INTERMEDIATE RANGE MIGRATION IN THE
TWO-DIMENSIONAL STEPPING STONE MODEL

By J. THEODORE COX*,
Syracuse University

We consider the stepping stone model on the torus of side L in
7Z? in the limit L — oo, and study the time it takes two lineages
tracing backwards in time to coalesce. Our work fills a gap between
the finite range migration case of [18] and the long range case of [141],
where the migration range is a positive fraction of L. We obtain limit
theorems for the intermediate case, and verify a conjecture in [3] that
the model is homogeneously mixing if and only if the migration range
is of larger order than (log L)*/2.

1. Introduction. The subject of this paper is the stepping stone model
of population genetics, and in particular the contrast between recent results
of [14] and [18] in the two-dimensional setting. There is a vast literature on
the many variants of the stepping stone model dating back to the seminal
work of Malecot [13] and Kimura [11]. (A few sources for background and
references are [3], [15] and [16]).) We will begin by describing the version of
the model we consider here, generally following the setup in [18].

Let Z? be the two-dimensional integer lattice, and fix v > 0 and ¢ : Z* —
[0, 1] with ¢(0) =0 and >_, ¢(x) = 1. We suppose that at each site = in

Ty, = (~L/2,L/2)> N 7Z?

there is a colony of 2N haploid individuals. We think of T as a torus,
and assume a continuous-time Moran model of reproduction. In this model,
a given individual in colony x dies at rate one, independently of all other
individuals, and is replaced by a copy of an individual chosen at random
from the same colony with probability 1 — v or colony y with probability
vq(y — x) computed modulo L. In this way we treat T as a torus. The
genealogical structure of a sample of n individuals is determined by tracing
their lineages backwards in time.
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We will focus on the case of n = 2 lineages, where one is interested in
Ty, the time it takes the lineages to enter the same colony, and £, the time
to coalescence of the lineages. There are many limit theorems for Ty and
to in the literature. (A small sampling can be found [10], [2], [17], [3], [L0],
[18] and [14].) One may allow N — oo, v — 0, and ¢ to vary as L —
0o. To understand the asymptotic behavior of ¢y one must first understand
the behavior of Ty, so we will concentrate on the latter. Furthermore, the
question we want to consider is already of interest in the simplest case of
one individual per colony, so we will assume from now on that v = 2N =1,
but allow ¢ to vary.

The meanfield or homogeneous mizing case is obtained by taking ¢ to be
uniform over Ty, \ {0}. Suppose the two lineages start at 0,z € T, = # 0.
The law of Tp is exponential with mean (L? — 1)/2 and is independent of
x, and so Tp/L? converges in law, uniformly in 2 # 0, to the exponential
distribution with mean 1/2 . Matsen and Wakeley show in [14] that the
same limiting behavior of Tp/L? holds uniformly in = # 0 assuming that ¢
is uniform on only a positive fraction of the torus. By contrast, if ¢ is kept
fixed as L — oo, then the right normalization for Ty is L?log L, and the
limiting law depends on the starting positions 0, z. (See [2], [3] and [1&] for
results of this type.) The purpose of this paper is to fill the gap between
these two situations.

Following two lineages backward in time amounts to following two random
walks until they meet. The difference between the lineage locations is also a
random walk, and Tp is just the time it takes this difference walk to hit 0.
On account of this, we will now focus on the following random walk setting.
For k£ > 0 let

Ap = [~k/2,k/2)> N Z?

and for any A C R? let
A=A\ {0} .

For 7 > 0 let B(r) = {z € R? : ||z||o < 7}. Let My, M, ... be a sequence
of positive integers and assume that qps, : Z? — [0, 1] satisfies

quy, (z) =0 for x ¢ Ay, Zx am, () =1 ,qn, is symmetric,

(PO)
and O'?\4L = ZI g, (z) = Zx r3qar, () >0 .

The uniform distributions uar, (z) = 1p; (2)/|A)y, | clearly satisfy (PO).
L

Let YtL be a rate one random walk on Z? with jump distribution qmy s
and let X} be the corresponding walk on T, viewed as a torus. Given Y,”
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we construct X/ by setting X/ = Y; mod L. Let Hy, be the hitting time
for X} of the origin,

Hp =inf{t >0: X} =0}.

Then Hj has the same law as 27y, so we will study Hy. Let P, and FE,
denote probability law and expectation for the walk starting at x.

