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Abstract

In a recent breakthrough work, Chatterjee [5] proved a long standing conjecture
that relates the transversal exponent £ and the fluctuation exponent x in first-passage
percolation on Z¢. The purpose of this paper is to introduce a new and intuitive idea
that replaces the main argument of [5] and gives an alternative proof of this relation.
Specifically, we show that under the assumption that exponents defined in [5] exist,
one has the relation xy < 26 — 1. One advantage of our argument is that it does not
require the ‘nearly Gamma’ assumption of [5].

1 Introduction

We consider first-passage percolation (FPP) on Z¢ with non-negative i.i.d. weights 7. on
edges with common distribution p. For a review and a description of known results on the
model we refer the reader to [3, 8, [12].

The random variable 7, is called the passage time of the edge e, a nearest-neighbor edge
in Z%. A path v is a sequence of edges ey, es, ... in Z? such that for each n > 1, e, and
en+1 share exactly one endpoint. For any finite path v we define the passage time of v to be
7(Y) = D e, Te and given two points z,y € R? we set

7(x,y) =inf7(v) .
Y
The infimum is over all finite paths ~ that contain both 2’ and ¢/, and 2’ is the unique vertex
in Z4 such that x € 2/ 4 [0,1)? (similarly for 4’). A minimizing path for 7(z,y) is called a

geodesic from x to y. We assume throughout the paper that p has no mass larger than or
equal to p.(d), the critical probability of bond percolation, at the infimum of its support.
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Consider a geodesic from the origin to a point v with passage time 7(0,v). One of
the central questions [§, [12] in this model (and in related ones) is to prove the following
statement. There exists an intrinsic relation between the magnitude of deviation of 7(0,v)
from its mean and the magnitude of deviation of the geodesic 7(0,v) from a straight line
joining 0 and v. This relation is universal; that is, it is independent of the dimension d and
of the law of the weights (as long they satisfy certain moment assumptions).

The fluctuations of the passage time 7(0, v) about E7(0, v) should be of order |v|X, where
x is called the fluctuation exponent. Analogously, a transversal exponent £ should measure
the maximal Euclidean distance of a geodesic from 0 to v from the straight line that joins 0
to v. The intrinsic relation described above should be given as

X =26—1. (1.1)

Despite numerous citations (both in mathematics and physics papers [10, 13}, 14, (15 [16]) and
the mystery surrounding ([LT]), the existence and the ‘correct’ definition of these exponents
is still not established and these issues form part of the above conjecture.

For a certain definition of the exponents, the inequality x > 2§ — 1 was proved and
understood in the 1995 work of Newman-Piza [I5]. The other inequality, however, has
remained elusive for more than twenty years. A recent breakthrough work of Chatterjee [5]
proposed a stronger definition of the exponents that allows a complete proof of the equality
(LI). Of its many contributions, it was the first paper to introduce any idea about how to
prove the inequality x < 26 — 1. The proof relies on a construction similar to that in [6].
One first breaks a geodesic into smaller segments and then uses an approximation scheme
to compare the passage time to a sum of nearly i.i.d. random variables. The proof is then a
trade-off between minimizing the error while maximizing the variance of the passage time.
Assuming that the distribution is ‘nearly Gamma’ (see [4] for a definition), the optimization
can be achieved by carefully choosing different parameters in the approximation.

The main goal of this paper is to show a simple new idea that enables us to replace the
main argument of [5] to prove the inequality y < 2{—1 in the case x > 0. Our proof does not
use a ‘nearly Gamma’ assumption on the passage times, and so applies to all distributions for
which Chatterjee’s exponents exist. Furthermore, this idea allow us to extend our theorem to
related models like Directed Polymers in Random Environments, Last Passage Percolation
and Euclidean First Passage Percolation. These questions will be addressed in a forthcoming
paper. A secondary goal of this paper is to explain how the simplicity of our proof could
allow to extract weaker assumptions on the model to guarantee that different versions of
(T hold.

