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ANNEALED BROWNIAN MOTION IN A HEAVY TAILED
POISSONIAN POTENTIAL

By Ryok1 FUKUSHIMA *

Tokyo Institute of Technology

Consider a d-dimensional Brownian motion in a random poten-
tial defined by attaching a non-negative and polynomially decaying
potential around Poisson points. We introduce a repulsive interaction
between the Brownian path and the Poisson points by weighting the
measure by the Feynman-Kac functional. We show that under the
weighted measure, the Brownian motion tends to localize around the
origin. We also determine the scaling limit of the path and also the
limit shape of the random potential.

1. Introduction.

1.1. The model. Consider a random potential defined by attaching the
shape function 0(z) = |z[7* A1 (d < @ < d + 2) around a Poisson point
process (w = >_; dy,, P) with unit intensity as follows:

Vo(x) = Zﬁ(m — wj).

i

Suppose we are also given the standard Brownian motion ({X; }+>0, { Pz }zcrd)
on R?. In this paper, we are interested in the long time behavior of a Brow-
nian motion under the annealed path measure defined by

Qi(A) = Z1tE®EO [exp{—/ot Vw(Xs)ds} : A} ,

where Z; denotes the normalizing constant
t

Z;=E® Ey [exp{—/ Vw(Xs)dSH .
0

The weight exp{— [i V,,(X;)ds} introduces a repulsive interaction between
the Brownian path and Poisson points. Since the averages are taken over
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2 R. FUKUSHIMA

both the path and the configuration, it is natural to expect that w tends
to rarefy in a region around the origin and the path favors to stay there.
However, it is often challenging to prove that such a localization is typical

under Q.

1.2. FEarlier studies. We mention some early studies which are related to
ours. When a > d + 2, which is referred to as the light tailed case, Donsker
and Varadhan [4] determined the asymptotics of the normalizing constant

E® Ey [exp {— /Ot Vw(Xs)dsH

(1.1)
— oxp {— inf (M (U) + U] e (L + 0(1))}
U: open

as t goes to oo, where |U| and A\ (U) stand for the volume of U and the
smallest Dirichlet eigenvalue of —A/2 in U, respectively. It follows from
Faber-Krahn’s inequality that the unique minimizer of the above variational
problem is the ball with a certain radius Ry, up to translation. This result
suggests that the dominant contribution to the right hand side of (1.1) comes

from the following strategy: there exists z € R? such that w(B(z, Rot"/(4+2))) =

0 and the Brownian motion {Xs}o<s<¢ stays in the ball. Indeed, one can
easily see that this specific event gives the correct lower bound. Motivated
by this observation, Sznitman [11] (d = 2) and Povel [10] (d > 3) proved
that the above confinement is typical under the annealed path measure
when ¢ has compact support. They also proved that the scaled process
{t=v (d+2)th/<d+2> s }s>0 converges to a Brownian motion conditioned to stay
in a ball with radius Ry and random center. See also Bolthausen [1] for a
similar result in two-dimensional discrete space setting.

On the other hand, in the heavy tailed case d < a < d + 2, Pastur [9]
(first term) and the author [? | (second term) determined the asymptotics
of the normalizing constant

(1.2) E@ Eo [eXp {— /Ot Vw(Xs)dSH = exp {—altg — (ag + o(1))ta2‘i’2}

as t — oo, where

—d
alzwdr(a ),
Qo

_ : 1 2 2 2
(1.3) aQ_“éﬁlfrgﬂ‘*‘?’{ [ 5196 + Cld,alaota)as
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BROWNIAN MOTION IN POISSONIAN POTENTIAL 3

with wg being the volume of the unit ball, C(d,«) > 0 a constant, and
W1H2(R9) the usual Sobolev space. The constant C(d, ) admits an explicit

expression LT (W) with o4 the surface area of the unit sphere. As
in the light tailed case, the correct lower bound of (1.2) can be given by
considering a specific strategy'
(St1) V, (0) — a4 o(t_
(52 Vofe) - V) = c<d o
(St3) supp<s<y
(St4) L

St4 == fo 0 Xsds is, after the diffusive scaling with spatial factor ¢ da e ,
Weakly close to ¢1(x)%dz, where

o1 (z) = (207£d’0‘)> : exp {_ C(‘;’a)mz}

is the unique minimizer of (1.3).

a— d+2

s

—d+2

+o(t™ "z )for]a:\<Mt da

, and

Let us informally explain how this strategy gives the correct lower bound.
The first event (St1) has probability
—d atd
ta+o(t%% 2)}

d a-d a—d+2
P(V,0)=a—t « t7 " 2a > _
( () ala —I-O( 2 ))_exp{

The second event (St2) introduces no extra cost since conditioned on (Stl),
its probability is not too small. In fact, it is close to 1 when a > 2 and
even when o < 2, it is only polynomially small. As for the third and fourth
events, Donsker and Varadhan’s large deviation principle shows that

+d—2

Py((St3) and (St4) hold) > exp {—ta 2a /;]V¢1(x)\2dx +o (tagi_rz)}

after letting M — oco. Summarizing the above, we obtain the correct lower
bound

E® Ey [exp{ / Vi ( ds} : (St1)—(St4) hold]

([ 3IVe@P + cd a)laPorerds + o) }.

From this observation, it is natural to ask whether the above strategy is
typical under @); or not.

a+d

Zexp{ alta —1

REMARK 1.1. Our model can be viewed as an example of diffusion in
a spatially correlated random potential. There are several results, mainly
concerning the asymptotics of Z;, for such models. See e.g. [7] (discrete
space) and [5, 6] (continuous space).

imsart-aop ver. 2011/05/20 file: Fukll-aop-revised.tex date: March 5, 2012



4 R. FUKUSHIMA

1.3. Results. The results of the present paper show that the events (St1)—
(St4) consisting the optimal strategy in the last subsection are, with appro-
priate modifications, typical under the annealed path measure ;. Moreover,
the scaling limit of the path is also identified. The first result is about the
path localization (St3).

THEOREM 1.1.  For any 6 > 0,

tlim Q+ ( sup |X,| <t da (logt) ) =1

0<s<t

REMARK 1.2. The logarithmic correction corresponds to the M — oo
operation in (1.2). The power 1/2 is natural in view of Theorem 1.5 below.

The second result says that the random potential viewed from its local
minimum looks like the quadratic function

a— d+2

pe(x) = C(d, a)t™ /%,

e. (St2) is typical. It also turns out that the barycenter mp, of the occu-
pation time measure L; = % fg dx.ds is close to a local minimizer of V,,.

THEOREM 1.2.  Let my(w) be the point where V,, attains the minimum
in B(0,t e log t). Then there ezists g > 0 such that

Jim Qu(sup{ Vi (@) = Vo (me(w)) - peles = )]

(1.4) -
[ — my(w)] < 757 logt} <~ "EE ) =1,

Moreover,

(1.5) lim Qi (Jmu(w) —my,| < et™ e ) =1
t—o00
for any € > 0.

REMARK 1.3. A statement similar to (1.4) is proved by Griininger and
Konig [8] for the parabolic Anderson model on Z? with so-called “almost
bounded potentials”. They call this phenomenon “potential confinement”

From Theorems 1.1 and 1.2, we can deduce scaling limits of the path,
occupation time measure, and local minimum of the potential. We introduce

the scale function r(t) = t*“Fa~ and define the scaled process by X, =
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BROWNIAN MOTION IN POISSONIAN POTENTIAL 5

r(t)_er(t)zs. (The dependence of X on t is omitted but this does not seem

to cause any confusion.) Let us begin with the result for the occupation time
~ —2

measure L; = W ST(t) d%.ds, which implies that (St4) is typical. Let

my(w) = r(t)"'my(w) and v, denote the measure with density

¢1(x —m)* = (WY exp {—«/QC(d, a)lz — m!z} .

