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Abstract

Consider a spin system obtained by coupling two distinct Sherrington-Kirkpatrick
(SK) models with the same temperature and external field whose Hamiltonians are
correlated. The disorder chaos conjecture for the SK model states that the overlap
under the corresponding Gibbs measure is essentially concentrated at a single value.
In the absence of external field, this statement was first confirmed by Chatterjee [4].
In the present paper, using Guerra’s replica symmetry breaking bound, we prove
that the SK model is also chaotic in the presence of external field and the position of
the overlap is determined by an equation related to Guerra’s bound and the Parisi
measure.

Keywords: Disorder chaos, Guerra’s replica symmetry breaking bound, Parisi formula,
Parisi measure, Sherrington-Kirkpatrick model

1 Introduction and Main Results

The phenomenon of chaos arose from the discovery that in some models, a slight per-
turbation on the parameters such as the temperature, external field, or disorder will
result in a dramatic change to the system. In this paper, we will be concerned with the
Sherrington-Kirkpatrick (SK) model [12] and study its chaotic property mainly due to the
change of the disorder. Let us begin by recalling the definition of the SK model and the
formulation of the Parisi formula. Suppose that £ : R — R is a convex function satisfying
E(x) = &(—x), & (z) > 0if z # 0, and €& > 0 if 2 > 0. For each N, we consider a
centered Gaussian process H = Hy indexed by the configuration space ¥y = {—1, —|—1}N
with covariance
EHy (o) Hy(o) = Ne(Ri2)

for o' = (0},...,0),0% = (02,...,0%) € Xy, where

1
Ris = Rip(0t,0%) = Nzgilaiz

<N
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is called the overlap of the configurations o' and 2. Let h be a random variable and
(hi)i<n be iid. copies of h. Then the SK model with external field h possesses the
Hamiltonian,

<N

for o = (01,09,...,0n) € Xn and its Gibbs measure is defined as

Gy(o) = ZLN exp (—H(O‘) + Z hial) :

where Zy is a normalizing factor, called the partition function. Let us also define

1 1
py = Elog Zy = S Elog > exp (—H(U) +> hm) :

oeXy i<N

This quantity is usually called the free energy for the SK model in physics and its ther-
modynamic limit limy_., py can be computed by the Parisi formula described below.

Consider an integer k£ > 0 and numbers

m:my=0<m; < <my <myg =1

(1.1)

Q: 90 =0<q¢ < - < q@t1 < qr2 = 1.

It helps to think of the triplet k,m,q as a probability measure p on [0, 1] that has all
its mass concentrated at a finite number of points ¢i,..., g1 and p([0,q,]) = m, for
1 <p<k+1. Let z,..., 21 be independent Gaussian r.v.s with Ezg =& (gpt1) — & (qp)
for 0 < p < k+ 1. Starting with

Xpio = log cosh <h + Z zp> ,

0<p<k+1
we define by decreasing induction for 1 < p <k +1,
1
X, = —log B, expmpX, 1,
myp

where E, means the expectation on the r.v.s 2,, zp41,. .., Zk41. If m, = 0 for some p, we
define X, = E,X,;. Finally, we define X, = FX;. Set

k+1
Pe(m, ) =log2 + Xo — 3 > my(Blgy11) ~ 6(ay)). (12)

p=1

where 0(x) = z&'(z) —&(x). This quantity is the famous Guerra replica symmetry breaking
bound of k-th level [7] that yields a fundamental inequality, for every k, m,q,

PN < Pi(m, q). (1.3)



Let us define the Parisi functional on the space of all probability measures on [0, 1] con-
sisting of only a finite number of point masses by P(&, h, 1) = Pr(m, q) if p corresponds
to (k,m,q). We define P({, h) = infy m q Pr(m, q), where the infimum is over all choices
of (k,m,q) as above. Then the Parisi formula says that

This formula was first rigorously proven in Talagrand [13]. It is well-known [7] that the
Parisi functional is Lipschitz continuous with respect to the metric d(u, ') = fol |e([0, q])—
1 ([0, g])|dg. Thus, it can be extended continuously to the space of all probability measures
defined on [0, 1] and is denoted again by P(&, h, ). Then clearly limy_,o py = P(&,h) =
min P(&, h, 1), where the minimum is taken over all probability measures defined on [0, 1].
Any measure that achieves the minimum is called a Parisi measure. Heuristically, one
may think of the Parisi measure as the limiting distribution of the overlap.

We are now ready to formulate the disorder chaos problem in the SK model. Let
0 <t < 1. Suppose that H' = Hy and H? = H% are two centered Gaussian processes
having the same distribution as H and they are correlated in the following way;,

EH'(o')H?*(0?) = Nt&(Ry»). (1.4)

That is, we allow a portion 1 — ¢ of independence between two systems. Consider the
coupled Hamiltonian
~H'(o') — H*(o?) + Z hi(o} + o?)

<N

on Y%. Proceeding as before, we define its Gibbs measure by

, 1
GN (0'170'2) = Z_]’VeXp (—H1(0'1> — H2(a'2) _|_Zhl(0'11 +0'22)> ,

<N

where the normalizing factor Z is the partition function of this model. In the case of
t = 1, that is, H* = H? and G’y = G%?, the limiting distribution of the overlap under
G’y is known to be nontrivial in the low temperature regime. If 0 < ¢ < 1, the conjecture
of disorder chaos states that the overlap takes only essentially one value under G’y even
in the low temperature regime. The phenomenon of chaos itself was first conjectured by
Fisher and Huse [6]. Early discussion on the disorder chaos for the SK model can be
found in [3] and [9]. For further references in the physics literature, one may refer to [8].
However, the mathematically rigorous results have appeared only lately. In the absence
of external field, Chatterjee [4] recently confirmed this conjecture and discovered that the
overlap is concentrated at 0.

In the present work, we aim to prove that the disorder chaos conjecture also holds in
the presence of external field, i.e. Eh? # 0. Moreover, we find that when there is chaos,
the position of the overlap can be described by an equation, which is related to the Parisi
measure and can be formulated as follows. Suppose that p is a Parisi measure. Recall
that p minimizes the Parisi functional. We can approximate p weakly by a sequence of
en-stationary measures (u,,) satisfying P(&, h, u,) — P(&, h). Here, by e,,-stationarity, it
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means that the measure p, minimizes the k-th level Guerra replica symmetry breaking
bound for some k depending on n and P(&, h, u,) < P(&,h) + &,, where g, | 0 (see
Definition 3 below). This approximation is for technical purposes that has played a crucial
role in Talagrand’s proof on the Parisi formula [13] and will also be of great importance
in our argument. For a given (k,m,q) corresponding to pu, recall the definition of X
from (1.2). A very nice and useful fact about this quantity is that it can be computed as
E®(h,0), where @ : R x [0, 1] — R is the solution to the following PDE,

g_f; _ _£//§q> (g% + ([0, q)) (%i) ) , V(z,q) e Rx[0,1], (1.5)

with ®(x,1) = logcoshz. For each n, let ®, be the PDE solution (1.5) corresponding
to p,. From [14], we know that (®,) converges uniformly and we denote its limit by ®.
Moreover, [14] yields that the first partial derivative of ® with respect to x exists. From
this, for each fixed 0 < v < 1, we define

wo(u, t) :Eg—i(h+x1,v)g—i(h+xg,v) —u (1.6)
for all 0 <u <wvand 0 <t <1, where x; and y, are jointly Gaussian with Ex? = Ex3 =
¢'(v) and Exix2 = t&'(u) independent of h. The motivation of ¢, comes from the Guerra
replica symmetry breaking bound for the coupled free energy that will be explained in
great detail in Section 5 below. An important fact about the Parisi measure p in the
case of Fh? # 0 is that the smallest value ¢ of its support is positive. This is called the
positivity of the overlap (see Chapter 14 [17]). When v = ¢ and 0 < ¢ < 1, we are able to
determine the number of the solutions of ¢.(-,t) = 0.

Proposition 1. For each 0 <t < 1, there exists a unique u; in [0, c| such that p.(u,t) =
0. Moreover, p.(c,t) <0 for 0 <t <1 and p.(c,1) =0.

Now, the quantitative result of the disorder chaos in the SK model is stated as follows.

Theorem 1. Suppose that 0 < t < 1 and Eh?> > 0. Then the SK model has disorder
chaos, namely, for any € > 0, the following holds

EGy ({(e',0%) : |Rip —w| >¢c}) < Kexp (—%) : (1.7)

where K is a constant depending on t,&, h, e, and p.

A consequence of Theorem 1 is that even though we do not know that the Parisi
measure 4 is unique, the quantity u; is independent of the choice of p. However, the
convergence rate K in (1.7) does depend on p. In [14] and [15], other types of chaos
problems in the SK model are also proposed, such as, chaos in temperature and chaos in
external field. Again, the rigorous results are still scarce. Theorem 1 is the first result
in chaos problems of any kind in the SK model with external field. To the best of our
knowledge, the only other two instances of chaos problems in spin glasses are in the work
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of Chatterjee [4], who proved chaos in disorder in the SK model without external field
and in the work of Panchenko and Talagrand [10], who established chaos in external field
in the spherical SK model.

The approach of the present paper is motivated by Talagrand’s proof on the positivity
of the overlap in the SK model, see Section 14.12 [17]. We also refer to a sketch of
a possible proof for the disorder chaos problem discussed in Research Problem 15.7.14.
[17]. However, it is by no means clear how to implement these approaches properly that
contain several technical issues and require some new ideas. Here is our main result.

Proposition 2. Let 0 < t < 1 and Eh®> > 0. For € > 0, there exists some €* > 0 such
that

_ 1 11 2/ 2 1, 2
PN = NElog Z exp (—H (') — H*(o )—i—Zhi(oi +0;)

<N

(1.8)

Ry o=u

< 2P(&,h) — "
for all u satisfying |u — uy| > €, where €* is a constant depending on t,&, h,e, and p.

As an immediate consequence of the Gaussian concentration of measure phenomenon
(see Theorem 13.4.3 in [17] and also the argument for the positivity of the overlap on
page 449 of [17]), Theorem 1 follows from Proposition 2. Let us continue by giving a
brief description of how we proceed to prove Proposition 2. The approach for proving
(1.8) is based on the Guerra replica symmetry breaking bound that was firstly used for
the coupled system in [13]. We divide our discussion into three cases: —1 < u < 0,
0<u<d,and ¢ <wu <1, where ¢ satisfies ¢ > ¢ and is very close to c. In the presence
of external field, we adapt a similar argument as Talagrand’s proof on the positivity of
the overlap (see Section 14.12 in [17]) to conclude (1.8) for —1 < u < 0. In the case that
0 <wu < /¢, if there is chaos, the system should exhibit “high temperature behavior” and
uy should be determined by an equation related to the Parisi measure as is the case of the
original SK model in the high temperature regime, see Chapter 2 in [16]. This observation
then leads to (1.8). The most difficult part of our study is the case when ¢ < u < 1. We
establish an iterative inequality, which is very sensitive to the parameter ¢. From the
construction of the Parisi measure, we are able to find parameters such that (1.8) holds
even in the absence of external field.