We close this section by discussing earlier works related to (I.1) and sketching the idea
of Newman-Piza [15]. In 1993, Kesten [11] showed that x < 1. In 1996, Licea, Newman
and Piza [14] proved that £ > 1 in all dimensions for one definition of £ and £ > £ in two
dimensions for another definition. In Section 4.2l we use their cylinder construction [I4] as a
fundamental tool to obtain the proof of (ILI]) . The most well-known conjecture after (I.T)
is, however, that in two dimensions one should have the exact values £ = % and x = é

The proof of Newman-Piza [15] was based on an argument of Aizemann-Wehr [I] (in a
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different context) with important contributions from Alexander [2] and Kesten [11] . Their
main tool was an assumption of curvature of the limit shape B, (defined in (3.I])) and the
following argument (see Figure[ll): Let v be a unit vector. Assume that a geodesic from 0 to
nv leaves a box of height n¢ centered on the straight line that joins the origin to nv through
a point w. Furthermore, assume that the limit shape has shape curvature 2 in the direction
of v; that is, there exists a positive constant ¢ such that

g(v) := lim L(T(O’m}))

n—00 n

satisfies c|z|* < |g(v + 2) — g(v)] (1.2)

for all vectors z orthogonal to v of small length. (A precise definition of the shape curvature
will be given in Section [8l) The passage time being additive in a geodesic implies that

7(0,nv) = 7(0,w) + 7(w, nv). (1.3)

Alexander’s subadditive approximation theorem [2] (see (AI])) guarantees that 7(0,w) +
T(w,nv) — E7(0, nv) is within O(nX) of g(w) + g(nv — w) — g(nv), which is equal to g(Av —
(M —w))+g((n—A)v—(w—Av)) —g(nv) (see Figure[]). By the curvature assumption (L.2])
and by linearity of ¢ in the direction of v this term is now of order at least W = n2-!
regardless of the choice of w. This would contradict the fact that 7(0,nv) — E7(0,nv) has
order nX if y < 26 — 1, proving the lower bound.

D(0,nv)

s 1LV

Figure 1: A geodesic v from 0 to nv leaving a box of height n® at a point w.

1.1 Outline of the paper

In the next section, we state our main result and give a sketch of the proof. Next, in Section 3]
we discuss how this new proof could give rise to important extensions. In Section ] we prove
Theorem 2,11



2 Results

Let D(0,v) be the maximum Euclidean distance between the set of all geodesics from 0 to
v and the line segment joining 0 to v. We say that the FPP model has global exponents in
the sense of Chatterjee if there exist real numbers x,, x» and &,, & such that:

1. For each choice of x’ > x, and &' > &,, there exists a > 0 so that

—E D
sup Eexp (a‘T(O’U) T<O’U)‘) <oocand sup [Eexp (a (O’U)) < 00

veZA\ {0} v |X’ vezd\ {0} [v|¢
(2.1)
2. For each choice of x” < x, and all £” < &,
E(D
it YECO0) gond e BP0V (2.2)
vezd\{0}  |v]?X veZa\{0} lvl¢

Remark 1. It is not difficult to prove (see [5]) that if such exponents exist then 0 <
SbégaglandOSXbSXaS%-

Our main result is the following.

Theorem 2.1. Assume that the FPP model has global exponents in the sense of Chatterjee
and X = Xqo = X» > 0. Then
x <2 — 1 (2.3)

Remark 2. Our proof does not require to assume that the distribution p of the 7’s is
nearly Gamma as in [5]. The case x = 0 was treated with a separate and elegant argument
in [5]. It does not require this assumption on p and although it is stated for continuous
distributions only, the arguments hold under our condition on the support of .

In [5] it was shown using the ideas of Newman-Piza [I5] and Howard [8] that for this
definition of exponents, the lower bound holds:

Xa Z 2&7 — L (24)
This fact, combined with Theorem 2.1l and with the assumption &, = &, implies

Theorem 2.2. Assume that the FPP model has global exponents in the sense of Chatterjee
with x := Xa = Xp and & ==&, = &. Then (L) holds.



