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Abstract

We present a new class of interacting Markov chain Monte Carlo algorithms for
solving numerically discrete-time measure-valued equations. The associated stochastic
processes belong to the class of self-interacting Markov chains. In contrast to traditional
Markov chains, their time evolutions depend on the occupation measure of their past
values. This general methodology allows us to provide a natural way to sample from a
sequence of target probability measures of increasing complexity. We develop an orig-
inal theoretical analysis to analyze the behaviour of these iterative algorithms which
relies on measure-valued processes and semigroup techniques. We establish a variety of
convergence results including exponential estimates and a uniform convergence theorem
with respect to the number of target distributions. We also illustrate these algorithms
in the context of Feynman-Kac distribution flows.

Keywords : Markov chain Monte Carlo methods, sequential Monte Carlo methods,
self-interacting processes, time-inhomogeneous Markov chains, Metropolis-Hastings al-
gorithm, Feynman-Kac formulae.

Mathematics Subject Classification :

Primary: 47TH20, 60G35, 60J85, 62G09; Secondary: 47D08, 47G10, 621.20.

1 Introduction

1.1 Nonlinear measure-valued processes

Let (S(l), S(l))lzo be a sequence of measurable spaces. For every [ > 0 we denote by P(S(l))
the set of probability measures on S(). Suppose we have a sequence of probability measures
7 € P(SW) where 7(®) is known and we have for [ > 1 the following nonlinear measure-

valued equations
7 = & (x 1) (1.1)

for some mappings P; : P(S(l_l)) — P(S(l)). Except in some particular situations, these
measure-valued equations do not admit an analytic solution.

Being able to solve these equations numerically has numerous applications in nonlinear
filtering, global optimization, Bayesian statistics and physics as it would allow us to approx-
imate any sequence of fixed ‘target’ probability distributions (71'([))120. For example, in a
nonlinear filtering framework 7(!) corresponds to the posterior distribution of the state of an
unobserved dynamic model at time [ given the observations collected from time 0 to time .
In an optimization framework, 7(!) could correspond to a sequence of annealed versions of
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a distribution 7 that we are interested in maximizing. In both cases, ®; is a Feynman-Kac
transformation [4].

In recent years, there has been considerable interest in the development of interacting
particle interpretations of measure-valued equations of the form which we briefly review
here.

1.2 Interacting particle methods

The central idea of interacting particle methods is to construct a Markov chain X =
(ngl))lgpg ~ taking values in the product spaces (S)N so that the empirical measure

Wg\l[) = % 25:1 0, 1) approximates 70 as N 1 co. In the simpler version, we construct
P

inductively X = (X]gl) Ji<p<N by sampling N independent random variables with common

law <I>l(7r1(\l,_1)). The rationale behind this is that the resulting particle measure W](\l,) should

be a good approximation of 7 as long as 7Y s a good approximation of 7= . More
formally, X is an (S®)N_valued Markov chain with elementary transitions given by the
following formula

N
l l _ 1
P((X{),...,X](V)) € dr | X 1>) =TI+ X dgen|dm) @2
p=1 1<q<N

where dz = d(z1,...,xN) = dx; X -+ X dzy stands for an infinitesimal neighborhood of a
point in the product space (SM)N.

For Feynman-Kac transformations, these interacting particle models have been exten-
sively studied and they are sometimes referred to as sequential Monte Carlo methods, par-
ticle filters and population Monte Carlo methods; see [4] [7] for a review of the literature. In
this context, the convergence analysis of these particle algorithms is now well understood.
A variety of theoretical results are available, including sharp propagations of chaos proper-
ties, fluctuations and large deviations theorems, as well as uniform convergence results with
respect to the level index [.

These interacting particle methods suffer from two serious limitations. First, when
the mapping ®; is complex, it may be impossible to generate independent draws from it.
Second, it is typically impossible to determine beforehand the number of particles necessary
to achieve a fixed precision for a given application and users usually have to perform multiple
runs for an increasing number of particles until stabilization of the Monte Carlo estimates
is observed. Markov chain Monte Carlo (MCMC) methods appear as a natural way to solve
these two problems [11]. However standard MCMC methods do not apply in this context as
we have a sequence of target distributions defined on different spaces and the normalizing
constants of these distributions are typically unknown.

1.3 Self-interacting Markov chains

We propose here a new class of interacting MCMC methods (i-MCMC) to solve these non-
linear measure-valued equations numerically. These i-MCMC methods can be described as
adaptive and dynamic simulation algorithms which take advantage of the information car-
ried by the past history to increase the quality of the next sequence of samples. Moreover,
in contrast to interacting particle methods, these stochastic algorithms can increase the
precision and performance of the numerical approximations iteratively.

The origins of i-MCMC methods can be traced back to a pair of articles [5] [6] presented
by the first author in collaboration with Laurent Miclo. These studies are concerned with
biology-inspired self-interacting Markov chain (SIMC) models with applications to genetic
type algorithms involving a competition between a reinforcement mechanism and a potential



function [5, [6]. These ideas have been extended to the MCMC methodology in the joint
articles of the authors with Christophe Andrieu and Ajay Jasra [I], as well as in the more
recent article of the authors with Anthony Brockwell [3]. Related ideas have also appeared
in computational chemistry [9] and statistics [g].

In the present article, we design a new general class of i-MCMC methods. Roughly
speaking, these algorithms proceed as follows. At level [ = 0 we run an MCMC algorithm
to obtain a chain X(© = (Xq(q,o))nzo targeting 7(»). Note that here the ‘time’ index n
corresponds to the number of iterations of the i-MCMC algorithm. We use the occupation
measure of the chain X(© at time n judiciously to design a second MCMC algorithm to
generate XM = (Xél))nzo at level 1 targeting 7! which is typically more complex than

0)

7(9). More precisely, the elementary transition Xr(ll) ~ Xfll_gl of the chain X at time n

depends on the occupation measure of (X(()O), X §0), e X7(LO)> . Similarly we use the empirical

measure of X1 at level I — 1 to ‘feed’ an MCMC algorithm generating X targeting =)
at level [. These i-MCMC samplers are SIMC in reference to the fact that the complete
Markov chain X, := (Xfll))oglgm associated with a fixed series of m levels evolves with
elementary transitions 7: ~ Y;nﬂ that depend on the occupation measure of the whole
system Y;n from time 0 up to time n.

From the pure mathematical point of view, the convergence analysis of SIMC is essen-
tially based on the study of the stability properties of sophisticated Markov chains with
elementary transitions depending in a nonlinear way on the occupation measure of the
chains. Hence the theoretical analysis of SIMC is much more involved than the one of
traditional Markov chains. It also differs significantly from interacting particle methods
developed in [4]. Besides the introduction of a new methodology, our main contribution is
a refined theoretical analysis based on measure-valued processes and semigroup methods to
analyze their asymptotic behavior as the time index n tends to infinity.

The rest of the paper is organized as follows:

The main notations used in this work are introduced in a brief preliminary section 1.4
The i-MCMC methodology is detailed formally in section[l.5] The main results of the article
are presented in section[[.6] Several examples of i-MCMC methods are provided in section 2]
This section also provides a discussion on how to combine interacting particle methods with
i-MCMC methods. Section [3|is concerned with the asymptotic behavior of an abstract class
of time inhomogeneous Markov chains. In section we present a preliminary resolvent
analysis to estimate the regularity properties of Poisson operator and invariant measure
type mappings. In section we apply these results to study the law of large numbers and
the concentration properties of time inhomogeneous Markov chains. In section [4] we discuss
the regularity properties of a sequence of time averaged semigroups on distribution flow
state spaces. The asymptotic analysis of i-MCMC methods is discussed in section [5| The
strong law of large numbers is presented in section We also provide an LL,-mean error
bound for the occupation measures of the i-MCMC algorithms at each level . In section[5.3
we discuss the long time behavior of these stochastic models in terms of the exponential
stability properties of a time averaged type semigroup associated with the sequence of target
measures. We prove a uniform convergence theorem with respect to the level index . The
asymptotic analysis of the occupation measures associated with the complete self-interacting
model on a fixed series of levels is discussed in section[6l The LL,-mean error bounds and the
concentration analysis are presented respectively in section [6.1] and in section[6.2] The final
section, section [7} is concerned with contraction properties of time averaged Feynman-Kac
distribution flows.



1.4 Notation and conventions

For the convenience of the reader we have collected some of the main notations used in the
article. We also recall some regularity properties of integral operators used further in the
article.

We denote respectively by M(E), Mo(E), P(E), and B(E), the set of all finite signed
measures on some measurable space (F, ), the convex subset of measures with null mass,
the set of all probability measures, and the Banach space of all bounded and measurable
functions f on E. We equip B(E) with the uniform norm ||f|| = sup,cg|f(x)]. We also
denote by By (F) C B(FE) the unit ball of functions f € B(FE) with || f|| < 1, and by Oscy(E),
the convex set of £-measurable functions f with oscillations less than one; that is,

osc(f) =sup{|f(z) = f(y)l; z,y € E} <1

We let pu(f) = [ p(dz) f(x), be the Lebesgue integral of a function f € B(E), with
respect to a measure u € M(FE). We slightly abuse the notation and sometimes denote by
p(A) = p(la) the measure of a measurable subset A € £.

