ON THE WIENER DISORDER PROBLEM

SEMIH ONUR SEZER

ABSTRACT. In the Wiener disorder problem, the drift of a Wiener process changes suddenly at
some unknown and unobservable disorder time. The objective is to detect this change as quickly
as possible after it happens. Earlier work on the Bayesian formulation of this problem brings
optimal (or asymptotically optimal) detection rules assuming that the prior distribution of the
change time is given at time zero, and additional information is received by observing the Wiener
process only. Here, we consider a different information structure where possible causes of this
disorder are observed. More precisely, we assume that we also observe an arrival/counting process
representing external shocks. The disorder happens because of these shocks, and the change time
coincides with one of the arrival times. Such a formulation arises, for example, from detecting
a change in financial data caused by major financial events, or detecting damages in structures
caused by earthquakes. In this paper, we formulate the problem in a Bayesian framework assuming
that those observable shocks form a Poisson process. We present an optimal detection rule that
minimizes a linear Bayes risk, which includes the expected detection delay and the probability of

¢

early false alarms. We also give the solution of the “variational formulation” where the objective

is to minimize the detection delay over all stopping rules for which the false alarm probability

does not exceed a given constant.

1. INTRODUCTION

Suppose that at time t = 0 we start observing a Wiener process X and a simple Poisson process
N with arrival times (7,),>0. The Poisson process is assumed to apply external shocks on X,
and these shocks will eventually cause a change in the drift of X. The time ©, at which the drift
changes is unknown and unobservable. We only know that it coincides with one of the arrival

times according to the prior distribution
(1) P{© =0} =m, P{O=T)=0—-m)(1-p)" 'p, forn>1,

for some known 7 € [0,1) and p € (0,1]. We also assume that pre- and post-disorder drifts s
and p1 are given, and the arrival rate A of the Poisson process is known.

Our aim is to detect the time © as quickly as possible after it happens, and by using our
observations from the processes X and N only. More precisely, if we let F = {F;:}+>0 be the

observation filtration, our objective is to find an F-stopping time 7 that minimizes the Bayes risk
(2) R(r,m) :=P{r <O} +c-E(r—0),

for some delay cost ¢ > 0. If such a stopping time exists, then it resolves optimally the trade-off

between early false alarms and detection delay.
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We also consider an alternative but related formulation, in which the objective is to minimize
the detection delay E(r — )1 over all F-stopping times, for which the false alarm frequency
P{r < ©} is bounded above by a given constant a € (0,1). Needless to say, this formulation is
more desirable if frequent false alarms cannot be tolerated.

Change detection problems have been studied in the literature with numerous applications in
different contexts. These applications include quality control and fault detection in industrial
processes, detection of onset of an epidemic in biomedical signal processing, target identification
in national defense, intrusion detection in computer networks and security systems, threat detec-
tion in national security, pattern recognition in seismology, detection of change in the riskiness
of financial assets, and many others. The reader may refer to Basseville and Nikiforov [1993],
Siegmund [1985], Lai [1995, 2001], Kent [2000], Shiryaev [2002], Wang et al. [2002], Baron [2002],
Tartakovsky and Veeravalli [2004], Tartakovsky et al. [2006] and the references therein for an
extensive discussion on these and other applications.

Earlier foundational studies on change detection problems include Page [1954] and Lorden
[1971] on non-Bayesian settings; and Girshick and Rubin [1952] and Shiryaev [1978] on Bayesian
formulations respectively. In particular, Shiryaev [1978] gives the solution of the Bayesian formu-
lation of the Wiener disorder problem for the Bayes risk in (2) assuming that the change time has
an exponential prior distribution (see also Shiryaev [1963, 1965]). Later, following Poor [1998],
this problem is re-considered by Beibel [2000] for a different Bayes risk including an exponential
penalty term (which is more suitable for financial applications). Recently, Gapeev and Peskir
[2006] obtained the solution of the finite-horizon version of the original formulation of Shiryaev
[1978] (see also Peskir and Shiryaev [2006, Chapter 6.22]). The extension to the case where
observations consist of multiple Wiener processes is given by Dayanik et al. [2006].

The common assumption in this line of work is that the change-time has (zero-modified) ex-
ponential distribution. Under this assumption, the sufficient statistic (i.e., conditional proba-
bility process) is one dimensional, and it is possible to obtain explicit results. In addition to
this analytical advantage, the exponential distribution can be regarded as a reasonable choice
for highly reliable systems considering the asymptotical approximation of the exponential dis-
tribution with geometric distribution. That is, if we perform independent experiments at times
8,206,30,... , for § > 0, where the failure (disorder) probability is Ad, then as § — 0% we have
P(time to first failure > t) — e,

In other settings where the prior distribution is not exponential, the literature offers asymptot-
ically optimal Bayes rules. When the prior distribution is not exponential, sufficient statistics are
not one-dimensional anymore, and explicit results are difficult to obtain, in which case asymptot-
ically optimal rules prove useful for online implementation. The reader may refer to, for example,
Beibel [1994] and Beibel [1997] for such asymptotical results including explicit expansions of the
optimal Bayes risks (which are modified versions of (2)); see also Pollak and Siegmund [1985] for
related results. We refer the reader to the recent work Baron and Tartakovsky [2006] for a com-
prehensive asymptotical analysis of more general continuous-time models (including the Wiener
disorder problem). Baron and Tartakovsky [2006] can also be consulted for a brief survey and

overview of the earlier work on asymptotic detection theory.
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In the aforementioned models, the observed Wiener process is the only source of information for
detecting the change time. However, it is sometimes possible to observe the external factors that
are responsible for the disorder. This is usually the case if we would like to detect, for example, a
sudden change in financial data caused by major financial events/news, or damages in structures
caused by earthquakes using continuously acquired vibration measurements (see Basseville and
Nikiforov [1993, Chapter 1.2.5 and 11.1.4] for a discussion on vibration monitoring in mechanical
systems). Here, we consider such a setting where the underlying system is exposed to observable
shocks/impulses, and the disorder happens at one these shocks.

Such a formulation is considered for the first time by Moustakides [2007] for a Brownian motion
in a non-Bayesian framework, and under the assumption that these shocks form a Poisson process.
Moustakides [2007, Section 4] derives an optimal solution for an (extended) Lorden criteria in
terms of the (extended) CUSUM process. However, to our knowledge, no Bayesian formulation
of this problem has been given yet. This formulation and its solution are the contributions of the
current paper. It should be noted that under the distribution in (1), the unconditional distribution
of © is (zero-modified) exponential with parameter Ap. Hence, our model can also be considered as
a modification of the original formulation in Shiryaev [1978]. The major difference is that we not
only observe the underlying Wiener process but also the external causes of the disorder. In this
“more informed” setting, the detection decision may improve greatly and this is indeed confirmed
by our numerical example in Figure 1.

As an additional remark, we would like to note that although the change can happen only
at discrete points in time, a detection decision can be made at any time. Hence, the problem
is rather a continuous-time problem as expected. It is essentially composed of a sequence of
hypothesis-testing problems: between two arrivals of the Poisson process, the observer tests the

hypotheses
Hy : drift = pg  vs. Hy : drift = g

using the observations received from the Brownian motion. Indeed, on every inter-arrival period
(T, Tn+1), the conditional probability process II; := P{© < t|F;}, for t > 0, follows the same
dynamics as those of the sufficient statistic I, := P{H, is true|F;}, for t > 0, of the sequential
hypothesis-testing problem in Shiryaev [1978, Section 4.2]; see Remark 2.1. If a decision has not
been made by the next arrival time 7;,1, then the conditional probabilities are updated and the
hypothesis-testing problem restarts again with new (updated) prior likelihoods.

