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Abstract

We study first passage percolation on the configuration model. Assuming that each edge has an
independent exponentially distributed edge weight, we derive explicit distributional asymptotics for
the minimum weight between two randomly chosen connected vertices in the network, as well as for
the number of edges on the least weight path, the so-called hopcount.

We analyze the configuration model with degree power-law exponent 7 > 2, in which the degrees are
assumed to be i.i.d. with a tail distribution which is either of power-law form with exponent 7 —1 > 1,
or has even thinner tails (7 = o0). In this model, the degrees have a finite first moment, while the
variance is finite for 7 > 3, but infinite for 7 € (2, 3).

We prove a central limit theorem for the hopcount, with asymptotically equal means and variances
equal to alogn, where a € (0,1) for 7 € (2,3), while @ > 1 for 7 > 3. Here n denotes the size of the
graph. For 7 € (2,3), it is known that the graph distance between two randomly chosen connected
vertices is proportional to loglogn [25], i.e., distances are witra small. Thus, the addition of edge
weights causes a marked change in the geometry of the network. We further study the weight of the
least weight path, and prove convergence in distribution of an appropriately centered version.

This study continues the program initiated in [5] of showing that logn is the correct scaling for the
hopcount under i.i.d. edge disorder, even if the graph distance between two randomly chosen vertices
is of much smaller order. The case of infinite mean degrees (7 € [1,2)) is studied in [6], where it is
proved that the hopcount remains uniformly bounded and converges in distribution.

Key words: Flows, random graph, first passage percolation, hopcount, central limit theorem, coupling
to continuous-time branching processes, universality.
MSC2000 subject classification. 60C05, 05C80, 90B15.

1 Introduction

The general study of real-world networks has seen a tremendous growth in the last few years. This growth
occurred both at an empirical level of obtaining data on networks such as the Internet, transportation
networks, such as rail and road networks, and biochemical networks, such as gene regulatory networks,
as well as at a theoretical level in the understanding of the properties of various mathematical models for
these networks.

We are interested in one specific theoretical aspect of the above vast and expanding field. The setting
is as follows: Consider a transportation network whose main aim is to transport flow between various
vertices in the network via the available edges. At the very basic level there are two crucial elements
which affect the flow carrying capabilities and delays experienced by vertices in the network:
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(a) The actual graph topology, such as the density of edges and existence of short paths between
vertices in the graph distance. In this context there has been an enormous amount of interest in the
concept of small-world networks where the typical graph distance between vertices in the network is of
order logn or even smaller. Indeed, for many of the mathematical models used to model real-world
transmission networks, such as the Internet, the graph distance can be of order much smaller than order
logn. See e.g. [13, 25], where for the configuration model with degree exponent 7 € (2, 3), the remarkable
result that the graph distance between typical vertices is of order loglogn is proved. In this case, we say
that the graph is ultra small, a phrase invented in [13]. Similar results have appeared for related models
in [11, 16, 33]. The configuration model is described in more detail in Section 2. For introductions to
scale-free random graphs, we refer to the monographs [12, 17], for surveys of classical random graphs
focussing on the Erdés-Rényi random graph, see [8, 30].

(b) The second factor which plays a crucial role is the edge weight or cost structure of the graph, which
can be thought of as representing actual economic costs or congestion costs across edges. Edge weights
being identically equal to 1 gives us back the graph geometry. What can be said when the edge costs have
some other behavior? The main aim of this study is to understand what happens when each edge is given
an independent edge cost with mean 1. For simplicity, we have assumed that the distribution of edge costs
is exponentially with mean 1 (Exp(1)), leading to first passage percolation on the graph involved. First
passage percolation with exponential weights has received substantial attention (see [5, 22, 23, 26, 27, 37]),
in particular on the complete graph, and, more recently, also on Erdés-Rényi random graphs. However,
particularly the relation to the scale-free nature of the underlying random graph and the behavior of first
passage percolation on it has not yet been investigated.

In this paper, we envisage a situation where the edge weights represent actual economic costs, so
that all flow is routed through minimal weight paths. The actual time delay experienced by vertices in
the network is given by the number of edges on this least cost path or hopcount H,. Thus, for two
typical vertices 1 and 2 in the network, it is important to understand both the minimum weight W,, of
transporting flow between two vertices as well as the hopcount H,, or the number of edges on this minimal
weight path. What we shall see is the following universal behavior:

Even if the graph topology is of ultra-small nature, the addition of random edge weights causes
a complete change in the geometry and, in particular, the number of edges on the minimal
weight path between two vertices increases to ©(logn).

Here we write a,, = O(b,,) if there exist positive constants ¢ and C, such that, for all n, we have cb,, <
an, < Cb,. For the precise mathematical results we refer to Section 3. We shall see that a remarkably
universal picture emerges, in the sense that for each 7 > 2, the hopcount satisfies a central limit theorem
(CLT) with asymptotically equal mean and variance equal to alogn, where a € (0,1) for 7 € (2,3),
while o > 1 for 7 > 3. The parameter « is the only feature which is left from the randomness of the
underlying random graph, and « is a simple function of 7 for 7 € (2, 3), and of the average forward degree
for 7 > 3. This type of universality is reminiscent of that of simple random walk, which, appropriately
scaled, converges to Brownian motion, and the parameters needed for the Brownian limit are only the
mean and variance of the step-size. Interestingly, for the Internet hopcount, measurements show that the
hopcount is close to a normal distribution with equal mean and variance (see e.g., [36]), and it would be
of interest to investigate whether first passage percolation on a random graph can be used as a model for
the Internet hopcount.

This paper is part of the program initiated in [5] to rigorously analyze the asymptotics of distances
and weights of shortest-weigh paths in random graph models under the addition of edge weights. In
this paper, we rigorously analyze the case of the configuration model with degree exponent 7 > 2, the
conceptually important case in practice, since the degree exponent of a wide variety of real-world networks
is conjectured to be in this interval. In [6], we investigate the case 7 € [1,2), where the first moment of
the degrees is infinite and we observe entirely different behavior of the hopcount H,.



2 Notation and definitions

We are interested in constructing a random graph on n vertices. Given a degree sequence, namely a
sequence of n positive integers d = (d1,ds, ..., dy,) with Y"1 | d; assumed to be even, the configuration
model (CM) on n vertices with degree sequence d is constructed as follows:

Start with n vertices and d; stubs or half-edges adjacent to vertex i. The graph is constructed by
randomly pairing each stub to some other stub to form edges. Let

I, = zn:di (2.1)
=1

denote the total degree. Number the stubs from 1 to [,, in some arbitrary order. Then, at each step, two
stubs which are not already paired are chosen uniformly at random among all the unpaired or free stubs
and are paired to form a single edge in the graph. These stubs are no longer free and removed from the
list of free stubs. We continue with this procedure of choosing and pairing two stubs until all the stubs
are paired. Observe that the order in which we choose the stubs does not matter. Although self-loops
may occur, these become rare as n — oo (see e.g. [8] or [28] for more precise results in this direction).

Above, we have described the construction of the CM when the degree sequence is given. Here we
shall specify how we construct the actual degree sequence d, which shall be random. In general, we
shall let a capital letter (such as D;) denote a random variable, while a lower case letter (such as d;)
denote a deterministic object. We shall assume that the random variables D1, Do, ... D,, are independent
and identically distributed (i.i.d.) with a certain distribution function F. (When the sum of stubs
L, = Z?:l D; is not even then we shall use the degree sequence D1, Do, ..., D,, with D,, replaced by
D,, + 1. This does not effect our calculations.)

We shall assume that the degrees of all vertices are at least 2 and that the degree distribution F' is
regularly varying. More precisely, we assume

P(D>2)=1, and 1—F(z)=2"""YL(z), (2.2)

with 7 > 2, and where x — L(z) is a slowly varying function for x — oo. In the case 7 > 3, we
shall replace (2.2) by the less stringent condition (3.2). Furthermore, each edge is given a random edge
weight, which in this study will always be assumed to be independent and identically distributed (i.i.d.)
exponential random variables with mean 1. Because in our setting the vertices are exchangeable, we let
1 and 2 be the two random vertices picked uniformly at random in the network.

As stated earlier, the parameter 7 is assumed to satisfy 7 > 2, so that the degree distribution has
finite mean. In some cases, we shall distinguish between 7 > 3 and 7 € (2,3), in the former case, the
variance of the degrees is finite, while in the latter, it is infinite. It follows from the condition D; > 2,
almost surely, that the probability that the vertices 1 and 2 are connected converges to 1.

Let f = {f; ;21 denote the probability mass function corresponding to the distribution function F,
so that f; = F(j) — F'(j —1). Let {g;}32, denote the size-biased probability mass function corresponding
to f, defined by

g = (]“M)f”“ j>0, (2.3)

where p is the expected size of the degree, i.e.,

p=E[D) =Y jf; (2.4)



3 Results

In this section, we state the main results for 7 > 2. We treat the case where 7 > 3 in Section 3.1 and the
case where 7 € (2, 3) in Section 3.2. The case where 7 € [1,2) is deferred to [6].
Throughout the paper, we shall denote by

(Hn, W), (3.1)

the number of edges and total weight of the shortest-weight path between vertices 1 and 2 in the CM
with i.i.d. degrees with distribution function F', where we condition the vertices 1 and 2 to be connected
and we assume that each edge in the CM has an i.i.d. exponential weight with mean 1.

3.1 Shortest-weight paths for 7 > 3

In this section, we shall assume that the distribution function F' of the degrees in the CM is non-degenerate
and satisfies F'(x) = 0, x < 2, so that the random variable D is non-degenerate and satisfies D > 2, a.s.,
and that there exist ¢ > 0 and 7 > 3 such that

1—F(z) <cx 7D, x> 0. (3.2)
Also, we let D )
ED(D -1

As a consequence of the conditions we have that v > 1. The condition v > 1 is equivalent to the existence
of a giant component in the CM, the size of which is proportional to n (see e.g. [24, 31, 32|, for the most
recent and general result, see [29]). Moreover, the proportionality constant is the survival probability
of the branching process with offspring distribution {g;};>1. As a consequence of the conditions on the
distribution function F, in our case, the survival probability equals 1, so that for n — oo the graph
becomes asymptotically connected in the sense that the giant component has n(1 — o(1)) vertices. Also,

when (3.2) holds, we have that v < oco. Throughout the paper, we shall let %, denote convergence in

distribution and — convergence in probability.

Theorem 3.1 (Precise asymptotics for 7 > 3) Let the degree distribution F' of the CM on n vertices
be non-degenerate, satisfy F(x) =0, x < 2, and satisfy (3.2) for some 7 > 3. Then,
(a) the hopcount H, satisfies the CLT

H, —alogn g4

Z, 3.4
Vvalogn 7 (34)
where Z has a standard normal distribution, and
Y e (1,00) (3.5)
a= 00); .
v — 1 ) )
(b) there exists a random variable V' such that
logn 4
anleV. (3.6)
In Section C of the appendix, we shall identify the limiting random variable V' as
logWi  log W- A 1 -1
yo_osW el L lospr—1) (3.7)

v—1 v—1 v—1 v—1

where Wi, Wy are two independent copies of the limiting random variable of a certain supercritical
continuous-time branching process and A has a Gumbel distribution.



3.2 Analysis of shortest-weight paths for 7 € (2,3)

In this section, we shall assume that (2.2) holds for some 7 € (2,3) and some slowly varying function
x +— L(x). When this is the case, the variance of the degrees is infinite, while the mean degree is finite. As
a result, we have that v in (3.3) equals v = 00, so that the CM is always supercritical (see [25, 29, 31, 32]).
In fact, for 7 € (2, 3), we shall make a stronger assumption on F' than (2.2), namely, that there exists a
T €(2,3) and 0 < ¢1 < ¢g < oo such that, for all > 0,

az~ T <1 - F(z) < cu™ 7Y, (3.8)

Theorem 3.2 (Precise asymptotics for 7 € (2,3)) Let the degree distribution F' of the CM on n ver-
tices be non-degenerate, satisfy F(z) =0, x < 2, and satisfy (3.8) for some T € (2,3). Then,
(a) the hopcount H, satisfies the CLT

H, —alogn g4
—_— 7, 3.9
Vvalogn (3:9)

where Z has a standard normal distribution and where

a2 (1), (3.10)

T—1

(b) there exists a limiting random variable V' such that
W, -5 V. (3.11)
In Section 6, we shall identify the limiting distribution V' precisely as
V =W+, (3.12)

where Vi, V5 are two independent copies of a random variable which is the explosion time of a certain
infinite-mean continuous-time branching process.

3.3 Discussion and related literature

Motivation. The basic motivation of this work was to show that even though the underlying graph
topology might imply that the distance between two vertices is very small, if there are edge weights
representing capacities, say, then the hopcount could drastically increase. Of course, the assumption of
i.i.d. edge weights is not very realistic, however, it allows us to almost completely analyze the minimum
weight path. The assumption of exponentially distributed edge weights is probably not necessary [1, 27|
but helps in considerably simplifying the analysis. Interestingly, hopcounts which are close to normal with
asymptotically equal means and variances are observed in Internet (see e.g., [36]). The results presented
here might shed some light on the origin of this observation.

Universality for first passage percolation on the CM. Comparing Theorem 3.1 and Theorem 3.2
we see that a remarkably universal picture emerges. Indeed, the hopcount in both cases satisfies a CLT
with equal mean and variance proportional to logn, and the proportionality constant « satisfies o € (0, 1)
for 7 € (2,3), while a > 1 for 7 > 3. We shall see that the proofs of Theorems 3.1 and 3.2 run, to a large
extent, parallel, and we shall only need to distinguish when dealing with the related branching process
problem to which the neighborhoods can be coupled.



The case 7 € [1,2) and critical cases 7 =2 and 7 = 3. In [6], we study first passage percolation on
the CM when 7 € [1,2), i.e., the degrees have infinite mean. We show that a remarkably different picture
emerges, in the sense that H, remains uniformly bounded and converges in distribution. This is due to
the fact that we can think of the CM, when 7 € [1,2), as a union of an (essentially) finite number of stars.
Together with the results in Theorems 3.1-3.2, we see that only the critical cases 7 = 2 and 7 = 3 remain
open. We conjecture that the CLT, with asymptotically equal means and variances, remains valid when
7 = 3, but that the proportionality constant a can take any value in [1,00), depending on, for example,
whether v in (3.3) is finite or not. What happens for 7 = 2 is less clear to us.