With the above notation, the Matsen and Wakely result is as follows. Fix
0 <c<1andlet My =cL and gy, = upr, . Then as L — oo,

(1.1) Hp/L? = £(1) uniformly in X e T/, ,

where = indicates the law of the left-hand side converges weakly to the
distribution on right-hand side, and £(3) is the exponential distribution
with mean (. On the other hand, if M; = M is fixed, so there is a single
jump distribution ¢z, then by Theorem 1 of of [18], if 0 < o < 1 and
| XE| ~ L* as L — oo, then

Hip,

1.2 —_
(12) L?log L

= (1—a)do +al(1/ma3y).
Here z;, ~ L% means 1, € Traiogr \ Tra/iog -

It seems clear that the homogeneous mixing behavior of (1.1) should hold
if M; — oo at a sufficiently fast rate, and it is natural to ask what this rate
might be. Durrett (see Section 5.6 and Theorem 5.18 of [3]) conjectured
that it should be quite slow, only of greater order than /logL as L —
oo, meaning that (1.1) should hold exactly when My /\/logL — oo. We
verify this conjecture for a large class of jump distributions in Theorems 1.2
and 1.3 below, and obtain a slightly improved version of (1.2) when M =
O(y/log L). The proof of (1.1) in [14] makes use of Markov chain techniques
from [1] and [6]. The proof of (1.2) relies heavily on local central limit
theorem estimates for Py(Y;X = 0) to then estimate Py(X% = z) (for use
n (2.2) below). Here we will use a more direct Fourier-type approach that
seems simpler, and works for both (1.1) and (1.2) as well.

For a jump distribution q; define the characteristic function

om(@) = > am(z), 6eR?,

r€A N

where 0z = 0 - x. We will assume that the jump distributions ¢ps, have
characteristic functions ¢ps, which satisfy the conditions (P1)—(P3) listed
below. These conditions are satisfied for the uniform distributions uy, (see
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the Appendix of [4], where M? in (P2) there should be M). Proposition 1.1
below shows that they are satisfied in some generality. Note that the sym-
metry condition in (P0) implies each ¢y is real-valued. The conditions we
need are:

(P1) There is a 0 > 0 such that for all € > 0 there exists § > 0 such that
for all large L,

1 — oMy (9)

A2J0P 2 © (1—¢,1+¢)forall 0 € B'(§/Mp).

(P2) For all § > 0 there exists &' > 0 and ¢ > 0 such that for all large L,
1—¢p, (0) > ¢ forall € B(§')\ B(6/My) .
(P3) For all € > 0 and a > 0,
|oar, (0)| < e for all 8 € B(w) \ B(a) and all large L.

PROPOSITION 1.1.  Let f be a positive, continuous function on B(1/2)
such that f(x1,x2) = f(x2,z1) = f(—x1,22). Define cpr > 0 and qpr(z) =
e f(x/M)up(z) so that 'y, qu(x) = 1. Then for any My, — oo as L — oo,
the corresponding sequence of characteristic functions ¢y, satisfies proper-
ties (P1)-(P3).

In addition to (P1)—(P3) we impose the mild regularity condition
2

M
P4 li L — .
( ) ngblogl; p e mvoo]

Our first result shows that homogeneous mixing occurs if Mg /log L — oo.

THEOREM 1.2.  Assume the conditions (P0)—(P4) hold with p = co. Then
for all A >0,

(1.3) Llim sup Ex(e*/\HL/Lz) —(1+ )\)71‘ =0
T zeT),

and

(1.4) lim sup B, (Hp/L?) ~ 1| = 0.

L—o0 /
xETL



J. THEODORE COX/STEPPING STONE MODEL 5

Our next result shows that homogeneous mixing does not occur if p < oo,
and that Hy, can grow at any rate between L? and L?log L. We will use the
following notation. For v > 0 define

T, ifa=0
Ap(a,v) = Tray \ Tpay, if0<a<1
TL\TL/U ifa:1,

and let

log L 1
THEOREM 1.3. Assume M — oo and the conditions (P0)—(P4) hold
with p < 0o. Fiz 0 < a <1 and k > 0, and put vy, = (log L)*. Then for all
A >0,

(1.6) lim  sup ‘Ex(e*)‘HL/thL) - [q + (1 —-q)(1+ ,6’)\)71” =0

L—o0 z€AL (avr)

where ¢ = (1 — ) /(1 + pro?). Furthermore,

(1.7) lim  sup )‘Ex(HL/LQtL)—(l—q)ﬁ’:().

L—o0 ze€AL (o,

REMARK 1.4. If we set p =0 in (1.6) then we recover the form (1.2).
The proof of (1.6) is easily adapted to handle the case of a fized qpr satisfying
(PO), providing a slight strengthening of (1.2).

