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Abstract We propose a numerical method to approximate the
value function for the optimal stopping problem of a piecewise deter-
ministic Markov process (PDMP). Our approach is based on quan-
tization of the post jump location — inter-arrival time Markov chain
naturally embedded in the PDMP, and path-adapted time discretiza-
tion grids. It allows us to derive bounds for the convergence rate of
the algorithm and to provide a computable e-optimal stopping time.
The paper is illustrated by a numerical example.

1. Introduction. The aim of this paper is to propose a computational method for optimal
stopping of a piecewise deterministic Markov process { X (¢)} by using a quantization technique
for an underlying discrete-time Markov chain related to the continuous-time process { X (¢)} and
path-adapted time discretization grids.

Piecewise-deterministic Markov processes (PDMP’s) have been introduced in the literature
by M.H.A. Davis [6] as a general class of stochastic models. PDMP’s are a family of Markov pro-
cesses involving deterministic motion punctuated by random jumps. The motion of the PDMP
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2 B. DE SAPORTA, F. DUFOUR, K.GONZALEZ

{X(t)} depends on three local characteristics, namely the flow ¢, the jump rate A and the tran-
sition measure ), which specifies the post-jump location. Starting from x the motion of the
process follows the flow ¢(x,t) until the first jump time 77 which occurs either spontaneously
in a Poisson-like fashion with rate A\(¢(z,t)) or when the flow ¢(z,t) hits the boundary of the
state-space. In either case the location of the process at the jump time 77: X (T1) = Z; is selected
by the transition measure Q(¢(z,T1), ). Starting from Z;, we now select the next interjump time
T — T1 and postjump location X (T3) = Z. This gives a piecewise deterministic trajectory for
{X(t)} with jump times {7}} and post jump locations {Z;} which follows the flow ¢ between
two jumps. A suitable choice of the state space and the local characteristics ¢, A, and () provides
stochastic models covering a great number of problems of operations research [6].

Optimal stopping problems have been studied for PDMP’s in [3, 5, 6, 9, 11, 13]. In [11] the
author defines an operator related to the first jump time of the process, and shows that the value
function of the optimal stopping problem is a fixed point for this operator. The basic assumption
in this case is that the final cost function is continuous along trajectories, and it is shown that the
value function will also have this property. In [9, 13] the authors adopt some stronger continuity
assumptions and boundary conditions to show that the value function of the optimal stopping
problem satisfies some variational inequalities, related to integro-differential equations. In [6],
M.H.A. Davis assumes that the value function is bounded and locally Lipschitz along trajectories
to show that the variational inequalities are necessary and sufficient to characterize the value
function of the optimal stopping problem. In [5], the authors weakened the continuity assuptions
of [6, 9, 13]. A paper related to our work is [3] by O.L.V. Costa and M.H.A. Davis. It is the only
one presenting a computational technique for solving the optimal stopping problem for a PDMP
based on a discretization of the state space similar to the one proposed by H. J. Kushner in [12].
In particular, the authors in [3] derive a convergence result for the approximation scheme but
no estimation of the rate of convergence is derived.

Quantization methods have been developed recently in numerical probability, nonlinear fil-
tering or optimal stochastic control with applications in finance [1, 2, 14, 15, 16, 17]. More
specifically, powerful and interesting methods have been developed in [1, 2, 17] for computing
the Snell-envelope associated to discrete-time Markov chains and diffusion processes. Roughly
speaking, the approach developed in [1, 2, 17] for studying the optimal stopping problem for
a continuous-time diffusion process {Y'(¢)} is based on a time-discretization scheme to obtain
a discrete-time Markov chain {Y}. It is shown that the original continuous-time optimization
problem can be converted to an auxiliary optimal stopping problem associated with the discrete-
time Markov chain {Y}. Under some suitable assumptions, a rate of converge of the auxiliary
value function to the original one can be derived. Then, in order to address the optimal stopping
problem of the discrete-time Markov chain, a twofold computational method is proposed. The
first step consists in approximating the Markov chain by a quantized process. There exists an
extensive literature on quantization methods for random variables and processes. We do not pre-
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OPTIMAL STOPPING FOR PDMP 3

tend to present here an exhaustive panorama of these methods. However, the interested reader
may for instance, consult the following works [10, 14, 17] and references therein. The second
step is to approximate the conditional expectations which are used to compute the backward
dynamic programming formula by the conditional expectation related to the quantized process.
This procedure leads to a tractable formula called a quantization tree algorithm (see Proposition
4 in [1] or section 4.1 in [17]). Providing the cost function and the Markov kernel are Lipschitz,
some bounds and rates of convergence are obtained (see for example section 2.2.2 in [1]).

As regards PDMP’s, it was shown in [11] that the value function of the optimal stopping
problem can be calculated by iterating a functional operator, labeled L (see equation (3.5) for
its definition), which is related to a continuous-time maximization and a discrete-time dynamic
programming formula. Thus, in order to approximate the value function of the optimal stopping
problem of a PDMP {X(¢)}, a natural approach would have been to follow the same lines as in
[1, 2, 17]. However their method cannot be directly applied to our problem for two main reasons
related to the specificities of PDMP’s.

First, PDMP’s are in essence discontinuous at random times. Therefore, as pointed out in
[11], it will be problematic to convert the original optimization problem into an optimal stop-
ping problem associated to a time discretization of {X(¢)} with nice convergence properties.
In particular, it appears ill-advised to propose as in [1] a fixed-step time-discretization scheme
{X(kA)} of the original process { X (¢)}. Besides, another important intricacy concerns the tran-
sition semigroup {P}ier, of {X(¢)}. On the one hand, it cannot be explicitly calculated from
the local characteristics (¢, A, Q) of the PDMP (see [4, 7]). Consequently, it will be complicated
to express the Markov kernel P associated to the Markov chain {X (kA)}. On the other hand,
the markov chain {X (kA)} is in general not even a Feller chain (see [6, pages 76-77]), therefore
it will be hard to ensure it is K-Lipschitz (see Definition 1 in [1]).

Second, the other main difference stems from the fact that the function appearing in the
backward dynamic programming formula associated to L and the reward function g is not
continuous even if some strong regularity assumptions are made on g. Consequently, the approach
developed in [1, 2, 17] has to be refined since it can only handle conditional expectations of
Lipschitz-continuous functions.

However, by using the special structure of PDMP’s, we are able to overcome both these ob-
stacles. Indeed, associated to the PDMP {X ()}, there exists a natural embedded discrete-time
Markov chain {©} with O = (Zj, Si) where Sy, is given by the inter-arrival time T —Tj—1. The
main operator L can be expressed using the chain {©y} and a continuous-time maximization.
We first convert the continuous-time maximization of operator L into a discrete-time maximiza-
tion by using a path-dependent time-discretization scheme. This enables us to approximate the
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4 B. DE SAPORTA, F. DUFOUR, K.GONZALEZ

value function by the solution of a backward dynamic programming equation in discrete-time
involving conditional expectation of the Markov chain {O}. Then, a natural approximation of
this optimization problem is obtained by replacing {©} by its quantized approximation. It must
be pointed out that this optimization problem is related to the calculation of conditional expec-
tations of indicator functions of the Markov chain {©}. As said above, it is not straightforward
to obtain convergence results as in [1, 2, 17]. We deal successfully with indicator functions by
showing that the event on which the discontinuity actually occurs is of small enough probability.
This enables us to provide rate of convergence for the approximation scheme.

In addition and more importantly, this numerical approximation scheme enables us to propose
a computable stopping rule which also is an e-optimal stopping time of the original stopping
problem. Indeed, for any € > 0 one can construct a stopping time, labeled 7, such that

V(@) - e < B [g(X(r)] < V(@)

where V() is the optimal value function associated to the original stopping problem. Our com-
putational approach is attractive in the sense that it does not require any additional calculations.
Moreover, we can characterize how far it is from optimal in terms of the value function. In [1,
section 2.2.3, Proposition 6], another criteria for the approximation of the optimal stopping time
has been proposed. In the context of PDMP’s; it must be noticed that an optimal stopping time
does not generally exists as shown in [11, section 2].

