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Abstract

In Dolera, Gabetta and Regazzini (2008) it is proved that the total varia-
tion distance between the solution f(-,t) of Kac’s equation and the Gaussian
density (0,0?) has an upper bound which goes to zero with an exponential
rate equal to —1/4, as t — +oo. In the present paper we determine a lower
bound which decreases exponentially to zero with the same said rate, pro-
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insuperable barrier of —1 for the rate of convergence.
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1 Introduction

In order to determine the rates of relaxation to equilibrium in kinetic theory,
Kac derived the following Boltzmann-like equation, commonly known as Kac

equation,

2m
1
v, t) = — [ f(v cos® —w sind, t) - f(v sinf + w cosb, t) —
" or O/R/
— f(v,t) - f(w,t) ] dwdd (veR, t>0) (1)

with some specific probability density function fy as initial datum. The
resulting Cauchy problem admits a unique solution within the class of all
probability density functions on R. Such a solution provides the probability
distribution at any time of the velocity of a single particle in a chaotic bath
of like molecules moving on the line. See Kac (1956, 1959) and McKean
(1966). It is well-known that the probability measure u(-,¢) determined by
f(-,t) converges to a distinguished Gaussian law in the variational metric,
namely

drv (pu(1);70) == sup |u(B,t) =(B)] — 0 (t—+400), (2)

Be#A(R)

where 7, denotes the Gaussian distribution with zero mean and variance o
and, for any metric space S, #(95) stands for the Borel class on S. It should
be recalled that (2) holds true if and only if the initial datum has finite
second moment and o2 is just the value of such a moment. The proof of the
“if” part of this assertion is given in Dolera (2007) by adapting arguments
explained in Carlen and Lu (2003), whereas the proof of the “only if” part
is contained in Gabetta and Regazzini (2006Db).

Apropos of the speed of approach to equilibrium it has been proved that

drv (u(1)ie) < Cee™1t  (t>0) (3)



holds with some suitable constant C, depending only on the behaviour of

fo, when fj has finite fourth moment and

o(6) = / éSfow)de = o€ (€] +o0)  (4)

R

is valid for some p > 0. See Dolera, Gabetta and Regazzini (2008). This
work will be mentioned as DGR throughout the rest of the present paper.
Inequality (3) is known as McKean’s conjecture and the above statement
represents the first satisfactory support of this very same conjecture.

At the end of Subsection 2.2 of DGR the question whether the upper
bound in (3) can be improved is posed. To the best of the authors’ knowl-
edge, this problem has not been tackled yet, except a hint on page 370 of
Carlen, Carvalho and Gabetta (2005). The main proposition in the present
paper states that the answer is in the affirmative only in the rather peculiar
case in which the fourth cumulant of the density fo(z) := {fo(z)+ fo(—z)}/2
is zero. The term fourth cumulant of a probability distribution Q on #(R)

designates the quantity
2

ha(Q) = / (r— Q)'Q(dz) - 3 / (x — Q*Q(dx)

R R
with @ := [p#Q(dz), under the assumption that the fourth moment is
finite. This cumulant is zero, for example, when Q is Gaussian.

In view of this fact one could comment on the main proposition by noting
that improvements of the rate expressed by (3) turn out to be impossible
when fj is definitely dissimilar from the class of all Gaussian distributions.
For the sake of completeness, we recall that, given the Fourier-Stiltjes trans-
form ¢ of Q, the r-th cumulant of Q is defined to be the coefficient of (i&)" /r!
in Taylor’s expansion of log(g(§)). See, e.g., Sections 3.14-3.15 of Stuart and
Ord (1987).

As a further remark on the above-mentioned proposition, it is worth not-

ing its resemblance between well-known facts related to the approximation



of the distribution function F,, of the “standardized” sum of n independent
and identically distributed random variables with finite variance, by the
standard Gaussian distribution ®. Indeed, in general, F,, is approximated
by ® except for terms of orders 1/y/n. But higher orders of approxima-
tion hold when the skewness and the kurtosis of the common distribution of
each summand are zero. Liapounov (1901) was the pioneer of this kind of
problems, followed by Cramér (1937), Esseen (1945) and others.

The structure of the paper is as follows: Section 2 contains the pre-
sentation of the main results. Section 3 deals with the basic preliminary
facts which pave the way for proofs of the main results. It is split into two
subsections. The former consists in a brief description of the probabilistic
interpretation according to which p(-,¢) can be seen as distribution of a ran-
dom weighted sum of random variables. The latter is devoted to the analysis
of the error made by the approximation of the law of certain weighted sums
of independent random variables to the Gaussian distribution. Section 4
contains the proofs of the main results stated in Section 2. Finally, some
purely technical aspects are deferred to an appendix, together with the proof
of two lemmata formulated in Section 3. The various parts of the appendix

are designated by A.1, ..., A.4, respectively.

2 Presentation of the new results

In order to present the main results we intend to prove in this paper it is
worth mentioning the following weak version of Kac’s problem (1) proposed

in Bobylev (1984). Taking the Fourier transform of both sides of (1) yields

2
1

L6t =5 [ Pl cost.n) ple st 00 —pl6t)  (5)

0

with initial datum ¢o(¢) == [ €% fo(z)dz. It should be noted that, if ¢



is the Fourier-Stieltjes transform of any (not necessarily absolutely contin-
uous) probability distribution pg on Z(R), (5) can be thought of as a new
problem which generalizes (1). In any case, (5) admits a unique solution
©(+,t) which characterizes - in the form of a Fourier-Stieltjes transform - a
probability distribution p(-,t) that, throughout the paper, will be said to be
a solution for (5). Obviously, in problem (1) one has uo(B) = [5 fo(v)dv
and p(B,t) := [5 f(v,t)dv, for every B in #(R).

In order to formulate the new results exhaustively, let m,. and m,. denote
the r-th moment and the absolute r-th moment of g respectively, and fig

be the symmetrized form of po defined by

fio(B) := {po(B) + po(=B)}/2 (B € Z(R)) (6)

where —B denotes the set {z | — =z € B}.
A precise statement of the fact that rate —1/4 may be the best possible

one is contained in

Theorem 2.1. Suppose that pg possesses finite fourth moment my and that
ka(fio) # 0. Moreover, let o be the value of ma. Then, there exists a strictly

positive constant C, depending only on the behaviour of o, for which

dry (p(-,t);70) > Ce it (7)

holds true for every t > 0.

The proof of this theorem, deferred to Section 4, contains also a precise

quantification for C. Since

1
s P(5) - Q(B) = R/ @) — ()l

is valid whenever P and Q are absolutely continuous probability distributions
with densities p and q respectively, as an immediate consequence of Theorem

2.1, one has that



turns out to be true for the solution f(-,¢) of (1) provided that the initial
datum fy yields a probability measure pg with the same properties as in

Theorem 2.1. From (8) it plainly follows that any inequality such as

oV 2T

1 v? 1
| f(v,t) — e 2? |dv < Ce™t'p(t)  (t>0)
[1re0sm

is not valid when p vanishes at infinity. This clarifies why inequality (3) can
be viewed as sharp.