THEOREM 1.3.  For any f € C.(R?%) and e > 0,

<e>:1.

Next we state results on the local minimum of V,,. It turns out that there
is a gap between the expected value of V,,(m(w)) and the right hand side
of (St1). Moreover, the fluctuation of V,,(m;(w)) is even larger than the gap
when a < 2.

(1.6) tligloQt <‘/fdj;t - /fd’/ﬁ%(u))

THEOREM 1.4. The following hold:
. _a=d o _oa—d+2
(1) QilVi(my(w)] = a1 ¢ —( C(;“+o(1))t ol
ii t% Vo(my(w)—Q¢ |V, (my(w)]} converges in law to the Gaussian ran-
(ii) g
dom variable with variance ao T (32=4+1).

We finally state the result on the scaling limit of the path. We write R’
for the law of the Ornstein-Uhlenbeck process starting at the origin with
generator —A/2 4 /2C(d, a)(z —m, V). We call m the center.

THEOREM 1.5. The process {XS}SZ() under (Qy converges as t — 0o in
law to the Ornstein-Uhlenbeck processes with random centers

Neicamk Cda), ) o
/dm (@r) exp{— T\m| }RO.

REMARK 1.4. It becomes clear in the proof that the random center m
corresponds to 1 (w) = 7(t)"'my(w). Hence roughly speaking, this theorem
means that {X}s>0 behaves like the Ornstein-Uhlenbeck process centered

at my(w).
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6 R. FUKUSHIMA

1.4. Organization of the paper. We briefly comment on the outline of
the proof and the organization of the paper. The main difficulty lies in the
proof of Theorem 1.1 and 1.2. They are closely related in the sense that the
path localization implies the potential confinement and vice versa. But of
course we need another input to leave the circular argument. The key idea
is that we actually need only a weaker result than Theorem 1.1 to deduce
the potential confinement. We prove such a weak localization in Section 2
by using crude estimates. Then in Section 3, we show that it indeed implies
a potential confinement (Proposition 3.1), which is a slight modification
of Theorem 1.2. Given the potential confinement, Theorem 1.1 follows by
repeating a part of argument in Section 2 and it is done in Section 4. In the
end of Section 4, we show (1.5) of Theorem 1.2 by combining Theorem 1.1
and Proposition 3.1 and it completes the proof of Theorem 1.2. Sections 5,
6, and 7 are devoted to prove Theorems 1.3, 1.4, and 1.5, respectively.

1.5. Notation. For functions f, g : [0,00) — R, wesay f(t) = O(exp {g(t)})
if there exists ¢ > 0 such that f(t) = O(exp {cg(t)}) as t — oc.

2. Weak localization. In this section, we prove the following weaker
version of Theorem 1.1.

PROPOSITION 2.1. There exists M7 > 0 such that

lim Q ( sup |X;| < Mlta8i+6> =1.
t—o0 0<s<t

We use the notation p
d

ht = alft_a%,

o

which is expected to be the typical height of the bottom of V,, under Q; as
explained in the introduction. We first show that ming<s<; V,,(Xs) can not

be too far from h;.

LEMMA 2.1.  For any M € R and sufficiently large t,

3a—3d+2
P( min  V,(x) — hy < Mt~ da )
x€(—t,t)?

a+3d—2 atd—2 }

§exp{—a1a th + Mt — | M|t 2a
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BROWNIAN MOTION IN POISSONIAN POTENTIAL 7

PROOF. The event in the left-hand side concerns infinitely many points
but we can reduce it to finite points since V,, is smooth where it is small.
Indeed, if V,,(z) < 1, then obviously

Vo(z) = Z v —wi|"*A1 = Z |x — w;| ™

and in particular min; |z — w;| > 1. Since there exists ¢y > 0 such that
|V|z|~%| < colz|~* for |x| > 1, it follows that

IVV,(2)] < Z |V|z —w;| 7 < Zc;;]x —wi| 7% = V() < o
i i
when V,,(z) < 1. Therefore one can find N > 0 such that

P ( min V() — h < Mt_gaﬁxd”)

z€(—t,t)d

= ( WDy Ve (®) = he < (M t‘l)t—wﬁd“>
xe(—t,t)int-Nzd

< @+ )WV (Vo(0) — by < (M + 175,

To bound the probability in the last line, we use the asymptotics of the
moment generating function

(2.1) Elexp{—sV,(0)}] = exp {—als% + O(e_s)} as s — 00,

which is proved in Lemma 1 of [? |. Taking s = ¢(1 + ¢~ d+42a_a) in (2.1) and
using Chebyshev’s inequality, one can see by a straightforward calculation
that

P (Vo(0) = he < (M + 471t~ 5)
< exp {—ala LT St e e)taﬁi_Q}
for some small € > 0. O
LEMMA 2.2.

3a—3d+2

@ (Oglégt Vo(Xs) = he @87 0 [=2ay, 2a2]) =0 (eXp {—tagi_Q }) )
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8 R. FUKUSHIMA

PROOF. We shall only give the proof of

Q+ ( mm Vo (Xs) — hy > 2apt™ 3d+2> =0 (exp {—taJrz(i_Q }) )

The other half can be shown by a similar argument. (See also Lemma 2.5
where a stronger statement is proved.) Note first that

Py (Xjo & (—,8)") = O (exp{—t})
by a simple application of the reflection principle and that
t o
E® Ey {exp {—/ Vw(XS)ds} : min V,(X,) > 2a1tad]
0 0<s<t
< exp {—2a1tg} .
From these bound and (1.2), it follows that

Q ({X[O,t] ¢ (—t, )} U { min V,(X;) > 2“1t_aad}>

=0 (exp {757},

Next, for each k € N, let us introduce two events

B . o — Ba=3d+2 1
E, = {orgégt Vo (Xs) — he — 2a9t™ 3 et [k k+ 1)} ,

b, :{ min V() — ht < 2a2t
z€(—t,t)?

t_l(k+1)}

Then, it follows by the fact Ej N {Xjgy C (—t,t)?} C Fi and Lemma 2.1
that

E® Ey {exp{ / Vi ( ds} Ey N {X[O,t] C (—t,t)d}]
< exp {—aldta - 2a2ta+fzi2 - k:} P(Fy)
Sexp{ alta —2a2t —1—1}

Dividing both sides by Z; and summing over k € [0, 2a1t%* + 1]NZ, we find

O ({X[O,t] c (=t, )% n { mm Vo(Xs) — hy € [2a2t— 2 2a1t—d”>

_ 0 (exp {5}

and the proof is complete. ]
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BROWNIAN MOTION IN POISSONIAN POTENTIAL 9

Let us define a low level set of V,, by

3a—3d+2 }

;Ct’w = {$ € Rd : Vw($) < hi + 2a9t”™ 4a

Then Lemma 2.2 above shows that Q¢(X[4NL¢ . # 0) — 1. In what follows,
we are going to show that if x € £, then V, is bounded below by a certain
quadratic function in an annulus around z. This has two consequences which
lead us to the weak localization bound:

(i) each connected component of L;,, is not too large,
(ii) once the Brownian motion hits a connected component of L;,,, it is
difficult to escape from a neighborhood of it.