Let M(x,dy) be a kernel from a measurable space (E, ) into a measurable space (F, F)
of the bounded integral operator f +— M (f) from B(F') into B(E) such that the functions

M(f)(@) = /F M(x.dy) f(y) €R

are £-measurable and bounded, for any f € B(F). Such a kernel also generates a dual
operator p+— puM from M(E) into M(F') defined by (uM)(f) := p(M(f)).

We denote by [|[M|| := supsep, () M (f)]| the norm of the operator f — M(f) and
we equip the Banach space M(FE) with the corresponding total variation norm |u| =
supseg, (g |#(f)]- Using this slightly abusive notation, we have

M| :=sup sup |6, M(f)[ = sup .Ml
z€E feB: (F) z€E

where §, stands for the Dirac measure at the point x € E. We recall that the norm of any
kernel M with null mass M (1) = 0 satisfies

M| = sup [[M(f)l=2 sup [M(f)]
GBI(F) fGOscl(F)

When M has a constant mass, that is M (1) (x) = M(1) (y) for any (z,y) € E?, the operator
p — pM maps Mo(E) into M(F). In this situation, we let S(M) be the Dobrushin
coeflicient of a kernel M defined by the following formula

B(M) :=sup {osc(M(f)); f € Osci(F)}

By construction, we have M (f)/6(M) € Osci(FE) as soon as (M) # 0, so that

[uM[| =2 sup [uM(f)] <BM)2 sup |u(f)| = [[pM] < BM) [ul
fEOSCI(F) fEOscy (E)

Using the fact that |0, — 0, = 2 for  # y and

=M — o,M
B(M) = sup sup |(0zM — 0,M)(f)| = sup w
FeO0scy (F) (@y)e B @yer2 6z =&y
| M|
T uemoe) el



we prove that
M 1
sony = swp WML s -,
pemo(B) Bl 2 (g y)ene

is also the norm of the kernel
n e Mo(E) — uM € Mo(F)

That is, we have

BM) = sup ([[uM]||/|pl)
HEMo(E)

More generally, for every kernel K from a measurable space (E’,&’) into an measurable
space (F, &), with null mass K (1) = 0, we have

[KM|| = sup [|(0c K)M| < B(M) sup |[[(6.K)| = [[KM|| < B(M) || K|
zeR'! zeFE’

Unless otherwise stated, we use the letter C' to denote a universal constant whose value
may vary from line to line. Finally, we shall use the conventions ) 3 = 0 and [, = 1.

1.5 Interacting Markov chain Monte Carlo methods

We describe here the i-MCMC methodology to numerically solve . We consider a
Markov transition M© from S© into itself and a collection of Markov transitions M,Sl)
from S® into itself, indexed by the parameter I > 0 and the set of probability measures
1€ P(SU=1). We further assume that the invariant measure of each operator M, ,(f) is given

by ®;(u); that is we have
Vi>0 YueP(SY) @ (u)MP = oy(p)

For | = 0, we use the convention <I>0(7r(_1)) = 79 and M;(LO) = MO For every | < m, we
denote by n) € P(SW) the image measure of a measure n € P([[y<;<,, S?) on the I-th
level space SU). We also fix a sequence of probability measures v, on_STk), with & > 0.

We let X(© .= (quo))nzo be a Markov chain on S with initial distribution v and
Markov transitions M (. For every k > 1, given a realization of the chain X®*~-1 .=
(XT(LIC_I))”ZO, the k-th level chain X" is a Markov chain with initial distribution vy, and
with random Markov transitions Méfk)ﬂ) depending on the current occupation measures
1751’“‘1) of the chain at level (k — 1); that is we have

P(XP, e de | x*0 x0) = M%) (xE da) (1.3)

n

with

1 n
(k—=1) ._ E :
T T = 5Xz(7k_1)

The rationale behind this is that the k-th level chain quk) behaves asymptotically as a

(k—1)

Markov chain with time homogeneous transitions MS(CIZ—U as long as 7 is a good ap-

proximation of 7(k=1),
(k

In the special case where M,Sk) (zF,.) = ®(p), the k-th level chain (X ))n21 is a collec-
tion of conditionally independent random variables with distributions (P 772]:1))),121; that

is we have

_ & 1
P((XP,. . X0 e dr | Xx*D) = 11 2« 5 > Oy | (dap) (1.4)
p=1

0<g<p



where dx = d(z1,...,2,) = dxy X -+ X dx,, stands for for an infinitesimal neighborhood of
a generic path sequence (z1,...,z,) € (S®)".

We end this section with a SIMC interpretation of the stochastic algorithm discussed
above. We consider the product space

B, =50 5 ... x gm

and we let (Kgm))nep( E,) be the collection of Markov transitions from Ey, into itself given
by
I
Vo= (2%...,a") € B K{™(z,dy) = [] M£(3_1)(xl, dy') (1.5)
0<i<m

where dy := dy® x --- x dy™ stands for for an infinitesimal neighborhood of a generic point
y = (1°...,y™) € Ep, and n) € P(SY) stands for the image measure of a measure
n € P(E,,) on the [-th level space S with m > [. In other words, ) is the I-th marginal
of the measure n. In this notation, we can readily check that

is an Fyp,-valued SIMC with elementary transitions defined by

]P(XrH»l €dy ’ F ) = Kﬁglm] (X, ,dy) with 771[1 I = n—l—lzoéxr (1.6)

where .7:7? " stands for the filtration generated by X .

1.6 Statement of some results

We further assume that the mappings ®; : P(S¢1) — P(S®) satisfy the following regu-
larity condition for any ! > 1 and any pair of measures (y,v) € P(SU~—1)2

V=0 VfeBSY) |[@n) - 2@)](f)] < / |l = v](9)] Tu(f,dg) (1.7)
for some kernel I'; from B(S®) into B(SU—1), with

/ Ty(f.dg) lgll < A 1f] and A < oo
B(S(l—l))

We also suppose that there exist some integer n; > 0 and some constant ¢; such that we
have
MO = MO < allu—vl and bin):=  sup  BMPYM <1 (L8)
peP(SU-1)
This pair of abstract regularity conditions are rather standard. The first one is a
natural Lipschitz property on the weakly continuous integral mappings

VEeB(SY)  peP(SUY) i &y(u)(f) R

Roughly speaking, this weak Lipschitz property simply expresses the fact that ®;(u)(f) only
depends on integrals of functions with respect to the reference measure p. This condition
is clearly satisfied for linear Markov semigroups ®;(u) = pK; associated with some Markov
transition K;. We shall discuss this condition in the context of nonlinear Feynman-Kac type
semigroups in section

In the special case where M, ,Sl) (z!,.) = ®;(u), the second condition is trivially met
for n; = 1 with b;(n;) = 0. In this particular situation, the first Lipschitz property of the
mapping ®;(u) takes the following form

[@:(p) = i)l < e [l — v



For more general models, condition (1.8 expresses the fact that the Markov transitions
M ,Sl) are strongly continuous and they satisfy Dobrushin’s mixing condition, uniformly with
respect to . We shall discuss this regularity condition in the context of Metropolis-Hastings

type algorithms ([2.7)) in section
Under the conditions 1} for every n € P(Ep), the invariant measure w,.m)(n) €
n

P(E,,) of K7(7m) defined in 1' is given by the tensor product measure

Wieom (1) =70 @ @1(nV) @ ... © B (™) (1.9)

We observe that the tensor product measure
=10 g . . g™ (1.10)

is a fixed point of the mapping w.im) : 17 € P(Ep) = w.om (n) € P(Em).
n n

Using this notation, our main results are basically as follows.

Theorem 1.1 For any r > 1, m > 1, and any function f € B(E,,) we have

sup Vi E ([i7(f) = 7(p)| ) < oo

n>1

Under some additional reqularity conditions, we have the exponential inequality
2

Vvt >0 limsupllogIP’(Hﬁgn]—ﬁ[m]] (f)) >t> <_ﬁ

n—oo N

for some finite constant G, < 0o as well as the following uniform convergence estimate

supsupn®? E (
k>0 n>1

1 (fr) - W(k)(fk)lr) <00

for some parameter a € (0,1] and for any collection of functions (f)k>0 € [0 B1(S®)).

We end this introduction with a series of comments and open research questions.

First, the mean error bounds and the exponential estimates presented above suggest the
existence of Gaussian fluctuations of the occupation measures ﬁkﬂ I around their limiting
value 7™ with a fluctuation rate \/n. We have recently studied these fluctuations in [2].

