Asymptotic behavior of solutions to the fragmentation equation
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Abstract

The subject of this paper is a fragmentation equation with non-conservative solutions, some
mass being lost to a dust of zero-mass particles as a consequence of an intensive splitting.
Under some assumptions of regular variation on the fragmentation rate, we describe the large-
time behavior of solutions. Our approach is based on probabilistic tools: the solutions to the
fragmentation equation are constructed via non-increasing self-similar Markov processes that
reach continuously O in finite time. Our main probabilistic result describes the asymptotic
behavior of these processes conditioned on non-extinction and is then used for the solutions to
the fragmentation equation.

We notice that two parameters influence significantly these large-time behaviors: the rate of
formation of “nearly-1 relative masses” (this rate is related to the behavior near 0 of the Lévy
measure associated with the corresponding self-similar Markov process) and the distribution
of large initial particles. Correctly rescaled, the solutions then converge to a non-trivial limit
which is related to the quasi-stationary solutions to the equation. Besides, these quasi-stationary
solutions, or equivalently the quasi-stationary distributions of the self-similar Markov processes,
are entirely described.
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1 Introduction and main results

Fragmentation processes occur in a variety of natural phenomena, among which polymer degradation, mineral
grinding, droplet break-up, but also in analysis of algorithms, phylogeny, etc. The kinetic equation used in
the physical literature to describe the time-evolution of masses of particles prone to fragmentation has the
form

Omela) = [ )bl )y — ofeynu(z), 1)

where n; () is the concentration of particles of mass x at time ¢, a(z) is the overall rate at which a particle with
mass z splits and b(z, y) describes the distribution of particles of mass y produced by the fragmentation of a
particle of mass z. It is assumed that no mass is lost when a particle breaks up, that is fom yb(x,y)dy = x. The
integral in the right-hand side of (1) models the increase of particles of mass x due to the the fragmentation
of particles of masses y > x, whereas the negative term —a(x)n:(z) models the loss of particles of mass z,
due to their fragmention into smaller particles. This fragmentation equation has been intensively studied
both by physicists and mathematicians. Among the first papers on the topic, we may cite e.g. [24, 25].

Both in the physical and mathematical literature, particular attention has been paid to models with the
following self-similar dynamic:
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- a(x) = Cx®, for some fixed C' > 0 and o € R

- b(x,y) = h(y/z)/x (with h such that fol uh(u)du = 1). This means that the distribution of the ratios
daughters masses/parent mass is only determined by a function of these ratios (and not by the parent
mass).

The reason is twofold. These self-similar assumptions are relevant for applications, e.g. for polymer degra-
dation ([30]), mineral crushing in the mining industry ([7] and the references therein) or to construct phylo-
genetic trees ([1]). But they are also more tractable mathematically. Besides, for the same reasons, there is
also a significant literature on probabilistic models for the microscopic mechanism of fragmentation with a
self-similar dynamic. We refer to the book of Bertoin [5] for an overview and to the papers [13] and [19] for
discussions on the relations between the probabilistic models and the above equation.

The goal of this paper is to contribute to the understanding of solutions to the self-similar fragmentation
equation, by describing their large time behavior. The cases when « > 0 are treated in [13] and we will be
concerned here with the negative cases a < 0.

We will actually consider the following generalization of the weak form of the above fragmentation
equation (1) with a self-similar dynamic:

o< f> = /Oooxa ( / 1(f(yw)—f(:v)y)B(dy)> u(da), (2)

where (¢, ¢ > 0) denotes a family of measures on ]0,00[, « € R, B is a measure on ]0, 1] such that
1
| vtt= By < o<, and B 0.1 > 0 Q)
0

and f denotes any test function. When B(dy) = Ch(y)dy with fol yh(y)dy = 1 and pi(dz) = ne(z)dz, we
recover the weak form of (1) with a(x) = Cz® and b(x,y) = h(y/z)/z. Informally, (2) corresponds to models
in which particles with mass zy, 0 < y < 1, are produced from the splitting of a particle with mass x at
rate x®B(dy). Note that the overall rate at which a particle with mass x splits is x® fol yB(dy), which may
be infinite here. Let us add that the physical interpretation of the fragmentation equation imposes some
constraints on the measure B. However other interpretations are possible and in the following we will be
concerned with all measures B satisfying (3).

We focus on solutions to (2) with finite and non-zero initial total mass. The fragmentation equation
being linear, we suppose, without loss of generality, that fooo xpo(de) = 1. To be precise, we call a solution
to (2) starting from pg, any family of measures (¢, t > 0) on ]0, co[ starting from o and such that

o (i, t > 0) satisfies (2) for any test functions f € C!, the set of real-valued continuously differentiable
functions on |0, co[ with compact support

o the following natural “physical properties” are respected (id denotes the identity function)
m(t) =< pg,id > < m(0) =1, Vt >0, (4)

and
o ([M, 00[) = 0 for some M > 0 = pt([M,o0[) =0Vt > 0. (5)

Note the self-similarity of solutions: if (ug,t > 0) is a solution to (2), so is (77 pgye o (yid)™h), for all
~v > 0. Note also that if (u¢,t > 0) is a solution to the equation with parameters («, B), then for all ¢ > 0,
(ttet, t > 0) is a solution to the equation (2) with parameters (o, c¢B).

Many results on existence and uniqueness of solutions to (1) are available in the literature. See e.g.
[2, 13, 23] and the references therein. With the definition above, we have the following result on existence
and uniqueness of solutions to (2), which is a generalization of Theorem 1 of [19] (see also [17] for a similar
approach). We recall that a subordinator is a non-decreasing Lévy process and that its distribution is
characterized by two parameters: a non-negative drift coefficient and a so-called Lévy measure on |0, oo
that governs the jumps of the process. See Section 2 for background on this topic.



Theorem 1.1. Let py be a measure on ]0,00[ such that fooo zpo(dz) = 1. Then

(i) there exists a solution to (2) starting from pg as soon as
a<0

or

o xT
a >0 and either / zIn(z)po(dz) < oo or z €]0,1[— 2! / yB(dy) is bounded near 0.
1 0

More precisely, this solution can be constructed via a subordinator & with zero drift and a Lévy measure given
for any measurable function g :)0, co[— [0, 00| by

') 1
/ g(2)TI(dz) = / g(~ n(z))zB(dz), (6)
0 0

through the formula

/000 f(@)zp(de) := /OOOIE [f (zexp(—&pwor)))] zpo(dz), for all measurable f :]0,00[— [0,00[,  (7)

where p is defined by

p(t) = inf {u >0 /Ou exp(a,)dr > t} .

(ii) This solution is unique as soon as po([M,o0[) =0 for some M > 0.

When the family (u¢, ¢ > 0) is constructed via a subordinator by (7), some conditions on u and B
for the existence of a density for us, t > 0, can be settled explicitly. See e.g. [18, Proposition 3.10]. We
also recall that there may be multiple solutions to the fragmentation equation when the Assumption (4) is
dropped. We refer to [2] for some explicit examples.

The proof of Theorem 1.1, based on that of Theorem 1 in [19], is postponed to the Appendix at the end
of this paper.

The main purpose of this paper is to use the construction (7) of solutions to the fragmentation equation
to describe the large-time behavior of these solutions when o < 0. From another, but equivalent, point of
view, our main results describe the large-time behavior of exponentials of minus time-changed subordinators,
as defined in Theorem 1.1, conditioned on non-extinction. These processes belong to the family of so-called
self-similar Markov processes. We refer to Section 3 for a statement of our results in that context.

The study of large-time behavior of solutions to the fragmentation equation when o > 0 is investigated in
details in [13]. We point out that some results of [13] can be re-demonstrated using a probabilistic approach:
it mainly consists in combining the subordinator construction of solutions to the fragmentation equation
with the description of large-time behavior of time-changed subordinators when « > 0 investigated in [6].

From now on, we consider aw < 0. It is well-known that in a such case, small particles split so quickly
that they are reduced to a dust of zero-mass particles, so that the total mass of non-zero particles

m(t) =< py,id >

decreases as time passes. This phenomenon, sometimes called “shattering”, was studied e.g. in [2, 4, 16, 19,
24, 29]. More precisely, one can check that the total mass m is strictly decreasing and strictly positive on
[0, 00[ and that m(t) — 0 as ¢ — oo. See the forthcoming Proposition 3.3 for a proof in our framework.

In order to describe the behavior of m(t) as ¢ — oo more accurately, we introduce the following function
defined for all ¢ > 0 by

o(t) := /0 (1—2") zB(dz). (8)

It is not hard to check that the function t — t/¢(¢) is continuous, strictly increasing on ]0, oo[ and that its

range is ](fo1 |In(x)|xB(dz))~!, 0o[. Note that the integral fol |In(x)|rB(dz) may be finite or infinite. Then
introduce
¢, the inverse of t — t/¢(t), ©))

which is well defined in a neighborhood of co. This function will play a key-role in the description of the
long-time behavior of solutions to the fragmentation equation.



Most of our main results rely on the following hypothesis on the measure B:
1—u
the function « :]0, 1[— / xB(dx) varies regularly at 0 with an index — g8 €] — 1,0], (H)
0

which, in particular, ensures that ¢ and ¢ are regularly varying functions at oo, with respective indices
and 1/(1 — 3). See Section 2.2 for details and background on regular variation.

Last, we mention that the large-time behavior of solutions to the fragmentation equation will depend
strongly on the structure of the initial measure pg, mainly on the manner it distributes weight near co. The
statements of our results are therefore split into two parts, according as to whether the initial measure has
a bounded support (Subsection 1.1) or not (Subsection 1.2). Subsection 1.3 deals with the quasi-stationary
solutions.

1.1 Initial measure py with bounded support

In this subsection, we adopt the following hypotheses and notations:
-a<0
- the measure pg has a bounded support, i.e. po([M,oc[) =0 for some M > 0

- (ut,t > 0) denotes the unique solution to the fragmentation equation (2) starting from uqg.

The supremum of the support of g is the real number s such that pg(]s,o0[) = 0 and uo(Js — €, s]) > 0 for
all ¢ < s. Thanks to the self-similarity of solutions, we can, and will, always suppose that this supremum is
equal to 1. In such frame, we have the following results.

Proposition 1.2. For all A < ¢(00) := lim,_,oc ¢(x), there exists a constant Cy < oo such that
m(t) < Cyexp(—At), Vt > 0.

More precisely, under the hypothesis (H),

() ~ L0

o Tal )

In particular, t — —In(m(t)) is reqularly varying at co with index 1/(1 — ().

Together with the following theorem, this gives a complete description of the large-time behavior of
(ug,t > 0). Here, two positive functions g and h are said asymptotically equivalent if g(x)/h(z) — 1 as
T — 00.

Theorem 1.3. Suppose (H) and [, |In(z)|xB(dz) < co. Then for all continuous bounded test functions

110,00~ R, o 1/lal s
] f<<so<laa|y>> g;)m(dx);m [ smnnan)

where T (dx) is a probability distribution on |0, 00] that is characterized by its moments

/ 2" zpe (dz) = ¢(|al)g(2lal)..d(nlal), n > 1. (10)
0
The function t — @(|a|t)/(|alt) can be replaced by any asymptotically equivalent function.