The paper is organized as follows. Throughout the paper, we denote by E the expec-
tation with respect to all randomness and we assume that the external field h satisfies
Eh? > 0 and every Gaussian 1.v. is centered. In Section 2, we first give the formulation of
an extended version of Guerra’s replica symmetry breaking bound and explain why this
is applicable to our study. We then continue to carry out the core of the proof of Propo-
sition 2. In Section 3, we state some results that help to control Guerra’s bound. Most
of their proofs can be found in [17]. Section 4 is devoted to proving (1.8) for —1 < u <0
based on the same argument as Section 14.12 in [17]. In Section 5, we study how Guerra’s
bound relates to the definition of ¢, and give the proof of Proposition 1. Together they
imply (1.8) for 0 < u < . Finally, we develop an iterative inequality and prove (1.8) for
¢ <wu <1 in Section 6.



2 Methodology

Let us first state an extension of the Guerra replica symmetry breaking bound. Suppose
that —1 < u < 1 and n € {—1,+1} satisfies u = nju|. For a given integer k > 1, we
consider numbers

1<7<Kk,7€N

ngp=0<n <---<ng1<n,=1 (2.1)

pp=0<p < <p-=luf<p << pe =1

For 0 < p < Kk, suppose that we are given independent pairs of jointly Gaussian r.v.s
(y;,yg) with
E(y;)Z = E(y;)Q = f/(PpH) - fl(Pp)
such that
Byyy, = nt(€ (pp1) — €' (pp)) iEO<p <7
and

y, and y?2 are independent if 7 < p < k.

These r.v.s are independent of h. For our convenience, from now on, we set sh(z) = sinh z,
ch(z) = coshz, and th(z) = tanhx. Let A be any real number. Starting with

Y11 = log (ch (h + Z y;) ch <h + Z yﬁ) chA

0<p<k 0<p<k
+sh <h+ > y,i) sh <h+ > yﬁ) sh)\>,
0<p<k 0<p<k

we define by decreasing induction for p > 1,
1
Y, = —log B, expn,Y, i1,
Tp

where E, denotes expectation in the r.v.s 2 for n > p. In the case of n, = 0 for some p,
we set Y, = E,Y,11. Finally, we define Y, = EY].

Theorem 2. We have

PNu < 2log2 + Yy — Au— (1 + t) Z np<9<pp+1) - 9(/)17))

0<p<t

= > 1 (0(ppi1) — 0pp)).-

TSPk

(2.2)

Recalling Guerra’s original bound (1.3), (2.2) is a kind of two dimensional extension.
Its proof is essentially the same as that of Proposition 14.12.4 [17] and a more generalized
version can be found in Section 15.7 [17]. One might have already observed that from the
definition of py,, and (1.3), py. < 2py < 2Pk(m, q) for any k, m, q. Before we proceed
to state our main results in this section, let us illustrate that for any given k£, m, q, we can
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find parameters (2.1) such that the right-hand side of (2.2) is equal to 2P, (m, q). This
recovers the inequality py, < 2Pr(m,q). To do this, let k, m, q satisfy (1.1) and 7 with
1 <7 <k + 2 satistying

qr—1 S |U| S qr-

Without loss of generality, we may assume that |u| is in the list of q. Indeed, we can
always consider a new triplet £+ 1, m’, @' obtained by inserting |u| into q and keeping m
fixed in the following way:
m’:m;:mp forO0<p<7—-1,mp 1 ifp=r,andmy_; f7+1<p<k+2
d:¢=qfor0<p<7—1|ulifp=r7,and g1 for 7 +1 < p <k +3.

Then |u| is in the list of @' and from (1.2), one can easily check that Pr(m,q) =
Prr1(m’,q’). Let us notice that this concept, though simple, will simplify many of our
future discussions.

We specify the following values for (2.1) :

k=k+1
np:1n_l|_ptif0§p<7'andmpif7'§p§/{ (2.3)

pp=1qp for 0 <p<rk+1.

Let A = 0. From Theorem 2, it follows that

PN < 2log2 + Y, — Z My (0(qpr1) — 0(gp))-

0<p<k+1

Let Y3, Y3, - - - Ypsr, Ypyq be jointly Gaussian r.v.s defined in Theorem 2 and be inde-
pendent of h. For 7 = 1,2, we define (Xg)0§p§k+2 in the same way as (X,)o<p<it2 by
using k, m,q, and (yl‘];)ogpgk+1. Since y; and yg are independent of each other for each
7 <p<k+1,it implies Y; = X! + X2. To bound Y; from above, we need the following
lemma, which can be proven by following the same idea as Proposition 12 in Section 6
below and is left to the reader.

Lemma 1. Suppose that n is a constant which takes value 1 or —1. Consider two jointly
Gaussian r.v.s y, and yo such that Ey? = Ey3 and Eyyy, = ntEyi. Consider two functions
Fy and Fs such that their first four derivatives are uniformly bounded. Then for any values
of x1,x9 and m > 0 we have

1+¢ m
log —_—
og eXp1+t

1
(Fi(x1 +v1) + Fa(za +y2)) < Z - log EexpmFj(z; +y;). (2.4)
j=1,2

Since y, and y satisfy Eyy2 = ntE(y,)* = ntE(y)? for 0 < p < 7, using (2.4)
and decreasing induction, Yy < X! + X2 = 2Xj. Hence, we conclude that for any given
numbers k, m,q, we can find parameters (2.1) such that Py(m,q) can be recovered by
the right-hand side of (2.2), i.e. pn, < 2Pk(m,q). Now, to prove Proposition 2, we have
to find suitable parameters (2.1) for Guerra’s bound. It turns out that this can be done
and leads to the following three crucial propositions. First, we have the following result.
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Proposition 3. For 0 <t <1, there exists a number €* < 0 depending only on t, &, and
h such that for every uw <0, py, < 2P(&,h) —e*.

This proposition means that the overlap takes essentially nonnegative values, which
is mainly due to the presence of external field, i.e. Eh? # 0. Let pu be the Parisi measure
and ¢ be the smallest value of its support. Recall the definition of ¢,(u,t) corresponding
to p from (1.6). Two crucial facts about Yy that will be derived in Sections 3 and 5 below
are that for arbitrary choice of (2.1), the second partial derivative of Yy with respect to A
is bounded by 1 and if we choose (2.1) properly, the first partial derivative of Yy at A =0
roughly gives the formulation of .. From Guerra’s bound and these facts, they imply
our next proposition.

Proposition 4. For 0 <u <cand 0 <t <1 we have

prva < 2P(E ) — Spelu, ) (2.5)

If0 <t < 1, then there exists a v > 0 depending on the Parisi measure ju and t such that

v < 2P(E, ) — 1—16%(0, P2 (2.6)

for every c <u < c+ .

At last, we investigate the upper bound for py, when u > ¢ for some fixed ¢’ > c.
This strongly relies on the assumption that these two SK models use different disorders,
i.,e. 0 <t < 1. Our main result is stated as follows.

Proposition 5. Suppose that 0 <t < 1 and ¢ < ¢ < 1. Then there exists £* > 0 such
that pn,, < 2P(&,h) —e* for every ¢ < u <1, where ¢* depends only on t,&,h,c.

These propositions are the main ingredients of the proof of Proposition 2 and their
proofs are deferred to Section 4, 5, and 6, respectively. Now, let us proceed to prove
Proposition 2.

Proof of Proposition 2 : Let 0 < ¢ < 1 be fixed. From Proposition 3, there exists €}
depending only on ¢, £, and h such that for every —1 < u <0,

Now, for given € > 0, we set
1
€5 = §min{<pc(w,t)2 0<w<e, |[w—uw|>e}.

Since u; is the unique solution of ¢.(-, ) in [0,c|, it follows that 5 > 0 and from (2.5),

whenever 0 < u < ¢ and |u — u;| > €. Since we also know ¢.(c,t) < 0, from (2.6), there
exists some v > 0 depending only on p and ¢ such that



for every ¢ < u < ¢+, where € = p.(c,t)?/16 > 0. Let us put ¢ = ¢+ in Proposition
5. Then there exists € > 0 depending only on ¢,&, h, ¢ such that

whenever ¢ < u < 1. Finally, we obtain (1.8) by combining (2.7), (2.8), (2.9), and (2.10)
together and letting €* = min (e}, €5, €5, ¢5) . O

3 Preliminary Results

Let k,m, q be given by (1.1). Suppose that (2,)o<p<i+1 are independent Gaussian r.v.s
with Bz} = & (gp1) — &'(gp). Starting with Ay o(z) = log chz, we define

1
Ay(x) = p— log EexpmyApii(z + 2,) (3.1)
P

for 0 <p<k+1. If my, =0, we define A,(x) = EA,+1(z + 2,). Recall X, from (1.2). It

should be clear that
X, =4, <h+ Z zn)

0<n<p

for every 1 < p < k+2 and Xy = EAy(h). Since we will be working with (A,)o<p<kt2 for
much of the remainder of this paper, we summarize some quantitative results in Lemma
2.

Lemma 2. For every 0 < p < k + 2, we have
Ay(z) = Ap(—x), |A| <1 1 < A(x) <min (1 o
b b TP Cch®r TP T "chiz )’

3 4)
AP <4, 1AW] <8,

(3.2)

where C' 1s a constant depending only on &.