It might be surprising that the decays to equilibrium presented in theorem [I.1] differ from
the three types of decays exhibited in [5] [6]. To understand the main differences between
these classes of interacting processes, we recall that the decay rate to equilibrium often
depends on the contraction coefficient of the invariant measure mapping associated with a
given self-interacting model. In our context, these mappings are not necessarily contractive.
Nevertheless, we shall see in section [6] that the semigroup associated with these mappings
becomes essentially constant after a sufficiently large number of iterations. In this respect,
the self-interacting models discussed in the present article are more regular than the ones
analyzed in [5, [6].

The uniform convergence estimate with respect to the number of levels depends on the
stability properties of a time averaged semigroup associated with the mappings ®;. The
contraction properties of this new class of nonlinear semigroups are studied in section [7] in
the context of Feynman-Kac models. We show that the stability properties of the reference
Feynman-Kac semigroups can be transferred to study the associated time averaged models.
In more general situations this question remains open.



2 DMotivating applications

2.1 Feynman-Kac models

The main example of mappings ®; considered here are the Feynman-Kac transformations
given below

Vi>0 Y(u,f)e (PESV)xBEEY)) @ (u)(f) = (Gl (f)/u(Gr)  (2.1)

where G is a positive potential function on S (l), and L;,1 stands for a Markov transition
from SO into S+, In this situation, the solution of the measure-valued equation (1.1)) is
given by the normalized Feynman-Kac distribution flow described below

D) =)/ with AOF) =B rv) [] G

0<k<l

where (Y});>0 stands for a Markov chain taking values in the state spaces (S(l))lzo, with
initial distribution 7(®©) and Markov transitions (Li)i>1. These probabilistic models arise in
a very wide variety of applications including nonlinear filtering and rare event analysis as
well the spectral analysis of Schroedinger type operators and directed polymer analysis [4].
We also underline that the unnormalized measures v(!) are expressed in terms of integrals
on path spaces and we recall that () can be expressed in terms of the sequence of measures
(F(k))0§k<l with the following formulae

YO ==0) T =(Gr) (2.2)

0<k<l

To check this assertion, we simply observe that

FO () =aO(f) x yP(1)

and we have the key multiplicative formula

Y1) =7 (G) =7V (G) x ATV ) = 4P = T a6 23)

0<k<l

Thus the i-MCMC methodology allows us to estimate the normalizing constants () (1)
by replacing the measures (k) by their approximations in . These models are quite
flexible. For instance, the reference Markov chain may represent the paths from the origin
up to the current time ! of an auxiliary chain Y} takmg values in some state spaces E] with
some Markov transitions (Ll)l>1 and potentials (Gl)l>1, that is we have

}/2:(}/()/7’}/2/)65(1) :(E(/]XXEl/) (24)
and

L (yl 17dyl) - 5( . 7yl 1) (d (y67 ”"7?2—1)) Zl (yZ—lﬂdg;) ’ Gl (yl) = él (yZ) (25)

2.2 Interacting Markov chain Monte Carlo methods for Feynman-Kac
models

In the Feynman-Kac context and assuming we are working on path spaces (2.4]), we can
propose the following two i-MCMC algorithms to approximate 7). The first one simply



consists of sampling directly X,()k) = (X;,I,(O), X;(l), - X;,/)(k)> from the right hand side product
of the formula ([1.4)) which takes here the following form

1 Gk’—l(ngk_l)) k—1 k

T Z 6X(k—1) dﬂ:z(,k) = Z = Lk(Xé ), da:é ))
b 0<g<p < ) 0<q<p Zogm<p Gk—l(Xél ))

where d:vl(,k) = dx;;(o) X oo X dm;,(k). We see that XI(;k)

genetic type mechanisms. First, we randomly select one state X,gk_l) at level (k—1) with a

is sampled according to two separate

probability proportional to its potential value Gk_l(Xékfl)). Second, we randomly evolve
from this state according to the mutation transition Lg. This i-MCMC model can be
interpreted as a spatial branching and interacting process. In this interpretation, the k-th
chain tends to duplicate individuals with large potential values, at the expense of individuals
with low potential values. The selected offspring randomly evolve from the state space S (k—1)
to the state space S*) at the next level.

For the Feynman-Kac transformations , we proved in [é] that the condition

ensuring convergence of the algorithm is satisfied with ¢; = B(L;)/€e;—1(G) as soon as the
potential functions satisfy the following condition

(G) For any l > 0, the potential functions Gy are bounded above and bounded away from
zero, so that
G
inf )

€(G) = L W

xT

€ (0,1).

We can also propose the following alternative i-MCMC algorithm to approximate 7(®)
which relies on using a transition kernel M,ﬁl) different from ®; (1). We introduce the fol-
lowing kernel from S¢~=Y into E

Ri((whs -, 21_y), dap) = iy, dj) Groa(a]_y)- (2.6)

In this scenario, it is sensible to propose to use for M,Sl) in the i-MCMC algorithm the
following Markov kernel on the product space S indexed by the set of measures p €

P(SEY)

M (z, dy)
(2.7)

= (n® Ki)(dy) A Az, y) + (1= [so XAz, 2) (0@ K;)(dz)) 0.(dy)

where K; is a Markov transition from S¢=1 into E] and for every (u,v) and (w,z) €
(50D x B)

d(Ki(u,.)® Ri(w,.

(o), 2)) o= Sy S ) (25)

S

where we assume that
Ki(u,.) ® Rj(w,.) << Ry(u,.) ® Kj(w,.).

It can be checked that the kernel M l(f) is nothing but a Metropolis-Hastings kernel of proposal
distribution p ® K and invariant distribution ®;(u).
We can also easily establish that for any measures (p, ) € P(SU¢—1)2

1M = M| < 2 [l —v|



so that the first condition on the left hand side of (1.8) is satisfied. Under the additional
assumption that for any (u,v) € (SU=1 x EJ)

dP(u, )

K, W =G

it follows from [10, Theorem 2.1] that

BMP) < (1-C

from which we conclude that the second condition on the right hand side of (1.8) is met
with n; = 1 and b(ny) = (1 — ;7 1).

2.3 Interacting particle and Markov chain Monte Carlo methods

As mentioned in the introduction, in contrast to interacting particle methods presented in
section we emphasize that the precision parameter n of i-MCMC models is not fixed
but increases at every time step. There exist several ways to combine an interacting particle
method with an i-MCMC method.

For instance, suppose we are given a realization of an interacting particle algorithm
X0 = (X;’))lgpg ~ with a precision parameter N. One natural way to initialize the i-

MCMC model is to start with a collection of initial random states Xél)

to the N-particle approximation measures

! 1 &
i=1
)

Another strategy is to use the N-particle approximation measures 7,/ in the evolution of

the i-MCMC model. In other words we interpret the series of samples Xl-(l), 1<i<N, as
the first N iterations of the i-MCMC model at level [. More formally, this strategy simply

sampled according

substitutes the current occupation measure nﬁlk_l) of the chain at level (kK — 1) in || by
the occupation measure ngN’kfl) of the whole sequence of random variables at level (k — 1)
defined by
Np-1) _ L gy N (k—1)
i, - n, TN
N+n+1 N+n+1

The convergence analysis of these two natural combinations of a interacting particle
method and i-MCMC method can be conducted easily using the techniques developed in
this article.

3 Time inhomogeneous Markov chains

3.1 Description of the models

We consider a collection of Markov transitions K, on some measurable space (F,£) indexed
by the set of probability measures n € P(F') on some possibly different measurable space
(F,F). We further assume that for any pair of measures (, 1) € P(F)? and some integer
ng > 0 we have

| Ky — Kul| < cllp—pll and b(ng) := sup B(K:;O) <1 (3.1)
neEP(E)

We associate with the collection of transitions K, an E-valued inhomogeneous random
process X, with elementary transitions defined by

P(Xni1 €dz | Xo,..., Xn) = K, (X, dz)

10



where pu, is a sequence of possibly random distributions on F' that only depends on the
random sequence (Xy,...,X,). More precisely, u, is a measurable random variable with
respect to the o-field generated by the random states X, from the origin p = 0, up to
the current time horizon p = n. We further assume that the variations of the flow u, are
controlled by some sequence of random variables €(n) in the sense that

Vn >0 [tnt1 — pnl| < €(n)

We let €(n) be the mean variation of the distribution flow (1,)o<p<n; that is we have

For SIMC, we have F = E and the measure u, coincides with the occupation measures of
the chain up to the current time n. In this particular situation, we have

n

1 2
S G 2 =S Gy 2
This implies that
€n) < —— log(n+2)
€En) = (n+ 1) Og n

Under assumption (3.1)), every elementary transition K, (x, dy) admits an invariant measure
(ptn) K, = w(pin) € P(E)

