey + E 0 2y 0 1) (43)

a+1 a+1
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and

FEAD() = 3+ Do o )+ (0= a) o
L Balat D s £+ 30— @aly, ) {n )

S 10— ) — (@t DO+ [P (44)

_'_
a—+1

Combining (4.2) with the stationarity E[A®,] = 0, we get E[(u, )] = (v, f). There-
fore, it is possible to deduce from (4.3) and E[A®,] = 0

(1-a)

2a0 9
1
w14 038

a—+1

0+ VE[( )1 = 9) v ).

Moreover, this equality between quadratic forms is enough to imply the one between

symmetric bilinear forms:

200
a+1

(1-0)
w1+ 038

0+ B, £) (. )] = e) vt (45)

where g € C'(F) is also arbitrary. In the rest of the proof we assume that (v, f) = 0.
This makes the calculations below considerably simple. By (4.5)

(a+1)+(1—a)b

(a+1)(0+1) (v, ). (4.6)

Myp = E[(u, f)(p, f7)] =

The equality E[A®3] = 0 together with (4.4) implies that
2 _
(@ +2)(0+2)Elip, /)*) =3(a+ VMo + (L) (14 =—70) (/5. (47)

These preliminaries help us calculate A in (4.1) as follows. By (4.3) and (4.4)

N i ) | R R N S R )

0
= D g gy -

and hence (4.7) yields

(a+1)(a+2)(0+2)A
— [(a+1)+af] [3(a+1)Mis+ (1—a) <1 + Z;i‘a) . f3>]
—(a+1)(a+2)(0+2)M

— (a+D(a—1)(20+ 1)Mys + [(a+ 1)+ af] (1 — ) (1 + Z;‘i‘e) w, f3).
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Plugging (4.6) into this expression, we obtain

l—«
(a+1)(0+1)

(a+1)(a+2)(0+2)A = Ula, 0)(v, ),

where
Ula,0) = —(a+1)(20+1)[(a+1)+ (1 —a)f]
+[(a+ 1)+a9](9+)[( 1)+ (2—-a)b]
= af[(a+4)+(2-a)f] = V(a,0).

(The second equality between quadratic functions of « is verified by checking that
U(-1,0) = =30*(0+1) =V (=1,0), U(0,0) =0 =V(0,0) and U(1,0) = 6*(0 +5) =
V(1,0).) Consequently, whenever (v, f) = 0, we have

a(l—a)f*[(a+4)+ (2 — a)f)
(a+1)2(a+2)(0+1)(0+2)

(v, °).

Thus, all that remains is to construct an f € C(FE) such that (v, f) = 0 and
(v, f3) > 0. Because of the assumption, we can choose a closed subset Ey of E such
that 0 < v(FEp) < 1/2. Indeed, in the case (ii) this is trivial while in the case (i) there
exist disjoint closed subsets Ey, Ey and E5 of E such that v(E)v(Es)v(Es) > 0 and
so 0 < v(E;) < 1/2 for some i € {1,2,3}. Letting g denote the indicator function of
Ey, we observe that

<V7 (g - <Va g>)3> = <V793> - 3<V792><V79> + 3<V,g><V,g>2 - <V7g>3
= V(Eo) — 3V(E0)2 + 2V(E0)3
= v(Eo)(1 —v(Ey))(1 —2v(Ey)) > 0.
Finally, the required f exists since g can be approximated boundedly and pointwise
by a sequence of functions in C'(E). The proof of the theorem is complete. |

It is worth noting that the exceptional case of Theorem 4.1 corresponds to a subclass
of the one-dimensional case discussed in Section 1, more specifically, the process gen-
erated by (1.3) with ¢; = ¢o. There is no reason why this class should be so special
with respect to the reversibility, and it seems that such a ‘spatial symmetry’ makes
it more subtle to see the asymmetry in time. The actual difficulty in showing the
irreversibility for these processes along similar lines to the above proof is that expres-
sions of E[®,,, A®,,| with n; +ns > 4 as functions of a and 6 are too complicated to
handle.
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