An additional result extends Theorem 1 of U.S. Gugerli [11] by showing that the iteration of
operator L provides a sequence of random variables which corresponds to a quasi-Snell envelope
associated to the reward process {g(X (1))}, R, where the horizon time is random and given by

the jump times (75, )neo,..., v} of the process {X(t)}te]Rq‘

The paper is organized as follows. In Section 2 we give a precise definition of PDMP’s and
state our notation and assumptions. In Section 3, we state the optimal stopping problem, recall
and refine some results from [11]. In Section 4, we build an approximation of the value function.
In Section 5, we compute the error between the approximate value function and the real one. In
Section 6 we propose a computable e-optimal stopping time and evaluate its sharpness. Finally
in Section 7 we present a numerical example. Technical results are postponed to the Appendix.

2. Definitions and assumptions. We first give a precise definition of a piecewise de-
terministic Markov process. Some general assumptions are presented in the second part of this
section. Let us introduce first some standard notation. Let M be a metric space. B(M) is the set
of real-valued, bounded, measurable functions defined on M. The Borel o-field of M is denoted

by B(M). Let @ be a Markov kernel on (M, B(M)) and w € B(M), Qu(z) = / w(y)Q(z, dy)
M
for x € M. For (a,b) € R?, a A b= min(a,b) and a V b = max(a, b).
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OPTIMAL STOPPING FOR PDMP 5

2.1. Definition of a PDMP. Let E be an open subset of R", dF its boundary and E its
closure. A PDMP is determined by its local characteristics (¢, A, @) where:
e The flow ¢ : R" x R — R" is a one-parameter group of homeomorphisms: ¢ is continuous,
¢(+,t) is an homeomorphism for each ¢ € R satisfying ¢(-,t + s) = ¢(¢(+, 5),1)).
For all z in E, let us denote

t*(z) = inf{t > 0: ¢(x,t) € IE},

with the convention inf () = oo.
e The jump rate A : E — R, is assumed to be a measurable function satisfying:

(Vz € E), (Je > 0) such that /E Ap(z, s))ds < oo.
0

e () is a Markov kernel on (E, B(F)) satisfying the following property:
(Ve € E), Qa,E—{z})=1

From these characteristics, it can be shown [6, p. 62-66] that there exists a filtered probability
space (0, F,{Fi},{Pz}zer) such that the motion of the process {X(¢)} starting from a point
x € E may be constructed as follows. Take a random variable 77 such that

for t < t*(z),

P T e_A(Ivt)
z >t) =
(T >1) 0 for t > t*(z),

where for z € E and t € [0,t*(x)]

Az, t) = /Ot M6(x, 5))ds.

If T generated according to the above probability is equal to infinity, then for t € Ry, X(t) =
¢(z,t). Otherwise select independently an E-valued random variable (labelled Z;) having dis-
tribution Q(é(x,T1),-), namely P,(Z; € A) = Q(¢(z,T1), A) for any A € B(E). The trajectory
of {X(t)} starting at x, for t <T} , is given by

t) fort < T,
X() = ¢(z,t) fort < T,
Z1 for t = Tl.

Starting from X (7)) = Zj, we now select the next inter-jump time 75 — 7} and post-jump
location X (1) = Z5 is a similar way.

This gives a strong Markov process {X(¢)} with jump times {7},  (where Ty = 0). Asso-
ciated to {X(t)}, there exists a discrete time process (@n)neN defined by ©,, = (Z,,S,) with
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6 B. DE SAPORTA, F. DUFOUR, K.GONZALEZ
Zn=X(T,) and S,, = T,, —T),—1 for n > 1 and Sy = 0. Clearly, the process (0,,),en is a Markov

chain.
We introduce a standard assumption, see for example equations (24.4) or (24.8) in [6].

Assumption 2.1 For all (z,t) € E xRy, E, {Z 1{Tk§t}} < 0.
k

In particular, it implies that Ty — oo as k — oo.

For n € N, let M,, be the family of all {F; }-stopping times which are dominated by T;, and for
n < p, let M, , be the family of all {F; }-stopping times v satisfying T}, < v < Tj,. Let B¢ denote
the set of all real-valued, bounded, measurable functions, w defined on E and continuous along
trajectories up to the jump time horizon: for any = € E, w(¢(z,.)) is continuous on [0, t*(x)]. Let
L¢ be the set of all real-valued, bounded, measurable functions, w defined on E and Lipschitz
along trajectories:

1. there exists [w], € Ry such that for any (z,y) € E?, u € [0,t*(z) A t*(y)], one has

w(p(z,u)) = w(e(y,w))| < [w],|z -y,

2. there exists [w], € Ry such that for any 2 € E, and (t,s) € [0,t*(z)]?, one has

[w(d(x,1)) — w(d(z,s))| < [w]ylt — s,

3. there exists [w}* € Ry such that for any (x,y) € E?, one has

w((@,t"(x))) — w((y, t"¥)))| < [w], |z —yl.

In the sequel, for any function f in B¢, we denote by C its bound:

Cy = sup | f(z)],
zel

and for any Lipschitz-continuous function f in B(E) or B(E), we denote by [f] its Lipschitz

constant:
= sp @1

TAYEE |z —y|
Remark 2.2 L¢ is a subset of B® and any function in L¢ is Lipschitz on E with [w] < [w],.

Finally, as a convenient abbreviation, we set for any z € E, AQuw(x) = \(z)Quw(x).
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OPTIMAL STOPPING FOR PDMP 7
2.2. Assumptions. The following assumptions will be in force throughtout.
Assumption 2.3 The jump rate A is bounded and there exists [)\]1 € Ry such for any (x,y) €
E?, u e [0,t*(x) At*(y)],
(A(B(z,w) = Mo(y,u))| < [A] ]z —yl.
Assumption 2.4 The exit time t* is bounded and Lipschitz-continuous on E.

Assumption 2.5 The Markov kernel Q is Lipschitz in the following sense : there exists (Q] €
R4 such that for any function w € L€ the following two conditions are satisfied:

1. for any (z,y) € E%, u € [0,t*(x) At*(y)], one has

|Qu(¢(x,u)) — Qu(d(y, u))| < [Q] [w], ]z — yl,
2. for any (z,y) € E?, one has

|Qu(d(z,t*(x))) — Qu(d(y, t"(1)))] < [Q][w], |z —yl.

The reward function g associated to the optimal stopping problem satisfies the following
hypothesis.

Assumption 2.6 g s in L°.

3. Optimal stopping problem. From now on, assume that the distribution of X (0) is
given by 0, for a fixed state zo € E. Let us consider the following optimal stopping problem
for a fixed integer IV:

(3.1) sup Eay[g(X(7))]
TEMN

This problem has been studied by U.S. Gugerli in [11].

Note that Assumption 2.3 yields A(z,t) < oo for all z,¢. Hence, for all z in F, the jump time
horizon s*(z) defined in [11] by t*(x) A inf{t > 0, e=A®Y = 0} is equal to the exit time t*(z).
Therefore, operators H : B(E) — B(E xRy), I : B(E) - B(E xR,), J : B(E) x B(E) —
B(E xRy), K : B(F) — B(F) and L : B(F) x B¢ — B¢ introduced by Gugerli in [11, section
2] reduce to

Hf(z,t) = f(¢(z,t At (x)))e Mo,

Tw(a,t) = /Omm) AQu(@(x, 5))e " ds,
(32) S f)wt) = Twlet) + Hf(,0),
(3.3) Kuw(z) = /Ot N AQu(¢(x, s))e” M7 ds + Qu(g(x, t*(x)))e M),
L(w,h)(z) = supJ(w,h)(z,t)V Kw(z).

t>0
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8 B. DE SAPORTA, F. DUFOUR, K.GONZALEZ

It is easy to derive a probabilistic interpretation of operators H, I, K and L in terms of the

embedded Markov chain (Z,, Sy), N

Lemma 3.1 Forallx € E, w € B(E), f € B(F), h € B¢ and t > 0, one has

Hf(z,t) = f(d(z, tAt"(2)))P(S1 =t At (2)),
Tw(z,t) = Ey {w(Z1)1{51<t/\t*(:v)}}7
3.4 Kw(z) = Eg[w(Z1)],
(35) L(w,h)(z) = S {Ex [w(Z1)1{s,<uy] + h(d(2,u))Pa(S1 > U)} vV Eg[w(Z1)].