4nf e, ney + 4n¢' ey

ne; | 2nf

Figure 2: B; and B, are boxes of length n? and radius 3n¢ and m;,7 = 1,2 are geodesics
joining the points 0 to a; and ay to me; respectively. Since 7, is a geodesic, the path from
0 to ne; using 71, m and the middle part of v, has larger passage time than ;. Note [ is
chosen larger than £’ so the boxes By and By are not drawn to scale.



2.1 Sketch of the proof
In this subsection we sketch the proof of Theorem 2.1l It will follow from the picture below.

Look at the cylinders C; and Cy in Figure 21l They are both of length n and radius n¢’
for some & > &,. The top cylinder is identical to the bottom but shifted up (in direction ey,
the second coordinate vector) by 4n¢’. The dark paths v, and v, joining 0 to ne; and their
shifted points are geodesics.

Since we chose ' > ¢, it is possible to show that the passage times 7(7;) and 7(v) are
almost independent. Using (2Z2]), this implies that for any x” < y and n large

n*X" < Var(7(y2) = 7(m))- (2.5)

Assuming &, < 1 and ¢ < 8 < 1, build two cylinders B; and Bs of length n® and radius
3nfas in the picture. Let aq and a, be the last and first points of intersection of the geodesic
~vo with these cylinders. Consider the geodesics 7 joining 0 to a; and 7y joining as to ne;
(in blue). Note that the concatenation of 7, the piece of v5 from a; to as, and 75 is a path
from 0 to ne;. Therefore, if s; and sy are the other two parts of v5 (as in the picture),

7(n) < 7(m) + 7(a1, ag) + 7(m2) = 7(m1) + (7(72) —7(s1) — 7(52)) + 7(m2).
which implies

T(1) = 7(72) < 7(m) — 7(s1) + 7(m2) — 7(s2). (2.6)
The difference 7(m;) — 7(s1) is bounded above by

o B .
X = u,vﬂg}géaBl T(U, U) T(u , U )’

where u and u are points on the left boundary of the box B; while v and v" are points on
the right boundary of the box. Using the box By one can similarly bound the difference of
T(my) — T(s2) by a random variable with same distribution as X. Using the red paths instead
of the blue ones and reversing the roles of v; and 7 in (2.6), we get an inequality for the
absolute value of the left side of (2.6]). Combining these bounds,

Var(r(2) — 7(m)) < 4EX?.
For EX? it suffices to bound (independently of u and v) the second moment of
|7(u,v) — 7(0,n°e;)| < |7(u,v) — Er(u,v)| + |7(0,ne;) — ET(0,n"e;)|
+ 1g(v — u) — E7(u,v)| + |g(ne;) — ET(0,n"e,)| (2.7)
+g(v —u) = g(n’er)].

The first two lines above are bounded above by nX" for any x’ > x (by assumption and
Alexander’s subadditive approximation) while the third is of order n?'=8 by the curvature
of the limit shape B,, (see (81])). This implies by (2.5 and the above computation

n>" < Var(r(ya) — (1)) < C(n*X 4 n*@0)), (2.8)

6



Now choosing x” and y’ close enough to y and recalling that 8 < 1 we get n?X" < Cn?¢'=#)
for large n. This implies x” < 2¢' — 3. Taking 811, x” 1T x and £ | £ ends the proof.

3 Extensions

In this section we discuss how to improve Theorem 2.1l There are two main directions. The
first one is to establish a relation for directionally defined exponents. This would weaken
our assumptions, allowing to prove the existence of both exponents more easily. The second
is to add shape curvature into the relation (L.I]).

One can define the exponents &,, x4, Xp directionally as follows. For a unit vector u, define
the cylinder C(u, a,b) of length a and radius b in the direction u as the set of points in R? at
most £, distance b away from the line segment connecting 0 to au. We denote 9/C(u, a, b)
as the set of all points x € C(u, a,b) with |[(u,z)| > a.

The exponent & is now defined as in (2.1) with v taken as a non-zero multiple of u
instead of an arbitrary vector in Z¢\ {0}. x* is defined similarly to (Z.1)) but as a function
of £¥; it is the smallest real number such that for any x’ > x¥ there exists « so that

|7(0,v) — ET(O,U)\) .

jol¥

inf sup sup  Eexp (O‘
&>E neN ve@fc’(u,n,ngl)

X3 is defined as the largest real number such that for any x” < x},
V.
g Yar 7'2(0,,, nu)
neN n=x

One can go through the proof of Theorem 2.I]and see that the scaling relation (LI holds
with these new exponents as long one is able to prove that Alexander’s subadditive exponent
can be made directional. Namely, the question becomes the following:

> 0.