Let us start by evaluating the Laplace transform of V,,(z) + V,,(y). We do
it as a special case of a more general asymptotic formula for the Laplace
functional which we shall make repeated use of in the sequel. We write m,,
for the barycenter [ zu(dz) for a probability measure 4 on RY,

PROPOSITION 2.2. Let e € (0,1/a). For any probability measure p sup-
ported inside B(0, tl/o‘—e),

Efexp{—t(u, Vi) }]

= exp {—alti —(C(d,a) + 0(1))t% / |z — mHIQ,u,(dz)}

as t — oo. In particular,

(22) E [exp {—;(Vw(x) + Vw(y))H < exp {—art? — ert*FJr -y}

for ¢y = C(d,)/5 and x,y € R? with |x — y| < t'/*~¢ when t is sufficiently
large.

Proor. We may assume m, = 0 by translation invariance of Poisson

point process. By a well-known formula for Laplace functional of Poisson
point process,

— log Elexp{—t(u, V) }]
_ / (1 _ eftfﬁ(zfy)u(d2)> dy

_ / (1 _ e—w(—w) dy + / (e—mx—y) et a(zw)u(dz))dy_
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10 R. FUKUSHIMA

This first term is easily shown to be a1t%® 4+ O(e~?), see Lemma 1 of [? ].
We pick a positive constant
€

o
0< <a+2

and divide the second term into the integrals over {|y| < t'/*=%} and {|y| >
t1/@=0Y For the first region, we know

min {tf}(—y), t/@(z _ y)u(dz)} > goc

by the assumption on p and hence the contribution form this part is neg-
ligible. For the second region, we may replace v by v(-) = |- |7® and by a
change of variable, it follows that

—to(—y) _ ,—t [ d(z—y)pu(dz)
fes (0 = )

1 e
= tg/ e~ In=® (1 — effm*t az|T%=n] H(dz)> dn
|n|>t—98

By Taylor’s theorem, we can find bounded functions Re and R3 such that
1 _
n—t"az7" = o7
=L -2 2], —a—2
=t7a(z,Vo(n)) + Ra(z,m)t"=[2|"[n|
_1 1,2 _3 —a—
=172 (2, Vo(n)) + 5t a (2, Hessy(1)2) + Ry(z,mt " a |2[*[n| =~

for |n| > ¢t and |z| < t'/®~¢. Using this second line and recalling that
my, = 0, we get

[ s (@)

when || > t79. This right-hand side is o(1) thanks to our choice of § and
thus we can use the inequality |1 —e™% — a| < a? which holds for small a to
obtain

/ o= (1 _ = [ In=t % 2= [n = u(dz)
n|>t=2

1

= f/ e~™" =2 /(z,Hessv(n)z>u(dz)d77
2 Jip>t=2

| 3 —a—
e [ Ryl uas) =y
nz

e </| 7 (172 [ oo i) !77_2“_40177) .

imsart-aop ver. 2011/05/20 file: Fukll-aop-revised.tex date: March 5, 2012

< HRQ Hooo(t—2e+§(a+2))




BROWNIAN MOTION IN POISSONIAN POTENTIAL 11

A computation shows that the first term in the right-hand side of (2.3)

equals
;ti/<zj/|nl>t—5 Hessv(n)el7’|_adnz> p(dz)
— (C(d.0) + o) % [ |oPu(de).

The other terms in (2.3) turn out to be smaller order than this: indeed by
the assumption on p,

(i) the second term is bounded by =2/ [ |z|2u(dz) multiplied by
_1
@) <t a) sup{|z| : z € suppu} = o(1),

(ii) t=2/ [ |z]2p(dz) itself is of o(1) and the third term has smaller order
than it as its square.

O]

From the above lemma, we can deduce controls on V,(z) + V,(y) for all
x,y within an intermediate distance.

LEMMA 2.3. For any € € (0,1/a), there exists R > 0 such that
(2.4)
. _a—d+2 2
Tim Qi (Vo) + Vo) > 2h+ert™ " | —y]
for all z,y € (—2t,2t)% with Rt“Fa < lx —y| < tl/o‘_e) =1

PROOF. We prove that for sufficiently large R > 0,
(2.5)

Q1 (Vw(x) + Vio(y) < 2h; + C1t_a_Td+2‘:U — y‘z) =0 (eXp {—tagi_z })

uniformly in z,y € R? with Rt*5a" < |z—y| < t'/%7¢. One can deduce (2.4)
from this by dividing (—2t, 2¢)¢ into small cubes and using the union bound,
just as in the proof of Lemma 2.1.

To prove (2.5), we may restrict our consideration to the event

E . V (X ) h > 2 t_ 3a—3d+2
— — — 4o
Orgslgt wlAs t = ag

imsart-aop ver. 2011/05/20 file: Fukll-aop-revised.tex date: March 5, 2012



12 R. FUKUSHIMA

by Lemma 2.2. Then denoting the event in (2.5) by F;,, we have

t
E® Ey {exp {—/ Vw(Xs)ds} :EN Fx,y]
0

d a+3d—
< exp {altZ + 2a9t e } P(Fyy)-
o

Now a simple large deviation bound with the help of (2.2) shows

_d ad-3d—
P(Fyy) < exp {—ala te — LR }

a—d+6

uniformly in z,y € R? with Rt 5o < |z —y| < t'/*~¢. Therefore by taking
sufficiently large R, we obtain

QENF,,) =0 (exp {—toﬁgﬁ2 }) .

atdd=2 -, atd=2 f,. o < d + 2, this completes the proof. O

Since 1o S

a—d+6

Let Ag(z) denote the annulus B(z,2Rt sa ) \B(m,Rta_Sli%) around
x € R% The above lemma implies that

tliglo Q: (For any x € L, N (—t, ),
(2.6) 3a—3d+2

V> hy+c Rt 4a on AR(:L‘)> =1

As a consequence, if ¢;R? > 1 then every connected component of Liw N
(—t,t)? is contained in a ball with radius Rt“56™ with high probability.
Therefore Proposition 2.1 reduces to the following.

PROPOSITION 2.3. There exists R > 0 such that

lim Q < sup dist(Xs, Li0) < 2Rta_§i+6> =1.

t—oo 0<s<t

PROOF. We use two lemmas whose proofs are given later. The first one is
a lower bound for Z; in terms of a random eigenvalue, which is not explicit
but much more precise than (1.2).

LEMMA 2.4. There exists co > 0 such that

Z > oot E exp {~tAT ((—t,)) }] .
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BROWNIAN MOTION IN POISSONIAN POTENTIAL 13
The second one is an upper bound for the eigenvalue.