It is interesting to compare this result with that obtained by Escobedo et al. [13] when the parameter « is
positive. As already mentioned, part of their result can be rediscovered and completed by using Bertoin and
Caballero’s paper [6]. With our notations and under the assumptions [ |In(z)|zB(dz) < oo and a > 0, the
asymptotic behavior of the solution (u:,t > 0) to the fragmentation equation («, B) starting from pg = 01
can be described as follows:

L () mian) = [ r@enn),

4



for all continuous bounded functions f :]0, co[— R. The measure z7.(dx) is a probability measure on ]0, ool
Interestingly, the measure B is then only involved in the description of the limit measure 7)., not on the
“shape” of the speed of decrease of masses to 0.

We come back to the case o < 0. Note that when fol_u rB(dz) ~ u™? as u — 0 for some 8 € [0, 1],
we have ¢(t) ~ T'(1 — B)t? and therefore (p(|alt)/|alt)t/1o] ~ Cy 5tP/((0=DeD) as t — oo, where Cy 5 =
(|a|fT (1 — B))/((=AleD)  When moreover Jo |In(z)|zB(dz) < oo, Theorem 1.3 then reads

% /Ooo f ((;aﬂtﬁ/((lfﬁ)\al)x) zp(dx) 2 /Ooo f (@) 200 (d)

for all continuous bounded test functions f :]0, co[— R.

The existence and uniqueness of a measure [, on ]0, 00| satisfying (10) actually hold without any
assumption of regular variation on the measure B or on its behavior near 0. See the discussion near formula
(14) in Section 3 for details. Some properties of the measure o (tail behavior near 0, near co) are given
in Section 5. In Subsection 1.3, we discuss its links with the quasi-stationary solutions to the fragmentation
equation.

The proof of Theorem 1.3 consists in describing the behavior of the mass of a random typical non-dust
particle, which is defined as follows: at each time ¢, choose a particle at random among the particles with
a strictly positive mass, with a probability proportional to its mass. Le. if M(¢) denotes the mass of this
random particle, the distribution of M (t) is given by

4 zpi(dz)

M(t) m(®)

Otherwise said, in terms of the subordinator & related to the equation by (7), M(t) is distributed as
M(0) exp(—£,(ar(0y>r)) conditioned to be strictly positive, with M (0) independent of . In terms of M,
the statement of Theorem 1.3 rephrases as follows

((p(|at)>1/a| M) S M.,

ot

where My, is a random variable with distribution xp.(dz). Note the special case fol xB(dz) < oo, where
o)/t — fol xB(dz) < co. Then we have that M (t) converges in distribution to a non-trivial limit. In the
other cases satisfying the assumptions of Theorem 1.3, ¢(t)/t — oo and therefore M () Zo.

Using this random approach, we can also specify the behavior of masses that decrease at different speeds
to 0, as follows.

Proposition 1.4. Assume (H) and k := fol |In(z)|zB(dz) < co.

(i) Suppose moreover that the support of B is not included in a set of the form {a™,n € N} for some a €]0,1].
Then for all measurable functions g : [0, 00[—]0, 00| converging to 0 at co,

wpe(dr) —

g(t)° /gu)wat)/mt)”“ 1
m(t) Jo t=oo |aln’

(ii) For all measurable functions g : [0,00[—]0, co[ converging to co at oo,
- if glel(#)t/o(t) converges to co at oo,
/ zue(de) =0
g (e(alt)/|alt)t/«
for all t sufficiently large



- if glol(t)t/o(t) converges to 0 at 0o and 0 < B < 1:

lmsup - In Jowetatn oty 292\ g
t—oo ¢~ (g(t)1]) m(t) ~

where ¢~ denotes the inverse of ¢.

Note that the first assertion of (i) is obvious since g(t)(¢(|a|t)/|alt)}/® — oo (which means that for ¢
sufficiently large, it is larger than 1, the supremum of the support of ;).

We finish this section with the following result on the remaining mass at time ¢ of particles of mass 1
when p9({1}) > 0. The measure fi; is that introduced in Theorem 1.3.

Proposition 1.5. Suppose po({1}) > 0 and set ¢(c0) := fol xB(dx) €]0,00]. Then for allt >0,

pe({1}) = exp (—t¢(00)) po({1})-
When moreover (H) is satisfied and [ |In(z)|zB(dz) < oo and ¢(c0) < oo,

U (00) /g (100000171}

m(t) t—o0
o . .. 1 B(dz)
and this limit is non-zero if and only if [ = <oo.

This means that under the assumptions of Proposition 1.5, for large times, the remaining total mass of
l-mass particles is proportional to the total mass of non-zero particles when [ ! (1—2)~'B(dz) < oo, whereas
it is negligible compared to the total mass of non-zero particles when = fl(l —x)71B(dz) = co. We point
out that the convergence of Proposition 1.5 is not necessarily true when po({1}) = 0 (since then u:({1}) =0
for all ¢ > 0, whereas the term in the limit may be strictly positive).

1.2 Initial measure py with unbounded support

We still suppose that « < 0 and we denote by (¢, ¢t > 0) the solution to the fragmentation equation (2)
starting from po and constructed via a subordinator by formula (7). The asymptotic behavior of the mass
m(t) is then strongly modified by the presence of large masses and depends on the behavior as ¢ — oo both
of ¢(t) and o ([t, 00]). We investigate two particular cases: exponential and power decreases of g ([t, 00])
as t — oo.

Theorem 1.6. Assume (H) and that po possesses a densily, say ug, in a neighborhood of co such that
In (up(x)) ~ —Cz”
o0
for some v > 0.

(i) Then,
—In (m(t)) ~ C'aﬁwc(lﬂl—ﬁ)w/la\)’lh(t)

where h is the inverse, well-defined in the neighborhood of co, of t — t' /7 /¢(t) and
|1/ (1=5) ) S aT

— .

In particular, —In(m(t)) varies regularly at oo with index 1/(1 — 8+ |a|/7).

Capry = (14|71 - 9)) (

(i) Suppose moreover that [ |In(z)|zB(dx) < oo, which ensures that the function In(m) is differentiable on
10,00[. Then, if the derivative (In(m)) is reqularly varying at oo, one has, for all continuous bounded test
functions f :]0,00[— R,

% /OOO f ((Cahg(i)ct> v :c) xp(dz) e /O°° f(@)zpos(de),

where Lo (dx) is the measure introduced in Theorem 1.3 and
Cop 70(1+(1*ﬁ)v/|a\)’1
1—B+lal/y

Ca,pyc =



Assuming that the derivative (In(m))’ is regularly varying at oo may seem demanding. Actually, this
assumption is also needed to get Theorem 1.3, but we are able to show it is always satisfied under the
hypotheses of this theorem (see Lemma 3.9). Unfortunately, it seems difficult to adapt this proof to the
case when the measure g has an unbounded support. However, according to a classical result on regular
variation (the Monotone Density Theorem), (In(m))’ varies regularly at co as soon as In(m) varies regularly
at oo and (In(m))’ is monotone near oo, which can be checked in some particular cases.

There is also the following result on the decrease of the mass m when the density ug of g has a power
decrease near oo.

Proposition 1.7. Assume that pg possesses a density ug in a neighborhood of co such that

uo(x) ~ Cz™7

for some v > 2. Then,
—2
m(t) ~ C't™ s,
oo

with C' = |a|71C [° m(u)u%%_ldu < 0o, where M denotes the total mass of the solution to fragmentation
equation with the same parameters a, B as that considered here, and with initial distribution 61, the Dirac
mass at 1.

1.3 Quasi-stationary solutions

A quasi-stationary solution to the fragmentation equation (2) is a solution (u¢,t > 0) such that
Ht = m(t),u07Vt > Oa

with m(t) =< p,id >. These quasi-stationary solutions are closely related to the measure po, introduced in
the statement of Theorem 1.3. We have already mentioned that existence and uniqueness of such a measure
oo satisfying (10) hold without any assumption of regular variation on the measure B or on its behavior near
0. The interesting fact is that, whatever the conditions on B, this measure and its self-similar counterparts

p) = A" oo 0 (Aid) 7,
A > 0, are the only initial measures leading to quasi-stationary solutions to the fragmentation equation (2).

Theorem 1.8. For all A > 0, let (,u(()i?t, t > 0) denote the solution to the fragmentation equation (2) starting

from ,ugé) and constructed via a subordinator by (7). Then for all t > 0,

A
p, = exp(=2*)u) = m(t)ul).

Reciprocally, if (ue,t > 0) is a quasi-stationary solution to the fragmentation equation, then there exists a
A > 0 such that (g, t > 0) = (,u(()z?t,t > 0).

Organization of the paper. We start in Section 2 with some background on subordinators and regular
variation. Section 3 is the core of this paper: our main results on large-time behavior of self-similar Markov
processes conditioned on non-extinction are stated and proved there. Together with Theorem 1.1, these
results imply Theorems 1.3, 1.6 and 1.8, as well as Propositions 1.2 and 1.7. Section 4 is devoted to the
proof of Proposition 1.4. Some properties of the limit measure po, are given in Section 5, and used to prove
Proposition 1.5. Last, some specific examples are discussed in Section 6 and the proof of Theorem 1.1 is
detailed in the Appendix.



2 Background on subordinators and regular variation

2.1 Subordinators

A subordinator is a non-decreasing Lévy process, i.e. a non-decreasing cadlag process with stationary and
independent increments. We recall here the main properties we need in this paper and refer to the Chapter
3 of [3] for a more complete introduction to the subject.

The distribution of a subordinator (§;,t > 0) starting from &, = 0 is characterized by its so-called Laplace
exponent ¢ : [0, 00[— [0, co[ through the identity

E [exp(—A&:)] = exp(—tp(A)), VAt > 0.

According to the Lévy-Khintchine formula [3, Theorem 1, Chapter 1], there exists a real number d > 0 and
a measure II on |0, 00[, [;°(1 A 2)II(dz) < oo, such that

6(N) = dA + /00(1 ~ exp(—Az))TI(dg), YA > 0.

The measure IT governs the jumps of the subordinator: the jumps process of £ is a Poisson point process
with intensity II.

We will need the strong Markov property of subordinators ([3, Proposition 6, Chapter 1]): given a
subordinator £ and a stopping time T with respect to the filtration (F;,¢t > 0) generated by &, then,
conditionally on {T < oo}, the process (&7 —&r,t > 0) is independent of Fr and is distributed as €. Last,
we recall that the semi-group of a subordinator possesses the Feller property ([3, Proposition 5, Chapter 1]).

From now on, all subordinators considered in this paper start from 0 and have a drift d = 0. Their
distribution is therefore completely determined by their Lévy measure II. Note that when II is related to a
measure B on |0, 1] through the formula (6), the above expression of ¢ coincides with that given by formula
(8), i.e.

6(\) :/Ooo(l—exp(—)\x))ﬂ(dx) :/0 (1—2MaB(dz), YA > 0.

2.2 Regular variation

A function f :]0, 00[—]0, oo] is said to vary regularly at co (resp. 0) with index v € R if for all a > 0

[f(ax)
f(@)
We refer to [9] for background on the topic. In particular, we have already implicitely used that the inverse,

when it exists, of a function regularly varying at oo with index v > 0 is also regularly varying at oo, with
index 1/7 (see Section 1.5.7 of [9]).

— a7 as x — oo (resp. 0).