Question 3.1. Is it true that for any X' > X there ezists £ > &' and a constant C' =
C(x', &) > 0 such that for all x € d7C(u,n,n¢) and all n,

[E7(0,2) — g(2)| < Claf¥ .

We currently do not know the answer to this question.
Another way to generalize the relation (L) is to add curvature. Let

B, :={z e R% g(x) < 1} (3.1)

be the limit shape of the model (see [12]). Let u be a unit vector of R? and let Hy be a
hyperplane such that u + Hy is tangent to g(u)B, at u. We introduce a third exponent,
called the curvature exponent as follows.

Definition 3.1. The curvature exponent k" in the direction u is a real number such that
there exist positive constants ¢, C' and ¢ such that for any z € Hy with |z| < &, one has

c|z\“u <glu+2z)—gu) < C|z\“u. (3.2)



The directional approach mentioned above together with the definition of the curvature
exponent allows us to generalize the relation (ILI]) to one that includes all three of these
exponents. Assume that Question B.]is answered affirmatively and that x* := x¥ = x} (>
0). Then it would follow directly from the proof of Theorem 2.1l that (23]) generalizes to

SR — (K — 1), (3.3)
Moreover, if £* := £ = & then one would have
X* = k" — (K" = 1). (3.4)

Remark 3. Note that when k" = 2 and the exponents are global, (84]) is the same
as (LI). This is believed to be true in the case where the weights 7 have a continuous

distribution with finite exponential moments. It would be of interest to find examples,
maybe of other growth models, where (3.3) holds for k" # 2.

Remark 4. It is unclear if Chatterjee’s exponents exist and, if so, what are the impli-
cations. For example, existence immediately implies that £* < 2 in all directions where k"
is defined. In particular the limit shape can not contain flat pieces as in [7]. However if the
statement in Question B.] holds and if one uses directional exponents (provided they exist)
then it is possible to show that the upper bound in ([B2) holds for all x (this is true, for
example, if there is a flat edge in direction u) if and only if £* = 1.

4 Proof of Theorem 2.7

4.1 Preliminary lemmas

Recall the definition of the function ¢ from (I.2)). We first state a bound on the “non-random
fluctuations” from [2]. The proof of the lemma, as stated, can be found in [5].

Lemma 4.1. For any X' > Xa, there exists C1 = C1(x') > 0 such that for all z € RY,
[E7(0,2) — g(z)| < Gyl .

For a unit vector g, let Hy be as in Definition Bl (taking u = z¢). For m,n > 1 and
1=1,2, set
Si(xo;m,n) ={x € (i — 1)nzg + Ho : |z — (i — 1)nxo| < m}

and
X(zg;m,n) = max |7 (v, w1) — T(vg, ws)]| .
v1,v2€51 (wo;m,n)
w1, w2E€S2(xo;m,n)
The following proposition is a slight modification of arguments in [5]. For a random
variable G, write |G|l for the L? norm (EG?)"/2.



Proposition 4.2. Let |xo| = 1 and assume [B.2)) holds for some Cy,,k and e,,. For each
X' > Xa there exists Cy = Cy(d, X') such that if m,n have m < (e,,/2v/d — 1)n, then

| X (zo;m,n)||ls < Con'™"m" + ConX' .
Proof. By the triangle inequality, it suffices to bound the variable Y:

Y(zg;m,n) = vesn(lmaxm " |T(v,w) — 7(0,nxo)| .
1(Zo;m,
weS2(xzo;m,n)

For v € Si(xg;m,n) and w € Sy(xg; m,n), the idea is to use the following decomposition:
|7(0,nxo) — ET(0, nxo)| + |7(v, w) — E7(v, w)| (4.1)

<
+ |E7(0,nx0) — g(nxo)| + |E7(v, w) — g(w — v)] (4.2)
+ [g(nxo) — g(w —v)] .

|7(0, nxg) — (v, W)|

We first estimate (4.3):
|9(nxo) — g(w — v)| = nlg(zo) — g(xo + (W —v)/n — z0)| .