Now, we analyse the effect of assuming r4(fig) = 0.

Theorem 2.2. Consider Kac’s equation (1) with initial datum fo such that
Myts < 400 for some ¢ in [0,2] and ka(fip) = 0. Moreover, let the Fourier
transform of fo, wo, satisfy the usual tail condition (4) for some strictly
positive p. Then, there are a strictly positive constant Cs = Cs(fo;p) and a
function ps : [0, +o0[— [0, +00[ which vanishes at infinity for which

2

/|f(v,t)— e [dv < CseTilps(t)  (t20). (9)
R

oV 2

In particular, if 6 belongs to ]0,2[, one can take

ps(t) = exp{(=3/4 + 2a415)t} (10)
with a = 5= 027r | sin 0|°d#.

Useful information to quantify Cs can be gathered in Subsections 4.3,
4.4 and points A.2, A.4 of the Appendix.
Since even cumulants kg, of the Gaussian distribution (0,02) vanish

for m > 2 and supgeg [@(€,t) — Rep(€,t)| < 27", one is led to think that



the approach to equilibrium of u(-,¢) might become faster when the sym-
metrized form of the initial datum presents an increasing number of zero

even cumulants.

Theorem 2.3. Consider problem (1) and maintain the same notation as
before for fo, po, fto, Yo and as. Moreover, assume that there are an integer

X greater than 2 and a number ¢ in [0,2[ for which
1) g [0/XF° fo(v)dv < +o0;
ii) the cumulants Kom of fo vanish for m =2,...,x;
iii) ¢o meets (4) for some strictly positive p.

Then, there is a strictly positive constant éx,g = €X75< fo;p) for which

1 e _
/ [ f(0,1) = —=737 [dv < Cyg e 072 (120) (1)
g T
R

holds true.

Useful information to quantify 6,(75 can be gathered in Subsection 4.4
and point A.2 of the Appendix.

It should be noted that, except for the centered Gaussian law, the most
common distributions do not share condition ii), at least for large values of x.
So, one can legitimately believe that Theorem 2.1 covers usual applications.

In any case, 1 — 2a, 4 is strictly less than one, whichever x > 2 and
0 > 0 might be. It would be interesting to check when, under suitable
conditions for the initial distribution, the value -1 for the rate of relaxation
to equilibrium is actually obtained. The following propositions answer the
issue, under the extra-condition that all moments of ug are finite. So, it
remains to check whether this moment assumption can be actually recovered
from this high order of relaxation to equilibrium. This problem is going to

be tackled in a separate later work.



Proposition 2.4. If ug possesses moments of every order and the solution
wu(-,t) of (5) satisfies
drv (p(-,1);7s) < Ce™

for some strictly positive constant C, then

UO(') :70(') +Oa(') (12)

where 0, is a finite signed measure satisfying 0,(A) = —os(—A) and v,(A)+
0s(A) > 0 for every Borel subset A of R.

Observe that the Wild formula (cf. (13) in Subsection 3.1) implies that
drv(p(-,t);7) = |os|e™ when the initial datum is of the type of (12). So,
if one assumes there is some p : [0, +00[— [0, 400 vanishing at infinity so
that dpy (u(-,1);7,) < Cetp(t), then the total variation |o,| of o, satisfies
los| < Cp(t) for all positive ¢, which is tantamount to asserting that o, is

the null measure, and this provides a proof for

Corollary 2.5. If po has moments of every order and the solution p(-,t)
of (5) satisfies

dry (p(-1);70) < Ce'p(t)
for some p wvanishing at infinity and for some positive constant C', then

pu(5t) =0 (:) for every t = 0.

Thus, if all the moments of g are finite, the value for the rate of conver-

gence to equilibrium that one cannot sharpen is just -1 unless pg is Gaussian.

3 Preliminaries

To pave the way for the proofs of the main statements, this section presents
some necessary preliminary facts and results. Firstly, it mentions the prob-

abilistic meaning of Wild’s series, originally pointed out in McKean (1966).



Secondly, it gives new asymptotic expansions for the characteristic function
of weighted sums of independent and identically distributed random vari-
ables, which complement analogous statements formulated, e.g., in Chapter
8 of Gnedenko and Kolmogorov (1954) or in Chapter 6 of Petrov (1975) and,

moreover, in Subsection 3.2 of DGR.

3.1 McKean’s interpretation of Wild’s sums

Following Wild (1951) one can express the solution ¢(-,t) of (5) as a time-

dependent mixture of characteristic functions, i.e.

P& 1) = e (1—e )" 4n(& o) (13)

n>1

where

q1(&; %0) = ¢o(8)
an (& 00) = 15 S k(& 00) * dnk(E00)  (n>2)
and % denotes the so-called Wild product defined by

21
1

g1(&) * g2(§) := 7 /gl(fCOSQ) - g2(&sinf) d6 .

0
The Wild series, thanks to a symmetry property of the Wild product,

yields a useful decomposition of u(-,t) we will use later on. Such a decom-
position involves the symmetrized form fi of a probability measure p defined
by i(B) := [u(B) + u(—B)]/2, for any B in Z(R). It is well-known that, if
1®)(-,t) denotes the solution of (5) with initial datum fig (see (6)), one can

write

M('?t) - M(s)('7t) - 00(')€_t (14)

with ao(") := 10() — (")
The next description of the probabilistic re-interpretation of (13) follows

Subsection 3.1 in DGR closely. Accordingly, introduce exactly in the same



notation adopted therein the measurable space (£2,.%#) as a product, together
with its coordinate random elements v, 7, 8 := (6,)n>1, U := (Un)n>1. Then,
remember the definition of the random elements ¢§;, m; given in terms of
McKean trees and put = (v,7,0). About the random variables 7; recall

the fundamental equality
v
Z 7r]2- = (15)
j=1

which holds true whenever 7 belongs to G(v).
Now, for some fixed initial datum pg for problem (5) define a family
(Pt)t>0 of probability measures on (2,.%#) according to (12) in DGR. Next,

consider the random variable
v
V = Z 7Tj’Uj (16)
j=1
and note, through the Wild formula, that
w(B,t)=P{VeB}, BeHBR),t>0

w(-,t) being the solution of (5) with ug as initial datum.