Note that when the Lévy measure II is related to the fragmentation measure B by the formula (6), our
main assumption (H) reads “u €]0, 00[— [ II(dz) varies regularly at 0 with index —3”. It is classical that
this is equivalent to the fact that the function

¢ varies regularly at oo with index .

This can be easily proved from Karamata Abelian-Tauberian Theorems (see in particular Chapters 1.6 and
1.7 of [9]). We will often use this form of the assumption (H).

To prove the forthcoming Theorem 3.1, which will then imply Theorems 1.3 and 1.6 (ii), we will need
the following technical lemma, which is taken from Chow and Cuzick [12].

Lemma 2.1. (Chow and Cuzick [12, Lemma 3]) Let f be regularly varying at infinity with index v > 0, and
suppose that for all e > 0 there exists some x(e) such that

ATE< J;(()‘;)) <ATEL VA > 1,V > z(e). (11)



Then for all 6 > —1,

041 oo
el (@) / (z — 1)’ e @ dg P v T (14 6).
t — 00

We point out that Chow and Cuzick state their result for all regularly varying functions with a positive
index, but that their proof strongly relies on the key point (11), which is not true for any regularly varying
function (easy counter-examples can be constructed). However, the functions we are interested in, i.e.
—In(m), and to which we will apply this result, will in general satisfy (11). In particular, see the forthcoming
Lemma 3.6.

3 Asymptotic behavior of self-similar Markov processes

Given the construction (7) via subordinators of solutions to the fragmentation equation, the issue of charac-
terizing the large-time asymptotics of these solutions is equivalent to characterizing large-time behavior of
distributions of time-changed subordinators.

So, let £ be a subordinator started from 0 with Lévy measure II and no drift. We denote by ¢ its Laplace
exponent. Then consider o < 0 and let X (0) be a strictly positive random variable, independent of £. Our
goal is to specify the asymptotic behavior as ¢ — oo of the distributions of the random variables

X (t) := X(0) exp (—Ep(x(0)o1)) » (12)

conditional on {X (¢) > 0}, where p is given by

p(t) = inf {u >0: /“ exp(ag,)dr > t} )
0

Following Lamperti [22], the process X belongs to the so-called family of self-similar Markov processes. This
means that it is strongly Markovian and that for all x > 0, if P, denotes the distribution of X started from
x, then for all a > 0,

the distribution of (aX (a®t),t > 0)under P, is Pq,.

Moreover, X reaches 0 a.s. and it does it continuously. Conversely, Lamperti [22] also shows that any
non-increasing cadlag self-similar Markov processes on [0, co[ that reaches continuously 0 in finite time a.s.
can be constructed like this via a time-changed subordinator.

Note that the moment at which X reaches 0 is X (0)'“‘[ where I is the ezponential functional defined by

I::/O exp(ag, )dr (13)

which is clearly a.s. finite. The distribution of the random variable I was first studied in details in [11]. In
particular, it is well known that for all integers n > 1,

n!
E[I"] =
o(lal)o(2]al)...¢(nlal)
and that the distribution of I is characterized by these moments ([11, Prop. 3.3]). It will also be essential for
us (see [8, Propositions 1 and 2]) that there exists a unique probability measure ugr on |0, 00 whose entire
positive moments are given by

/0 " e pun(da) = 8(lo)é(2lol).. d(nlal), n>1 (14)
and that, moreover, if R denotes a r.v. with distribution pr independent of I, then
RI L e(1) (15)
where e(1) has an exponential distribution with parameter 1.

We now have the material to state the main result of this section. To be consistent with the notations
used for the fragmentation equation, we denote by zuo(dz), > 0, the distribution of X (0). We recall also
the definition of the function ¢ as the inverse, well-defined in a neighborhood of co, of t — ¢/$(t).



Theorem 3.1. Suppose that [~ TI(dx) varies regularly at O with index — (3, € [0,1[ and [~ 21I(dz) < oco.

(i) If the support of o is bounded with a supremum equal to 1, then for all bounded continuous functions
f:0,00[— R,
p(laf)
E|f (> X(t) ‘X(t) >0 — E [f(Rl/‘C")]
alt -~

where R is the random variable with distribution pugr defined by (14).
(i) If po possesses a density ug in a neighborhood of oo such that

In (up(x)) ~ —Cz”
for some v > 0, then the function t €]0,00[— P(X(t) > 0) is continuously differentiable. If moreover the

derivative of t — In(P(X (t) > 0)) is regularly varying at co — which e.g. is true as soon as this derivative is
monotone near oo — then, for all bounded continuous functions f :]0,00[— R, as t — oo,

f ((%)1/IG|X@)> ‘X(t) > O] t—_>)oo]E {f(Rl/W)}

where the function h is the inverse, defined in the neighborhood of oo, of t — t1+|("‘/7/¢(t) and Cqy g,,c 05
the constant defined in the statement of Theorem 1.6.

E

We will see in the proof of this result that the function t — ¢(|at)/|c|t in assertion (i) can be replaced
by any asymptotically equivalent function. Likewise for h in the second assertion.

Now, let B be the fragmentation measure related to IT by (6). If (u¢,t > 0) refers to the solution to the
(a, B)-fragmentation equation contructed from £ by the formula (7), we have

m(t) = / " pp(dz) = P (X () > 0)

and the distribution of X (¢) conditional on X(¢) > 0 is xu¢(dz)/m(t). The above theorem then leads
directly to the statements of Theorem 1.3 and Theorem 1.6 (ii) (note that [~ 2TI(dz) < oo is equivalent
to [, |In(z)|zB(dz) < oo). The limit distribution . (dz) mentioned in these theorems is therefore the

distribution of R'/I®l. The large-time behavior of m(t) = P(X(t) > 0) is studied in Subsection 3.1 below,
whereas Theorem 3.1 is established in Subsection 3.2.

Last, we finish with the following result on the quasi-stationary distributions of X, which will be proved
in Subsection 3.3, and which, in terms of the fragmentation equation, will lead to Theorem 1.8. We recall
that the quasi-stationary distributions of X are the distributions ¢ on ]0, co[ such that

X(0) Le= E[f(X(t)|X(t) > 0] =E[f(X(0))], for all ¢ > 0 and all test-functions f defined on ]0, col.
Theorem 3.2. Let ,ug{)‘) denote the law of ARY1?l, X\ > 0. Then, a probability measure < on 10,00[ is a

quasi-stationary distributions of X if and only if ¢ = ugé\) for some A > 0. Moreover, if X(0) & ug‘),

P(X(t) > 0) = exp(—A“t),Vt > 0.

We point out that this theorem does not directly lead to the reciprocal assertion of Theorem 1.8. However,
easy manipulations of the fragmentation equation will lead to it. See Subsection 3.3 for details.

3.1 Total mass behavior

This section is devoted to the description of the behavior of the total mass
oo
mit) = / sy(d) = P(X (1) > 0) = P(I > X(0)°).
0

The notations are those introduced above in the introduction of Section 3. We start with the following result,
which holds for all fragmentation equations with parameters a@ < 0, B and all initial measure py such that

J5S wpo(dz) = 1.
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Proposition 3.3. The total mass m is strictly positive and strictly decreasing on [0, 00[. Moroever m(t) — 0
ast — o0.

Proof. Since -
m(t) = / P(I > z%t)zuo(de),
0

it is sufficient to show that the function t € [0,00[— P(I > t) is strictly positive, strictly decreasing and
converges to 0 as t — oo. This last point is obvious since I < co a.s.. Next, suppose that P(I < ¢) =1 for
some ¢ > 0. This would imply that for all n > 1

n!

SaT)aCzlal) —pmlal

But we have seen in the Introduction that x/¢(z) — oo as © — oo. In particular, 2¢ < n/¢(n|a|) for large
enough n, say n > ng. Hence we would have

= E[I"] < t".

n0!

o(laf)p(2]a])-.d(nolal)

for all n > ng, which is impossible. So, P(I > t) > 0 for all ¢t > 0.
Last, for all ¢ > 0, using the Markov property of subordinators, we get

(2t)n—n0 S tn

t oo
I - /exp<afr>dr+exp<a§t> / exp(aléyss — &))dr
0 0
< t—i—exp(ozgt)f7

where I is distributed as I and independent of &. Consider a such that P(I < a) > 0 and note, using the
Poisson point process construction of the subordinator, that P(exp(ag;) < t/a) > 0 for all ¢ > 0. Then

0<P (exp(a{t) <tla,I< a) < P(I <2t), ¥t > 0.

This leads to the fact that P(t > I > s) > 0 for all 0 < s < ¢. Indeed, the event {I > s} coincides with
{p(s) < oo} and when I > s,

I=s5+ exp(afp(s)) / eXp (a(ferp(s) - gp(s)) dr.
0

Using the strong Markov property of the subordinator at the stopping time p(s), we get, with probability
one,

(I - S)+ = eXp(agp(s))*t
with T independent of &,y and distributed as I. Hence, for all 0 < s < t,

P(I>s)-PI>t)=P(s<I<t)=P (exp(afp(s)) > 0,1 < (t—s) exp(\a|gp(s)))

and this last probability is strictly positive since P(exp(a&,(s)) > 0) = P(I > s) > 0 and P(I < a) > 0 for all
a>0. O

Now we turn to the proofs of the more precise descriptions of the behavior of m stated in Proposition
1.2, Theorem 1.6 (i) and Proposition 1.7. The crucial point is the following lemma, which is basically a
consequence of Rivero [28, Prop. 2] and Kénig and Morters [21, Lemma 2.3].

Lemma 3.4. Assume (H), or, equivalently, that ¢ varies reqularly at oo with index 3 € [0,1[. Then

~tn(B(r > 1) 5 S Ptlalt) ¢ (1= plal P

~
oo

where ¢ is the inverse of t — t/p(t), which is well defined in the neighborhood of co. In particular,
—In (P(I > t)) is regularly varying at co with index 1/(1 — ().

11



Proof. Note that the Laplace exponent of the subordinator |«|¢ is ¢(]a|-) and that the inverse of ¢ —
t/o(lalt) is ¢(|al-)/|a|. Using this remark, we can restrict our proof to the case |a| = 1, which is supposed
in the following.
When f €]0, 1], the statement of the lemma is exactly Proposition 2 of Rivero [28]. When # = 0 and
$(00) < o0,
1. (EUI" 1<
~In <(n')> =-= ;ln(gb(i)) ——— —In¢(co).

n n— o0

Then by Lemma 2.3. of Konig and Morters [21]
1
tlim n In (P(I > t)) = —¢(00).

Last, when 8 = 0 and ¢(c0) = oo, we can adapt Konig and Morters’ proof of [21, Lemma 2.3] to get the
expected result. Indeed, first note that

Ly, <]E {f‘fj")D =l (:‘) T In(é(n)) - ;ilnw(i» - 1 (16)

as a consequence of Stirling’s formula and of the fact that

n(o(n) — = S n(6() — 0

n—oo

since ¢ is a slowly varying function (see Section 3.2 of Rivero [28] for a proof of this last point). Then, it is
easy, using Markov’s inequality, that

hmsup%ln (P(I >n/p(n))) < —1.

To get a lower bound for the limit inferior, set Y,, := In(I¢(n)/n). For every € > 0 and every integer m, we
have that

1 n E[I"F™] ¢ (n)™
E[In]E [y, o] < EXP(*@”)W T exp(—em).
Letting m — oo, this gives
T e (17)

Besides, for all € > 0 and all n > 1,
1 1
I (B > nexp(—€)/6(n)) >~ n (P(¥,] < <)).