A one-dimensional stepping stone model was considered in [9], where ex-
ponential limit laws for H;, were obtained under rather general assumptions
on the jump distributions. We will not state their results, but note that in
analogy with Theorem 3 there, one might hope in our two-dimensional set-
ting that with M? = log L some version of (1.2) would hold with (P1)—(P3)
replaced by the simpler conditions

2

(i) Lh_)rgoaﬁ/[L/M,% =o0“, and

(1.8)
(ii) for some ¢ > 0, gy, > cun,, -

More precisely, the desired result would be that (1.8) implies Hy,/L? = £(8)
for X} large, where the limiting mean 3y depends only on o2 and c. This is
not the case, as the following example shows.
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EXAMPLE 1.5. Fiz 0 < ¢ < 1 and qo : Z*> — [0,1] satisfying (P0) for
some fived Moy, and let Go(0) = 3, qo(x)e®™. Put qur, (z) = cupr, (v) + (1 —
c)qo(z), assume that limp, oo M3 /log L =1, and define

19 1 do
(1.9) Po=__+ (2m)2 /B(ﬂ) 1—(1—-¢)go(0)

Then qur, satisfies (1.8) with 0 = ¢/12. If L/log L < {1, < L then for all
A >0,

(1.10) rﬂs‘u\pT ’EI(G—AHL/LQ) —a +ﬁo)\)_1’ —0as L — 0.
zelp\lep

REMARK 1.6. The influence of the short range jumps is reflected in the
dependence of By on §o. Other miztures of jump distributions could also be
considered, e.g., > ; Citlpgi where M}, M?,... tend to infinity at different
rates.

The proofs in [2], [3] and [18] for the fixed jump distribution case use the
fact that X/ becomes uniformly distributed over the torus by times of larger
order than L?. The analogous fact in our setting is given below, it will be
used in the proof of (1.7).

THEOREM 1.7.  Assume (P1)—(P4) hold. If s /[(L?/M?) V log L] — oo
as L — oo, then

(1.11) lim sup sup L?|Py(X} =) — L% =0.

L—0oo >4, 2€Ty,

Returning to the stepping stone model, we could now consider the ge-
nealogy of a sample of n > 2 individuals. Let ¢/ be a system of rate one
coalescing random walks on T, with jump distribution gz, . If we consider
lineages starting at x; € Tr,1 <4 < n, and put (¢ = {x1,...,2,}, then
¢}| is the number of distinct lineages left at time ¢. Under the assumptions
of Theorem 1.3, and assuming |z; — x| > L/log L for i # j, the analog of
Theorem 2 of [18] would be

(1.12) Jim P(I¢ha, | =k)=P(Ds=k), k=1,....n,

where Dy is the pure death process on the positive integers which makes
transition & — k—1 at rate (g) In fact the genealogy of the lineages (on this
time scale) converges to the genealogy described by Kingman’s coalescent
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(see [12]). We will not pursue these matters here, since with the results
developed the methods of [2], [3] and [18] could be adapted to prove such
limit laws.

The outline of the rest of the paper is as follows. In Section 2 we develop
some simple Fourier analytic tools. Proposition 1.1 is proved in Section 3,
Theorem 1.7 is proved in Section 4, Theorem 1.2 is proved in Section 5,
and Theorem 1.3 is proved in Section 6. Finally, we verify the claims for
Example 1.5 in Section 7. For simplicity we will assume throughout the rest
of the paper that L, M, My, ... are positive even integers.

2. Preliminaries. For a jump distribution ¢y satisfying (P0) with
characteristic function ¢,; define the transforms

$hr(0) = Eo(e®") = exp(—t(1 — ¢ (8)) ,

(2.1) Fr(z,\) = Ez(ef/\HL) , and
Gr(w,\) = / e NP (XE = 0),
0

where 8 € R%, t > 0,2 € T;, and A > 0. The reason for our interest in
Gpr(z,A) is the formula

(2.2) Fr(z,\) = 2202

a simple consequence of the strong Markov property. We will also make use
of the well-known Fourier inversion formula

1 )
(2.3) Py(X} =) = 75 > ¢hy(2my/L)e?™ W/ 2z e Ty,
yeTL

from which it is easy to derive

eQm'wy/L

1
(2.4) GL(@,A) = 13 y;;L 1+ X = oum(2miy/L)

In order to obtain useful bounds on the above we will need to estimate
sums of complex exponentials over various regions, including

Dy ={xcZ®: x| <k/2},

where |z| = ||z]]2.
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LEMMA 2.1. (a) For K > 1 and 6 € B(n),

‘ Z ei@x

z€T g

’ Z i

r€DK

< 4K+ 1)1+ [101), and

(2.5) )
<4(K +1)]l0] -

(b) There is a constant Cy such that for all J > 1 and 6 € B'(w),

ey Co
26) sup G S e
w2 WP S TAGIT)
)
(2.7) lim Z = ! Z = =2m
' K—>oologK S \y|2_K—>oologK veD 2 7

PROOF. Combining the two elementary facts sinu > u/2 for |u| < /2
and Z], p et = sin((k 4+ $)u)/sin % for any positive integer k and real u
we obtain

k
| Z eij“| < 4/|u| for all k € Z",u € B(rw).

j=—k
Consequently,
K/2 K/2 MK + 1)
ez@x < 292] < Z
LEZAK ‘ k_ZK/z‘ j:—ZK/Q 6]

This bound holds with 6, replacing 6o, and therefore

(2.8) > et

TEAK

< 4(K 4 1)||0]|2 for all § € B(x).

