Spectral Distributions of Adjacency and Laplacian Matrices of
Random Graphs
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Abstract In this paper, we investigate the spectral properties of the adjacency and the Laplacian
matrices of random graphs. We prove that

(i) the law of large numbers for the spectral norms and the largest eigenvalues of the adjacency
and the Laplacian matrices;

(ii) under some further independent conditions, the normalized largest eigenvalues of the Lapla-
cian matrices are dense in a compact interval almost surely;

(iii) the empirical distributions of the eigenvalues of the Laplacian matrices converge weakly to
the free convolution of the standard Gaussian distribution and the Wigner’s semi-circular law;

(iv) the empirical distributions of the eigenvalues of the adjacency matrices converge weakly to

the Wigner’s semi-circular law.

1 Introduction

The theory of random graphs was founded in the late 1950s by Erdds and Rényi [19, 20, 21, 22].
The work of Watts and Strogatz [46] and Barabdsi and Albert [3] at the end of last century initiated
new interest in this field. The subject is at the intersection between graph theory and probability
theory. One can see, for example, [10, 14, 15, 16, 18, 23, 30, 34, 40] for book-length treatments.

The spectral graph theory is the study of the properties of a graph in relationship to the charac-
teristic polynomial, eigenvalues, and eigenvectors of its adjacency matrix or Laplacian matrix. For
reference, one can see books [14, 42] for the deterministic case and [15] for the random case, and
literatures therein. The spectral graph theory has applications in chemistry [9], where eigenvalues
were relevant to the stability of molecules. Also, graph spectra appear naturally in a numerous of
questions in theoretical physics and quantum mechanics, see, e.g., [24, 25, 26, 38, 39, 43, 44]. For
connections between the eigenvalues of the adjacency matrices and the Laplacian matrices of graphs
and Cheeger constants, diameter bounds, paths and routing in graphs, one can see [15].

Although there are many matrices for a given graph with n vertices, the most studied are their
adjacency matrices and the Laplacian matrices. Typically, random graphs are considered with the

number of vertices n tending to infinity. Many geometrical and topological properties can be deduced
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for a large class of random graph ensembles, but the spectral properties of the random graphs are
still uncovered to large extent.

In this paper, we will investigate the spectral properties of the adjacency and the Laplacian
matrices of some random graphs. The framework of the two matrices will be given next.

Let n > 2 and I',, = (V,,, E,,) be a graph, where V,, denotes a set of n vertices vy, va, ..., v,, and
E,, is the set of edges. In this paper, we assume that the edges in F,, are always non-oriented. For
basic definitions of graphs, one can see, e.g., [11]. The adjacency matrix and the Laplacian matrix

of the graph are of the form
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with relationship
A, =D, — A, (1.3)

where D,, = (Z;;Z gi(l”))lgign is a diagonal matrix.

As mentioned earlier, we will focus on non-oriented random graphs in this paper. Thus, the
adjacency matrix A,, is always symmetric. If the graph is also simple, the entry 51-(;-1) for i # j only
takes value 1 or 0 with 1 for an edge between v; and v;, and 0 for no edge between them.

The Laplacian matrix A, for graph I';, is also called the admittance matrix in literature. If I';, is
a simple random graph, the (4,%)-entry of A,, represents the degree of vertex v;, that is, the number
of vertices connected to v;. A, is always non-negative (this is also true for A,, as long as the entries
{fi(jﬂ); 1 <i # j < n} are non-negative); the smallest eigenvalue of A,, is zero; the second smallest
eigenvalue stands for the algebraic connectivity; the Kirchhoff theorem establishes the relationship
between the number of spanning trees of I';, and the eigenvalues of A,,.

An Erdos-Rényi random graph G(n,p) has n vertices. For each pair of vertices v; and v; with
i # 7, an edge between them is formed randomly with chance p,, and independently of other edges.
See [19, 20, 21, 22]. This random graph corresponds to Bernoulli entries {fg.b); 1 <4< j <n}, which

are independent random variables with P(fgl) =1)=1- P({E;L) =0)=p,forall 1 <i<j<n.
(),
ij
is a product of a Bernoulli random variable Ber(p,) and a nice random variable, for instance, a

For weighted random graphs, {¢ 1 <i < j < n} are independent random variables and EZ-(;)



Gaussian random variable or a random variable with all finite moments (see, e.g., [32, 33]). For
the sign model studied in [7, 33, 43, 44], 51-(;1) are independent random variables taking three values:
0,1,—1. In this paper, we will study the spectral properties of A, and A, under more general
conditions on {580; 1 <i<j<n},see (1.5) later.

Now we need to introduce some notation about the eigenvalues of matrices. Given an n X n
symmetric matrix M. Let A\; > Ay > --- > A, be the eigenvalues of M, we sometimes also write this
as A1 (M) > Aa(M) > -+ > A\, (M) for clarity. The notation Amaz = Amaz (M), Amin = Amin (M)
and A\(M) stand for the largest eigenvalue, the smallest eigenvalue and the k-th largest eigenvalue

of M, respectively. Set

n

a(M) = %Xn:é,\i and FM(z) = %ZI(/\i <z), zeR. (1.4)

i=1 i=1
Then, (M) and FM(z) are the empirical spectral distribution of M and the empirical spectral
cumulative distribution function of M, respectively.

In this paper, we study A, and A, not only for random graphs but also study them in the
context of random matrices. Therefore, we allow the entries fgl)’s to take real values and possibly
with mean zero. It will be clear in our theorems if the framework is in the context of random graphs
or that of of random matrices.

Under general conditions on {EZ-(;)}, we prove in this paper that a suitably normalized fi(A,,)
converges to the semi-circle law; a suitably normalized [i(A,,) converges weakly to the free convolu-
tion of the standard normal distribution and the semi-circle law. Besides, the law of large numbers
for largest eigenvalues and the spectral norms of A, and A, are obtained. Before stating these

results, we need to give the assumptions on the entries of A,, in (1.1) and A,, in (1.2):

Let {fi(?); 1<i<j<n,n>2} be random variables defined on the same probability space and

{ﬁz(jn), 1 <i < j <n} be independent for each n > 2 (not necessarily identically distributed)
with 52-(;) = §j(-?), E(@(Jn)) = Un, Var(fgf)) =02>0foralll<i<j<nandn>2, and

sup E|(§Z(J") — pn)/on|P < 0o for some p > 0. (1.5)
1<i<j<n,n>2

The values of p above will be specified in each result later. In what follows, for an n X n matrix
M, let [M]| = supyegn, jx=1 [|[Mx|| be the spectral norm of M, where |[x|| = /27 +--- + 22 for

x = (x1, - ,2,) € R". Now we state the main results of this paper.

THEOREM 1 Suppose (1.5) holds for some p > 6. Assume p, =0 and o, =1 for alln > 2. Then

(a) )\max (An)
Vnlogn

Furthermore, if {Aq, Az -} are independent, then

Amax An . Amax An
(b) lilnli)réf\/r%gn) =V2 as. and llﬂsolip\/%gn)

the sequence {Amax(Ay)/\/nlogn; n > 2} is dense in [V2, 2] a.s.;
(¢) the conclusions in (a) and (b) still hold if Amax(Ay) is replaced by | A,

— V2 in probability as n — .

=2 a.s., and



For typically studied random matrices such as the Hermite ensembles and the Laguerre ensembles,
if we assume the sequence of n x n matrices for all n > 1 are independent as in Theorem 1, the
conclusions (b) and (¢) in Theorem 1 do not hold. In fact, for Gaussian Unitary Ensemble (GUE),
which is a special case of the Hermite ensemble, there is a large deviation inequality P(|n’1/ Mz —
V2| > €) < e "% for any € > 0 as n is sufficiently large, where C, > 0 is some constant, see (1.24)
and (1.25) from [36], or [8]. With or without the independence assumption, this inequality implies
from the Borel-Cantelli lemma that n=%2?\,,.; — V2 a.s. as n — oo. Similar large deviation
inequalities also hold for Wishart and sample covariance matrices, see, e.g., [27, 45].