But I7" > exp(—ne)n~"¢(n)" on {|Y,| < €}, which gives

EIT"I" Ly, <ey] o
i (=)

Cin(B(1V, | < <))

E[I"1yy,|<e}]

> —In (exp(—na)wn_%(n)"E[I"]) :

Sl 3|

By (16) and (17), the last line of this inequality converges to —e — 1 as n — oo. Thus, since the function
t — t/p(t) is increasing and o(t) — oo as t — 0o, we have proved that

1
limsup —In(P(I >1t)) < -1
msup o 1 (P(1 > 1)

1
liminf ———In(P(I >t)) > — — 1.
At g P >t) =

Using the regular variation of ¢, we get the expected

. 1 .
tliglomln(ﬂn([ >t)) =—1.
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3.1.1 po with bounded support: proof of Proposition 1.2

We recall that with no loss of generality, the supremum of the support of pg is supposed to be equal to 1.
Then,

1 1
mit) = / P(I > ta®) apo(dz) < P(I > t)/ 2po(dz) =P (I > 1)
0 0
According to Proposition 3.3 in [11], C) := Elexp(A)] < co as soon as A < ¢(o0). Hence for such N’s,
m(t) <P (I >t) < Cyexp(—At), Vt >0,

which gives the first part of the statement.
Now, assume (H). Then, on the one hand, since m(t) < P(I > t), we get by Lemma 3.4,

lim inf —In (m(?)) > 1- ﬂ
t—oo o(|alt) |a

On the other hand, for all 0 < € < 1,
1

m(t) > P(I > t(1 —e)a)/ 2p10(da).

1—¢

By assumption, f1175 zpo(dz) > 0, hence

() _ o —m(PI>H1-9)Y)  1-F .
s = o) = msup (ol fa LT

Then, let € | 0 to get the expected result.

3.1.2 o with unbounded support: proofs of Theorem 1.6 (i) and Proposition 1.7

Proof of Theorem 1.6 (i) 1. Suppose first that uo(dz) = exp(—Cx7)dz, v > 0. We have

2/
Y

m(t) = / P(I > tx®) zexp(—CaY)dx = / P (I > uo‘/”’) u? 7 exp (—Cut_”*/o‘) du, (18)
0 0

using the change of variable u = (xt'/®)7. Then use Lemma 3.4 and Theorem 4.12.10 (iii) of [9] to get
—In (/ P (I > uo‘/'y) u2/71du> ~ —In (]P (I > xo‘M)) ~ (1 — B)|al?/ A=A p(za/7)
0 r—> T—
which varies regularly at 0 with index a/(y(1 — 3)). Note that in a neighborhood of 0, z — 1/@(x®/7) is

the inverse of
1 -/
= ((3)
T

Hence, by de Bruijn’s Tauberian Theorem [9, Th. 4.12.9], we have

o0
—In (/ P (I > u“”) u? 7~ exp (—ut) du) R Ca,3,4/ho(t),
0 e

where hg is the inverse, well-defined in the neighborhood of oo, of # — 271 (m¢(1/w))7/a

constant defined in the statement of Theorem 1.6 (i). Together with (18), this leads to

and Cy g, is the

—In (m(t)) ~ Caﬁy,yc(l‘i'(l_ﬂ)’ﬁ’/‘anil/ho(t’y/\od).

Otherwise said,
-1
—1In (m(t)) ~ CaﬁﬁC(H(lfﬁ)w/la\) h(t)

where h is the inverse of t1F11/7 /().
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2. Now, suppose that po possesses a density up in a neighborhood of oo such that In (ug(z)) ~ —Cz?,
o0

v > 0. Fix € > 0 and let C; be such that ug(z) exists for x > C. and
exp(—(1+¢)Cx") <wug(z) <exp(—(1—¢)Cx"), Va > C.. (19)

Then write

C. oo
m(t) :/0 P (I > tz®) zpp(de) Jr/c P (I > tz®) zug(z)dz.

On the one hand, following the argument developed in Section 3.1.1, we get

In fCE P (I > tx®) zpo(de)
lim sup ( 0 @ ) < —(1- ﬁ)|a|ﬂ/(1—ﬁ)cga/(1—ﬁ),
t—o0 Y2

which actually holds for any initial measure po. Note that p(t)/h(t) — oo as t — oo, where h is the function
defined above, in the first part of this proof.
On the other hand, the inequalities (19) and the results of the first part of this proof imply that

—1In (fg: P (I > tx®) xuo(x)dx)

lim sup < Cap((1+ 5)0)(1+(1—B)7/|a\)71
t—o00 h(t) 7’
and
—In ([ P (I > ta®) zup(z)d o
lim inf ( e ) > Cpp((1—e)C)IF+A=A/lah ™

We have therefore proved that
Ca,ﬁ,’y((]- _ 6)C)(1+(175)’7/|a\)—1 < litm inf _h;fg;(t)) < lim sup —lr;l((ftn)(t)) < Ca,[},'y((]- +€)c(1+(175)7/|a\)—1
o0 t—o0

for all € > 0. The result follows by letting € | 0. O

Proof of Proposition 1.7. Suppose that uo(z) = Cz~" on [a, co[ for some a > 0 and v > 2. Then,
o a
m(t) = C/ P(I > z%t)z' da +/ P(I > 2°t)zpo(dz).
a 0

With the change of variables u = x%t,

=2 a
t a®™t -

/ P(I > z*t)x' de = P(I > uw)u" = du

lal Jo

and this last integral converges to a finite limit as t — oo since P(I > u) < C) exp(—Au) for all w > 0 and
some A > 0 sufficiently small (see the proof of Proposition 1.2 for this last point). Using the same upper
bound for P(I > x*t), we get that

/ P(I > z%)zpo(de) < Cy exp(f/\aat)/ xpo(de).
0 0

Thus,
C a2 [ 2=9
m(t) ~ —t = P(I > u)u = ~“du.
t—o0 |a| 0
It is not hard to extend this proof to the cases when wug(xz) ~ Cx~7, for some v > 2, which is left to the
o0

reader. O
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3.2 Proof of Theorem 3.1

We start with the following lemma.

Lemma 3.5. Suppose that —In(m) varies reqularly at oo with a positive index v and satisfies (11). Then,
for any function g : [0, 00[—]0, 00| such that g(t)/(—In(m(t))) — 1 as t — oo, we have

| ((50) " x0 ) x| 2 rvn)].

t

for all continuous bounded test functions f on ]0,00].
Proof. First note that when X (0)I*T > ¢,
X(0)lr

oo

= X(O)‘O‘| /OP(X(O) ! exp(aé;)dr + X(O)la‘ exp(afp(X(o)at))/O eXp(a(§r+p(X(o)at) - fp(X(o)at)))dT
= t+ X(O)la‘ eXp(afp(X(o)at)) /0°° eXp(a(frer(X(o)at) - fp(X(o)at)))dT-
Then use the strong Markov property of £ at the (randomized) stopping time p(X(0)%¢) to get
(X (0)11T — )" = X(0)1* exp(agy(x(0)or)) T = X ()T, (20)

where I is distributed as I and is independent of X (). This gives, for all n € N*,

||

m(t)~'E ((W)l/'am)) E["] = m()™ (WYE[X@)'M} E[I"]

t t

= m@)"! (Wt(t))n E K(X(O)‘C”I - t)+)”} .

Then recall that

Integrating by parts,

m(t)~! <”g(t)>n1a [CORS t)+)"} — nm(t)~! (W(”)n /too(x — )" Lm(2)da,

t t

which, according to Lemma 2.1 and the assumptions we have made on —In(m) and g, converges as t — oo
to nl. Next note that E[R"]E[I"] = n!, using the factorization property (15) of the exponential random
variable with parameter 1. Putting all the pieces together, we have proved that for all integers n > 1,

E <<W>l/laX(t)>lan‘X(t)>0 — E[R").

t t—o0

To sum up: let v; denote the distribution of vt~'g(t) X (¢)!*! conditional on X (t) > 0 (v; is a probability
measure on |0, 00[). We have shown that for all n > 1,

/ x"ut(dx)—>/ 2" ug(dx),
0 0

where pp is the distribution of R. Of course this still holds for n = 0. But the distribution of R is
characterized by its moments. It is then well-known ([15, Chapter VIII, p.269]) that this implies that v
converges in distribution to ug. O
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3.2.1 Proof of Theorem 3.1 (i)
By Proposition 1.2, under the hypothesis (H), —In(m) varies regularly at oo with index 1/(1 — 3) and more

precisely
1—
—ln(m(t)) t_r:xj ( |a|ﬁ)

e(|alt).

Together with Lemma 3.5, this implies the statement of Theorem 3.1, provided — In(m) satisfies (11). The
goal of this section is to proof this last point when gy has a bounded support.

Lemma 3.6. Let

f(@) = —In(m(z)), 2 > 0,
and assume (H), that foo xIl(dz) < oo and that po has a bounded support. Then for all e > 0, there exists
some x(e) such that

f(Az)

AT < L2 ATEte YA > 1 oand Y > x(e).

f(x)

This lemma is a direct consequence of the forthcoming Lemmas 3.7 and 3.10.

Lemma 3.7. Let g :]0,00[—]0, 00 be a continuously differentiable function such that

zg'(z)

—c>0as T — 0.
g9(z)

Then for all € > 0 there exists some z(e) such that

g(Az
g9(z)

~

ATEL < ATE YA > 1 and Vo > x(e).

Proof. For € > 0, let z(¢) be such that

c—e<

< c+eforall z > z(e).

For such xs, and all A > 1

Az

Az Az g/(y)
(c—¢e)In(A\) = (c— E)/ y~ldy < / o) dy < (c+ 5)/ y~ldy = (c+¢)In(N).
Since f;‘w %dy = In(g(A\x)) — In(g(x)), the result is proved. O

Lemma 3.8. Suppose that ¢ is reqularly varying at oo with index 3 € [0, 1] and that ¢(x) — oo as x — oo.
Let §' €]8,1]. Then there exists some x1(3") such that for x > x1(8') and all A > 1,

1< o(z) < p(Ax) < )\ﬁlqﬁ(x)

and
o(z) <.

Proof. Note that ¢ is infinitely differentiable on ]0, co[, with derivative

o) = [ vesp(-zo)tican)

which is non-increasing. It is then a classical result on regular variation (see the Monotone Density Theorem,
[9, Th.1.7.2]) that ¢’ is regularly varying with index 3 — 1 and

z¢' (x)
—
p(z) w00
The first part of the lemma is then a consequence of the above Lemma 3.7 and of the fact that ¢ is

increasing and converges to co. We also have that ¢(z)/2z% converges to 0 at oo (since > f3), hence the
second assertion holds for z large enough. |

16



Lemma 3.9. Let
flx)=—InP{I >z)),z >0,

which, as proved in Lemma 8.4 is reqularly varying with index 1/(1— ), under the assumption (H). Suppose
moreover that foo all(dz) < oo. Then f is infinitely differentiable and

off@) 1
fw) 15

Proof. According to [11, Prop. 2.1], when [ > 2TI(dx) < 0o, there exists an infinitely differentiable function
k :]0, co[— [0, oo[ such that k(x)dz is the distribution of I. Moreover,

as r — OQ.

k(z) = /mﬁ (ol In(u/2)) k(u)du

e

To simplify notations, we suppose in the following that || = 1. The proof is identical for |a| # 1. In
particular, we have,

k(u) du) II(dv).

oo

P(I > x) :/ k(u)du,
and

Fo) = s = [ 0= e (1) = Sae) a0 > 0 (21)

Note that since f is regularly varying with a positive index, we have that f(x) — oo as © — oo, and therefore,
for all v > 0,

o) = faet) = ) (1- L50) ) (1= s

e When TI(]0, oo[) < oo, this implies the expected result, since, by dominated convergence,

f(2) — T(0,00) = Tim 1@

T— 00 T— 00 T

e The proof is much more technical when II(]0, co[) = oo, which is supposed for the rest of this proof. We
proceed in two steps.