The first bound in (2.5) follows from this inequality and the fact that |[Ag \
Tx| = 2K + 1. The second bound in (2.5) is derived using the argument for
(2.8).
For (b),if 1 <k < |y| <k+1, then
1 1 1 1 6

05— —5<>5—+5<
Tk Jyl2 Tk (R+1)2 7 [y
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Let v, (0) = k2 ZzeDk e and C = 6ZyEZ2\{O} \y|_3 < 00. Then
eiGy
T Dleeds ¥ 9
yEDK\DJ k=J yGDk+1\Dk
We can rewrite the sum on the right-hand side above, obtaining

\Kf > e,; I;(’”l)zmlw)—me))]

k=J y€Dy11\Dy

K—
’ Z (’Yk+1 Yk(0) + %7]@+1(0))’
< @) + s (0))] +3 Z '”"“

By the bound (2.5),

|’Yk+1 18 Ebq 18
3 < < .
Z = ol 2= WET 1) = T8

Making use of the trivial bound |yx(6)| < (k + 1)2/k% < 4 for |yx ()| and
|77(0)| we therefore have

I 18
| > pplsorse g
yGDK\DJ

proving (2.6).
The second limit in (c¢) follows from a simple comparison with an integral.
The first follows from a second comparison showing that

(2.9) lim )

Koo Dk |y

5 = 2mlog2.

We close this Section by recording the fact

(2.10) S e/l = 0 for all 2 € T},
yeTL
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3. Proof of Proposition 1.1. Throughout this Section we will write
M for My. It is straightforward to check that the assumptions of Proposi-
tion 1.1 imply the following. As M — oo,

(i) em —»co=1/Jp 1/2)f( x) dx
(ii) o3f/M? — 0* =co fB (1/2) $1f( ) dz, and
(i) ¢ar(0/M) — $(0) = co fB(1/2 e f(x) dz, 6 € B(m).
Let Zjs have distribution gjs. By a standard inequality and the fact that
| Zn| < M2,
(3.1) |1 —oum(0) — o3, 101°/2)] < E((10Zum[/6) A 16021 [)
‘9|2M2
<
- 4

((|0)|M/12) A T).
Using (ii), this implies that for any ¢ > 0,

1— ()
UM|9| /2

2M?

40M

sup ‘ —1‘§

0€B’(5/M)

((6/12) A 1)

1
— ﬁ((5/12)/\1) as M — oco.
o

Using (ii) again, this is enough to establish (P1).
Fix € > 0 and put ¢ = sup{cys}. We will prove that there exists a finite
constant A depending on ¢ such that

(3.2) lim sup sup Z e qu(x) < ee(1+20] flloo)
M—oo 6eB(m)\B(A/M) TCA N

which is stronger than (P3). First, we replace the sum over Aj; with one
over Tjs at the cost of a small error,

(383) | > ™ qu(x) |A|

TEA N

- (2M + 2)] £
> /M) <

€T pr
The idea now is to break the sum over Tj; into sums over disjoint translates
of Tg, where K < M is chosen so that f(x/M) is essentially constant on
the translates, and then apply (2.5).

To do this, let Ty = {2z € K72 : 24+ Txg C Tar}, and choose €' €
(0,¢) small enough so that |f(z) — f(2')| < g if ||z — 2|0 < €. Choose A
large enough so that Ae’ > 7! and suppose ||]|cc > A/M. Since |Tys \
UZEFMK(Z+TK)’ < 4MK7

(34) | > @ f(a/M)— Y N e f((z+a)/M)| < 4| flooK M

xE'I[‘M ZEFMK :BETK
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For large M we can choose K to satisfy ¢’/2 < K/M < &'. By our choice of
e 1f((z+x)/M) — f(2/M)| < € for all z € T'jyrx and z € Tg. Applying
this bound gives

(385) | > Y Ef((z 4 2)/M)

ZEF]W’K €Tk

_ Z eié)zf(z/M) Z ei@ax §5M2-
z€l v,k z€Tk
By (2.5) and the bound |T'ps x| < M2%/K?,
(3.6) ‘ Z e f(z/M) Z el
ZEF]W’K .Z’ETK
M2 flloo 1y o 82 o -
<« Ml g a1y oy < B e 0 o).

By combining (3.3)—(3.6), the bounds ¢’/2 < K/M < &’ and then using
10l > A/M we obtain

¢ 5 8M? _
oM (0)] < 77 [(2M+2>Hf|!oo+4KM||f||oo+s\M |+ —— [l flloo(1 + HHIIOO)]
8] K
< (102 + 1| flloo ((2M +2) + 4€'M? + 16(M /') (1 + M/A) )|
Ayl

16]| f |l oo
e'A

—>E[€+4E’||f||oo+ }asM—m)o.
Since Ae’ > £7! and ¢/ < ¢, the right-hand side above is no larger than
€¢(1 4 20| f]|oo), which establishes (3.2).