In this paper, we show that the problem of minimizing the Bayes risk in (2) is equivalent to an
optimal stopping problem in terms of the conditional probability process II = {II;};>0, and it is
optimal to stop the first time the process Il exceeds a threshold 7. The conditional probability
process I1 is a jump-diffusion jointly driven by the observed Wiener process and the Poisson process
(see (11) for its dynamics). To compute the optimal threshold 7, and the optimal Bayes risk,
we transform the corresponding optimal stopping problem into a sequence of stopping problems
for the diffusive part of the process II. Each of these sub-problems are solved by studying a
free-boundary problem under a smooth fit principle, and these solutions are then combined using
a jump operator; see Sections 3 and 4 below for details. This approach is introduced for the first

time by Dayanik et al. [2006] in order to solve an optimal stopping problem involving a discounted
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running cost only. In our setting, the problem includes a running cost and a terminal cost, and
involves no discounting. This requires a non-trivial modifications of their arguments as illustated
in Section 3 and 4.

In Section 2 below, we formulate the problem as an optimal stopping problem for the conditional
probability process II, and we study the dynamics of this process. In Section 3, we introduce a
jump operator whose role is to incorporate the information generated by the Poisson process
at every arrival time. Using this operator, we construct the optimal Bayes risk sequentially in
Section 4, and we identify an optimal Bayes rule. Finally, in Section 5 we solve the variational
formulation using the properties of the optimal solution given in Section 4. Appendices at the

end include some of the lengthy derivations.

2. PROBLEM DESCRIPTION

Let (2, H,P) be a probability space hosting a Wiener process W and a simple Poisson process
N with arrival times (7},)n>0 and rate A > 0. On this space, we also have an independent random

variable ¢ with the zero-modified geometric distribution

(3) P{¢ =0} =, P{¢{=n}=0-m)(1—p)" 'p, forneN,
for some m € [0,1) and p € (0,1]. In terms of these elements we introduce a new R-valued
variable
[e.9]
(4) 0 := ZTz Lic=i}
i=0

representing the disorder time. Then, our observation process X = {X;};>¢ can be defined as
(5) Xy =Wi+pu-(t—0)", for all ¢t > 0.

On other words, as described in Section 1, the process X is a Brownian motion gaining a drift
u at time O, and the change time © has zero-modified geometric distribution on the Poissonian
clock. With the notation in Section 1, we assume that po = 0 and p; = p # 0 without loss of
generality.

Let F = {F; }+>0 be the filtration of the observed pair (X, N); that is, F; := 0{ X5, N5 : s < t},
for t > 0. For an F-stopping time 7, let R(7, ) denote the Bayes risk

R(r,7) =P {1 <O} +c -E"(r-0)",

in which P™ is the probability measure P where ¢ has the distribution in (3). The Bayes risk above
includes the false alarm probability and the expected detection delay cost for some ¢ > 0. Our
objective in this problem is to compute
(6) V(r) := inf R(7, ),
TEF
and if exists, find a stopping time attaining this infimum.
Using the standard arguments in Shiryaev [1978, Chapter 4] we can transform the problem in

(6) into an optimal stopping problem for the conditional probability process defined as

(7) I, :=P{© < t|F}, >0
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More precisely, the minimal Bayes risk in (6) is the value function of the optimal stopping problem

®) Vi(r) = inf E" [ / ") ds + h(m)} |

where g(m) :=c¢-m and h(n) :=1— .

In Appendix A, we show that the process II has the characterization

N i—
o, Ly m (1-p)'p

II; = h P, = Al A
®) Cives e M EEoyw (1—”; Ly,
in terms of

12

(10) L, :=exp {uXt — 2t} , for t > 0.
Using (9) and (10) we obtain
(11) dIly = plly— (1 — 0, )dW; + p(1 — T )dNy,

where Wt =X —pu fg IIsds, for t > 0, is a (P, F)-Wiener process. In Appendix, we also show that
for t < s; and t < s9 and for r, ¢ € R, we have

(12) E [exp {ir (Wsl - Wt) +iq(Ns, — Nt)} ‘ft} = exp {—;1“2(51 — 1) + A€ —1)(sg — t)} ,

which implies that W and N are independent. This further implies that the process II whose

dynamics are given in (11) is a strong Markov process.

Remark 2.1. Between two arrival times, the process I1 satisfies dll; = pll;— (1 — Ht,)d/V[?t, which
coincides with the dynamics of the conditional probability process in the sequential hypothesis-
testing problem considered in Shiryaev [1978, Section 4.2]. In that problem an observer is given

two hypotheses
(13) Hy:drift =0 and Hy:drift =p

about an observed Wiener process. The hypotheses have prior likelthoods 1 — 7w and 7 respectively,
and the aim is to identify the correct one as soon as possible.

In our problem, the change can happen only at one of the arrival times of the Poisson process.
Hence, between two arrival times [T,,,T,41) the role of the process 11 is to indicate the posterior
likelihood of the hypothesis Hi, whose initial prior is Il7, as of time T,,. In this setting, if a
decision is made by the next arrival time, the hypothesis-testing problem terminates. Otherwise,

it re-starts with new priors 1 —1Ilz, , and Ilt, | respectively.

+1

Remark 2.2. Using its definition in (7), it can easily be verified that the process II is a bounded
submartingale with a last element II, < 1. Moreover, thanks to bounded convergence theorem

we have
12 Bl = Jim BT = lim B [Lio<y] =
. . L .
Jim BT (B [1io<n [Ny s u < t]] = lim BT [1 - (1-m)(1 —p)™] =1,

which implies that I, = 1, P™-a.s., for all = € [0, 1].
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The limiting behaviour of II implies that the exit time 7, of II from an interval [0,r), for

r € [0, 1), is finite P™-almost surely, for = € [0, 1]. Indeed, the dynamics in (11) gives

tAF . tAF
Elipz, =7+ E” / pll,— (1 —IL,—)dW,, + / p(1 —IL,— ) (dNy — Adu)
0 0

AT
+/ Ap(1 =11, )du| .
0

Since II is bounded, the first two integral has zero expectations. Moreover, for u < 7., we have
1—1I, > 1—r, and this yields

(14) 1> E™ipz > Ap(1 — r)E™t A T,

showing that E™7, is uniformly bounded, for all # € [0,1], thanks to monotone convergence

theorem.

3. DYNAMIC PROGRAMMING OPERATOR

The first arrival time T} is a regeneration time of the conditional probability process II. There-
fore, if the process II has not been stopped yet, the minimal Bayes risk that one can attain starting
from T} should be computed by evaluating the function V() at II7y. This tells us that the value
function should satisfy the dynamic programming equation

TATY
(15) Vi) = b B | [T o) dt 4 1 L) + Lo,V (T,

Until the first arrival time, II coincides with a diffusion starting from Yy = 7 and satisfying
(16) dY; = pY,(1 - Y;)dW,,  for t > 0.
Hence, a given stopping time 7 € F should coincide on the event {7 < 71} with another stopping
time of the process Y. This observation suggests that the function V'(-) should be a fixed point
of the operator

TATY
(a7)  Jfw)x) = inf EF [/0 gm)dt+1{T<T1}h<m+1{72T1}w<YT1+p<1—YT1>>],

TEFY
which is obtained by replacing F in (15) with the filtration FY of the process Y, and V(-) with a
bounded function w(-) on [0, 1]. Using the independence of W and N, and the distribution of T}
we can rewrite this operator

(18) Jw](m) = inf ET [/DT e Mg(Yy) + Mw(S(Y2))] dt + e_/\Th(YT)} ,

TeFY
where S(7) := 7+ p(1 — ).