Proof. The Poisson-Dirichlet cascade was of great importance in the study of the random
energy model and generalized random energy model in [5], [11] and was put forward to the
SK model in particular in [1], [2]. Following similar ideas in these works, it is known from
Theorem 14.2.1 [17] that A, has a very beautiful representation via the Poisson-Dirichlet
cascade (see (3.3) below). Our argument will be started with such representation and
is concentrated on the inequality A7(z) < C(ch?*z)~'. For the other statements, one
may refer to Lemma 14.7.16 [17]. Since A, is an even function, it suffices to prove that
Al (r) < Cexp(—27) for all z > 0. Let 7, > 1 be the smallest integer with m,, > 0 and
Ty < k be the largest integer with m,, < 1. Suppose for the moment that there exists
C1 > 0 such that A7(x) < Cpexp(—2z) for all z > 0 and 71 < p < 7. By definition of
Ay, for all z > 0 and 0 < p < 79, we have that

Ay(x) = EA, (a: + Z zn>

p<n<Ty
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and then

Al(x) = BEAY (az’ - Z zn>

p<n<Ty

< 2C4 exp(—2z)Ech (2 Z zn>

p<n<Ty

=20y exp (2(€'(¢n) — €'(gp))) exp(—2);

forall z > 0 and 7, < p < k + 2, it is easy to see that

A,(z) = log Ech (:c + Y zn> = log chz + %(5’(1) —&'(ap))

p<n<k+2
and so AY(z) = (ch’z)~! < Cy exp(—2x) for some constant Cp > 0. If we set
C = max (Cy, 2C; exp(2£'(1))),

then A7(z) < Cexp(—2z) for all # > 0 and 0 < p < k + 2. So in the following, we may
assume, without loss of generality, that 0 < my,m; < 1 and 1 < p < k. Also, from the
discussion right below Theorem 2, we may let 0 < m; < mg < --- <my < 1.

For p’ with p < p" < k and jp, jp+1,-- -, Jy-1 € N, we consider a non-increasing rear-
rangement (w,,,,..j,,_,j)jen of a Poisson point process of intensity measure ™ .
All of these are independent of each other. For a = (i, jpt1, - - - Jx) € N¥T7P we set

* P . . . .« .. . . .
Uy = ququJp+1 quJerl---Jk

and

Vo =
2,1
This family of random weights is called the Poisson-Dirichlet cascade associated with the

sequence 0 < my, < myyq < --- < my < 1. For each p’ with p < p’ <k, let us consider a
sequence of independent copies of z,,

(Zplszsz+1 »'“7jp/ )jp»jp+17~--’jp/ €N-

These sequences are independent of each other and of (u;,j,.,.j, ,j)jen for p < p' <k

and Jjp, jpr1, - -+, Jp—1 € N. To simplify the notation, for a = (jp, jpi1,--.,jk) € NFFP,
we write

Zplva = Zp,vjp7jp+lv--'7jp/'

Then from Theorem 14.2.1 [17],

Ay(e) = Blog Y vach (2 4 2) + 5(€(1) € i) (33)
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where

Taking derivatives, we obtain

v > o Vash(z + 24) 2
Aw)=1-F (Za Voch(z + za))
B Yo Valch(z + z4) — shz + z,))
=£ < > o Vach(z + 24)
DaValch(z + z4) +sh(z + za))>
Y o Vach(z + z4)
Y o VaeXP(—2q)
=2E (Za Vach(z + za)) exp(—2)
< 4E (Za Vo €XP(—24)

Y o Va €XP(24)

)exp(—2xx

where the first inequality holds since chy — shy = exp(—y) and |shy| < chy, while the
second inequality follows from 2chy > expy. Let us now turn to the computation of this

quantity
Yy = FE (Za Yo eXp(_Z‘“)) .
Set F(Tp, @pi1,. -5 0k) = 2 g Ty 0T (Tp, Tpya, . wk) € RF1=P For o € NF+1-P,

define the random variables

F(a)=F(zpa,---»2%ka)
U(a) = exp(—2F(a)).

Then we can write

U F
= LateUl@)expFla) (3.4)
Za Vo €XP F(O[)
Starting from
Fk—i—l = F(Zp, Zp-i—la Ce 7Zk);

we define by decreasing induction for p < p’ <k,
1
Fy = —log By expmy Fpyyq,
My

where E), means the expectation with respect to the r.v.s 2z, 211, .. ., 2. We also define
for p < p/ <k,
Wp/ = exXp mp/<Fp/+1 — Fp/).

From formula (14.27) in [17], (3.4) can be computed as

Vo = EW,Wyi1 - Wiexp (—2F;41) (3.5)
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Using the independence of 2, 2,41, ..., 2k, it is easy to compute that

p'—1

Therefore, we obtain

Wy = exp (2, — 2 € )~ €1a))

and from (3.5), this implies

v = Eexp (Z( = 2)2y — = Zm "(qp41) fl(Qp’)))

p'=p

= exp (% Z ((mp/ — 2)2 — m;/) (5/(Qp’+1) - €I(Qp’)>>

p'=p

= exp (22 (1 —my) (& (gp41) — §(QP’))>

< exp(2¢'(1)).
Finally, we are done by letting C' = 4 exp(2¢/(1)). O
As a consequence of Lemma 2, we have the following lemma.

Lemma 3. There exists a number M depending only on & and h such that for every
0<p<k+2

1

EAL(h+x)A,(h+xz) = -7 (3.6)
1
EA(h+x1) Ay (h+x2) 2 7 (3.7)

where X', X5, X1, X5 are jointly Gaussian r.v.s with the same variance £'(q,) and Ex| x5 =
0 independent of h.

Proof. The first inequality is Lemma 14.12.8 [17] and from there, a similar argument
yields the second inequality. O

Recall that the external field A in this paper is always assumed to satisfy Eh? > 0.
Based on this assumption, we set up the definition for the Parisi measure.

Definition 1. Given € > 0 we say that k, m, q satisfy condition MIN(e) if the following
occurs. First, the sequences

m = (Mg, My, ..., My, Mii1)
q

= (QO, qiy- -5 qk+1, Qk+2)
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satisfy

mo=0<mg <---<mp <mgy =1
q0:0<q1<---<qk+1<qk+2:1.
In addition,
Pr(m,q) <P(Eh) +e

and
Pr(m, q) realizes the minimum of Py over all choices of m and q.

Definition 2. Suppose that p is a probability measure associated to k, m,q. Then we say
that p is e-stationary for some € > 0 if k,m, q satisfy condition MIN(g).

Let us note from Lemma 14.5.5 [17] that for any given ¢ > 0, we can find an e-
stationary measure p associated to some k£, m, k.

Definition 3. We say that a probability measure u is a Parisi measure (corresponding
to the function & and external field h) if there exist a sequence (g,) with e, L 0 and a
sequence of probability measures (u,) such that the following two conditions hold:

L 1S Ep-Stationary,

w is the limit of ().

Definition 1 is the same as Definition 14.5.3. [17], while our definition of the station-
arity in Definition 2 is stronger than that in Definition 14.11.4. [17]. This is for technical
purposes and it should be clear that under these assumptions, our future arguments are
still valid.

Lemma 4. Suppose h # 0 and k,q, m satisfy condition MIN(g). Then for 1 <p <k-+1
EWy-- Wy 1 A(G) = g
€" () EW - W1 AY(Gp)? < 1+ MeYS,
where Gy =h+ 3 ., ., %n and
Wy = expmp(Api1(Gpin) — Ap(Gp)) = exprmy(Xp1 — Xp).
Here, M s a constant depending only on & and h.
Proof. These results are (14.222) and (14.461) in [17]. O

At the end of this section, we will find a manageable bound for py,, via Guerra’s bound.
Recall that the right-hand side of (2.2) depends on (2.1). If we keep every parameter
but A fixed, then it is a quantity depending only on A, and for clarity, we denote it
by a(A). For the same reason, we also think of Y as a function of . Recall the r.v.s
(4))o<p<r,j=1,2 defined in Theorem 2. Suppose that (y,)o<p<x are independent Gaussian
r.v.s with E(y,)? = & (pps1) — &' (pp) for 0 < p < k. Starting with

Dyy1(z) = log chz,

13



we define D, for 0 < p < k by decreasing induction :
o log B expny, Dy (2 + ), if 7 <p<r,
Dp(x) = . '
(+t)n, log By exp(1 +t)n,Dpyi(z +y,), if0<p<rT,

where E, means the expectation with respect to y, for p <n < k. If n, = 0 for some p,
then we define D,(z) = E,Dpi1(x +y,). For j=1,2and 1 < p <k +1, set

G=h+ D u
0<n<p

Proposition 6. Ifn, = 0 for every 0 < p < 7, then

Yy(0) = ED,(¢Y) + ED,(C2) (3.10)
Y5(0) = EDL(G) DL (G). (3.11)

For the second derivative of Yy, we have for every A,
0<Yy(\) < 1. (3.12)

Proof. The proofs of (3.10) and (3.11) are essentially the same as that of the part b) of
Proposition 14.6.4 [17]. Also, (3.12) and Lemma 14.6.5 [17] have the same proof. O

Corollary 1. We have

pva < infa(d) < a(0) — 5a'(0)" (3.13)

Proof. This is an immediate consequence of (3.12). O

Let us remark here that (3.13) helps us in at least two ways: First, it reduces the
difficulty of choosing parameters since we do not have to choose A now. Second, this
inequality gives us a reasonable way to choose parameters. Roughly speaking, in many
cases, we choose parameters in such a way that the quantity «(0) is very close to P(&, h),
while the term o/(0)?/2 is the error that we expect to obtain on the right-hand side of
(1.8).

4 Proof of Proposition 3

This section is devoted to proving Proposition 3. Our approach is based on Talagrand’s
proof of the positivity of the overlap in Section 14.12 [17]. Suppose that u = —v for
0 <wv < 1. Proposition 3 relies on the following two results:

Proposition 7. There exists 6 > 0 and g9 > 0 depending only on & and h with the
following property. Whenever we can find k, m,q that satisfy condition MIN(gy) and for
an integer s with 1 < s < k+1,

ms—1 <0 and qgs > v — 0,
then we can find parameters in (2.2) such that py. < 2P(§,h) —1/M, where M depends
only on & and h.
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Proposition 8. Consider 6 as in Proposition 7. Then we can find ¢, > 0 with the
following property. Whenever we can find k,m,q such that Py(m,q) < P({,h) + &1 and
an integer s with 1 < s < k+1,

ms >0 and g, < v — 0,

then we can find parameters in (2.2) such that py, < 2P(&,h) — 1/M, where M depends
only on & and h.