To prove (P2) it now suffices to prove that for all 0 < 6 < A < oo there
exists ¢ > 0 such that

(3.7) lim sup sup om(0) <1-¢.
M—oo 9eB(A/M)\B(S/M)

Let ¢ar(0) = ¢ar(0/M). By (iii), ¢ar(8) — ¢(f) as M — oo, and the con-
vergence is uniform on compact sets. Since the probability distribution with
density cof(x) on B(1/2) is not degenerate or of lattice type, |¢(8)| must be
bounded away from 1 on any compact set not containing 0. For 0 < § < A
we may choose ¢ > 0 such that ¢(f) < 1 — ¢ for all § € B(A) \ B(8). The
uniform convergence ¢y — ¢ on B(A) \ B(8) now implies (3.7).
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4. Proof of Theorem 1.7. We continue to write M for My . It suffices
to prove that

(4.1) lim sup LQIPO(XSLL =zx)— L*Q‘ =0.

L—oo z€Ty,
By pulling out the y = 0 term from (2.3) we see that
LAPy(XE, = a) = L7 = | 32 ahi(my/L)e?™ =W/ < 37 i (2my/L).
yeT, yeT,

The limit (4.1) will follow from showing the last sum tends to zero as L — 0.
By (P1) there exists § > 0 such that for large L,

(4.2) 1— ¢ur(2my/L) > w0 M?|y|*/L? for all y € Ty, ) -
This implies (recall (2.1)) that

Z oYi (2my/L) < Z exp(—spm?a?M?|y|?/L?).

yeT, yeT,

SL/M SL/M

This last sum tends to 0 as L — oo by comparison with

oo
—n202sp,(M?/L?)r? dr 1 0
/0 ‘ " 27T20'28LM2/L2 -

since sy M?/L? — oo by assumption.
By (P2) and (P3), there exists ¢ > 0 such that for all large L,

1 —¢n(2my/L) > ¢ for all y € Ty \ Tspyyr -

This bound implies
> ¢Y(2my/L) < L*exp(—(sL)) — 0

YETL\TsL /0

since sz, /log L — oo by assumption. This completes the proof of (4.1).

5. Proof of Theorem 1.2. We continue to write M for M. To prove
(1.3), it suffices in view of (2.2) to establish the following facts:

(5.1) Jim G (0, ML*) =X"1+1;, and
(5.2) lim sup |Gp(z,\/L?) — X"t =0.

T zeT),
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PRrOOF oF (6.1). By (2.4),

1
Z 14+ X/L2— ¢p(2my/L)’

(5.3) Gr(0,\/L%) =\~ +

and thus (5.1) will follow from

o
(5.4) BT 2 T G

We will prove (5.4) by breaking T’ into regions appropriate for utilizing
(P1)—(P3). To prepare for this, fix ¢ > 0. By (P1) there exists § > 0 such
that for all large L,

1 1
<
1 —¢n(2my/L) — w202 M?|y|?/L>

(5.5) for y € TSL/M.

By (P2) there exists ¢’ > 0 and ¢ > 0 such that for all large L,

(56) <1/€ fOI"yGT(g/L\T(;L/M.

1
1—o¢m(2my/L)
By (P3), for any 0 < a < ¢’ and all large L,

1
‘ 1—¢m(2my/L)
We claim that

(5.7) —1‘<5fory€TL\’H‘aL.

. lim — =
(58) 125 12 Z 1= om(ry/D) ~
USINTY.
(5.9) limsup — ! Z ! <a?/¢, and
L—oo L? yGTaL\TaL/M - (Z)M(zﬂ—y/L)
(5.10) limsup’% Z o 12# D)~ (1 —a2)‘ <e.
L—oo yeTL\TaL M y

The bounds (5.9) and (5.10) are immediate from (5.6) and (5.7). For (5.8),
we note that since M?/log L — oo, (2.7) implies that

11 lim — =
(5.11) Jim 5 ;r: |yy2
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This fact and (5.5) easily imply (5.8). We note for later use that neither
(5.9) nor (5.10) require M?/log L — oo, they hold for any M — oo and ¢y
satisfying (P2) and (P3).