For a reward function g € B¢, it has been shown in [11] that the value function can be
recursively constructed by the following procedure:

sup Eqo[g(X(7))] = wo(xo)
TEMN

with

UN = 9,
vy = L(vgg1,9) for k< N —1.

Definition 3.2 Introduce the random variables (Vi)neqo,... Ny by

Vi = on(Zy),
or equivalently
Vi = Sup {E{Un+1(Zn+1)1{Sn+1<u} + g(¢(Zn>u))1{Sn+12u}|Zn]}
u<t*(Zn)
(3.6) VE [vnﬂ(znﬂﬂzn]

The following result shows that the sequence (Vn)ne{o,..., ny corresponds to a quasi-Snell en-
velope associated to the reward process {g(X (1))}, R, where the horizon time is random and

given by the jump times (T5,),¢qo,..., N} Of the process {X(t)}teR+:
Theorem 3.3 Consider an integer n < N. Then
Vi = sup Eg[g(X(v))|Fr,].

VEMn,N
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Proof: Let v € M,, y. According to Proposition B.4 and Corollary B.6 in Appendix B, there
exists U: E x (Ry x E)" x Q — Ry such that for all (29,7) € E x (R4 x E)" the mapping
U(z0,7): @ — Ry is an {ft}t€R+—stopping time satisfying 7(29,7) < Tn_n, and v = T}, +
v(Zo, Ty, 0r,), where 'y, = (S1,Z1,...,50, Zy) and 0 is the shift operator. For (zp,7v) € E X
(Ry x E)" define W: E x (Ry. x E)" — R by

W(z0,7) = Ez, [9(X (7(20,7)))] < up Bz, lg(X(7))],

where v = (s1, 21, . .., Sn, 2n). Hence, the strong Markov property of the process {X ()} yields
Euo [9(X (W) F1,] = Eaolg(X (Tn + ¥(Z0, Un, 07,)) | F1, ] = W(Z0, ).
Consequently, one has

Egolg(X (W) Fr] < sup Eg,[g(X(7))],

TEMN_n
and therefore, one has
(3.7) sup  Eq[g(X(v))|Fr,] < sup  Eg,[g(X(7))],
veEMy N TEMN_pn

Conversely, consider 7 € My_,. It is easy to show that T;, + 7 o 07, € M,, n. The strong
Markov property of the process {X(¢)} again yields

Ez,[9(X(7)] = B, [9(X(Tn + 7 0 07,))|F1,] < sup Ego[g(X (¥))|Fr,.];

vEMy N
hence we obtain
(3-8) sup  Egz,[g(X(7))] < sup By lg(X(¥))|Fr,].
TEMp_n VEM,, N
Conbining equations (3.7) and (3.8), one has
sup  Egz,[g(X(7))] = sup Eqglg(X(¥))|Fr,].

TEMN*’H, VEMTL,N

Finally, it is proved in [11, Theorem 1] that v, (z) = sup,caq,_, Ex[9(X(7))], whence

Vi = sup EZn [g(X(T))]a
TEMN_p

showing the result. O
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10 B. DE SAPORTA, F. DUFOUR, K.GONZALEZ

4. Approximation of the value function. To approximate the sequence of value func-
tions (V},), we proceed in two steps. First, the continuous-time maximization of operator L
is converted into a discrete-time maximization by using a path-dependent time-discretization
scheme to give a new operator L% In particular, it is important to remark that these time-
discretization grids depend on the the post-jump locations {Z;} of the PDMP (see Definition
4.1 and Remark 4.2). Second, the conditional expectations of the Markov chain (0g) in the def-
inition of L% are replaced by the conditional expectations of its quantized approximation (©k)
to define an operator L.

First, we define the path-adapted discretization grids as follows.

Definition 4.1 For z € E, set A(z) €]0,t*(2)[. Define n(z) = int(t*g;) — 1, where int(x)

denotes the greatest integer smaller than or equal to x. The set of points (ti)iG{O,...,n(z)} with
t; = iA(z) is denoted by G(z). This is the grid associated to the time interval [0,t*(z)].

Remark 4.2 [t is important to note that, for all z € E, not only one has t*(z) ¢ G(z), but also
max G(z) = ty(,) < t°(2) — A(z). This property is crucial for the sequel.

Definition 4.3 Consider for w € B(E) and z € E,

LU(w,g)(z) = Sgl&g){E[w(Zl)l{sKs}+g(¢(z,5))1{slzs}|Zo22}}

\Y E{w(Z1)|Z0 = Z}.

Now let us turn to the quantization of (0,,). The quantization algorithm will provide us with
a finite grid FS C E x Ry at each time 0 < n < N as well as weights for each point of the
grid, see e.g. [1, 14, 17]. Set p > 1 such that ©,, has finite moments at least up to the order p
and let p, be the closest-neighbour projection from £ x R} onto FS) (for the distance of norm
p; if there are several equally close neighbours, pick the one with the smallest index). Then the
quantization of ©,, is defined by

6n ::(éizaS%) ::pn(22175h)~

We will also denote T'Z the projection of I'9 on E and I'S the projection of I' on R,.

In practice, one will first compute the quantization grids and weights, and then compute a
path-adapted time-grid for each z € T'Z, for all 0 < n < N — 1. Hence, there is only a finite
number time grids to compute, and like the quantization grids, they can be computed and stored
off-line.

The definition of the discretized operators now naturally follows the characterization given in
Lemma 3.1.
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Definition 4.4 For ke {1,...,N}, we B(T'?), 2 € TZ |, and s € R,

~

T(w,9)(z,5) = ElwZlg ., +9(6(z )15l %1 =2,
Ki(w)(2) = E[w(Zy)|Ze1 =2,

Liw,0)(:) = max {Ju(w,g)(z,5)} V Ku(w)(z).

Note that ©,, is a random variable taking finitely many values, hence the expectations above
actually are finite sums, the probability of each atom being given by its weight on the quanti-
zation grid. We can now give the complete contruction of the sequence approximating (V;,).

Definition 4.5 Consider Ox(z) = g(z) where z € T'4 and for k€ {1,...,N}
(4.1) O-1(2) = Li@k 9)(2),

where z € F,f_l.

Definition 4.6 The approrimation of Vi is denoted by
(4.2) Vi = 0(Zy),
for k€ {0,...,N}.

5. Error estimation for the value function. We are now able to state our main result,
namely the convergence of our approximation scheme with an upper bound for the rate of

convergence.
Theorem 5.1 Setn € {0,...,N — 1}, and suppose that A(z), for z € I'Z, are chosen such that

n’

min{A(2)} > 2N T[N Zn = Zallp + 11 = Sasallp) .

zelz
Then the discretization error for Vi, is no greater than the following:
||Vn - van < HVn+1 - ‘7n+1”p + aHA(Zn)Hp + ﬂnHZn - Zn”p + 2[0n+1] ||2n+1 - Zn+1”p
([T 20 = Zallp + 1Sns1 = Suwealls)"”,

where a = [g], +2C4Cx, Bn = [vn] + [vas1] B2 + CoEs + ([g], + [9],[t"]) V ([vns1],[@)),
v = 4Cg(2C,\)1/2, and Es and Ey4 are defined in Appendix A.
Recall that Viy = g(Zx) and Viy = g(Zn), hence |V — V||, < [9]]|Zy — ZN||p. In addition,

the quantization error ||©,, — (:)an goes to zero as the number of points in the grids goes to
infinity, see e.g. [14]. Hence |V — Vp| can be made arbitrarily small by an adequate choice of the
discretizations parameters.
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12 B. DE SAPORTA, F. DUFOUR, K.GONZALEZ

Remark that the square root in the last error term is the price to pay for integrating non-
continuous functions, see the definition of operator J with the indicator functions, and the
introduction of section 5.2.

To prove Theorem 5.1, we split the left-hand-side difference into four terms:

4
||Vn*Vn||p < ZE
=1

where

[vn(Zn) = 0n(Zn) I,

2 IL(vns1,9)(Zn) = L4 Wn11,9)(Zn) |l

3 = [L%vnt1, )(2) Ly 1 (vns1,9)(Zn)llp,
)( n) — Liﬂ(vnﬂ,g)@n)\\p.