In this section, we study the properties of the operator J for a suitable class of function w(-)’s.
Under certain assumptions on w(-), we show that the infimum in (18) is attained by the exit
time of the process Y from an interval of the form [0,7), and that the function J[w](-) solves the
variational inequalities of the optimal stopping problem in (18). Using the results of this section,
we show in Section 4 that the function V(-) indeed satisfies V(-) = J[V](-) as expected.
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Remark 3.1. For a bounded function w : [0,1] — Ry, we have 0 < J[w|(-) < h(:). Moreover for
two bounded functions wi(-) < wa(+), we have J[wi](-) < J[wa](+).

Proof. The upper bound J[w](:) < h(-) follows by taking 7 = 0 in (18). Non-negativity of J[w](-)

and the monotonicity of w — J[w] are obvious. O

3.1. Solving the optimal stopping problem in (18). Below we solve the minimization problem

in (18) under the following assumption:

Assumption Al. The function w(-) is an arbitrary (but fized) non-negative and continuous
function on [0,1] bounded above by h(-).

Let us define the functions
(19) () =7 (1 - ﬂ)l_ml and n(m):=7"2(1— 7r)1_m2, T € [0,1],

where mq > 1 and mg < 0 are the roots of the quadratic equation

2
p?

The functions v(-) and 7(-) are respectively the increasing and decreasing solution (up to multi-

(20) m(m—1) =

plication by a constant) of the equation Agf(m) = Af(7), where A is the infinitesimal generator
of the diffusion process Y in (16); that is, Ao f(7) := Lp?m?(1 —m)2f”" (). It is easy to verify that
the functions (-) and 7(-) satisfy the boundary conditions

P(0+) =¢'(04+) =0 =17'(1-) = n(1-)
P(1-) =¢'(1-) = 0o = 7/ (0+) = n(0+),
and that their Wronskian is mq — mas.

In terms of the drift r(-) = 0 and the volatility o(7w) = pun(1 — 7) of the process Y (see the
dynamics in (16)), let S(-) denote the scale function

= WS(dy), where S(dy) := exp ’ r2(z) dz ¢ dy = dy,
/ U

(21)

for arbitrary c,d € (0,1), and let M (-) be the speed measure

dy dy
o2 (y)S'(y) (L —7)?’
for y € (0,1). Feller boundary test at the right boundary {1} gives

(22) /c1 /1S(dz)M(dy):oo, / / M(dz)S(dy) =

and according to Karlin and Taylor [1981, Table 6.2] we conclude that the right boundary is

M(dy) :=

natural. This implies that the process Y cannot reach the right boundary in finite time. On the
other hand, the process {1 — Y;};>0 has the same dynamics in (16) and by symmetry the left
boundary {0} is also natural for Y. Indeed, by a change of variable in (22) as w = 1 — y and
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g =1 — z we get the Feller boundary test at {0}

oo:/cl /yl S(d=) M (dy) :/Ol_c/oudq,m :/OI_C/OUS(dq)M(du),

oo:/cl /ylM(dz)S(dy) :/OH/OU lﬁngq_quu /OI_C/OUM(dq)S(du),

which gives the same conclusion for the left boundary.
Remark 3.2. The process Y is a bounded martingale (see (16)), and we have

B | [T e o)+ wsin]ar] <57 | [T v + Ml

= [T e+ Ml = [ e M gm) + Al < .
0 0

Lemma 3.1. For 0 <l <r <1, and let 7, be the exit time of the process Y from the interval
(I,r). The expectation

(23) Hy [l () = E7 [ [ o + s+ e—”lvrwn,r)} ,

has the explicit form

(24)  Hifu)(r) = ¥(n) [01 i m[w](y)dy] () {02 -/ ug[wky)dy}

w@n(r) — b |, On(m) — v@n()
OO =@ G = e
forme (I,r), in terms of
(25)
9(y) + Mw(S(y)) () f uelwl(y)dy — [ uzlw](y)dyp(l) .
) = )Y T D)) — wn() o)
wfu] (y) = 29(1/) + Mw(S y))w(y) Cr = — n(r) Co.

P(r)
Clearly, H;,[w](-) is non-negative, and we have H;,[w](mw) = h(m), for = ¢ (I,r).

Proof. Non-negativity of H; ,[w](-) and the identity H;,[w](-) = h(-), on [0,1]\ (/,7), are obvious.
For 7 € (I,r), let f(-) denote the function on the right hand side in (24). Direct computation
shows that f(-) satisfies

(=A+Ao)f(m) + g(m) + Aw(S(y)) =0, onme(l,r),
with boundary conditions f(I4) = h(l) and f(r—) = h(r). Moreover its derivative (with respect

to m) is

¥/ () [01 + [l <y>dy] () [02 - [ wlulay

| S
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which is bounded on [I,7]. Also, observe that the exit time 7, of the regular diffusion Y is finite

and h(Yr, ) = f(Yr,,), P™-almost surely for all 7 € (0,1). Then, by applying It6 rule we obtain

ETe Mrh(Yr,,) = ETe " f(Yy, )
= f(m) +E7 / v e M(=A+ Ag) f(Yo)du = f(m) — E7 / Y [9(Ya) + Aw(S(Ya))] du,
0 0
and this shows f(-) = H;,[w](-) on (I,r). O

Lemma 3.2. For0<r <1, and 7, =inf{t > 0:Y; > r}, let us define

26)  Hful(r) = E7 [/OT'"e—”[g(Yt)+Aw(Sm))]dwe—“h(Yn)], 7 e 0.1],

which clearly equals h(-), for m > r. For m € (0,r), the function H.[w|(-) can be computed by
taking the limit of (24) as 1\, 0. That is,

(21) Hylw(m) = lim Hi, wl(r) =

ne) [ T () .
o) (- 55 [ ety [Cutelway+ 50 atm) [Tty

The expression in (27) is twice-continuously differentiable (on (0,7)) and solves

(28) (=X + Ao) Hy[w](m) + g(m) + Aw(S(y)) = 0.
Moreover, the function H,(-) is continuous on [0, 1] with

(29) lim H, [w](7) = w(p) = H[w](0).

Proof. The point {0} is a natural boundary for Y’; therefore, we have 7. = lim;\ o 77,, P™-almost
surely, for m € (0,7). Then, the dominated convergence theorem (see Remark 3.2) implies that
H,[w](m) = limy o H »[w](7).
To compute the limit of H,[w](7) as [\, 0, we first observe
: Y(m)n(r) — P(r)n(x) Y(On(r) = P(m)n(l) h(r)
GO M@0 e e ) |
Moreover, since 0 < g(+) + Aw(S(+)) < ¢+ A||w]|, we have

i c+ AHwH 20(y) |
[ty < A T2,
- j;:: AHwIQI ¢ )Ey) _ (CT/,;;)—JFJLT'W(W) <o, form<l,
and using (25) we get
(31) }{% Cy = /0 ug[w](y)dy and 11{% Cy = _Z((:)) /0 s [w] (y)dy.