LEMMA 2.5. For any € > 0,

Tim Q; (A ((=t,)%) <y + et~ ) =1,

Let G be the intersection of {Xg, C (—t, )7}, {Xj0,9 N L1w # 0}, and
the events in (2.6) and in Lemma 2.5. As we have proved lim;_., Q;(G) =1
above, we restrict ourselves to G. Though we drop NG from the notation
for simplicity, it is assumed throughout the proof. Now, let us introduce
stopping times

Hy = inf {s € [0,1] : dist(X,, £1) > 2Rt 50 |,
Hy=inf{s€[0,4: X, € L1}

We first consider the case Hy > Hj. In this case, we further introduce
random times defined by

Hy = inf{s €[H,t: X, ¢ B(XHI,QR{’;‘L*G)} :
Hs = sup {3 € [Hy,Ha] : X5 € B(XHI,Rta_Si?G)},

which satisfy Hy < H3 < Ha < Hy < t. Let us define E, = {H3 € [k, k+1)},
S = {Hy — H3 > ta+20clv_2,H2 < t} (slow crossing), and F = {Hy — H3 <
at+d—2

2a, Hy < t} (fast crossing). Note that for s € [H3, Ha|, we have X €
ARr(Xp,) and hence

3a-3d+2

Vo (Xs) > hy 4+ c1 Rt~ da

3a—3d+2

> X (—t 1)) +

for sufficiently large R > 0. We use the strong Markov property at Hs to see
(2.7)
t
E® Ey {exp {—/ Vw(Xs)ds} ;SN Ek}
0

k+1
< E[Eo [exp{— | Vw(XS)ds}

exp {—(Ho =k = 1) (A ((=t,)) +¢ 5 ) } Long,

t—Ho
EXH2 [exp {—/O Vw(Xs)dS} ZX[O,tng] C (—t,t)dlll.
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14 R. FUKUSHIMA

Now from a uniform bound

sup F, [exp{—/ Vw(XS)ds} : Xjo,5) C (—t,t)d}
(2.8) zER? 0

< e(d)(1+ (X (1)) exp { XL (.0}

on Feynman-Kac semigroup (see Theorem 3.1.2 in [12]) and the fact Hy —
k—1>t"% —1lon SN Ey, it follows that

E® Ey {exp{—fti(Xs)ds} : SﬂEk} 42—
2 e () R Ll

As for the fast crossing, we proceed as in (2.7) and use the Markov property
at time k to get

E® Ey {exp{—/ot Vw(Xs)ds} : FﬂEk}

< E[EO |lep {_ ‘/Ok Vw(Xs)dS} eXp {_(HQ —k— 1))‘%)((_t7t)d)} 1Ek

P (sup {2 = Kol :0 <5 < #557) > RS

t—Ho
Ex,, [exp{— /0 Vw(Xs)ds} t X(o,0—115] C (—t,t)dm.

Since we have

at+d—2

PXk (SUP{’XS—XQ‘:OSSSt 5e }>Rta_8i+6)

(2.10) = Py (sup {|X,| ;ogsgt%f"} >Rta‘si+6)

-0 (o {-14)),

it follows that

E® E [exp {~ f§ Vo(X,)ds} « F 1 By o
E [eXp{—(:fAf((—t,t)d)}] =0 (e {(=7)

just as before. Summing (2.9) and (2.10) over k£ € [0,¢] N Z and using
Lemma 2.4, we obtain

(2.11) lim Q; ( sup |X| > oRtFar | = 0.
t—o0 SE[H1,t]
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BROWNIAN MOTION IN POISSONIAN POTENTIAL 15

In the other case Hy < H;p, we introduce random times defined by

Hy = sup {s € [0,t] : sup dist(Xs, Lt) > 2Rtasi+6} ’

0<s<t

a—d+6

Hy = inf {s € [Hy, 1] : dist(X,, Loo) < RE 5o},

which satisfy Hy < ﬁg < FIg < Hi < t. By using ﬁg and ﬁg instead of Ho
and Hj respectively, one can show that

lim Q¢ < sup | Xs| > 2Rta8(i+6> = 0.
t—o0 s€[0,H1]

by the same argument as above. O

PROOF OF LEMMA 2.4. We start by introducing the notation

T2 5(0) = B [ 10 e { = [ Va(Xas) Xy © (-1.00).

Since we know from (2) that
Zy = B[ 1(0)] + o(Zy),

we consider the first term on the right-hand side.
Using translation invariance with respect to P, we find

Z; =E® Ey :exp{—/ot Vw(Xs)dSH

_ (21)(@ /(_md E, [exp{—/ot Vw(Xs)dsH dw]

1 w LW
(2.12) > i _/(—t,t)th 1(z)dz : X ((—t, )% < 1
= G [TL D (t0h < 1]
1

> B (@ P e {07 (100 X7 (60D < 1],

where ¢¢ is the L?-normalized non-negative eigenfunction associated with
X9 ((—t,)%). Since || T¥|[1—00 < (27)"2, we have

0 < exp {27 ((=t,1)) } 67(2) = TP 67 (2) < (2m) 2 (6, 1)
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16 R. FUKUSHIMA
for any z € (—t,t)%. Therefore on {\Y((—t,t)?) < 1},

(@9, 1)2 > (2m) %2 sup  ¢¥(2)% > (2m)de2(20) 77,
ze(—t,t)?

where we have used supp ¢4 C (—t,t)? together with [|¢¥[2 = 1 in the
second inequality. Coming back to (2.12), we obtain

(2m)de2

7y > WIE[eXp (=8~} 8-t <1].

for t > 1. We can drop {\¢((—t,t)%) < 1} from the right-hand side since
Elexp {—A7((— )} XA ((-,0)%) > 1] < e = o(2).
O

PROOF OF LEMMA 2.5. The argument is similar to that for Lemma 2.2.
We may restrict ourselves to {Xoy C (—t, )4} thanks to (2). Then by (2.8),
it follows that

a—d

t
E® Ep [exp {_ / Vw(Xs)ds} Xy © (—t ) A ((—t,1)%) > Bayt— 5"
0
< exp {—2a1tg } c(d)sup(1 + )\d/z)e_%
A>0

= O(Zt).

Next we show that

t
E® Ey [exp {— / Vw(Xs)ds} : Xppg C (—t,1)4,
0

3a—3d+2

(2.13) (=t ) —hy—et™ "3 et k-1, k‘)}
= 7;0 (exp {—ta%_Q })

uniformly in k& € NN [0,3a:t%“ + 1]. Using (2.8) again, we can bound the
above left-hand side by

Ele(d)(1 + (1 ((—t, 1)) ¥?) exp { ~27 ((—1,6)) } -

3a—3d+2

M ((~t,)h) —hy—et™ a0 €t [k~ 1,k)]

(2.14)

a+3d—2

< tdexp{—tht e ket 1}

3a—3d+2

P (X’f((—t,t)d) < h;+ et A+ t_lk)
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BROWNIAN MOTION IN POISSONIAN POTENTIAL 17
for sufficiently large t. To estimate the last probability, we use an inequality
P (X ((—t,)%) <A) < 20N (),

where N () is the integrated density of states of —1/2A + V, (see, e.g. [2],
Chapter VI for the definition of integrated density of states and also the
above inequality). The asymptotics of N(\) has been determined up to the
second term in Theorem 3 of [? |:

d _atd=2
N(A) = exp {—h)\_ﬁv—d — (la 4+ o(1))A 2<a—d>}

as A | 0, where

_d_ o a+d:2
I = a—d (d)ad a7 Ly —as (dal)z‘ 2

[0 (6

3a—3d+2

Substituting hy + €t~ 3= 4+t 'k into ), one can find a constant c3 > 0
satisfying

P (Ablu((—ta t)d) < hy + et Sas bt + t_lk)
a—d, a a+3d—2 oo atd2
< exp | —ay ta +etTaa +k— (as+ c3ed)t sa

for all k € NN [0,3a1t%® + 1] by a straightforward calculation. (It suffices
to take c¢3 so small that

(14—:6)_ﬁ >1- dm+03x2

o —

for all z € [0,4«/d].) From this and (2.14), the desired bound (2.13) follows.
Summing over k, we obtain

t
E® Ey [exp {—/ Vw(Xs)ds} s X C (—t, t)d,
0

3a—3d+2

Xf((—t,t)d)e(hﬁet* Ia ,SaltaddH

= 7Z;0 (exp {—ta+2‘272 })

and we are done. O

As a corollary to the weak localization, we obtain an upper bound on the
variance of L;. In contrast to the Proposition 2.1, the bound is of correct
order and this will be crucial in the next section.
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18 R. FUKUSHIMA

COROLLARY 2.1.  For any Mo > %7

Jlim Q, (/ |z —mp,|*Li(dz) < Mzta‘zi”) =1.
—00

PROOF. In view of Proposition 2.1, we only need to show

2a9  a—dt2

Cld,a)’

tlim Q¢ (/ |z — mLt|2Lt(dx) >

suppL; C B(0, Mltasi%)) =0.