By assumption, |(w —v)/n — x| = (1/n)|w — v — nxy| < 2(m/n)vd —1 < &,,. Therefore
we can apply (3.2)) and find C3 such that

lg(nxo) — g(w — v)| < Cpyn|(w —v)/n — x0|* < Can*~Fm* . (4.4)
For (4.2)), we note that |w — v| < 2n for all w,v. So by Lemma [.1]
IE7(0, nzo) — g(nao)| + |Er(v,w) — g(w — v)| < 3C1nX" . (4.5)
We turn to contributions to Y (z¢; m,n) from terms in ([@I]). Pick x = (1/2)(x, + X’) and

|T(v, w) — ET(v,w)|

X = max -
vES1(zo;m,n) \w — U|X
weS2(zo;m,n)

By the fact that x > x,, for some C and Cj,

jw — [

EeX < Z E (exp {Q‘T(an) - ETA(U7W)|:|) < C4|Sl(a?0;m, n)|2 < 05m2(d—1) ]
)

vES1 (To;m,n
weSa(zo;m,n)

Since o > 0 and X is positive, we may use Jensen’s inequality to get

aX)

eIXlz — 1 4 o] X]|, +ZM < 14 al[X]|; +EZ

n=2 n=2

< al| Xy +Ee™* . (4.6)



Because e > 2at for all ¢ € R, it cannot be that || X||2 is the maximum of the two terms
on the right side of (#6). Thus an upper bound is 2Ee®¥ and, taking logarithms of both
sides, we find || Xz < Llog2Ee™*. So || X|]; < Cglogm for some Cg. Let

X':= max |7(v,w)—Er(v,w)|.
veSy (zo;m,n)
weS2(xzo;m,n)

Since |w — v| < 2n for all v € Si(zo;m,n) and w € Sy(xp;m,n), X' < Cyn*X. Therefore
| X"||2 < CgnX'. We finish by putting this together with (&) and (Z3):

1Y (z0;m,n)||a < Csn*~"m" + CynX'
U

To end the section, we give one general lemma about random variables. Denote by I(A)
the indicator function of the event A.

Lemma 4.3. Let X andY be random variables with || X||4, ||Y||4 < oo and let B be an event
such that
(X =Y)I(B) =0 almost surely.

Then
|Var X — Var Y| < (|| X |4 + |V ]|4)*P(BS)Y* . (4.7)

Proof. Let X = X —EX and Y =Y — EY. The left side of [#7) equals

113 = IV 0] = 1% = 1¥ | [N+ 71| < 1 = YIa(1 X + 1Y)
< X = V)IBRIX N+ 1Y )
<X = V(X s+ Y BB
which implies the lemma. O

4.2 Cylinder construction

Pick z( of unit norm and Hj a hyperplane as in Definition B.Il Fix an orthonormal basis
r1,...,0q- of Hy. Let Ty (zo;n) = 7(0,nx0), To(zo;n, &) = 7(4nf 21, nxo + 4nf'2,), and

0T (xo;m, &) = Ti(xo;n) — To(xo;n, &) .

The idea will be to give a lower bound for the variance of 67" (Section [£.2.1]) and then an
upper bound (Section [£.2.2]). Comparing them, we obtain the desired inequalities (Z.3]) and
(B3). This idea was introduced by Licea-Newman-Piza in [I4] and also used in [9] and [16].
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4.2.1 Lower bound on Var 6T

We will now assume that

£, <1land x, >0 (4.8)
so that we can choose ¢ and x” such that
E, < <land 0< " < xs . (4.9)

Proposition 4.4. Assume ([LS8)). For each & and x" chosen as in ([A9), there exists C' =
C(&,x") such that for all n,

Var 6T (zo;n, &) > Cn®>X"