Step 1. The goal of this step is to prove that

!/
o) 1
“1°3

To start with, suppose there exists some xg and some non-decreasing positive function g such that f'(x) >
g(x) for all x > xg. Then for z > z¢ and v > 0

lim inf

ze"

flze®) = f(z) = fl(w)du = g(z)a(e” — 1) = g(x)v.

Using (21), this gives
f'(x) = ¢(g(x)x), &= . (22)

Now, note that f'(xz) — oo as © — oo since for all a > 0

liminf f'(z) > liminf /OO (1 —exp(f(z)— f(ze”))) U(dv) = /00 II(dv)

Tr—00 T— 00

(by dominated convergence) and this right-hand side converges to oo as a — 0. In particular, f'(z) > 1 for
x sufficiently large (say = > x¢). Replacing g by 1 in (22), we get

f(x) > ¢(x),Vz > xq.
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Recall that ¢ is non-decreasing and then iterate the procedure to get, for all n > 0
fl(m) 2 hn(.T), Va > xo, (23)
where the functions h,, :]0, co[— ]0, o[ are defined by induction by

ho(z) =1, forallz >0
hn(x) = ¢(hp—1(x)x), for all z > 0.

Now the interesting fact is that for x large enough, h,(z) — ¢(x)/z as n — co. Indeed, let g’ €8, 1[. With
the notations of Lemma 3.8 we have for z > x1(8'), 1 < ¢(z) < 27, ie. ho(x) < hi(z) < 2. Using that ¢
is non-decreasing, we easily have, by induction, that

1< hn(2) < by (z) < 25 H87T < 2B/0-8) < o,

for all n» > 1. Let I(z) := lim,— oo hn(x). We have shown that 0 < I(z) < oco. Then necessarily I(z) =
o(l(z)x), otherwise said I(x)z/p(l(x)x) = z and finally, I(x)z = ¢(x), Vx > 21(8’). To conclude, for x large
enough, letting n — oo in (23), we get f'(z) > ¢(x)/x, which, combined with Lemma 3.4, gives the expected
liminf.

Step 2. The proof of the limsup is similar, but more technical. To start with, note that for all € > 0 and
all a <In(l+¢),a >0,

In(1+¢) In(1+¢)
lim inf (1 —exp(f(x)— f(ze”)))I(dv) > liminf (1 —exp (f(x)— f(ze)))I(dv)

r—00 0 Tr—00 a

In(14¢)
= / II(dv) (by dominated convergence)

— oo,

whereas

lim h (1 —exp(f(z)— f(ze”))) U(dv) = /100 II(dv) < oco.

=0 Jin(1+e) n(1l+e)
Hence, there exists some z1(g) such that for z > z1(¢)
In(1+¢)
flla) < (1+ 5)/ (1 —exp (f(z) = f(ze”))) I(dv). (24)
0

Next, fix some 3’ €]8,1[ and consider some § > 0 and ¢ > 0 such that (1 +0)(1 +¢)"/B-Vg" < 1. Since f
is regularly varying with index 1/(1 — (), there exists some z5(d, ) such that

fla(l+e) < (1 +6)(L+e) D f(2), Vo > z2(8,¢). (25)

We will need this later. For the moment, let g = max(z1(8'), z1(g),x2(d,¢)), with z1(8") as introduced in
Lemma 3.8. Next, suppose that for all x > zg

f(x) < g(x)
for some non-decreasing function g s.t. g(x) > 1 for all > xy. Note that this implies that
ze’
fae) = fla) = [ £ < glaeale” - 1),
xr

The function v — v~=!(e¥ — 1) is increasing on [0, 00[, hence €’ — 1 < vy(e) for all v < In(1 + €), where
v(g) = ¢/(In(1 + €)). Together with (24) this leads to

IN

In(1+4¢)
(1+e) / (1 - exp (—g(z(1 + £))zv3(e))) TI(dv)
(1+ ) (9(z(1 + €))zr(e)) (26)

f'(x)

IN

18



for all z > xg.
Then we claim that for all n > 1 and all z > x

’ 2 m ’ 2 m m
f(z) < (1+5)1+ﬁ +28"%+.. . 4npB ’Y(E)B +B72+..+8 g(x(1+5)")ﬁ (), (27)

where the sequence of functions h, is that introduced in the step 1 of this proof. We will prove this by
induction on n. Before doing this, let us just mention that, by an easy induction, using Lemma 3.8,

B (x(1+€)) < (1 + )P+ b, (), for all © > 2 and n > 1.

We now turn to the proof of (27). For n = 1, use (26) and Lemma 3.8 to get (note that y(¢) > 1, hence
1(e)g = 1) S

fi(z) < (1+e)g(x(1+€)1(e)” d(x), @ > w0,
which leads to (27) for n = 1. Now assume (27) is true for some integer n. Note that the function in the

right-hand side of this inequality, which we call g1, is larger than 1 for all x > xy. Note also that it is
non-decreasing. Hence we get, replacing g by g1 in (26), for x > xq,

f'(z)

IN

(L £)6 ((1+ )+ H2 ety 45t g (314 ) ) ™ (2(1 + 2))1())

1 Qa2 n m ’ 72 m n ﬂ/”
(1+€)¢ ((1+€)1+2B +38"%+..+(n+1)8 ,y(g)lJrﬁ +B°+..+8 g(x(lJrE) +1) hn(x)x)

IN

, 2 1 /a2 /1 gt
< (1 + 5)1+6 +26"% 4.+ (n+1)6 ’y(e)ﬂ +8%+...+8 g (33(1 + 5)”+1) ¢ (hn(x)x),

where for the last inequality, we have used Lemma 3.8. Hence we have (27) for all n > 1.

Now, thanks to the assumptions (H) and [* zII(dz) < oo and to Lemma 1 in [20], we know that the
function k is bounded from above on ]0, co[, say by some constant C' > 1. Hence f'(x) = k(x)/P(I > z) <
Cexp(f(z)) for all z > 0. Since f is non-decreasing and non-negative, the function x — Cexp(f(z)) is
non-decreasing, greater than 1 hence we can replace g by this function in (27) to get for all n > 1 and all
T > xg

(@) < (14 ) 207 nf Ty () FHBTH 40 OO exp (B f (2(1 4 €)™)) hn (). (28)
Our goal now, is to let n — oo in this inequality. Iterating inequality (25), we get for z > ¢ and for all
n>1
fla(l+e)") < (1+68)"(1+e)" = f(a).

Since
(1+8)(1+e)/PDg <1,

this leads, for z > xg, to
exp (B f(x(1+2)™) — 1.

— 00

As n — oo, we also have
C?" =1 and (1+ 5)1+B/+25/2+"‘+”5m - (14 5)1+B//(1_’6/)2 and 'y(s)ﬁ/+ﬁ/2+"'+’6m — 7(5)5//(1_5/).

Last, recall that for « large enough, h,(z) — p(z)/x as n — co. Letting n — oo in (28), we therefore have
for = large enough

f'(@) < Cepla) /2,

where C; — 1 as € — 0. This gives
zf'(x) 1

lim sup < —.
=13

a—oo [(2)

Lemma 3.10. Let
f(z) :==—=In(m(x)),z >0,

and suppose (H), that foo zIl(dx) < oo and that pg has a bounded support. Then f is differentiable on ]0, co]

and , , )
xf(a;):_a:m(a:) — as x — 0.

f(x) m(x)f(z) 1-p
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Proof. With no loss of generality, we suppose that the supremum of the support of pg is equal to 1. Under the
assumptions of the lemma, we know (see the proof of the previous lemma) that © — P(I > x) is differentiable
on ]0, 0o[, with derivative —k. By Lemma 1 in [20], we also know that the function = €]0, co[— zk(z) is
bounded. Let M denotes an upper bound. Recall then that

m(z) = / BT > oy®)ypo(dy)

and note that for all > a > 0 and all y €]0,1],
M

|02 (P(I > wy™)) | = k(zy®)y™ < —.

Hence, by dominated convergence, m is continuously differentiable on |0, oo, with derivative

1
m'(z) = 7/0 k(zy®)y“yuo(dy),z > 0.

Now, fix § > 0. By Lemma 3.9, there exists some z(d) such that for x > x(4),

1-9 —zk(x) 1+96
< < .
1-8 - PU>z)n(P(I>zx) ~ 1-0

Then for « > z(9),

1-4 ! a a / 1+ o ! a a
G | B e B> ey ) < o) < 7[R ey B> ) yuo(g).
Now, let € > 0. On the one hand, we claim that
1 1
| RS e @ > e lds) [ PO ot @S a ) moldy). (30)

Indeed, for all 0 < y < 1 — ¢,

P(I > zy®) In (P(I > xy®))

P(I>z(1l—¢)*)In(P(I > z(1—¢e))) —0asz — o0

since x — —In (P(I > z)) is regularly varying at co with a positive index and « < 0. It is then not hard to
see, using Lemmas 3.7 and 3.9 that for « large enough this function is bounded from above by

a(ll—ﬁs) aglt;)
Y B Y -
e 1-
P (1 — <€> <1 — 5)

which, in turn, is bounded for y €]0,1 — ¢[. Hence, by dominated convergence, we see that

r— 00

‘ /O TP > 2y In (P > 2y°)) y,uo(dy)‘ < ‘11»(1 > 2(1— &) In (P(I > z(1 — £)®)) (

< %’ /l;IP’(I > zy®) In (P(I > xy“))yuo(dy)’7

where we have used for the last inequality that the function x — —x In(z) is increasing in a neighborhood
of 0. Hence (30). A similar, but simpler, argument leads to

[ 2> o)~ [ B>y uolan) (31)
1—¢ 0

On the other hand, using that @ — In(P(I > z)) is regularly varying with index 1/(1 — ), we have for
1 —¢e <y <1 and z sufficiently large (say x > z(¢g))

(14e)(1—e)A I (P(I > ) <In (P > 2(1 — &)%) <In(P(I > zy*)) < In (P(I > z)).
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Thus

/1 fll—e P(I > 2y®*) In (P(I > zy®)) ypo(dy) - (1_1_5)(1_6)04/(1—[3) /1

P(I > zy®)ypo(dy) < (P > 7)) P(I > zy®)ypo(dy).

—€ 1—e

Which, taking z(e) larger if necessary and using (30) and (31), gives for x > z(¢)

Jo P> 2y®) In (P(I > xy™)) ypo(dy)
In (P(I > x))

(1—8)m(z) < <(A+8)(1+e)(1 —e) A Pm(x).