Proof of Proposition 3 : Let v > 0. Consider d, £ as in Proposition 7 and &; as
in Proposition 8. Suppose that k,m, q is a triplet satisfying MIN(min(eg, £1)). Here, the
existence of such k,m,q is ensured by Lemma 14.5.5 [17]. Let 1 < s < k + 1 be the
largest integer such that m, 1 < 9. If ¢ > v — 9, we apply Proposition 7. Otherwise we
have g < v —90. If s = k+ 1, then my = mp,y =1 > 6. If s < k+ 1, then from the
definition of s, m, > 4. In both cases, we conclude Proposition 3 by using Proposition 8
and we are done. 0

Note that since the proof of Proposition 8 is essentially the same as that of Proposition
5, we defer it to Section 6. Now we turn to the proof of Proposition 7 and proceed with
the following lemma:

Lemma 5. Suppose that A : R — R has uniformly bounded first and second deriva-
tives. Consider two independent pairs of jointly Gaussian r.v.s (x1, x2) and (X}, x5), all
of variance a, and a standard Gaussian r.v. x. These r.v.s are independent of h. Then
we have

|EA'(h+ x1)A'(h + x2) — EA' (h 4+ X)) A" (h + x5)|
< |Exix2 — EXIXG| EA"(h+ xva).

Proof. This is a typical application of the Gaussian interpolation technique and the
Cauchy-Schwarz inequality. For details, one may refer to Lemma 14.9.5 [17]. H

(4.1)

Suppose that k, m, q is a triplet satisfying MIN(e). Based on our discussion in Section
2, we may assume, without loss of generality, that v = ¢, for some a. The only thing
we have to keep in mind is that when using (3.9), we will not be able to use the value
p = a. From the assumption that ¢, > v — d, we divide our discussion into two cases
v—0<qgs <wvand g, >v. First, let us proceed with the case that for an integer s with
1<s<k+1,

me1 <dand v—9 <q, <w. (4.2)

Note that s < a. We consider the following numbers

T=1
k=k+2—a
(4.3)
ng = 0,11 = Mg, N2 = Mgy1, N = Mgy = 1
Po=0,p1 =V =0qa, P2 = Gat1," " s Prt+1 = Qy2 = L.

and apply (4.3) to Theorem 2. Recall that we use a to denote the right-hand side of (2.2).
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Lemma 6. Assuming (4.2) and (4.3), we have
a(0) < 2Px(m,q) + Mo. (4.4)

Proof. The proof is the essentially the same as that of Lemma 14.12.7 in [17]. ]

In view of (3.13) and (4.4), our goal is then to bound &/(0) from below. Proposition
6 implies that D;(z) = A,(z) and so

' (0) = EAL(h+ x1) Ay (h + x2) + v, (4.5)

where x; and Yy are Gaussian with F(x;)? = F(x2)* = ¢(v) and Exi1x2 = —t&'(v)
independent of h. Consider two independent Gaussian r.v.s x} and x, with F(x})? =
E(x4)? = ¢(v) independent of h. By using (4.1),

EAL(h+ x1)AL(h + x2)
> EA,(h+x0)Au(h +x3) — 18/ (0) EAL(h 4+ Xx/€' (v

where x is standard Gaussian independent of h. Since £'(v) < v€”(v), it follows that from
(15),

o' (0) > BA (h+ x})AL(h+X}) + v (1 " () EA"(h + x\/E( 2)

_EA’(h+X1)A’(h+x2)+v(1—t)+tv( — &"(W)EA"(h + x/E()) > o)
To use (4.6), we have to bound the quantity
&' (V) EAL(h + x /€ (v))
from above. The starting point of the proof is that from (3.9),
& (g ) EWy - W1 AL(G)? < 1+ Me'®, (4.7)

where ¢, = h + Zogn<p 2y and W), = expmy,(Ap1(Gpr1) — Ap(Gp)).

Lemma 7. Assuming (4.2), there ezists g > 0 depending only on & and h such that when
0 < &g, we have

€' (V) EAL(h+ x /€ (0)* < €"(a) EW1 - Wi AY(G)? + MV, (4.8)
Proof. This is Lemma 14.12.9 in [17]. O

As a conclusion, by assuming (4.2) and using (4.3), we see that (3.6), (4.6), (4.7), and
(4.8) together imply

o' (0) > % — MeYS — MV§ (4.9)
for 6 < dy.
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Next, let us consider the other case that for some 1 < s <k + 1,
me_1 <6 and ¢, > v = q,. (4.10)

Since g1 > qo > v — 0 and m, < ms_1 < 0§, we may assume, without loss of generality,
that s = a + 1. Consider the following numbers

T=1
k=k+2—a
(4.11)
ng = 0,n1 = 0,n2 = May1, -+, = My =1
po = 0,01 =V = Ga; P2 = Qat1, " 5 Prt1 = Q2 = 1
and apply (4.11) to (2.2).
Lemma 8. Assuming (4.10) and (4.11), we have
a(0) < 2Py (m, q) + M. (4.12)
Proof. A similar proof as Lemma 6 yields the announced statement. O]

Again, our goal is to bound o/(0) from below. From (3.11), we have Dy(z) = Ayi1()
and then

o'(0) = EA, 1 (h+ x1)A, 1 (h+ x2) + v, (4.13)

where x; and o are jointly Gaussian with E(x1)? = F(x2)? = &(¢uy1) and Exix2 =
—t¢'(v) independent of h. Let x} and x4 be two independent Gaussian r.v.s with E(x})* =
E(x5)? = €(qa11) independent of h. Using (4.1), we obtain

EA;H(h + Xl)A;H(h + XQ)
> EA,  (h+ XDA 0 (h+x5) =t (0)EAY L (h+ x/E(gat))?,

where x is standard Gaussian independent of h. Let us apply p = a + 1 to (3.9) and use
the fact ¢,11 > v. Then we have

(4.14)

(W) EW -+ Wo Ay (Car1)” < € (dart) EWL -+ WaAG ) (Carr)”

<1+ Me's, (4.15)

Lemma 9. Assuming (4.10), we have
E[W, W, — 1| < Ms. (4.16)
Proof. One can find the proof from Lemma 14.12.9. [17]. O
Using (4.16) and EAY, | (Cat1)* = EAL  (h+X /& (¢at1))?, it follows that from (4.15),
" (W) BAL (h+XVE (gar1)® <1+ M5+ M/ (4.17)
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and from (3.6), (4.13), (4.14), (4.17), and &'(v) < v€”(v), we then have
a/(0) > BAL (B + X)) Au 1 (B + x5) + v — t€ (0) EAT 1 (h + X V€ (da+1))?

1
> To(l =1+t (1 —&"(WEAG L (b + xv€’(Qa+1))2> (4.18)
1
> — — M§ — Me'/S.
= €
Proof of Proposition 7 : First we complete the proof for the case (4.2). Let M; be
the constant obtained from (4.4) and (4.9) and assume, without loss of generality, that

M; > 1 and 1/16M; < 6g. Set 6 = 1/16M. If € < & = (1/4M?)5, (4.9) implies

1 M M 1
Q0)> — - =
M,  4MZ 4ME T 20,

and combining this with (4.4) yields

1 1
inf <2 M — —— <2 280 — ——.
Letting €g be sufficiently small completes our proof of this case. For the second case (4.10),
using (4.18) and Lemma 8, we may argue similarly to obtain the announced result. [

5 Proofs of Propositions 1 and 4

For given 0 < v < 1, recall the definition of ¢, from (1.6). In this section, we first
study how the Guerra bound relates to ¢, and then study some of its basic properties to
conclude Propositions 1 and 4.

Let k, m, q be given by (1.1). Suppose that u is the probability measure associated to
k,m,q and @ is the corresponding solution of (1.5). Recall the definition of (A,)o<p<i+2
from (3.1). Then ® and (A,)o<p<k+2 can be related in the following way. Let (g,)o<p<it1
be i.i.d. standard Gaussian r.v.s. For ¢ € [0, 1], we have that ®(z,1) = Agio(z) if ¢ =1
and

1
®(z,q) = —log EexpmyApis (w + gp\/£’(qp+1) - f’(q))

P

if g, < q < gpq1 for some 0 < p < k + 1. In particular, for 0 <p < k + 2,
D(a,q,) = Ayla). (5.1)

For fixed w and v with 0 <u < v < 1, we suppose q, < v < @uy1 for some 0 <a < k+1
and consider numbers

T=1
k=k+3—a

(5.2)
ng = 0,n1 = 0,n9 = Mg, N3 = Mgp1, - Ny = My = 1

po=0,p1 =U,p2 =0V,03 = qat1," ", Put+1 = Q2 = 1.
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Let us apply (5.2) to (2.1) and recall that we use a(A) to denote the right-hand side of
(2.2). Recall that c¢ is the smallest value of the support of the Parisi measure. Since
Eh? # 0, the positivity of the overlap implies ¢ > 0.

Lemma 10. For 0 < < ¢, we have
a(0) < 2Py(m, q) + p([0, ¢ = 0))0(1) + (6(v) — O(c —9)). . (5.3)

The deriwative of o at O can be computed as

s 0P 0D
a'(0) = EG_J:(}H_ Xl,U>%(h+X2,U) —u, (5.4)

where x1 and X are two Gaussian r.v.s with E(x1)* = E(x2)* = &'(v) and Ex1x2 = t&'(u)
independent of h.

Proof. Without loss of generality, we may assume that v = ¢, and © = ¢, with 0 < b < a.
Let us write

> 0(ppr) = 0(pp)) = > mp(0(gper) — 0(qy))

1<p<r a<p<k+1

= Y mp(Bgpsr) — 0(g)) — C,

1<p<k+1

where

C= Z my, (0(gp+1) — 0(qp)) -

1<p<a-1
If g, < c¢c— 6, then
C<max{m, g <=0} S (Blapr) — 0(g)) < s ([0, — 3)) O(1);
0<p<a-1
if g, > ¢ — 6, then

C <max{m, :¢q, <c—0d} Z (0(gp+1) — 0(gp))

0<p<a—1

+ Y O(gp) — O(gp)

0<p<a—1l:gp>c—9

< 1 ([0,¢ — 8]) 6(1) + 6(v) — O(c — 9).

So (5.3) holds. From (3.10), we have Dy(x) = A,(x) and then Yy = 2EA, (h + x) , where
x is Gaussian with Ex? = ¢/(q,). Since x has the same distribution as > 0<p<a Zpy fTom
Jensen’s inequality, A,(z) > EA,.1(x + 2,) and iterating this inequality implies

EA, <h+ > zp> < EAy(h).