Consequently, the random variables v,, turn out to be conditionally in-
dependent given 3 with respect to each P;. Moreover, since 8 and v are
independent, one can think of the conditional probability distribution of
V given 8 as the distribution of a weighted sum of independent random
variables. Indeed, for any fixed elementary case @ in {2, one can define the

random variable

v(w)
V()= ) m@v;() (17)
j=1
on (9, .#) for which
PV <z |B}@) =PV <z} (ze€R,t>0) (18)

holds P;-almost surely in w. This last equality plays a central role in the rest

of the paper, since it allows to work on a finite sum of independent random

10



variables using typical tools of the central limit problem. In this context it is
important to examine the behaviour of the moments of the random variable
V. Their evaluation essentially depends on sums of powers of the 7; through

the following identity proved in Gabetta and Regazzini (2006a):

E: Z|7Tj|m = ¢ (1-2om)t (19)
j=1

.y, being the same as is in Section 2.

3.2 Some asymptotic expansions for the characteristic function of

weighted sums of independent random variables

As in Subsection 3.2 of DGR, the subject to be investigated here is the
behaviour of the characteristic function of weighted sums of independent
and identically distributed random variables. The expansions given here
turn out to be more careful than the analogous ones contained in the above-
mentioned work, since now it is assumed that the common probability law
of the summands possesses moments of arbitrarily high order. Cumulants
will play a central role in the analysis of the remainder terms. Finally, the
study of the convergence of weighted sums will provide right conditions to
improve the rate of approach to equilibrium for solutions of equation (1).
In the rest of this subsection (Xj);>1 stands for a sequence of inde-
pendent and identically distributed real-valued random variables on some
probability space (E, &, Q) with common non-degenerate distribution ¢ on
(R, A(R)). It is assumed that ¢ is symmetric (i.e. {(B) = ((—B) for every
Borel set B of R) and possesses (finite) moments up to the order k + 4,
where k = 2y, x being some integer greater than 1 and ¢ being an element
of the interval [0, 2[. Denote the r-th moment and the absolute r-th moment
of ¢ by m, and m,, respectively, and notice that existing moments of odd

order vanish. In particular, the variance o2 of ¢ coincides with my. Set

11



P(€) == [ e*"((dz), which turns out to be an even real-valued function,
and for every positive integer n define {cip,..., ¢y n} to be an array of real
constants such that

n
=1 (20)
j=1
holds for every n. Then, let V;, be the sum of Y7 ,,...,Y, , when

1 .
Yin = ;cj’an,n (j=1,...,n)

and let ¢, be the characteristic function of V;,. Consider the r-th cumulant
k- and recall that, in general, it can be defined by
| s—1 | : 1 ml kl
re = 113 (-1) -(5—1).-1‘[@(?) (r=1,....k) (21
(%) =1
where the symbol (%) means that the sum is carried out over all non-negative

integer solutions (ki,...,k,) of equations

ki4+2ko+---+rk. =7
ki+ke+--+k=s

with the proviso that 0° = 1. Symmetry of ¢ implies that existing cumulants
of odd order are equal to zero. Moreover, from a technical fact proved in
Appendix A.1, after defining yo := {[—602 + (360* + 12my4)'/2]/m4}/? one
has ¥ (&) > 1/2if |¢] < yo and

X

log w(€) = D (—1)" o€ + €5 en(®) (22)

r=1

where € is continuous on [—yo,yo|, differentiable on [—yo,y0] \ {0} and
satisfies €4(0) = 0, lim¢e_g 0x(§) = 0 with g (&) ==& - e;ﬂ(ﬁ). Consequently,
Mék) 1= SUDge[_yq 40] [€£(€)] and Ml(k) 1= SUPge[—yo,y0] [0k(§)] are two finite
constants which depend only on the behaviour of the common probability
law (.

Now, following the same line of reasoning as in Chapter 6 of Petrov

(1975) we introduce the quantities

12



n

~ K
dem= e G (r=1...%) (23)

j=1

and define the polynomials

T Y km
Pen(®) = 3| 11 k;' ((551’5)!) (~prHgr(24)

() m=1

for r = 1,...,x — 1. In addition we introduce another family of functions

Mk, Which will be used to approximate the characteristic functions ),

defined by

x—1
Mean(€) = e €243 B(6) e (€eR). (25)
r=1

At this stage we are in a position to state a couple of preliminary results,

which play an important role in the rest of the paper.

Lemma 3.1. Assume x = 2 (i.e. k =4) and 6 = 0. Then, there ezists a

positive constant C}, depending only on the behaviour of (, such that (in

4 (CZ‘) ‘ (26)

[6n(€) = mn(©)] < CF €1+ €N /21370 + D ¢l ales <£> |

a

the same notations as in (22))

[n(€) — man(©)] < Cf e €72 |13 e+ et
j=1

j=1

j=1 j=1
(27)

and

[4n(€) = 3.0 (€)]

< O I (1 +€5)e e Zc?,n+2c§,n(!e4 (f)\ + fos <a£> D

j=1 j=1

(28)

13



—1/4
hold true for every €] < A4pn = oyo (2?21 C?,n) ,

For general £ = 2x and J one has

R S A )
Lemma 3.2. If || < Agspn =0y (ijl Cj,n) then
[0 (€) — (€] < Cgpok(©)e 2 | S ejnlF 0 (29)
j=1
and
(&) = e (E)] < Crapra(€)e™S 72 | JejmFH (30)
j=1

where Cj 5 is a constant depending only on the behaviour of ¢ and pox(§),

p1,k(§) are polynomials whose coefficients depend only on k.

The proofs of these lemmata are deferred to Appendix A.2, in which
one can also find directions for the evaluation of Cj 5, por(§) and p1 ().

Inequalities (29) and (30) immediately entail

Ak,(S,n 1/2
/ 0n©) —mn©PAe | < Clpar [ Slenl ] (1)
_Ak,é,n '7:1

and
Ak.sn 1/2
/ @) — i ©Pde | < Clpar [ Slenl ] (32
—Ak 5.n J=1

with aj := max { (prg,k(5)€_§2d§> 1/2 : (IRP%,k(f)e—Eng)lﬂ}.

4 Proofs of the main results

First we prove Theorem 2.1 and then we focus on Proposition 2.4. In fact
they rest on similar arguments. Then, we will provide proofs for Theorems

2.2 and 2.3 by adapting methods used in Section 4 of DGR.

14



Before starting, it is worth setting some new symbols which will be
adopted hereafter. First of all, choose a version for the conditional distribu-
tion function P,{V < z | f} and call it F*(z). In view of (18), it does not
depend on t. F*(z)[w] will indicate dependence of F*(z) on a specific sample
point @ in Q. The Fourier-Stieltjes transform of F*(-)[@] will be designated
by ¢*(-)[@]. Moreover, integral over a measurable subset S of Q2 will be often
denoted by E[- ;S]. Symbols m, and m, for [2"uo(dv) and [ |z|"po(dz),
respectively, will continue to be used and ¢? will designate the value of my,

while yo will stand for the quantity {[—602 4 (360* 4+ 12m4)1/?]/m,}1/2.