For two sequence of real numbers {a,; n > 1} and {b,; n > 1}, we write a,, < b, if a,, /b, — 0
as n — oo, and a,, > b, if a, /b, — +00 as n — co. We use n > 1 to denote that n is sufficiently

large.

COROLLARY 1.1 Suppose (1.5) holds for some p > 6. Then, as n — oo,

)\maX(An) logn)l/Q_
ony/nlogn ,
Amax(An)
Nin
Amax(An)

Npin
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— V2 in probability if || < on <

1 1/2
(a2) — 1 in probability if p, >0 forn>1 and p, > oy, < Ogn> ;
n

1 1/2
(a3) — 0 in probability if p, <0 forn > 1 and |p,| > on (ogn) :
n

Furthermore, assume {Aq, Ag ---} are independent, then

I Amax(An) . )\max(An)
b1) 1 f———r =2 a.s. d 1 —_—
(b1) e onvnlogn V2 as an lﬁsolip opy/nlogn

)‘max An ) 12
{o—n\/n(Tg?z; n > 2} is dense in [\@, 2] a.s. if || < on < Oin) ;

=2 a.s., and the sequence

Amax (A logn\ "/?
(b2) limﬁzla.s. if i, > 0 for n>>1 and ,un>>an<0gn> :
n—oe Ny, n
Amax (A logn\ '/?
(63)  lim Amax (An) =0 a.s. if pn, <0 forn>>1 and |p,| > o, ( 0gn> .
n—oo Ny n

Finally, (a1) and (b1) still hold if Amax(Ay) is replaced by |AL]|; zf{fjn) >0 for alli,j,n, then (a2)
and (b2) still hold if Amax(Ay) is replaced by | A, ]|

Remark 1. For the Erdos-Rényi random graph, the condition “(1.5) holds for some p > py” with
po > 2 is true only when p,, is bounded away from zero and one. So, under this condition of p,,
Corollary 1.1 holds. Moreover, under the same restriction of p,,, Theorems 2 and 4 that will be given
next also hold.

Let {v,v1, 19, - } be a sequence of probability measures on R. We say that v, converges weakly
to v if [ f(x) vn(dx) — [ f(z)v(dz) for any bounded and continuous function f(x) defined on R.
The Portmanteau lemma says that the weak convergence can also be characterized in terms of open

sets or closed sets, see, e.g., [17].



Now we consider the empirical distribution of the eigenvalues of the Laplacian matrix A,,. Bauer
and Golinelli [7] simulate the eigenvalues for the Erdos-Rényi random graph with p fixed. They
observe that the limit v of the empirical distribution of A\;(A,), 1 < i < n, has a shape between the
Gaussian and the semicircular curves. Further, they conclude from their simulations that ms/m3
is between 2 and 3, where m; is the i-th moment of probability measure v. In fact, we have the

following result.

THEOREM 2 Suppose (1.5) holds for somep > 4. Set F,(z) = LI {’\’(é/%% < x} forz e

R. Then, as n — oo, with probability one, F,, converges weakly to the free convolution vyp; of the
semicircular law and the standard normal distribution. The measure Yypr 4 a non-random sym-
metric probability measure with smooth bounded density, does mot depend on the distribution of
{EZ(;L); 1<i<j<n,n>2}, and has an unbounded support.

More information on «ys can be found in [12]. For the Erdos-Rényi random graphs, the weighted
random graphs in [32, 33] and the sign models in [7, 33, 43, 44], if p,, is bounded away from 0 and
1 as n is large, then (1.5) holds for all p > 4, thus Theorem 2 holds for all of these graphs.

It is interesting to notice that the limiting curve appeared in Theorem 2 is indeed a hybrid
between the standard Gaussian distribution and the semi-circular law, as observed in [7]. Moreover,
for the limiting distribution, it is shown in [12] that ms/m3 = 8/3 € (2, 3), which is also consistent
with the numerical result in [7].

Before introducing the next theorem, we now make a remark. It is proved in [12] that the
conclusion in the above theorem holds when fz(jn) =¢; foralll <i<j<nandn > 2, where
{&j; 1 <1< j < oo} are independent and identically distributed random variables with Ef12 = 0

and F(£12)%2 = 1. The difference is that the current theorem holds for any independent, but not
2

necessarily identically distributed random variables with arbitrary mean pu, and variance o;;.

Now we consider the adjacency matrices. Recall A, in (1.1). Wigner [47] establish the celebrated
semi-circle law for matrix A, with entries {§Z(J") =&, 11 <1< j< oo} being iid. N(0,1)-
distributed random variables (for its extensions, one can see, e.g., [5] and literatures therein). Arnold
[1, 2] prove that the Wigner’s result holds also for the entries being i.i.d. random variables with
a finite sixth moment. In particular, this implies that, for the adjacency matrix A,, of the Erdos-
Rényi random graph with p fixed, the empirical distribution of the eigenvalues of A, converges to
the semi-circle law, see also Bollobas [10]. In the next result we show that, under a condition slightly

stronger than a finite second moment, the semicircular law still holds for A,,.

THEOREM 3 Let wgl) = (fg) — pin)/on for all i, j,n. Assume (1.5) with p =2 and

max F {(wi(y))zfﬂwg?” > e\/ﬁ)} —0

1<i<j<n

as n — oo for any € > 0, which is particularly true when (1.5) holds for some p > 2. Set

- L~ [ Xi(Ag) +
F, = — E [{——~ < , R.
(x) n i=1 { \/ﬁan - m} ve

Then, almost surely, F, converges weakly to the semicircular law with density =Va—a?I(|z| < 2).



Applying Theorem 3 to the Erdés-Rényi random graph, we have the following result.

COROLLARY 1.2 Assume (1.5) with P(fl(]n) =1)=p,=1- P(ﬁl(]n) =0) foralll<i<j<n
andn > 2. If ay, := (npn(1—pn))Y/? — 00 as n — oo, then, almost surely, FA»/%n converges weakly
to the semicircular law with density 5=+/4 — 22I(|z| < 2). In particular, if 1/n < p, — 0 as n — oo,

then, almost surely, FA~/~V"Pr converges weakly to the same semicircular law.

The condition “a,, := (np, (1 —p,))'/? — oo as n — o0” can not be relaxed to that “np,, — oo”.
This is because, as p, is very close to 1, say, p, = 1, then 61(:) = 1 for all ¢ # j, thus A,, has
eigenvalue n — 1 with one fold and —1 with n — 1 fold. This implies that FA» — §_; weakly as
n — oo.

Corollary 1.2 shows that the semicircular law holds not only for p being a constant as in Arnold
[1, 2], it also holds for the dilute Erdos-Rényi graph, that is, 1/n < p,, — 0 as n — oco. A result in
Rogers and Bray [43] (see also a discussion for it in Khorunzhy, Khoruzhenko, Pastur and Shcherbina
[33]) says that, if P(fgl) ==+1) = p,/2 and P(fg.l) = 0) = 1 — py, the semicircular law holds for the
corresponding A,, with 1/n < p, — 0. It is easy to check that their result is a corollary of Theorem
3.

Now we study the spectral norms and the largest eigenvalues of A,,. For the Erdés-Rényi random
graph, the largest eigenvalue of A,, is studied in [28, 35]. In particular, following Juhdz [31], Fiiredi
and Komlé [28] showed that the largest eigenvalue has asymptotically a normal distribution when
pn = p is a constant; Krivelevich and Sudakov [35] proved a weak law of large numbers for the
largest eigenvalue for the full range of p,, € (0,1). In the following, we give a result for A,, whose
entries do not necessarily take values of 0 or 1 only. Recall A\;(A,) and ||A,]|| are the k-th largest

eigenvalue and the spectral norm of A,,, respectively.