The first term is easy enough to handle thanks to Proposition A.7 in Appendix A.2.

(1 [

(11

B4 = HLnJrl(vn-Ha

Lemma 5.2 A upper bound for 2y is

v (Zn) — vn(Zn)Hp < [vn]l|Zn — Zn”p-

We are going to study the other terms one by one in the following sections.

5.1. Second term. In this part we study the error induced by the replacement of the supre-
mum over all non-negative ¢ smaller than or equal to t*(z) by the maximum over the finite grid
G(z) in the definition of operator L.

Lemma 5.3 Let w € L€. Then for all z € E,
| sup J(w,g)(z,t) — rerg(x) J(w, g)(2,5)] < (CuCx + [g], + CyCr)A(2).

t<t*(2)
Proof: Clearly, there exists ¢ € [0,2"(2)] such that sup,<(.y J(w, g)(2,t) = J(w,g)(,1), and
there exists 0 <1 < n(z) such that ¢ € [t;, t;41] (With £,,(;)31 = t*(2)). Consequently, Lemma A.2
yields

0 < sup J(w,g)(zt)— max J(w,g)(z,s) < J(w,g)(zt)— J(w,g)(zt;)
t<t*(2) s€G(2)

IN

(CwCx + [g], + CyCN) [t — ]
< (CuwCOx+ 9], + CgCh) [t — il

implying the result. O

Turning back to the second error term, one gets the following bound.
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OPTIMAL STOPPING FOR PDMP 13

Lemma 5.4 A upper bound for Zy is
1L (vns1,9)(Zn) = L4011, 9)(Zn) lp < ([g], + 2CoCN) [A(Zn) -

Proof: From the definition of L and L% we readily obtain

| L(vn+1, 9)(271) - Ld(vn—Hv 9)(271)”p

<| sup T0nin,9)(Zut) — max I(vni19)(Za,s)]].
t<t*(Zn) s€G(Zn)

Now in view of the previous lemma, one has

1L (vns1,9)(Zn) = L (wnt1,9)(Zn)
< (Cvn+1c>\ + [9]2 + CgC)\) HA(ZH)HP‘

Finaly, note that C,, ,, = Cy (see Appendix A.2), completing the proof. |

5.2. Third term. 'This is the crucial part of our derivation, where we need to compare condi-
tional expectations relative to the real Markov chain (Z,, S,) and its quantized approximation
(Zn, §n) The main difficulty stems from the fact that some functions inside the expectations are
indicator functions and in particular they are not Lipschitz-continuous. We manage to overcome
this difficulty by proving that the event on which the discontinuity actually occurs is of small
enough probability, this is the aim of the following two lemmas.

Lemma 5.5 For alln € {0,...,N —1} and 0 <n < m}l}{A(z)},
zel'y

N 1 .
1 ~ < = _
serg?%{n) E[|1{Sn+1<s} 1{Sn+1<s}||Zn} Hp = 7 [Sn41 = Sntallp + 2C\n.

Proof: Set 0 <7 < min {A(2)}. Remark that the difference of indicator functions is non-zero
zel'Z
if and only if S,4+1 and S,4+1 are on either side of s. Hence, one has

Lsnia<sr = 15 <atl S Liss-Gupatomy T HiSmia sl
This yields

| max BliLs,ico ~ 1<l Zll,
(5.1) S gs-genpmly + Il mox Bllpss,semn|Zll,

On the one hand, Chebychev’s inequality yields

| Sns1 — Spt1 ||£

77p

(5.2) H1{|3n+1—§n+1|>n}HZ = P(|Sn1 = Sop1| > 1) <
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14 B. DE SAPORTA, F. DUFOUR, K.GONZALEZ

On the other hand, as s € G(Z,,) and by definition of 7, one has s +7 < t*(Z,), sce Remark 4.2.
Thus, one has

E[l{sfn§5n+1§s+n}|2n} - E[E[l{sfn§5n+1§s+n}|zn = Z,] ‘2"}
s+n ~ ~
— B[ [ \@(Znw)iu|Z,)
s=1)
(5.3) < 2nCh.
Combining equations (5.1)-(5.3), the result follows. O

Lemma 5.6 For alln € {0,...,N} and 0 <n < m%%{A(z)},
zel'y

< [t*]HZn — Z’VIHP.

Hlt*(Zn)<t*(2n)—nHP - n

Proof: We use Chebychev’s inequality again. One clearly has

B[, ez = P(£(Z0) <°(Z0) )
" e 1711 2k — Zi
< P([t"(Zk) —t"(Zi)| > ) < o
showing the result. -

Now we turn to the consequences of replacing the Markov chain (Z,,S,) by its quantized
approximation (Z,,S,) in the conditional expectations.

Lemma 5.7 Let w € L€, then one has

[EBlw(Zun)| 20 = 2] = Blw(Zus)|Z)|
< (CuBa+ [w], By + [w] [Q)E[Z0 — Zal | Zo] + [w]E[|Zus1 = Zunl| Z2].

Proof: First, note that

~

Bw(Z0:0)| 20 = Zo) = Blw0(Zn10) 1) = Blw0(Z010)| 2, = Zu] = Blw(Z01)| 2]
+ B[0(Zue)| 2]~ Bw(Zu11)| 2

—

On the one hand, Remark 2.2 yields

‘E[w(Zn—H)’Zn} - E[w(An—&-l)‘Zn]‘ < [w]EHZn-&-l - Zn—&-lHZn]
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OPTIMAL STOPPING FOR PDMP 15

On the other hand, recall that by construction of the quantized process, one has (Zn,§n) =
Pn(Zn, Sy). Hence we have the following property: o{Z,} C 0{Zn,Sy}. By using the special
structure of the PDMP {X ()}, we have 0{Z,, S} C Fr,. Now, by using the Markov property
of the process {X(t)}, it follows

E[w(Zn+1)|Zn] = E{E[w(Zn+1)|an]

Zn) = B[B[w(Zn11)| 20| Za] -
Equation (3.4) thus yields
E[w(Zn41)|Z0 = Z1) — E[w(Zn41)| Z4]
= E[B[w(Z11)|Z0 = 2] - E[w(Zn11)|20] |2

= E[Kw(Z,) - Kw(Z,)|Z,].

Now we use Lemma A.4 to conclude. O

Now we combine the preceding lemmas to derive the third error term.

Lemma 5.8 For all0 <n < mi%{A(z)}, an upper bound for =3 is
zel'z

o~

HLd(UnJrh 9)(271) - L(riz-f—l(UnJrla 9)(271) ||

< (e s B+ Gy 20,1 4 (], + [0 v ([owna], 19D } 10— 2l

p

851 = Sl

+ (o411 Znt1 = Zngalp +2C, (2030 + ;

Proof: To simplify notation, set (2, y,t) = vny1(y)L<sy +9(4(2, 1)) 15 - From the definition
of L% and E;jl 11, one readily obtains

L% (0n1,9)(Zn) = Lis 1 (vn41,9) (Zn)|

< max |E[¥(Zy, Zost, Sn1)| Zn = Zn] = B[U(Zn, Zni1, Spi1)| Za]|
SEG(ZH)
(5.4) V|B[vns1(Zns)| Zn = Zn) = Blvni1(Znsn)|Za] |

On the one hand, combining Lemma 5.7 and the fact that v, is in L¢ (see Proposition A.7),
we obtain

’E[Un-i-l(Zn-‘rl)’Zn = Zn] - E[Un+1(/\n+1)|2n]‘
< [onst|E[|Znt1 = Znsi | Zn)
(5.5) +(09E4 + [Un-i-l]lE? + [Un-i-lh [Q])EHZn - Zn| | Zn]
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16 B. DE SAPORTA, F. DUFOUR, K.GONZALEZ

On the other hand, similar arguments as in the proof of Lemma 5.7 yield

~

E[\IJ(Z”, Zn+1v Sn+1)|Zn - Zn] - E[\I}(va Zn—i—ly §n+1) |2n]

= EB[E[¥(Zn, Zut1, Sni)| Zn = Zn) = B[U(Zn, Zni1, Sus1)| Zn = Z0) |Zn)
(5‘6) +E[\I](Znazn+178n+l)|2] E[\I’(ZmZn-Ha n+1 ‘Z ]
= T1+7Ys.