For sufficiently small variations €(n) of the distribution flow pu,, we expect that the occu-
pation measures 7, have the same asymptotic behavior as the mean values @, (u) of the
instantaneous invariant measures w(f,) from time p = 0 up to the current time p = n. That
is, for large values of the time horizon n, we have in some sense

n

T ™ Wn(p) = nJlr 1 > wlpp) (3.3)
p=0

3.2 A resolvent analysis

We recall that assumption (3.1)) ensures that K, has a unique invariant measure for any
n € P(F)
w(n) Ky = w(n) € P(E)

and the pair of sums given by
a(n) ==Y B(K}) € [1,00) and > [K}' —w(n)] (f) (3.4)
n>0 n>0

are absolutely convergent for any f € B(E). The main simplification of these conditions
comes from the fact that the resolvent operator

Py feBE) = Pyf) = 3 (KD —w)] (f) € B(E)
n>0

is a well-defined solution of the Poisson equation

{(Kn_—rd)Pn = (w(n) —1d)
wn)P, = 0

The reader should not be misled by the notation P,. In this context, P, is not a Markov
transition kernel. We have used the letter P in reference to the solution of the Poisson
equation.
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Proposition 3.1 For any n € P(F), P, is a bounded integral operator on B(E) and we
have n
0

([B9]l/2) v B(Fy) < a(n) < TZB(K)

Proof:
The fact that 3 (P,;) < a(n) is readily deduced from the following decomposition

Py(f)(@) = Py()(y) = D [K5(H)(2) = K () ()]

n>0

Indeed, using this decomposition we find that osc(F(f)) < >,5¢08c(K5(f)). Recalling
that osc(Kj(f)) < B(K}) osc(f), we conclude that

osc(P, ZB K” osc(f) = B(Py) SZﬁ(K;L)
n>0 n>0
In much the same way, we use the fact that
=Y [ 0@ - K3 ()] wln)dy)

n>0

to check that
1Py () <D ose(K7(f))
n>0

and

1P, (NI < [Zﬂ(fﬂ?) ose(f) = ||l <2 ) BUKT)

n>0 n>0
To prove that a(n) < %, we use the decomposition
- n
pno—1 no—1
=2 B =2 Z ) =D > AT
n>0 p>1 n=(p— p>1 =0

Since we have
BEWP=Dmotry < g(KP-Umo) g(KT) < B(K)P~D B(KT) < B(K0)P—D

we conclude that a(n) < ng >, BK))P = W The end of the proof of the
= - n
proposition is now completed. |

Proposition 3.2 For any pair of measures (n, ) € P(F)?, we have

lw(n) = w(p)ll < Ong(n, 1) [In — pll (3.5)
and
1Py — Pyll < a(n) [2¢ o) + bno(n, )] [0 — pl]
for some finite constant dp,(n, ) such that

cno
Ong (0, 1) < 7 (BK) A B(KIP))

(3.6)

12



Proof:
The proof of the first assertion is based on the following decomposition

w(n) —w(p) = wn)(K° = K;°) + [w(n) —w(p)] K,°
Using the fact that

Hw(n) —w(] Kol < BELS) [lw(n) — w(w)ll

we find that

lw(n) —w(ll < e () (K = K0 (3.7)

1
1= (B(KL") AB(KR?))
On the other hand, we have
lw(n) (K7° = K0 < [ K0 = Kpe || lwn)ll = [[K5° — K0

Using the decomposition

no—1
K — K=Y Kb(K,— K, Ko+
p=0
we find that .
no—
[EGe — Kol < > KB, — K ) Ko ||
p=0

For any 0 < p < ng we have

|KE(K,) — K ) Ko~ P | < | KR | K, — K| [ Ko~ @)
<Ky — Kyl < c|ln—ul

from which we conclude that
K50 — Kl < ceng |ln—ull = [lwn)(Ky° — K,°)| < eng [ln — pl|

The proof of (3.5 is now a direct consequence of ([3.7)
The proof of the second assertion is based on the following decomposition

P, — P, = P,(K, — K,)P)+ [w(p) —w(n)] P,
To check this formula, we first use the fact that K,P, = P,K, to prove that
Pu(Ky — 1d) = (K, — Id)P, = (w() — 1d)

This yields
Pu(Ky = Id)Py = (w(p) — Id)P,

Using the Poisson equation and using the fact that P, (1) = 0 we also have the decomposition
Pu(Ky —1d)Py = FPy(w(n) — Id) = =P,
Combining these two formulae, we conclude that
Pu(Ky — K Py = [Py — Pu] = [w(p) — w(n)] By

It follows that
Hpn - P,LLH < HPH(K?? - Ku)PnH + || [W(#) - w(n)] Pn”

13



The term on the right hand side is easily estimated. Indeed, under our assumptions we
readily find that

[w(p) —wm] Pyll < B(Py) [lw(n) — w(p]]
<a) lwm) —wl < a(n) dng(n, 1) [In— pll
On the other hand, we have
”PH<K”7 - KM)P’V]H < 5(P77) HPH(K’W - Ku)” < ﬁ(Pn) ”PMHHKn - Ku”

from which we conclude that

[1Pu(Ky — Kp) Byl < 2c ap)a(n) [ — p

The end of the proof is now clear. |

3.3 L,-inequalities and concentration analysis

Firstly, we examine some of the consequences of the pair of regularity conditions presented
in (3.1). The second condition ensures that the functions «(n) and d,,(n, ) introduced in
(3.4) and (3.6 are uniformly bounded; that is we have

no

1 <a(ng):= sup a(n) < ——F— (3.8)
neP(F) 1 —b(no)
and cno
d(ng) == sup  Op(np) L ——F—— < 3.9
( 0) (0 )EP(F)? 0( ) 1_ b(no) ( )

We recall that @, () is defined in (3.3). We are now in a position to state and prove the
main result of this section.

Theorem 3.3 For anyn >0, f € Bi(E) and r > 1 we have the estimate

< elr) (1_%0))2 [ e sy

for some finite constant e(r) < oo whose value only depends on the parameter r. In addition,
for any § € (0,1) and any time horizon n > 1, the probability that

[l — @n ()] ()]

S

Sl

E ([mn = @n(w)] (£)I")

n 21 2/6 4n, —
< it |VIEED 4 (40 () [o) v ]
is greater than (1 — &) (where c is the constant introduced in (3.1))).

Corollary 3.4 For the SIMC associated with the occupation measure distribution flow ,
we have for anyn >0, f € Bi(F) and any r > 1

1 7 ’
VAFTE ([ -l (N1 < etr) 14+ (o)

for some finite constant e(r) < oo whose value only depends on the parameter r. In addition,
for any § € (0,1) and any time horizon n > 1, the probability that

2l 1= (120s) 2 [Vies@m 20 +0)

is greater than (1 —9).
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Proof of theorem Firstly, we examine some consequences of the regularity con-
ditions presented in (3.1) on the resolvent function P, introduced in (3.4). Using proposi-
tion and proposition [3.2] we find the following uniform estimates

sup ((|1P,]1/2) vV B(P,)) < —2

neP(F) 1 —b(no)
and

2
1o
- < - — i
7= Pl <3e (=) el (3.10)

In addition, using proposition [3.2] again we find that the invariant measure mapping w is
uniform Lipschitz in the sense that

cno

lw(n) —w(pl < = b(ng) 7 — ull

For any n > 0 and any function f € Bi(E), we set
In(f) = (n+1) [ — @n(W)] (f) = [f(Xp) — wlpp) ()]

Using the Poisson equation, we have
[1d - w(py)] = (Id — K,.,) Py,
From this formula, we find the decomposition

[f(Xp) = w(pp) ()] = P, (f)(Xp) — Kup(Pup(f))(X )
= [P, (f)(Xp) = Pu, (f)(Xps1)] + AMp11(f) (3.11)

with the increments

AMp i1 (f) = [P, () (Xp41) = Ko, (P, () (Xp)]

of the martingale M,,1(f) defined by

n+1 n+1
My (f Z AM(f) =" [Py () (Xp) = Ky, (P, (1) (Xp-1)]
p=1

For n = 0, we set My(f) = 0. The first term in the right hand side of (3.11)) can also be
rewritten in the following form

Pup (f)(Xp) - P,up (f)(Xp-I-l)
= [Py (N)(Xp) = Pupr (N (Xp1)] + [Pups (N)(Xpt1) — P, () (Xp1)]
This yields the decomposition

n

Y [P (D) = Py (H(Xpi1)] = [Po (1) (X0) = Py (F)(Xs1)] + L1 (f)

p=0
with the random sequence

n

n+1 Z Hp+1 (f)(Xp+1)

p=0

15



In summary, we have established the following decomposition

In(f) = Mn-i—l(f) + Ln-i-l(f) + [Puo(f)(XO) - Pun+1(f)(Xn+1)]
We estimate each term separately. Firstly, using (3.10|) we prove that
4n0
‘P#()(f)(XO) - P#n+1 (f)(Xn-i-l)‘ < ”PHOH + ”P,Mn+1 H < T _ (N
1 b(no)
In much the same way, using (3.10) we obtain

n

n 2
no
Iaial < 3 WPis = Proll <3¢ (1=05) 3 gt =

p=0 p=0
no

=3¢ (n+1) (1_b(n0)>2 e(n)