THEOREM 4 Assume (1.5) holds for some p > 6. Let {k,; n > 1} be a sequence of positive integers
such that k, = o(n) as n — oo. The following hold.

(i) If lim, oo pin/(n="20,) = 0, then ||A,||/v/non — 2 a.s. and M, (Ay)/(v/no,) — 2 a.s. as
n — oo.

(i) If limy, oo in /(" %0,) = 400, then Apas(Ay)/(Njin) — 1 a.s. asn — oo.

(i) If im, oo |pin|/(n~1/20,) = 400, then || AL/ (n|n]) — 1 a.s. as n — oco.

Remark 2. The conclusion in (ii) can not be improved in general to that Ag, (A,)/(np,) — 1 a.s.
as n — oo. This is because when o, is extremely small, A, roughly looks like u,(J, — I,), where
all the entries of J,, are equal to one, and I,, is the n x n identity matrix. It is easy to see that the
largest eigenvalue of p,(J, —I,,) is (n — 1)u, > 0, and all of the remaining n — 1 eigenvalues are
identical to —1.

From the above results, we see two probability distributions related to the spectral properties of
the random graphs: the Wigner’s semi-circle law and the free convolution of the standard normal
distribution and the semi-circle law. The Kesten-McKay law is another one. It is the limit of the

empirical distributions of the eigenvalues of the random d-regular graphs, see [37].



The proofs of Theorems 1 and 2 rely on the moment method and some tricks developed in [12].
Theorems 3 and 4 are derived through a general result from [6] and certain truncation techniques
in probability theory.

The rest of the paper is organized as follows: we will prove the theorems stated above in the

next section; several auxiliary results for the proofs are collected in the Appendix.

2 Proofs

LEMMA 2.1 Let U, = (UE?)) be an n X n symmetric random matriz, and {UE;L); 1<i<5<

n, n > 1} are defined on the same probability space. Suppose, for each n > 1, {uE;), 1<i<j<

n} are independent random variables with Eugl) = 0, Var(ugl)) =1 foralll <i,j<n, and

SUDP1<; j<n n>1 E|u5;)|6+5 < oo for some § > 0. Then

Amafl; Un . UTL
(1)  lim \/U =2a.s. and lim H\/J =2 a.s;
n—oo n n—oo n

(i) the statements in (i) still hold if U, is replaced by U,, — diag(ugw)lgign.

The proof of this lemma is a combination of Lemmas A.2 and A.3 in Appendix and some trun-
cation techniques. It is postponed and will be given later in this section.
Proof of Theorem 1. First, assume (a) and (b) hold. Since p,, =0 for all n > 2, (a) and (b) also
hold if Appaz(Ay) is replaced by Amas(—Ay). From the symmetry of A,,, we know that

||An|| = max{_)\min(An)a )\max(An)} - maX{Amaz(_An)a Amaz(An)}

Now the function h(x,y) := max{z,y} is continuous in (z,y) € R2, applying the two assertions

n—oo n—oo n—o0

lim sup max{a,, b, } = max {lim sup a,, limsupb, } and

lim inf max{a,, b,} > max {lim inf a,,, liminf bn}
n—oo n—oo n—oo

for any {a, € R;n > 1} and {b, € R;n > 1}, we obtain ||A,||/v/nlogn converges to v/2 in
probability, and

An . An
I%zrgi@gf[zlolgnn >2 a.s., and h’rII,ILS;(l)p'nlOgTL =2 a.s., and
A,
the sequence {Hnlog”n; n > 2} is dense in [V2, 2] a.s.

Thus (c) is proved. Now we turn to prove (a) and (b).
Recall (1.3), A, = D,, — A,,. First, Anaz(Drn) — [Anll < Mnaz(Ar) < Amaz(Dy) + A, ]| for all
n > 2. Second, by (ii) of Lemma 2.1, ||A,||/v/n — 2 a.s. as n — oco. Thus, to prove (a) and (b) in



the theorem, it is enough to show that

T,
W — V2 in probability; (2.1)
liminfi— 2 a.s. and limsu L—Z a.s.; (2.2)
n—oco /nlogn o nHoop Vnlogn o '
T
the sequence {\/T%gn; n > 2} is dense in [V2, 2] a.s. (2.3)

where T}, = Aoz (Dy) = maxj<i<y Zj;éi 52(;1) for n > 2.
The proof of (2.1). By Lemma A.1, for each 1 < ¢ < n and n > 2, there exist i.i.d. N(0,1)-
distributed random variables {ngl); 1<j<m,j#i} for each n > 2 such that

() _ N pm) > < ¢ (n)6
max P(130¢5 =3 0| = e/nlogn) < ey P
J#i J#i VE
C
—_ 2.4
n2(logn)3 (24)

where here and later in all proofs, C' stands for a constant not depending on i, j or n, and may be

different from line to line. It is well known that

X 2 1 »
Var(l+22)° 2< PN, 2 2) € —=—e /2 .

for any x > 0. Since 3, & ¢ < D 77” )+ Z#z ” — D i 77” )|, then

P(T, > (a4 2¢)\/nlogn) < n- max P(Zfi; > (o + 2¢)y/nlogn)

1<i<n
- Jj#i
n)
< . >
< n lrél%an gnl > €)y/nlogn)
VED)
+n - max P( |Z§ anjn)\ > ey/nlogn) (2.6)
Jj#i J#i

for any o > 0 and € > 0. Noticing 3, 17” ~+/n—1-N(0,1) for any 1 <i < n, by (2.5) and then
(2.4),

P(T, = (a+20v/nlogn) < nP(N(0,1)>(a+e)\/@)+n(lO§n)3
C

< O 1—(ate€)?/2
- " + n(logn)3

for n sufficiently large. In particular, taking o = v/2, we obtain that
T, 1
P > 2¢ | = — 2.8
(\/nlogn V2t 6) (n€> (28)
as n — oo for any € € (0,1], since the last term in (2.7) is of order n=*(logn)™3 as n — oo.
doi<i<h, EZ(Jn)| with 51(?) =0 for all 1 <i < n.By

the same argument as in obtaining (2.7), we have that, for any fixed a > 0,

Define k,, = [n/logn] and V,, = maxi<;<k,

Vi 2 C
Pl —— > 2¢ | <C (ky I—(ate)®/2, ¥ 2.9
(W ek, =" 6)— (k) T o (logn)? (29)



as n is sufficiently large. Noticing n/k, — oo, and taking a + e = 10 above, we have

1
as n is sufficiently large. Observe that
~
> N
T,  nax E & — Va- (2.11)
Jj=kn+1

Similar to (2.4), by Lemma A.1, for each 1 < ¢ <n and n > 2, there exist i.i.d. N(0,1)-distributed
random variables {Ci(;); 1<i<mn, j#i} such that

n

max P(| i 51-(;1)— i Ci(;)|25\/m) # Z E|§i(;z)|6

<
= /o Too )6
1§1Sk" J=kn+1 jzkn"l'l 1 + (6 nlog n) jzkn"l‘l
C
—_ 2.12
n?(logn)3 (2.12)
as n is sufficiently large for any € > 0. Fix 8 > 0. By (2.11), (2.10) and then independence,
P(T, < (8- 26)\/n10g n)
< P( max Z f(") < (B—¢€)v/nlogn)+ P(V, > ey/nlogn)
1<i<hn 4~
(n) k, 1
< <( v/ I .
- 122}271 a Z &j = (B-evnlogn)™ + n(logn)3/2 (2.13)
J=kn+1
as n is sufficiently large. Observe that
(Y € < (6-oaloen)
j=kn+1
) € ) N~ ) o €
P(j:;H Gj < (8- 5)\/nlogn + P(] J ;+1§ —j:;HCij | > Qx/nlogn). (2.14)