Proof. Define C; as the set of points in R? at most £, distance n¢ away from the line segment
connecting 0 to nxzy. Define Cy as the set of points at most £, distance n¢ away from the
line segment connecting 4nf z; to nag+4ns ;. Let Ti(20;n) and Th(xg; n, £') be as follows:

1. Ti(xp;n)" is the passage time from 0 to nzy using only edges with endpoints in C;.

2. Ty(wo;n, &) is the passage time from 4nf'x; to nxy + 4nf'z; using only edges with
endpoints in Cs.

Let B be the event {T}(zo;n) = Ti(zo;n) and To(xg;n, &) = To(ze;n,E’)'}. Note that if

Ti(x0;n) # Ti(zo;n) then D(0,nzo) > nf'. A similar statement holds for Ty(zo;n,¢’) and

Ty(20;m, &Y. Therefore P(B¢) < 2P(D(0, nxzy) > nf'). Picking ¢ = (1/2)(¢' +&,), so that

&, <& <& <1, we find from the definition of &, (from (2.I])) that there exists C; > 0 such

that for all n, P(D(0, nzo) > né') < e="* " Therefore

P(B°) < 2¢O (4.10)

By Lemma 3 with X = 07 (z¢;n,¢') and Y = 0T (zg;n, &) := Ti(zo;n) — Ta(xe;n, &)
Var 0T (zg;n, &) > Var 6T (zo;n, &) — (|67 (xo; 1, )[4 + |07 (xo; 0, €)' 4)*P(BS) V4

> Var 0T (zg;n, &) — anQe_%"gugu

for some C5. Here we have used inequality (4I0) and that each 07" is a difference of two
passage times, each of which has L* norm bounded above by Cn (compare for example to a
deterministic path). Therefore there exists C3 such that for all n,

Var 6T (xg;n, &) > Var 6T (zo;n, &) — Cs . (4.11)
But 67T (zo;n, &) is the difference of i.i.d. random variables distributed as 77 (xg;n)’, so
Var 6T (xg;n, &) =2 Var Ti(z;n)" . (4.12)

By exactly the same argument as that given above, we can find Cy such that for all n,
Var Ty(zo;n) > Var Ti(x¢;n) — Cy = Var 7(0,nxg) — Cy4 .

Using the definition of x”, we can find another Cs such that for all n, Var 7(0, nzy) > Csn?"
Combining this with (£I2)) and (£IT]), we complete the proof. O
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4.2.2 Upper bound on Var 7T

In this section we continue to assume (48) and we work with the same choice of £ that
satisfies ({.9). We will prove the following.

Proposition 4.5. Assume ([A8) and that (32) holds for some C,e,, and k. For each
satisfying &' < B < 1 and each X' > Xa, there exists C = C(B,x’) such that for all n,

Var 0T (zg;n, &) < Cp2PA-mt28s L 0n28x
Proof. Define the hyperplanes
H, =nxy + Hy and Hy = (n — n”)zo + Hy .

Let C; and C, be as in the proof of the lower bound. For two points a and b in RY, let S(a, b)
be the set of finite paths P from a to b (or their closest lattice points) such that for both
i=1and 2, PN H;N[C,UCy] # @. Define T1(zo;n)”, To(xo;n, &) as follows:

1. Ty(zo;n)” is the minimum passage time of all paths in S(0, nzy).

2. Ty(wo;n, &) is the minimum passage time of all paths in S(4nf 'z, nag + 4nf xy).

Again we set B equal to the event {17 (zo;n) = T1(zo;n)” and Th(xo;n, &) = To(xe;n, &)}
Because B¢ implies that D(0,nx) > n¢ (or the corresponding statement for T (zq;n, £')),
we may choose Cj such that for all n, P(B¢) < 26_01#,7&”, where £ = (1/2)(¢' + &)
Therefore we can argue exactly as in the previous section to find Cy such that for all n,

Var 6T (xg;n, &) < Var 6T (zo;n, &) + Cy (4.13)

where 0T (xo;n, &) = T (xo;n)" — To(zo;n, &')".