Finally letting [ N\, 0 in (24), and using the limits found in (30) and (31) we obtain the expression
n (27). It is evident that this expression is twice-continuously differentiable. Moreover, by direct

computation (using (25)) it can be verified easily that it solves the equation in (28).
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Clearly, H,[w](-) is continuous on (0,r) and (r,1). The continuity at {r} can be checked by
letting m " r in the expression given in (27), which goes to h(r). To establish (29), we first note
that Y; = 0, for all ¢ > 0, if Yy = m = 0. This implies

H1)0) =57 | [ [000) + ru(s(0)) | = wio)

On the other hand, applying L’Hopital rule and using the explicit form of ¥ (-) and 7(-), we obtain

. r 2\ w(p)
tim () [ ful(y)dy =
) g o 2A w(p)
Jing m(m) /O uelel )y = = )

Since mq - ma = —2u?/X (see (20)), taking the limit in (27) gives w(p), and this concludes the
proof. O

Lemma 3.2 shows that at the point 7 = r, we have (H, [w])/(H—) =—1and

oy (1) [T W L [
(1110 () =0/ (=205 [ waludtty + 508 ) ) [ walultyan

Since the Wronskian ¢/ (r)n(r) — ¢ (r)n'(r) equals m; — mq, we can re-write the left derivative as
1 ELE)

H,|w "(r—) = (— 2
(]} () )\ Jo ()

Hence, the derivative is continuous at w = r if and only if

[9(y) + Mw(S())]dy + w'<r>h<r>) |

= [ 25 (o) + M)y + 0/ )hlr) + () =0

= Blul) = [ 200 [ o) - lS() + Mw)]dy =0,

(32)

where the second equation follows after noting that

T

V) +00) = [ h) 230 /)],
which can be verified using A (-) = Ao (+).

Lemma 3.3. If w(-) is concave, then the function —g(m) — Aw(S(m)) + Ah(7) has a unique root
dlw] € (0,1). The function m — Blw|(m) equals zero for m = 0, strictly increases on (0, d[w])
and strictly decreases on (d[w], 1) with lim, »; Blw](m) = —oc. Hence, there exists a unique point
rlw] € (dlw],1) at which Blw](r[w]) = 0.

Proof. The function m — —g(m) — AMw(S(7)) + Ah(7) = er — Aw(S(7)) + AM(1 — 7) is convex and
continuous on [0, 1]. At the point 7 = 0, it equals A(—w(p)+1) > A(=h(p)+1) > 0; and at 7 = 1,
its value is —c — Aw(p) < 0. Hence, there exists a single point d[w] € (0, 1) at which it is zero. To
the left of this point it is positive, and to the right it is negative. Therefore, 7 — Blw](7) is zero
at m = 0, strictly increases on (0, d[w]) and strictly decreases on (d[w],1). Also, observe that, for

<1,

¢(y> _C+2)‘ " " _C+2)‘ /
iy = 2 [Ty = L2 ) < .

| Blu)()| S(c+2)\)/07r2



ON THE WIENER DISORDER PROBLEM 11

. Y 20(y)
< (__min, {=9(m — NS + 3w ) - [ s T
. / 1 .
= (. min (o) = du(sm) + A} ) - [ = e,

for all § € (0,1—d[w]), where the last equality follows using (19). Hence, we conclude that Blw]|(r)

goes to —oo as m — 1, and this implies that it has a unique root rw] € (djw], 1). O

Remark 3.3. For two concave functions w(-) < wa(-) satisying Assumption A1, we have Blwi](-) >
Blws](+); therefore r{wi] > rlwa]. If we select the zero function (which equals zero on [0,1]), direct

computation yields

Bl0)(m) = ¥lm) ] [—F ((m1 - 1)E + m1> + ml] ;

m(l—m A
and for h(m) =1 —m, we get

Y(m) ¢
Bl = = [~ ((m = D5+ map) +map].
Hence, we have the bounds
mip my

(33) w| <

<r .
(m1 —1)5 +mup — (m1—1)5 +my

Observe that, if the function w(-) is concave, H,.(,,[w](:) is continuously differentiable on (0,1).
On (r[w],1), Hyp[w](-) coincides with h(:), and

(=A + Ao) Hypy [w](7) + g(7) + dw(S(m)) = =Ah(m) + g(7) + Aw(S(m)) > 0,
since d[w] < r[w].

On (0, r[w]), the function H,.[,j[w](-) solves (=X + Ao)H, [, [w](7) + g(7) + Aw(S(7)) = 0. In

appendix, we also show that
(34) AH ) [w]() — g(7) — Aw(S(7)) <0, for 0 <m < r[w].

Since Ao H, ) [w] () = (02 () /2) - (H,f) [w] (7r))”, the inequality in (34) implies that H,,[w](-) is
strictly concave and H,.(,,[w](-) < h(:) on (0,7[w]).

Finally, the (strict) concavity on (0, r[w]) and the “smooth-fit” at {r[w]} imply that H,,[w](-)
is also concave on (0,1). The following remark is a summary of the analytical properties of
H, () [w](+) described above.
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Remark 3.4. Suppose that the function w(-) is concave. Then, H,,[w](-) is non-negative, con-

tinuous and concave on [0,1]. It is continuously differentiable on (0,1), twice-continuously differ-

entiable on (0,1) \ {r[w]}, and it satisfies
[w] h(m)
, me(rlw],l
(s( } € (rfw], 1)
r[w] [w](ﬂ'
(S(

0
h(m)
, e (0,r[w]).
(—=A+ Ao) Hyppyy [w](m) + g(m) + Aw(S(m)) = 0

Lemma 3.4. If w(:) is concave, we have J[w|(-) = H,y[w](-), and 7 = inf{t > 0:Y; > r{w]} is
an optimal stopping time for (18).

r[w] w (7T

{ (=X + Ao) Hyfuj [w](7) + g(m) + Aw(S()
(35)

NV

)=
)
)
)

Proof. For 7 € (0,1), let 7 be an FY -stopping time, and 71~ be the exit time of ¥ from (,r) for
0 <l <r < 1. Then, by Itd rule

e AT Hyyg[w] (Yeas,,) = Hypu[w](7)
TNTL

TNTL -
—+ _)\t )\+A0) r[w][ ](Y;f)dt +/0 e_AtJ(}/;)(Hr[w} [w])/(Y;)th

o

The function H,,j[w](-) is continuously differentiable on (0, 1). Its derivative is therefore bounded

on [l,r] and ||o(+)|| < |u|. Then, taking expectations above gives

TN
E"e N Hop [w] (Year,,) = Hypg[w](7) + ET / e M (A Ag) Hypyy [w] (V2 dt
0

TNT

> Hypyyfuw](m) — E7 / M (g(V3) + Aw(S(Y:)) .

0
where the inequality is due to (35). Since both boundaries are natural, we first let » ' 1 and
then [ X\ 0 to obtain

(36) ETe *h(Y;) > ETe N H,py[w] (Yz) = H,py[w](m) — ET /0 ’ e M (g(Yz) + Mw(S(Y2)))dt.

thanks to dominated convergence theorem (see Remark 3.2), and this shows H,[,[w](-) < J{w](:)
n (0,1).
When we repeat the steps above with 7 = 7,,) = inf{t > 0 : ¥; > r[w]}, the inequalities
become equalities again by (35). Hence J[w](:) = H,[,[w](:) on (0,1).
If Yo =7 =0; then Y; =0, for t > 0, and

J[w](0) = inf BT Xw(S(0))(1 = e77) + e h(0) | = w(S(0)) = w(p) = Hypuy(0),

thanks to Lemma 3.2 (note that w(p) < h(p) < h(0)). Moreover, this value is attained by selecting
T = 00 = Ty[y). Similarly, if Yo = 1, we have J[w]|(1) = h(1) = 0 = H,,)(1), which is attained by
T =0= Ty ]

4. THE VALUE FUNCTION AND AN OPTIMAL DETECTION RULE
Using the dynamic programming operator J, let us define the sequence of functions

vo = h(-), and Vn+1(+) = J[on] (") = Hypp,[vnl (), for n € N.