Graph distances in the CM. Expanding neighborhood techniques for random graphs have been used
extensively to explore shortest path structures and other properties of locally tree-like graphs. See the
closely related papers [19, 24, 25, 34], where an extensive study of the CM has been carried out. Relevant
to our context is [25, Corollary 1.4(i)], where it has been shown that when 2 < 7 < 3, the graph distance
I;'n between two typical vertices,which are conditioned to be connected, satisfies the asymptotics

H, P 2

- - 3.13
loglogn—> |log (1 —2)| (3.13)

as n — 00, and furthermore that the fluctuations of f]n remain uniformly bounded as n — oo. For 7 > 3,
it is shown in [24, Corollary 1.3(i)] that
H, » 1
LN 7
logn log v

(3.14)

again with bounded fluctuations. Comparing these results with Theorems 3.1-3.2, we see the drastic
effect that the addition of edge weights has on the geometry of the graph.

The degree structure. In this paper, as in [19, 24, 25, 34|, we assume that the degrees are i.i.d. with
a certain degree distribution function F'. In the literature, also the setting where the degrees {d;}!' , are
deterministic and converge in an appropriate sense to an asymptotic degree distribution is studied (see
e.g., [11, 20, 29, 31, 32]). We expect that our results can be adapted to this situation. Also, we assume
that the degrees are at least 2 a.s., which ensures that two uniform vertices lie, with high probability
(whp) in the giant component. We have chosen for this setting to keep the proofs as simple as possible,
and we conjecture that Theorems 3.1-3.2, when instead we condition the vertices 1 and 2 to be connected,
remain true verbatim in the more general case of the supercritical CM.

Annealed vs. quenched asymptotics. The problem studied in this paper, first passage percolation
on a random graph, fits in the more general framework of stochastic processes in random environments,
such as random walk in random environment. In such problems, there are two interesting settings, namely,
when we study results when averaging out over the environment and when we freeze the environment
(the so-called annealed and quenched asymptotics). In this paper, we study the annealed setting, and it
would be of interest to extend our results to the quenched setting, i.e., study the first-passage percolation
problem conditionally on the random graph. We expect the results to change in this case, primarily due
to the fact that we know the exact neighborhood of each point. However, when we consider the shortest-
weight problem between two uniform vertices, we conjecture Theorems 3.1-3.2 to remain valid verbatim,
due to the fact that the neighborhoods of uniform vertices converge to the same limit as in the annealed
setting (see e.g., [4, 24]).

First passage percolation on the Erdds-Rényi random graph. We recall that the Erdos-Rényi
random graph G(n,p) is obtained by taking the vertex set [n] = {1,...,n} and letting each edge ij be
present, independently of all other edges, with probability p. The study closest in spirit to our study is [5],



where similar ideas were explored for dense Erdos-Rényi random graphs. The Erdés-Rényi random graph
G(n,p) can be viewed as a close brother of the CM, with Poisson degrees, hence with 7 = co. Consider
the case where p = pu/n and p > 1. In a future paper we plan to show, parallel to the above analysis, that
H,, satisfies a CLT with asymptotically equal mean and variance given by ﬁ logn. This connects up
nicely with [5], where related results were shown for p = p,, — 0o, and H,,/logn was proved to converge
to 1 in probability. See also [22] where related statements were proved under stronger assumptions on
tn- Interestingly, in a recent paper, Ding et al [15] use first passage percolation to study the diameter of
the largest component of the Erdés-Rényi random graph with edge probability p = (1 +¢)/n for € = o(1)
and £3n — oo.

The weight distribution. It would be of interest to study the effect of weights even further, for
example, by studying the case where the weights are i.i.d. random variables with distribution equal to
E?, where F is an exponential random variable with mean 1 and s € [0, 00). The case s = 0 corresponds
to the graph distance H,, as studied in [19, 24, 25], while the case s = 1 corresponds to the case with i.i.d.
exponential weights as studied here. Even the problem on the complete graph seems to be open in this
case, and we intend to return to this problem in a future paper. We conjecture that the CLT remains
valid for first passage perolation on the CM when the weights are given by independent copies of £, with
asymptotic mean and variance proportional to logn, but, when s # 1, we predict that the asymptotic
means and variances have different constants.

We became interested in random graphs with edge weights from [9] where, via empirical simulations, a
wide variety of behavior was predicted for the shortest-weight paths in various random graph models. The
setup that we analyze is the weak disorder case. In [9], also a number of interesting conjectures regarding
the strong disorder case were made, which would correspond to analyzing the minimal spanning tree of
these random graph models, and which is a highly interesting problem.

Related literature on shortest-weight problems. First passage percolation, especially on the in-
teger lattice, has been extensively studied in the last fifty years, see e.g. [18] and the more recent survey
[26]. In these papers, of course, the emphasis is completely different, in the sense that geometry plays an
intrinsic role and often the goal of the study is to show that there is a limiting “shape” to first passage
percolation from the origin.

Janson [27] studies first passage percolation on the complete graph, with exponential weights. His
main results are

Wi max,;<, W)\’ max; <, Wi
n P 1 j<n Wn P 2, LJSn ' n P}3_ (315)

—
logn/n ’ logn/n logn/n

where W) denotes the weight of the shortest path between the vertices i and j. Recently the authors
of [1], showed in the same set-up, that max; j<n HY7 [logn — o*, where o* ~ 3.5911 is the unique
solution of the equation zlogx — z = 1. It would be of interest to investigate such questions in the CM
with exponential weights.

The fundamental difference of first passage percolation on the integer lattice, or even on the complete
graph, is that in our case the underlying graph is random as well, and we are lead to the delicate relation
between the randomness of the graph together with that of the stochastic process, in this case first
passage percolation, living on it. Finally, for a slightly different perspective to shortest weight problems,
see [37] where relations between the random assignment problem and the shortest-weight problem with
exponential edge weights on the complete graph are explored.

4 Overview of the proof and organization of the paper

The key idea of the proof is to first grow the shortest-weight graph (SWGQG) from vertex 1, until it reaches
an appropriate size. After this, we grow the SWG from vertex 2 until it connects up with the SWG from



vertex 1. The size to which we let the SWG from 1 grow shall be the same as the typical size at which
the connection between the SWG from vertices 1 and 2 shall be made. However, the connection time at
which the SWG from vertex 2 connects to the SWG from vertex 1 is random.

More precisely, we define the SWG from vertex 1, denoted by SWG®™, recursively. The growth of
the SWG from vertex 2, which is denoted by SWG®, is similar. We start with vertex 1 by defining
SWG(()D = {1}. Then we add the edge and vertex with minimal edge weight connecting vertex 1 to one
of its neighbors (or itself when the minimal edge is a self-loop). This defines SWG(f). We obtain SWG!
from SVVG%)_1 by adding the edge and end vertex connected to the SWG,,,—1 with minimal edge weight.
We informally let SWG!) denote the SWG from vertex i € {1,2} when m edges (and vertices) have been
added to it. This definition is informal, as we shall need to deal with self-loops and cycles in a proper way.
How we do this is explained in more detail in Section 4.2. As mentioned before, we first grow SWG{!
to a size a,, which is to be chosen appropriately. After this, we grow SWG?)| and we stop as soon as a
vertex of SWG{) appears in {SWG{?)}2°_, as then the shortest-weight path between vertices 1 and 2 has
been found. Indeed, if on the contrary, the shortest weight path between vertex 1 and vertex 2 contains
an edge not contained in the union of the two SWGs when they meet, then necessarily this edge would
have been chosen in one of the two SWGs at an earlier stage, since at some earlier stage this edge must
have been incident to one of the SWGs and had the minimal weight of all edges incident to that SWG.
In Sections 4.2 and 4.3, we shall make these definitions precise.

Denote this first common vertex by A, and let G; be the distance between vertex i and A, i.e., the
number of edges on the minimum weight path from ¢ to A. Then, we have that

H, =G+ G, (4.1)
while, denoting by T; the weight of the shortest-weight paths from i to A, we have
W, =11 + Ts. (42)

Thus, to understand the random variables H,, and W,, it is paramount to understand the random variables
T; and G;, for i =1, 2.

Since, for n — oo, the topologies of the neighborhoods of vertices 1 and 2 are close to being indepen-
dent, it seems likely that G1 and Go, as well as 71 and T, are close to independent. Since, further, the
CM is locally tree-like, we are lead to the study of the problem on a tree.

With the above in mind, the paper is organized as follows:

e In Section 4.1 we study the flow on a tree. More precisely, in Proposition 4.3, we describe the
asymptotic distribution of the length and weight of the shortest-weight path between the root and
the m'™ added vertex in a branching process with i.i.d. degrees with offspring distribution g in (2.3).
Clearly, the CM has cycles and self-loops, and, thus, sometimes deviates from the tree description.

e In Section 4.2, we reformulate the problem of the growth of the SWG from a fixed vertex as a
problem of the SWG on a tree, where we find a way to deal with cycles by a coupling argument,
so that the arguments in Section 4.1 apply quite literally. In Proposition 4.6, we describe the
asymptotic distribution of the length and weight of the shortest-weight path between a fixed vertex
and the m'™ added vertex in the SWG from the CM. However, observe that the random variables
G; described above are the generation of a vertex at the time at which the two SWGs collide, and
this time is a random variable.

e In Section 4.3, we extend the discussion to this setting, and formulate the necessary ingredients for
the collision time, i.e., the time at which the connecting edge appears, in Proposition 4.4. In Section
4.5, we complete the outline.

e The proofs of the key propositions are deferred to Sections 5-7.

e Technical results needed in the proofs in Sections 5-7, for example on the topology of the CM, are
deferred to the appendix.



4.1 Description of the flow clusters in trees

We shall now describe the construction of the SWG in the context of trees. In particular, below, we shall
deal with a flow on a branching process tree, where the offspring is deterministic.

Deterministic construction: Suppose we have positive (non-random) integers dy, da, . ... Consider the
following construction of a branching process in discrete time:

Construction 4.1 (Flow from root of tree) The shortest-weight graph on a tree with degrees {d;}3°,
is obtained as follows:

1. At time 0, start with one alive vertex (the initial ancestor);

2. At each time step i, pick one of the alive vertices at random, this vertex dies giving birth to d;
children.

In the above construction, the number of offspring d; is fixed once and for all. For a branching process
tree, the variables d; are i.i.d. random variables. This case shall be investigated later on, but the case of
deterministic degrees is more general, and shall be important for us to be able to deal with the CM.

Consider a continuous-time branching process defined as follows:

1. Start with the root which dies immediately giving rise to dy alive offspring;
2. Each alive offspring lives for Exp(1) amount of time, independent of all other randomness involved;
3. When the m*™ vertex dies it leaves behind d,, alive offspring.

The split-times (or death-times) of this branching process are denoted by T;,i > 1. Note that
the Construction 4.1 is equivalent to this continuous branching process, observed at the discrete times
T;, © > 1. The fact that the chosen alive vertex is chosen at random follows from the memoryless property
of the exponential random variables that compete to become the minimal one.) We quote a fundamental
result from [10]. In its statement, we let

Si:dl—l-"'—i—di—(i—l).l (4.3)

Proposition 4.2 (Shortest-weight paths on a tree) Pick an alive vertex at time m > 1 uniformly
at random among all vertices alive at this time. Then,
(a) the generation of the m'™ chosen vertex is equal in distribution to

m
d
G = Z I, (4.4)
i=1
where {1;}°, are independent Bernoulli random variables with

P(l; =1) =di/si, (4.5)

(b) the weight of the shortest-weight path between the root of the tree and the vertex chosen in the m™
step is equal in distribution to

m
d
Tm: E Ei/si, (46)
=1

where {E;}°, are i.4.d. exponential random variables with mean 1.

LA new probabilistic proof is added, since there is some confusion between the definition s; given here, and the definition
of s; given in [10, below Equation (3.1)]. More precisely, in [10], s; is defined as s; = d1 + ...+ d; — 4, which is our s; — 1.



Proof. We shall prove part (a) by induction. The statement is trivial for m = 1. We next assume that
(4.4) holds for m, where {I;}!", are independent Bernoulli random variables satisfying (4.5). Let Gp41
denote the generation of the randomly chosen vertex at time m + 1, and consider the event {G,+1 =
k}, 1 <k < m. If randomly choosing one of the alive vertices at time m + 1 results in one of the d;,+1
newly added vertices, then, in order to obtain generation k, the previous uniform choice, i.e., the choice
of the vertex which was the last one to die, must have been a vertex from generation k — 1. On the other
hand, if a uniform pick is conditioned on not taking one of the d,,+1 newly added vertices, then this
choice must have been a uniform vertex from generation k. Hence, we obtain, for 1 < k < m,

B(Grnt = k) = HB(G = k- 1)+ (1 H)R(G,, = k). (@7)

Sm+1 Sm+1
The proof of part (a) is now immediate from the induction hypothesis. The proof of part(b) is as follows.
The minimum of s; independent exp(1) random variables has an exponential distribution with parameter
si, and is hence equal in distribution to E;/s;. We further use the memoryless property of the exponential
distribution which guarantees that at each of the discrete time steps the remaining lifetimes (or weights)
of the alive vertices are independent exponential variables with mean 1, independent of what happened
previously. =

We note that, while Proposition 4.2 was applied in [10, Theorem 3.1] only in the case where the
degrees are i.i.d., in fact, the results hold more generally for every tree (see e.g., [10, Equation (3.1)], and
the above proof). This extension shall prove to be vital in our analysis.

We next intuitively relate the above result to our setting. Start from vertex 1, and iteratively choose
the edge with minimal additional weight attached to the SWG so far. As mentioned before, because of
the properties of the exponential distribution, the edge with minimal additional weight can be considered
to be picked uniformly at random from all edges attached to the SWG at that moment. With high
probability, this edge is connected to a vertex which is not in the SWG. Let B; denote the forward degree
(i.e., the degree minus 1) of the vertex to which the i*" edge is connected. By the results in [24, 25],
{Bi}i>2 are close to being i.i.d., and have distribution given by (2.3). Therefore, we are lead to studying
random variables of the form (4.4)-(4.5), where {B;}?°, are i.i.d. random variables. Thus, this means
that we study the unconditional law of G, in (4.4), in the setting where the vector {d;}$°; is replaced
by an i.i.d. sequence of random variables {B;}°,. We shall first state a CLT for G, and a limit result
for T, in this setting. In its statement, we shall also make use of the random variable Tm, which is the
weight of the shortest weight path between the root and the parent of the m™ individual in the branching
process. Thus, in particular, T, m < T, and T, — Nm is the time between the addition of the parent of
the m' individual and the m™ individual itself.