4.1 Proof of Theorem 2.1

Assume initially that pg is symmetric. For simplicity, introduce the re-scaled
solution pis(-,t) defined by py(B,t) := pu(oB,t), where 0B :={y = oz |z €
B} for every B in the Borel class of R. By the homogeneity of the total
variation distance we have dpy (u(-,t);7v) = dry (pe(-,t);7y) where v is a
shorthand for the standard normal law ;. Now, thanks to the elementary
inequality

drv (o (- 1):7) = 3 supllEfont) — €72 (33)
£eR

one can employ the expansions given in Subsection 3.2. First, observe that

for any small ¢ in ]0, oyp] one has
sup (/0. ) = e /2| > Jp(e/o,t) — e~
£eR
= ‘Et {Et [eisw" | [3] — 6762/2 ‘/ *(e/o)|w 6752/2} Pt(dw)‘ .

(34)

Next, after fixing any @ in 2, substitute v(@) for n and 7;(@) for ¢;, (j =

1,2,...,n) in Lemma 3.1. This way, ¢, (£) changes into ¢*({/o) and the re-
. ~1/

striction, that Lemma 3.1 imposes on €, becomes |¢| < oy (Z]V(:“i) 7r;-L (w)) .

Then, if € belongs to |0, oyo], these restrictions are met with P¢-probability

15



1 for each t. Hence, (26) can be applied with
— —¢2/2 , K4 = 45y | e4po—€2/2
na(§)[w] :==e BT Z%’ W) | &e
j=1

in place of mun(§). If R;(§)[w] stands for ¢*(e/0)[w] — na(€)[@], the last
member in (34) can be written as

v(w)

/R4 Pt dw) 4’70-4 €4 52/2/ Zﬂ' w Pt dUJ)‘

‘/R4 )dPy + 74/:4 g2

. —€ -3 *
> Jl' 44|1546 2/2, it |/R4(5)dPt|‘ (35)
Q

where the equality follows from (19) and the inequality from ‘a + b‘
Ha| - \bH Now, the claim is that there is ¢ independent of ¢ and small

enough to have

* R — —_=
\/R4(s)dPt\ < 2‘44'11_ 4=e*/20— 5t (36)

for every non-negative ¢t. To this end recall: that e4 (see (22)) is a continuous
function depending only on the initial datum g so that €4(0) = 0; that |k4]
is strictly positive; that the constant Cj = C (o) can never be chosen equal

to zero. The inequality

|4
P L —
ea(@)] = 4-4lodC;

is surely satisfied for every x belonging to a suitable non-degenerate interval

[T, 7] included in [—yo,yo]. Thus, taking (26) into account, one can write

v(@) 4(=
. 4 29 4/ m;(W)e — Fal 4 —c2jp 14
/ Cyce'e® jgl 713(0))‘64( . Pi(dw) < 1. a154C € /e
o —

(37)

for every € in ]0,07] and ¢ > 0. Moreover,

CF 8o 20—t < ﬂ€4e—52/2€—%t
4 = 4-4lot

16



is valid for every non-negative t provided that ¢ is chosen not greater than

_ 1/4 _
T = (%) . Thus, in view of (26), (36) is satisfied for ¢ in |0, min{oT; T}].
To conclude the proof in the symmetric case, fix € as above in order to have
(36) and use the following elementary fact: If [b| < |a|/2, then ||a] — |b|‘ =

|a| — |b] > |a|/2. Apply this to (35) to get

Kal 4 _c2po 14 . Kal 4 _e2jp 14
Tic © lPemat — | | Ri(e)dPy|| > 5 algit © /e
Q

which, in view of (34), provides a lower bound for d7v (u(+,t);7,). When po

is symmetric, the constant C, which appears in Theorem 2.1, can be taken

equal to %646_52/2 with € in |0, min{oT; T}].

When pg is not symmetric, employ its symmetrized form fig and recall

(14) to obtain

1 (B.t) =70(B)| = |u(B,t) = op(B)e™" = 75(B)|

< u(B.1) — 1 (B) + 27 < dpv(u(o0)i%) + 26 (B € B(R))
which plainly entails

dry (B9 (L 1)59) < dpv(p(,t)ive) + 27 (38)

From the first part of the proof one can find a constant C(jig) < 2 for which

dry (1O (-, 1);70) > Clfig)e 3" .

Hence,
dry (u(1);70) = dry(u® (,1);7,) — 27
. 1=
> Clfo)e s — 27" > JC()e "
holds provided that ¢ > # := — log[(C(jig)/4)*/?] where { is strictly positive.

To conclude the proof observe that (7) is valid taking, for example,

C = C(po) := min {;é(,:m); inf dTV(u(-,t);%)} .

t€[0,7]

17



Finally, inf, (o 5 drv (u(-, ); 75) is strictly positive in view of the existence of
the minimum combined with the uniqueness of the solution of Kac’s equa-

tion. This point is clarified in Subsection A.3 of the Appendix.

4.2 Proof of Proposition 2.4

To prove this proposition under the assumption that all the moments of ug
are finite, it will suffice to prove that all the cumulants ko, of even order of
fip are zero for m = 2,3,.... Thanks to (38), the inequality, which appears

in the statement of Proposition 2.4, can be re-written as
dTV(:U(S)('v t); ’Vcr) < (C + 2)€_t . (39)

In view of this fact we can assume, without real loss of generality, that ug is
symmetric. Then, supposing ko, = 0 for m = 2,...,s — 1 and kos # 0 for
some integer s greater than 2, one contradicts (39).

As in the previous subsection, write

2 drv(u(,0:%) 2 sup (/o) — e 8
€

> | / {¢ (/o)) - e="/2} Py(am) (40)

Q

where ¢ is any positive constant not greater than oyy. Following the general

lines of Subsection 3.2, define

v(@)
__ _ 2 s K2s o . g
RO = P (S | L) | e
0% | &

After setting R, (&)[w] := ¢*(e/0)[w] — m2s(§)[@], the last member in (40)

18



becomes

s K2s 25 —e2/2 25
(/RQS TPUAD) + (1) G e e2/ / Zw o) | Py dw)‘

Q
= ‘/R;S(a)dPt + (—1)5(2:)2'5 285236*52/267(172a23)t
e
‘/{2s| 28_22_120{5
= ‘(23)!0285 e Zem iR \ Ry (e dPtH (41)

Now, if |e] < oyp, an application of (29) with & = 2s and § = 1 combined

with (19) yields
| / R3.(e)dP,| < / [R5, (2)|dP,
Q

Q

< C;s,1’€‘25+1[1 + |E|h(2s)] 6782/237(1*20‘23-&-1)1‘/

< C;s,l‘€|28+1[1 + (O_yo)h(Qs)] 6752/26—(172a23+1)t (42)

for every non-negative t. If € satisfies the further restriction

| < 1 . 1 . |kos|
<205, T+ (o) @ (25)lo®

then one can re-write (42) as

x ‘525‘ s —£2/2 —(1—%a
‘/RZS(g)dPt‘ < WEQ e ¢ /26 (1—2a2s)t ) (43)

Hence, inequalities (41) and (43) entail

|’€2 ’ 2 1 -
TS‘;!O-QS€23€ 5/26 (1 2&23)t S 2dTV(u(’t)’fyo_) S 2(C+2)€ t

for every non-negative ¢, which contradicts the fact that (1 —2caags) is strictly
smaller than 1. Thus, k25 must vanish implying pg = v, since v, is uniquely

determined by its moments. Finally, if pg is not symmetric, then fig = 7.