Use the fact that > C(") n — ky - N(0,1) and (2.5) to have

j=kn+1

n

PO > - vitn) = P(NOD> (65

j=kn+1

_nk ~\/logn>

N
- n(ﬁ_§)2/2 logn

uniformly for all 1 <4 < k,, as n is sufficiently large and as 0 < €/3 < (3, where in the last inequality
we use the fact that (8 — (¢/2))v/n/(n —k,) < (8 — (¢/3)) as n is sufficiently large. This, (2.12)

and (2.14) imply

- n C C
max P( Y &) <(B-ovnlogn) < 1- Gt

1<i<kn 5)2/2logn  n?(logn)3

A

G
nF=35)%/2logn

IN
—



as n is sufficiently large for any 0 < €/3 < # < 2. Use inequality 1 —x < e~? for any > 0 to obtain

n) < kn < _ 1—7(5762/4)2
| Dnax P( kzﬂ §ijo < (B—¢€)y/nlogn)™ < exp { Cn (2.15)
j

as n is sufficiently large for any 0 < €/4 < 8 < 2. From (2.13), we conclude that
1 B=e/a)? 1

as n is sufficiently large for any 0 < €/4 < 3 < 2. Now, take 3 = /2, we get

P (Gt < V2%) =0 (Siegmm) (217)

as n — oo for sufficiently small e > 0. This and (2.8) imply (2.1).
Proof of (2.2) and (2.3). To prove these, it suffices to show

T, T,
h}ziso%p N <2 a.s. and hnnilgf N > V2 a.s. and (2.18)
T,
P (\/nlzm € [a,b) for infinitely many n > 2) =1 (2.19)

for any (a,b) C (v/2,2).
First, choosing o = 2 in (2.7), we have that P(T,, > (2 + 2¢)y/nlogn) = O(n~!(logn)=3) as
n — oo for any € € (0,1). Thus, >, -, P(T, > (2+2€)y/nlogn) < co. By the Borel-Cantelli lemma,

T,
limsup7<2+2e a.s.

n— oo \/’I’Ll
for any € € (0,1). This gives the first inequality in (2.18). By the same reasoning, the second
inequality follows from (2.17). To prove (2.19), since {T},, n > 2} are independent from assumption,

by the second Borel-Cantelli lemma, it is enough to show

T
Pl—L—=¢cab)) = 2.20
S (g oot == (2:20)
for any (a,b) C (v/2,2). By (2.7), we have that
T, C

as n is sufficiently large and e > 0 is sufficiently small. By (2.11),

n

(n)
 max. Yogr <+,
A B

for n > 2. Thus, by independence and (2.10),

P(T,, > ay/nlogn)

> P(1£n2}1§ Z § (a+¢€)y/nlogn) — P(V, > ey/nlogn)
= k1
kn
Y - £ fotogn) | - — 1
> 1 1 lérlugrllcP ;= (a+e)y/nlogn) nlogn)?/? (2.22)

10



as n is sufficiently large. By (2.12)

n

P( Y & > (a+e)y/nlogn)

j=kn+1
> P(Y > @r20vmlogn) — PN €~ 3 (> ev/nlogn)
J=kn+1 j=kn+1 J=kn+1

> P(N(0,1) > (a+ 3¢)y/logn) — %

uniformly for all 1 < i < k,, as n is sufficiently large. From (2.5), for any € > 0,

C
nla+3€)?/2 /log n

as n is sufficiently large. Noting that a € (v/2,2), we have

P( Y € > (a+e)y/nlogn) > ¢

e n(@+397/2 log n

P(N(0,1) > (a+ 3€)\/logn) ~

uniformly for all 1 < i < k, as n is sufficiently large and e is sufficiently small. Thus, since
kn = [n/logn], relate the above to (2.22) to give us that

c o 1
N I - -
P(T, > QM) > 1 (1 n(a+3e)2/2\/@) n(logn)3/2

%(1 (1)) ! > ¢
n(a+392/2, /logn to B n(logn)3/2 = nlet36)?/2=1(log n)?

as n is sufficiently large and € > 0 is small enough, where in the “~” step above we use the fact that

1—(1—x,)k ~ kyz, if 2, — 0, k,, — +o00 and k,x,, — 0 as n — oo. Combining this and (2.21),

we eventually arrive at

T T T
Pl—="— clab Pl - > —-P|—=—>
(W l@ )> (m-) (W— )
03 Cy 03
n(a+392/2-1(1ogn)2  plb—0?/2-1 ~ nla+36)2/2=1(Jog )2

as n is sufficiently large and e > 0 is sufficiently small, where [a, ) C (\/5, 2). Finally, choosing € > 0
so small that (a + 3¢)2/2 —1 € (0,1), we get (2.20). [ |

Proof of Corollary 1.1. Recalling (1.2), let éfj”) = (éi(;l) — fn)/on for all 1 < i < j < n and
n > 2. Then {éfj"), 1<i<j<n,n>2} satisfies (1.5) with p, =0, 0, =1 and p > 6. Let A, be
generated by {éfj”)} as in (1.2). By Theorem 1, the conclusions there hold if \,,..(A,,) is replaced

Amaz(Ay). Notice,

A, =0, A+ - (nI, —Jy) (2.23)

where I,, is the n x n identity matrix, and J, is the n x n matrix with all of its entries equal to

1. Tt is easy to check that the eigenvalues of nl,, — J,, are 0 with one fold and n with n — 1 folds,

11



respectively. First, apply the triangle inequality to (2.23) to have that |Apaz(A) — Un/\max(An)‘ <
ltn - (nX, — Ip)|| < n|pn|. Tt follows that

Vnlognao, vnlogn | = (logn)'/2n=1/2q,

provided |p,| < op+/logn/n. Then (al) and (bl) follow from Theorem 1. By the same argument

— 0

[Anaz (An) — Mnaz (e - (0L, — Jp))| < anHAnH = O(op/nlogn) a.s.

as n — 00. Note that \pae(pn - (nI, — J,)) = 0 if p,, < 0, and is equal to nu,, if @, > 0 for any
n > 2. Thus, if p, > O’n\/m7 we have Aoz (Ar)/(npn) — 1 a.s. as n — oo. If p, < 0 for all
n > 2, and |pu,| > 0,+/logn/n, we obtain \yaz(Ay)/(nn) — 0 a.s. as n — oco. Then (a2), (a3),
(b2) and (b3) are yielded.

Finally, since E(—gfj”)) = —py, and Var(—{i(;b)) = Var(ﬁg»l)) = 02 for all 4,4,n, by using of
the proved (al) and (bl), we know that (al) and (bl) are also true if A,q.(A,) is replaced by
Amaz(—Ay). Now, use the same arguments as in the proof of part (¢) in Theorem 1 to get (al)
and (bl) when Apa.(A,) is replaced with ||A,||. On the other hand, it is well known that A,
is nonnegative definite if 52(;’) > 0 for all 4,7,n (see, e.g., p.5 in [14]). Thus [|A,| = Mnaz(An).
Consequently (a2) and (b2) follow when A, (A,,) is replaced with || A, |. [ |

To prove Theorem 2, we need some preliminary results.

LEMMA 2.2 Let {fgl);l <i<j<n,n>2} be defined on the same probability space. For each
n > 2, let {fi(;-l); 1 <i<j <n} beindependent r.v.’s with Egg-l) = 0. Define 5](-?) = fl-(f) foralli,j,n,
and Sy,1 = Zlgi#jgn(fz‘(jn))Q and Sp,2 = Z?:l(Zj;éi 55;1))2- If supi<icjcn, n>2 EI&Z’)I‘*” < o0 for

some § > 0, then
. Sn,k - ESn,k
lim —————

n— oo n

=0 as. fork=1,2. (2.24)

Proof. To make notation simple, we write &; = fgl) for all 1 < i < j < n when there is no
confusion.