Proposition 4.3 (Asymptotics for shortest-weight paths on trees) Let {B;}°, be an i.i.d. se-
quence of non-degenerate, positive integer valued, random variables, satisfying

P(B; > k) = k> " L(k), T>2,

for some slowly varying function k — L(k). Denote by v = E[By], for 7 > 3, whereas v = oo, for
T € (2,3). Then,
(a) for Gy, given in (4.4)-(4.5), with d; replaced by B;, there exists a 3 > 1 such that, as m — oo,

Gm — Blogm 4
—_— — 7 Z ~ 1 4.
g , where N(0,1), (4.8)

a standard normal variable, and where 3 =v /(v —1) for T > 3, while 3 =1 for T € (2,3);
(b) for T,, given in (4.6), there exists random variables X, X such that

Tm—fylogmLX, Tm—vlogmﬁff, (4.9)

v 4

where v = 1/(v — 1) when T > 3, while v = 0 when 7 € (2,3). In the latter case X = X.
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Proposition 4.3 is proved in [10, Theorem 3.1] when Var(B;) < oo, which holds when 7 > 4, but not
when 7 € (2,4). We shall prove Proposition 4.3 in Section 5 below. There, we shall also see that the result
persists under weaker assumptions than {B;}>°; being i.i.d., for example, when {B;}3°, are ezchangeable
non-negative integer valued random variables satisfying certain conditions. Such extensions shall prove
to be useful when dealing with the actual (forward) degrees in the CM.

4.2 A comparison of the flow on the CM and the flow on the tree

Proposition 4.3 gives a CLT for the generation when considering a flow on a tree. In this section, we shall
relate the problem of the flow on the CM to the flow on a tree. The key feature of this construction is that
we shall simultaneously grow the graph topology neighborhood of a vertex, as well as the shortest-weight
graph from it. This will be achieved by combining the construction of the CM as described in Section
2 with the fact that, from a given set of vertices and edges, if we grow the shortest-weight graph, each
potential edge is equally likely to be the minimal one.

In the problem of finding the shortest weight path between two vertices 1 and 2, we shall grow two
SWGs simultaneously from the two vertices 1 and 2, until they meet. This is the problem that we actually
need to resolve in order to prove our main results in Theorems 3.1-3.2. The extension to the growth of
two SWGs is treated in Section 4.3 below.

The main difference between the flow on a graph and on a tree is that on the tree there are no cycles,
while on a graph there are. Thus, we shall adapt the growth of the SWG for the CM in such a way that
we obtain a tree (so that the results from Section 4.1 apply), while we can still retrieve all information
about shortest-weight paths from the constructed graph. This will be achieved by introducing the notion
of artificial vertices and stubs. We start by introducing some notation.

We denote by {SWG, }m>0 the SWG process from vertex 1. We construct this process recursively.
We let SWGq consist only of the alive vertex 1, and we let Sy = 1. We next let SWG1 consist of the Dy
allowed stubs and of the explored vertex 1, and we let S1 = Sy+ D1 —1 = D denote the number of allowed
stubs. In the sequel of the construction, the allowed stubs correspond to vertices in the shortest-weight
problem on the tree in Section 4.1. This constructs SWGq. Next, we describe how to construct SWG,,,
from SWG,,_1. For this construction, we shall have to deal with several types of stubs:

(a) the allowed stubs at time m, denoted by AS,,, are the stubs that are incident to vertices of the SWG,,,,
and that have not yet been paired to form an edge; S,, = |AS,,| denotes their number;

(b) the free stubs at time m, denoted by FS,,, are those stubs of the L,, total stubs which have not yet
been paired in the construction of the CM up to and including time m;

(c) the artificial stubs at time m, denoted by Art,,, are the artificial stubs created by breaking ties, as
described in more detail below.

We note that Art,, C AS,,, indeed, AS,,\FS,,, = Art,,. Then, we can construct SWG,, from SWG,,,_1
as follows. We choose one of the S, 1 allowed stubs uniformly at random, and then, if the stub is not
artificial, pair it uniformly at random to a free stub unequal to itself. Below, we shall consistently call
these two stubs the chosen stub and the paired stub, respectively. There are 3 possibilities, depending on
what kind of stub we choose and what kind of stub it is paired to:

Construction 4.4 (The evolution of SWG for CM as SWG on a tree)

(1) The chosen stub is real, i.e., not artificial, and the paired stub is not one of the allowed stubs. In
this case, which shall be most likely at the start of the growth procedure of the SWG, the paired stub is
incident to a vertex outside SWGy,_1, we denote by By, the forward degree of the vertex incident to the
paired stub (i.e, its degree minus 1), and we define Sy, = Sy—1 + By, — 1. Then, we remove the paired
and the chosen stub from AS,,_1 and add the By, stubs incident to the verter incident to the paired stub
to AS,,_1 to obtain AS,,, we remove the chosen and the paired stubs from FS,,_1 to obtain FS,,, and
Art,, = Arty,_1;

(2) The chosen stub is real and the paired stub is an allowed stub. In this case, the paired stub is incident
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to a vertex in SWG,,_1 and we have created a cycle. In this case, we create an artificial stub replacing
the paired stub, and denote B,, = 0. Then, we let S;,, = S;—1 — 1, remove both the chosen and paired
stubs from AS,,—1 and add the artificial stub to obtain AS,,, and remove the chosen and paired stub from
FS,.—1 to obtain FS,,, while Art,, is Art,,_1 together with the newly created artificial stub. In SWG,,,
we also add an artificial edge to an artificial vertex in the place where the chosen stub was, the forward
degree of the artificial vertex being 0. This is done because a vertex is added each time in the construction
on a tree.

(8) The chosen stub is artificial. In this case, we let By, = 0, Sy, = Sp—1 — 1, and remove the chosen
stub from AS,,_1 and Art,,_1 to obtain AS,, and Art,,, while FS,, = FS,,_1.

In the construction in Construction 4.4, we always work on a tree since we replace an edge which
creates a cycle, by one artificial stub, to replace the paired stub, and an artificial edge plus an artificial
vertex in the SWG,,, with degree 0, to replace the chosen stub. Note that the number of allowed edges
at time m satisfies Sy, = Sy—1 + By, — 1, where By = D and, for m > 2, in cases (2) and (3), B, =0,
while in case (1) (which we expect to occur in most cases), the distribution of B, is equal to the forward
degree of a vertex incident to a uniformly chosen stub. Here, the choice of stubs is without replacement.

The reason for replacing cycles as described above is that we wish to represent the SWG problem as
a problem on a tree, as we now will explain informally. On a tree with degrees {d;}°,, as in Section
4.1, we have that the remaining degree of vertex ¢ at time m is precisely equal to d; minus the number
of neighbors that are among the m vertices with minimal shortest-weight paths from the root. For first
passage percolation on a graph with cycles, a cycle does not only remove one of the edges of the vertex
incident to it (as on the tree), but also one edge of the vertex at the other end of the cycle. Thus, this is
a different problem, and the results from Section 4.1 do not apply literally. By adding the artificial stub,
edge and vertex, we artificially keep the degree of the receiving vertex the same, so that we do have the
same situation as on a tree, and we can use the results in Section 4.1. However, we do need to investigate
the relation between the problem with the artificial stubs and the original SWG problem on the CM.
That is the content of the next proposition.

In its statement, we shall define the m™ closest vertex to vertex 1 in the CM, with i.i.d. exponential
weights, as the unique vertex of which the minimal weight path is the m'" smallest among all n — 1
vertices. Further, at each time m, we denote by artificial vertices those vertices which are artificially
created, and we call the other vertices real vertices. Then, we let the random time R,,, be the first time
J that SWG; consists of m + 1 real vertices, i.e.,

Ry, =min {j > 0: SWG; contains m + 1 real vertices}. (4.10)

The +1 originates from the fact that at time m = 0, SWGq consists if 1 real vertex, namely, the vertex
from which we construct the SWG. Thus, in the above set up, we have that R,, = m precisely when no
cycle has been created in the construction up to time m. Then, our main coupling result is as follows:

Proposition 4.5 (Coupling shortest-weight graphs on a tree and CM) Jointly for all m > 1,
the set of real vertices in SWGg,, is equal in distribution to the set of i closest vertices to vertex
1, fori=1,...,m. Consequently,

(a) the generation of the m'™ closest vertex to vertex 1 has distribution Gg, , where Gy, is defined in
(4.4)-(4.5) with dy = Dy and d; = B;, i > 2, as described in Construction 4.4;

(b) the weight of the shortest weight path to the m'™ closest vertex to vertex 1 has distribution Tg,, , where
T is defined in (4.6) with dy = D1 and d; = By, i > 2, as described in Construction 4.4.

We shall make use of the nice property that the sequence {Bg,, }",_5, which consists of the forward
degrees of chosen stubs that are paired to stubs which are not in the SWG, is, for the CM, an exchangeable
sequence of random variables (see Lemma 6.1 below). This is due to the fact that a free stub is chosen
uniformly at random, and the order of the choices does not matter. This exchangeability shall prove to
be useful in order to investigate shortest-weight paths in the CM. We now prove Proposition 4.5:
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Proof of Proposition 4.5. In growing the SWG, we give exponential weights to the set {AS,, }>1.
After pairing, we identify the exponential weight of the chosen stub to the exponential weight of the edge
which it is part of. We note that by the memoryless property of the exponential random variable, each
stub is chosen uniformly at random from all the allowed stubs incident to the SWG at the given time.
Further, by the construction of the CM in Section 2, this stub is paired uniformly at random to one
of the available free stubs. Thus, the growth rules of the SWG in Construction 4.4 equal those in the
above description of {SWG,,, }2°_, unless when a cycle is closed and an artificial stub, edge and vertex are
created. In this case, the artificial stub, edge and vertex might influence the law of the SWG. However, we
note that the artificial vertices are not being counted in the set of real vertices, and since artificial vertices
have forward degree 0, they will not be a part of any shortest path to a real vertex. Thus, the artificial
vertex at the end of the artificial edge does not affect the law of the SWG. Artificial stubs that are created
to replace paired stubs when a cycle is formed, and which are not yet removed at time m, will be called
dangling ends. Now, if we only consider real vertices, then the distribution of weights and lengths of the
shortest-weight paths between the starting points and those real vertices are identical. Indeed, we can
decorate any graph with as many dangling ends as we like without changing the shortest-weight paths to
real vertices in the graph. =

Now that the flow problem on the CM has been translated into a flow problem on a related tree of
which we have explicitly described its distribution, we may make use of Proposition 4.2, which shall allow
us to extend Proposition 4.3 to the setting of the CM. Note that, among others due to the fact that when
we draw an artificial stub, the degrees are not i.i.d. (and not even exchangeable since the probability of
drawing an artificial stub is likely to increase in time), we need to extend Proposition 4.3 to a setting
where the degrees are weakly dependent. In the statement of the result, we recall that G, is the height
of the m'" added vertex in the tree problem above. In the statement below, we write

enseayensey T for 7€ (2,3); 111
Un =1 - 1/2 (4.11)
n for 7 > 3,

where, for a,b € R, we write a A b = min{a, b}.
Before we formulate the CLT for the hopcount of the shortest-weight graph in the CM, we repeat
once more the setup of the random variables involved. Let Sg =1, S7 = D1, and for j > 2,
J
Sj =D+ Z(BZ — 1), (4.12)
i=2
where, in case the chosen stub is real, i.e., not artificial, and the paired stub is not one of the allowed

stubs, B; equals the forward degree of the vertex incident to the i*" paired stub, whereas B; = 0 otherwise.
Finally, we recall that, conditionally on D1, By, Bs, ..., By,

m
Gm=Y_T, where P(;=1)=1  P(I;=1)=B;/S;, 2<j<m. (4.13)
=1

Proposition 4.6 (Asymptotics for shortest-weight paths in the CM) (a) Let the law of G, be
given in (4.13). Then, with B > 1 as in Proposition 4.3, and as long as m < m,, for any m, such that

log (M, /an) = o(v/logn), . 51
m = ogm d
Tgyn — Z7 Where 7~ N(O, ].) (414)

(b) Let the law of Ty, be given in (4.6), with s; replaced by S; given by (4.12) and let vy be as in Proposition
4.8. Then, there exists a random variable X such that

Ty, — vlogm —% X, (4.15)
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The same results apply to Gg,, and Tg,,, i.e., in the statements (a) and (b) the integer m can be replaced
by R, as long as m < m,.

Proposition 4.6 implies that the result of Proposition 4.3 remains true for the CM, whenever m is not
too large. Important for the proof of Proposition 4.6 is the coupling to a tree problem in Proposition 4.5.
Proposition 4.6 shall be proved in Section 6. An important ingredient in the proof will be the comparison
of the variables { B, },'",, for an appropriately chosen m,,, to an i.i.d. sequence. Results in this direction
have been proved in [24, 25], and we shall combine these to the following statement:

Proposition 4.7 (Coupling the forward degrees to an independent sequence) In the CM with
T > 2, there exists a p > 0 such that the random vector {Bm}%):2 can be coupled to an independent

sequence of random variables { B4 n"_, with probability mass function g in (2.8) in such a way that
{Bn}p— = {Bm"}ii_y whp.

In Proposition 4.7, in fact, we can take {B,,}"_, to be the forward degree of the vertex to which any
collection of n? distinct stubs has been connected.

4.3 Flow clusters started from two vertices

To compute the hopcount, we first grow the SWG from vertex 1 until time a,, followed by the growth
of the SWG from vertex 2 until the two SWGs meet, as we now explain in more detail. Denote by
{SWG{ o0 the SWG from the vertex i € {1,2}, and, for m > 0, let

SWG(,® = SWGY) USWG), (4.16)

the union of the SWGs of vertex 1 and 2. We shall only consider values of m where SWG{) and SWG?
are disjoint, i.e., they do not contain any common (real) vertices. We shall discuss the moment when
they connect in Section 4.4 below.

We recall the notation in Section 4.2, and, for i € {1,2}, denote by AS!)) and Art{/) the number of
allowed and artificial stubs in SWG{). We let the set of free stubs FS,, consist of those stubs which
have not yet been paired in SWG{,? in (4.16). Apart from that, the evolution of SWG), following the
evolution of SWG(!, is identical as in Construction 4.4. We denote by S5 = |ASY| the number of allowed
stubs in SWG() for i € {1,2}. We define B accordingly.