Having established (5.8)—(5.10) we combine them to obtain

lim sup

1
— 1| < a? 24,
peelis 3 g Y S e

Let a | 0 and then ¢ | 0 to complete the proof of (5.4). O

PROOF OF (5.2). After separating out the y = 0 term as before, it suffices
to prove that

27ri:py/L

szl =

(5.12) hm sup L ’Z T
yET’

In view of (5.8) and (5.9), we may concentrate on the region Ty, \ Ty
By (5.7), uniformly in z € T/,

1 ; 1
li 2mixy/L 1)l <e.
lgljolip ’yeﬂ‘%\:ﬂ‘@ ) (1 — ¢m(2my/L) )’ -

It is here we make use of (2.10). It implies that for all x € T7 |
1 27r7,wy/L 2mixy/L 2
P P P
L yeTL\TaL yETaL
By the last two facts,

627riacy/L )
<e+a”,

1
(5.13) limsup sup —
L—oo zeT), L? ‘yETLZ\TaL 1- ¢M(27Ty/L) ‘

and we note here that (5.13) does not require that M?/log L — oco. Taken
together, (5.8), (5.9) and (5.13) imply

2m’xy/L
<e+ad*(1+1/0).

(5.14) lim sup sup
L—o0o :CET’ LQ‘ ;1‘:’ 1 —¢M(27Ty/L>‘

Let a — 0 and then € — 0 to complete the proof of (5.12). O
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PROOF OF (1.4). By standard monotonicity arguments,
(5.15) P,(Hy, > uL?) — e~ uniformly in z € T, u > 0

as L — oo. In particular, for all large L,

Py(Hp > L?) <e Y2 forall z € T} .
By this bound and the Markov property,
Py(Hy > kL*) = Y Po(X(_1yp =y, Ho > (k — 1)L*)Py(Hp > L?)
yeT
<e V2P,(Hp > (k—1)L?%).

Consequently, for all large L, P,(Hy > kL?) < e *? for k> 1 and z € T’ .
This fact and (5.15) easily imply (1.4). O

6. Proof of Theorem 1.3. We continue to write M for M. The limit
(1.6) follows easily from a little algebra and the following analogues of (5.1),
(5.2):

Gr(0,\/L* 1
(6.1) lim GLO ML) :>\_1+p+—2, and
L—oo tr, xes
Gr(x,\/L?*t 1-
(6.2) lim  sup Gl A L) [)\_1 + ( f)] =0.
L—oo ze€A(a,vr) lr To

The proofs of (6.1) and (6.2) are similar to the proofs of (5.1) and (5.2), but
require a bit more care.

Fix € > 0. By (P1) there exist ¢ > 0 and functions ¢, such that ||t ||c <
¢ and for all large L,

1  14+9YL(y)
1—¢p(2my/L)  2m202M?2|y|2/L?

(6.3) for y € Tjp /s -

As before, we assume ¢’,¢ > 0 are such that for all 0 < a < ¢, (5.6) and
(5.7) hold. Recall that we are now assuming M?/log L — p < oc.

PROOF OF (6.1). The y = 0 term in the sum for G(0,\/t) yields A=,
so it suffices to prove that

1

1
6.4 li = — .
(64) Lo L2ty y;r:, 1—¢nm(2my/L) P oz
L
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We claim that:

1 1 1 €
. li — —
(6.5) lflfip’LZtL 2 T on@D) i Rt
YETS L /ar
(6.6) lim sup ! Z ! < pa?/¢ , and
. T - — Y
L—oo L7 YETar\Tsr /0 L= ¢ (2my/L)
(6.7) lim sup‘ 21 Z ! - (1- aQ)p’ <ep.
RTINS Y CeiD)

The limits (5.9) and (5.10) and the fact that 1/t;, — p imply (6.6) and (6.7),
so consider the region the region T%L/M' By (6.3),

1 1 1 3 1+ vr(y)

i 2 T=ou@m/D) gl 2~ TPy

SL/M yeT;

SL/M

By using (2.7) above we obtain (6.5).
Combining (6.5)—(6.7) gives

1 1 €
li — B < —5 + pa® ’+e).
v D o B B R AT
L
Let a — 0 and then € — 0 to complete the proof of (6.4). O

PROOF OF (6.2). Fix 0 < a < 1. (We will not give the slight changes in
proof needed to handle the cases a = 0, 1.) It suffices to prove that uniformly
inz € A(o,v),

1 e27ria:y/L 1— o

. — L .
(6:8) L%ty ygﬂ;, 1—o¢p(2my/L) T ez BT
L

With ¢, § as before, we claim that

1 eZWiry/L 1—a

9
6.9 limsup sup |—— E < .
( ) L—00 mEA(a,vL)‘LQtL 1 —¢M(27ry/L) To? ‘ T2

/
YETs

Given this, (5.13) and (6.6) imply

+p(e+a’+a®/(),

1 e2mizy/L 11—« ‘ €

limsup sup —
o0 xeA(va)’LQtL Z 1—op2ny/L) 702

— 2
TO
yeT),
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which is enough to establish (6.8).
The first step in proving (6.9) is to use (6.3) to obtain

1 627ri1'y/L 1 e27ri:z:y/L
2 Z — - Z 20,12
L%ty 1—oépm(2my/L)  log L 2ra?yl

/ /
YT/ YETs, /nr

(6.10) (1+vr(y))-

Next, we may replace Tf, /s i the right-hand side above with D5, /ar be-
cause

. 1
o) inmr T =

/ !
YeTS L e \Psr m

by (2.9). Now we we break Ar(«,vr) into the union of the smaller regions
Dr(a,m) = DLa(lOgL)m+1 \ DLa(logL)m , me[-kk)NZ.