Case 1: k = 1. Recall the Marcinkiewicz-Zygmund inequality (see, e.g., Corollary 2 and its
proof on p.368 in [13]), for any p > 2, there exists a constant C,, depending on p only such that

n n
E|Y X,P <Cpn® 'Y EIX,P (2.25)
=1 =1

for any sequence of independent random variables {X;; 1 < ¢ < n} with EX; = 0 and E(|X;|P) < oo
for all 1 <4 < n. Taking p =2+ (§/2) in (2.25), we have from the Hélder inequality that

2L Ble [ + 207 (Bl )
BIel |0 < 0o (2.26)

B(l&5; — B&GIP)

IN

IN

2P . sup
1<i,j<n,n>1

12



uniformly for all 1 <14 < j <n,n > 2. Write S,1 — ESp1 = QZngan( fj — ngj). By (2.25),

E|Sn,1 - ES7L,1|p

IN

n(n — 6/4
c.<( . ”) S B - B

1<i<j<n

IN

C - n?t0/2) (2.27)

where C' here and later, as earlier, is a constant not depending on n, and may be different from line
to line. Then P(|S,1 — ES,1| > n%e) < (n%¢)"PE|S,1 — ESn1|? = O(n=27/2) for any € > 0 by
the Markov inequality. Then (2.24) holds for k¥ = 1 by the Borel-Cantelli lemma.

Case 2: £k =2. Forn > 2, set uy =v, =0 and

1—1 n
ui:Zgij for2<i<n+1 and Uz':Zfij for0<i<n-—1.
j=1 J=itl

Then, >°.; &j = u; +v; for all 1 <i < n. Clearly, Sy 2 = S ui > v 423w for all
n > 1. Since E(u;v;) = (Eu;)Ev; = 0 by independence, to prove the lemma for k = 2, it suffices to

show

1O 1 O
— E (u? — Bu?) — 0 a.s., — g (v? — Ev?) — 0 a.s and
n n

i=1 i=1

1 n
— Zuivi — 0 a.s. (2.28)
=
as n — oo. We will only prove the first and the last assertions in two steps. The proof of the middle
one is almost the same as that of the first, therefore is omitted.
Step 1. Similar to the discussion in (2.26) and (2.27), we have Elu;|*t? < Ci?t©/2) for all
1<i<mnandn > 2. NowsetY,,; = (u?— FEu?)/ifori=1,2--- n. Then, {Yni; 1 <i<n}are

independent random variables with

EY, =0, sup E|Yn,i|2+5/ < oo and (2.29)
1<i,j<n,n>1

1 zn:(uz — Bu?) = L Zn:iYm- (2.30)

nt i R =

for all 1 < <n and n > 2, where &' = 6/2. By (2.25) and (2.29),
n n
BIY ¥, P < 0 nP2t 3T 20— ot e0'/2)
=1 i=1

as n — oo, where the inequality > , 2+ < S n2+t0" < p3+9" i used in the above inequality.

For any ¢ > 0,

1 -, Bl iV 2 1
P <n2| Z;ZY"”" = t) = (n2t)2+9 =0\
as n — oo. This together with (2.30) concludes the first limit in (2.28) by the Borel-Cantelli lemma.

13



Step 2. We will prove the last assertion in (2.28) in this step. Define o-algebra
Fao=1{0, 0} and Fop =0 (6551 <i<hi+1<j<n)

for 1 <k <n—1. Obviously, F, 0 C Fpn1 C -+ C Fpn-1. It is easy to verify that

k+1 k
FE Zuivﬂfmk = ZUﬂ}i
i=1 i=1

for k = 1,2,--- ,n — 1. Therefore, {Zle uiVi, Fuk, 1 < k < m — 1} is a martingale. By the
given moment condition, 7 := SUP;<; ;< n>1 E|£§;L)|4 < oo. From (2.25), E(u}) < Ci? < Cn? and
E(v}) < C(n—i)? < Cn?for 1 <i<mnandn >2. By applying the Burkholder inequality (see, e.g.,
Theorem 2.10 from [29] or Theorem 1 on p.396 and the proof of Corollary 2 on p.268 from [13]), we

have
n—1 4 n—1 n—1
E (Z um—) < CnWDN " B((wiv)*) = Cn Y B(ui)* - E(v)* = O(n®)
i=1 i=1 i1

as n — 00. By the Markov inequality,

I E|Z?;11“ivi‘4 1
P(m';“i“i'Z‘S)Snw:O o

as n — oo. The Borel-Cantelli says that Y., u;v;/n? — 0 a.s. as n — oo. |

For any two probability measures g and v on R, define

ds1, (1, v) = supf / fp— / Fv < || flloo + 1 £l < 13, (2.31)

where ||flloc = sup,cg [f(@)], [fllL = sup,y, [f(z) = fW)|/lz = y|l. It is well known, (see, e.g.,
Section 11.3 from [17]), that dgr(-,-) is called the bounded Lipschitz metric, which characterizes the

weak convergence of probability measures. Reviewing (1.4), for the spectral measures of n x n real

and symmetric matrices My and Ms, we have (see, e.g., (2.16) from [12])
N . 1
dB ((My), (M) < ﬁtr((Ml - M,)?). (2.32)

To prove Theorem 2, we first reduce it to the case that all random variables in the matrices are

uniformly bounded. This step will be carried out through a truncation argument by using (2.32).

LEMMA 2.3 If Theorem 2 holds for all uniformly bounded r.v.’s {55;);1 <i<j<mnn>2}
satisfying (1.5) with p, =0 and o, =1 for all n > 2, then it also holds for all r.v’s {fi(;); 1<i<
j <mn,n > 2} satisfying (1.5) with p =4+ 9§ for some § >0, and p, =0 and o,, =1 for all n > 2.
Proof. As in the proof of Lemma 2.2, we write §;; for 521) if there is no danger of confusion. Fix
u > 0. Let

ij = i I{|&i;] < u} — E(&§i;1{|¢i;] < u}) and
Uij(“) =\ Var(éij)
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for all 4 and j. Note that |oy;(u) — /Var(&;)| < \/Var(&; —&;) < \/ EEI{[€ij] > u} by the

triangle inequality. Thus, with condition that sup;<; <, n>2 E|§i(?)|4‘“‘S < 00, we see that

sup loij(u) —1] — 0 and sup E(&; — gij)Q —0 (2.33)
1<i<j<n, n>2 1<i<j<n, n>2

as u — +oo. Take u > 0 large enough such that o;;(u) > 1/2 for all 1 < i # j <n and n > 2. Write

gij aij(u) — F
&ij = + &+ (&5 — &)
7 oij(u) 0ij (u) NG L
SN—— L)
RO g

for all 1 < i # j <n, n > 2. Obviously, for a(") 2™y or 2™ e know {a

U’yU l]’ 1<Z<]<TL}

7 )
are independent for each n > 2, and

Eal(-?) =0 and sup E|a5;)|4+5 < o0. (2.34)
1<i<j<n,n>2

(n)  (n)

Again, for convenience, write x;;, y;; and z;; for z;; 50 Yij

and z Clearly, {zij;1 <i<j<
n, n > 2} are uniformly bounded. Besides, it is easy to see from (2.33) that

sup (E(yfg) + E(zzzj)) —0 (2.35)

1<i<j<n,n>2

as u — +0o0.

Let X,,,Y,, and Z, be the Laplacian matrices generated by {z;;}, {v;;} and {z;;} as in (1.2)
respectively. Then A,, = X,, + Y, + Z,. With (2.32), use the inequality that tr((M; + M3)?) <
2tr(M?) + 2tr(M3) for any symmetric matrices M; and Mj to obtain that

A, X, 1
b (T2 32) < ﬁtr«Yﬁzn)?)