The above description shows how we can grow the SWG from vertex 1 followed by the one of vertex
2. In order to state an adaptation of Proposition 4.5 to the setting where the SWGs of vertex 1 is first
grown to size a,, followed by the growth of the SWG from vertex 2 until the connecting edge appears,
we let the random time R!) be the first time [ such that SWGE” consists of m + 1 real vertices. Then,
our main coupling result for two simultaneous SWGs is as follows:

Proposition 4.8 (Coupling SWGs on two trees and CM from two vertices) Jointly for m >0,
as long as the sets of real vertices in (SWGSJ,SWG%)) are disjoint, these sets are equal in distribution
to the sets ofﬁh, respectively j;h, closest vertices to vertex 1 and 2, respectively, for j1 =1,..., Rff,z and

jo=1,...,RY, respectively.

4.4 The connecting edge

As described above, we grow the two SWGs until the first stub with minimal weight incident to SWG{?)
is paired to a stub incident to SWGSn). We call the created edge linking the two SWGs the connecting

edge. More precisely, let
C, = min{m > 0: SWG{) N SWG) # o}, (4.17)

be the first time that SWG{) and SWG;) share a vertex. When m = 0, this means that 2 € SWG)
(which we shall show happens with small probability), while when m > 1, this means that the m'"-stub
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of SWG® which is chosen and then paired, is paired to a stub from SWG{). The path found actually
is the shortest-weight path between vertices 1 and 2, since SWG{) and SWG;) precisely consists of the
closest real vertices to the root i, for ¢ = 1,2, respectively.

We now study the probabilistic properties of the connecting edge. Let the edge e = st be incident to
SWG{", and s and t denote its two stubs. Let the vertex incident to s be is and the vertex incident to ¢
be i;. Assume that iy € SWG{", so that, by construction, i ¢ SWG{). Then, conditionally on SWG
and {T/V}¢7,, the weight of e is at least Ty, — WZ-(:), where VVZ.(SI) is the weight of the shortest path from 1
to is. By the memoryless property of the exponential distribution, therefore, the weight on edge e equals
T — Wi(sl) + E., where the collection (E,), for all e incident to SWG) are i.i.d. Exp(1) random variables.
Alternatively, we can redistribute the weight by saying that the stub ¢ has weight E,, and the stub s has
weight 74" — WZ-(;). Further, in the growth of (SWG{)),,>0, we can also think of the exponential weights
of the edges incident to SWG? being positioned on the stubs incident to SWG?. Hence, there is no
distinction between the stubs that are part of edges connecting SWG{ and SWG) and the stubs that
are part of edges incident to SWG?), but not to SWG{). Therefore, in the growth of (SWG)),>0, we
can think of the minimal weight stub incident to SWG? being chosen uniformly at random, and then a
uniform free stub is chosen to pair it with. As a result, the distribution of the stubs chosen at the time
of connection is equal to any of the other (real) stubs chosen along the way. This is a crucial ingredient
to prove the scaling of the shortest-weight path between vertices 1 and 2.

For i € {1,2}, let HY” denote the length of the shortest-weight path between vertex ¢ and the common

vertex in SWG{) and SWGgBL, so that
H,=HY + H®. (4.18)

Because of the fact that at time C,, we have found the shortest-weight path, we have that

(HP, HP) L (GD, | —1,G2), (4.19)

QAn

where {GW)}2°_, and {G)}>5_, copies of the process in (4.4), which are conditioned on drawing a real
stub. Indeed, at the time of the connecting edge, a uniform (real) stub of SWG is drawn, and it is
paired to a uniform (real) stub of SWG{. The number of hops in SWG{") to the end of the attached edge
is therefore equal in distribution to Gf;i 41 conditioned on drawing a real stub. The —1 in (4.19) arises
since the connecting edge is counted twice in G’ Dt G . The processes {G4' }_, and {G)}>_, are
conditionally independent given the realizations of { By, )}m:

Further, because of the way the weight of the potential connecting edges has been distributed over
the two stubs out of which the connecting edge is comprised, we have that

Wy =T + T, (4.20)

where {T)%'}5°_, and {T,,)}°_, are two copies of the process {T},,}°_, in (4.6), again conditioned on
drawing a real stub. Indeed, to see (4.20), we note that the weight of the connecting edge is equal to the
sum of weights of its two stubs. Therefore, the weight of the shortest weight path is equal to the sum of
the weight within SWG{"), which is equal to T.", and the weight within SWG(Q) which is equal to Tgi

In the distributions in (4.19) and (4.20) above, we always condition on drawmg a real stub. Since we
shall show that this occurs whp, this conditioning plays a minor role.

We shall now intuitively explain why the leading order asymptotics of C, is given by a,, where a,
is defined in (4.11). For this, we must know how many allowed stubs there are, i.e., we must determine
how many stubs there are incident to the union of the two SWGs at any time. Recall that S5 denotes
the number of allowed stubs in the SWG from vertex ¢ at time m. The total number of allowed stubs
incident to SWG(" is S&, while the number incident to SWG? is equal to Sy, and where

m
=Di+ ) (B - (4.21)
=2
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We also write Art,, = Art}) U Art{).
Conditionally on SWG{) and {(S;”, Art{”)}/" " and Ly, and assuming that |Art,,|, m and S, satisfy
appropriate bounds, we obtain
St
L,
When 7 € (2,3) and (3.8) holds, then S{”/i*/("=2) can be expected to converge in distribution to a
stable random variable with parameter 7 — 2, while, for 7 > 3, Sl“) /1 converges in probability to v — 1,
where v is defined in (3.3). We can combine these two statements by saying that Slm / [V(TA3=2) converges
in distribution. Note that the typical size a,, of C,, is such that, uniformly in n, P(C,, € [ay, 2a,]) remains
in (,1 —¢), for some ¢ € (0, 3), which is the case when

P(Cp, =m|C, >m —1) ~

(4.22)

2an
P(Cp € [an,2a,])) = Y P(Cp =m|Cp > m —1P(Cy >m—1) € (¢,1 — &), (4.23)

m=an

uniformly as n — 0o. By the above discussion, and for a,, < m < 2a,, we have P(C,, = m|C,, >m—1) =
O(m!/(7h3=2) In) = @(a,lq/(TM_m/n), and P(C,, > m — 1) = ©(1). Then, we arrive at

P(C, € [an,2a,)) = O(anal/ ™32 /n), (4.24)
which remains uniformly positive and bounded for a,, defined in (4.11). In turn, this suggests that
C/an —2 M, (4.25)

for some limiting random variable M.

We now discuss what happens when (2.2) holds for some 7 € (2,3), but (3.8) fails. In this case,
there exists a slowly varying function n +— £(n) such that S;”/ (L()IY(7=2)) converges in distribution.
Then, following the above argument shows that the right-hand side (r.h.s.) of (4.24) is replaced by
@(ana}/ (T2 (ay)/n), which remains uniformly positive and bounded for a,, satisfying a7y (an) =
n. By [7, Theorem 1.5.12], there exists a solution a,, to the above equation which satisfies that it is
regularly varying with exponent (7 —2)/(7 — 1), so that

an = nT=/T=D (), (4.26)

for some slowly varying function n +— ¢*(n), which depends only on the distribution function F'.
In the following proposition, we shall state the necessary result on C, that we shall need in the
remainder of the proof. In its statement, we shall use the symbol o0p(b,,) to denote a random variable X,

which satisfies that X, /b, 0.

Proposition 4.9 (The time to connection) As n — oo, under the conditions of Theorems 3.2 and
3.1 respectively, and with ay, as in (4.11),

log C,, — log a,, = op(y/logn). (4.27)
Furthermore, for i € {1,2}, and with 3 > 1 as in Proposition 4.3,
(GSZH — Blogay, ngl — Blogan,
VBloga, ' +/Blogan

where Z1, Zy are two independent standard normal random variables. Moreover, with v as in Proposition
4.8, there exist random variables X1, Xo such that

) -4 (21, Z), (4.28)

d
(TS = ylog an, TG — ylogan) == (X1, Xa). (4.29)
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We note that the main result in (4.28) is not a simple consequence of (4.27) and Proposition 4.6.
The reason is that C,, is a random variable, which a priori depends on (Gflli 1 G for m > 0. Indeed,
the connecting edge is formed out of two stubs which are not artificial, and thus the choice of stubs is
not completely uniform. However, since there are only few artificial stubs, we can extend the proof of
Proposition 4.6 to this case. Proposition 4.9 shall be proved in Section 7.

4.5 The completion of the proof

By the analysis in Section 4.4, we know the distribution of the sizes of the SWGs at the time when the
connecting edge appears. By Proposition 4.9, we know the number of edges and their weights used in the
paths leading to the two vertices of the connecting edge, together with its fluctuations. In the final step,
we need to combine these results by averaging both over the randomness of the time when the connecting
edge appears (which is a random variable), as well as over the number of edges in the shortest weight
path when we know the time the connecting edge appears. Note that by (4.19) and Proposition 4.9, we
have, with Z;, Z, denoting independent standard normal random variables, and with Z = (Z; + Z2)/v/2,
which is again standard normal,

i G(1)+1 + G(2> —1=2Bloga, + Z1\/Bloga, + Za+/ Flog a, + 0s(1/logn)
= 2@loga, + Z+/208log a, + os(1/logn). (4.30)

Finally, by (4.11), this gives (3.4) and (3.9) with

. 2flogan
a= lim ————
n—oo  logn

(4.31)

which equals @ = v/(v — 1), when 7 > 3, since § =v/(v — 1) and % =1/2,and a =2(7 —2)/(T — 1),
when 7 € (2,3), since # =1 and 1?5;7? = (7 —2)/(7 — 1). This completes the proof for the hopcount.

In the description of « in (4.31), we note that when a,, contains a slowly varying function for 7 € (2, 3)
as in (4.26), then the result in Theorem 3.2 remains valid with «logn replaced by

2(7 —2
2loga, = (7'1) logn + 2log £*(n). (4.32)
r

For the weight of the minimal path, we make use of (4.20) and (4.29) to obtain in a similar way that

W, — 2ylogan —— X + Xo. (4.33)

This completes the proof for the weight of the shortest path.

5 Proof of Proposition 4.3

5.1 Proof of Proposition 4.3(a)

We start by proving the statement for 7 € (2,3). Observe that, in this context, d; = B;, and, by (4.3),
Bi+...+B; = S;+i—1, so that the sequence B;/(S; +i— 1), for j satisfying 1 < j <4, is exchangeable
for each ¢ > 1. Therefore, we define

B;

m. (5.1)

m
Cp=3 I where P(I; = 1{B}%,) =

Thus, I is, conditionally on {B;}5°,, stochastically dominated by I;, for each ¢, which, since the sequences

{I;}2°, and {I;}$°,, conditionally on {B;}$°,, each have independent components, implies that G, is
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stochastically dominated by G,,. We take G and G, in such a way that Gm < G a.s. Then, by the
Markov inequality, for x,, > 0,

R . . Bi(i—1
P(|Gry — G| > km) < m,;lEHGm—GmH:,@;}E[Gm—gm]:m;}ZE[s (i—1) ]

i(S¢+i— 1)

- ;3 Pl E[1/S;], (5.2)

where, in the second equality, we used the exchangeability of B;/(S; +i —1), 1 < j < i. We will now
show that

iE[l/SZ] < o0, (53)
i=1

so that for any k,, — oo, we have that P(|G,, — ém\ < Km) — 1. We can then conclude that the
CLT for G,, follows from the one for G,,. By [14, (3.12) for s = 1], for 7 € (2,3) and using that
Si =By +---B; — (i — 1), where P(By > k) = k*> " L(k), there exists a slowly varying function i ~ (1)
such that E[1/S;] < ¢l(i)i~"("=2). When 7 € (2,3), we have that 1/(7 — 2) > 1, so that (5.3) follows.

We now turn to the CLT for G,,, Observe from the exchangeability of B;/(Si+i—1),for 1 <j <4,
that for i1 <i9 < ... < i,

~ ~ k Bl Bz k Bz
Plly =... =l =1) = E[EW}_E[Silﬂ'll—lll&lﬂ;—l}
1t B L

where we used that since By + ...+ B; = S; +j — 1,

2 . .
I R S o e e Il e

1= Yl

i, are independent. Thus, G has the same
dlstrlbutlon as E 1 Ji, where {J;}32, are mdependent Bernoulli random variables with P(J; = 1) =
1/i. It is a standard consequence of the Lindeberg-Lévy-Feller CLT that (3", J; — logm)//logm is
asymptotically standard normally distributed.

Since f“, .. f are indicators this implies that f,l, .. f

Remark 5.1 (Extension to exchangeable setting) Note that the CLT for G,, remains valid when
(i) the random variables { B;}" | are exchangeable, with the same marginal distribution as in the i.i.d. case,

and (i) 37 E[1/S;] = o(v/log m).

The approach for 7 > 3 is different from that of 7 € (2,3). For 7 € (2,3), we coupled G,, to G and
proved that G satisfies the CLT with the correct norming constants. For 7 > 3, the case we consider now,
we first apply a conditional CLT, using the Lindeberg-Lévy-Feller condition, stating that, conditionally
on By, Bs, ... satisfying

& B, B,
3 G0 5) - 53

we have that

Gm — Y71 B;/S;
" 1 5 Ny (5.6)
(. ga-2)
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where Z is standard normal. The result (5.6) is also contained in [10].
Since v = E[B;] > 1 and E[B]] < oo, for any a < 7—2, it is not hard to see that the random variable
Z;il sz / 5]2 is positive and has finite first moment, so that for m — oo,

zm: B} /57 = 0:(1), (5.7)

Jj=1

where Oz (by,) denotes a sequence of random variables X,,, for which | X,,|/by, is tight.