We will prove that for each fixed m,

1 eZWixyy/L 1—a
(6.12) lim  sup Z T 5| =
L=00 4eDp (a,m) log L YEDSy 1 2m20?|y| o ’
Since (6.9) will follow from (6.10)—(6.12), the problem now is to prove (6.12).
To do this fix m € Z, let K, = L'=%(log L)_(m"'%), and consider the
regions Dsr/ar \ Dr, and D . The bound (2.6) implies that for all z €
DL(OZ, m)a

1 eQTrixy/L C)
(6.13) 3 —] <
log L yEDsm\Dic, |yl (log L)(1 AN Kp,|2mz /L))
Co Co

< v 0as L — oo.
SlogL ' 2nKp(log Lym+ia—1 — ° 88 H o0

To handle the sum over D’KL we make use of the fact that e2™*¥/L ~ 1
there. More precisely, for x € Dy (o, m),

eQWimy/L -1 ‘

|y|?

1
gl 2

Dl
YLk,

1 27|x|/L 1
glOgL Z < 2rL* 1(log L)™ Z —.
yGDKL yeDKL
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Comparison with an integral shows there is a constant C' < oo such that
>y, ly| 7t < CKp, so it follows that
L

. 1 p2mizy/L _ |
(6.14) P e logL)ye%iL ly[2 =0
Coming to the main term at last, by (2.7) we see that
1 1 log K, 1 1
(6.15) 27202 log L ye%;% [y2 ~ 27202 log L log K7, ye%iL ly?
— 17:72& as L — oo .
Taken together, (6.13)—(6.15) establish (6.12), as required. O

PROOF OF (1.7). We proceed as in the proof of (1.4) with just a few
changes. First, by (1.6) with &« = m = 1, there exists a finite Ly such that
for all L > Lo, Py(Hy, > L*) < e /% for all y € Tp, \ Ty 10qz- Next,
by Theorem 1.7, there exists finite L1 > Lg such that for L > Ly and all
z,y € Ty, Px(Xf%L =9) < 2/L2. Therefore, for all L > L; and x € T/,

P,(Hy > 2L%;) < Px(sztLeTL/ o)t sup Py(Hp > L%tr)
YETL\TL /106 L

< 2Ty j1eprl /L2 + e Y28 < 2/(log L)? + V2.
It follows that for some finite Ly > L1, if L > Lo then

sup Py(Hyp > 2L%t;) < e~ 1/38
z€T/,

Iterating as in the proof of (1.4) we obtain

(6.16) sup Py(Hp > 2kL%ty) < e */30
zeT,

for all L > L.
Now for a fixed 0 < a <1 and k£ > 0, (1.6) implies

(6.17) Pu(Hp > uL?t1) — (1 — q)e”"? uniformly in z € A(a,vg) ,u >0

as L — oo. The limit (1.7) is a consequence of this fact and (6.16) O
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7. Example 1.5. In this Section we verify the claims made in Exam-
ple 1.5. We first check that

2
IM; 1—c¢

1 2 c 2 2
—5 =5 > Tiqm, (T) = 5 ) xiun, (T) + —5 D 71q0(7)
a2 () = g 2 i (@) G )

—>c/ $%d$:£aSL—>OO,
B(1/2) 12
so (1.8) holds with o2 = ¢/12. We turn now to the proof of (1.10).

Let s, (0) = 3, ung, (). Our first step is to establish the analogues
of (P1)—(P3) for ¢, (0) = cupr, (6) + (1 — ¢)qo(8). By Proposition 1.1, @y,
satisfies (P1)-(P3) with 0> = 1/12. Furthermore, it is easy to check that
qm, satisfies: for all € > 0 there exists > 0 such that

1 —qo(0)

oR0P /2
With this it is easy to see that the following versions of (P1)—(P3) hold for
b -

€(l—¢,1+¢)forall € B().