NN
20 (ol + ) 2 U+ ()

1<i#j<n =1 j#i J#i

IN

By independence and symmetry, E((32;; ¥ij)* + (3,4 %)) = 222,21 E(yij)* + E(2i5)%)}. Re-
calling (2.34), by applying Lemma 2.2, we have

A, X,
lim sup d2 ( )<C’ su E(Z) + E(z%)) — 0 a.s. 2.36
msupdpp | 5 m 1<i<jglrf>w22( (yi5) + E(23;)) (2.36)

as u — +oo thanks to (2.35). Noticing Fx;; = 0, Eac?j =1foralli,j,and {z;;; 1<i<j<n,n>
2} are uniformly bounded. By assumption, dpy (fi(n~'/?X,),va) — 0 as n — oo, where 7y is the
probability measure mentioned in Theorem 2. With this, (2.36) and the triangle inequality of metric

dpr, we see that dpr (i(n2A,),va) — 0 as n — oco. [ |

Givenn > 2, let 'y, = {(4,7); 1 < j < i < n} be agraph. Wesay a = (i1,51) and b = (ia, jo) form

an edge and denote it by a ~ b, if one of 47 and j; is identical to one of i and js. For convenience of
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notation, from now on, we write a = (a™,a™) for any a € T',,. Of course, a™ > a~. Given a,b € Ty,

define an n X n matrix

—1, ifi=at,j=bT,ori=a",j=0";
Qapli,j] =191, ifi=at,j=b",ori=a,j=0b";
0, otherwise.

With this notation, we rewrite M, as follows.
—-A, = Z gl(ln)Qa,aa (237)
acly,
where E,(I") = ft(ln)a_ for a € T),. Let tqp = tr(Qqp). We summarize some facts from [12] in the

following lemma.

LEMMA 2.4 Let a,b €T,. The following assertions hold:
(Z) tap = tha-
-2, ifa="b;
—1, ifa#banda” =b" orat =bt;
1, ifa#banda” =b" orat =b";
0, otherwise.

(111) Qab X Qec,a = th,cQa,a- Therefore, tr(Qay,a1 X Qasyan X =+ X Qaya,) = H;:1 taj,a;.1, Where
ai, -+ ,ar €y, and a1 = a;.

(ZZ) tap =

We call 7 = (a1, ,a,) a circuit of length r if a; ~ -+ ~ a, ~ a;. For such a circuit, let
€ =T tayarer T (2.38)
j=1 j=1

From (2.37), we know

tr(A}) = (=1)"> &M and Etr(A]) = (-1)" Y E&™W (2.39)

T

where the sum is taken over all circuits of length r in I',,.

DEFINITION 2.1 We say that a circuit 1 = (a3 ~ -+ ~ a, ~ a1) of length v in Ty, is vertex-
matched if for each i = 1,--- ,r there exists some j # i such that a; = a;, and that it has a match

of order 3 if some value is repeated at least three times among {a;,j =1,--- ,r}.

Clearly, by independence, the only possible non-zero terms in (2.39) come from vertex-matched

circuits. For x > 0, denote by |z] the integer part of . The following two lemmas will be used later.

LEMMA 2.5 (Proposition 4.10 and 4.14 from [12]). Fix r € N.

(i) Let N denote the number of vertez-matched circuits in T';, with vertices having at least one
match of order 3. Then N = O(nlr+1/2]) g5 n — occ.

(ii) Let N denote the number of vertex-matched quadruples of circuits in Iy, with r vertices each,

such that none of them is self-matched. Then N = O(n**2) as n — oo.
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Let U,, be a symmetric matrix of form

221 Y1) =Yz —Yi3 o =Y,
—Yo 2#2 Ya; —Yo3 e —Ya,
U,=| —Ya 2 C RD P CYRNERE —Y3, (2.40)
—Inl —In2 —In3 e Z];ﬁn Y"j

where {Y;;;1 < i < j < oo} are i.i.d. standard normal random variables not depending on n.

LEMMA 2.6 Suppose the conditions in Theorem 2 hold with pu, = 0 and o, = 1 for all n > 2.

(n). 4 <i<j<mn,n>2} are uniformly bounded. Then

Furthermore, assume {fij ;

- 1 _

(i0) Tim —— (Etr(AZ) — Etr(U2)) = 0

n— 00 nk 1

for any integer k > 1, where Uy, is as in (2.40).

Proof. (i) As remarked earlier, all non-vanishing terms in the representation of Etr(A2F~1) in
(2.39) are of form E&(rn) with the vertices of the path a; ~ as ~ -+- ~ agp_1 ~ a7 in 7 repeating at
least two times. Since 2k — 1 is an odd number, there exists a vertex such that it repeats at least
three times. Also, in view of (2.38) and that |t, | < 2 for any a,b € T, thus all such terms Egﬁ”)
are uniformly bounded. Thus, by (i) of Lemma 2.5,

c
2k—1
| Etr(AT) < 7 0

as n — 0o, where C' is a constant not depending on n.

(ii) Recall (2.40). Define V™ similar to 5&") in (2.38). We then have that

| Etr(AZ) —Etr(U2F) | = Y (B —BY,™))
< |3 B BV | 4| 3 (BE — By |
TEA, TEA2
= I+ I,

where A; denotes the set of the vertex-matched circuits with match of order 3, and A, denotes the
set of the vertex-matched circuits in I',, such that there are exact k distinct matches. Observe that
each vertex of any circuit in As matches exactly two times. From the independence assumption and
that El¢{|* = 1 forall 1 <i < j < n and n > 2, we know E¢Y" = EYA" =1 for m € Ap. This
gives Iy = 0. By Lemma 2.5, the cardinality of A; < n*. Since {g” are uniformly bounded and Y;;
are standard normal random variables, we have I; < Cn* for some constant C' > 0 not depending
on n. In summary,

| Etr(AZF) — Etr(U?%) |= O (1)

nk+1 n
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as n — 00. The proof is complete. ]

LEMMA 2.7 Suppose (1.5) holds for some p > 4. Assume pu, =0, o, =1 for alln > 2. Then, as
n — 0o, FA/V converges weakly to the free convolution vy of the semicircular law and standard
normal distribution. The measure vy is a non-random symmetric probability measure with smooth

bounded density, does not depend on the distribution of {E 1<i<j<mn,n>2}, and has an

Z] 7
unbounded support.

Proof. By Lemma 2.3, without loss of generality, we now assume that {55;1); 1<i<j<n,n>2}
are uniformly bounded random variables with mean zero and variance one, and {fg-L); 1<i<j<n}
are independent for each n > 2.

Proposition A.3 from [12] says that v, is a symmetric distribution and uniquely determined by

its moments. Thus, to prove the theorem, it is enough to show that

1 —1/2
- —-1/2 ro_ - ry _ r n A
ntr(n A = 72T tr(Al) = /x dF
— /a:rdVM as n — 00 a.s. (2.41)
for any integer r > 1. First, we claim that
E[(tr(AT) — Etr(A7))Y] = O(n*2) (2.42)

n — oo. In fact, by (2.39), we have

4
E[(tr(AT) — Etr(A”))*] = Z H Er, — E(E))], (2.43)
T, T2, 73,4 j=1
where the sum runs over all circuits m;,7 = 1,2,3,4 in I'y,, each having r vertices. From the

assumption, we know {5 1 <4 < j < n} are independent random variables of mean zero, it is

ij
enough to consider the terms in (2.43) with all Vertex—matched quadruples of circuits on I';;, such

that none of them is self-matched. By assumption, {E 1 <i<j<mn;n > 2} are uniformly

ij ;
bounded, so all terms ]E[H] 1(&r; — E(&7,))] in the sum are uniformly bounded. By (ii) of Lemma
2.5, we obtain (2.42).