For almost every passage time realization, we may define a path ~; € S(0,nzg) (in a
measurable and deterministic way when there are not unique geodesics) from 0 to nxy such
that 7(71) = Ti(zo;n)" and o € S(4nf 21, nwg +4n 21) such that 7(v2) = Ta(ze;n, )", Let
a; be the last lattice point on 5 before it intersects H;N(C;UCy) and ay the last lattice point
of v2 before it intersects Hy N (C; UCy). Similarly let @) be the last lattice point of ~; before
it intersects H; N (C; UCs) and aj the last lattice point of v, before it intersects HyN(C; UCs).
Write s, for the piece of v, (seen as an oriented path) from 4n¢'x; to ay, ty for the piece of v,
from a; to as, and sy for the piece of v, from as to nzy + 4né x4, Similarly, write s} for the
piece of v from 0 to a} and s} for the piece of v, from a), to nxy. By definition of T3 (zo;n)",
we have the following almost surely:

Ti(xzo;n)" < 7(0,a1) + 7(t2) + 7(az, ney)
= 7(0,a1) = 7(s1) + 7(ag, ner) — 7(s2) + Ta(wo;n, )" . (4.14)

Set Hs = nxy + Hy and let C be the set of all points in R? that are /., distance at most
5n¢" from the line segment connecting 0 to nxo. Last, let V; = H; NC for i =0,...,3 and

Xi(n> 6/7 5) = max |’7'(U1,’LU1) - T(U2a w2)| 3 1= Oa 1.
v1,v2€Va;
w1, w2EVi41
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Using this notation and (d.14]), we can give an upper bound for 7} (zg;n)"” of
Ti(zo;n)" < Ty(we;n, &) + Xo(n, &, B) + X1(n, &, B) .
To bound Ty (zg;n, )", we can similarly write
To(zo;n, &) < 7(4nfxy,d)) — 7(s)) + 7(dy, nwo + 4n¥ 21) — 7(sh) + Ti(zo; 1)
Therefore Ty(zo;n, &))" < Xo(n, &, B) + X1(n, &, B) + T1(xo;n)”. Putting these together,
16T (w0;m,€)"] < Xo(n, €, 8) + Xu(n, £, 6) almost surely,
and consequently
Var 6T (zo;n, &) < (|67 (2051, €)"[13 < 2(/| Xo(n, €, B)[15 + 1 X1(n. €. B)13) -

The variables X and X are identically distributed, so Var 6T (xo;n, &) < 4[| Xo(n, &, B)||3.
Finally, we combine with ([£I3) to get

Var 07(n, &) < 4| Xo(n, &, B)|12+ Cs . (4.15)

The last step is to invoke Proposition 42l The variable Xgy(n,¢’, 3) is the same as
X (x0;5n5/,n5) there. Because 3 was chosen to be larger than &', the condition 5né <

Qj%nﬁ holds for large n. Thus there exists C'3 such that for all large n,

| Xo(n, &, B)]15 < Cyn®P0=mInr 4+ Cyn®X

where £ is from the statement of this proposition. With (4.I5]), this completes the proof. [

4.3 Proof of Theorem 2.1

We now prove Theorem 2.Jl Assume that x, = x, = x > 0. Further, we may assume £, < 1
because if £, = 1, the relation holds by the bound y < 1/2 (see Remark 1).

Choose |zg| = 1 such that (3:2) holds for some €., and C,, > 0 for k = 2. (The existence
of such a point is proved in [5, Proposition 5.1].) From the previous two sections, for each
choice of x/, X", & and [ satisfying

O<Y'"<xy<x and§ <& <pB<1, (4.16)
there exist constants C; = C;(x', X", &, 8) (i = 1,2) such that for all n,
Cin>" < Var 6T(n,€') < Con™ 244 4 0yn?9X"

For any 8 with ¢’ < 8 < 1, we may choose X" = x”(5) and x’' = x/(5) that satisfy (4.10))
and are so close to x that 28Y’ < 2x”. For such a choice of x” and x’ we then have

(1/2)C1n*>X" < Con™ 24 for all large n |
and therefore y” < —(F+2¢'. Taking 8 1 1 and noting that x”(5) T x, we find x < —142¢".
This is true for all & > &,, so x < —1 + 2¢,.
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