Plugging this in (29) and letting first & — 0 and then § — 0, we get the expected convergence, since
f(z) ~ —In(P(I > z)) as v — oo. O

3.2.2 Proof of Theorem 3.1 (ii)
The fact that the function
z €]0,00[— f(z) := —In(m(z)) = —In (P(X(z) > 0))

is continuously differentiable on ]0, co[ can be proved exactly as when the support of pg is compact. See
the beginning of the proof of Lemma 3.10. Next, by Karamata’s Theorem (Th. 1.5.11 of [9]), if f varies
regularly at oo with index A > 0 and if its derivative is also regularly varying at co, then

zf'(x)
f(x)

Together with Theorem 1.6 (i), Lemma 3.7 and Lemma 3.5, this implies Theorem 3.1 (ii).

— Aas x — oo.

3.3 Quasi-stationary distributions

Proof of Theorem 3.2. When X(0) ~ ,ug‘), the distribution of X (0)!*/I is that of M* RI, with R
independent of I, i.e. that of an exponential random variable with parameter A*. We then immediately have
that for n > 1 and t > 0,

E [((X(O)“’ll - t)+)n} = Mol exp(=A*t),

and
P(X(t) > 0) = P(X(0)1*1T > t) = exp(—A°1).

Following the beginning of the proof of Lemma 3.5 this gives
E[(x() "] Bl = B [((X(0)1 - t)+)"} = Aol exp(—Aot)

and then
E (X)) 1X(t) > 0] =ENI"R"] = E[X(0)I"] .
Hence ug) is a quasi-stationary distribution, since the distribution of R is characterized by its entire positive
moments. Note there is no other quasi-stationary distribution. Indeed, let ¢ be a quasi-sationary distribution
and suppose X (0) ~ ¢. Then necessarily, by the Markov property of X, P(X (¢t + s) > 0) = P(X(t) >
0)P(X(s) > 0) which implies that X (0)/*/T has an exponential distribution. Say with parameter ¢, i.e.
£X(0)/*IT has a exponential distribution with parameter 1. Since the factorization (15) characterizes the
1/

distribution of R, we get that ¢ = u% ). |
Proof of Theorem 1.8. The first part of this theorem is an obvious consequence of Theorem 3.2. The
reverse cannot be directly deduced from Theorem 3.2, since we do not know if uniqueness holds for the
fragmentation equation when the initial measure has an unbounded support.

So, consider (u;,t > 0) a quasi-stationary solution to the fragmentation equation (2). We want to

prove that this solution belongs to the family of solutions ((,ugi?t, t>0),\> 0) as defined in Theorem 1.8.
Replacing p: by m(t)po in equation (2), we get that

(1= m(t)) < po, f >= — / m(s)ds < po, G(f) >, Vf € CL,
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where G(f)(z) = 2® fol(f(xy) — f(z)y)B(dy). Otherwise said, there exists some constant C' > 0 such that
m(t) = exp(—Ct), VYt > 0,

and
< u07f >= _071 < NO?G(f) >, vf € 03

When f € Cl, the function z — zf(z) is also in C!. Hence the above identity rewrites
<apo, f >=—-C~' <apo, A(f) >, Vf € CL, (32)

where A(f)(x) = 2 [ (f(wy) - f(x))yB(dy).

To show that this characterizes pg, we need the following fact: for all 3 > 0, there exists a non-decreasing
sequence of functions fz, :]0,00[— [0, 00[ such that fg,(z) — 2% as n — oo, Vo > 0; and f5, € C} and
|f5..(2)] < BzP~1 for all 2 > 0 and all n > 1. This sequence can, for example, be constructed by considering
first a non-decreasing sequence of continuous functions gg, :J0,00[— [0, 00[ such that gs,(z) < BzP~1,
Vo > 0,n > 1, ggn(x) = B2~ ! for x € [n71,n] and gsn(z) = 0 for = €]0,(2n) 1] U [2n,00[. Then
set fan(z) = [ gsn(u)du for z €]0,2n] and extend these functions on ]2n,co[ so that fz, € C} and
|fan(x)] < BzP~L for all z > 0 and all n > 1, and the sequence (fz,,n > 1) is non-decreasing. For all
B > 0, this implies that for all x > 0

At@) = o [ " = DuBlay) = = 0(5), (3)
together with )
A(fon)(@)| < (24 B)a+? / (1 - y)yB(dy). (34)

Indeed, this is obvious when § > 1: we just need that

[fa.n(zy) = fon(@)| < sup |fon(2)la(1 = y) < B2 (1~ y), for y €)0,1[z > 0,
zE€|xy,T

and then use the dominated convergence theorem. The case 0 < 8 < 1 needs more care. Using the above
mentioned properties of f5,, and also that fs,(z) < 2° we obtain, for > 0 and y €]0, 1]

z|fon(zy) — fon (@) < 2fpn(zy)(1 —y) + |2y fon(ry) — 2 fsn(v)|
< Pl -y + ES[UP ]|(idfﬁ,n)’(2)|$(1 - )
z€[ry,x
< 21—y + 1+ 8P -y),

which leads to (33) and (34).

Now, take 3 = |a|. Then use (33), (34) and the dominated convergence theorem in the right-hand side
of (32) (recall that xug(dx) is a probability measure), together with the monotone convergence theorem in
the left-hand side of (32) to get

/ T elpg(dr) = C16(laf) < co.
0

Then, by an obvious induction, taking successively 8 = 2|a|, 5 = 3|a], etc., we get for all n > 1
[ o lana(dz) = € oalal) [ 2 Velapg(de) = O dlnlal ..ol
0 0

We recognize the moments formula (14). Hence xzpug(dz) = ,ug%cl/a)(dx) = xugl/a)(dx) and for all ¢t > 0,

1/ 1/
pe = m(t)o = exp(—C)uS " = plS, . O
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4 Different speeds of decrease: proof of Proposition 1.4

4.1 Proof of Proposition 1.4 (i)

Recall that the support of ug is supposed bounded with supremum 1. The goal of this section is to prove the
forthcoming Corollory 4.3, which is the statement of Proposition 1.4 (i) translated in terms of the process
X defined by (12), provided the Lévy measure II of the subordinator £ involved in the construction of X is
related to the fragmentation measure B by (6) and X (0) is distributed according to zpo(dz). We recall that
the distribution of X (¢) conditional on X (¢) > 0 is then xu,(dz)/m(t), t > 0, where (u,t > 0) denotes the
solution to the fragmentation equation starting from pg. We start with some preliminary lemmas.

Lemma 4.1. Suppose (H) and that [, |In(x)|zB(dz) < co. Consider some r.v. I independent of X, with
distribution that of [;° exp(a&,)dr. Then

(i) there exists some to > 0 such that

sup a“P <(¢(|at)>1/“| X)) < q ‘ X(t) > 0) < 00

t>t0,a>0 |t

(i) for all positive functions g : [0, 00[—]0, 0] converging to 0 at co, we have, as t — oo,

/lal
g(8)°P <<<P(|Oz|t)>1 X1V < g(t) ’ X(t) > 0) 1.

|t

Proof. To simplify notations, suppose @ = —1 (the proof is identical for all & < 0). Recall then the key
equality in law (20), which leads to the following identities for all a > 0

a”'P (‘pff)X(t)I <a ‘ X(t) > 0) - aml(t)]P (0 <XOI-t< s:zf))
_m(t) —m(t +at/e(t)) (35)
am(t)

é (1 —exp (—m(m(t)) (1 = (m(iiﬁ(?)/)@(t”))))) '

Use then the regular variation of —1In (m) with index 1/(1 — ) (Prop. 1.2) and Lemma 3.6 to see that for
all € > 0, there exists a real number ¢(¢) such that for all ¢ > ¢(¢) and all a > 0,

In (m(t(1 + a/o®)) _ .
W(m)

1 (1+a/p(t) ™ <1 - (1+a/p(t) ™7 *. (36)

Now, let 0 < ¢ <1 — . Since

1 1
l—(l+a)™=t > o —— 12
(14 2) > —x (1 3 + 5)
for all > 0 sufficiently small, since moreover ¢(t) — oo as t — oo and —In(m) ~ (1 — )y, we have that

forall 0 < a <1 and all t > t/(g) (for some t'(¢) depending on € but not on 0 < a < 1),

—In(m(t)) (1 -1+ a/ga(t))ﬁ“) > I(m(®) (Lo
1-p
1
> —a(l—p03+¢) <1—ﬁ+25>'
Together with the identities (35) and inequalities (36) this implies that for all ¢ > max(t(e),t'(¢))
sup a P <MX(t)I <a ‘ X(t) > O) < 0.
0<a<l t

This is enough to get (i), since for a > 1, a=! times a probability is bounded by 1.
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The proof of (ii) relies on the same idea. Since g(t)/¢(t) — 0 as t — oo,
1 1
~ta(m(0) (1= 1+ 9(0)/p0) ™) & ~o01 - ) (25 +¢).

and a similar result holds by replacing € by —e. Together with the inequalities (36) and the identities (35)
(replacing there a by g(t)), using also that g(t) — 0 as t — oo, we get (ii). O
Lemma 4.2. Suppose k := fol |In(z)|xB(dz) < co. Then,

(i) I possesses a density k € C*=(]0, 00]),

(ii) E[I71] = kla| < oo,

(#1) if moreover the support of B is not included in a set of the form {a™,n € N} for some a €]0,1[, then
the function
zeR—E[I" ] = / Y k(y)dy
0
is well-defined and non-zero for all real number .

Proof. If II is the Lévy measure associated with the fragmentation equation, the assumption k < oo is
equivalent to [~ 2II(dz) < oo, which, by Propositions 3.1 and 2.1 of [11] implies (i) and (ii). Next, it was
proved in the proof of Theorem 2 of [20] that E[I**~1] # 0 for all # € R under the additional assumption
that the support of II is not included in a set of the form {rn,n > 0} for some r > 0. |

Corollary 4.3. Suppose (H), that k = fol |In(z)|xB(dz) < oo and that the support of B is not included
in a set of the form {a™,n € N} for some a €]0,1[. Then, for all measurable functions g : [0, 00[—]0, 0]

converging to — 0 at oo,
o (sﬂ(lalt))l/lal X ’ X(t)>0)| - R
|alt g(t) — ok

Proof. Set for x >0

a 1/]e|
Uia) ::g<t>“nb<(@(' 't)) X<t>ng<t>|X<t>>0>

ot

and note this quantity increases in z when ¢ is fixed. Then consider some r.v. I independent of X, with
distribution that of fooo exp(ag,)dr. Consider b such that P(I < b) > 0. Then

U(e)B(I < b) < g(t)°P ((*pfﬁﬁ)”a' XOP/P <0 lg) | X(0 > 0) |

which, according to Lemma 4.1 (i), is bounded from above by some constant (independent of ¢ and x) times
ba!lel for all > 0 and ¢ > to. Le., there exists some finite constant C' such that for all ¢ sufficiently large
and all x > 0,

2U(z) < C. (37)

Now, consider an increasing function / : N — N. For all x > 0, the sequence (Uj,)(x),n > 0) is bounded.
Hence there exist some non-decreasing right-continuous function U : [0, 0o[— [0, 00[, with U(0) = 0, and a
subsequence (Uy,,),n = 0) of (Ui, n = 0) such that Uy, (x) — U(z) for a.e. > 0. See e.g. [Theorem 2,
Section VIIL.7][15]. Hence if we prove that the limit U is given by
Ll
U(z) = Va >0, (38)