ON THE WIENER DISORDER PROBLEM 13

Remark 4.1. The sequence (vy)nen 1S non-increasing, and each element of the sequence is a

non-negative, continuous and concave function on [0, 1].

Proof. We have vi(-) = J[h|(:) < h(-) = vo(-), where the inequality follows from the definition of
the operator J in (18). Next, assume that v,(-) < v,—1(:), for some n € N. Then, Remark 3.1
implies vp1+1(+) = J[vp](+) < J[vp-1]() = vn(:), and this shows that the sequence (v,)nen is non-
increasing by induction. Finally, since vg(-) = h(-) is non-negative, continuous and concave, these

properties also hold for each v,(-), n € N, by induction thanks to Remark 3.4. O

For n € N, let 7, := r[v,—_1] be the solution of the equation Bv,_1](r) = 0 (see (32)). Since
vn—1(+) is concave and satisfies Assumption A1, this equation has a unique root on (0, 1) thanks to
Lemma 3.3. Moreover, Remark 3.4 and Lemma 3.4 imply that v,,(-) is continuously differentiable

on (0, 1), twice-continuously differentiable on (0, 1) \ {m,} and solves the variational inequalities
vn(m) = h(m)
{ (=X + Ag)vp (1) + g(7) + Avp—1(S(7)) >0
vp(m) < h(m)
{ (=A 4+ Ao)un(m) + g(m) + Avp—1(S(7)) = 0

Observe that m, = inf{mr € [0, 1] : v,(7) = h(m)}; hence, {7, }nen is non-decreasing.

}, m € (T, 1)

} , me (0my).

Let voo(+) := infpenyvy(-) be the pointwise limit of (vy)nen. Then, dominated convergence

theorem gives

Voo(m) = inf J[vp—1](7) = inf inf E7 [/OT e M g(Y3) + Mvp_1(S(Y7))] dt + e h(ITT)

neN neN reFY
(37) = inf inf ET [ / e M [g(Y7) + Mn_1(S(¥3))] dt+e‘”h(1’[’§)}
7cFY neN 0

= inf E” [/T e M [g(V:) + Moo (S(Y7))] dt + e_’\Th(H;r)] = J[veo)(m),
0

TeFY

which shows that the function v (+) is a fixed point of the operator J.

Lemma 4.1. The sequence (vp)n>1 converges to veo(-) uniformly on [0,1]. More precisely, we

have
(38) Voo () < vp () < Voo(m) + (1 —p)" (1 — ),

for alln € N.

Proof. The first inequality in (38) is immediate since the sequence (vy,)nen is non-increasing. The
second inequality is also obvious for n = 0 as veo(-) = infuenyvn(-) > 0. Assume the second
inequality holds for some n € N. This implies that v, (S(7)) = vu(7m + p(1 — 7)) < voo(m + p(1 —
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)+ (1 —=p)"(1 =7 —p(1 — 7)) = veo(S(7)) + (1 — p)"*t1(1 — 7). Then, we have
tnia () = Tiol(m) = ing, 57| [N 1g4) + Ao (SO + e hirT)|
e g0 + M (B(0)) 4 AL "L V) de-+ ()

/
< inf E7 [ /0 T [9(Y2) 4+ Moo (S(Y2))] dt+e‘”h(l‘[§)]

+E™ [/OOO e MA1 —p)itia — Yt)dt} .

Since voo(+) satisfies v (+) = J[voo](+), the last inequality gives
o
Un1(7) < Voo () + / e A1 = p)"ET [1 - Yi] dt = veo () + (1 = p)" (1 = m),
0
where we used the martingale property of Y to justify the last equality. This shows the second
inequality in (38) for n + 1, and the proof is complete by induction. O

Corollary 4.1. The uniform convergence in Lemma 4.1 implies that vso(-) is continuous on [0, 1].
Moreover, as the infimum of non-negative concave functions (vy(-)’s), it is also non-negative and

concave.

Corollary 4.1 and the identity veo(:) = J[vso](+) (see (37)) allow us to conclude that ve(+) is
continuously differentiable on (0,1) and twice-continuously differentiable on (0, 1) \ {7}, where
Too = '[Uso] is the unique root of the equation Blus](r) = 0 defined in (32). Furthermore, voo(+)

satisfies

{ Voo () = h(m)
) >
(39)
{ Vool < } € (0,7e0)
(=X 4 Ag)voo () + () + Mo (S()) ’ een

0
which also implies that 7o = inf{m € [0,1] : voo(m) = h(m)}. Since v,(-) \, v(:), we have

Tn /" Too-

Proposition 4.1. The function vs(-) s the value function V (-) of the optimal stopping problem
in (8), and the first entrance time T, of the processI1 to the interval [moo, 1] is an optimal solution

for the change-detection problem in (6).

Proof. The claim is obvious if Iy = 7 = 1: both v, (1) and V(1) are non-negative and bounded
by h(1) = 0, which is also the expected reward in (8) by stopping immediately.

For m € (0,1) and 0 <[ <7 < 1, let 77[07” and 7~—[r,1] be respectively the entrance times of the
process II to the intervals [0,/] and [r, 1]. Also, define 7, := Tjg A Tj1]- Then for an F-stopping
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time 7, It rule gives
’T/\Fl,r
vOO(HTA;l,T) = Voo(m) + / [(—)\ + Ap)voo (I, —) + )\’UOO(S(HU,))} du
0

+ /0 (1= T, )T, + /0 N (ST )) — vao (T )] (AN, — Adua).

Since the function v is bounded, the stochastic integral with respect to the martingale (N; — At)
is a square-integrable martingale stopped at 7 A 7, (whose expectation is finite due to (14)).
Similarly, so is the integral with respect to W as vl is continuous and bounded on [l,r]. Then,

taking expectations we obtain
(40)

T/\ﬂﬂ:lJ‘
AR, ) 2 B ven{ o) = veolr) + B / [(—)\ + Ao)veo (Il ) + )\UOO(S(HU_))] du
0

T/\Flyr T/\;l,r
> Voo(T) — E”/O g(Il—)du = voo(m) — E”/O g(11,)du

thanks to the inequalities in (39).

The left boundary {0} is natural for the diffusion in (16). Between two arrivals of N, the
process 1I follows these dynamics, and at an arrival time 7;, it jumps to the right by an amount
of p(1 —IIz,). Hence, as we let [ \ 0, Tio,) goes to oo thanks to strong Markov property, and
Tir /" Tira)- Moreover, limy oo II; = 1, and IT; < 1 (since ®; < oo in (9)) for finite ¢, if 7 < 1.
Hence, as r ' 1, we have 7|y / oo. Therefore, when we take the limits in (40) bounded

convergence and monotone convergence theorems give
.
E™h(I1;) > veo(m) — IEW/ g(I1,)du,
0

which implies that ve(7) < V(7) on (0,1).
By replacing 7 above with the entrance time 7.__, the inequalities become an equality, and we

have
Tlroo 1]
Veo(T) = E7 / g(IW)du + h(ITz, ) > V(7).
0

Hence, V(1) = voo (), for m € (0,1).
Finally, if Iy = 7 = 0, we have II; = 0 for ¢ < T3, and II7y = p. Moreover, the identity
Voo () = J[veo](+) implies that v (0) = veo(p) (see (17)). Then, for an F-stopping time 7, by

modifying the arguments above we get th(HT/\(;lyTong)) > EOUOO(HT/\(?MOGTl)) >

T/\(?l,ro GTl)