The second difference of the right hand side of equation (5.6), labeled Yo, clearly satisfies

‘T2| < [Un-i-l]EHZn—&-l - Zn-HHEN] + [9}1E[‘2n - ZHHZI]

(5.7) +2C4E (15,11 <) — g, oyl Zn]-

Let us turn now to the first difference of the right hand side of equation (5. 6) labeled Y. We
meet another difficulty here. Indeed, we know by construction that s < t*(Z ), but we know
nothing regarding the relative positions of s and t*(Z,,). On the event where s < t*(Z,,) as well,
we recognize operator J inside the expectations. On the opposite event s > t*(Z,,), we crudely
bound ¥ by C,, ,, + Cy = 2C,. Hence, one obtains

Ty < E“J(Un—&-la 9)(2n7 s) = J(vn+1,9)(Zn, 8)‘1{8§t*(zn)}‘2n:| + 2CgE[1{t*(Zn)<s}|Zn]-

Now Lemma A.3 gives an upper bound for the first term. As for the indicatror function, by
definition of G(Z,) and our choice of 17, we have s < t*(Z,) — 1. Thus, one has

(58) ’Tl‘ < (CgEl + [’U,,H_ﬂlEg + Eg)EUZn — Z'IZHZ'HJ + 2CgE[1{t*(Zn)<t*(2n)—7]}|Zn}'

Now, combining (5.4), (5.5), (5.7) and (5.8), and the fact that Cy 1+ E3 = CyEs+[g], +[g], [t*],
one gets

|Ld(vn+17g)(2 ) Ln+1(vn+lag)(2n)|
< {[vn+1] Ey+ CyEs+ ([g], + [9],[t*]) V ([vng1], [Q])}E[yin — Zo|| 2]

+ [Vn1) E[| Zng1 — n+1HZ ]

+2C,E[1 \Z | +2C; max E[|lg,, <5 —1
)

s€G(Zn {§n+1<S}HZ”]'

t*(Z )<t*
Finally, we conclude by taking the LP norm on both sides and using Lemmas 5.5 and 5.6. O

5.3. Fourth term. The last error term is a mere comparison of two finite sums.

Lemma 5.9 An upper bound for Z4 is

122 1 (Vnt1,9)(Zn) — L 41 (Bnt1..9) (Z) lp < [ong1] | Zngr — Zn+1Hp + Va1 — Vn—O—al-
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OPTIMAL STOPPING FOR PDMP 17

Proof: By definition of operator f/fb, one has

LS 41 (Va1 9)(Zn) = Lt 1 (On1, 9) (Za)

= H w62 {E[”"+1(2”+1)1{§n+1<s} +9(6(Zn )15, 5012 H v E[””“ +)lZn }
- SEHGI?’%('/L) {E {6”+1(A"+1)1{§n+1<8} T g(d)(z“ S))1{§n+128} ’27"”} } v E [@L—H (Znﬂ)‘zn} Hp
< HE[Un—i-l(Zn-i-l) - ﬁn—i-l(Zn-&-l)‘ZN]Hp

A

= ||Un+l(2n+1) - Un—i—l(Zn—s-l)Hp + ||Un+1(Zn+1) - 'L/)\n-i—l(Zn—}-l)Hp-

We conclude using the fact that v,+1 € L€ (see Proposition A.7) and the definitions of V;, and
V. O

5.4. Proof of Theorem 5.1. We can finally turn to the proof of Theorem 5.1. Lemmas 5.2,
5.4, 5.8 and 5.9 from the preceding sections directly yield, for all 0 < n < mirn{A(z)},
zel'z

Ve = Vallp < [0n] 120 = Zullp + ([9], + 2C5ON) 1A(Z0) Il

[
+{ww1Eb+Qﬂh+ﬂ%%?+(M1+bbWDV(MHﬂJQDN@n—ZMp

_ Sni1— S
+ ol Zuis = Zusalp + 20, (20 + L2 =Sl
+ [vn41] HZn—i-l - Zn+1Hp + [|[ Vg1 — Vn+1Hp-
The optimal choice for n clearly satisfies
1 ~ 5
20\n = H(ﬁ*} HZn - Zn”p + ||Sn+1 - Sn+1Hp)=
providing it also satisfies the condition 0 < 1 < rrel%n{A(z)} Hence, rearranging the terms above,
€%,
one gets the expected result:
1V = Vallp <[Varr = Vi ||, + (9] + 2C,C0) [A(Za) 1
4 {[on] + o), B + CoEa + (), + [, )V ([ona]  [Q) H1Zo — Zally
+ 2[vn1) 1 Zsr = Zusallp +4Co OV (11 20 = Zallp + 1Sns1 = Swia ).

6. Numerical construction of an e-optimal stopping time. In [11, Theorem 1], U.S.
Gugerli defined an e-optimal stopping time for the original problem. Roughly speaking, this
stopping time depends on the embedded Markov chain (0,,), and on the optimal value function.
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18 B. DE SAPORTA, F. DUFOUR, K.GONZALEZ

Therefore, a natural candidate for an e-optimal stopping time should be obtained by replacing the
Markov chain (0,,) and the optimal value function by their quantized approzimations. However,
this leads to un-tractable comparisons between some quantities involving (0,,) and its quantized
approximation. It is then far from obvious to show that this method would provide a computable
e-optimal stopping rule. Nonetheless, by modifying the approach of U.S. Gugerli [11], we are
able to propose a numerical construction of an e-optimal stopping time of the original stopping
problem.

Here is how we proceed. First, recall that p,, be the closest-neighbour projection from £ x R
onto I'9, and for all (z,s) € E x Ry define (2,,5,) = pn(2,5s). Note that Z, and 3, depend on

ns

both z and s. Now, for n € {1,..., N}, define

sy (z,8) = min {t € G(En_l)‘fn(ﬁn,g)(fn_l,t) = max jn(ﬁn,g)(é\n_l,u)},
uEG(zn—1)
and
t°(z) i Kpbp(3a1) > max  Ju(Bn,9)(Eaot, ),
rnp(2,8) = u€G(2n-1)

SZ(Z, 8)1{s;(z,s)<t*(z)} + (t*(z) - B)l{s*(z,s)Zt*(z)} otherwise.

Note the use of both the real jump time horizon ¢*(z) and the quantized approximations of K,
J and (z,s). Set

1T = T‘Nﬁ(ZO, SO) A T17
and for n € {1,..., N — 1}, set
- rN-n,8(Z0,S0) if T1 > rn—n3(Zo,So),
i T+ 1007 otherwise.

Our stopping rule is then defined by 7.

Remark 6.1 This procedure is especially appealing because it requires no more calculation: we
have already computed the values of K, and J, on the grids. One just has to store the point
where the mazximum of J, is reached.

Lemma 6.2 7y is an {Fr}-stopping time.

Proof: Set U} = TLB(Z(),S()) and for 2< k< N U, = Tk”g(Zk_l, Sk—l)1{7‘1@71,@(Zk7275k72)25k71}‘
N

One then clearly has 7y = Z Ui A Sk which is an {Fr}-stopping time by Proposition B.5. O
k=1
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OPTIMAL STOPPING FOR PDMP 19

Now let us show that this stopping time provides a good approximation of the value function
Vo. Namely, for all z € E set

@n(z) = E[g(XTN—n)’Zn = Z]’
and in accordance to our previous notation introduce, for n € {1,..., N — 1}
Vo = 0.(Zy).

The comparison between Vy and V is provided by the next two Theorems.