We claim that .
ZBj/Sj_ illogm:op(\/logm). (5.8)
j=1

Obviously, (5.6), (5.7) and (5.8) imply Proposition 4.3(a) when 7 > 3.
In order to prove (5.8), we split

> B;/S; -
j=1

and shall prove that each of these two terms on the r.h.s. of (5.9) is 0s(y/logm). For the first term, we
note from the strong law of large numbers that

Zlog(

Also, since —log (1 — x) = o + O(«?), we have that

m

illogm:(z i —1)/5; — logm)+(i1/8j—yi

Jj=1 Jj=1

1 log m), (5.9)

) log Sy, — log Sy = logm + Op(1). (5.10)

m m

Zlog S;/S;-1) Zlog (1—( =3B - 1)/8;+0( 3B - 1)¥/$F). (5.11)

Jj=1 7=1 j=1
Again, as in (5.7), for m — oo,
D (B —1)%/8F = Ox(1), (5.12)
7j=1
so that .
> (B —1)/8; —logm = O(1). (5.13)
7j=1

In order to study the second term on the right side of (5.9), we shall prove a slightly stronger result than
necessary, since we shall also use this later on. Indeed, we shall show that there exists a random variable
Y such that

m

Z1/Sj—yi

Jj=1

T logm 2%y, (5.14)

In fact, the proof of (5.14) is a consequence of [3, Theorem 1], since E[(B; — 1) log(B; —1)] < oo for 7 > 3.
We decided to give a separate proof of (5.14) which can be easily adapted to the exchangeable case.
To prove (5.14), we write

m

Zl/sj*

=1

- logm = Z 1/—1 + 03(1), (5.15)
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so that in order to prove (5.14), it suffices to prove that, uniformly in m > 1,
m .
S;i—(v—1
Z M < 00, a.s. (5.16)

Thus, if we further make use of the fact that S; > nj except for at most finitely many j (see also Lemma
A.4 below), then we obtain that

| Z

where 7 = S; — E[S;], since E[S;] = (v — 1)j + 1. We now take the expectation, and conclude that for
any a > 1, Jensen’s inequality for the convex function z +— z¢, yields

Iogm‘ <ZM+OP <CZ 50 (5.17)
7j=1

Si(v—1)j 52

E(1S;]) < E[|S; |7/, (5.18)

To bound the last expectation, we will use a consequence of the Marcinkiewicz-Zygmund inequality,
see e.g. [21, Corollary 8.2 on p. 152]. Taking 1 < a < 7 — 2, we have that E[|B;|*] < oo, since 7 > 3, so

that

m | g m g S* l/a m 1/ 1/a

E[Z;];‘} SZ; ! Z Eﬁ/L] < . (5.19)
j= J j=1

This completes the proof of (5.14). =

Remark 5.2 (Discussion of exchangeable setting) When the random variables { B;}", are exchange-
able, with the same marginal distribution as in the i.1.d. case, and with T > 3, we note that to prove a
CLT for Gy, it suffices to prove (5.7) and (5.8). The proof of (5.8) contains two steps, namely, (5.13)
and (5.16). For the CLT to hold, we in fact only need that the involved quatities are op(\/logm), rather
than Os(1). For this, we note that

(a) the argument to prove (5.13) is rather flexible, and shows that if (i) log Sy, /m = o0s(y/logm) and if
(1) the condition in (5.7) is satisfied with Op(1) replaced by op(v/logm), then (5.13) follows with Op(1)
replaced by op(+/logm);

(b) for the proof of (5.16) we will make use of stochastic domination and show that each of the stochastic
bounds will satisfy (5.16) with Op(1) replaced by ox(v/logm) (compare Lemma A.8).

5.2 Proof of Proposition 4.3(b)

We again start by proving the result for 7 € (2,3). It follows from (4.6) and the independence of {E;};>1
and {S;};>1 that, for the proof of (4.9), it is sufficient to show that

3 E[1/S;] < oo, (5.20)
>

i=1

which holds due to (5.3). The argument for T, is similar, with the same limit. Indeed, on the one hand,
since Tvm < T, the limit of Tvm cannot be larger than that of 7,,. On the other hand, since G,, — oo
and m — T, is increasing, we have that the Tm > Ty, whp for any k. Therefore, T m must have the same
limit as T;,.

The extension of this result to 7 > 3, where the weak limits of 7;,, and T, m are different, is deferred to
Section C of the appendix.
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6 Proof of Proposition 4.6

In this section, we extend the proof of Proposition 4.3 to the setting where the random vector {B;}", is
not i.i.d., but rather corresponds to the vector of forward degrees in the CM.

In the proofs for the CM, we shall always condition on the fact that the vertices under consideration
are part of the giant component. As discussed below (3.3), in this case, the giant component has size
n — o(n), so that each vertex is in the giant component whp. Further, this conditioning ensures that
S; > 0 for every j = o(n).

We recall that the set up of the random variables involved in Proposition 4.6 is given in (4.12) and
(4.13). The random variable R,,, defined in (4.10), is the first time the SWGg,, consists of m + 1 real
vertices.

Lemma 6.1 (Exchangeability of {Bg, }"_) Conditionally on {D;}},, the sequence of random vari-
ables {Bg,, }:;;11 is exchangeable, with marginal probability distribution

‘ (G4 D=
Pu(Br =9) =3 7 L5 (6.1)
i=2 n

where Py, denotes the conditional probability given {D;}7_.

Proof. We note that, by definition, the random variables {Bg,, } _11 are equal to the forward degrees
(where we recall that the forward degree is equal to the degree minus 1) of a vertex chosen from all
vertices unequal to 1, where a vertex ¢ is chosen with probability proportional to its degree, i.e., vertex
i € {2,...,n} is chosen with probability P, = D;/(L, — D1). Let Ks,..., K, be the vertices chosen,

then the sequence Ko,..., K, has the same distribution as draws with probabilities {P;} , without
replacement. Obviously, the sequence (Ka,..., K,) is exchangeable, so that the sequence {Bg,, "m_:ll,

which can be identified as Bgr,, = Dk — 1, inherits this property. =

m—+1

We continue with the proof of Proposition 4.6. By Lemma 6.1, the sequence {B; } * 5 is exchangeable,
when we condition on |Art;| = 0 for all j < m. Also, |Art;| = 0 for all j < m holds precisely when
R,, = m. In Lemma A.1l in Appendix A, the probability that R,,, = m,, for an appropriately chosen
mp, is investigated. We shall make crucial use of this lemma to study G,,,.

Proof of Proposition 4.6. Recall that by definition log(m,/a,) = o(y/logn). Then, we split, for some
m,, such that log(a,/m,,) = o(v/logn),

G = G, + Gy — G, |, (6.2)

where G has the same marginal distribution as G, , but also satisfies that G < Gm,, a.s. By
constructlon the sequence of random variables m +— Gm is stochastically mcreasmg, so that this is
possible by the fact that random variable A is stochastically smaller than B if and only if we can couple
A and B to (A, B) such that A < B, a.s.

Denote by A,, = {R,, = m} the event that the first artificial stub is chosen after time m. Then, by
Lemma A.1, we have that P(A7, ) = o(1). Thus, by intersecting with Ay, and its complement, and then

using the Markov inequality, we find for any ¢, = o(y/logn),

- 1 ~
PG, — G| 2 €0) < —E[|Gom, — G |1, ] + o) (63)
1 ~
= LB [[Gm, — G, L, ] +0()
1 B;
== > E[ga, ]| +o)



We claim that -
3 E[gn@n} = o(y/logn). (6.4)
i=m,,+1 !

Indeed, to see (6.4), we note that B; = 0, when i # R; for some j. Also, when A,, occurs, then
Ry, = m,,. Thus, using also that R,, > m, so that R; < m, implies that i < My,

3 E[g’ﬂf\mn}s 3 E[?}’: W, 1R <) |

i=m, +1 i=m,+1 g
m,
u 1 Sr, + R;
< _ Z i — 1E[ Sk ]l{mn+1§Ri§mn}:|7 (6.5)
i=m,,+1 g

the latter following from the exchangeability of { B, }Z 5, because

D1+Z D1+ZBR—R-—1),

7j=2

so that ‘
Z Br, = Sr, — D1+ R; —1 < Sg, + R;. (6.6)
=2

In Lemma A.2 of the appendix we show that there exists a constant C' such that for i < m,,

E[SRi + R;

Sk, ﬂ{mnHSRiémn}} <C, (6.7)

so that, for an appropriate chosen ¢, with log (m,/m,,)/c, — 0,

~ c = 1 C'log (my,/m,,
B(1Gm, ~ G 2 ) < & 30 o <SRBI _ o, (65)
L n

since log (M, /m,,) = o(v/logn). Thus, the CLT for G4, follows from the one from émn’ which, since the

marginal of Gy, is the same as the one of Gy, , follows from the one for Gy, . By Lemma A.1, we further
have that with high probability, there has not been any artificial stub up to time m,,, so that, again with
high probability, { By, }rte = {BR,, };mr, the latter, by Lemma 6.1, being an exchangeable sequence.

We next adapt the proof of Proposition 4.3 to exchangeable sequences under certain conditions. We
start with 7 € (2,3), which is relatively the more simple case. Recall the definition of G,, in (4.13). We
define, for i > 2,

gi:ZBj:Si+i_1_D1- (69)
j=2

Similarly to the proof of Proposition 4.3 we now introduce

=1+> I,  where P(J;=1{B;}{,) =Bi/S;, 2<i<m. (6.10)
=2

Let QZ = B;/ S’i, Q; = B;/S;. Then, by a standard coupling argument, we can couple I} and I; in such a
way that P(I,L 7'5 Iz|{Bz};l2) = |Qz — Q,L|
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The CLT for G,, follows because, also in the exchangeable setting, fg, ..., I, are independent and,
similar to (5.2),

P(IGim — Gonl 2 wn) < 1 E[Gon — Gnl) < i BIY |1 = L) = " S EIIQi - Qi
=2

=1
:mnlgE[Bi|S;:§fi|} < RnliZ;E[BiDl E(;_ 1)}
:R;Iiiflqmgj—l} —lz( 1151+ ——B[Dy/5))
< —12( [1/(S; ~ Dy +2)] + < EIDy/(5; ~ Dy +2))), (6.11)

where we used that D; > 2 a.s. We take m = m,,, as discussed above. Since D; is independent of
Si — D1 + 2 for i > 2 and E[D1] < oo, we obtain the CLT for Gy, from the one for Gy, when, for
€(2,3),

iE[l/Ei] =0(1), where =1+ i(Bj -1), i>1. (6.12)
i=1 =2

In Lemma A.2 of the appendix we will prove that for 7 € (2, 3), the statement (6.12) holds. The CLT for
GR,,, follows in an identical way.

We continue by studying the distribution of 7T;, and Tm, for 7 € (2,3). We recall that T,, =
> Ei/Si, (see (4.6)). In the proof of Proposition 4.3(b) for 7 € (2,3), we have made crucial use
of (5.20), which is now replaced by (6.12). We split

m_ZE/S_ZEl/S—FZE/S (6.13)

i>nkP

The mean of the second term converges to 0 for each p > 0 by Lemma A.2, while the first term is by
Proposition 4.7 whp equal to Z?ﬁl E;/S{" | where S = > i1 Bj(-ind), and where B{"" = Dy, while
{Bf'“d)}?:pQ is an i.i.d. sequence of random variables with probability mass function g given in (2.3), which
is independent from D;. Thus, noting that also > .~ , E;/ S;i“d) SN 0, and with

1>nP
o0

X =) Ej/SM, (6.14)
=1

we obtain that T, %, X. The random variable X has the interpretation of the explosion time of the
continuous-time branching process, where the degree of the root has distribution function F', while the
degrees of the other vertices is an i.i.d. sequence of random variables with probability mass function g

given in (2.3). A similar argument holds for T, m, with X L X. This completes the proof of Proposition
4.6 for 7 € (2,3), and we turn to the case 7 > 3.

For 7 > 3, we follow the steps in the proof of Proposition 4.3(a) for 7 > 3 as closely as possible.
Again, we apply a conditional CLT as in (5.6), to obtain the CLT when (5.5) holds. From Lemma A.5 we
conclude that (6.7) also holds when 7 > 3. Hence, as before, we may assume by Lemma A.1, that whp,
there has not been any artificial stub up to time m,,, so that, again whp, {B;,},.", = {BRW}Z 5, the
latter, by Lemma 6.1, being an exchangeable sequence. For the exchangeable sequence {Bm}m:2 we will
then show that

i B} /57 = 0:(1). (6.15)
j=2
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The statement (6.15) is proven in Lemma A.6.
As in the proof of Proposition 4.3(a), the claim that

Y B;/S; — ——logm, = 0s(y/log m,,), (6.16)
j=2

v—1

is sufficient for the CLT when 7 > 3. Moreover, we have shown in Remark 5.2 that (6.16) is satisfied,

when
log (Sm,, /m,) = 0:(1/logmy,), (6.17)
and
mH—Sji(yil)j—o ogm
> S —ny = ViR (6.18)

The proof of (6.17) and (6.18) are given in Lemmas A.7 and Lemma A.8, of Appendix A, respectively.
Again, the proof for Gg,, is identical. =

For the results for T;, and Tm for 7 > 3, we refer to Appendix C.

7 Proof of Proposition 4.9

In this section, we prove Proposition 4.9. We start by proving that log C,,/a, = os(y/logn), where C,
is the time at which the connecting edge appears between the SWGs of vertices 1 and 2 (recall (4.17)),
as stated in (4.27). As described in Section 4.4, we shall condition vertices 1 and 2 to be in the giant
component, which occurs whp and guarantees that Sy, > 0 for any m = o(n) and i € {1,2}. After
this, we complete the proof of (4.28)—(4.29) in the case where 7 € (2,3), which turns out to be relatively
simplest, followed by a proof of (4.28) for 7 > 3. The proof of (4.29) for 7 > 3, which is more delicate, is
deferred to Appendix C.

We start by identifying the distribution of C,. In order for C,, = m to occur, apart from further
requirements, the minimal stub from SWG!? must be real, i.e., it may not be artificial. This occurs with
probability equal to 1 — |Art®|/S5.

By Construction 4.4, the number of allowed stubs incident to SWG? equals S so the number
of real stubs equals S5 — [Art{?|. Similarly, the number of allowed stubs incident to SWG{) equals
Sy, so the number of real stubs equals S§.) — [Art{”| Further, the number of free stubs equals |FS,,| =
L, — ap —m — Sy, + |Art,,|, where we recall that S, = S5 + S&2 and Art,, = Artl) U Artl?), and is
hence bounded above by L,, and below by L, — a, — m — S,,. When the minimal-weight stub is indeed
real, then it must be attached to one of the real allowed stubs incident to SWG&), which occurs with
conditional probability given SWG!,* and L,, equal to

80— Jareg)|
Ly, —an, —m— Sy, + |Arty,|

(7.1)

Thus, in order to prove Proposition 4.9, it suffices to investigate the limiting behavior of L,, S and
|Art,,,|. By the law of large numbers, we known that L, —un = 0s(n) as n — co. To study Sy, and |Art,,|,
we shall make use of results from [24, 25]. Note that we can write Sy = D; + By’ + -+ + BY) — (m — 1),
where {B};)}5°_, are close to being independent. See [24, Lemma A.2.8] for stochastic domination results
on {B#f}ﬁ:z and their sums in terms of i.i.d. random variables, which can be applied in the case of 7 > 3.
See [25, Lemma A.1.4] for bounds on tail probabilities for sums and maxima of random variables with
certain tail properties.