But it follows from Proposition 2.2 that if L; lies in the above event,

E [exp{—/ot Vw(Xs)dsH

= E[exp {—t(L¢, Vo) }]
— exp {—alti —(C(d, @) + o(1) 5 / o — mLt|2Lt(dm)}

< exp {—altg — (2a9 + 0(1))ta+2i_2}
= O(Zt).

O

3. Potential confinement. We prove the following version of Theo-
rem 1.2 in this section by using the weak localization result. It will be used
in next section to complete the proof of Theorem 1.1. The proof of The-
orem 1.2 will be completed at the end of next section with the help of
Theorem 1.1.

PROPOSITION 3.1.  There exists an € > 0 such that

Jim Qi (sup{IVa () ~ Volme,) — pifar = )|

a—d
4.

|z —mp,| <2t o logt} < t_a?i”_e) =1.

We define the weighted measure by

dP} etV
dP — E[etmVel]
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BROWNIAN MOTION IN POISSONIAN POTENTIAL 19

for each probability measure 1 on R?. Under P}, w is a Poisson point process

with intensity et) i ~¥)1d®) 4y We take Mo as in Corollary 2.1 and define
a class of probability measures on R by

Pwl = {u supp . C B(0, Mlt Fo /|:c - mu| u(dx) < Mat™ 2‘?2},
where “wl” stands for “weakly localized”.
PROPOSITION 3.2.  There exists an € > 0 such that uniformly in p € Py,
Jim P (sup{|V.(z) - vw<mu> — il —my,)] -

z—my| <2t e logt
o

o1

Let us first see that this immediately implies Proposition 3.1. Indeed,
denoting the event in Proposition 3.2 by PC;(u), we obtain

Q:(PCi(L¢)) > Qt (PC¢(L¢), Lt € Py)

LE [EleEeVl B (BC, (L)) : Ly € Pua
Zt

~N — 7t<Lt7Vw> .
7 =) [Ee 1 Ly € Py
=Qi (L € Py) — 1

as t — oo by Proposition 2.1 and Corollary 2.1.
To prove Proposition 3.2, we first compute the expectation of V,(x) —
Vio(my) and then bound the variance.

LEMMA 3.1.  There exists an € > 0 such that uniformly in x € B(0, 2t~
and i € Py,

)

_a—d+2_€
Ef[Vw(x) - Vw(m,u)] = pi(z — m“) +o (t 2a )
ast — 00.

PROOF. By a well known formula for Poisson point process,
B[V, (2) — Vo, (m,,)]
= /(@(I —y) — d(my — y))e S P gy
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20 R. FUKUSHIMA

We assume m,, = 0 by translation. Pick § > 0 so small that

a—d+6 1 d+2—«

1 - — 2
(3.1) S < d and dla+2)< e

Then uniformly in g € Py,

‘/|y|<téa (0(x —y) — 0(—y))e ] 2Evmdgy

a—d+6

< exp {—tinf{|z —y|7Y 2] < Myt s |y| < té_‘s} + O(logt)}

~o (o {-})

tl/a—é

and hence this part is negligible. On the other hand, if |y| > , We can
replace 0 in the integrand by v(-) = |- |~® and hence
[ (0= y) — i(ye ey
ly|>t=
_ 1.
=t [ (=Rl — e SRy,

In|>t=9

Let us write Dy(n, z) = \n—féx\_a —|n|~ for short and further decompose
the integral in the last line as
(3.2)

e Dy(n,z)e” "™ + Dy(n, z) (efth(nvz)u(dZ) _ 1) e~ .
In|>t=°

Let us first see that the first term of (3.2) gives us the desired quantity.
We use the following expansions of Dy(n,-), which immediately follow from
Taylor’s theorem.

LEMMA 3.2. For |z| < Mit*56° and In| > t=9, there exist bounded
functions R1, Rs, and Rs such that
Dt(naz)
1
(33) = Ru(z,mt alzlln|~ !
_ _2 —a—
(34)  =t"a(2,Vo(n)) + Ro(z, )t = |z[*n| 7272

Q=

—
@
Ot

~—

I

1 1 2 _3 o
t7a{z, Vo(n)) + 5172 (2, Hessu(n)2) + Rs(z, 1)t o |z |7,
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BROWNIAN MOTION IN POISSONIAN POTENTIAL 21

Using (3.5), one can deduce

a—d

£ Dy(n, x) exp {—n|~*} dn
In[>t=2
“O(d, )z + 0 ()
for some € > 0 by a straightforward calculation. (Note that [ Vu(n)e~ " "dn =
0 by symmetry.)

Now let us turn to the estimate of the second term of (3.2). As a conse-
quence of (3.4), we have

(3.6) ‘/Dt L

)| = I Rallooln 2% [ |2 (o)
—-0 (ta(a+2)—d+§7aa)

uniformly in |n| > t=% and p € Py1, where we have used my, = 0. Thanks to
our choice of 4, the last line goes to 0 as ¢ — oo. Therefore we may use an
inequality |e™® — 1] < 2|a| valid for small @ in the second term of (3.2) to
obtain

a—d

t7 o

/Imé Dy(n, z) (e, [ Den2)udz) _ 1) ey

<2 [ Dma)l| | Dt uca)

Applying (3.3) and (3.4) to D¢(n, z) and D(n, z) respectively and then using
the variance bound for p, one can easily conclude that the above right-hand

side is of order O(t~ e ~¢) for some € > 0. O

e—\ﬁlfadn_

PROOF OF PROPOSITION 3.2. Throughout the proof we assume p € Py
and all the estimates below are supposed to be uniform in pu. We further
assume m, = 0 for simplicity. That this causes no loss of generality will
become clear in the argument below. In view of Lemma 3.1, it suffices to
estimate the maximum of

V() — Vo (0) — E{ V() — V. (0)]
= [0~ )~ o(-y)) (w(dy) — ! [0y

among |x| < r(t)logt (recall r(t) = QJZ)_ Fix 6 > 0 as in (3.1). We first
show that the region {|y| < t'/*~9} makes only negligible contribution. Let
us introduce the notation

w#(dy) = W(dy) — effﬁ(zfy),u(dz)dy.
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22 R. FUKUSHIMA

Observe that

/y|<té—6(ﬁ(x —y) —o(-y))w; (dy)
= /|y<té—6 [o(z — ) — 0(~y)| (w(dy) + et ) gy

< /I s ol (dy) +2/||<t1_5 e—tff)(z—y)u(dz)dy
Yyste Yyt

since 0 < © < 1. The first term has zero E}-mean and its variance, which
equals the half of second term, is seen to be of O(exp{—t°}) by the same
argument as in the proof of Lemma 3.1. Therefore, Chebyshev’s inequality
yields

a—d+2

/|y§té—6(@(m —Y) - @(—y))wé‘(dy)‘ <t 6) =1

lim P ( sup
=00 z€Rd

for any € > 0.
On the remaining part {|y| > t'/*=%}, we may replace © by v(:) = | - |
Then it follows by Lemma 3.2 that

—Q

[y @y = o(-y)af(dy)
ly[>ta

< ‘<x,/y|>t“ W(y)@f(dy)>’

<x, /y|>1;é“ Hessv(y)wf(dy)x>’

_1 o3
[ el )l )
ly[>t

=: I1(z) + I(x) + I3(x).