19



4.3 Proof of Theorem 2.2 when k+§ =4

We shall closely follow the proof of Theorem 2.1 in DGR. First of all, let us

assume that condition

(H) fo and, consequently, f(-,t) are even functions

is in force. This does not limit the generality of subsequent reasoning thanks
to (9)-(10) of DGR. Since %F*(v) represents a version of the conditional
probability density function of V' given 3, in view of basic properties of

conditional expectation one has

oV 2w

R/ | f(o.) - } [dv = || F(0.t) - g0 (0) s

< E[IEF@-sl] - &[IfFe-awl] 0

where g,(v)dv = ~,(dv). Moreover, from Proposition 2.2 of DGR, which
can be applied to fp thanks to the hypotheses in Theorem 2.2 and (H), there

are o and A\ for which

2 o
| o(§) | < <)\2A+£2> (45)

holds true for every real £. In particular one can set o = (2 [2/p])7}, p
being the same as in (4) and [s] standing for the least integer not less than
s. Define U C 2 by
v 12 .
U:={v<a U{[][m=0 u{d = >5 (46)
j=1 J=1
with m = 17 - [2/p] and

- , 1 o8 1
0 =min{ ——; 0 S o -
2" 7!’ 16 ygmy 27

Next, check that U belongs to .# and rewrite the last term in (44) as

£ (Il 4P 00— 0 0| + & [l e ~m@llve]

20



By the same arguments as the ones used to prove (22) in DGR one obtains
v
P{r<m} < me’! and Pt{H m;=0}=0.
j=1

As to the third component of the union in the definition of U, one can

combine Markov’s (with power 2) and Liapounov’s inequalities to get

12 . 1 v 2
Pd m 20h < SE (D) | <
=1 0 j=1
Exponent 3/8 follows from application of (19) with m = 6. Now, combina-
tion of all the above computations provides an estimate for the probability

of U under Py, that is
P(U) < [A+1/5]e st (£>0). (48)
Inequality (48) leads immediately to the upper bound
2 [H SF o) — )] U} < PU) < 2[H1/Fles . (49)

To control the integral over U¢ appearing in (47), invoke the Beurling in-
equality formulated in Proposition 4.1 of DGR to obtain
1/2

d * (63 1 C
e[l oo - allsv| < e | [iapaes [1apast o
R R

(50)
where A := ¢*(¢/0) — e /2 and A/ := d%A. Applicability of this result is
justified by the fact that the restriction to U* of the conditional characteristic
function & — ¢*(&) 1= [ e*dF*(z) belongs to H'(R). To see this, note
that ©*(¢)[@] = o(|¢]734) is valid for || — +oo and for @ in U°. Indeed,

thanks to conditional independence and (45), one has

( : )a
< -
= 2 2¢2
j=1 A +7Tj€

21
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and the claimed “tail behaviour” of ¢* follows from the definitions of @ and
a together with the fact that the random numbers m; do not vanish on U*.
To complete the argument for H'(R) regularity use Remark A.3.2 in DGR.
Now, the expectation in the right-hand side of (50) is dominated by

1/2 1/2 7
e || [ iarac] v se || [ iapPac] vl
| \llel<a (Ig2A} ]
1/2 1/2 b
+ E / |A]2de Ul +E; / |A'|2d¢ - Ul (51)
{gl<A} {I¢>A} ]
with
A=A@p)=—0

(2521 W?) 1

At this stage apply (27) to the evaluation of the first integral in (51) after
noticing that here the function 74,(§) equals e=€"/2 almost surely since

k4 = 0. This leads to

1/2
/ |A|2d¢ < 24/2T017/2)C; | D xf
{I€]<A} 7=1
2 1/2
+V2C; /58(1 + 42 ¢ Zwﬂa (”f) ‘ de¢ (52)
R J=1

with

log por) + (0%/2) #* — (ra/a) x*

if 0 < |z] <oy
€a(x) == &(owo) if |z| > oyo

0 ifz=0.

Note that €4 is a bounded continuous function. Take expectation of both

22



sides of (52) and recall (19) to obtain

1/2

= / |A|2de < 24/2T(17/2)C; e &t

{[€1<A}

r 2
+V2C E /58(1 4 ¢hy2e € (Z w;*‘a <7Tf> () d&]
LR j=1

In view of A.4 in the Appendix,

1/2

lim p(l)() 0

t——+o0

where
2 1/2
ot (t) /58 1+ gh)2ee (WN dg
J=1 7
Similarly, apply (28) to evaluate the second integral in (51) as follows:
1/2
/ |A')2d¢ < 4+/I(19/2)C; (Z wg)
{lel<A} =1
2 1/2
+2v2 Cp [/561+§12 (Z je4<ﬂ))) d{]
o
J=1
2 1/2
+2VECT | [ g (ZWS* 2 <7”5) () dé]
: o
R j=1
with
ey (z) if 0 < |z| < oyo
04(@) = Q1 1= limy1py, 0a(u) if 2] > oyo
0 ifx=0.

23
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Take once again expectation of both sides of (55) and use (19) to get

1/2
= / |A'|2d¢ < 4 /T(19/2)C;e st
{lgl<a}
2 1/2
+ 2v2 CIE, |:/£6(1_|_£12)e£2 (ZW ‘€4< Jf) )) df]
R j=1

9 1/2
2 i€
R/é(l%”)e ¢ (1 ie: < : )) dﬁ] - (56)

Another application of A.4 leads to state the following important facts:

+ 2V2 CE,

Jim o (8) = lim o7 (1) =0 (57)
where
9 1/2
o (1) = et s {/5 (1+€2)e (Z e <”' )) dg]
R j=1
and
1/2

2
o) = i Ey { [easenes (Z o () () d§]
% i

After determining upper bounds for integrals of the type of [, {j¢]<a} On€ gets

down to examining the remaining summands in (51). Minkowski’s inequality

yields
1/2 1/2 1/2
* _é2
/ aPag| < / o (E/o)Pde |+ / % e
{I§1>A} {[§1>A} {[§1>A}
and
1/2 1/2 1/2
d . e
/ APde| < / Gl I / e 2de
{[£1>A} {I§1>A} {[§1>A}
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From a well-known inequality, proved e.g. in Lemma 2 of VII.1 in Feller