By the Markov inequality,

! (iltr«n‘”%n)") —Etr((n”?A,)")] 2 )

Eltr(Ar) — Etr(A7)|* 1
= miromgr -\ (2.44)

as n — 00. It follows from the Borel-Cantelli lemma that

% (tr((n’lmAn)r) - Etr((n’l/QAn)TD ~0 as. (2.45)
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as n — 00. Recalling U, in (2.40), Proposition 4.13 in [12] says that
1
EE tr((n=/?U,)%*) — / 22 d v
R

as n — oo for any k > 1. This, (ii) of Lemma 2.6 and (2.45) imply (2.41) for any even number r > 1.
For odd number r, (i) of Lemma 2.6 and (2.45) yield (2.41) since «s is symmetric, hence its odd

moments are equal to zero. |

Proof of Theorem 2. Recalling (1.2), let éf]") = (ﬁi(;t) — pin) /o forall 1 <i < j<mnandn>2.

Then {éfj), 1<i<j<mn,n > 2} satisfies (1.5) with p, =0, 0, = 1 and p > 4. Let A,,1 be

generated by {éfjn)} as in (1.2). By Lemma 2.7, almost surely,
FAn1/V™ converges weakly to vyag (2.46)
as n — oo. It is easy to verify that

A, =041+ (npy)L, —pnJy (2.47)

A

where I,, is the n x n identity matrix, and J,, is the n X n matrix with all of its entries equal to 1.

Obviously, the eigenvalues of A, 2 are o, - A\i(Ap1) + npen, 1 <i <n. By (2.46),

1 < Ai(Apo) — n
- Z T <(2)nu < :v) converges weakly to yps (2.48)
n =1 \/ﬁan

almost surely as n — oo. By (2.47) and the rank inequality (see Lemma 2.2 from [6]),

HF(An_anIn)/\/ﬁo'n _ F(An,Z_nl’ntn)/\/ﬁo'n” S l . rank < An _ An$2 )
n \/ﬁan \/ﬁan

-1 -rank( Fn Jn) <1 (2.49)
n

where || f|| = sup,cg | f(2)| for any bounded, measurable function f(x) defined on R. Finally, (2.48)
and (2.49) lead to the desired conclusion. [ |

Proof of Theorem 3. Let V,, = (UZ(;L)> be defined by

vgl) =0 and Ui(;-l) =
On

(2.50)
for any 1 <4 # j <n and n > 2, where A,, = (fi(?))nxn as in (1.1) with fz-(i") =0foralll <i<n
and n > 2. It is easy to check that A,, = u,(J, — I,) + 0, V,,, where all the entries of J,, are equal

to one, and I,, is the n x n identity matrix. Thus

Vnoy N
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where all entries of J,, are equal to 1. By the rank inequality (see Lemma 2.2 from [6]),

||F(An+ﬂn1)/\/ﬁon _ F"il/zvnu S l . rank An + //[/nIn _ & < l — O’
n Vno, Vn

where || f|| = sup,er | f(x)| for any bounded, measurable function f(z) defined on R as in (2.49). So,
—1/2y

n

to prove the theorem, it is enough to show that F™ n converges weakly to the semicircular law
with the density given in statement of the theorem. In view of normalization (2.50), without loss of
the generality, we only need to prove the theorem under the conditions that
(n) _ (m)y2 _ (n) !
Ew;’ =0, E(w,; )2 =1 and 1<I?<%X<nE{( ))2 I(Jwg; |>ef)}—>0asn—>oo
forall 1 <i,5 <n andn > 2. Given § > 0, note that

a2 B Pl = svi)

1<ij<n

2 n n
570 e B 2 v f -0

as n — oo. By Lemma A.2 in the Appendix, F, := F" /*Vo and hence F* /*(AntunD) converges

weakly to the semicircular law. |

Proof of Corollary 1.2. To apply Theorem 3, we first need to verify

max E{( )27 (| |>ef)} (2.51)

1<i<j<n

as n — oo for any € > 0, Where w = (f(n) — n)/on. Note that u,, = p, and 02 = p,(1 — p,).
Now, use the fact that 51» y take Valueb one and zero only, and then the condition np, (1 —p,) — oo
to see that \w(")| <1/o, =0(y/n) as n — oco. Then (2.51) follows. By Theorem 3,

,Z { < (1+in) < I} (2.52)

converges weakly to the distribution with density 3-v4 — 22 I(|z| < 2) almost surely. Notice

A (An) + Pn <zl= /\Z(An) <z-— Pn )
npn(l — pp) V1 (1 = pn) V(1 = pn)
and p,, /v/npn(1 — pn) — 0 as n — oo. By using a standard analysis, we obtain that, with probability
one, F'An/an converges weakly to the semicircular law with density 5=+v/4 — 22 I(|z| < 2), where

apn = /npnp(1 — pp). Further, assume now 1/n < p, — 0 as n — oco. Write
AilAn) £Pn _{ (An) o A /p}.
npn (1 — pn) VPn n

Clearly, ©/T=pn, — \/pa/n — @ as n — oo. Thus, by (2.52), we have 13" | I{ A\}%) < z}
converges weakly the semicircular law with density 5-v/4 — 22 I(|z| < 2). |

We need the following lemma to prove Theorem 4.
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LEMMA 2.8 Forn > 2, let A\y1 > Ap2 > - > A\py be real numbers. Set ju, = (1/n) > 1, O
Suppose ., converges weakly to a probability measure pi. Then, for any sequence of integers {kn; n >
2} satisfying k, = o(n) as n — oo, we have liminf, oo Ay g, > «, where a = inf{x € R :

p([z, +00]) = 0} with inf @ = 4o0.

Proof. Since p is a probability measure, we know that o > —oo. Without loss of the generality,
assume that o > 0. For brevity of notation, write k, = k. Set fi, = (n —k +1)"' 31", 65, for
n > k. Observe that

N

—1

o B) = jin(B) = £ 3 I € B) = i s S 10 € B)

i=1 i=

for any set B C R, where Zf;ll I(\,; € B) is understood to be zero if k = 1. Thus, |u,(B) —
fin(B)| < 2k/n. Therefore,

[in, converges weakly to (2.53)

since k = k,, = o(n) as n — co. Easily,
1 n 00
A (A, >7§ AT (A = m o (d
n,k( ,k>0)7n_k__|_1i:k n,z( 7>0) A xu(x)

for any integer m > 1. Write the last term above as [, g(z)fin (dx), where g(x) := 2™I(x > 0), = € R,

is a continuous and non-negative function. By (2.53) and the Fatou lemma,

liminf A" I (An x> 0) > liminf/Rg(a:)/ln(dw) > / ™ u(dx) (2.54)
0

n—o0 n—00

for any m > 1. If a < oo, then

/00 2" p(dx) > /a 2" p(dr) > (o — )" u(ja—e,a]) >0 (2.55)
0 a—e

for any e € (0, ). Take the (1/m)-th power for each term in (2.54) and (2.55), and let m — oo to
get

liminf{)\mkf()\n,k >0)}>a—c¢

for any € € (0, ). By sending € | 0 and using the fact a > 0, the conclusion is yielded.