From these two estimates, we conclude that
no 2 4TLO
I, < |M, 3 1 _ € —_ 3.12
LD < a(Dl+3¢ (4 1) ({0 ) e+ s (312

To estimate the martingale term, we recall that the unpredictable quadratic variation process
[M(f),M(f)], of the martingale M, (f) is the cumulated sum of the square of its increments
from the origin up to the current time; that is, we have

n

[M(f), M(f)], =Y (AMy(f))’

p=1

The main simplification of our regularity conditions comes from the fact that the increments
|AM,(f)| are uniformly bounded. More precisely, we have the almost sure estimates

‘AMp—l-l(f)‘ = ‘Pup(f)(Xp-I—l) - Kﬂp(PNp<f))(Xp)‘

- ‘/ [Py (F)(Xp+1) = B, (/)(@)] K, (Xp, dz)
< [ 1PN = oD@ E Xy )

from which we conclude that

1o
|AMy11(f)] < 0se(Py, (f)) < B(P,) < T b(ng)

By definition of the quadratic variation process [M(f), M(f)],,, this implies that

MM, < ()

The end of the proof is now a direct consequence of the Burkholder-Davis-Gundy inequality
for martingales. For any r > 1, there exists some finite constant e(r) whose value only
depends on r, and such that for any n

1
1 ng

) < el o V"

Swols

E<max |M,,(f)|T>i < e(r) E([M(f%M(f)}

1<p<n

Combining this estimate with (3.12), we find that
2
r L no — Ny L
BALAN < o) () [VEF D+ (et 1) Ble()?
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with again some finite constant e(r) whose values may vary from line to line, but only
depends on r. Recalling the definition of I,,(f), we conclude that

=

1
———— + cE(e(n)")r
(n+1)
This ends the proof of the first assertion. To prove the concentration estimates, we use the
fact that

3

1 n 2
B~ @] (NN)F < elr) (=)

_ (Moir(H)] | m Bcno !
[ = W ()] ()] < n:fl Tz b%no) [ 1 b(TOLo) )+ n+1]

from which we deduce the rather crude upper bound

2
[ = @n ()] ()] < ]\W +d+0) (1_25%) [E(”) v n—ll— J (3.13)

The Chernov-Hoeffding exponential inequality states that for every martingale M,, with
My = 0 and uniformly bounded increments sup,, |AM,| < a, we have

P(|M,| > tn) < 2 e /20

In our context, we have proved that sup,, |AM,(f)| < no/(1—b(ng)), from which we conclude
that

P (I =@ (D> e+ 1+ (F85)° [0 v k] )

2
<2 § ()

We conclude the proof of the theorem by choosing ¢t = —W 2108 (2/9)

1—b(no) n+l -

4 Distribution flows models

In this section, we have collected the definition of a series of semigroups on distribution flow
spaces. We also take the opportunity to describe some of their regularity properties we shall
use in the further developments of the article.

We equip the sets of distribution flows P(S®)N with the uniform total variation distance
defined by

2
Vin ) € (PESOY) =l i=sup lnn — pul
n>0
We extend a given integral operator p € P(S(l)) — ul € P(S(l“)) into a mapping
n= (ﬁn)nzo € P(S(l))N —nL = (nnL)nZO c P(S(l+1))N

Sometimes, we slightly abuse the notation and we denote by v instead of (v),>¢ the constant
distribution flow equal to a given measure v € P(SW").
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4.1 Time averaged semigroups

We associate with the mappings ®; introduced in (|1.1)) the mappings

o0 : g eP(S)N = o0 = (e¥(m) e PED)"

n>0

defined by the coordinate mappings
vne P(SCTNN vnz0 @ (n) = ®i(na)

We denote by
oD — k) o pk—11)

with 0 < I < k, the semigroup associated with the mappings ®?). We also consider the time
averaged transformations

(1 _ (1 —(1
3" et &) = (8)m) e PO

defined by the coordinate mappings

— 1
e vnz0  @)m) = > eP)
p=0
= LS e e p(s)
n+1p:0 P

For [ = 0, we use the convention ®(n,) = 7 for any 0 < p < n, so that with some abusive

but obvious notation 5(0)(77) = 70 represents the constant sequence (ﬂ'(o))nzo such that
(0) _ _(0)
=7

Tn
We also denote 3 . P(SENN - p(SE)N with 0 < I < k, the semigroup associated
with the mappings [ and defined by
6(k’l) = E(k) o 6(16_1) 0...0 E(l)

(k1)

We use the convention ® = Id, the identity operator, for [ > k.

4.2 Integral operators

We associate with the kernel Ty, from B(S®)) into B(S*~1) introduced in (1.7) the kernel
™ from (N x B(S®))) into the set (N x B(S*~1)) defined by

T, 1), d(p. ) 1= S0, dp) % Telfidg) with S(n.dp)i=—5 > 6,(dp) (A1)
q=0

The semigroup f(l2’l1) (0 < Iy <l9) associated with the integral operators f(l) is defined by
IS LD I B

For 1 = I3 = 0, we use the convention % — T _ ¢ for the null measure on (NxB(SO)).
Also observe that
20— sla—litl Uiy 14

where the semigroups ¥ and I', 1., 0 <1y < g associated with the pair of integral operators
> and I'; are
yh=yxh=t = 5=y and Ty, =TT 1... Ty

We use the convention X° = Id.
We end this section with a technical lemma relating the regularity properties (1.7 of

the mappings @, to the regularity properties of the semigroups 3",
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Lemma 4.1 For any 0 <[y <lo, n >0, any flow of measures n, u € P(S(ll_l))N and any
function f € B(S"2)) we have

(B -3 W] ()]

< / 1 — 1) (9)] T (0, 1), d(p, 9))
(NxB(S(L1=D))

Proof:

Notice that we have TU" = T". We also observe that T is a kernel from (N x B(S(2)))
into (N x B, (S"1~1)). We prove the lemma by induction on the parameter k = Iy —I;. The
result is clearly true for k£ = 0. Indeed, by (1.7)) we find that for any [ > 0

B0 =30 0] (0] £ —5 D l1@10m,) — B1lsp)] (1)
p=0

1 n
<102 fue 10—l @] T

D)

Rewritten in terms of T , we have proved that

[ -3 w] < [ 1 = ] (@) TV((n, ), dlp, 9))

(NxB(S¢=1))
This ends the proof of the result for kK = 0. Now, suppose we have proved that

—(l,l —(l2,l1) (I2,
Hq)z(’z ROEE S / (g m) T ((p,9),d(g, 1)

for any pair of integers [; < lo with lo9 — [ = k for some k& > 1. In this case, for any [ < k
and any function f € B(S(+1), we have

(@ = )] o)

1+1)

_ ‘ [671 @HH)

m) = 3, @ )] (1)
and therefore

2 = )] o)

/‘ R () _ ](Dllk)(u)](g)‘ T (o, 1), dp. g)

Under our induction hypothesis, this implies that
—(141,1—k —(I+1,1—k)
B ) -8 )] (o)

< / [1q — 1) (R)] / ™ (n, 1), d(p, 9) T (0, 9), d(g, b))

I+1,1—k
— [ o= w00 TP )., 1)
Letting I3 = (I—k) and Iy = (l—|—1) we have proved that for any I; < ls with lo—1; = (k+1)
—(ls] —(la] (I,
[0 ) =3 0] ()] < [ 1 = sl @) T (0, )., 9)
This ends the proof of the lemma. ]
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4.3 Path space semigroups

To simplify the presentation, we fix a time horizon m > 1 and write w instead of w F(m)s the
n

invariant measure mapping defined in ((1.9). We also write E instead of E,,.
We extend the mapping w on P(E) to P(E)N by setting

w 1= ()azo € P(E)Y = w(n) = (Wa(n))nzo € P(E)Y
with the coordinate mappings w, defined by

wa(n) == w(n.) =71V @1 () ©... ® By (n{" )
For every [ < m, we recall that 7)7(1[ ) stands for the image measure on S of a given measure
Nn € P(Ey,). We also consider the mappings

@ nePE) — B1n) = @), € PE"

defined by the coordinate mappings

n

1

Vi = (n)nzo € P(E)" V20 Wnln):= 12 wp(n) = 1 pzzgw(np)

Lemma 4.2 For any 1 < k <m and any flow of measures n € P(E)N, we have

m—Fk
wk(n) _ =[k—1] Q ® @(i+k,i+1) (n(l))
=0

For k=m+ 1, we have

vnePE)N  wmti(y) =xM

Proof:
We use a simple induction on the parameter k. The result is clearly true for k = 1. Suppose
we have proved the result at some rank k. In this case we have

m—k
Wwmn) = 7@ &y (wn®) e ® Dy piv1(w(n)?)
i=1

m—k
= 7N er® e Q) bk
i=1
m—(k+1) .
= e Q@ Ciwrni?)
i=0
This ends the proof of the lemma. (]

Lemma 4.3 For any 1 <k <m and any n = (N,)n>0 € P(E)Y, we have

n

m—k
_ 1 e i —(i+(k—1),i+1) , (i
k() = o Z lw[k g ®(I)I(7+k) (<I>( +(k—=1),i+ )(77())>]
i=0

p=0

For k =m+ 1, we have
vn e P(E)Y o™ (n) = ™



Proof:
We use a simple induction on the parameter k. The result is clearly true for £ = 1. Indeed,
we have in this case

g )

p=0

We also observe that
n

0y 35 (1) =50 () 007 -5 (1)

=0

Suppose we have proved the result at some rank k. In this case, we have

n+1z k]®®¢,z+k ( (i+(k=1),i )( (z—l)))]

from which we conclude that

&t (@(n) =

S Z —[k] (i+(k+1)) (FUEtki+1) (5
@) n+1 e ® ® <q> (n )>
p=0 =0
This ends the proof of the lemma. |

5 Asymptotic analysis

5.1 Introduction

This section is concerned with the asymptotic behavior of i-MCMC models as the time index
n tends to infinity.