Theorem 6.3 Set n € {0,...,N — 2} and suppose the discretization parameters are chosen
such that there exists 0 < a < 1 satisfying

B L 1] 5 g 1/2 -

o = OV (T 120 = Zally + [Sus1 = Suially) T < min{A()}

Then one has
Ve =Val, < Vs = Varall, + [Vasr = Vasall, + Ve = Val,
+2 [Un-‘,—l] HZn+1 - Zn—i-al + anHZn - Zan

)~ ~ 1/2
10,200 (L2, = Zully + 1801 = Sual)

—a
with ap, = (2 [Vnt1], B2 4+ 2C,Cp [N] | (2 + Cp= Cy) 4 (4C,Cx[t*] + 2[vn 1], [Q]) V (3 [9]1))
Proof: The definition of 7,, and the strong Markov property of the process {X(¢)} yield
Un(Zn)

= E[9(X, 1 5(Z050) YSui1>rmen5(ZaSaHZn] + B0nt1(Zn1)1(8, 11 <01 5(Z0,50)} 1 Zn]
= Lo 5(Zn,S) 2t (23 K 0n41(Z0) + Lir oy 5(Z0,S0) <t (200} @ity 9)(Zins Tnt1,6(Zn, Sn)).-
However, our definition of r, g with the special use of parameter § implies
{rnJrl,ﬁ(Zn; Sn) > t*(Zn)} = {?’n—i—l@n—&—l(z’rz) > m?}f )jn-l—l(@n-&-lvg)(zn? 3)}
s€G(Zn

Consequently, one obtains

~

Un(Zn) = k\n+1@n+1(2n) \ HGIE(%( ) jn+1(@\n+1,g)(znv s)
se n

(6.1)  +1g 1 5(Z0.50)2t(Z0)} [KUnH(Zn) - fA{nH@nH(Zn)}

+ 1{rn+175(Zn,Sn)<t*(Zn)} [J(@n-&—la g)<Zn7 T'nJrl,B(Zn; Sn)) - Sencl;?%{ ) jn—&-l(ﬁn—i—la g)(2n7 3)} .

imsart-aap ver. 2007/12/10 file: QuantifAAP-R.tex date: September 24, 2009



20 B. DE SAPORTA, F. DUFOUR, K.GONZALEZ

Let us study the term with operator K. First, we insert V,, to be able to use our work of the
previous section (we cannot directy apply it to T,, because it may not be Lipschitz-continuous).
Clearly, one has

—

’KUnJrl(Zn) - Kn+1'b\n+1(2n)’ S EHVnJrl - Vn+1|’Zn]

(6.2) +‘K”n+1(Zn) - Kn—f—l@n-i-l(zn)

Similar calculations to those of Lemmas A.4, 5.7 and 5.9, and Equation (5.5) yield
‘K'Un—l-l(Zn) - ?n+117n+1(2n)‘
< (CyBs+ o] Bs + [v011],[Q)) (120 = Zul + B[ 20 — Zul| Z1))
(6.3) +2[0n 1) E[| Zns1 — Zni1l|Zn) + E|Var1 — Vigal]| Za).-

Now we turn to operator J. Set R, = 7y418(Zn,Sn). We first study the case when R, =
sy 11(Zn, Sn) < t*(Zy). By definition, one has

j\n+1(77n+17g)(2naRn): max jn—l—l(ﬁn—&-lag)(?n)s)'
SEG(Z’!L)

As above, we insert V;, and obtain

o~

|7 @1, 9)(Zn, Ra) - max o (e, 9)(Zn 9) |V (ro=s (Z05)}]
se n

< E[[Vpq1 - Vn-‘rlHZn]1{Rn=s;+1(Zn,Sn)}

(6.4) [T ns1,9)(Zns Ba) = Tt (Bns1,9) (Zns Ba)) U=, (20 500}

Again, similar arguments as those used for Lemmas A.3, 5.6 and 5.9, and Equations (5.6), (5.7)
and (5.8) yield, on {R,, = s}, 1(Zn, 5n)}
‘J(Un—&-lag)(ZmRn) - jn+1(6n+1,g)(2n, Rn))’
< (onet] o+ [g], + CyCor N, 2 + CuoC)) (120 — Zul + El|Z0 — 20 Za)
+2[vns1 | E[| Zns1 = Zni1l| Zn] + E[|Vas1 — Visa]| Zn)
(6.5) +9)\ B[1Zn = Znl|Z0] + 2CoB (15,1 <m0y — g, eyl Zn]-

Note that all the constants with a factor [t*] have vanished, because we know here that both

~

R, < t*(Zy,) and R, < t*(Z,) hold on {R,, = 5%, 1(Zn, Sn)}-

imsart-aap ver. 2007/12/10 file: QuantifAAP-R.tex date: September 24, 2009



OPTIMAL STOPPING FOR PDMP 21

Finally, on {s*(Z,) > t*(Z,) = Rn + 8}, by construction of the grid G(Z,) (see Remark 4.2),
one has for all 0 < n < mlLI}{A( 2)},
zel'y

Ry =t"(Zy) — B < 8*(Zn) < t*(Zn) —
Consequently, using the crude bound

[T (n1,9) (Zas Bu))| + | masx o @i ) 2o 5)| <20,
se n

one obtains

‘J(@n—irla 9)(Zn, Tn41,8(Zn, Sn)) — Tgfg | Tni1(Bns1,9)(Zn, 8)‘1{%“75(2”,5”):1:*(Zn)—ﬁ}
sE€ n

(6.6) <2C ‘1{t* Zn)—B<t*(Zn) 77}‘

Now the combination of Equations (6.1)-(6.6) and Lemmas 5.5 and 5.6 yields, for all 5 < n <
min {A(z)}
zelZ
||Vn - ‘7n||p < ||Vn+1 - Vn+1||p + HVn+1 - VnJral + Q[UnJrl} ||Zn+1 - 2n+1Hp
+1Zn = Zall, (2[vn41], Bz + 2C,Cie [N} (2 + C1C)
+(4C,CA[t] + 2[via]  [Q)) v (3]d] )
[t]

1 ~ ~
+2Cy (2Can + ;Hsn+1 = Sl + 77_—ﬁHZn = Zal,)-

Now suppose there exists 0 < a < 1 such that n = a~!3. Then the optimal choice for 7 satisfies

1/ [t*] | 5 _
200 = (7170 = Zallp + 15011 = Snsall).

providing it also satisfies the condition 0 < n < m%n{A(z)}, Hence the result. O
zel’7

Theroem 6.3 gives a recursive error estimation. Here is the initializing step.

Theorem 6.4 Suppose the discretization parameters are chosen such that there exists 0 < a < 1
satisfying

AP ~ 1/2
O e (L 2y~ 2yl + 15w = 5ul) < _min (A,

z€l'3_4
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22 B. DE SAPORTA, F. DUFOUR, K.GONZALEZ

Then one has
VN1 — VN—1Hp < HVN—l - VN—al +3[9]||Zn — ZNHp +an_1||Zn-1 - ZN—al

)~ ~ 1/2
4402002211 2y = Zay+ 15 - B l)

with ay—1 = (2 (9], B2 +2C,Cy+ [N (2 4 C=Cy) 4 (4C,C [t] +2[g], [Q]) V (3[9]1)>'

Proof: As before, the strong Markov property of the process {X (¢)} yields

IN-1(ZNn-1) = E[9(Xsy 5(Zn-1,5n 1)) Sy >rn5(Zn—1,Sn 1)} | ZN—1]
+E[9(ZN) sy <rn 5(Zn -1, 1)} | ZN-1]
= 1(n 5(Zn-1,5n_1)>t*(Zn_ )} K 9(ZN-1)
+ 1y 5(Zn-1.5n-)<t*(Zy -1} (9 9 (ZN-1,7Np(ZN-1, SN-1)).

The rest of the proof is similar to that of the previous theorem. O

As in Section 5, it is now clear that an adequate choice of discretization parameters yields
arbitrarily small errors if one uses the stopping-time 7.

7. Example. Now we apply the procedures decribed in Sections 4 and 6 on a simple PDMP
and present numerical results.

Set E = [0, 1], and OF = {1}. The flow is defined on [0, 1] by ¢(z,t) = x + vt for some positive
v, the jump rate is defined on [0, 1] by A(x) = Sz, with 8 > 0 and « > 1, and for all x € [0, 1],
one sets Q(z, -) to be the uniform law on [0, 1/2]. Thus, the process moves with constant speed v
towards 1, but the closer it gets to the boundary 1, the higher the probability to jump backwards
on [0,1/2]. Figure 1 shows two trajectories of this process for xp =0, v =a =1 and =3 and
up to the 10-th jump.