If & = +00, notice
| amutan) = [ amutde) = 07 (.0 > 0
P

for any p > 0. Using the same argument as above and then letting p — 400, we get the desired

assertion. |
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Proof of Lemma 2.1. (i) By Theorem 3, F n=HU, converges weakly the semicircular law with
density function 3-v/4 — 22I(|z| < 2). Use Lemma 2.8 to have that

)\max (Un)

lim inf >2 a.s. (2.56)
Now we prove the upper bound, that is,
)\maw U’Vl
lim sup Amaz(Un) <2 a.s. (2.57)
n— oo \/’H
Define
1 ~\ N n n
bp = ———, @) = u{ (W} < 5,v/n) and U, = (@ )1<ij<n

log(n+1)" %
for 1 <i<j<nandn>1. By the Markov inequality,

P(U, #U,) < P(jul| > 6,v/n for some 1 <i,j < n)

)
2 (n) K(log(n +1))°*
< n* max Pu; | > duv/n) < 7

where K = Sup;<; j<n n>1 E\u )|6+0 < o0, Therefore, by the Borel-Cantelli lemma,
P(U, = U, for sufficiently large n) = 1. (2.58)

From Eugl) = 0, we have that

1Bul I(ul) < ,v/m)| = [Bul I(ul!) > 6,v/n)| < (2.59)

T
forany 1 < i < j <n, n>1. Note that A\paz(A + B) < Mgz (A) + Anaz(B), and Apaz(A) <
JA] < n-maxi<; j<n |ai;j| for any n x n symmetric matrices A = (a;;) and B. We have from (2.59)
that

>\maz (fjn) - >\ma:c (ﬁn - E(fjn)) S /\maz (Eﬁ )

(”) (”) K
< < < _—
nlgzl,?)én|Eu [( 5 \/>)| 2 5(\/ﬁ)3 -

for any m > 1. This and (2.58) imply that

lim sup M = lim sup M < limsup Amaz (fjn - Eﬁn)
n—oc Vi oo Vi T e vn

almost surely. Note that \u(")| < |u(")\ and Var(a n)) < E(u (n)) = 1, to save notation, without

loss of generality, we will prove that (2.57) by assuming that

(n) (M2 <1 1, < 2V 6+
Blug) =0, B(uii?)” <1, Jug’| < o=y and 1gi,?§an}fn>1E‘“ |5+ < o0

forall 1 < 4,5 <n and n > 1. Now, maxi’j,nE\ui;L |? < maxi,j’n(E\ul(-;L)|6+6)3/(6+6) = K3/(6+9) by

the Holder inequality. Hence,

-3
2
max E|u J|F< K3/(6+0) vn (2.60)
1<i,5<n IOg(TL + 1)
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for all n > 1 and I > 3, where K is a constant. The inequality in (2.57) follows from Lemma A.3 in
Appendix. Thus the first limit in the lemma is proved. Applying this result to —U,,, we obtain

lim )\mzn(Un) — _ lim )\maw(_Un)
n— oo \/ﬁ n—oo \/’71

Since [|U,|| = max{Amaz(Un), —Amin(Uy)}, the above and the first limit in the lemma yield the

second limit.

=—-2a.s. (2.61)

(ii) Let U,=U,— diag(u(n))lgign. It is not difficult to check that both |Apmaz (Un) — Amaz (Un)|

i

and |[|U,|| — Ul | are bounded by [[diag(u'™)1<i<n|l = maxi<i<p [ul™|. By (i), it is enough to
show
(n)),.1/3
121%Xn|u“ |/n'/° =0 a.s. (2.62)

as n — oo. In fact, by the Markov inequality

o (o)
P(max [ulM| > n'/3t) < n- max P(jul™| > n'/3t)
ot 1<i<n ot 1<i<n
A (m) 65
S 2 e L Sup Bl T < e
for any ¢t > 0. Thus, (2.62) is concluded by the Borel-Cantelli lemma. ]

Proof of Theorem 4. Let J,, be the n x n matrix whose n? entries are all equal to 1. Let V,, be
defined as in (2.50). Then B,, := A, + u, 1, = 0,V + pnJ,. First, by Lemma 2.1,

nlin;o /\maff(nvn) =2a.s. and nan;O ”\\;% =2a.s. (2.63)
Since V,, is symmetric, [V = sup,egn. jz)=1 [[VaZl| = supjz =1 |27V ,z|. By definition.
Amaz(Br) = Hshlpl{an(xTan) + pin (2T T z)}
z||=
= l‘swpl{an(xTan) + i (1'2)%} (2.64)

because J = 1-17, where 1 = (1,--- ,1)7 € R™. Second, by Theorem 3, FB»/V"9n converges weakly
to the semicircular law 5-+v/4 — z2I(|z| < 2). From Lemma 2.8, we know that
Ak, (Bn)

. k
lim inf —=
n—oo Nnoy,

> 2 a.s. (2.65)

Now we are ready to prove the conclusions.
(i) Tt is easy to check that sup”muzl{(l/x)z} = n. By (2.64), Muaz(Bn) < 0nl|[Vall + n|pnl.
Thus limsup,, ... Mmaz(Bn)/vn0, < 2 a.s. by (2.63) under the assumption p, /(n~'/20,) — 0 as

n — 00. Since A\pmaz(Bn) = tn + Amaz(Ay). From (2.65) we see that lim, o Ag, (An)/v/non, =

2 a.s. when u,/(n"'?¢,) — 0 as n — oo. In particular, lim, . Mmaz(An)/V0, = 2 a.s.
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Under the same condition, we also have lim,, oo Amaz(—Ay)/v/1n0n = 2 a.s. Finally, using ||A,|| =
max{ Amaz(An), Amaz(—An)}, we obtain that lim, ., ||A.||/v/Ron =2 a.s.
(ii) Without loss of generality, assume p,, > 0 for all n > 2. From (2.64) we see that
Hn sup {(1,@2} — On SUp {|xTVnm|} < Amaz(Bn)
llzll=1 llzll=1
< o sup {(1'2)?} + 0 sup {27V}
llzll=1 llzll=1
Hence, iy — 00 ||Vl < Amaz(Bn) < npin + 0, || V||, Consequently, if i, > n=20,, by (2.63), we

have

)\max (An)

lim —————* = lim 7/\7"%(]3")

since Amaz (Brn) = tin + Amaz(Ar).
(iii) Since By, = 05,V + pnJy and ||J,|| = n, by the triangle inequality of || - ||,

=1 a.s.

] = o[ Vol < Ball < nlun| + onl[Vall.

By (2.63) and the definition that A,, = B,, — u,I,,, we obtain

A, B,
A Bl

1la.s
n=00 nfpn| 100 Nyl

as |pn| >n""%0,. N

3 Appendix

LEMMA A.1 (Sakhanenko) Let {&;i = 1,2,---} be a sequence of independent random variables
2

-
C >0 and {n;;i =1,2,---}, a sequence of independent normally distributed random variables with
n; ~ N(0,02) such that

with mean zero and wvariance o;. If E|§|P < oo for some p > 2, then there exists a constant

n

C
_ < |p
P(max 1Sk =Tl > 2) < s ;:1 El&|

for any n and x > 0, where S = Zle & and Ty, = Zle ;.
Let W,, = (w[bj)lgi,jgn be an n X n symmetric matrix, where {%‘"j% 1 <i < j < n} are random
variables defined on the same probability space. We need the following two results from Bai [6].

LEMMA A.2 (Theorem 2.4 in [6]) For each n > 2, let {w}%; 1 < i < j < n} be independent
random variables (not necessarily identically distributed) with wi; =0 for all 1 <i <n, E(w]}) =0
and E(cui"j)2 =02>0foralll<i<j<n, and

1
lim —— Z E(W)?*I(|lws| > 6v/n) =0

n—oo 242
1<i,j<n
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for any § > 0. Then Fro W converges weakly to the semicircular law of scale-parameter o with

density function

Lo Vic? — 22, if |z| < 20;
polo)={ 77 (3.1)

0, otherwise.

Some recent results in [4, 41] are in the realm of the above lemma.

LEMMA A.3 (Remark 2.7 in [6]) Suppose, for each n > 1, {wgl); 1 <i < j <n} areindependent
random variables (not necessarily identically distributed) with mean p = 0 and variance no larger
than o®. Assume there exist constants b >0 and 6, | 0 such that sup,<; j<, E|wgl)|l < b(6,/n) 3

foralln>1 andl > 3. Then
)\maz(wn)

<20 a.s.
oz =0

lim sup

n—0o0
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