The strong law of large numbers is discussed in section We present non-asymptotic
iL inequalities that allow us to quantify the convergence of the occupation measures 777(116) =
- +1 Zp 0 X » of i-MCMC models towards the solution 7(¥) of the measure-valued equation
([T1).

Section is concerned with uniform convergence results with respect to the level index
k. We examine this important question in terms of the stability properties of the time
averaged semigroups introduced in section We present non-asymptotic LL,.-inequalities
for a series of i-MCMC models that do not depend on the number of levels. These estimates
are probably the most important in practice since they allow us to quantify the running
time of a i-MCMC to achieve a given precision independently of the time horizon of the
limiting measure-valued equation .

Our approach is based on an original combination of nonlinear semigroup techniques
with the asymptotic analysis of time inhomogeneous Markov chains developed in section
The following technical lemma presents a more or less well known generalized Minkowski
integral inequality which will be used in our proofs.

Lemma 5.1 (generalized Minkowski integral inequality) For any pair of bounded pos-
itive measures py and py on some measurable spaces (E1,E1) and (Ea,&), any bounded
measurable function ¢ on the product space (E1 X E2) any p > 1, we have

[/El p(dwy) ’ ];
<[ (f et a)? m(dscl)); palds)
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Proof:

Without loss of generality, we suppose that ¢ is a nonnegative function. For p = 1, the
lemma is a direct consequence of Fubini’s theorem. Let us assume that p > 1, and let p’ be
such that —|— = = 1. Firstly, we notice that the functions

1

p1(z1) = /E2 p(a1,22) pa(dee) and  @p(z2) 1= </E lp(@1, 22) [P pu1(dzr) )
<u

D=

are measurable for every p > 1. In this notation, we need to prove that u;(¢})
It is also convenient to consider the function

Y(x1,22) = p(x1,22)/Pp(T2) P

We use the convention i (x1,z2) = 0, for every x; € E; as long as ¢,(x2) = 0. We observe
that

2(¢p)-

1
7/

( w@awpmwmﬁ = gp(a2)/bp(z2)7
£y

By construction, we have

1
Y

= ¢p($2)%

1
7

p1(r1) = Y(x1,72) Pp(w2)P

E>

p2(dx2)

1
7

< [ (1, 2)P uz(dﬂfz)] ’ x pa(dp)
E>

from which we conclude that

s

() < pa(dp)?

= (¢p) X M2(¢p) = M2(¢p)p

The end of the proof is now clear. |

x { (@, 22)? pa(der)pz(des)
Es

s

5.2 Strong law of large numbers

This section is mainly concerned with the proof of the following LL,.-inequalities for the
occupation measure of an i-MCMC model at a given level.

Theorem 5.2 Under the regularity conditions and @, we have for any k > 0, any
function f € Bl(S(k)) and anyn >0 andr > 1

1

1 k n 2
)r<e ;1—1—01 (Hj(m)> [T 20 1)

I+1<i<k

(n+ 1) E (| [P = =] ()

Proof:
We prove the theorem by induction on the parameter k. Firstly, we observe that the estimate
(5.1) is true for k = 0. Indeed, by corollary we have that

1 2
e

=L <‘ [nff) _ 71'(0)] 0 ) < e(r) (1+ co) (#‘M)

for some finite constant e(r) < oo whose value only depends on the parameter r. We further
suppose that the estimate ([5.1)) is true at rank (k —1). To prove that it is also true at rank
k, we use the decomposition

{ngk) _ ﬂ,(k)} _ {nr(Lk) — 3" (n(kfl))} i [@L’“) (n*-1) _Eg‘;)(ﬂ(’“*l))} (5.2)
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For every k > 0, given a realization of the chain X*~1) .= (ngk_l))pzo the k-th level chain
X,gk) behaves as a Markov chain with random Markov transitions M (?,27” dependent on the

current occupation measure of the chain at level (k—1). Therefore, using corollary (3.4 again
we notice that

D E (|0l =80 0] (]) <e) 1+ a) (=)

for some finite constant e(r) < oo whose values only depends on the parameter 7.
Using the decomposition (5.2)) and lemma we obtain

([[nﬁf) — w(’“)} (f)‘

<[ =] ]+ [ [0 =24 @) T (w10, 0)

For every function f € Bl(S( )), and any n >0, k>0, r > 1, we set

IO = v+ TE (|| = =®] (£)

1

); and j® :=sup sup J,(lk)(f)
n>1 fif| fll<1

By the generalized Minkowski integral inequality presented in lemma we find that
2
(k) < 1 _
O < enia) (=
_ 1 =
v+l [ JFD(g) —=T d
VAt [ I T ). 9)

Since we have

1 2
dq) 5.3
/Nm B(n. dg) +1Z¢q+1 Va1 (5:3)
we conclude that
2
KO < e+ a) (=5 ) #2000 s [ Lol Tl do)
1 — bl(nk) f
and therefore )
(k) < 1 _ ™k i(k=1) 9A
I < et a) (o) 0 an
Under the induction hypothesis, we have
k—1 n 2
(k=1 2p, < 1 — 20,
A ) I
and therefore
2
(k) < 1 Nk
< e |+ a) (s
k—1 ny 2
1 _ 2A;
+ g( + Cl) <1 — bl(”l)) Z+E<k
k n 2
;( + Cl) (1 _ bl(”l)) l+1r<[i<k
This ends the proof of the theorem. |
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5.3 A uniform convergence theorem

This section focuses on the behavior of an i-MCMC model associated with a large number
of levels. We establish an uniform convergence theorem under the assumption that the

time averaged semigroup [ introduced in section is exponentially stable; that is
there exist some positive constants A, A2 > 0 and an integer kg such that for every [ > 0,
n, 1€ P(SON and any k > ko we have

HE(H_IC’H—I) (77) _ E(H-k,l-&-l) (,U)H <\ 6_/\2k (54)

We also assume that the parameters (b, cx, ng, Ax) are chosen so that

A =sup
k>0

2
ng
1+¢ _— <oo and B:=2supAp < oo 5.5
( 2 (1_bk(nk)>] kzll) g (5:5)

For the Feynman-Kac transformations ([2.1)), we give in section (7] sufficient conditions on
G; and Ly ensuring (5.4) is satisfied. If (5.4)) and (5.5 are both satisfied, we have the

following uniform convergence result.

Theorem 5.3 If B =1, then we have for any r > 1, any parameter n such that (n +1) >
e222(kot1) " and for any (fi)iz0 € leo Oscl(S(l))

™7 e(r) log (n+1)
< A (14 =)+ ™
) \/n+1< ( 2Xo ) e )
If B > 1, then we have for any r > 1, any n such that (n+ 1) > e2(Matlog B)(ko+1) ynd for
any (f1)iz0 € [I;50 Osc1(SV)

oup (|10 — 7] (1)

>0

aup (|19 0] ()

™y AB e
) S 6(7’) I:B_l-i-)\l]

>0 (n + 1)0‘/2
. L )\
Proof:

First, we notice that we have the following estimate from (/5.1)) and (5.5)) for any k& > 0

L Bk+1 -1
(k) _ (k) "< 2 -
Vs DE(|[00 0] (o] )" < etr) 4 o — (5.6)
For B =1, we use the convention 151;3’9:1 =k

We have the following decomposition

— (4K, +1 (1K1 —(I+k, 41
771(1l+k) - 7I_(l+k) — |:77£Ll+k) - (1)7(1"" + )(n(l))} + [(I)( +k,l+ )(n(l)) _ (I)( +k, I+ )(W(l))}

n n

I+k
—(I+ki+1), (; —(l+k,i+1) =), (i
= > [E ) — @ (0]
i=l+1

n n

I [6(l+k,l+1) (n(l)) _ 6(l+k’l+1) (ﬂ'(l))i| (5.7)

(I1,12)

Recall that we use the convention ® = Id for l1 < Iz, so that

(I+k)