~ als’

for all sequences (I(n),n > 0), (I(n),n > 0) as defined above, we will have the expected result (note that the
continuity of the function involved in (38) implies that the convergence will hold for every x > 0).
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To prove (38), recall that by Lemma 4.2 (i), [;* 27 k(z)dz < co. Hence by dominated convergence, for
alla >0, [° Uy (az'/*)k(z)de — [° U(aa/*)k(x)de. By Lemma 4.1 (i), we therefore have

/ Ulaz'/*)k(x)dz = o, Va > 0. (39)
0

We claim that this equation characterizes U under the additional assumption that the support of B is not
included in a set of the form {a™,n € N} for some a €]0,1[. Indeed, note first that by setting V' (z) :=
exp(x)U(exp(z/«)) and k(z) := k(exp(—x)) for all € R, the above equation rewrites

o0
/ V(z)k(y—z)de =1, Yy € R.
—00

But the function V is bounded a.e. on R, by (37). Moreover, by Lemma 4.2 (ii), k¥ € L}(R) and by Lemma
4.2 (iii), the Fourier transform of k is non-zero on R. We conclude with the Wiener approximation Theorem
for L1 (R) ([9, Th.4.8.4]) that the above equation in V has a unique bounded solution (in the sense that two
solutions are equal a.e.). This determines V', hence U, almost everywhere. Since U is right-continuous, it is
determined for all x > 0. Last, it is not hard to check that the expression of U given by (38) indeed satisfies
equation (39). O

4.2 Proof of Proposition 1.4 (ii)

We just have to prove the second part of Proposition 1.4 (ii), the first one being obvious since p(]1, 00[) =0
for all t > 0 and g(t)(¢(|alt)/|a|t)/* — oo as t — co. We keep the notations of the previous section and we
recall that we work under the assumption (H). From the proof of Lemma 4.1, we get that

m (t (1 + Mﬁgft‘;l)) ~ Rt

©
m(t) t—o0

In

for all positive functions h such that h(t)l*l/o(t) — 0 as t — co. Otherwise said, for such functions h,

/e
In (m(t)l]P’ <<¢(|a|t)> X(t)Il/‘O‘I > h(t))) ~ —h(t)‘o‘l.

‘alt t—o00

Note that for all £ > 0 and all ¢ > 0, since X is independent of I,

In (m(t)‘llP’ <(¢Tao|‘lt))l/al X(t) > (cqb(h(t)'a))l/'a')) +1n (IP’ (p/m > h(t)/ (cqb(h(t)la))l/la>>
= <m(t>_1p ((wfff))l/la X1Vl > h(t))) :

Suppose moreover that h(t) — oo as t — oo and that 3 < 1, which implies that h(t)l*!/p(h(t)l*l) — co. By
Lemma 3.4, we have, for all real number ¢ > 0,

h(t)e,

1—3 [ |alh(®) (1 B)|af?/ =P
o] 7 <cq§(h(t)|a)) o c/(-8)

using both the regular variation of ¢ and the fact that ¢ is the inverse of t — t/¢(t) near oo. Now let £ €]0, 1]
and ¢ be such that ¢'/0=%) > (1 — 8)|a|?/(=F). We have proved that

i) el Vla _ 3)|alf/1=8)
In <m(t)1]P’ ((wﬂﬂtﬁ)) X(t) > (c¢>(h(t)la\)) / ')) <—(1-¢) (1 _a ?/'(1'%) >h(t)a|

1/lel

—1n (P (12 ht)l ea(h(®))) ) ~

for ¢ large enough. Next, let g, .(t) = (cop(h(t)!e]))
the inverse of ¢ near oo). We have for ¢ large enough

alp Vel
i (e ((250) " 30 20

,t > 0, and suppose 8 > 0 (hence the existence of

IN

— B)|alf/-5)
~a-a (1= IR ) 6 0o

_ B)[a]P/-)
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It is not hard to check that the maximum of
(L= B)lal/ DY _ .
{ (1 - cl/(1-p) ¢ 1/6’6 > (1 _6)1 ﬂ‘alﬂ

is equal to 3/|a| and is reached at ¢ = |a|?. Finally, if g, = Jh,ja|s, letting e — 0, we have proved that

. 1 i [ (#(lalt) ) B
hﬁiﬁ%l(gh(t)al)m(m“) g (( |a|t) X020 | )= =op 10

To conclude, to get the second part of the statement of Proposition 1.4 (ii), suppose 0 < 8 < 1 and
consider some positive function g that converges to oo at oo, such that g(t)!®lt/p(t) — 0. Set h(t) =
(¢~ (g(t)1*l /|| /1ol + > 0. Then, h(t) converges to oo as t — oo and it is easily seen that h(t)!®l /o(t) — 0
as t — oco. Since g = gp, with the notations above, the result follows from (40).

5 Some properties of the limit measure

Recall that the distribution 2. (dz) on ]0,00[ is that of RY/1®l where R denotes a random variable with
entire positive moments
E[R"] = ¢(a])....4(n|al), n > 1, (41)

that characterize its distribution. Using this particular moments’ shape, we get the following description of
the measure po, near 0 and co. Some of these properties are then used at the end of this section to prove
Proposition 1.5.

Proposition 5.1. (Behavior at oc)
(i) Suppose (H) for some B €]0,1[. Then,

—In (/too amoo(d:v)> =—1In (IP’(R > t‘“')) it ﬁ¢_1(t|a)

«

where ¢~ denotes the inverse of ¢ (and is therefore a function reqularly varying at oo with index 1/3).

(ii) Suppose ¢(o0) := fol rB(dz) < co. Then s has a bounded support with supremum ¢(oo) /1%l and

Hoo ({¢(oo>1/\a|}) >0s /1 @ < 00

Proposition 5.2. (Behavior at 0) Suppose that fOeXp(_u) xB(dx) varies regularly at oo with index —vy,7y €
[0,1]. Then, as s — 0

1
(IaPT (1 +7)¢(=1/In(sl1)))

/ PO g () = B[1 o gty B ~

and

/OS Tpoo(dz) = P(R < s1°l) = o ((ﬁ(—l/slzl(scd))> .

Proof. This is a direct consequence of Corollary 1 of Caballero-Rivero [10], which gives these results in
terms of the random variable R. O

Proof of Proposition 5.1. (i) Our proof strongly relies on the proof of Proposition 2 of Rivero [28]. Rivero
shows there that if a positive random variable Y has entire moments satisfying

Ely"] = [[ v ()
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for some function 1 regularly varying at oo with index « €]0, 1, then
~In(BY > 1) ~ (D),

where 1~ is the right-inverse of v. Apply then this result to the r.v. R, by taking v = ¢(|a|-) and v = .
(ii) Using (41) and that ¢ is increasing, we get for all n > 0,

2[(5) < e
Besides, writing

. K¢(§O)>n] =" K<75(I§O))n 1{R>¢’(°°)}] +E Kgb(];)y 1{R<¢(oo)}] +P (R = ¢(c)),

and using the monotone and dominated convergence theorems, we see that

[C) N IR T I
(o (R = (o))

In particular, from (42), we see that P(R > ¢(c0)) = 0. Similarly, it is easy to show, using (41), that for all

0 <e < ¢(o0), " .
. KQS(OO)—E) } o

which implies that P(R > ¢(c0) — ¢) > 0. Last, to get the remaining part of the statement, note that

A(emaDY sl 1 e,
() e ey 1 ey f, = )

(o) ) -2 (%)

converges to —oo as n — oo if and only if

Therefore

L1Hol

1 o© 1
/ Zx“alHB(dx) = / 7|‘B(da:) = o0.
0 = o 1—zlo

E K&)] 0t /1 : . ~B(d) = oo,

which ends the proof. O

Since [, xB(dz) < oo,

Proof of Proposition 1.5. From the construction (7) of y;, we see that

pe({1}) = no({1HP (€(p(1)) = 0) = po({1HP (£() = 0),

and from the Poisson point process construction of a pure-jump subordinator with Lévy measure II we have
that P (£(t) = 0) = exp(—¢T1(]0, 0o[)) = exp (—td(o0)). Next, we get from the factorization (15), that

exp (—té(0)) = B (RI > t(00)) > P(I > (R > ¢(oc)).

On the one hand, from the proof of Proposition 5.1, we see that when ¢(c0) < oo, P(R > ¢(c0)) = P(R =

¢(00)) and that this quantity is non-zero i.f.f. fl(l —2)7!B(dz) < co. On the other hand, under (H), we
get from the regular variation of —In(P(I > t)) that P(I > z*t)/P(I >t) — 0 for all 0 < 2 < 1, as t — o0;
and then, from the dominated convergence theorem that

m(t) YP(I > 2ot)
P(I > t) /0 P(I >t)

zpo(de) — po({1}) as t — oo.

27



Otherwise said, we have proved that under the hypothesis (H), when po({1}) > 0 and ¢(c0) < oo,

lim inf pe({1})

)

> P(R = ¢(c0)) = ¢(00) /1" s ({6 (00) /1°1}).

Next, suppose (H), that [, |In(z)lzB(dz) < co and that ¢(co) < co. According to Theorem 1.3, for all
£ €0, 1[ such that (1 — )¢ (oc)/1°l is not an atom of fise,

pe{1}) _ Sioam(dn) /¢<oo>”“
m(t) - m(t) t—o0 (1—8)¢(o<>)1/|0“

Too (d).

Letting € — 0, we get

imsup “C < 600) 4 (f0(00) /1))

t—oo m( -

6 Examples

Below is a list of standard examples where the main quantities involved in our results can be computed
explicitly. More precisely, for each of these examples, we specify the distributions of I (defined in (13)) and

R (defined in (14)), which leads to explicit expressions of the limit measure pio, (since R'/1%l 9 zp(de)) and
of the mass
mi(t) =PI > t), t >0,

which is the mass of the solution to the fragmentation equation starting from pg = d;. We also specify the
behavior as t — oo of the quantity ¢(|alt)/|a|t, involved in the statement of Theorem 1.3. For all these
examples, we give the main tools to get the distributions of I and R, but we leave the calculation details
to the reader. We recall that 3 denotes the index of regular variation of hypothesis (H) and that when
(1, t > 0) is a solution to the equation with parameters («, B), (pet,t > 0) is a solution to the equation with
parameters (a, ¢B). For this reason, in the examples below, given a measure B we choose its “representative”
among the measures c¢B, ¢ > 0, which is the most convenient for the statement of the results.

The first four examples concerns absolutely continuous measures B(du) = b(u)du, where b is a function
defined on ]0,1[. The Lévy measure is therefore also absolutely continuous and we denote by 7 its density.
It turns out that the limit distribution p is also absolutely continuous. We denote by u its density.

Ex.1. b(u) = bu’"2,b > 0; a < 0.

e 3=0
o p(t)~tast— o0
I5T(b/|al+1,1)

L]
e my(t) = m [ a1l exp(—z)dx, ¢t >0
d
o R~ fB(1,0/]al)
b
o Uoo(z) = bzlol2 (1 —gleN T o<z <1

The notations I'(x,y) (resp. B(z,y)) refer to the classical Gamma distribution with parameters z,y > 0
(resp. Beta distribution). In these examples, the density of the Lévy measure associated with B is w(x) =
bexp(—bx), x > 0, hence the Lévy measure associated with the subordinator |«|¢ (where € has Lévy measure
IT) has a density given by bexp(—bz/|a|)/|al, z > 0. According to the Example B, p.5 of [11], the density
of I is then proportional to 2*/1%l exp(—x),z > 0. Last we refer to the formula (4), Section 3 of [8], to get
the distribution of R.