(1968) and since maxz> zFe=27" = [k/(2ea)]*/2, one obtains

1/2
2 15 15/4 15/4 8 . 6
/ e S de < (2> e 5 (Gyo) ™ Z?Tj
{1€1>A) i=1
and
1/2
e 242 (1T\ T/ o
| gefac] <2 <2> e oyo) Yl
{1€1>A} =1
Then, (19) can be applied to have
1/2
15 15/4
e [ et §<2> eI ()i (58)
GEIN!
and
1/2
242 (17T\ /4
E, / gefae| < +2f <2) Aoy P (59)

{|€1=A}

At this point, to control the remaining integrals over {|{| > A} proceed as
in formula (30) in DGR to write

1/2 1/2

/Iw*(£/0)|2d5 4 / iw*(&/U)IQdE e

{|€1=A} {I€]=A}

4o 1/2
= M(/ so*(f/a)ds) e+ /2 (AJo)] e . (60)
A

For w in U° the bound
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holds true thanks to the definition of § and the Liapounov inequality. Thus,
Lemma 12 in Chapter 6 of Petrov (1975) can be applied to the characteristic
function ¢*(§/0) with b = 1/2 to deduce

v

T (A/o)] < VEe Y < VAUB/e)' AT = VB (48/¢) (oy) D
which entails

Er/2 [o*(AJo)] < V2 (48/e)}(oyo) Be st . (61)

It remains to analyse

+00 1/2 +oo 1/2
* 77‘5

[ie@miae) = | [ TIeae) o

A A J=1

An estimate of this term is made using Proposition 2.2 in DGR together

with (33), (34) and (35) therein with € = 1/(2n!). Then,

+o00 1/2 +o0 1/2 2na—1
" 1 o 14 A
[1e@aias] s o [ (o) | <o
A A/Xo J=1
(62)

The definition of 7 in (46) yields (2am — 1)/8 = 2. Moreover,

o 1 ()\0)17/2
D= oy
3 17/4 9 17/4
() () ]
with
Ly := sup[[¢|” - [po(£)]]
£eR
and
32 V20 ?
M = expq — 5
64 (3 + (Lp)¥/P)” \ 8[2/plo® + 40m+/[2/p] my

Taking expectation in (62) entails
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1/2

+o0
e || [ @] tge| < petit (64)
A

The claimed upper bound (9) follows from (49), (53), (56), (58), (59), (61)
and (64).

4.4 Proof of Theorems 2.2 and 2.3 when 2y + 6§ > 4

This proof differs from the previous one only in the choice of the constants.
One can start from (44) under hypothesis (H). Thanks to (H) and to the
hypotheses of the theorems to be proved, one can apply Proposition 2.2 of
DGR to get (45) with a = (2-[2/p])~".

Now, define U exactly as in (46) with 7 = [k(k +2) + 1] - [2/p] and

- 1 o® 1
d =min{ ——; — S o= -
27 1!’ 16 ygmy 27 ml
The probability of U is then estimated, under each Py, using the fact that

P{v<m} < me? and Pt{H =0} =0
j=1
whereas, for the third component of the union in the definition of U, one

can combine Markov’s (with exponent k/2) and Liapounov’s inequalities to

get
k/2
14 . 1 14
4 4
Ped 7 >0} < 5B || D)
=1 0 =1
z 1
k+2 —(1—2« t
< b ij S St (1=2s2)
5 = 5
Thus,
PUU) < [i+1/8"7] (120042t (1> 0) . (65)
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Now, split the term E; [H%F*(av) —¢1(v)|],] into the sum of two con-

tributes, exactly as in (47), and note that (65) entails

[l S (ov) — (@) 10| < PU) < 2 [t 157 02
(66)
To control the integral over U¢ invoke once again Beurling’s inequality (see
Proposition 4.1 in DGR) to write (50). Applicability of this result rests on
the same arguments as those provided in Subsection 4.3. The right-hand

side of (50) is split into a sum of four terms, exactly as in (51), with

_ o 9Y0
A=A(f) = B L\ (R0)
(Ziam)
Now apply (31) to the evaluation of the first integral in (51) noticing that the
function 7y, (&) equals e~¢/2 almost surely since ko, = 0 for r = 2,..., x.

This leads to

1/2
E¢ / |A[7dg < Cpsag- e~ (1—202x45)t (67)
{I§]<A}
and ”
E / |A'2d¢ < Cjsak- o~ (1202, 45)t (68)
{1€1<A}

After determining upper bounds for integrals of the type of [ {je]<A} One gets

down to examining the remaining summands in (51). Minkowski’s inequality

gives
1/2 1/2 1/2
[ospac] < | [ w@era] s | [ e P
{[E]>A} {[E1>A} {[E1>A}
and
1/2 1/2 1/2
2
[ pa| < f (fgso*@/wd& o[ e pag
{IEI>A} {[E]>A} {[E1>A}
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Integrals involving the Gaussian density are controlled as in the previous

subsection to give

1/2 k(k+2)—1
E, / € dg < <k(k J;i) — 1) i (o) ~HEFD/2 (= (1=202)1
HELS!
(69)
and
1/2
e | [ et
{I€]>A}
k(k+2)+1
242 (k(k+2)+1\ 1 _ (124
S 5 ( ( 26) ) (O_yo) k(k+2)/2 e (1-2 k+2)t . (70)

To control the remaining integrals over the region {|¢| > A} proceed as
before writing equation (60). For @ in U¢ the bound

o3

21ty Y1) | (@) 3

holds true thanks to the definition of § and the Liapounov inequality. Then,

Aw) <

set b =1/2 in Lemma 12 in Chapter 6 of Petrov (1975) to deduce

V2 g (AJo)] < V2 mt

k(k+2)
3k(k + 2) o k(k+2) z D
< ek S - . 4
e G ICOR N PO
7=1
Sh(k+2)\ 1 v
_ k(ket2) k2
() (5
J:

and, therefore,

k(k+2)

E/2 [0 (AJo)| < \/§<3k(ke+2)) 1 (O-yo)ik(k;Q).67(1720¢k+2)t. (71)

400 1/2
Finally, apropos of ( A |<p*(§/a)\d§> - lye, one can write

2na—1
1/2 =5

+o0 v
/ " (€/o)lde | Tpe <D ) (72)
A j=1
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with the same constant D as in (63). The definition of 7, given at the begin-
ning of this subsection, yields (2am — 1)/8 > k/2. Now, taking expectation
in (72) entails

1/2

+oo
e || [ 1o€/o] ape| < peiomer )
A

To obtain (11) it will suffice to combine the previous inequalities.