(k1) (i) (kI k2
(D (@) = GUARIHRHE) (k) ) —

i=1+k= 0, Y



Using lemma we find that

—(la,l1+1 —(la,l
[[B ) = 3@ D)) ()

< [ [ =3 w0 @) T ().l 9)

By the generalized Minkowski integral inequality, this implies that

r) 1
FAGY T =2 +1)

S/ E(an()ll) _(I)pl (n(ll—l))] (9) ) =0 () 1), d(p, 9)

Using corollary we find that

=2, l2,l l
E (][0 ) -2 @ 0] ()

S

—(la,l1+1 —(l2,l1+1) ,=(1 _
E(|[@ " o) - 3@ a0y (1)

)
<e(r) 1+a,) (%)2

1
X = y(=h) n,dp X/ gl T f1s,dg)
/{0,...,71} \/m ( ) ” H 2,1+1( 2
By (5.3) and

/ Tea(fiz dg) llgll < Awy £l with Agy < J] A< BF M < o0

1<i<k

we conclude that

Vi DE (|[320 D 00) - 3@ (1)) ()

<e(r) A B0 | i,

3=

) (5.8)

Using the decomposition (5.7), we prove that for every fii, € B1(S¢F)) and any k > kg

7“)1 B -1

Sup]E (‘ [n,(f”“) - W(Hk)] (fl—i—k) ( ) \/m B—-1

>0

+ M 67/\2 k

Finally, by (5.6]), we conclude that for every k > kg

caps (|0 0] (] ) < etr) A Bt a e

For B =1, we have

s ([0 -] (0f')” < et) 4 Gt e

In this situation, we choose the parameters k,n such that

log (n+1)

k=k(n):=| T

| > ko
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Notice that k(n) is the largest integer k satisfying

p < los(n+ 1) <@ 1 Se_m>
2/\2 n —+

—_

Since (k(n) +1) > %, we have

log (n+1) A2
e~ A2 k(n) < e e_)‘Q v

from which we conclude that

A———2+ ) 2 Fn) L A1+ ——= A 2
ol +Are S U + +Are

For B > 1, we choose the parameters k,n such that

k= k(n) = Lmj > ko

Notice that k(n) is the largest integer k such that

k
e (P )
2(A2 + log B) n +

:

Since (k(n) +1) > ;Og(ﬁ we have

(A2+log B)?
k og (n A
B (n) < 6_>\2 k(n) < 6)\2 e—)\Q % _ en2
n+17~ - (n+ 1)a/2
with o := (/\2_:‘17%3), from which we conclude that
k(n)+1 _ A2
A B 1 T Al eiAQ k(n) S AB 4 )\1 e B AB 1
vn+1 B-1 B-1 (n+1)%2 B-1n+1
This ends the proof of the theorem. |

6 Path space models

In the previous section, we have established IL,-mean error bounds and exponential estimates
quantifying the convergence of the occupation measures ny(Lk) towards the solutions m(lk) of

the measure-valued equation ([1.1). We show here that it is also possible to establish such

results to quantify the convergence of the path-space occupation measures ﬁﬁl” I introduced

in 1} towards the tensor product measure 7™ defined in 1)

6.1 L,-mean error bounds

Our main result is the following theorem.

Theorem 6.1 For every f € B(E,,), we have

sup v E (| [ = 7] (1)) < o

n>1
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Proof:

To simplify the presentation, we fix a time horizon m > 1 and write w instead of w K

the invariant measure mapping defined in We also write F instead of F,,, and M,
=[m]

instead of 7y, °. In this notation, (7 (l)) represents the sequence of occupation measures
ﬁg) = n%rl ZZZO oy € P(SV) of the i-MCMC model on the I-th level space S0,
p

Using the fact that @™1(n) = 7™, we obtain the following decomposition for any
n € P(E)"
n—wlml =3 @) - o ) (6.1)

k=0

In the above displayed formula, 7™ = (ﬁ[;n ])nEN € P(E)N stands for the constant sequence
=[m] _ —m]
of measures 7w, ' = 7", for any n € N.
Using proposition the k-th iterate @* of the mapping @ can be rewritten for any

n € P(E)Y in the following form

n

1 - m
whin) = = 2 [ e I (0 osicm)|
p=0

Here the mappings

m N
ntm e TIPSO e = (nf ) e <®P<S<”>)

0<i<m

are defined for any n > 0 by

m—k m—k
=0 1=0

with for any (4®)o<i<m € Hoging(S(i)) and any 0 <1< m —k

IO (u0),) 1= @y (B57HTD () € P(sEH0)

We emphasize that m{m) (1) only depends on the flow of measures (u))o<;<pm_, and

_ IR m
D () = — 3 [W[k] o I, )((n(l))l)}
p=0

n m—(k+1)
_ 1 k-1 k) (i+k,i+2) =(i+1)
TSP a1 @ ah) ® Pitkt1 ( (@ (n )))>
1 « .
_ —[k; 1] (i+(k—1),i+1) (z) (i-1)
e ML @ @ik (T @0 ))

with the convention (n=1)) = 7 for i = 0. This implies that for any 0 < k < m

n

1 _
—k+10\ —[k—1] (km) ) (1-1)
) = 1 2 A e ndE (@ ()|

and therefore
wh () — @it (n)

— S [ e {0 — i (3000) )
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Moving one step further, we introduce the decomposition

(k) (12) — 0o 1)

m—k j—1
-y {(ZX) H(k,m>,<i)(,,)> ® [Hw,m),m(ﬂ) _ H(k,mm)(,,)} (6.3)

® (@ im0 () }
for any p = (M(Z))oglgm and v = (V(l))oglgm € HOSiSmP(S(i))N, with the flow of signed

measures

—(j+(k—1),4+1), (; —(+(k=1),j+1) , (s
= (@ (BTN ) — @ (7T 00 )|
For every f € B(SU+k), we find that

[0 ) O] (1)

< [ [[(@E D) — (@I 0] ()] el

We let Fi™ be the sigma field given by

(6.4)

Fi =g (X;” : 0<p<n, 0<I<m, l%j)

Combining the generalized Minkowski integral inequality presented in lemma with the
inequality (5.8, we prove that

B (| [0 0 - o (@000 )] o) ‘ﬁn,j)i

S/ E (\ [<6g+(k71),j+1)(ﬁ(j))> _ (57;7'+(k—1):j+1)(6(3')@0‘—1))))} (g))T | ;:g%j)i

x Tjir(f,dg)

e(r) k
< 40 A Bh|f

Notice that the decomposition 1) can be rewritten for any f € B (Hﬁk S(l)) in the

following form

1 ) — ™ )] ()

- (6.5)
[0 () — 10 ()] (RED 1, ) (1)

7=0
with the integral operators Ry"™"V) (1v) + B([I%, SY) = B(SUTR) given below

R%km)()(,uﬂ )(f)(xk+]):/ f(xk7~-7xk+(j—1)7$k+jymk+j+17'--7$m)

(T ™ O w)) (dareen) > (T 160 ) (dai,)
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Using the fact that the pair of measures

j—1 m—k
é@ﬂ%k,m),(i) ((6(1)(,’70—1)))1) and ® T (5O,
i=0

i=j+1

only depend on the distribution flow (6@ (n(i_l))>0< o and (704 1<;<m_k, we find that
<i<j—

the random functions
(km),(3) .— pkm),() (DY, (W® FHI-1) (j+k)
FEEmHO) = RED (@0, (V@) ) (1) € BSUH)

do not depend on the distribution flows n@ and nU~Y. This shows that fflk’m)’(j ) are mea-
surable with respect to /. From previous calculations (and again using the generalized
Minkowski integral inequality presented in lemma [5.1]) we find that

E () [H%’“’m)’“)((ﬁ(”)z) — @) ((6“)@(1—1)))[)] (=m0

T

1
N
Fmed )

< [ Ty(sma, ag)

1
s

< (|[(@ ) - (B @) )] [ #)

< A B

We conclude that for any f € B([[;<;<,, S0))

3=

8 [ ) - ((8°0-) )] 0

)

<(m—k+1) S A B |

Using (6.5)), it is now easily checked that for every f € B(FE)

3=

N <m—krn) 2 a

E (| [shm - @t m)] () e

Finally, by (6.1)) we conclude that

(|7 -1 )

™ & e(r) "
) < —= Al kZO<m—k+1>B'“

This ends the proof of the theorem. |

6.2 Concentration analysis

This section is mainly concerned with exponential bounds for the deviations of the occu-
pation measures ﬁq[;n I around the limiting tensor product measure 7™. We restrict our
attention to models satisfying the Lipschitz type condition (1.7) for some kernel I'y with

uniformly finite support

sup  Card (Supp(T(f,-))) < o0
feB(sk)
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To simplify the presentation, we fix a parameter m > 1, and sometimes we write 7,, instead

of ﬁi{” ], We shall also use the letters ¢, © > 1 to denote some finite constants whose values
may vary from line to line but do not depend on the time parameter n.
The main result of this section is the following concentration theorem.