(3.7)
_|_

+ [af?

Let us start with I3(z). As we did for {|y| < t'/*7%}, we can bound the
integral as

sup

|z|<r(t)logt

(3.8) </ opo IRollclyl ™t ()
Y

>ta

1 o3
[ =]
y «@

+2 | ‘ tl,(; ||R3||00|y|_a_3€_flz_y‘iaﬂ(dZ)dy.
y|>ta
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BROWNIAN MOTION IN POISSONIAN POTENTIAL 23

a—d+3

The second term on the right-hand side can be seen to be of O(t™ = ),
by using the change of variable y = /%y and then (3.6) to replace [ | —

a—d+3 a—d+2

t=1/e 2= u(dz) by |n|~*. Since |zt~ = =0 (ti 2a 6) uniformly in

|z| < r(t)logt for some € > 0, the second term is negligible. By the same
way, we can show that

Varf </|| ) IIRzllmlyl_“_Sﬁf(dy)>
Yy

>to

(3'9)
) d

2a—d+6

is of order O(t~~ a ). Therefore by using Chebyshev’s inequality, we ob-

tain
_a—d+2

Pf( sup |z >t 2a f)

5(ad+2)5>

>t 1a 2

[ I Ballelyl %t ()
ly| >t

jal <r(8) log
SP?</|>t1_6 1Rslooly~*f (dy)
y «

-0 <f Sdﬁ_a“) 7

which goes to 0 as t — oo for sufficiently small e.
As for I; and I, we use variance bounds

_ 2a—d+2 )
)

Var} </|y|>té5 Vv(y)wf(dy)) =0 (t o

_ 2a—d+4 )
)

Varj ( / . Hess,(y)wy' (dy)>=O(t a
lyl>ta—°

which follow by routine arguments. Given these bounds, one can easily con-
clude that

lim P sup  (Li(z) + Ix(z)) <t~ “Sate) =1
t—oo |z|<r(t)logt
for some € > 0. O

REMARK 3.1. Inspecting the above proof, one can easily improve the
bound as

lim @, (sup{ﬂ/w(x) — Vi (mz,) — BV (z) — Vi(mp,)]| -

lz —myp,| < 2t"a logt} < t_’g) =1

for any 3 < min{2274+2 =t} This will be used in Section 6.
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24 R. FUKUSHIMA

4. Strong localization. In this section, we accomplish the proof of
Theorem 1.1. Loosely speaking, we do this by simply repeating the argument
for Proposition 2.1 but in the correct scale. Recall that we used an annulus
Ap which was much larger than the correct scale r(t) = %76 in the proof
of Proposition 2.1. It was because we had control of V,, only at points in the
intermediate distance from £, (see Lemma 2.3). Now that Proposition 3.1
is available, we have the control of V, near m, and can work in the correct
scale.

PROOF OF THEOREM 1.1. Set G = {L; € Py1} N PC(L¢). As we have
already shown lim; o, Q;(G) = 1, we restrict ourselves to G. Though we
drop NG from the notation for simplicity, it is assumed throughout the
proof.

We first fix ¢ € Z¢ and assume my, € ¢+ [0,1)% Let us set R = /2Mj
and define

H,(q) = inf {s >0:|Xs—¢q|l < Rta_éliﬁ}.

Clearly {H1(q) <t} D {L; € P} N {myz, € ¢+ [0,1)%}. Note also that on
PC(L;), we have

a—d+2

(4.1) N ((=t, )Y < Vi, (myp,) + (ag + o(1))t™ " 2a

by an application of Rayleigh-Ritz’s variational formula together with a
simple cut-off argument.
Now, fix 6 € (0,1/2) and define

Hy(q) = inf {5 > 0: X, —q| > t75 (log 1) 2}

We first consider the case Hi(q) < H2(q) < t. In this case, set

d+2

1 o=
H3(q) = sup {S < HQ(Q) : |Xs - Q\ < it 1a (lOgt)éJﬂs} .

Then for s € [H3(q), H2(q)] and ¢ < C(d, o) /4,

Vo(Xs) > Vi(my,) +ct™"Fa (logt)+20
C a—
> (.0 + St (log )

by Proposition 3.1 and (4.1). Let us define Ej;(¢) = {Hs(q) € [k, k +
1),Ha(q) € [I,l + 1)} for integers 0 < k < [ < t — 1. Suppose first that

I~k >t (slow crossing). Then using the Markov property at time [
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and then (2.8) exactly the same way as in the proof of Proposition 2.1, we
obtain

E® [exp{ / Vi ds} :Ek,l(q)]
< E[c<d>2<1 + (O (1)) )2 exp { —(k + DX ((—1, 1)) |
(42) exp {—(z k1) ()\‘f((—t, 0% + S log t)1+26)}
exp {~(t - ) ((t.0)") )]
= O (exp {~(logt)** ) E [exp { ~tA7 ((—t, 1)) } ] .

For the case | —k <t~ 2a Ta (fast crossing), we again proceed as in the proof
of (2.7) to see

E {exp {— /Ot Vw(Xs)dS} : Ek,l(‘])}

< E[c(dP(1+ (-t ) exp {03 (1.0}
(4.3)

P (SUp {|Xs| 0<s< ta;le} S e (logt)%”)

<O (exp {—(log t)1+26}> E [exp {—t)\f((—t, t)d)H .

Summing (4.2) and (4.3) over 0 < k <[ < ¢ — 1 and using Lemma 2.4, we
find that

Qt (Hl(Q) < Hy(q) < t,myz, € ¢+ 0, 1)d) —0 (exp {—(logt)1+25}) .

The other case Ha(q) < Hi(gq) <t can also be treated in the same way as
above by using

Hs(q) = sup {s €10,H1(q)) : | Xs —q| > e (logt) },
(q) :inf{s > fy(q) : | Xs — g < —t 2 (log 1)3+ }
instead of Hs(q) and Hs(q) respectively. Consequently, we obtain

Qi (Ha(g) < t,mi, € q+1[0,1)7) = O (exp {—(log )"+ }).
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26 R. FUKUSHIMA

Since the possible values of ¢ is only polynomially many due to the weak
localization result, we can sum over ¢ to see

lim Q ( sup | X, —mp,| <2t e (log t) =1
t—00 s€[0,]

Finally observe that on the event in the left-hand side, we have |mg,| <
2 e (log t) % since X = 0. Therefore we arrive at the desired conclusion

Jim @ < = (logt)s* ) =1

s€(0,t]

O

By the strong localization result, it in particular follows that my, is close
to my(w), which completes the proof of Theorem 1.2.

PROOF OF THEOREM 1.2. Fix € > 0 so small that Proposition 3.1 holds.
Then, for sufficiently large t,

a—d+2 €
t% a1 < |z —mp,| <2t e logt

implies V,,(x) > V,,(mp,). Therefore, my, is within %74~ =% from the mini-
). On the other hand, Theorem 1.1 implies

mg, € B(0,t log t) and thus the above minimizer is nothing but m:(w).
It is now easy to deduce Theorem 1.2 from Proposition 3.1. O

mizer of V,, in B(mLt, 2t

5. Scaling limit of the occupation time measure. We prove The-
orem 1.3 in this section. Given Theorem 1.1 and 1.2, it is more or less
straightforward. Indeed, what we do is, replacing V,, by a quadratic func-
tion, using the Girsanov formula, and applying the large deviation principle
for Ornstein-Uhlenbeck process.