5 Appendix

This appendix contains all the elements which are necessary to complete the
proofs given in Section 4. It is split into four parts: The first focuses on
a quantification of numbers yg such that the Fourier-Stieltjes transform of
a symmetric probability law turns out to be greater than 1/2 on [—yo, yo].
The second presents the proofs of Lemma 3.1 and Lemma 3.2. The third
aims at clarifying the conclusion of the proof of Proposition 2.4. Finally, the

fourth provides a proof for (54) and (57).

Al

Let i be the Fourier-Stieltjes transform of a symmetric probability law (
on (R, B(R)), namely (&) = [, e*((dx) for every real . Assume that
my = [p 2%¢(dw) is finite and put 0? := [y 22((dz), yo := {[~60% + (360" +
12my)V2] fmg J20F (€] < yo, then (€)= 1/2.

Proof. From the Taylor expansion for characteristic functions, one can
write (&) = 1—(02/2)€2 + R(&) with |R(€)| < (my/24)€*. See, for example,
Section 8.4 in Chow-Teicher (1997). The desired bound is obtained if

0.2

1— g2 et > =
25 24€ -2
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holds true for every & belonging to some interval. Now, one can note that
the biquadratic equation m4&* + 120262 — 12 = 0 possesses exactly two real

solutions, namely +yg, and the previous inequality is satisfied for every £ in

[—y0,y0]. O

A2

Proof of Lemma 3.1. Set v;, for the characteristic function of Yj,
(j = 1,2,...,n) and use the definition of V,, combined with independence

to write
nl) = [Tvnt©) = TTv (2%)
7=1 7=1
If |€] < Ay, it easily follows that

—1/4
Cin0Yo - 4 / <

‘ ¢jné
g

Now, using elementary properties of the logarithm, one can combine expan-

sion (22) with property (20) of each array {cip,...,Cnn} to obtain
n
log ¢n(€) = Y logthjn(é)
j=1

n 2 2 4 4 4 4
[_1 2GS | 1, Gnb | G o (cj,,g)]

- = 2 o2 4™ ol o
1 Ao
= —552 + Tinﬁll + R4(§)

where

Inverting the logarithm, one gets

Un(©) = P2 exp( 2264} oxp(Ru(€)) (74)

It is easily verified that the restrictions |u| := |[Ag,&*/4! < kayo/4! and
IR4(&)] < MYy hold true when [€] < Ay, and that Ao ,&4/41 = Py, (€).
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Finally, set F'(x) := e®* — 1 — x. At this point we have all the tools to prove
(26) and (27). Indeed,

[ (€) = Nan(€)] = e 6/

_ 8

e exp{Ra(€)} — 1l

e exp{R4(§)} —e" + F(u)‘

2
< e €/2 u

exp{Ra(€)} — 1| + 2P ()] .

By elementary arguments, if x is any real number satisfying |z| < ¢, one has

c_1
|ex—1|§e|m|—1§<€ >]:1:\

C

This fact can be applied to R4(£) to get

MOy n ,
exp{R4(§)} — 1‘ < ¢ (W) ’ ZC;{” €4 <c]2‘”§) ’

Moreover, since inequality

F@)(] s x4
< E :
b 2 U x? Hg o

is in force, one can conclude that
|thn (&) — 1an (8)]

4 M(4)y4 n
g2 K4Yo eMo Yo — 1 4 Cj,nf
< e £7/2¢4 .e . cx 2 ‘
= & - exp{ A olyd Z gn|®\ T4

N

+e €2 max UF(:U)” €8 icﬁn : (75)

le|<rayd/al [ 22

After setting

4 M(g4>y3 -1 F
Cyr = exp{mly0 (e 1 + max U (=) H

4! oty jel<nayd/at [ 22

derivation of (26) and (27) follows by rewriting (75) conveniently. To get
(26) it is enough to notice that » 7, ¢t <1, while to deduce (27) one can

J,n
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2
combine inequality (27:1 c§7n> <> C?,n with max{1; &4} < (14 €.

To prove (28), start from (74) and take the derivative with respect to &.

Thus, one obtains

90 (&) = 130 ()]
< exp{R1(€)} - |RYE)| - nan(€) + F(u)e /2| + |n3,(6)] - | exp{Ra(€)} — 1

+ exp{R4(¢) ) e 4 exp{Ry(€)} - |F(u)] - [¢le™72 .

| gero

Arguing as in the first part of this proof,

T (©)] - | exp{Ra(€)} — 1]
Mé4)yo -1 n o f
4,4 TR e/ ZJns
C (200) (e e (S (22
(76)
and
exp{R4(&)} - |F(u)| - |§’e—52/2
2
F(x) e [
= |x\§r2?y}§/4g U 22 H eXP{Mo yo}\f\g &/ (; c;{n) . (77)
Moreover,

exp{Ra(&)} - |RY(E)] - [nan(€) + Fu)e /% = exp{Ra(€)} - [Ry(€)] - e ¢/2e"
< exp{MVyd} - exp{ 4y°}4 “gPee/

[ic?,n)al(”f)+ lufer (%) (} (78)

J=1

and
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Whence,

exp{R4(¢ ‘df ‘ e €2
y n ?
K2 exp{} -1 2
< exp{My" i) o ( rav €fe 2 Y cn ] - (19
4! j=1

Now, set

Mo — 1 K F
i ( atys ) (1 + 4!o4> + |$|§n,:f’y}§/4! “ 22 ] exp{M; Yo}

2
4y eXp{
+oxp{M;ys} - exp{ 0} 4o~ + exp (Mg y) oot ( i )

541‘/0
4!

and combine (76), (77), (78) and (79), after noticing that [£]?(14 &%) +]¢]? +
1€+ €7 < €]3(1 +€5) holds for every &. Finally, in order to have the same
multiplicative constant in the right-hand sides of (26), (27) and (28), replace
Cy* and C;** with Cf = max{C}*; C;**}.

Proof of Lemma 3.2. In view of the independence of the random variables

X, n and (22) one gets

1 2 . r xr,n
logn(§) = =282+ (-1)

2r
5 2 (27“)!6 + Rpy5(6)

where

Whence,

X
Pn(6) = e €2 exp {Z(-N é’;’)‘, 2’”} ~exp{Ri4s(€)} . (80)
r=2 '

Now, consider the function z — f¢(2) = exp{ge(2)} with

A
= S () e (e
9c(2) = D () e
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and its Taylor polynomial of order (x — 1) at z = 0, say py—i1(z). Then,
recall the Faa di Bruno formula, i.e.