0 0) + EL o | [+ Ao (IL,) + Ao (S(TT,)

Ty
0 TA(TLr001,) o [TGLrofr)
> Us0(0) — E 1{T>TI}/T g(I1,)du = v (0) — E /0 9(I1,)du,
1

where 6 is the time-shift operator. Letting [ \, 0 and r /" 1, we obtain v (0) < V(0). Replacing
7 with 7i;__ 1), we get the reverse inequality, which establishes v, (0) = V/(0). O
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FiGURE 1. We present a numerical example where p = 1, A = 2, p = 0.5 and
¢ = 0.5. Panel (a) illustrates the sequential approximation of the optimal Bayes
risk. The functions v,(+), for n < 10, are computed by first finding the threshold
T and then evaluating the exit time expectation Hyp, [vy](-) in (27) for m < m,.
The convergence is uniformly fast as given by Lemma 4.1. For n = 10, we have
|V —vio]] <9.76-10~%. Panel (b) compares two information levels on this detection
problem. Recall that unconditional distribution of the change time is exponential
with parameter A\p = 1. If we only observe the Wiener process (given this prior
distribution) without observing the Poisson process N, then we are in the framework
considered by Peskir and Shiryaev [2006, Section 6.22]. The function Veg,(-) is the
value function corresponding to this “less information” setting. It is computed
by evaluating the expressions in Peskir and Shiryaev [2006, pg 311-312] with the
values of u and ¢ given above. The figure illustrates that another observer who is
also presented the process N performs significantly better in detecting the change.

Remark 4.2. For € > 0, let us fix n € N such that n > In(e)/In(1 — p) and v,(-) < v(+) + €, on
[0,1]. The exit time 7, of II from the interval [0,7,) = {7 € [0,1] : v,(7) < h(7)} is e-optimal
for the problem in (8). That is,

(41) E™ / " g()dt 1 h (T, ) < Vi(r) + <.
0

Proof. For w > 0, a localization argument and It6 rule as in the Proof of Proposition 4.1 give
Trn
B0 (1L, ) = 0oe(m) + BT [ (234 Ao)vi(ILuc) + Mo (S(1L0)) | du
0

?ﬂ'n,l
— vno(m) — BT /0 o(IL,)du,

where the last equality follows from (39) (recall that 7, < 7). Note that 7, < oo and v,(Ilz, )=
h(Ilz, ), P™-almost surely. Then, the inequality v,(-) < veo(-) 4 € yields

E™h(Ilz, ) —e=E"v,(ll5, ) — ¢ < ETv(Ilz,, ) = voo(m) — E”/ . g(IL,)du,
0

and (41) follows.
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For m = 0, we have

?ﬂ—n ?ﬂ—nOQT
E° / g(IL)du + h(IT;. ) = E? / (L) du + h(Tls, gy ) < V(p) +2 = V(0) + .
0 T

where the inequality is due the strong Markov property (and the result already proved above for
m =p > 0), and the last equality is from the identity V' (0) = J[V](0) = V(p). O

5. VARIATIONAL FORMULATION

In this section, we solve the variational formulation of the problem where the objective is to
minimize the expected detection delay E™(7 — ©)1 over all F-stopping times for which the false
alarm probability P™(7 < ) is less than or equal to some predetermined value a € (0,1). The
optimality of 7 = 0 is immediate when m = 1; hence, this case is excluded below.

When 7 € (0,1), 7 = 0 is also an optimal solution if &« > 1 —x. On the other hand, if 7 = 0 and
a > 1 — p, the first arrival time 77 of N yields a false alarm probability of 1 — p and its expected
delay is still zero (see (3-4)).

If none of these trivial cases hold, we can find an optimal stopping time (for the variational
formulation) using the solution of the problem in (6) as explained in Shiryaev [1978]. More
precisely, let 7o (c) be the optimal threshold found in Section 4 as a function of ¢, and let 7__ )
be the corresponding exit time of the process II. For given «, assume there exists a value of ¢ > 0
such that the false alarm probability P™(7, ) < ©) = E™h <H;Woo (C)) equals a. Then 7, ()
solves the variational formulation. Indeed, the optimality of 7 () for the original problem in (6)

implies that for any F-stopping time 7
cE™ (Troo(e) — o)t + P (Troo(e) < ©) < cE™(7 — o)t +P"(r < O).

Since P™ (7~'[7roo(c),1] < O) = q, its expected detection delay has to be minimal compared to other
stopping time 7’s for which P™ (7 < ©) < a.
In this section, we show that ¢ — E”h(H;WOO(c)

limits 0 (0) and 1 — 7 (1 —p) as ¢ \, 0 and ¢ /" oo respectively if 7 > 0 (7 = 0). Hence, for a

) is a continuous function of ¢ € (0,00) with

given pair (7, ) the arguments in Shiryaev [1978] work, and 7,__ (. is optimal for the value of c,

for which E™h (I

‘ﬂ'oo(c>) =

5.1. False alarm probabilities. For a given threshold r € (0,1), let 7, = inf{¢t > 0 : II; > r}
and let

(42) F, (1) == P"(7. < ©) = E"h (I3,

be the corresponding false alarm probability. On the event {7, < 11}, the exit time of II coincides
with the exit time 7, of the process Y (in (16)), and we have h (Ilz ) = h (Y7 ). On the other
hand, conditioned on {7, > T} }, strong Markov property implies that the false alarm probability
should be computed by evaluating the function F,.(-) at the point II7,. Therefore, we expect the
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function F,(-) to solve
F.(m) =E7" [1{TT<T1}h (Yzr,) + 1{TTZT1} - Fy (YTlf +p(1 - YTI*))]

—E [e—”rh(yn)jt / UM EUS(Y))dE| = HOE (),
0

where H,EO)[-](J denotes the operator H,[|(-) in (26-27) with c=0 (see also (25)). Hence, if we
apply the operator HT(O)[-](') successively starting with a suitably selected initial function, the
sequence that we obtain should convergence to the function F,(-). Indeed, in Appendix A.2, we

show that the sequence constructed as

(43) wopr()=h()  and  upirp() = HO[u (), fornel,
is non-increasing and converges uniformly to F.(-) with error bounds

(44) 0 < Fo(m) <upyp(m) < Fp(m)+ (1 —p)" (1 —m), for all n € N.

It can easily be verified that the results in Lemma 3.1 and Lemma 3.2 still hold for ¢ = 0.

Hence, on the region {(m,r) : 7 < r}, up () has the form

77(7“) run—lﬂ"(S(y)) " Tun—lﬂ“(S(y» 7 h(?“)
@5) i) (208 [ 2O g gy g [t B0 g g 4 00
ﬂ-un—lﬂ"(S(y)) Z
+77(7T)/0 mﬂf (y) dy,

thanks to identities Aoy (-) = A (+) and Agn(-) = An(-). On the region {(m,r) : 7 > r}, obviously

we have uy, (7)) =1 — 7.

Lemma 5.1. For each m € [0,1], the functions r +— uy(w), forn € N, and r — F,.(7) are

continuous on r € (0,1).

Proof. The result is obvious for 7 = 1, since uy, (1) = F(1) = 1, for all » € (0,1). To prove the
result for 7 < 1, we will show that (7,7) — uy (7) is jointly continuous on (0,1) x (0,1). Observe
that uy ,(7m) =1 —m, for 7 < r; and up,(0) = up—1,(p), for r > 7 = 0 thanks to (45) (see also
(29) in Lemma 3.2). Then, direct computation gives

rl_i)r& Un,r(0) = 7nl_i)]fgle Un—1,(p) =1 —p <1 =1uy0(0),
which shows that (7, 7) — up,,(7) is not continuous at (0,0).