ProOF OF THEOREM 1.3. Let us introduce the event
G = { sup |X,| < r(t)(logt)i}.
0<u<t
By Theorem 1.1 and Proposition 3.1, we know that
Qt (I:t € A)
= Qi (L€ A,GynPC(Ly)) +0(1)

ZE ® Ey [exp {— /Ot Vw(Xs)dS} 1Ly € A,GiN PC(Lt)} +o(1)
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and thus we may concentrate on G; NPC(L;). On this event, we have
t
exXp {_/0 Vw(Xs)dS} 1PC(Lt)ﬂG1
< exp {—ti(mLt) +o (tagi_Q)}

tr(t)=
exp{—C(d,a)/ | Xs — m£t|2d5}101-
0

Let ¢ € t71Z% and f € C.(RY). We integrate the above over

/fdﬂt—/fdyq >e}.

Note that if |g| > 2logt, then F(q, f)NG1 = 0. Hence we assume |g| < 2logt
in what follows. Since

tr(t)=2  _ tr()=2  _ atd—2

on G1 N F(q, f), we have

Fa. 1) = {lmz, — dll < (200"

B B oo |- | t Va(X.)ds b PO(L) N G 0 Fa, )]
< exp{~mte +o (175}

tr(t)=?  _
Ey [exp{—C(d, oz)/o | Xs — q|2ds} G N F(q,f)] .

By the scaling invariance of Brownian motion and the Girsanov formula, it
follows that the right-hand side equals

exp {—altg — (ag + 0(1))75a+2(rl;2 } R{ lm 1 G N F(q, f)] ;

where
¥(@) = exp {— C(Z’O‘Nx\?} ,

G = { sup | X| < logt},

s€[0,tr(t)—2]

Fa )= {Im, 0~ alloe < 27

/detT(t)_z—/deq >€}.
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Recalling |q| < 2logt, we have

W(—
TMw((t)q?)—Q) =0 (exp {(log t)Q})

on Gi. It is well known that L, under R{ satisfies the full large deviation
principle with rate s in the space of probability measures equipped with weak
topology and the rate function has unique zero at v, see e.g. [3]. Therefore,
we arrive at

thE  Eo [eXp {_ /O t Vw(Xs)ds} L PC(Ly) N Gy N (g, f)]

<exp {o (157 ) 1Y (| [ 1Ly 2~ [ 1am| > )

<exp {3(e)t"E |
for some 6(e) > 0. Summing over q € t~1Z?N B(0,2logt) and replacing my,
by my(w) using Theorem 1.2, we obtain (1.6). O

6. Fluctuation of the local minimum of the potential. We prove
Theorem 1.4 in this section. The argument is similar to that in Section 3
but we need a better control on [ |z — mzt|2l~}t(dx). We deduce it from
Theorem 1.3.

PRrROOF OF THEOREM 1.4. We first prove

(6.1)  Jlim @ ('/ & —mg,|*Li(de) — (8C(d, )3

>e):O

for any € > 0. To this end, recall that Corollary 2.1 allows us to assume
/ & — my, [2Ly(dz) < My,
Under this assumption,

’/ & —my () — / 2 —mg, vy (d2) > €

implies

>

i mi ) B = f o=, 30 (02

N ™
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BROWNIAN MOTION IN POISSONIAN POTENTIAL 29

for sufficiently large M. Since [ |z|>vo(dz) = (8C(d, a))fé, (6.1) follows
from Theorem 1.3. Now let us define the class of probability measures on
R? by

a—d
4

Ploc = {u suppp © B(0,t" 5 logt),

’/ |z — my|?u(dz) — (8C(d, a))—%

_a—d+2
<€t 2 .

By Theorem 1.1 and (6.1), we know that limy_.o Q¢(L¢ & Pf,.) = 0 for any
€>0.

Now let us prove Theorem 1.4-(i). It suffices to show the assertion with
m¢(w) replaced by my, in view of (1.5) and Lemma 3.1. For p € Py, the
same argument as for Lemma 3.1 yields

(6.2)
By [Vio (my)]
@(mu )

d _a-d (a—d—l—2
—aq—t e o (22
«

— ot [ 0z—yn(d2) g

Y

a—

C(d,a) + 0(1)) o /|x —my,[*u(de),

(07

where o(1) is uniform in g. Then it follows

Q:i[Vi(mr,)]
1 —t<Lt,Vw> Ly . €
~ 5B [E[e | BE [Vi(mr,)] : Lo € PR

d a— - d 2 d oa— o—
i + \/ ¢ld,a) % 4 €0 (tf 2(i‘+2>
« « 8

and letting € | 0, we get Theorem 1.4-(i).

Let us turn to Theorem 1.4-(ii). It suffices to consider the assertion with
m¢(w) replaced by myp, again. Indeed, as is mentioned in Remark 3.1, we
have

Tim Qu(1Vo(m(w)) = Vi(mr,) = B Vo (my(w)) = Vi(ma,)]| < t77) =1

for any
2a0 — d

2

. {3a—d+2 a—d+6}
< f < min , .
%Y da
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Now it follows by a well-known formula for the characteristic functional for
Poisson point process that for € P,

log Ef' [exp {ift 3" (V. (m,)) — Ef[V.,(m,)) }]

= / (ewtzg“dﬁ(m“y) —-1- i@t%ﬁ(mu — y)) eftf{)(z*y)“(dz)dy.

Using Taylor’s theorem, replacing [ 9(z—y)u(dz) by v(m,—y), and changing
variable, one can show that

log Ef' [exp {ift 3" (Vi (m,.) — E{ [V, (m,)) }]

62 20—d, | ol
L[y ety

= ——ao
9 d

0 - <3a —d+ 1> .
We leave the details to the reader. From this, Theorem1.4-(ii) follows by the
same way as above. O

7. Scaling limit of the process. In this section, we prove Theo-
rem 1.5. Given the strong localization and the potential confinement, we can
basically follow the argument in [11]. We write B; for B(m(w),r(t) logt).

PROOF OF THEOREM 1.5. We define the good events by

Gi(s) —{ sup | X[ < 7“('5)(10g75)i},

0<u<s
_a7d+2_6
Ga ={ sup |Va () = Vil (@) — pila — mi(w)] < 5,
TrED:

ma(w)] < r(t)(logt)i}.

Note that Xjo, C B; on G1(t) N Gy. Due to Theorems 1.1 and 1.2, it
suffices to show that for any 7" > 0 and f a bounded continuous function on
C([0,T],R9),

lim Q/If(X) : G(t) 1 Gl
~ [ am (V%‘iﬂ) " exp {— C(d’“)w} R (X)),

2
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BROWNIAN MOTION IN POISSONIAN POTENTIAL 31

with an obvious abuse of notation. Let \¥(B;) denote the i-th smallest eigen-
value of —A/24+V,,(z)—V,,(m¢(w)) in B; with the Dirichlet boundary condi-
tion and ¢, the L?-normalized non-negative principal eigenfunction. Let us
further denote by ,, the L?-normalized non-negative principal eigenfunc-
tions of —A/2 + py(z — my(w)) on RY.
LEMMA 7.1. (i) X(B,) = Vu(me(w)) + (az + O(t=0))t~ 35" uni-
formly in i € {1,2} and w € Gs.
(ii) There exists c3 > 0 such that for any w € Ga,

a—d+2

X5 (Br) = Ay(Bt) > et ™ 2

(iii) supyeq, [P0 — Ywll2 — 0 ast — oco.