(P1)’ For € > 0 there exists § > 0 such that for all large L,

1 1
_ + Y1 (y) for all y € T:SL/ML

1= g, (2my/L)  eMin?|y[*/6L?

where ||¢1 |0 < €.
(P2)’ For 6 > 0 there exists 6’ > 0 and ¢ > 0 such that for all large L,

1 —on, (2my/L) > cC for all y € Tsp \ Tspny, -

(P3)’ For fixed 0 < a < 1,

1 1
‘1 —ou, (2my/L) e+ (1—c)(1 - @o(Zﬂy/L))’ -
With the above in place, the next step is to prove that

Jim Gr(0,A\/L*) = X1 4 5y,

lim  sup
L—oo yETL\TaL

or equivalently

(.0 BT 2 TG @)
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To do this fix € > 0, choose ¢,0’ as in (P1)" and (P2)’, and break T’ into
the usual subregions.
Applying (P1)" we have

1 3 1 __6 > 1+¢ry)
L2 < 1-— 2my/L)  cM?n? 2
VT, du, (2my/ L) L™ Ty vl
This implies, using (2.7),
1 1 12 12¢
7.2 li — - < —
(7:2) lgl_?;ip‘ﬂ Z 1 — ém, (2my/L) c7r‘ — e’
YETSL/m,

where we have used M7 /log L — 1. Next, for 0 < a < ¢, (P2)’ implies

[\

1 <a7
1—¢ML(27Ty/L) e '

. 1
(7.3) lim sup T2 Z

Lo YETar\Tsr /01y,
By (P3)" and continuity,

1 dé

1
Ly - i
L* i, 1 éumy (2my/ L) B(1/2)\B(a/2) ¢ + (1 —¢)(1 — qo(270))
1 do

(2m)2 -/B(ﬂ)\B(mr) 1—(1-¢)qo(®)

Let a | 0 and then € | 0 in (7.2) and (7.3) to complete the proof of (7.1).
The final task is to prove that

lim sup |Gp(z,\/L*) =21 =0,

L—o0 xGTL\TgL
or equivalently
1 e27rz'my/L
(7.4) lim sup |— =
L—oo z€Tp\Te, ‘ L? yEZT’L 1- ¢ML (27Ty/L) ‘

Consider the region TZSL/M' By (2.9) we may replace TZSL/M with DgL/M’
at the cost of a negligible error. We break Dj, /M into two pieces. By (2.7),

(7.5)
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By (2.5), for all z € T \ Ty

e?Tria:y/L ‘ Cy CoL

1
. < V
(7.6) ‘logL 2 ly|? |~ logL  Kp2m|x|

YyE€Dsr/m\Dre
l1—e
< Co v CoL
~ log L 2nly,

—0as L — 0.

By (P1)’ and the above,

1 e27rixy/L 12¢
(7.7) limsup sup |— <
L—oo z€T\Te, ‘ L2 yeT,z: 1- ¢ML (27Ty/L) ‘

§My,/L

)
CcT

and combining this with (7.3) gives

e27rimy/L 12¢ a2

o@D S o T &

1
(7.8) limsup sup |—
L—oo CCETL\TgL‘LQ ?JG%L

Now consider the region Ty \ T,z. By (P3)’, for all large L and z € Ty,

e2mizy/L e2mizy/L

LS -
L2 i 1 o 2ry/L) 1= (1= c)qo(2my/ L)

(7.9)

’Sa.

For integers K > 0 define I'y, gk = {2 € KZ7Z?: 2+ Ty C T\ Ty}, and note
that [T x| < L?/K? and |(Tg \ Tar) \ Uzer, (2 + Tk)| < 8LK. By the
trivial bound 1 — (1 — ¢)go(#) > ¢ and (7.9),

e27rixy/L

1
2 2 1 — ¢y, (2my/L)

yET\Tar

(7.10)

e?ﬂ'i;vy/L

1 8K
Y Y T-gaeDl

ZEF[”K yez+Tx

By the continuity of gy there exists §” > 0 such that if 6,6’ € B(w) and
|60 — 6’| < 0" then

‘ 1 B 1
1= (1-=c)go(0) 1-(1-c)qp(®)

<e.
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Assuming K < ¢”L, this implies
eQwi:py/L

(7.11) \ > > g — (1= c)Go(2my/L)

z€l'p Kk y€z+TK

1 errixz/L

E > 1—(1—¢)go(2mz/L)

zel'L Kk

Z e27rza:y/L‘ <.
y€TK

Now (2.5) can be applied, giving
e27rixz/L

1 X
1) | 3 1—(1-c)i(2mz/L) ZKGQ "

zel'L Kk

|FLK| ‘ Z 27rzxy/L‘ < K+1)(1+L/27T€L))
el? T cK? '
for all z € Ty, \ Ty, . Taken together (7.8) and (7.10)—(7.12) yield

e2mizy/L

limsup sup
L—oo xETL\']Tp ‘L GT/ 1- ¢ML (QWy/L) ‘

12 2 K (4K+ 1)1+ L/2r¢
<—€+af—&-2€+hmsup(8 —i—(( + 1A+ /WL»)
cm C L—oo K2

If set K = L/\/Z then the limsup above is 0. Let a | 0 and the € | 0 to finish
the proof.

Acknowledgements. It is a pleasure to thank Rick Durrett for sug-
gesting this problem.
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