Clearly, (m,r) — ug,(m) =1 — 7 is continuous on (0,1) x (0,1). Suppose that the result holds
for some n € N. On the region {(m,7) : @ > r}, up41,(7) again equals h(m), and continuity is
immediate.

Also, using the joint continuity on (0,1) x (0,1) of the bounded function w,,(7) (and the
boundary conditions ¥’(0+) = 0 and 7'(1-) =
is jointly continuous on {(m,r) € (0,1) x (0,1) : 7 < r}. When we let » — 7 in (45), direct

0), it can be verified that the expression in (45)

computation gives

_77(77) T uns(S(y) @ T T uns(S(y) — hir
o) (5 Ty 0 ) ko) [ B o = i)
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This implies that w1, (7) is jointly continuous on (0,1) x (0, 1), and the result is true all n € N
by induction.

For m =0 and n € N, we have u,41,(0) = up,(p), and the continuity of r +— w,1,(0) follows
from the first part of the proof. Finally, the uniform convergence in (44) imply that r — F,.(7) is

also continuous, for each 7 € [0, 1], and this concludes the proof. O
By the definition of F,.(7) given in (42), we have
(46) lim F.(r)=1—m, form >0, and lim F.(0)=1—p,

r—0+ r—0+
where the second limit follows from the behavior of the process IT at {0}. That is, if IIp = 0, the
process remains at this point until the first arrival time T3, and then it jumps to the point {p}
(see (11)). Also note that, for all 7 € [0,1] and r < 1, the exit time 7, is finite P™-almost surely,
and Iz € (r,r +p(1 —r)). Hence,
(47) lim F,(r) = lim E™[1 —-1I;] =0, for m > 0.
r—1— r—1—
Remark 5.1. . The optimal threshold of the Bayesian formulation is a non-increasing and con-
tinuous function of the cost parameter c. If we let T (c) denote the optimal threshold as a function
of ¢, we have
(48) lim 7oo(c) =1 and lim 7o (c) = 0.
c—0t c—00

The limits in (48) can be obtained using the bounds in (33). Monotonicity of 7 (c) in ¢ is
also obvious and follows from (2) and Remark 3.3. For the proof of the continuity of ¢ — my(c),
Appendix B can be consulted.

Lemma 5.1 and Remark 5.1 imply that the false alarm probability Fy_ () of the optimal
solution of (6) is continuous with respect to ¢ on (0,00). Moreover, thanks to (46-47) we have

clir(r)1+ Fr (o(m) = T]ir?i F.(r) =0, and CILI?O Fr(o)(m) = r]ir&r F.(r)=1-—m, ifw>0,
with

I Feaial0) = Jip F0) =0, and i e o(0) = i F(0) =1

Hence, (excluding the trivial cases) it is possible to pick a value of ¢ such that the exit time 7 _ )

has a false alarm probability « and solves the variational formulation.
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APPENDIX A. ON THE CONDITIONAL PROBABILITY PROCESS

A.1. An auxiliary probability measure and the proof of (9). Let (Q, H,Py) be a probability

space hosting the following independent stochastic elements
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e a Wiener process X (with pu = 0)

e a simple Poisson process N with arrival rate A and arrival times (77,),>0

e an integer valued random variable with distribution Py {¢( =0} = 7 and P {( =n} =
(1-m)(1—p)pforneN

e a random variable © defined as in (4).

Let G = {G}i>0 be an extended filtration such that G; = o{Xs, Ns,(}. In terms of the
process L; = exp{uX; — pu?t/2} we introduce a new probability measure P whose Radon-Nykodyn

derivative is

Ly = CZE; = 1{(9>t} + 1{®§t}ll:;‘
Gt
Under the new measure the process X is a Brownian motion that gains a drift y at ©. The
random variable ¢ and © have the same distribution under P since © € Gy and Zy = 1. In other
words, we have the same setup described in Sections 1 and 2.
Let us now define the likelihood ratio process
B, — P{O <t|7} _ EolZilie<y|Fi
P{@ > t‘ft} EO[Zt1{9>t}‘:’rt]

where the equality follows from the Bayes’ rule. Using the independence of X, N and ¢ under Py

we obtain
Ny . I
Eo[Ziljo<yy|Ftl = 7Lt + (1 — ) Z(l - p)z_lpﬁ
i=1 i
and

EolZil{osu | Fi] = Polliesy | 7] = (1 — ) (1 — p)™.

Therefore we have

and this proves (9).

A.2. Constructing the exit time (false alarm) probabilities. Let Hﬁo) denotes H, defined
in (26) with ¢ = 0. It should be noted that the proofs of Lemmas 3.1 and 3.2 uses only the
continuity of the given function w(-) and the bounds 0 < w(:) < h(-). Hence, they also cover the

case ¢ = 0.

Remark A.1. The operator 1Y s monotone in w(-); that is for wi(-) < wa(-), we have
a” [wi](+) < a" [wa](+). Moreover, if w(-) is a continuous function bounded as 0 < w(-) < h(-),
then so is Hr(o)w(-).

Proof. The claim on monotonicity is obvious. Given w(+) continuous and bounded as 0 < w(-) <

h(-), " [w](+) is again continuous by Lemma 3.2 .
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Since the process Y in (16) is a bounded martingale, we have

lm) =FE" /000 e MAR(S(Y))dt = JE”/ e M1 —p)(1 = Yy)dt = (1 —p)(1 — 7).

Then, for a function w(-) bounded as 0 < w(-) < h(-), strong Markov property gives

T

0 < HOul(r) < B |e b+ [ e NAMSW) ] = tm) 4 B (Y,) - 1)

0

=) +E"e Mp(1-Y,) <{(n)+E"p(l-Y;)=h().
Hence, 0 < Hﬁo)[w](-) < h(-) again. O

Using Remark A.1 above, it can be shown by induction (as in the proof of Remark 4.1) that
the sequence

(A.49) uor(-) = h(-) and  upi1,() = HOun,](),  forneN,

is non-increasing, and each function is non-negative, continuous and bounded above by h(-). The

pointwise limit oo (+) = infpen wnr(+) exists and it is bounded as 0 < uqg (+) < h(:).
Remark A.2. The limit function tec (-) solves oo r(-) = 2 [too,r](+), on [0, 1].

Proof. The proof follows by a straigtforward modification of (37) by replacing v, vy, 7 with

Uso,rs Un,r, Tr respectively. O

Remark A.3. The sequence defined in (A.49) converges uniformly on [0,1], and we have with

the explicit error bounds
(A.50) 0 < Upp(T) = Uoor(m) < (1 —p)"(1 —m), for n € N.

Proof. We will establish the inequalities above by modifying the proof of Lemma 4.1.

The first inequality in (44) is obvious. The second inequality follows immediately for n = 0
since 0 < uoo () < h(-). Assume it holds for some n € N. Then, using the induction hypothesis
and the identity uso () = " [too,r](+), we have wyq1,(7) = m” [unr] () <

E™ |:6)\Trh(y7—r) + /OTT eiktA [UOO,T(S(}/t)) + (1 - p)n+1(1 - }/t)] dt:|

< Uoor (1) + BT UOOO e A [(1-p)" (1 - Y1) dt] = tioo,r (1) + (1 = p)" (1 —m),
and (A.50) follows. O

Corollary A.1. Since, each uy ,(-) is continuous, so is us r(-) thanks to Remark A.3. Then, the

identity uoo r(+) = j288 [uco,r](+) and Lemma 3.2 imply that the function ue () solves
(A.51) (= + Ao)tioo,r () + Moo s (S(y)) =0, on (0,7),
and at ™ =0, we have Uss ,(0) = Usor(p) (see (29)).