The reward function g is defined on [0, 1] by g(x) = x. Our assumptions are clearly satisfied,
and we are even in the special case when the flow is Lipschitz-continuous (see Remark A.8). All
the constants involved in Theorems 5.1 and 6.3 can be computed explicitely.

The real value function Vo = vg(xp) is unknown, but, as our stopping rule 7y is a stopping
time dominated by T, one clearly has

(7.1) Vo =Eqg[g(X(7n))] < Vo= sup Equ[9(X(7))] <Ego[ sup g(X(t))].
TEMN 0<t<Tn

The first and last terms can be evaluated by Monte Carlo simulations, which provides another
indicator of the sharpness of our numerical procedure. For 10 Monte Carlo simulations, one
obtains Eg, [ supg<;<7, 9(X(t))] = 0.9878. Simulation results (for d = 2, 29 = 0, v = a = 1,
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FIGURE 1. Two trajectories of the PDMP.

3 = 3, up to the 10-th jump and for 10° Monte Carlo simulations) are given in Table 1. Note that,
as expected, the theoretical errors decrease as the quantization error decreases. From equation

(7.1), it follows

Vo= Vo <Eq[ sup g(X(1))] = Vo.

0<t<Tn

This provides an empirical upper bound for the error.

Pt

QE A Vo Vo Bi| B:| Bs

10 | 0.0943 | 0.151 | 0.7760 | 0.8173 | 0.1705 | 74.64 | 897.0

50 | 0.0418 | 0.100 | 0.8298 | 0.8785 | 0.1093 | 43.36 | 511.5

100 | 0.0289 | 0.083 | 0.8242 | 0.8850 | 0.1028 | 34.15 | 400.3

500 | 0.0133 | 0.056 | 0.8432 | 0.8899 | 0.0989 | 21.03 | 243.1

900 | 0.0102 | 0.049 | 0.8514 | 0.8968 | 0.0910 | 17.98 | 206.9

Pt
QFE
A
B
By
B3

Number of points in each quantization grid
Quantization error: QF = maxo<ip<n ||©Or — @kHQ
For all z, A(z) = A

Empirical bound E,, [SUPogthN g(X(t))] -V
Theoretical bound given by Theorem 5.1
Theoretical bound given by Theorems 6.3 and 6.4

TABLE 1
Simulation results.
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APPENDIX A: AUXILIARY RESULTS

A.1. Lipschitz properties of J and K. In this section, we derive useful Lipschitz-type
properties of operators J and K. The first result is straightforward.

Lemma A.1 Let h € L¢. Then for all (z,y) € E? and (t,u) € R%, one has
(@, ¢ A 17(2)))e @) — Ry, u At (y)))e )]
< Di(h)|x —y| + D2(h)|t — ul,
where
o ift <t*(z) and u < t*(y),
Dy(h) =[], + CpCi=[A]},  Da(h) = [A]
o ift =1t*(z) and u = t*(y),
Dy(h) = [h], + ChCp[A], + CLCA[t"], Ds(h) =0,

o 1t CrCy,

e otherwise,
Dl(h) = [h]l + CyCy [A]l + [h]Q[t*] + CLC\ [t*], DQ(h) = [h]2 + C,C\.
Lemma A.2 Let w € B(E). Then for all x € E, (t,u) € R%, one has
[ (.9)(2.1) — J(w, ), )| < (CuCx+ [g), + CoON)t — .

Proof: By definition of J, we obtain

/Mt*(x) AQu(¢(z,s))e @) ds
" )

Tg)at) = S pew)| < | [

+ ‘g(¢>(x, t At (x)))e” MO — g((a, u At (z)))e MEHATED],

Applying Lemma A.1 to h = g, the result follows. O

Lemma A.3 Let w € L. Then for all (x,y) € E?, t € Ry,
|T(w,9) (2, 8) = T (w, 9)(y,1))| < (CwBr + [w], Bz + Es)le — yl,

where

&
Il

C, [t*] + Cp= [)\]1(1 + Ct*C)\),
Ey = CpCy[Q],
Ez = [g], + [g],[t"] + Co{Ci [\], + OA[t"] }.
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Proof: again by definition, we obtain
[ T(w, g)(, ) = T(w, 9)(y,1))]

<

tAL* () A(s) tAt* (y) A(y.s)
/0 AQu((z, s))e @) ds — /0 AQu(@(y, 5))e~ M) ds

+ [g(d, t A E(2))e MA@ — g(g(y, b A E (y)))e AT 0],

Without loss of generality it can be assumed that t*(x) < ¢*(y). From Lemma A.1 for h = g and
using the fact that [¢ A t*(z) — t A t*(y)| < |[t*(z) — t*(y)], we get

[T (w, g) (@) = J(w, 9)(y,1))|

< / o AQu(d(z, 8))e M=) — AQu(d(y, s))e )
0
+ (CwC'A [t*] + Eg) |z —y).

ds

By using a similar results as Lemma A.1 for h = AQw, we obtain the result. O
Lemma A.4 Let w € L. Then for all (x,y) € E?,

[Kw(z) = Kw(y)| < (CwBs+ [w] B+ [w], [Q])]z —yl,
where By = 203\ [t*] 4+ Cp+[A] L (24 C=Cy).

Proof: The proof is similar to the previous ones and therefore omitted. O

A.2. Lipschitz properties of the value functions. Now we turn to the Lipschitz con-
tinuity of the sequence of value functions (v,). Namely, we prove that under our assumptions,
v, belongs to L€ for all 0 < n < N. We also compute the Lipschitz constant of v,, on E as it is

much sharper in this case than [v,], see Remark 2.2.

We start with proving sharper results on operator J.

Lemma A.5 Let w € L. Then for all x € E and (s,t) € R%,

‘sg;z J(w, g)(z,u) — Slip J(w,g)(w,u)’ < (CwCi + [9]2 + CyCH) |t — 3.

Proof: Without loss of generality it can be assumed that ¢ < s. Therefore, one has

(A1) [supJ(w,g) () = sup T (w.g) . )| = sup J (w,9) ) —sup J(w.g) . ).
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26 B. DE SAPORTA, F. DUFOUR, K.GONZALEZ
Remark that there exists ¢ € [t A t*(x), t*(z)] such that sup J(w, g)(x,u) = J(w, g)(x,t). Conse-
u>t

quently, if £ > s then one has

sup J(w, g)(z,u) — sup J(w,g)(m,u)‘ = 0.
u>t u>s

Now if £ € [t At*(x), s[, then one has

sup J(w, g)(w, u) = sup J(w, g)(z,u) < J(w, g)(@.?) = J(w, g)(z, 5).

From Lemma A.2, we obtain the following inequality

(A2) s J(w,6)(rw) —5up T, 9)(o ) < (CuCh+ [g], + CoC)F — 5.
Combining equations (A.1), (A.2) and the fact that |t — s| < |t — s]| the result follows. O

similarly, we obtain the following result.

Lemma A.6 Let w € L. Then for all (x,y) € E?,

| sup J(w,g)(z,t) = sup J(w,g)(y,t)| < (CuBs + [w] s + Eg)lz — yl,
t<t*(z) t<t*(y)

where Es = By + CA[t*] and Es = E3 + ([g], + C,Cy) [t*].
Now we turn to (v,). Recall from [11] that for all 0 < n < N, (v,) is bounded with C,,, = Cy.
Proposition A.7 For all0 <n <N, v, € L° and
[Un]l < e (2 [’Un+1]1E2 + CgEl + CgE4 + Cgct* [)‘]1(1 + CACt*))
(A.3) +e{([g], + [9),[]) V ([ons1], [QD) ],

(A.4) o]y, < €D {CyON 4+ CACr) + [9],}
[vn], < [vn], + [on],[t7],
0] < [vng1] Bo + CoBs + { Be V ([vas1],[Q) + CyCi [A],) }-

Proof: Clearly, vy = g is in L® Assume that v,y; is in L€ then by using the semi-group
property of the drift ¢ it can be shown that for any = € E, ¢t € [0,t*(x)], one has (see [11, Eq.