PROOF. It may be assumed that m:;(w) = 0 by a spatial shift. Let
A" (U) denote the i-th smallest eigenvalue of —A/2 + py(z) in U with the
Dirichlet boundary condition. Recall that when U = R¢, the corresponding
eigenfunctions are products of the Hermite polynomials multiplied by the
Gaussian density with variance /7 (t)/2C(d, ). In particular, they are of
O(exp{—(logt)?}) near dB;. Thus, by using the Rayleigh-Ritz variational
formula and a standard cut-off argument, one can show that

(7.1) APt(By) = APH(RY) 4+ O (exp{—(1ogt)2}),
Since
(72) (O (Br) = Vilma(w))) = X' (Br)| < ¢35

on (9, the first assertion follows. Moreover, we know

gy D SR =) AR RY — ) A R
. > c3t o

for some c3 > 0 by a scaling and the fact that —A/2 + C(d,a)|z|* has
positive spectral gap. From (7.1)—(7.3), the second assertion follows.

Next, we introduce the Dirichlet form (&, D(&,)) associated with —A /24
pi(z) on L*(R?). Then ¢, € D(E,) since ¢, has compact support and
[|Vy,|?dz < oo. Let us decompose ¢, as Vi, + /1 — 22 by using

Yo € D(E,) with unit L?-norm and orthogonal to v, with respect to Eol-y )+
(-,-)r2. Note that we have

(W, ¥2) = ((—A/2 + p)tu, ¥2) 2 = AT (R?) (¢, ¥02) 12
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since 1, is an eigenfunction. Hence in fact &, (¢, ¥2) = (Yw,¥2)r2 = 0 and
it follows that

8w(¢w7 ¢w) = 2 (wunww) + (1 - 7162)8w(1/}27¢2)
= WA (RY) + (1 = 47)Eu (2, ¢ba).

Now for w € G2, one can easily find
w(Gw, Pu)
=5 [IVou@Pde+ [(Vaw) = V()ouw?de +o (157
= XY (By) = Vo(0) +o (¢ ;if"’)
= X'(RY) + o (17557),

(7.4)

where the last line is due to part (i). On the other hand, by the variational
formula and (7.3),

a—d+2

Eu(ha,1ha) > /\gt (Rd) > )\11% (Rd) ¥t

Substituting these relations into (7.4), we obtain 72 — 1 as t — oco. Finally,
since both ¢, and v, are non-negative, ; must converge to 1 and the last
assertion is proved. O

Let us define 7 = ¢~ S +% and

Fi(z,w)=E, [exp {— OtT Vw(Xs)ds} Gyt — T):| ,
Fy(2,w) = (¢u, 1)u(x) exp {—(t — T)AT(B1) }

for the ease of notation. Note that 7 > Tr(t)? for sufficiently large t.
Applying the Markov property at time 7, we find that the numerator of

Quf(X): G1(t) N Gyl is
E® E, {f(f() exp {— /Ot Vw(Xs)ds} L Gh(t) N GQ}
(7.5) =E [Eo lf(ff) exp {— /OT Vw(Xs)ds}

Fl(XT,w) : Gl(’r)‘| : GQ] .
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To replace Fy by Fs in this expression, we estimate the difference as

Ey lf(ff) exp {— /0 ' vw(Xs>ds}

(Fl(XT,oJ) — FQ(XT,LU)) . Gl(T)‘| ‘
(7.6)

<l [ P(1,0.2)S2 1R () = Fales )] (@)

< flloe ([ p(1,0.002d2) " [S21F () = Fale)l

where p(t,x,y) denotes the transition kernel of the Brownian motion and
{5¥}s>0 the semigroup generated by —A/2 + V,, in B, with the Dirichlet
boundary condition. Now, it is well known that ||S¥|| 22 = exp{—sA{(B:)}

and also by considering eigenfunction expansion, one can deduce from Lemma 7.1-
(ii) that

I1F3(1) = Bl < [Bif# exp { =t = ) (3 (B0) + cat =57 }

on (G9. Therefore for sufficiently large ¢,

(7.7) RHS of (7.6) < exp {—tXf(Bt) - 02375“2‘22} ,

Coming back to (7.5) and replacing Fy by F», we arrive at

LHS of (7.5) = E [EO l F(X) b (X2) exp {— /0 ’ Vw(Xs)ds} : GI(T)]

(78) <¢w7 1>€7(t77)/\f(3t) : G;|

a+d—2

+ O (exp { "5 }) Elexp {~tA7(B1)}].
Recall that the last term is of 0(Z;) due to Lemma 2.4.

LEMMA 7.2.  Uniformly in w € Go,

B [10)0u(X) e {~ [(Va(xXas|: i)

o= (B+o(1) (%(o)Rg”t(“’) [F(X)]+0 (exp {—(bg t)Q})) :
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34 R. FUKUSHIMA

PROOF. Let us use the orthogonal decomposition ¢, = ith,+1/1 — Y7o
in the proof of Lemma 7.1. Denoting the left-hand side of (7.9) by T'(¢w),
we have

(7.10) T(¢w) = 7T (o) + /1 = 72T (2).

We begin with the first term in the right-hand side. We know v, — 1 by
Lemma 7.1-(iii) and on G,

T(0.) = By [ F(X0X) exp { = [ Va(X)ds} s Ga(r)
< exp {—TVw(mt(w)) + t_%o}
Bo [1G0ba) exp { = [ X - mw)ds) ()]

thanks to our choice of 7. On the other hand, it follows by the Girsanov
transform and Brownian scaling that

Ry [(X) : X o) € r(8) 7 BY]

ww(r(t)Xr(t)*QT)
Y (0)

exp {— /[)Tpt(r(t)Xr(t)gs - mt(w))ds} : Gl(T):|.

=e"Ey [f(X)

Combining the above estimates and using Lemma 7.1-(i), we obtain
WT () = e By (O)RT [F(X) : Xig rosmy < r(t) B

Finally, by the very same argument as for the proof of the strong localization,
it follows that

e ( Xigeor2) & r(t)*lBt) —-0 (exp {—(1og t)z})

on Gy. (We have used the second condition in G2 to control 1,,(0).)
Next, we estimate the second term on the right-hand side of (7.10). This
is rather easy since by the same argument as for (7.7), it follows

T (¢2)] < HfHooeXp{—(q- —1) ()\clu(Bt) i 03t’a3i+2)}
< I floesp {2 (B) - e}

O]
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Substituting (7.9) into (7.8) and dropping o(Z;) term, we obtain
Quf(X) : Gi(t) NGy
1 _)\W me(w
~ E[em P (g, 1) (4, (0) R [ (X)

t + O (exp{~(logt)})) : Gs.

The term O(exp {—(logt)?}) is negligible in view of Lemma 2.4 and the
fact that [(dw, 1)| < [|¢wllr2(B)lILlz2(B,) grows at most polynomially fast.
Therefore we arrive at the expression

Qi[f(X) : G1(t) N Gy
~ / thE [e_t/\uf(Bt)ww, 1) : Go,my(w) € dm}

(7.11) )
(JeE D) ety S { iy

Since E[e=(B) (¢, 1) : Go,my(w) € dm] defines a translation invariant
measure on B(0, (logt)3/*), it is a constant multiple of the Lebesgue measure.
We can determine the constant asymptotically by setting f = 1 and it follows
that the right-hand side of (7.11) converges to

VO] Cd.a) o\ g
/m<¢%>em—w Ry [F(X)]

o
2
O
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