The next step to be performed is to give criteria in terms of the processes SY) which guarantee that
the estimates in Proposition 4.9 follow. We shall start by proving that with high probability C,, > m,,,
where m,, = epay,, where €, | 0. This proof makes use of, and is quite similar to, the proof of Lemma
A.1 given in Appendix A.
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Lemma 7.1 (Lower bound on time to connection) Let m, /a, = o(1). Then,
P(C, <m,) = o(1). (7.2)

Proof. Denote
En = {S(l) < anM,}, (7.3)

where M,, = n;! for 7 > 3, while M,, = 5, 'n®=7/=1 for 7 € (2,3), and where 7, | 0 sufficiently slowly.
Then, by (A.59) for 7 > 3 and (A.40) for 7 € (2,3),

P(&r) = o(1), (7.4)

since m,, = o(ay). By the law of total probability,

m,

P(Cn <m,) SPE) + Y PH{Cn =m} NECyh > m — 1P(C, > m —1). (7.5)

m=1

Then, we make use of (7.1) and (7.4), to arrive at

S

P(C, < m,) < i E[ﬂgnm
m=1 " "

[ +o(n). (7.6)

As in the proof of Lemma A.1, we have that m < m,, = o(n) and S,, = o(n), while L,, > n. Thus, (7.6)
can be simplified to

L+old) 0(1)m E[1g,S8] +o(1) < 1+0o(1)

P(C, < <
( n mn)— n — nnn

A,

When choosing n,, | 0 sufficiently slowly, for example as 7, = \/m,,/a,, we obtain that P(C,, < m,,) = o(1)
whenever m,, = o(a,). =

We next state an upper bound on Cy:

Lemma 7.2 (Upper bound on time to connection) Let T, /a, — oo, then,

P(C,, > m,) = o(1). (7.8)
Proof. We start by giving an explicit formula for P(C,, > m). As before, Q\” is the conditional
distribution given SWG{,* and {D;}" ;. Then, by Lemma B.1,

m

P(Cp > m) = E[ [TQP(Co > jICa > j 1) (7.9)

j=1

Equation (7.9) is identical in spirit to [24, Lemma 4.1], where a similar identity was used for the graph
distance in the CM. Now, for any sequence ¢, — 0, let

2o |Art®
Arty| n} (7.10)

m
cm, C
Ba = { AT+ s o
m=1 m

By Lemma B.3, the two terms appearing in the definition of B,, in (7.10) converge to zero in probability,
so that P(B,,) = 1 — o(1) for some &, — 0. Then, we bound

P(C,, > m) <E[]13 H@(ﬂc > |Cy >g—1)}+1@(35). (7.11)
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We continue by noticing that according to (7.1),

si) - Ao, _ Jarig))
)

(m) — — e
Qi (C,, =m|Cp, >m —1) T S0

(7.12)

where |FS,,| is the number of real free stubs which is available at time m. Combining (7.11) and (7.12)
we arrive at

P(Cp, > Tiin) = E[ngn ﬁ (1 - W (1 - ’A;fj;i)'))} +o(1). (7.13)
m=1 m m

Since |F'S,,| < L, < n/c, whp, for some ¢ > 0, and using that 1 — x < e™, we can further bound

P(C > ) < B[, exp {~ (52— o) 3° (1= B 1] o
m=1

< IE[]an exp { e S“)H Fen +o(1), (7.14)
where
en = O(E[]lgn (Cm” Art()] + s(1> > ’A;;i%|>]> = O(en). (7.15)
Hence, _
CMy
P(Cp, > 1n) < E[exp{ - ng;j}} +o(1). (7.16)
When 7 > 3, by Lemma A.4 in the appendix, we have that, whp, and for some 1 > 0,
Sa,, = Nan, (7.17)
so that _
P(C,, > M) < exp { — %} +o(1) = o(1), (7.18)

as long as i, a, /n = My //n — co. For 7 € (2,3), by (A.39) in Lemma A.3, and using that n'/("=1) /n =
1/a,, we have for every ¢, — 0,

P(Cy, > Ti1y) < exp{—cmangn} +o(1) = o(1), (7.19)

n
whenever ¢,m,/a, — co. By adjusting &,, it is hence sufficient to assume that m, /a, — cc. =

Lemmas 7.1 and 7.2 complete the proof of (4.27) in Proposition 4.9. We next continue with the proof of
(4.28) in Proposition 4.9. We start by showing that P(C,, = 0) = o(1). Indeed, C,, = 0 happens precisely
when 2 € SWG{, which, by exchangeability, occurs with probability a,/n = 0(1)

For C,, > 1, we note that at time C,,, we draw a real stub. Consider the pair (G 1> Ggfl) conditionally
on {C,, = m} for a certain m. The event {C,, = m} is equal to the event that the last chosen stub in
SWG is paired to a stub incident to SWG{", while this is not the case for all previously chosen stubs.
For j=1,...,m, and i € {1,2}, denote by ?Z) the j™ real vertex added to SWG®, and denote by V%’
the number of real vertices in SWG,. Then for m > 1, the event {C,, = m} is equal to the event that
the last chosen stub in SWG) is paired to a stub incident to SWG{, and

(1)
(TP A (10 = (7.20)
As a result, conditionally on {C,, = m} and V;!) = k1, V;\) = ks, the vector consisting of both {B(l) }fll 1

and {B(z) }/7€2 | is an exchangeable vector, with law is equal to that of ki + ko draws from {D; — 1}" 4
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without replacement, where, for i € [n]\{1, 2}, D;—1 is drawn with probability equal to D;/(L,—D1—D3).
The above explains the role of the random stopping time C,,.
We continue by discussing the limiting distributions of (H\", HY) in order to prove (4.28). For this,

we note that if we condition on {C,, = m} for some m and on SWG{?, then, by (4.19) (H’, HY) 4
(GSZH, G%)), where the conditional distribution of (G;DH,G%)) is as two independent copies of G as
described in (4.4), where {d;}"; in (4.4) is given by dy = D1 and d; = B;l),j > 2, while, HY? = G%,
where d; = Dy and d; = B](Q), j > 2. Here, we make use of the fact that HY" is the distance from vertex
1 to the vertex to Which the paired stub is connected to, which has the same distribution as the distance
from vertex 1 to the vertex which has been added at time a,, + 1, minus 1, since the paired stub is again
a uniform stub (conditioned to be real).

Thus, any possible dependence of (H\", H\) arises through the dependence of the vectors {B](-l)}]?’i2
and {B(Q)}oo However, the proof of Proposition 4.6 shows that certain weak dependency of {Bj(-l)}j‘i2
and {B, o 729 is allowed.

We start by completing the proof for 7 € (2,3), which is the more simple one. Recall the split in
(5.1), which was fundamental in showing the CLT for 7 € (2,3). Indeed, let {I(l) >, and {1(2) >, be
two sequences of indicators, with f{l) = f{” = 1, which are, conditionally on {B ” 002 and {B<2
independent with, for i € {1,2},

=2

P(I}” = 1{B}"}325) = B’ /()" +j — 1 - Dy). (7.21)

Then, the argument in (5.4) can be straightforwardly adapted to show that the unconditional distributions
of {I<1 5 and {I ? 72 are that of two independent sequences {J< 725 and {J; @) 729 with IP’(J(Z
1) = 1 / ( 1). Thus by the independence, we immediately obtain that smce C,, — oo with log(C,,/ an) =

op(v/1ogn),

(Hﬁf) — Bloga, H — Blog an>
VBloga, = +/Blogan

The argument to show that, since C,, < M, (Hy”, Hy') can be well approximated by (Gi.,, Gin. ) (recall
(6.2)) only depends on the marginals of (H\’, HS”), and thus remains valid verbatim. We conclude that
(4.28) holds.

We next prove (4.29) for 7 € (2,3). For this, we again use Proposition 4.7 to note that the forward
degrees {B; }" 3 can be coupled to i.i.d. random variables {B](”'d)} " 5, which are independent from By =
Dy, By = Dy. Then we can follow the proof of Proposition 4.6(b) for 7 € (2,3) verbatim, to obtain that
(Téi),ng) 4, (X1,X2), where X;, Xy are two independent copies of X in (6.14). This completes the
proof of Proposition 4.9 when 7 € (2, 3).

We proceed with the proof of Proposition 4.9 when 7 > 3 by studying (anbl)7 Hff)). We follow the proof
of Proposition 4.6(a), paying particular attention to the claimed independence of the limits (77, Z3) in
(4.28). The proof of Proposition 4.6(a) is based on a conditional CLT, applying the Lindeberg-Lévy-Feller
condition. Thus, the conditional limits (Z7, Z2) of

(21, Zs). (7.22)

(1) an (1) (1) (2) Cn (2) (2)
HY 9, B/ HY Y5, B/

7.23)
B B \1/27 B B \1/2 (
(S 2= 25) 7 (S5 250 - )

J=4 88 S J=< 5 S
J J J J
are clearly independent. The proof then continues by showing that the asymptotic mean and variance can
be replaced by §logn, which is a computation based on the marginals {B](-U};-”;z and {B](.Q)};-”;z only, and,
thus, these results carry over verbatim, when we further make use of the fact that, whp, C,, € [m,,, 7]
for any m,,, m, such that log (m,/m,,) = o(y/logn). This completes the proof of (4.28) for 7 > 3. The
proof of (4.29) for 7 > 3 is a bit more involved, and is deferred to Section C.
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A Appendix: auxiliary lemmas for CLTs in CM

In this appendix, we denote by B; = D1, the degree of vertex 1 and Bo, ..., B,,, m < n, the forward
degrees of the shortest weight graph SWG,,,. The forward degree By is chosen recursively from the set
FSg, the set of free stubs at time k. Further we denote by

k
Sp=Di+Y (Bj—1),
j=2

the number of allowed stubs at time k. As before the random variable R,, denotes the first time that the
shortest path graph from vertex 1 contains m + 1 real vertices. Consequently

Bgr,,...,BrR,,,
m < n, can be seen as a sample without replacement from the degrees

Dy—1,D3—1,...,D, — 1.

A.1 The first artificial stub

We often can and will replace the sample Bs, ..., By, , by the sample Bg,,...,B Run,, - The two samples
have, whp, the same distribution if the first artificial stub appears after time m,,. This will be the content
of our first lemma.

Lemma A.1 (The first artificial stub) Let m,,/a, — 0. Then,
P(Ry, > m,) = o(1). (A.1)
Proof. For the event {R,, > m,} to happen it is mandatory that for some m < m,,, we have R, > m,

while R,,_1 = m — 1. Hence

Pp(Ry, >m,) =Y Pp(Rp >m, Ryo1 =m—1). (A.2)

m=2
Now, when R,, > m, R,,_1 = m — 1, one of the S,,,_1 stubs incident to SWG,,,_1 has been drawn, so that

Sm—l

Pn(Rm >m, Rm—l =m — 1) = En[Ln — Sm_l “om H{Rm_1:m—1}:| . (Ag)

Since m,, = o(n), we claim that, with high probability, S,,—1 = o(n). Indeed, the maximal degree is
O:(n'/7=1), so that, for m < m,,,

S < Ox(mn 1) < Op(m,n""=1) = 05(n), (A.4)

since, for 7 > 3, a, = n'/? and n/1 = o(n!/?), while, for 7 € (2,3), a, = n(7"2/=1 5o that
m,n* =Y = o(n). Moreover, L,, > n, so that

Q

Pn(Rm > m,Rm,1 =m — 1) < ]En[Smfl]l{Rm,lzm—l}]' (A5)

n
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By the remark preceding this lemma, since R,,_1 = m — 1, we have that S,,_1 = D1 + Z;n:_; (BRJ. — 1),
so that, by Lemma 6.1,

C(m—2)

Pn(Rm >m, Ry, 1=m— 1) < %Dl + EH[BRQ] (AG)

The first term converges to 0, while the expectation in the second term, by (6.1), equals

BB =Y L, (A7)
i=2 "

When 7 > 3, this has a bounded expectation, so that, for a,, = v/n,

Ef

SQ

. o C(m—2) m2
< —_— <C—" . .
Pli, >ma) < D S B +mZ_2 —E[Bp,] <CT" =0 (A8)

3
I

When 7 € (2, 3), however, then E[D?] = oo, and we need to be a bit more careful. In this case, we obtain

from (A.6) that
2

Pp(Rum, > m,) < O%En[BRQ]. (A.9)
From (A.7), and since L, — D1 > n —1,
E,[Bg,] < ¢ Di(D; —1) < ¢ D2. (A.10)
n—1 pat n—1 ps

From (3.8), we obtain that 2(""Y/2P(D? > z) € [c1,co] uniformly in x > 0, and since Dy, Da, ..., D,
is i.i.d., we can conclude that n=2/(7—1) Yo D? converges to a proper random variable. Hence, since
an/m,, — oo we obtain, whp,

E,[Br,] < 2 p?/-D-1 = 20 ,@3-n)/(r-1) (A.11)

my, my,

Combining (A.9) and (A.11), and using that a,, = n(7=2/("=1) we obtain that, whp,

2(r—2) — T
Py (Rp, > m,) < Canmnn%_l =Byt o o op(1). (A.12)

an, an

This proves the claim. m

A.2 Coupling the forward degrees to an i.i.d. sequence: Proposition 4.7

We will now prove Proposition 4.7. To this end, we denote the order statistics of the degrees by

Let my — oo and consider the i.i.d. random variables X, X,,..., X, where X, is taken with replace-
ment from the stubs
Dy —1,Duy —1,..., D¢,y — 1, (A.14)

i.e., we sample with replacement from the original forward degrees Dy — 1, Do —1,..., D, — 1, where the
my, largest degrees are discarded. Similarly, we consider the i.i.d. random variables X1, Xo,..., Xm,,
where X; is taken with replacement from the stubs

D(mn"rl) - 17 D(mn+2) - 1, . e 7D(n) - 1, (A15)
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i.e., we sample with replacement from the original forward degrees Dy — 1, Do —1,..., D, — 1, where the
my, smallest degrees are discarded. Then, obviously we obtain a stochastic ordering X, <g B; <y X,
compare [24, Lemma A.2.8]. As a consequence, we can couple {B;}!"% to m, ii.d. random variables
(X3t {X 3! such that, as.,

X, 1 <Bi <X (A.16)
The random variables {X,;}™ 7!, as well as {X;}7 ! are ii.d., but their distribution depends on m,,
since they are draws with replacement from D1 —1,..., D, — 1 where the largest m,,, respectively smallest
my, degrees have been removed (recall (A.14)). Let the total variation distance between two probability
mass functions p and ¢ on N be given by

dTV pa Z |pk: - Qk| (A'17)

We shall show that, with g and g, respectively, denoting the probability mass functions of X; and X,
respectively, there exists p’ > 0 such that whp

dTV(g<n>7g) S n*pl7 dTV(g(n>ug) S nipl- (A18)

This proves the claim for any p < p/, since (A.18) implies that drv(g™,g"™) < 2n~", so that we can
couple {X; }m"_1 and {X;}™ "1 in such a way that P({X,;}7 = {X;}") < 2mun~ = o(1), when
my, = nP with p/ < p. In particular, this yields that we can couple {B;}" to {X 3= in such a way
that {B;}7", = {X,}" ! whp. Then, again from (A.18), we can couple {Xz}zz to a sequence of i.i.d.
random variables {B!"V}"™~! such that {X,;}7 ' = {B™}™~! whp. Thus, (A.18) completes the
proof of Proposition 4.7.