@)

(A5) (@) = A (sup T(onar, 0)(,w) V Ko () = Tonga (2,1) )

u>t

Remark that for x € E, t € Ry, one has

(A6)  sup J(vni1, 9)(%,u) V Kvng1 (@) < sup J (01, 9)(2, 1) V Kvng1 (2) = vn(2).

imsart-aap ver. 2007/12/10 file: QuantifAAP-R.tex date: September 24, 2009



OPTIMAL STOPPING FOR PDMP 27
Set (z,y) € E? and t € [0,t*(z) At*(y)]. It is easy to show that

(A.7) ’eA(z’t) - eA(y’t)’ < NG (A],Ci

z —yl,
(A.8) [Tonsa(@,8) = Tonia(9,8)| < (Cona By + [vnia] Bo) |2 = yl.
Then, equations (A.5)-(A.8) yield

({2, 1)) = vy, £)| < {[on(@)] + [Tvns1 (2, )| JeD (] Crolw — ]

+ ML sup | (0n41,9)(,0) = S (ns1,9) (w5 0)| V [ Kmy1 () = Komea (0)]}

(A9)  +er0D(Cy By + [vni] Br)lw - yl.
For x € E, t € [0,t*(z)] and n € N, note that
(A.10) AMED < O Ty (2, 8)| < CACy,, Cr, and [vg11(2)] < Oy

Therefore, we obtain inequality (A.3) by using equations (A.9), (A.10) and Lemma A.3, A.5,
and the fact that CyEy + E3 = CyEy + [g], + [g],[t"].
Now, set z € E and t, s € [0,t"(z)]. Similarly, one has

(A.11) ‘eA(m’t) — M@ < OO Oy |t — ),

(A.12) ’Ivnﬂ(x,t) — Tvpia(z, s)‘ < C\Cop |t — 5.
Combining equations (A.5), (A.6), (A.11) and (A.12), it yields

[vn(9(2,£)) = va(9(, )| < {[on(@)] + |Tvnsa (@, 1) JeD Calt = s
(A.13) + M {

sgyt) J (U1, 9)(z,u) — sgp J(vnﬂ,g)(x,u)’ + C\Cy, |t — s|}

Finally, inequality (A.4) follows from equations (A.10), (A.13) and Lemma A.4.

One clearly has [v,], < [vn], + [vn],[t*]. Finally, set (z,y) € . By definition, one has

’UN(QQ _'Un(yﬂ

< | sup T )~ sup T, g)ww)| V[ Koni (@) - Kva ),
u<t*(z) u<t*(y)
and we conclude using Lemmas A.6 and A.4, and the fact that Ey = E5 + Cy«[A] I O

Remark A.8 Note that [v,] is much sharper than [v,],. If in addition to our assumptions, the
drift ¢ is Lipschitz-continuous in both variables, then with obvious notation, one has [vn]i <
[Un] [QZ)L fori € {1,2,x}, which should yield better constants, see the example in Section 7.
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APPENDIX B: STRUCTURE OF THE STOPPING TIMES OF PDMP’S
Let 7 be an {F;
[6].
Theorem B.1 There exists a sequence of nonnegative random variables (R,,)
is Fr,_,-measurable and 7 N Tp41 = (T, + Rys1) A Tng1 on {7 > T,}.

Lemma B.2 Define Ry = Ry, and Ry, = Rkl{sk,1<§k,1}' Then one has

} . €R+—stopping time. Let us recall the important result from M.H.A. Davis

neN* such that R,

T = Zﬁn A Sp.
n=1

Proof: Clearly, on {T}, < 7 < Tjy1}, one has R; > S; and Rpq; < Spqg for all j < k.
Consequently, by definition R; = R; for all j < k + 1, whence

00 k 00
> RuASn = > RoASy+{Riy1 ASks1}+ Y Ru NSy
n=1 n=1 n=k+2

)
= T+ Rpy1+ Z R, A S,.
n=k+2

Since Rpy1 = Rpy1 < Sk41 we have R; = 0 for all j > k + 2. Therefore, > 02 R, A S, =
T; + Ri41 = 7, showing the result. O

There exists a sequence of measurable mappings (rk)k N defined on E x (Ry X E)k_1 with
value in R, satisfying

R1 = (%),
Ry, = ru(Zo,Tk-1),
where Fk = (51, Zl, ey Sk, Zk).

Definition B.3 Consider p € N,. Let (Rk) be a sequence of mappings defined on E x (R4 X

E)P x Q with value in R, defined by ket
Ri(y,v,w) = mp(y,7),
and for k > 2
Ry(y,7,w) = ok (U Y D1 (W), cm (075 9)-
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Proposition B.4 Assume that T, <7 <Ty. Then, one has

T = TP—F?(Z(],FP,@TP),
where T: E x (Ry x E)P x Q — Ry is defined by

N—
(B.1) 7(y, 7 w Z R (y,7,w) A Sp(w).

Proof: First, let us prove by induction that for k € Ny, one has

(B.2) Ri(Zo, Ty, 01,) = Ry

Indeed, one hasA El(ZO,Fp,HTp) = Ry+1, and on the Eet {r > T,}, one also has Ry+1 = Rp41.
Consequently, R(Zo,T'y) = Rps1. Now assume that Ry(Zo,T'p,07,) = Rpij. Then, one has
Ryc1(Z0(w), Tp(w), 01, () = Tprrer1 (Z0(w) Lp(w), T, (W) g, 4 (Zo(w), Tp(w), b7, (w)).

By definition, one has I'y (07, (w)) = (Sp+1(w), Zp41(w), . . ., Spsk(w), Zpsk(w)) and the induction
hypothesis easily yields 1{5k<§k}(Z0(w),Fp(w),HTp(w)) = l{Sp+k§§p+k}(W)‘ Therefore, we get

Ri41(Z0,Tp, 01,) = Rpyi41, showing (B.2).
Combining equations (B.1) and (B.2) yields
N—ni
(B.3) 7(Zo.Tp,01,) = > Rptn A Spin-
n=1

However, we have already seen that on the set {T" > T,}, one has Ry = Ry > Sy, for k < p.
Consequently, using equation (B.3), we obtain

Tp+7A'(Zo,Fp,9Tp Zsk—i- Z Rk/\sk—ZRk:/\Sk
k=p+1

N

Since 7 < T, we obtain from Lemma B.2 and its proof that 7 = ZE" A Sy, showing the
n=1

result. O

Proposition B.5 Let (U”)neN* be a sequence of nonnegative random variables such that Uy, is
Fr, ,-measurable and Upt1 =0 on {S, > Uy}, for all n € N,. Set

> Un A Sy
n=1

Then U is an {F; -stopping time.

}t€R+
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Proof: Assumption 2.1 yields

o0

{U < t} = U |:({Tn < U < Tn+1}ﬂ{U < t} ﬂ{t < Tn—i—l})

n=0
(B.4) U({T0 S U < Tun} U < 80T < t})}
From the definition of U,,, one has {U > T,,} = {U,, > S, }, hence one has

(T U < Tpar} MU < 30t < Togr} ={Sn < Un} {Tp + Uiy < t}
A{T, <t} N{t < Tpir).

Theorem 2.10 47) in [8] now yields {S, < U, } {1}, + Upt+1 < t} N{T,, <t} € F;, thus one has
(B.5) {T, U< Tp1}{U < t}n{t < Tpy1} € Fr.
On the other hand, one has

{T, <U < Tps1} U <t} {Tht1 <t} ={Sp < Up} {Uns1 < Spt1} {Tnt1 < t}.
Hence Theorem 2.10 i7) in [8] again yields
(B.6) {1, U <Tp1} U <t} {Tp41 <t} € F.

Combining equations (B.4), (B.5), and (B.6) we obtain the result. O

Corollary B.6 Forany (y,7) € Ex(RyxE)”, 7(y,, ) is an {F
7/:(:% v ) S TN—p-

}teRJr -stopping time satisfying

Proof: It follows form the definition of Ry that Ri(y,v,w) < Si(w) implies Rji1(y,v,w) = 0
and the nonnegative random variable Ry(y,, ) is Fr,_,-measurable. Therefore, Proposition B.5

yields that 7(y,~,-) is an {ft}t€R+—stopping time. finally, by definition of 7, see equation (B.1),
N—p

one has 7(y,7,-) < Z Sy = Tn—p showing the result. O
n=1
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