0<p<a
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So Yy < 2EAp(h) = 2X and this together with (5.5) yields (5.3). Next, using (3.11) and
(5.1), we obtain

Y5(0) = EAL(h + x1) A (h + X2)
0o

0P
= E%(h + Xl,qa)%(h + X?)Qd)v

where x; and x» are jointly Gaussian with E(x1)? = E(x2)? = £(q,) and Ex1x2 = t&'(q)
independent of h. This completes our proof.
]

Now, suppose that p is a Parisi measure and c is the smallest value of its support.
By Definition 3, px is the limit of a sequence of &,-stationary measures (u,) such that
P&, h, pn) — P(E, h). By Definition 2, for each p,, there exist k£, m, q satisfying MIN(e,,).
Here, to clarify notation, we keep the dependence of k, m,q, and €, on n implicit. For
u and v satisfying 0 < u < v < 1, we consider numbers (5.2) associated to u,v, and g,
and we use «, to denote the right-hand side of (2.2). Suppose that ®,, is the solution of
(1.5) associated to p,. Recall that we define ® as the uniform limit of (®,). An argument
similar to the proof of Theorem 3.2 [14] implies that in the sense of uniform convergence,

0'd . 0D,

- — 111N .
0rt n—oo Oxt

on R x [0,1] for : = 1,2, 3.

Proposition 9. For any u and v satisfying 0 < u < v < 1, we have

limsup a,,(0) < 2P(&, h) + (0(v) — 6(c))+ (5.6)
and
) , 0P 0P
,}E{)‘O%@ = E%<h+X1’U>8_x(h+X2’U) —u, (5.7)

where x1 and xo are jointly Gaussian with E(x1)? = E(x2)? = £ (v) and Exixs = t&'(u)
independent of h.

Proof. Using (5.3), we have for 0 < § < ¢,
lim sup a, (0) < 2P (&, h) + lim sup p, ([0,¢ — 0]) (1) + (6(v) — O(c — 0))+

n—00 n—oo
=2P(&,h) + (0(v) — b(c = 0))+
and this implies (5.6) by letting ¢ tend to zero. For (5.7), we use (5.4). O

Let us now turn to the study of some basic properties of .. Recall from (1.6) and
(5.7), for fixed 0 < v < 1, ¢, is defined by

n—oo
for 0 <u <wvand 0<t<1, where x; and Y, are jointly Gaussian r.v.s with E(x;)? =
E(x2)? = &(v) and Ex;x2 = t&(u) independent of h. For given k,m,q, let us recall the
definition of (A,)o<p<i+2 from (3.1). We also recall the definitions of (W),)1<p<k+1 and
(Cp)1<p<k+1 from Lemma 4. Let us proceed with the following lemmas.
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Lemma 11. Let ¢ > 0 and 0 < 6 < c. Suppose that | and ' are fixed integers with
1<I<U<k+1 Ifm, <e for every 1 <p <1l—1, then

E|W1WQI/VZ,1—1| SM€ (58)
If c — 0 < q, < qv for every l <p <, then
EW1W2 c 'VVI,JWIVVI+1 R "/Vl/,1 — 1| S M\/ qu — c+ d. (59)

Here, M depends only on & and h.

Proof. Similar arguments as (14.468) and (14.469) in [17] will yield the announced results
immediately. [

Lemma 12. We have

E (g—i(h +y @)2 _ (5.10)
¢OF (Gan+ x,c>)2 <1, (5.11)

where x denotes a Gaussian r.v. with Ex* = £'(c).

Proof. Recall that each u, corresponds to k,m,q, and €. Since 0 < ¢ < 1, for each n
there exists some 0 < s < k + 1 such that ¢, < ¢ < gsy1. Let us first claim that

lim E|Wy--- W1 —1] =0 (5.12)
n—oo
and if lim,,_,, ¢s11 = ¢, then we further have

lim E|W;-- W, — 1] = 0. (5.13)
n—oo

Let 0 < 0 < ¢ be fixed. Suppose that 1 < [ < s+ 1 is the largest integer such that
q—1 < ¢ — 9. Since lim,, o pn ([0, ¢ — 6]) = 0, we have that for large n, m, < ¢ for every
0<p<Il—1. Using (5.8),

E|W1W2"'VVZ_1—1| S Me. (514)
On the other hand, since ¢ — 6 < g, < ¢ < gs41 for I <p <'s, using (5.9), we also get

EW1W2"'M/Z—1|M/IVVZ+1”'WS—1—1| SM\/QS—C+5§M\/S (5'15>

and

EW1W2 . 'VVZ,1 ’mm+1 B 'WS — 1| S M\/q3+1 —Cc+ 0. (516)
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Using the triangle inequality, (5.14), and (5.15), it follows that
limsup E |[WiWy - We_q — 1| <limsup EW Wy - Wiy [WiWiq - Weq — 1

n—0o0 n—o0

+ limsup E|W Wy --- Wiy — 1|

n—oo

< lim MV§ + Me

n—oo

= MV3.

Similarly, if lim,,_,~ gs4+1 = ¢, using the triangle inequality, (5.14), and (5.16), we obtain
limsup E |[WiWy - W, — 1| < limsup EW Wy - - Wi E [WW -+ Wy — 1

n—oo n—oo

+ limsup E|W Wy --- W,y — 1|

n—oo
< lim M+\/qs41 —c+ 0+ Me
n—oo

— lim MVJ + Me

— MVS.

Since 0 > 0 is arbitrary, our claim follows.
Now, let us assume, without loss of generality, that the following limits exist,
lim g5, lim qs11, lim mg
n—oo n—oo n— o0
and denote them by c_, ¢y, and m,, respectively. If ¢ < ¢ < ¢y, then the first inequality
implies m. = 0, which leads to a contradiction since the second inequality implies m, > 0.
Thus, we may assume:

either c. = cor ¢y =c. (5.17)

Note that from the stationarity of u,, ¢, = 0 if and only if p = 0, and also ¢, = 1 if
and only if p = k + 2. If ¢, = 0 for all but finitely many n, then s +1 =1 < k + 1 for
large n and so ¢, = c. If gs41 = 1 for all but finitely many n, then s = k + 1 for large n
and so c_ = ¢. Finally, if 0 < g5 and ¢s41 < 1 for infinitely many n, then these s satisfy
1 < s <k and (5.17). Hence, in the following argument, we assume further that one of
the following cases holds:

(i) 1<s<k+1foralnandc_ =c.
(ii)) 1<s+1<k+1forallnandcy =c.

(iii) 1 < s <k for all n and (5.17) holds.
If (i) holds, then from (3.8), (3.9), and (5.12), we have

2
E (8_(1)(h + X, c)) = lim EAL(h+ x,)?

8x n— o0

= lim EW, - W1 AL(h + xs)?

n—oo

= lim g
n—oo

=C
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and

P 2
¢OF (Gt x,)) = m BN+ 3.

< limsup &’ (qs) EW; -+ W AL(h + xs)°

n—oo

<1

— )

where y, is Gaussian with F(x;)? = &'(qs). If (i) holds, again from (3.8) and (3.9), we
have

EWy--- WSA;+1(h + Xs+1)2 = (gs+1

§"(qs+1) EW - WAL (h + Xs41)? < 1+ Me'/S,
Using (5.13) and proceeding as in (i), we obtain the announced results, where X1 is

Gaussian with F(xs11)? = €(¢s11)- Finally, for the case (iii), the same argument completes
our proof. n

Proposition 10. For each 0 <t <1, @,(+,t) is a convex function on [0,v]. For0 <u < ¢
and 0 <t <1,

Iee g, (5.18)
ou —

Ipe o & (5.19)
o = M

where M 1s a constant depending only on & and h.
Proof. Define for each n,

0P,
ox

0d,,
(h+ Xlav)ﬁ(h + X2,v) — u

Pno(u,t) = i, (0) = B

for 0 < u <wvand 0 <t < 1, where y; and Yo are jointly Gaussian with E(x;)? =
E(x2)? = & (v) and Ex;1x2 = t&(u) independent of h. Again, without loss of generality,
we may assume that v = g, for some 1 < a < k+ 1. Let g, g}, g2, g1, g7 be i.i.d. Gaussian
r.v.s with variance £'(q,) such that for i = 1,2,

(o) St e

Then ¢, ,(u,t) can be written as

Pl 1) = 9o (5&))”) o

where

On(w, 1) = EA, (Vi(w,1)) A, (Va(w, 1))
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and for i = 1,2,
Vi(w,t) = h + (g\/z_f+gé\/1—t) Vw + giv1 —w.

So for 0 < u <wand 0 <t <1, by using Gaussian integration by parts,

852;0 (u,t) = t&" (u)ly(u,t) — 1 (5.20)
(‘3227;” (u,t) =t (W (u, t) + 2" (1)’ Ty (u, t) (5.21)
&gz,” (u,t) = & ()T (u, t) (5.22)
ars ()" 5.23

where

Ty (u,t) = EA”(h + x1)A”(h + x2)
Ty(u,t) = EA® (h 4+ x1)AB (h + x2).

Since A}, > 0, we have I'y > 0. Let us also observe that
E (AY (Vi(w. )] g.h) = B (AP (Va(w,1)| g, 1)

which implies I'; > 0. Thus, using these and from (5.21) and (5.23), we obtain

% ot
v Y~ 5.24
ou? rlgtl) ou?z — 0 ( )

2 2
%oy i 0*pnw ~0. (5.25)

Oudt  noeo oudt —

Thus, the convexity of ,(-, t) follows from (5.24). By (5.11) and (5.20), we know %ff (e,1) <

0 and from (5.25), this implies %‘Puc(c, t) < 0. So we obtain (5.18) by using (5.24). Finally,

(5.19) can be easily obtained from (3.7) and (5.22). O

Proof of Proposition 1: Let 0 < t < 1. Notice that if u = 0, then x; and y» are
independent and from (3.6), it implies ¢.(0,¢) > 0. Since ¢.(¢,1) = 0 by (5.10) and
85?(6’ t) > &(c)/M > 0 from (5.19), we conclude that ¢.(c,t) < 0 and so ¢.(-,t) has
a solution in [0,c¢]. Suppose that uy,us with 0 < u; < up < ¢ are two solutions of
we(+,t) = 0 in [0,¢|. From Rolle’s theorem, there exists some uz with u; < ug < ug
such that %ic (us,t) = 0. Using the convexity of ¢.(+,t), it implies aaff (u,t) > 0 for all
ug < u < cand so g.(c,t) > p.(ug,t) = 0, which contradicts to .(c,t) < 0. O

Proof of Proposition 4 : Combining (1.6), (3.13), (5.6), and (5.7), we get that for u,v,t
with0<u<v<land0<t <1,

prca < ZP(E 1) = S0l 1) + (B() — 6(0))s- (526)
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Applying v = ¢ to this inequality, we obtain (2.5). Suppose that 0 <t < 1 is fixed. It is
easy to see that (u,v) — ¢,(u,t) is continuous on 0 < u < v < 1. Since @.(c,t) < 0, there
exists some v > 0 such that ¢,(u,t) < @.(c,t)/2 whenever ¢ < u < v < ¢+ 7. By the
continuity of §, we may also let v be small enough such that 8(v) — 0(c) < p.(c,t)?/16
whenever ¢ < v < ¢+ 7. Therefore, we obtain (2.6) from (5.26). O

6 Proof of Proposition 5

In this section, our main goal is to establish an iterative inequality that is used in the
proofs of Propositions 5 and 8. Let us start by stating our main result as follows. Suppose
that y; and y, are jointly Gaussian r.v.s with E(y;)? = E(y2)? = 1 and Eyyyp =t > 0
independent of h. Define

F1(901,I277~U) =F (th($1 + yl\/a) - th($2 + yQﬁ))Z
F,1($1,$2,w) =F (th(.’ll'l + yl\/a> + th(ﬂ?g - ygﬂ))Q
for 1,29 € R and w > 0. For convenience, we sometimes simply denote F; by F. Recall

the constant C' stated in Lemma 2. Set Cy = t(2(1 + t)C?)~L. For 0 < |u] < 1, let
n € {—1,+1} satisfy u = n|u|. Then the following inequality holds.