Proposition A.1. The limit function us () coincides on [0,1] with the exit time expectation

F.() defined in (42).
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Proof. The characterization in (27) indicates that the derivative of u , is bounded on (I,r), for

0 <! < r. Then, for m € (I,7), a localization argument and Ito6 rule gives

(A.52)
Tit.r)
Eﬂuoo,r(ﬂ?[z,r]) = Uoo,r(T) + Eﬂ/ [(_)‘ + Ao)tioor (Iu—) + Ao (S(ILu—)) | du = oo (),
0

where 7,1 is the exit time of II from the interval (/,7). The boundary {0} is natural for the
diffusive part of the process II and its jumps are positive (towards {1}). This implies that 7y,
T, =inf{t > 0 : I; > r} as | — 0T, P™-almost surely (see also (14)). Therefore, when we let
[ — 0" in (A.52) we obtain

Uoo,r (M) = N0 B0 p (I, ) = MO tioor (DP™ {710 < T} + E" 15, =71 h(I17,) = E"A(ILZ, ).
This shows use r(-) = Fr(-) on (0, 7).

When II = 0, the process stays at {0} until the first arrival time 77 of N. It jumps to {0} at
T1. Hence, by strong Markov property, we have F;.(0) = F,.(p) and this shows us ,(0) = F.(0)
(since oo r(0) = Uoor(p)). Finally, for m > r, we have uoor(m) = 1 — 7 by the construction in
(A.49); hence the equality oo ,(-) = F.(-) is obvious. O

APPENDIX B. OTHER PROOFS

Proof of (12). The process Wis a (P, F)-Brownian motion (this can be verified using Lévy’s
characterization for Brownian motion) and N is a (IP, F)-Poisson process. Therefore it is sufficient
to show (12) for s1 = s9 = s.

Note that the process W can be written as

t
(B.53) Wy =W + u/ [1ro<uy — L] du.
0

Therefore if we apply Ito6 formula to real and imaginary parts of the process K; := f (W\t, N), for
f(z,y) = exp{irz + iqy}, we obtain

s

(B.54) Ky=K;+1i [/ rK,dW, +/ rukKylie<yydu +/ ruKuHudu]
t t t

1 S S i S .
-5 / Kydu + / (¢! — 1)K, (dN, — \du) + / A€ — 1)K, du
t t t

for t < s. Clearly we have

E [/:(eiq — 1)Ky (dN, — Mdu) ’J-’t] —0=E [/t Ko dW,, ]-'t} .

Moreover for a set A € F; we have ElAKul{egu} = E14K,II,. Then, multiplying both sides in
(B.54) with 14/K, = 14 - e”"Wt=4Nt and taking the expectations we get

E [1,4 exp {ir(/Ws — W) + ig(N, — Nt)H

— P(A) + /t (—7”22 (e — 1)) E [1,4 exp {ir(Wu — W) + ig(N,, — Nt)H du.
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Solving this integral equation for the (deterministic) function s — E [1 A €Xp {ir(ﬁ/\s — /Wt) H gives

E {1A exp {ir(Ws ~ Wt)}} — P(A) - exp { (-7"22 (e — 1)) (s — t)}

and this proves (12) for s; = s = s. O

Proof of (34). Let m be a fixed point on (0, r[w]). For any r > r[w], H,[w](r) is given by (27)
with

oH,ul(r) __ v(m) (o)

or $2(r) P3(r)

The last expression is strictly positive for r > r[w] since B[w](r) is strictly negative thanks to

Lemma 3.3. This implies that, for H,p,[w](r) < Hy, (1) < Hy (), for all r[w] <71 < rz, and we

{hmw’(r) #00) — (= ma) [ walul <y>dy} _ Blul(r)

have H,[w](m) < lim, ~; H.[w](m). Since the right boundary is natural 7. / oo as r / 1. Then

by dominated convergence theorem (see Remark 3.2), we obtain

H,[w](r) <E” [ /0 N e M(g(Vy) + )\w(S(Yt)))dt] < /O - (g(m) + Aw(S(x)))dt = g(m) + AAw(S(w))7

where the second inequality is by Jensen’s inequality (recall that Y is a martingale and w(-) is

concave), and (34) follows. O

Proof of Remark 5.1. The limits in (48) are an immediate consequence of (33). It is also clear
that ¢ — 7o (c) is non-increasing thanks to (2) and Remark 3.3. Here, we show that ¢ — 7y (c)
is continuous on (0, 00).

Let V.(m) and B[] denote respectively the dependence on ¢ of the value function V' and the
operator B[] defined in (32).

Since the value function V is a fixed point of the operator J, Lemma 3.3 gives
B, [Ve, [(moo(c1)) = 0 = By [Ve, [(Too(€2)), for 0 < ¢1 < g < 0.

By rearranging the terms, and using (32) (and the identity Ao (-) = A)(+)), we obtain

Too(C2) 1,11
@55 [ [ = ey AV 8(0) — Vi )y

Too(C1) 111
= [ ey AV (800)) = M)y = B Ve (e c2)) = Bes Ve (e 1)

00(02)
Since ¢ < cg, the first integral above is non-negative. Moreover, we have the Lipschitz condition
‘/;32 (ﬂ-) B ‘/:31 (ﬂ-) < Pﬂ(?ﬂoo(cl) < @) + C2]E7r(;7roo(cl) - ®)+ - ]P)ﬂ(?ﬂ'oo(cl) < @) B Cl}Eﬂ(?ﬂoo(Cl) B 9)+
C2 —C1 B C2 —C1
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for any ¢ < ¢;. Using this inequality in (B.55), we obtain

) ()
A

(B56) 0< / [e1y + AVay (S(y)) — Mi(y)] dy

Too(C2)

< [T ey e[y 3] a2 e [§ + 2] Wt

For any ¢ € (0, 00), the function 7 — B.[V,](7) is strictly decreasing around 7o, (see Lemma 3.3).
This implies that B, [V, ](Teo(c1) — €) — Bey [Ve, | (oo (€1)) > 0, for € > 0 small. Hence, moo(c2) /
Too(C1) as c2 \ c1.

Also note that

Too(C1)

~(c1)
/ " () [ery + AVe (S(y)) — Ah(y)] dy = / " () [e2y + Vo (S()) — ()] dy

o (c2) Too (C2)
Too(C1)
+/ o U (y) [(er — e2)y + AV, (S(y)) — Ve, (S(y)))] dy.
Too (€2
The left-hand side above goes to zero as co \, ¢; thanks to (B.56). The last integral term above
also goes to zero since it is bounded above by (¢ — ¢1) [1/A 4+ 1/6] [{' (Too(c1)) — ¥ (Too(c2))] in
absolute terms. Hence, we have

Too(C1)

lim 1#"(3/) [ng + )‘VC2 (S(y)) - )‘h(y)] dy = hm1 BC2 [‘/02](7(00(02)) - 362 [‘/(;2](71'00(61)) = 0.

ca\\c1 Too(C2) co\¢

Note that Be,[Ve,](Teo(c2)) — Bey[Ve,|(Moo(c2) +€) > 0, for € > 0 small. This implies that

Too(C2) /" Too(c1) as ¢ \, ¢1, and the continuity of ¢ — 7o (c) follows. O
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