To prove (A.18), we bound,

dTv(g("),g) < dTv(g(")>g(")) + dTv(g(n)ag)a (A.19)

and a similar identity holds for drv (g™, g), where

n

" 1
g9 = I > (k+ D lp,—kr1y- (A.20)

in [24, (A.1.11)], it is shown that there exists ag, F2 > 0 such that
P(drv(9™,g) = n=0) <n~%, (A.21)

Thus, we are left to investigate drv(g™, ¢g™) and drv (g™, g™). We bound

1 & R
drv(9™9") =5 D _lg;” = )"

k=0
0 1 1 n—mp 1 n
<> (k+ 1)(f - f) > Up,—kiny + Z (k+1)— L > Wp ) =k+1}
=n n
k=0 7j=1 N j=n—mp+1
Ln— L\ 'X" 1 Ln—L, 2 “
7j=1 j=n—mpn+1 j=n—mpn+1

where L,, = > 2/"" D(;). Define b, = O(n/m,, YWT=D_ Then, from 1 — F(z) = ="V L(z), and
concentration results for the binomial distribution, we have, whp, D, .1, > by, so that, whp,

n

L,-L, 1 1 <&
L L I Z Djlip.>p,}- (A.23)

=n Jj=n—mnp+1
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Now, in turn, by the Markov inequality,

1 o . NP i _
P(= 3" Dilpyzsy = 0627 ) <0 B[ 3 Dilip,sn, | < On 7, (A.24)
=n j=1 =n j=1
so that
P(drv (g™, ™) > nfb, T2)) = o(1). (A.25)

Thus, whp, drv(g™,¢g™) < nf(m,/n)=2/=1D which proves (A.18) when we take m, = n” and

p'=0-p)(r—2)/(r —1) —e > 0. The upper bound for dry (g™, g"™) can be treated similarly. m

A.3 Auxiliary lemmas for 2 <7 <3

In this section we treat some lemmas that complete the proof of Proposition 4.6(a) for 7 € (2,3). In
particular, we shall verify condition (ii) in Remark 5.1.

Lemma A.2 (A bound on the expected value of 1/S;) Fiz 7 € (2,3). For m,,m, such that
log (an,/m,,),log (M, /a,) = o(y/logn) and for b, such that b, — oo,

(4) ZE[l/Zi] =0(1), (i) Z E[1/%;] =o(1), and (iii) Sup E[(Ri/Sr) U m, +1<Ri<m,}] < 00
=1 i=bp, 1SMn
(A.26)
Proof. Let m, = o(ay). Let
Then, we use that, for 1 <7 <m,,,
Si=1+ z;(Bj -1 > QHE%(BJ- —1)—(i—2) =M —(i—2). (A.28)
j:
Fix ¢ > 0 small, and split
B[1/5)] < E[1/S0s, <)) + B[Sl oaen] < B(S < 09) 40709, (a29)

Now, if 3; < i'*9 then M; < !0 4+4 < 219 and ¥; < 4170 44 < 2419 for all j < i. As a result, for
each j < i, the conditional probability that B; — 1 > 2i110 given Y1 < 2i119 and {Ds}7_, is at least

1 RIPRS . :

i > Dillip soprsy = 260 "N sopssy/Ln = 28" BIN(n, 1 — F(2i'*%)) /L. (A.30)
s=1 s=1

Further, by (3.8), for some ¢ > 0, n[1 — F(2i'1%)] > 2cni— (9= 5o that, for i < m,, = o(n(7=2/(7=1)),

ni~ (4= > pe for some ¢ > 0. We shall use Azuma’s inequality, that states that for a binomial

random variable BIN(N, p) with parameters N and p, and all ¢t > 0,

2
P(BIN(N,p) < Np—t) < exp {—2]3} . (A.31)
As a result,
IP’(BIN(n, 1— F(2i")) < E[BIN(n,1— F(2i1+5))]/2) < o IR/ < gt (A.32)
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nc‘:

so that, with probability at least 1 —e™
1 n
f Z DS]I{DS>2i1+5} > Ci7(1+6)(772). (A33)
"os=1

1+46

Thus, the probability that in the first ¢ trials, no vertex with degree at least 2¢ is chosen is bounded

above by ‘
(1 _ cr<1+6><7—2>)1 4ot < el TATIED e (A.34)

where we used the inequality 1 —x < e™*, x > 0. Finally, take § > 0 so small that 1 — (1+6)(7 —2) > 0,
then we arrive at
E[1/5;] < i~ (0H0) fomei' "0 oot (A.35)
which, when summed over ¢ < m,,, is O(1). This proves (i). For (ii), we note that, for any b, — oo, the
sum of the r.h.s. of (A.35) is o(1). This proves (ii).
To prove (iii), we take log (a,/m,,),log (M /a,) = o(v/logn). We bound the expected value by

mMnE[(1/Sk,) U, 11<Ri<mn})-

For m, +1 <i <my,
A i
Si=Di+» (Bi—-1)>1+> (B;—1) =%, (A.36)
j=2

Jj=2

and the above derived bound for the expectation E[1/¥;] remains valid for m,, + 1 < ¢ < 7, since also
for i < T, we have ni~(1F)+1) > pe: moreover since the r.h.s. of (A.35) is decreasing in 4, we obtain

1-(144)(r—2) .

E[1/%;] < my, 1T 4 ememn +e ™. (A.37)
Consequently,
TE[(1/Sr) U, 1< R <] < Tin (m;(ué) R e,ne> — (1), (A.38)
using that log (a,/m,,),log (M, /a,) = o(y/logn). This proves (iii). =
Lemma A.3 (Bounds on Sw,) Fix T € (2,3). Then, whp, for every e, — 0,
Sa, > eqnt/ 771 (A.39)
while, whp, uniformly for all m < m,,
En[Sm] < &5 tmnG-7/=1), (A.40)
Proof. We prove (A.39) by noting that, by (A.33) and the fact that &, | 0,
i:Di]l{Deennl/(T_l)} > cn(ennl/(T_l))_(T_2) = (cn/an)sg(7_2). (A.41)

i=1

Therefore, the probability to choose none of these vertices with degree at least £,n'/ (7= before time a,

is bounded by
—(7—2
(1= cesT=Dp=C=n/=Dyan < g=e=a ™™ _ (1), (A.42)

for any €, | 0. In turn, this implies that, whp, S,, > eant/T=1) — g, > ennl/(T_l)/Q, whenever ¢, is
such that snnl/(T*U > 2ay,.

34



To prove (A.40), we use that, whp, D, < &1 n'/(7=1 for any e, — 0. Thus, whp, using the
inequality L, > n,

n
m
En[Sm] < mEn[By] < — Z;Dj(pj ~ Dl oty (A.43)
J:
Thus, in order to prove the claimed uniform bound, it suffices to give a bound on the above sum that
holds whp. For this, the expected value of the sum on the r.h.s. of (A.43) equals

e lpl/(r=1)
[ZD Wip,<ertnis/o- 1>}] n Z JP(D1 > j)
7=1
e lnl/(r=1)

< con Z jz_T < %nsg(?’_ﬂn@_ﬂ/“_l). (A.44)
j=1

Since 7 € (2,3), €772 — o0, so that uniformly for all m < m,,, by the Markov inequality,
P(E,{S0] 2 25 /0 < eyt OO DB[B, (S, 0 comtyrioony]
< e, 27T = 0(1). (A.45)

This completes the proof of (A.40). =

A.4 Auxiliary lemmas for 7 > 3

In the lemmas below we use the coupling (A.16). We define the partial sums S; and S; by

i—1 1—1
S;=> (X;-1), Si=> (Xi-1), i>2 (A.46)
j=1 j=1
As a consequence of (A.16), we obtain for i > 2,
8, <> (Bj-1) <5, as. (A.47)

Lemma A.4 (A conditional large deviation estimate) Fiz 7 > 2. Then whp, there exist a ¢ > 0
and n > 0 sufficiently small, such that for all i > 0, and whp,

P, (S; < mi) <e . (A.48)
The same bound applies to S;.

Proof. We shall prove (A.48) using a conditional large deviation estimate, and an analysis of the
moment generating function of X, by adapting the proof of the upper bound in Cramér’s Theorem.
Indeed, we rewrite and bound, for any ¢ > 0,

Po(S,; < i) = Pp(e'Si > ~tmi) < (et"qbn(t)>i, (A.49)

where ¢, (t) = E,[e*&171] is the (conditional) moment generating function of X; —1. Since X; —1 > 0,

we have that e *&1—1D <1 and X, 4. B , where B has the size-biased distribution in (2.3). Therefore,

for every t > 0, ¢n(t) <, o(t), where ¢(t) = E[e " B~1] is the Laplace transform of B. Since this limit

is a.s. constant, we even obtain that ¢, (t) — ¢(t). Now, since E[B] = v > 1, for each 0 < < E[B] —
there exists a t* > 0 and & > 0 such that e *"7¢(t*) < 1 — 2¢. Then, since "¢, (t*) — e!"1¢(t*), whp
and for all n sufficiently large, |e! "¢, (t*) —e" ¢(t*)| < e, so that e~ "¢, (t*) < 1 —e < 1. The proof for
S, follows since S; is stochastically larger than S;. This completes the proof. m
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Lemma A.5 Fiz T > 3. For m,,m, such that log (m,/ay),log (an/m,,/) = o(v/logn),

sup E[Rz/SRZ ]l{anrlSRiSmn}] < 0. (A50)

i<
Proof. Take m, + 1 <k <m, and recall the definition of ¥; < Sj in (6.12). For n > 0,

Elk/Su] U<y + Ek/Sillimsgny < ElE/Sklls,<py + 07
< KP(Sk < k) + 07 <EP(S), < nk) + 17,

E[k/%k]

since ¥ =1+ Z?ZQ(BJ- —1) > S}, a.s. Applying the large deviation estimate from the previous lemma,
we obtain
E[k/%] <07t 4 ke—e2k,

for each m,, +1 < k < m,. Hence,

sup B[R:/Sp Um, +1<r,<m, )] <07 + e 2, (A.51)

i<

Lemma A.6 Fiz 7 > 3, and let m,, be such that log(a,/m,,) = o(y/logn). Then, for each sequence
Cp — o0,

Pn(z B3/S% > cn) 0. (A.52)
j=2
Consequently,
> B3/SF =0:(1). (A.53)
j=2

Proof. If we show that the conditional expectation of EijnQ BJQ- / SJZ, given {D;}" ,, is finite, then (A.52)
holds. Take a € (1, min(2,7 — 2)), this is possible since 7 > 3. We bound

()] <20l (5 )]+ i) <2 (B ) v el ase

By stochastic domination and Lemma A.4, we find that, whp, using a > 1,

;En [(Si)a} < 00.

We will now bound (A.52). Although, by definition

J
Sj =D+ Z(Bz -1),
i=2
for the asymptotic statements that we discuss here we may as well replace this definition by
J

Sj = Z(Bi - 1), (A.55)

and use exchangeability, so that




Furthermore, for j > 2,

5 ](Z5) <5 [(5)]

J

i i Bj-1 d B,
since for each j, we have S = 5

where S3 ; = (B3 —1)+---+(B;—1). Furthermore, we can replace S3 ; by S5 ; = (X3—1)+...+(X;-1),
which are mutually independent and sampled from D, —1,..., D, ) — 1, as above and which are also

independent of Bs. Consequently,
2505 - 5 5]

<n (2] SR ()] <1 Sm (%)

1+ E,[(Bs—1)7 iﬂin[( =) (A.56)

=3 §3J

Finally, the expression Z]m:”?) E, [1 / ﬁ‘ij} can be shown to be finite as above. =

Lemma A.7 (Logarithmic asymptotics of Sw,) Fiz 7 > 3, and let m,, be such that log (a,/m,,) =
o(v/logn). Then,
log Sy, — logm,, = 0s(/logm,, ), (A.57)
Proof. As in the previous lemma we define w.l.o.g. S; by (A.55). Then,
Sj Sst gj?

where §j is a sum of i.i.d. random variables X; — 1, where the X; are sampled from Dy,..., D, with
replacement, where m,, of the vertices with the smallest degree(s) have been removed. Using the Markov
inequality,

Pn(IOg(Smn/mn) > Cn) - Pn (Smn/mn > eCﬂ) S e_an”[gmn/mn] = e_ann[Yi - 1] (A58)
We shall prove below that, for 7 > 3, E,,[X/] —, v so that

E,[Sp] < vm(1 + 0s(1)). (A.59)

Indeed, from [24, Proposition A.1.1], we know that there are a,, 3 > 0, such that

P(lv, —v| >n"%) <n~P, (A.60)
where
va= g =3+ 1)+ > Wp—jiny = . > Di(D; - 1). (A.61)
j=1 j=1 ™ i=1 " =1

Define 7, = E,[X1]. Then we claim that there exists a, 3 > 0 such that

P([Ty, — vp] >n"%) <n P, (A.62)
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To see (A.62), by definition of 7,, = E,,[X1],
1< 1<
Tn —val = ’f D(i)(D(i>—1)—fZDi(Di—1)‘
" j=m, +1 " i=1
J— R
< ‘f > Dy(Dy —1) - i > DDy - 1)‘

" i=m,+1 ™ i=m nt1

1
LS Dby -1- ZDM -1)| (A.63)

"= m,,+1

The first term on the r.h.s. of (A.63) is with probability at least 1 — n~% bounded above by n~®, whp,
since it is bounded by
Ln—Ln\ 1 <
( L, )Ln 1_21 il

and since, using (A.23) and (A.24), (L, — L,)/L, = 0s(n™%) for some a > 0. The second term on the
r.h.s. of (A.63) is bounded by

1 .
ZDU)_ > D} =o:(n®), (A.64)
nj:l

since 7 > 3. This completes the proof of (A.62). Combining (A.58) with ¢, = o(y/logm,,) and the fact

that E,[X1] —~ v, we obtain an upper bound for the left-hand side of (A.57).
For the lower bound, we simply make use of the fact that, by Lemma A.4 and whp, Sy, > nm,,, so

that log Sy, — logm,, > logn = op(y/logm,,). =

Lemma A.8 Fiz T > 3, and let m,, be such that log (a,/m,,) = o(y/logn). Then,

m, m

oy — =17 V - 1 — 1 1
S;(v—1)j = Z [m - S]] = 0p(y/log m,,). (A.65)

=1

Proof. We can stochastically bound the sum (A.65) by

Fl[(”jl)_b}j}gg[(v—ll } J:l[l/—l 5}]} (A.66)

We now proceed by proving (A.65) both with S; replaced by S;, and with S; replaced by S ;- In the proof
of Lemma A.7 we have shown that E, [X ] converges, whp, to v. Consequently, we can copy the proof of
Proposition 4.3(a) to show that, whp,

| = ou(/log ). (A.67)

Indeed, assuming that S; > ej for all j > jo, independent of n (recall Lemma A.4), we can use the bound

A A0V BPPR B R U VY| I5;]
Z V—lj _C'j;) 72 <C§ + Op(|lv — 7y | logmy,), (A.68)
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where F; =S, — (7 —1)j, is for fixed n the sum of i.i.d. random variables with mean 0. Combining (A.60)
and (A.62), we obtain that O(|v — vy, |logm,) = 0s(1), so we are left to bound the first contribution in
(A.68).