Proposition 11. There exists a constant K1 depending only on C and & such that the
following statement holds. Suppose that 0 < ¢y < co < 1 and

0 < €(es) — (1) < min (é 2(2005,(1” - Kl)) ; (6.1)
and k,m,q are such that for some 1 < s <k+1,
qs < ¢1 and mg > 9. (6.2)
Then we have
pra < 2Pulm.q) = Codke [ EF(hh.€(0)E" (0)dg (63)
c1

for every u with co < |u| <1, where Ky is a constant depending only on &.

As consequences of Proposition 11, Propositions 5 and 8 now follow.

Proof of Proposition 5 : Set ¢o = . Let us choose ¢; € (¢, ) such that (6.1) holds and
w is continuous at ¢;. Since ¢ is the minimum of the support of u, ([0, ¢1]) > 0. From the
definition of p, there exists a sequence of e,-stationary measures (p,) such that pu, — p
weakly and P (&, h, it,) — P(&, h). For each n, p,, corresponds to some k, m, q. We assume
that ¢; is in the list of q and ¢; = ¢, for some 1 < s < k + 1. Then for large n,

Un([()?qS]) =mgs > 0,
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where 6 = ([0, ¢1])/2. We then apply Proposition 11 to obtain for every ¢ <u <1,
pN,u S 27)k(m7 q) - 8*7

where * = Cyd K> fccf EFi(h,h,£(q))&"(q)dg. Since 0 < t < 1, we have that ¢* > 0.
Letting n tend to infinity completes our proof. 0]

Proof of Proposition 8 : Note that from the given condition, we have v > . Let
cg =v—20 and ¢g = v — §/2. Without loss of generality, we may assume that § > 0 is
small enough such that (6.1) holds. Since (6.2) is satisfied and |u| = v > ¢, it follows
that from (6.3),

P < 2Pk(m,q) — " (v) <2P(€, h) — (" (v) — 2¢q)

for e*(v) = CodK> vv:55/2 EF_1(h,h,&(q))&"(q)dg. Clearly, £*(-) is a continuous func-
tion on [0,1]. Since 0 < ¢t < 1 and Eh® # 0, €*(v) > 0 for every v € [4,1]. Thus,
mingeps1 €*(v) > 0 and the announced result follows by letting ¢, be sufficiently small. O

At this moment, we explain the motivation of the proof of Proposition 11. Let us
apply (2.3) to Theorem 2 and recall the definitions of (Y})o<p<it2 and (), ¥2)o<p<iii-
Using the independence of y; and yﬁ for 7 < p < k41 and decreasing induction, one may

clearly derive
Y, = A <h+ > yi) +A, (h+ > y,f) :

0<p<t 0<p<t

For 0 < p < 7, from Lemma 1 and again using decreasing induction, we also have

1+t m
log —ry
m og Ly exp 111 i
1+¢ m
loc E I
my 8 peXpl—i—t

< LEP exp myApi1 (:L‘; + y;) + iEp exp myApi1 (xf) + yz) ,
mp mp

where @) = h+ > ., yl for j = 1,2. In particular, if p = 0, Yy < 2EAy(h) = 2X,.
To prove (6.3), we expect that when 0 < t < 1, equality will not hold in (6.4), and
with the help of the condition (6.2), the small difference between the two sides will keep
accumulating over p. Let us emphasize that this should be true even in the absence of
external field. A similar approach is also presented in Section 14.12 of Talagrand’s book
[17], where he considered the case t = 1 and used the Cauchy-Schwarz inequality to
quantify the difference. However, in the case 0 < ¢ < 1, his argument no longer holds.
We then resort to another approach using the Gaussian interpolation technique.

Yp:

< (Apr1 (2 +9p) + Apra (731 53)) (6.4)

Before we state our main estimate, for convenience, let us set up a definition. Let
C7 > 0 be a constant and y be a standard Gaussian r.v. Suppose that m and w are two
fixed numbers with 0 < m < 1 and w > 0 and A is a real-valued function defined on R
such that

EexpmA(z + yy/w) and EA(z + yvw)
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exist for x € R and 0 < w < w. We define
1
T(xz,w) = —log E'expmA(z + yy/w), (6.5)
m

where y is standard Gaussian. Here, if m = 0, T'(z,w) is defined as EA(z + yy/w). Then
we say that A satisfies condition A(m,w, Cy) if
o*T

dat

T
ox3

1 o*T ) Ch
<1, 5— < <min {1, —— |,
Cych®z — 0x? ch®z

forallz € R and 0 < w < w.

8_T
ox

<4

e )

<8  (6.6)

Proposition 12. Suppose that A satisfies A(m,w,C1). Let yi,y2 be jointly Gaussian
r.v.s with By} = Ey2 =1 and Eyyys =t > 0. Let K > 0 and L € N be fized constants.

Suppose that ag, . .., ap > 0. Then there exist constants CY,C}, ... Cs satisfying
¢
0<CPCl....CL<aY an+ K, (6.7)
n=0

for some constant K depending only on Cy and L such that for any given numbers
1,70 € R, 0<m < 1,0 <w<min(1/8,w,1/2CY), wy =0, and 0 < wy,wa, ..., wp < L,
the following inequality holds

1+1¢

log F exp %(A(% +yvw) + Az + y2v/w)
¢
=Y anF (21 + y1vw, 2 + Y2/, wn)>

n=0

2
1
< Z - log E expmA(z; + y;v/w)

=1 2
_ ;% (ozn(l —wC}) + %mw(?o(n)) F(x1, %o, (1 — 8o(n))w + wy),

where Cy = t(2(1 + t)C?)™ and we define do(n) =1 if n =0 and 0 otherwise.

Let us explain how to use this inequality. Observe that the left-hand side of (6.8)
differs from (2.4) by the ¢ + 1 quantities

(' (1, T2, Wn) ) g<pey
at the present stage. Most of them will be preserved in the new stage by
(n(1 = wC} ) F (21, 22, (1 = do(n))w + wn) ) o<y
with the additional term

C
TotmwF(xl, T9,0).
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So after one step, we obtain (¢ 4 1) + 1 terms in the new stage. Continued iterations of
(6.8) lead to a sum of these small quantities that will converge to some positive number if
w is not too small at each iteration. This is the main reason we need the growth control

on CY,C}, ..., Cf through (6.7).
Now, we turn to the proof of Proposition 11. Let k,m,q be a given triplet. Recall

the definition of (Ap)o<p<i+2 from (3.1). We will need the following lemma.
Lemma 13. For each 0 <p < k+1, A,y satisfies condition A(my, &' (¢p+1), C).
Proof. Let 0 < p < k+1 be fixed. Suppose that 0 < w < &'(gy11). Note that £’ is strictly
increasing on [0, 00) and &'(0) = 0. Let ¢ satisty £'(¢) = €' (gpt1) —w. Set &' =k +1—p.
Consider

m’ :my=0,m; =m,, and m, =mp4, 1 for2<n <k +1

q/ : Q6 = 0,(]3 =4, and C];l = (Qn4p—1 for2<n < K+ 2.

Let (By)o<n<k/+2 be defined in the same way as (A, )o<p<i+2 by using the triplet &/, m’, q’.
Then it should be clear that B, = A, and so

Bi(x) = % log E exp m By <x - y\/f’(qpﬂ) — f’(q))

1
1
= —log E expm,A,(z + yv/w),
My
where y is a standard Gaussian r.v. Since (B, )o<n<p+2 satisfies (3.2), this completes our
proof. O

Proof of Proposition 11 : Let ' be the constant in Lemma 2 and L be the smallest
integer such that L > £'(1). Suppose that K is obtained from Proposition 12 by using
C) = C and L. Again, without loss of generality, we may assume that ¢; = ¢5,, 2 = ¢s,,
u=q, for 1 <s1 < 89 <a<k+ 2. Moreover, for s;1 < p < sy — 1,

1
0 <& (gpy1) — &' (gp) < (52— 51) (6.9)
and for 0 < p < 51
0 < €/goir) = €10) < 5. (6.10)

where v := max(4,2Co¢'(1) + K;). Let us note that such (g,)o<p<i+2 exists by the discus-
sion right below Theorem 2 and using the assumption (6.1). Let us consider the following
numbers

A=0
T=a
k=k+1
my . .
np:t+11f0§p<7andmp1f7§p§n

pp=qpfor 0 <p<r+1

28



From (2.1),
PNu < 2log2 4+ Yy — Z mMp(0(gp1) — 0(qp))-
0<p<k+1

Recall the definition of (y;, yg)ogpgﬁ from Theorem 2. We define Y, (21, 25) = Au(x1) +
A,(x2) and for 1 <p < aq,

+t m
log E exp —=Y, 1 (71 + yzl,, To + yf;)'
» 14+t

Finally, set Yo(z1,72) = EYi(z1 + y§, 2o + y2). It is obvious that from definition, Y, =
EYy(h, h). From Proposition 12, we know Y, (71,72) < Ay (71) + Ay, (22). Set n, =
€ (gpt1) — €' (gp) for 0 < p < k4 1. We claim that for s; < p < s9,

sa—1
Y(l’l,$2) < A ([L’1 +A 1‘2 Z ﬁnp (zl,x2,2m> (611)