We point out that the solutions to the fragmentation equation with this measure B are studied in [24].
In particular, when o« = —b/2 and pg = 07 the solutions (u, ¢ > 0) has the explicit expression

je(dz) = exp(—t) (51(dx) bt (t - %tQ(l - x—b/Z))> 1{0<x<1}dx> ,
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which gives
mq (t) = exp(—t) (1 +t+ t22>
and for all bounded test functions f :]0,00[— R
1 1 1
| f@emtan) = [ @t e - D
which is consistent with the above expressions of mq and ..

la] la]

Ex.2. b(u) = [oT(1 =) tu > 2(1—u> )75 0<y<1;a<0.

o f=1

~

o o(t) ~ (l) T ast o 00

mi(t) = [;° gy(z)da, t > 0.
e RYe(1)
la|

o foo(@) = ey ey Zexp (—xlV/7), 2 >0

Here, e(1) denotes a r.v. with exponential distribution with parameter 1 and 7, a v-stable random variable,
i.e. with Laplace transform ¢ € [0, 0co[— exp(—t7). Hence 7.7 has the so-called Mittag-Leffler distribution.
We recall that it possesses a density given by

gy(z) = L Z (:2,7!1“(72' + 1) sin(7yi), >0

and its entire positive moments are equal to n!/T'(yn + 1), ¥n > 1 (see e.g. [27, Section 0.3]). The Lévy
measure associated with B has a density given for = > 0 by

|alexp(—|alz/v)
I(1 = 7)1 = exp(—|alz/y))*

m(x) =

Using formula (5) and the following discussion in [8], we get that [ L 7,7 and R 9 e(1)".

e

Ex.3. b(u) = a2 (1 =902 —4)) ' ut= 21 —ulol/G=)=7"1, 0 < v < 1;0 < 0.

e f=nv
o o(t) ~ (1) Ha| 7777 ast — oo
o I e(1)

my(t) = exp(—t/1=1) ¢t >0

d -1
.
R~7_

Uoo(x) = |a|x‘a|_291—7(xla‘)v x>0,

where g;_~ is the Mittag-Lefller density given in the previous example. Note the duality with this previous
example. In the present example,

|ofy? exp(lalz/(1 — 7)) -
(1 =)F(2 = y)(exp(lafz/(1 =) = )+

and we again refer to the formula (5) and the following discussion in [8] to get the distributions of I and R.

m(z) = >0,

Ex.4. b(u) = |a|T(2 + ) tul=2(1 —w)*~ 1 -1 <a < 0.
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B =la]

1
o)~ (i) ast oo

I/(1+4 «) is a size-biased version of the Mittag-Leffler distribution with parameter |«|, i.e. for all test
functions f

el el
eiso - 2 (“; [)Z}) ol

lex|

my(t) =T(la| + 1) ft(ﬁua) zg|o|(z)dz, t >0

(1 +a)R)* £ 1(lal,1)

® loo(T) = %1(‘20";%"‘0"_2 exp(—(1 + a)¥Ielz), 2 > 0.

Indeed, here
|af exp(z)
= , ¢ >0.
™) = Tt a) (el — T
Following the end of the proof of Lemma 4 of Miermont [26], we get that I has its moment of order k equal
to

K1+ a)*T(|af)

T((k+ Do)
for all £ € N. Hence
_ K T((k+Da) L " e Dla g (0 da
E[R"] = E[I*] ~ (14 a)*T(Ja]) (1+a)kF(|al)/c) oI exp(—a)de.

Remark. Note that the Examples 2, 3 and 4 give, for all 0 < v < 1,
-ifb(u) =u (1 —u)"7 "t and a = —,
d
2hoe(dz) & e (7)e(1)
-if b(u) = u772(1 — u),7,1 and a = v — 1,

d _
Thoo (dz) ~ 2 ()T,

-if b(u) = w72 (1 —u)”7" ! and a = —7,

oo (dz)  e3(7)T(7, 1)

where ¢1 (), ca(y) and ¢3(7y) are real numbers that depend on . Hence, both « and the behavior of b near
0 play a significant role on the shape of the limit measure fio.

Last we turn to the case where B is a Dirac measure.

Ex.5. B =a"16, for some a €]0,1[; a < 0.
e 3=0

o o(t) ~tast— oo

e [ has a density k on ]0, co[ given by

k(x) = Zexp (aln(a)i — x exp(aln(a)i)) H (1 —exp(aln(a)(i —p))) "

i>0 pi

e myi(t) = [ k(z)dx, t >0

In this case, Il = 6_1,(4), i.e. the associated subordinator is a Poisson process. We then refer to [11, Prop. 6.5
(ii)] for the expression of the density k. Note that ¢(t) = (1—a') for all ¢ > 0, hence E[R"] = [, (1—(|aa)?)
for all n > 1.
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7 Appendix: Existence and uniqueness of solutions

This appendix is devoted to the proof of Theorem 1.3 on existence and uniqueness of solutions to the
fragmentation equation (2). So in this section, @ € R. The proof follows the main lines of that of Theorem 1
in [19], which states existence and uniqueness of solutions to a slightly restricted form of the fragmentation
equation (2), and which was concentrated on solutions starting from py = d;. We note that it was implicit
in the statement of this theorem that a solution should satisfy assumptions (4) and (5).

Let £ denotes a subordinator with Lévy measure II and zero drift, such that £, = 0. We recall that
its semigroup possesses the Feller property and that the domain of its infinitesimal generator contains at
least all functions f that are continuously differentiable on R and such that f and f’ tend to 0 at infinity.
See e.g. Chapter 1 of [3]. As a consequence, the domain of the infinitesimal generator of exp(—¢&) contains
continuously differentiable functions f on ]0, oo[ with compact support.

One can easily checked that when f :]0,00[— R is bounded and continuous, the function

z = E [f(z exp(—Ep(aar))]

is also bounded and continuous on ]0,00[. This mainly relies on the cadlag and quasi-left-continuity ([3,
Prop.7, Chapter 1]) of subordinators.

Now, for every 0 < a < b, let C,p be the set of continuous functions f :]0,b] — R that are null on |0, al,
and C, , be the set of continuously differentiable functions f :J0,b] — R that are null on ]0,a]. Tt is clear

from the remark above that for all 0 < a < b, the linear operators T} and T}, t > 0, defined by

Ti(f)(x) = E[f(zexp(=¢))]

and
T,(f)(x) = E [f(z exp(—Epaor)))]

send Cqp into Cqp. Following the proof of Theorem 1 of [19] (see also [22]), we see that both family of oper-
ators define strongly continuous contraction semigroups on C, 5, and that the domains of their infinitesimal
generators are identical and contain C; ,. These generators are respectively given, for f € C, , and = €0, ],
by

A = [ (o) - @)y
and R
A(f)(x) = z*A(f) ().
Note that when B is a measure on ]0, 1] defined from II by (6), we have

A(f)(@) = 2° / (f(zy) — F(x)) yB(dy).

Existence of solutions to (2). With the above remarks, and Kolmogorov’s backward equation (see
Prop.15, p.9 of [14]), we have that

T(f)(x) = f(z) + / To(A(f)) ()ds, (43)

Va €]0,b], Vf € Cj 4, Y0 < a < b, ¥b > 0. Otherwise said: let f :]0,00[— R be null near 0 and continuously
differentiable. Then, considering its restriction to |0, ] and = < b, we have that f and z satisfy (43).
Now, consider vy, a probability measure on ]0, oo[, and set

<y, g >i=< I/O,Tt(g) >

for all bounded, measurable functions ¢ on ]0, co[. Note that for all ¢ > 0, 14(]0,00[) <1 and v (x > M) =0
as soon as vo(xz > M) = 0 for some M > 0. Then let f be some continuously differentiable function on
10, co[ with compact support. It is clear that A(f) is null near 0 and it is easy to see, using Fubini’s theorem,
that there exists some constants b,¢ > 0 such that |A(f)|(z) < cz®TI(In(z/b)) for large enough = (here
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I(y) = fyoo T1(dz)). In particular, A(f) is bounded on ]0, co[ when z*TI(In(x)) is bounded near oo (hence
when a < 0). It is then clear that in such case we can apply Fubini’s theorem when integrating (43) with
respect to vy to get

t
<y, [f>=<vy, f> +/ < v, A(f) > ds.
0

This holds for all continuously differentiable functions f on ]0, oo[ with compact support. Therefore, defining
the measures p; on |0, 00[ by < ut, g >:=< 14, § >, where g denotes any test-function on 0, co[ and g(z) =
g(x)/xz, x > 0, we have proved that (u: ¢t > 0) is a solution to the fragmentation equation, as defined
in the Introduction. To sum up: provided that the function x — 2x*II(In(x)) is bounded near oo, for all
measure o on |0, oo[ such that fooo zpo(dz) = 1, there exists a solution constructed via subordinators to the
fragmentation equation.

When a > 0, the function # — x*TI(In(x)) may not be bounded near co. Another way to tackle the
problem in this case is to use the definition of p to get that

o) t~ _ oo p(z™t)
| [ dmni@asna) - E[/ A (@ exp(—€2))du | wo(da),

the function f being still supposed continuously differentiable on ]0, co[ with compact support. For such f,
the function A(f) is bounded on ]0, oo[. Hence the double integral involved in the identity above is bounded
by a constant times [ E [p(z*t)] vo(dz), which is finite as soon as [~ In(z)rp(dz) < co: indeed, according
to Proposition 2 of [8], for all # > 0, E[p(z)] = [ Elexp(—sR)]ds, where R is a random variable with

distribution pp defined by (14). Let then I be a random variable defined by (13), independent of R, and
consider a real number a such that P(I < a) > 0. Using the factorization property (15), we get

x

E[p(z)|P(I <a)= /09” Elexp(—sR)1{7<q})ds < /0 Elexp(—sa~'e(1))]ds = aln(1 4+ a 'x).

It this then possible to apply Fubini’s theorem when integrating (43) with respect to vy and we conclude as
above to the existence of a solution to (2).

Uniqueness of solutions to (2). Let v be a probability measure with support included in ]0, b] for some
b > 0 and suppose that (v, t > 0) is a family of measures with support included in ]0, b] such that

t
<w, f>=<w, f> +/ <5, A(f) > ds, Vf € Up<a<tCqp-
0

Suppose moreover that 14(]0,00[) < 1, Vt > 0. Our goal is to prove that (v4,t > 0) is uniquely determined.
Using that the total weight of v; is less or equal to 1, we get that sup,>, < vy, |f| >< oo and sup,5o <
ve, |A(f)] >< oo for each f € U0<a<bC;7b. It is then possible to follow the proof of Proposition 18, Sect.

4.9 of [14] to deduce that uniqueness holds provided that, for all A > 0, (Aid — /i(f))(C;’b) is dense (for the
uniform norm) in C, 4, for all 0 < a < b. Following the proof of Theorem 1 in [19], we see that C;,b is a core
for the strongly contraction semi-group T, : Cap — Cap, t > 0. Hence the result.
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probabilistic approach is possible to study the large-time behavior of solutions to the fragmentation equation
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