According to the Marcinkiewicz-Zygmund inequality (recall (5.19)), for a € (1,2),

_ J a/2 J _ _
EA[IS}17) < BiE[ YKk~ 7a ~ 1] < BY Y Ba[[Xi = @ = DII*] = jBIEW[ X1 — (70— D"
k=1 k=1
where the second inequality follows from the fact that, for 0 <r =a/2 <1,
(z+y)" < (=] +[y)" < fz" +[y]".
When we take 1 < a < 7 — 2, where 7 — 2 > 1, then uniformly in n, we have that E,[| X1 — 7,]|] < ¢,
because " " .
1 1 s. E[D{]
(14| agim = DY(D; —1) < — Y pott 2% 271 2
S L (LB S

since a < 7 — 2, so that

5717 B[S T (o BV X — (v — 1|4V
En[z ]72} <> — 2 > 2 1/a < 00, (A.69)

j=1 j=1 Jj=1

since a > 1, and the last bound being true a.s. and uniform in n. The proof for S; is identical, where
now, instead of (A.64), we use that there exists a > 0 such that, whp,

Li Z D2, = on(n™®), (A.70)

using the argument in (A.23)—(A.24). =

B Appendix: on the deviation from a tree

In this section, we do the necessary preliminaries needed for the proof of Proposition 4.9 in Section 7.
One of the ingredients is writing P(C,, > m) as the expectation of the product of conditional probabilities
(see (7.9) and Lemma B.1). A second issue of Section 7 is to estimate the two error terms in (7.15). We
will deal with these two error terms in Lemma B.3. Lemma B.2 is a preparation for Lemma B.3 and gives
an upper bound for the expected number of artificial stubs, which in turn is bounded by the expected
number of closed cycles.

In the statement of the following lemma, we recall that Q% denotes the conditional distribution given
SWGS"? and {D;}7;.

Lemma B.1 (Conditional product form tail probabilities C,)

m

P(C,, > m) :E[H@g>(cn > jC, > 5 — 1) (B.1)
j=1

Proof. By the tower property of conditional expectations, we can write

P(C, >m) = E[QV(C, > m)] = E[QP(C, > 1)QV(C, > m|Cy, > 1)]. (B.2)
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Continuing this further, for all 1 < k < m,

Q¥(Cy, > m|Cy, > k) = EP [QE(C,, > m|C,, > k)]
WIQEH(Cp > k +1|Cp, > K)QUH(Cr, > m|Cyy > b+ 1)], (B.3)

where E{ denotes the expectation w.r.t. Q. In particular,

P(C, > m) = E[QY(C,, > m)]
=E[Q(Cr > DEY [QF(Cn > 2|Cp > 1)Q(Cr > m|Cr > 2)]]
=E[Q(Cn > DQP(Co > 2/Ca > QP (Co > mICy > 2)], (B.A)

where the last equality follows since Qf’(C, > 1) is measurable w.r.t. Q) and the tower property.
Continuing this indefinitely, we arrive at (B.1). m

Lemma B.2 (The number of cycles closed) (a) Fiz 7 € (2,3). Then, whp, there exist m, with
My/an, — o0 and C > 0 such that for all m <, and all €, | 0,

E,[RY —m] < et (2 Li—12 (B.5)
n an i y = *

(b) Fiz 7 > 3. Then, there exist m,, with my/a, — oo and C' > 0 such that for all m < m,,

E[RS) —m] < Cm?/n, i=1,2. (B.6)

Proof. Observe that .
Ry —m <> Uj, (B.7)

=1

where Uj is the indicator that a cycle is closed at time j. Since closing a cycle means choosing an allowed
stub, which occurs with conditional probability at most .5; W /(Ly, — 25 — 1), we find that

E[U; | $;2y, L] = 821 /(Ln — 25 = 1), (B.8)

so that

En[R}) - Z =D EalS)2,/(La —2j - 1)]. (B.9)
7j=1 j=1

When 7 > 3, and using that, since j < m, = o(n), we have L, —2j —1 > 2n —2j — 1 > n a.s. we arrive

at
m

Z (j—1) < Cm?/n. (B.10)

1 & n
E[R® —m f§: E[s)] <2+
j=1 j=2

3
B\H

When 7 € (2,3), we have to be a bit more careful. In this case, we apply (A.40) to the r.h.s. of (B.9), so
that, whp, and uniformly in m,

2 2
E,[RY) —m] < m—agln(?’*ﬂ/“*l) =gt <ﬁ) . (B.11)
n

This proves (B.5). =
Lemma B.3 (Treatment of error terms) Asn — oo, there exists m,, with My, /a, — 0o, such that

SO T | Ap®)|
n S

m=1

Tl
SEAR)] = 0s(1), = 0,(1). (B.12)
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Proof. We start with the first term. By Lemma B.2, for 7 > 3,

E[|Art?|] < E[RY —m] < Cm?/n, m < My, (B.13)
As a result, we have that
Mn

g Art®)] < Cmd n? = o(1). (B.14)

Again by Lemma B.2, but now for 7 € (2, 3), whp and uniformly in m < m,,, where T, is determined in
Lemma B.2,

E,[|Art®]] < ”;"5—1 = o(1), (B.15)

n

whenever ¢! — oo sufficiently slowly.

Using (B.7) and |Art,,| < R,, — m, and using also that, whp and for all j < m, S&y > S

21, we
obtain that

En[lArtm - EH[ZTleJ] _ iEn[Uﬂ

S S S

<.
I
—

Z oo 5 | < SR/ - 25 - 1) <mfn, (B.16)

where we used (B.8) in the one-but-last inequality.
When 7 > 3, we thus further obtain

%Z {’A;Z) ]S%Zm/ = O(m;, /n?), (B.17)

3
[

so that, also using the bound on S5 that holds whp as proved in (7.4),

1 & SO|Art®|

(2)
n m
m=1 S

= 0s(1). (B.18)

When 7 € (2,3), by (B.16),

% En[|ASr:C§)q < % m/n < m2/n, (B.19)
m=1 m m=1

so that, again using the bound on SS" that holds whp as proved in (7.4),

S((lln) L At(2) -1, — —7)/(1— 2 _1/(r—
| - | O:(ny 02T/ Vg, 772 ) = O, (57} (i fa ) =Y D) = 0,(1), (B.20)

since a,, = n(7=2/("=1) and whenever My, an, ngl — oo sufficiently slowly such that n_l/(T_l)ngl (mn/an) 2 _
o(l). =m

C Appendix: weak convergence of the weight for 7 > 3

In this subsection we prove Proposition 4.3(b) and Proposition 4.6(b), for 7 > 3. Moreover, we show
weak convergence of Cy,/a, and prove (4.29) for 7 > 3. We start with Proposition 4.3(b).
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For this, we rewrite T}, (compare (4.6), with s; replaced by S;):

illogm:ZEiS_'l—k[ %—Villogm.] (C.1)
i=1 ! i=1""

The second term on the r.h.s. of (C.1) converges a.s. to some Y by (5.14), thus, it suffices to prove that
> (E; —1)/S; converges a.s. For this, we use that the second moment equals, due to the independence

of {E;}5°, and {S;}:2, and the fact that E[E;] = Var(E;) =1,
N O R I L
B[(555) ] —e[S ] 2
which converges uniformly in m. This shows that
1 —E;—1
Ty — 7110gmi>z Y (C.3)

which completes the proof for T, for 7 > 3.
We continue the proof of Proposition 4.9 by showing that, for 7 > 3, (4.25) holds:

Lemma C.1 (Weak convergence of connection time) Fiz T > 3, then,
Cn/an i> M7 (04)

where M has an exponential distribution with mean p/(v — 1), i.e.,

P(M > z)=exp{ — Vzlaf}. (C.5)

Proof. The proof is somewhat sketchy, we leave the details to the reader. We again make use of the
product structure in Lemma B.1 (recall (B.1)), and simplify (7.12), by taking complementary probabilities,
to

QY(Cp >m+1|Cp > m) = 1— S /Ly, (C.6)

For m < m,, error terms that are left out can easily be seen to be small by Lemma B.3. We next simplify
by substitution of L,, = pn, and using that e™® ~ 1 — z, for x small, to obtain that

QL (Cp > m+1|Cp, > m) mexp { — S/ (un)}. (C.7)
Substituting the above approximation into (B.1) for m = a,x yields

P(Cp, > anz) ~E[exp{ —a m%}} = ex {—Ha?’t} (C.8)
n n p n un p n ne .

where we approximate Sy, ~ (v — 1)m. Since a,, = \/n, we arrive at (C.4)—(C.5). =

We now complete the proof of (4.29) for 7 > 3. It is not hard to prove from (C.1) that

(TLV — ylog an, T — ylog Cn) 5 (X1, Xa), (C.9)

where (X1, X9) are two independent random variables with distribution given by

X1 = Z l;(md>1 + hm [(Z 1/S;ind)> N logm] - Zl %gi:d} + Z (Sgilnd) W _1 1)2> ++'9, (C.10)

=1 =1
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where 7© is the Euler-Mascheroni constant. By Lemma C.1,
(T — v log an, ng — ylogay) 4, (X1, X5 +~log M), (C.11)

where M is the weak limit of C,,/a,, defined in (4.25). We conclude that

Wn—'ylogni>V:X1+X2+fylogM. (C.12)

Since (v—1)M/p is an exponential variable with mean 1, A = log ((v — 1) M /p) has a Gumbel distribution.
Finally let us derive the distribution of X;. The random variables X; are related to a random variable
W, which appears as a limit in a supercritical continuous-time branching process as described in Section
4.1. Indeed, denoting by Z(t) the number of alive individuals in a continuous-time branching process
where the root has degree D having distribution function F', while all other vertices in the tree have
degree { B{"V}%°,, which are i.i.d. random variables with probability mass function g in (2.3). Then, W
arises as
Z(t)e” =Dt 25 (C.13)
We note the following general results about the limiting distributional asymptotics of continuous-time

branching processes.

Proposition C.2 (The limiting random variables) (a) The limiting random variable W has the fol-
lowing explicit construction:

D
W=y We =D&, (C.14)
j=1

Here D has distribution F', &; are i.i.d. exponential random variables with mean one independent of Wi,
which are independent and identically distributed with Laplace transform ¢(t) = E(e™™W) given by the

and h(-) is the probability generating function of the size-biased probability mass function g (see (2.3)).
(b) Let T, be the random variables defined as

m
T,, = Z E;/SiY, (C.16)
i=1

where E; are i.i.d. exponential random variables with mean one, and recall that Si(i“d) 1s a random walk
where the first step has distribution D where D ~ F and the remaining increments have distribution B —1
where B has the size biased distribution. Then

logm as. _log (W/(V - 1))

v—1 v—1

Ty — : (C.17)
where W is the martingale limit in (C.13) in part(a).

(¢) The random variables X;, i = 1,2, are i.i.d. with X; 4 —W.

Proof. These results follow from results about continuous-time branching processes (everything relevant
to this result is taken from [2]). Part (b) is proved in [2, Theorem 2, p. 120]. To prove part (a) recall the
continuous-time version of the construction described in Section 4.1, where we shall let D ~ F' denote
the number of offspring of the initial root and, for ¢ > 2, B; ~ g, the size-biased biased probability mass
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function (2.3) . Then note that for any ¢ sufficiently large we can decompose Z(t), the number of alive
nodes at time ¢ as

Z(t)e” =1t = ZZ t—&)e Lt (C.18)

Here D, & and the processes Z() are all independent of each other, D ~ F denotes the number of
offspring of the root, & are lifetimes of these offspring and are distributed as i.i.d. exponential random
variables with mean 1, and Z i(+), corresponding to the subtrees attached below offspring j of the root, are
independent continuous-time branching processes where each individual lives for an exponential mean 1
amount of time and then dies, giving birth to a random number of offspring where the number of offspring
has distribution B ~ g as in (2.3).

Now known results (see [2, Theorem 1, p. 111 and Theorem 3, p. 116]) imply that

Z;(t)e~ 1t 23y

where W; have Laplace transform given by (C.15). Part(a) now follows by comparing (C.14) with (C.18).
Part(c) follows from part(b) and observing that

1 1
( logm Z (md Z S(md) - (V _ 1) log m,

=1

and a comparison with (C.10). This completes the proof. m
Thus, with A a Gumbel distribution, the explicit distribution of the re-centered minimal weight paths
is given by
log(Wi/(v—1)) log (Wa/(v—1))

V=- 1 - 1 + A —~ylog (v —1)/u, (C.19)

since log M = A —log((v—1)/u). Rearranging terms establishes the claims on the limit V' below Theorem
3.1, and completes the proof of (4.29) in Proposition 4.9(b) for 7 > 3. =
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