}/p(‘rl: .172) =

where

n—p

2 S9 — 51

Here, we adapt the definition Z’Z;p uy = 0 whenever p > p’ that remains enforced there-
after. Let s; < p < s5 and consider the following numbers
f =Sy —pP— 1
m = my,

ap =0 and a,, = Byappyr for 1 <n </ (6.13)

wo = 0 and w,, = Z?J;pﬂlm for1 <n </
From the definition of w,, we know that 0 < w, < ¢(1) < L for 0 < n < {. Since A,+4

satisfies A(my, &' (gp+1), C1), applying (6.13) to Proposition 12, we obtain (C}')o<n<, that,
from (6.7), satisfies

so—1

cv.ct, .. C <4Zan+Kl<2Co > M, + Ky <. (6.14)
n=0 n=p+1
Using (6.9) and (6.14), we know for 0 <n </,
1 1

Chin, < < < . 6.15
¢ Tlp =VTp 2(82 _ 51) Sy — 81 ( )

Take w = n,. Notice that from (6.9) and (6.15), w < min(1/8,& (gp41), 1/2C7). If u > 0,
then from (6.8), (6.13), and (6.15), we obtain (6.11) since

Yp(w1,22) < Ap(w1) + Ap(2)

¢
C
- —OmwF(xl, T9,0) — Zan (1 = Cjw) F(z1, e, w + wy)
2 n=1
CQ so—1 n—1
< Ap(an) + Ap(a2) — 7mpnp (21, 22,0 Z Bl <$1,9€2, Zm) .
n=p+1 l=p
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If u < 0, then

Ey(—y;) = t(£’(qp+1) — & (qp))
Apii(z2 + ) = Apra(—x2 — 2) (6.16)
Ffl(xl + yp7 To + yp? wn) =F (1’1 + y;zl)a —T2 — %%, wn)

and it follows by applying (x1, —x) instead of (21, 3) and (y1,%2) = (y,, —y3) to Propo-
sition 12 that

Yp(w1,72) < Ap(71) + Ap(—22)

‘

C

- 70mwF(ac1, —Z9,0) — Zan(l — Cjw)F(xqy, —x2, w + wy)
n=1

C so—1 n—1
< Ap(w1) + Ap(a2) — 70mp77pF (1, 22,0 Z BnpF1 <$1,CC2, Zm )
l=p

n=p+1

where again, we use (6.15) for the second inequality. This completes the proof of our
claim.

Next, we claim that for 0 < p < sy,

Yp(z1,22) < Ap(w1) + Ap(2)

s1—1 so—1
— €Xp ( 272 nl) Z ﬁnsl (xla'rQaan) . (617>

n=si

If p = s1, then (6.17) holds by (6.11). Suppose 0 < p < s;. Let us consider the following
numbers

{ = S9 — 51
m = m,
6.18
ap =0 and «,, = exp < 27 El ot m> Brtsi—1,5, for 1 <mn <4 ( )
wy =0 and w, =371y for 1 <n </,

where f,, is defined in (6.12). As in our first claim, since 0 < w, < ¢'(1) < L for

0 < n < kand A, satisfies A(mp, £ (gp41),C1), we can apply Proposition 12 using
(6.18) to obtain (C)%_, that, from (6.7), satisfies

¢
CP.Cl. . CL<AY an+ Ky <2C0))  ma + Ky < . (6.19)

We conclude from (6.10) and (6.19) that

Crn, < 1/2 (6.20)
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for 0 <mn < /. Note that 1 —x > exp(—2z) if x < 1/2. Using this, (6.19), and (6.20) yield
1 — Cfnp = exp (=2C}'n,) = exp (—271,) . (6.21)

Set w = n,. Notice that from (6.10) and (6.20), w < min(1/8,¢'(gp41), 1/2C7). If u > 0,
using (6.8) and (6.21), we obtain

C
Yy (1, 12) < Ap(a1) + Ap(a) — = mynp F (1,72, 0)

2
s1—1 so—1 n—1
- (—27 S m) S (1= o) F ( Zm)
I=p+1 n=s I=p

< Ap(ml) + Ap($2)
s1—1 so—1 n—1
- (—27 3 771) S G ( Zm) |
=/ n=s =

If uw < 0, we obtain (6.17) by using (6.16), applying (z1, —z2) instead of (xy,z2) and
(y1,y2) = (y},, —yg) to (6.11), and a similar argument as in the case v > 0. This completes
the proof of our second claim.

Now, let p = 0 in (6.17) and note that m,, > §/2 for n > s;. We then obtain
J
< 2840(h) — 2 exp (~29€ (1))

| (1 o ) € n) - €D EF (10 E(0).

Since we can partition [c1, ¢o] so that maxg, <p<s,—1 7, is arbitrary small, by passing to the
limit,

Cod ,
Yy < 2Xo — =~ exp (—29€'(1) — 1)

. /C2 EF,(h, h,&'(q))¢"(q)dg

Cc1

and we are done. O

At the end of this section, we will prove Proposition 12 and we proceed by two lemmas.

1

5, and w' >0, we have

Lemma 14. For any r1, 20 € R, 0 <w <
!/ 1 /

F(zy, 0,0 +w) > §F(x1,x2,w ). (6.22)
Proof. First we prove that for x1,25 € R and 0 < w < 1/4,

F(z1,29,w) > (1 — 4w)F(x1, 22, 0). (6.23)
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If (6.23) holds, then
1
F(xq, x9,w) > §F(9E1,$270)

whenever z1, 25 € R and 0 < w < 1/8 and this implies (6.22) since for w’ > 0,
F(z1, 29,0 +w) = EF (21 + 11 VW', k9 + yo VW', w)

> —EF(z1 + 1y vVw', xe + ya V', 0)

N =N~

F(I’l, X2, w/)u

where y; and y, are jointly Gaussian r.v.s. with E(y;)? = E(y,)? = 1 and Eyy, = t. To
prove (6.23), for fixed x1, z2, let us set p(w) = F(x1, 29, w). Define G(z,y) = (thx —thy)?.
Using Gaussian integration by parts, we have

1
=5 (Gr1(21, 22) + Gaa(w1, 22) + 2tGra(21, 2))

= (thz; — thay)(th"z; — th”zy) 4 (th'z; — th'zy)? +2(1 — #)th'z; th's,
Z (thl’l — th[[‘g)(th/,l’l — thNZL'Q).

¢'(0)

Since
th"z, — th"zy = 2(thz; — thay)((thz, + thas)? — 1 — thathay),
we have
¢'(0) > 2(thz; — thay)?((thz; + thas)® — 1 — tha thay)
> —4(thx; — thx,)?.

We may also compute the second derivative of ¢ and this yields that maxg<,<1 |¢” (w)|/2 <
C, where C'is a constant independent of ¢, w,x1, 2. So

F(x1,m9,w) = p(w) > ¢(0) + ¢'(0)w — Cw® > (1 — 4w)F(xy, 29,0) — Cw?.
Set 0; = wi/N. It is easy to see by induction
F(x1,29,6;) > (1 —46,)" F(x1,12,0) — Cid}
for 1 < ¢ < N. In particular, if we put ¢« = N and let N tend to infinity, we obtain

F (1,29, w) > exp(—4w)F(x1,22,0) > (1 —4w)F(z1, x2,0) and this completes the proof.
[l

Lemma 15. Suppose that A is a function defined on R satisfying

1cha? — ch®z

1
A"l <1, Croha? < A"(x) < min <1, L;) 7 |A(3)| < 4, ]A(4)| <8
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for some constant Cy. Let yi,ys be jointly Gaussian r.v.s with Ey? = Ey3 =1 and Ey,ys =
t > 0. Let K > 0 and L € N be fired constants. Suppose that 0 < g, aq,...,0p < K.
Then there exist constants

K, depending only on Cy and L,
¢
CP,Cl .., CL <Y an+ Ky, and
n=0
C’f“ depending only on { and K

such that for any given numbers x1,29 € R, 0 <m < 1,0 < w < 1/8, wy = 0, and
0 <wi,we,...,w, < L, the following inequality holds

141

m
log E exp Ty (A($1 + VW) + A(xg + yo/w)

¢
- Z anF(xl + yl\/aa X2 + 3/2\/@7 wn))

n=0

2

1 6.24

< ZalogEeXpmA(xj + y;v/w) (6.24)
=1

¢
=) (o (1= Cfw) + Comwdy(n)) F (1, 22, (1 — do(n))w + wy,)
n=0
+ CwaQ
where Co = t(2(1 +t)C?)™ and dp(n) =1 if n =0 and 0 otherwise.

Proof. The proof is based on the Gaussian interpolation technique. Suppose for the
moment that (y;,99) are jointly Gaussian with E(y;)? = E(y2)?> < 1/8 and Eyy, =
tE(y1)?. Let (z1,29) be an independent copy of (y1,%2). Define (z?,29) = (0,0) and for
1 <n <Yt (27, 25) = (21, 22). For convenience, we set for j = 1,2,

Aj(r) = Az + )
th;(z) = th(z; + x)

where F; is the partial derivative of F' with respect to the j-th variable and Fj; means
the second partial derivative of I’ with respect to i-th and then j-th variables. Define the
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interpolation functions

where
V) = L log B, T(w)
Y;(u) = —log B, T;(u)
and
T(u) = eXP 7 11t ( (Ur(u)) + A2(Uz(u)) — ZanGn(u)>
Tj(u) = expmA;(Uj(u)).
Then
1+¢ m ‘
p(1) = m log F exp 11t <A1(y1) + Az(y2) — Z oan (21 + Y1, 22 + Yo, wn)>

l
£(0) = 1(0) + 92(0) = > an B F (w1 + 27, 2 + 25, wy,).
n=0

In the following, we will try to find an upper bound for ¢'(0). Consider

Y (u) = ﬁ(u)Ey [Z (U,( Zan G, )) T'(u)

=1

:—JO ——Zan (Jp (u) + J3(u)),

where
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Using Gaussian integration by parts on y, we have

+1t—+t y(y1)* (A (0) (A/ (0) - ZO‘”G“(O)>
+AL(0) <A’ 0) =Y G 1(0))>
= B, (y1)? <J01(0) 1+t(J2(0)+J5’(0))>

where

To(0) = YO(A(0) + mAG 0)) — £ (44(0) = Ay(0))°
L

J3(0) = (AL(0) = A5(0)) Y (G (0) + tG2(0))

n=0
l

J30) = (1+£)A5(0) Y " o (G (0) + Gr2(0)).

n=0
Let us try to find an upper bound for Jy(0) first. Since

1 Ch
A//
Cich’z — (z) < ch?z’

it is easy to see from (6.22) that

1
@F(ﬂﬂlaxz,wo) < (A7(0) — 45(0))?
1
< CYF(zy, 29, wp) (6.25)
< B2 P2y + 27, w9 + 27, wy).
Since