()
o el (w(e)

O\ @)\ 00 () ) X
‘Zk1|k2 exp{<<>}(y U()) (ym()) ___(yxlo)

with (%) meaning that the sum is carried out over all non-negative integer

solutions (K1, ..., ky) of the equation k1 +2ks+- - -+xky = x. An application

of this formula entails
x—1
Px-1(2) =14 > Pn(§)?”
r=1

the functions Py, (&) having been defined in (24). Thus, when z = 1, the

Lagrange remainder can be written with a suitable u € [0,1] as

1
N
k1 ko k
B 1 g\ g () g\
_ff(“)(z):kllkg!...kxl 1 21 B B ’

which, after repeated applications of the multinomial formula, leads to

\i,fé" (w)] < f ZH Z ALL(€) . A ()]

with A () := (=1)hFm (h’+z—1) %52(’”””). Then, one can introduce

the quantity

s=2

X X
K2s
Wy = [l | max{02s; 1}]

to obtain, after an application of the Liapounov inequality,

3 AL (€) .. AT (©)]

{ll++lx—m:km}

< T, g2 g gy (Y b
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Whence,

;!fé") ()] < felw) X WRTIEHER + €2 4 (2 4 €52 | DD b2

J=1

and, using the bound [£| < Ay 5,
X
|ge(w)| <) kowp® == B
5=2
Then,
Wn(f) - nk,n(f)\ < 6*52/2 {[fi(l) _px—l(l)] 4 [eRk+6(§) _ 1]}

< O [P W (€2 4+ €57 4 (€2 4+ €)Y - ( Cﬁz)

=1

k+6 _
+ eXP{Mé )3/5} —1 2My s En: Ic; ‘k—&-& |§|k+6 (81)
(k+5), & Klok+o G ‘
My Yo ' j=1
As to |4, — 1., |, note that inequality

[, (€) = 1750 (€]

29| d
< JE] - 1onl€) = men@)] + ¢ G e(D)] - [ explRusa(@)} 1]

+ &L )] exp{Russ O Fiea ©)] + 72| 1 (1)~ prca (1)
(82)
obtains. As regards the first summand, it will suffice to multiply the upper
bound stated in (81) for |1, — nkn| by |§]. The latter factor in the second
addend of (82) can be dominated by the last addend in (81), while for the
former factor one has
+1

d ’i2r+2yo
—fe(1)] < B E
’dffé( ‘ exp{ By} 2r+ 1o

As to the third addend, recall that |f¢(1)| < exp{B,} and that |R;15(§)| <
k+6 / n _ _
yE M. Moreover, |R),5(€)] < S0y o R eH el {klenrs(cint /o)] +

\ﬁa_lcjme;ﬁd(cjmﬂa)]} and, in view of Theorem 1 in Section 8.4 of Chow
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and Teicher (1997), (|exvs(x)|+ |xe;€+5(:p)|) < dmys5|z|°/(k—1)!. It remains
to deal with the last summand in (82). Since (%px_l is a Taylor polynomial

for 8% fe, one can use the Bernstein integral form of the remainder to obtain

o2 Ue) = (V)| < ,0/1 2_:() o felon)|du
-1

n
A0 l+1) €[+ Ra(r+1)
jin 52(r+1)
j=1 r=x—I
X 1 fem
B T+ 2r+2
< Sty T (2 e
=0 x); m=1
x—1 K n n
Z €[+ 2(r+1) 22 A0
0—2 'f‘+1 j7n j7n
r=x—I Jj=1 J=1

To conclude, think of the last two sums of the ¢; s as moments of order 2[
and 2(x — ) respectively and apply the Liapounov inequality to each sum

to write

2l+2 Z (x—=1+1) Z k+2
.7’ .

J=1

A.3

As to the proof of Theorem 2.1, we clarify why inf, 5 drv (u(-, £); 7o) must
be strictly positive. Suppose that inf, (5 drv (p(-,t);v5) = 0. Then, as
t — dry (-, t);70) is continuous on [0, 4o00[ - see, e.g., the Wild expansion
- there is t* in [0,#] such that dpy(u(-,t*);7,) = 0. On the one hand, if
* =0, then g coincides with 7, and this contradicts the hypothesis that
k4(fig) # 0. On the other hand, if t* > 0, in view of the Wild expansion one
can conclude that pg possesses moments of every order and is symmetric.

Then, it is easy to check that these moments, i.e.

n

/:):",u(dx,t) = E ij-vj (n=1,2,...)
j=1

R
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are, in this case, independent of ¢ and are the same as the moments of ~,.

Hence, po = 75, which contradicts the hypothesis k4(fig) # 0 again.

A4

The proofs of (54) and (57) follow from this proposition: Let g : R — [0, +-00[
be an integrable function and € : R — R be a continuous, bounded function
with €(0) = 0. Then

2 1/2

lim H(t) = ei' E, / 9(¢) iw;‘»\ewo\ a¢

t—-+o00 -
R j=1

Il
o

Proof. Fix an arbitrary small positive § and show that there exists a value
ts for which |H(t)| < ¢, for every ¢t > ts5. First of all, by the continuity of e

and the fact that ¢(0) = 0, note that the set of real numbers z for which

(@) < —
€ < —°
3vIgll
includes an interval [—Z, 7] with > 0 and || g ||,;:= [z g(§)dE. Set 7 :=

maxi<;<, m; and B := Z/|7w|. B is well-defined since, due to (15), @™ # 0.

Now,
) 1/2
[o© | S aileme|| a
R J=1
2 1/2 2
<3 [ oo | Salamo|| ay w3 [ a© | Xallemel| as
{1¢1<B) =1 (11>} i=1

For the integral over the internal region one can write
9 1/2

14 5 14
tle(m; d < —_ i 1
| s > | 3| Vil

{l¢I<B}
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and, taking expectation,

1/2

2
eit E, / 9(8) |:Z7T?€(7Tj§)] d¢ < 4/3

—
(1€1<B} J

after a standard application of (19). At this point, define M to be the

maximum of |e| and determine a positive value s such that

[ e < <3L)

{I¢1=>3}

Given S :={w | [T(w)| < T/5}, write

{|[¢]=B}

L [ v
= eil E / g(& 7rJ4
7j=1

{1¢1=B}

1/2

2
e(r;€) ] &l s

_ 1/2

2
+e4 E; / |:V 7r e(m;€) ‘] d¢ . S¢

=1
l{1¢1>B} J

One can notice that B(w) > s for w in S. Then,

1/2

2
eil E / 9(¢) {Zﬂf 6(7@5)] | ;S

2
it E, / g(¢) |:Z7r;l e(m{)] d¢ s 5% < eitM\/HngPt(SC).



An application of Markov’s inequality with exponent 6 yields an upper

bound for the probability of S¢, i.e.
P:(S¢) < E[[7|° §6<EV6 s
(59 < Bl (2) < & > (2
Hence,

6
AT PUSY) < estM\/ung-( ) .

Taking ts = max {—SIOg [(5/3) (z/5)° - M~ || g HI_I/Q} ; 1} makes the right-

ISIERY]

hand side of the last inequality smaller than §/3 for every ¢t > ts. This

completes the proof.
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