0
Ox

%(thlx — thyy)? = 2(1 — thiy)(thyy — thyz),

——(thyz — thyy)? = 2(1 — thz)(thyz — thyy)
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from the Cauchy-Schwarz inequality, we have
E.G,;(0)* = E.Fj(x1 + 27, 22 + 25, w,)?
= E. (2B, [(1 — th(2} + yjv/w,))
- (thy (2] + 4y /wn) — tha(25 + yh/wn))])” (6.26)

< A4E,Ey (thy (21 + y)\/w,) — thy(23 + yh/wy))’
=A4FE, F(xy + 27,22 + 25, wy),

where ¥}, y5 are jointly Gaussian r.v.s with E(y})? = E(y4)* = 1 and Evy}y}, = t. Straight-
forward computation yields

0
%(thll‘ — thgy)z + a—y(thlx — thgy)2 = —2(th1£L’ — thgy)Q(thl.T + th2y>
and this implies

E.|Gp1(0) + Gpa(0)| <AE.F(x1 + 27,29 + 25, wy,). (6.27)

Now, combining (6.25), (6.26), (6.27), and using Jensen’s inequality,

2
t
E.J;(0 A" ) +mA’(0)? —LFx,xﬂu ,
0 g ]()) (1—|—t)012 (1 2 0)
‘ 1/2 1/2
ELJR(0)] < [41(0) = A50)] Y an ((B-Goa (0) + 1 (B.Ga2(0)?) )

n=0

¢
2(1 + )] A1 (0) — AY(0) Y v (B F (w1 + 27, w2 + 25, wy))
n=0

V4
< 24L+%Cl(1 + t) Z anEzF(l’l + 21711, To + 237 wn)>
n=0
and

¢
E|J3(0)] < 4(1+1) ZanEzF(xl + 27, o + 25, wy,).
n=0

To sum up, we obtain that



Next, let us turn to the computation of J'. By using Gaussian integration by parts
on y, we obtain

%Ey (91 G () T ()
= By (10)2Ey Gt () T ()] + By (y111) By [Go 1o () T (1)

l
G (u) (Ai(Ul(U)) - ZO@@NU)) T(u)

m
+ —Ey(y1)2Ey

141
m /
+ 1——}-tEy (ylyg) Ey G ( ) <A U2 ZQZGIZ ) ) )
and this implies that
1
lim Ez |:—Ey (ylGn,l (U)T(U)):|
w0 LVuE T () (6.29)
= Ey(y1)2 (EanJl(O) + tEZGnylg(O) +— 1 Tt ([n + t[n))

where for 0 < n </,

I =E. |Gn1(0) (A/1<O) - Z Oéle,l(O)>

i 14
Ig = Ez Gn,l(o) (AIQ(O) - Z alGl,Q(O)>

On the other hand, letting u — 0 and then using Gaussian integration by parts on z, we
also have

1

VI —uBE,T(u)
::E;[EE%Fﬁz?GnJUDE@Tﬂnl (6.30)
= Ez [Z?Gn,l(o)]
= E.(21)? (E.Gp11(0) + tE.G,12(0)) .

So from (6.29) and (6.30),

lim E. { E, (z?Gn,1<u>T<u>>]

. . 1 Y1 2 ) }
lim £, J"(v) = lim E,, , ( T(u
tiny £ (0) = limy By | s (2 = 2 ) Guatwrr
(6.31)
= B () (50(n) (Goan(0) + tGosa(0) + 2 (12 413 )
We may also compute lim, o F,J5(u) and this yields
lim E,J"(u) + E.J7(u)
u—0
(6.32)

mE,(y;)?
= o) By ) + PR (1 ) 4o 4 17)
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where Iy = Gp11(0) + Go22(0) + 2tG12(0) and for 0 < n < ¢,
r ¢
1% = E. | G,2(0) (Ag(o) — Z ale,2(0)>
L I=1

r ¢
I = E. |G,2(0) (AQ(O) - Z alGl,1(0)>

Let us now try to find a suitable lower bound for (6.32). Observe that

th’ (0), th,(0) > 0
th](0) — thy(0) = —(thy(0) — thy(0))(thy (0) + thy(0))
th7(0) — th}(0) = 2(th;(0) — thy(0))((th;(0) + thy(0))? — 1 — th;(0)thy(0)).
This implies

= 2(thy (0) — thy(0))(th{(0) — th3(0)) + 2(th} (0) — th}(0))* + 4(1 — £)th’ (0)th(0)
2(thy (0) — thy(0))(th7(0) — th3(0))
thy 0

Z
> —4(thy(0) — thy(0))*
F(.ﬁEl, T, wo)
(6.33)
As for the upper bounds for |I7 + I}] and |13 + I}|, we write
I3 + I} = Iy + Iy + s,
where
Ify = E. [Gn1(0) (41(0) — A5(0))]
I3y = E. [Gr2(0) (A1(0) — A5(0))]
Ify = E.[A5(0) (Gna(0) + Gn2(0))]
I3, = E. [A5(0) (Gn1(0) + G 2(0))]
¢
Iy = =) B, [(Gna(0)G11(0) + Gn2(0)Gi(0))]
1=0
¢
Iy == aE. [(Gn1(0)G12(0) + G 2(0)G11(0))].
1=0
Using (6.25), (6.26), and Jensen’s inequality, we have
n /2 u /
T < ()G (0)%)'" | 41(0) — 43(0)] 634

< 24L+%C’1EZF($1 + 27, To + 25, wy,).
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From (6.27), we also have

| 2‘ <4E F(x1+217x2+227wn)

(6.35)
To bound |I7], we use ab < (a® 4 b%)/2 and (6.26). Then this leads to
Lt
| | § Z g (Gn,1<0)2 + Gn’Q(O)z + Gl’1(0)2 + Gl’2(0)2)
1=0
¢
<4 (Z al> E.F(xy + 27, 2o + 25, wy,) (6.36)
1=0
¢
+4Y qE.F(xy+ 2, 29 + 25, wy).
1=0

Now, combining (6.33), (6.34), (6.35), and (6.36) together, we obtain from (6.32)

an (E.J7'(0) + E.J5(0))

|\/ ‘iMN

—4apbo(n) B, (y1)* F (1, T2, wp)

(6.37)
l l
3
—mEy ()} an <8Zaz+2“”20 +4

n > E.F(xy + 27,29 + 25, wy,).
1=0

From now on, we replace (y1,v2) by (y1v/w,y2¢/w) with E(y;)*> = 1. Combining (6.28)
and (6.37), we get

S

2
< 5 D (A(0) + mA;(0)%)
7j=1

~

(6.38)
+w Z (a, C} — Comdo(n)) F(xq, xe, (1 — do(n))w + wy),

where Cy = t(2(1 +¢)C?)~! and for 0 < n < /¢

¢
C) = 4mz a4+ 25 EmCy + dm + 20p(n).
1=0

It is easy to compute that

¥5(0) = (A”(O) +mAj(0)7)

We may also use Gaussian integration by parts and the given conditions on the first four
derivatives to compute the second derivatives of 1, o, and ¢ and this yields

1 Vi " +1_,2
5 dwax. (|1 ()] + e (W] + " (W)]) < G v,
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where Cf“ depends only on ¢ and K. Finally, we finish by using the mean value theorem
and (6.38),

1
/ !
(1) < @(0) +¢'(0) + 5 max |¢"(u)]
< p1(1) + ¢2(1)
¢
=) (o (1 = Cfw) + Comwdy(n)) F(x1, 22, (1 = do(n))w + wy)
n=0
+ Op .
m
Proof of Proposition 12 : Recall that Lemma 15 guarantees the existence of constants
Co, C?, ..., CY, which satisfy (6.7). From (6.24), we only need to prove that C;' can be
eliminated. To do this, let aq,...,ap, > 0 and let CfH be obtained by using K = Cyw +
max(ap, . .., ay) in Lemma 15. Let uskeep 0 < m < 1,¢ > 0,0 < w < min(1/8,w, 1/2CY),
wo =0, and 0 < wy,...,wy < L fixed. We use p(z1, 22, w) to denote the left-hand side
of (6.8). Recall the definition of T'(z,w) from (6.5) using A and m. Set ¢; = wi/N for
1 <7 < N. We claim that for large N, the following inequality holds
90<x17 T2, 61) < T<x17 (51) + T<x27 61)

¢ 6.39
= BuiF (w1, 2, (1= Go(n))d; + wy) + iCyH 67 (6:39)

n=0
for all 1 <7 < N, where
Bui = Go(n)Comd 3 (1= CP61) ™ + an(1 — Cpon).

j=1

If i = 1, then (6.24) implies (6.39). Suppose that (6.39) holds for some i with 1 <i < N.
Then by using the induction hypothesis,

s0($1, T2, 5i+1)

1+1¢ m
= log F exp —— (gp(xl + yl\/(S_l, To + yg\/(S_l, (51))
m 1+1¢
1+¢
< - log E exp % (T(@"l + V01, 8) + Tws + y21/61,6;) (6.40)

¢
- Z BniF (21 + yl\/d—la x9 + y2\/5—1, (1 —dp(n))d; + wn)> + inH(S%.
n=0

Observe that from definition, f,; < Cowi/N + a,, < K for large N and T'(-,0;) satisfies
A(m, dy_;, C1) since 0 < w < w. Also, notice

s_w_ 1o 1 1\ (1 1
= — — min |\ —-,wW, —5 min | — —is 0= | -
'""NTN 8209 ) = R Ter
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Applying (6.24) to (6.40), we obtain

90(951, T2, 5i+1)
< T(x1,6i41) + T (2,0i11)

l
=Y (60(n)Comdy + B i(1 — C7d1)) F(w1, w2, (1 — 8o(n))disa + wy)
- Zz_j— st
Since
80(n)Comdy + Bi(1 — C1dy)

7

= 8o(n)Coméy + do(n)Comdy Y (1= CP8,) + (1 — O3y )™

j=1
i+1 )

= do(n)Comdy Y _ (1 — C96,)" " + (1 — €76y
j=1

- ﬁn,i-‘rl)

this completes the proof of our claim. Letting i = N in (6.39) and then N — oo, we
obtain that

o(x1, 29, w) < T(x1,w) + T (22, w)
- Z (d0(n)Comw exp (—Cjw) + a, exp(—Cjw)) (6.41)
- F(x1, 29, (1 = do(n))w + wy,).

Since exp(—CPw) > 1//e > 1/2 for 0 < w < 1/2CY and also exp(—Cjw) > 1 — Cjw
using exp(—z) > 1 — z for x > 0, plugging these results inside (6.41), we are done. [
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