Theorem 6.2 There exists a finite constant G, < oo such that for any f € Bi(Ep) and
t>0

liisgpilogp () [ﬁgn} _f[m]] (f)‘ > t) < _22_2%1

The proof of this theorem is based on two technical lemmas.

Lemma 6.3 We let M = (M,,)n>1 be a random process such that the following exponential
inequality is satisfied for some positive constants a,b > 0 and for anyt >0 andn > 1

P(|M,| >t vn) <ae

We consider the collection of random processes M(k) = (M&k))nzl defined for any n > 0
and k > 0 by the following formula

(k) k 1
M =(n+1 P dp) —— M,
n+1 (n ) / (n,dp) Pt 1 p+1

where ¥F is the semigroup associated to the operator ¥ defined in . For every k > 0,
n > 1, and t > 0 we have the exponential inequalities

(e

>t \/ﬁ> <anF oot /2%"
Proof: )
We prove the lemma by induction on the parameter k. For k = 0, we have M, := My 1

so that the exponential estimate holds true with a(0) = a and b(0) = b. Suppose we have
proved the result at rank k. Using the fact that

7 (k+1) k+1 1
M = 1 by dp) ——
B R k L

=(n+1) / % (n, dp) | ((p+1)/ 2%(p, dq) ) q+1>

we prove the recursion formula

—(k+1 1 —x
M7(1+1 = (n+1) / ¥(n, dp) s+l M;(;+)1
On the other hand, we have
—(k+1) 57 (k)
1 M, 1 / 1 M,
- — =—/n+1 Y(n,d
2 Vn+1 2 (n, dp) vp+1 p+1
and
1 1 1 = 1
—vn+1 X(n,d =
2 / (n,dp) 2= 2\/n+1§0 NES]

1 " P+l
1

— dt =
- 2\/n+1p:0 Vit
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Under the induction hypothesis, we have for any 0 <p <n

P[] =t Vot1) <a(n+ 1) e /2

This implies that

1M(k+1) —
IP’<2 \/%>t> §]P’(E|0§p§n : M;+)1>t\/p+1)

<a(n+1) (n+1k e bt /2%
from which we conclude that

P (Mffjf) >tvn+ 1) <a (n+1)F! e~ bt?/220 D)

This ends the proof of the lemma. |

Lemma 6.4 For every Iy < la, there exists some non increasing function
N : t€[0,00) — N(t) €[0,00)

such that for every n > N(t) and any function f € By(S®)) we have

P (Vo [[@p" ) - e @ )] () > )

< (er(n + 1)) exp (—02t2/c§_l1)

Before getting into the details of the proof of this lemma, it is interesting to mention a
direct consequence of the above exponential estimates. First, we observe that N(tv/n + 1) <
N(t) so that for any ¢ > 0 and n > N(¢) we have

P(|[@" ) - @ @) ()] > 1)

n

< (e1(n + 1)1 exp (—cz(n + 1)t2/cé)2_ll>

Using the decomposition

k
—(k,l+1 —(k,I4+1) =(1 _
gl =2 = 3[BT (0) - @ @0 -0
=0

we prove the following inclusion of events

{|m = =0p)| >t}

cfpo<i<k: [[EF@0) BT @ M) ()] > 1/ + 1)}

By 1emma we can find a sufficiently large integer N (t) that may depend on the parameter
k and such that for every n > N (t)

P (|6 = =®1()| > )
< Soarer P([[850@0) -8 @ G00)] ()] > )
< (k‘—|— 1) (Cl(n+ 1))kz e—(n—i—l)tQCQ/((k-i-l)QC’?f)
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This clearly implies the existence of some finite constant o; < co such that

hmsup logP (‘[ (k) —w(k)](f)‘ > t) < _i

n—o00 20k

Proof of lemma [6.4] :
Using lemma [£.1], we find that

B @) - g @ @ev))] (o)

< [ [ -3 @] @] T, ). di.g)

Arguing as in (3.13), we find that for any g € B(S"1), we have
My (9)
! p+1 log p + 2
[ 3@t v)] <g>\s’p+1‘ o EEED ) (6.6)

with a sub-Gaussian process Mr(fl)(g) satisfying the following exponential inequality for any
t > 0 and any time parameter n > 1

P(IM(9)] = 1) <2 exp (—eat?/ g]?)
We notice that

1 zn:(log(p+2))k (log(n+2))kzn: 1

<

n—|—2p:0 p+2 - n 42 — p—|—2
< (log (n + 2))* /p+21dt (log (n + 2))*+1
- n+2 =0 p+1 t n+2

This implies that

1 2 1 2))?
/ $(n, dp) og(p+2) _, (og(n+2))
p+2 n+2
More generally for any k& > 0, we have that

1 2 1 2))k+1
/Zk(n,dp) og (p + )S2k (log (n +2))
p+2 n+2

from which we prove that
log (p —i— 2) pllah+1)
[ R g T (). i)

log (n + 2))(2=t)+1

< 2(12—[1) (
- n+ 2

[ 9l Pt (s.do) 6.7)

n+ 2 11 <i<lo n+ 2

< ozt (108 g ( 11 A) i) (log (n + 2))U2=t)+1

For any g € B(S")) we set

l1)
M
(I1,l2) o DGR ) ‘ p+1 ‘
M = [ 21y, dp)

W)= [ = map)
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Using lemma we prove that
P (Mi1(9) > ) <2 (n+ )= exp (—ea(n + 1)1 /[220 0 Jg|])
We observe that
] T 0 = [ M (0) s f.do)
In addition, using and we find that
[t - gY@ @) (o)

(l1,l2)
/ Mnif FIQ,Z1+1(f7 dg) + 611,12( )

with

(o—t1) (log (n + 2))2=t)+1
3

€1,,1,(n) == cic ——

Using the inclusion of events

{f MU (9) Doy (£, dg) > t}

11l
c {39 € Supp(Ti, 1 (f,.)) such that M1 (9) > tlgll / (A1) }
we find that (t1i2)
P (] M (9) ity (f:dg) > t)

71,2
< Swars1(f) P (M1 (9) > tllgll / (A, 1))

Finally, under our assumptions we have

Sl2,11+1(f) = Card (Supp(rlz,lﬁ-l(fa )))
< H sup Card (Supp(T'k(f,.))) < cgrll)

l+1<k<ly fEB(S®)

from which we check that

(f M2 (9) Doyt (£, dg) > t)

< (es(n+1))B7) exp (—06(n + 1)t2/c§12*11>)
Using (6.8), we conclude that

p (’ [6552,11+1)(ﬁ(11)) _ (I)(l%ll)((p(ll)( (- 1)))} (f)‘ >t €y, (n)>

< (es(n+1))2=1) exp (—06(n + 1)t2/c(7[27l1)>
To take the final step, we observe that
P (Ve |[B ) - 85 @ @) (1)

>t+vn+1¢,,(n)

<P <‘ [5g27l1+1)(ﬁ(11)) _ (I,ill%ll)(@(ll)(ﬁ(hfl)))] (f)’ > \/ﬁ +e (n)>
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We also notice that for any ¢ > 0 we can find some non increasing function N (¢) such that
Vn > N(t) vn+1 e, ,(n) <t

This implies that for any n > N(t) we have

P (\/m ‘ [6552,l1+1) (ﬁ(ll)) _ 6%2,11)(6(11)(ﬁ(l1—1)))} (f)‘ > 2t)
< (ea(n + 1)) exp (—eqt?/cl> 1)

The end of the proof is now straightforward. |

We are now in position to prove theorem
Proof of theorem [6.2k
We use the same notation as we used in the proof of theorem Using (6.4) we find that

[HE O () — O )] ()] > ¢
= 3g € Supp(L'j+x(f,.)) :

(@00 = (87w (9)] > High/ A

Therefore, using lemma we can find a non-increasing function N(¢) (that may depend
on the parameter k), such that for every n > N(t) and any f € B1(SU+%) we have

P(va+1 |[IE™ O -9 0)] ()] > ¢)

< (c1(n+1))*=D exp <—02t2/c§k_1))
In much the same way, by the decomposition we find the following assertion
[ o) = )] ()] > ¢
—30<j<(m—k) :
[0 ) = D )] (RE™D (0, )(1))] > /(b + 1)
Since R%k’m)’(j)(u, v) maps Bi([]}%, V) into By (SU+F)) we have for every parameter n >

N(®)
P (va+t I @O - @ a-on] ()] > ¢)

<(m—k+1) (cln+ 1) exp (—02t2/((m ke 1)2c§—1))

In summary, we have proved that there exists some non-increasing function N(¢) that may
depend on the parameter m such that for any 0 < k < m, any f € B1(E), and any n > N(t)
we have

P(varT |[71 e (G0 - md @@ o] > ¢)

< (ca(n + )™ exp (—est?/cf)
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Let (Uy)n>1 be a collection of [0, 1]-valued random variables such that for any ¢ there exists
some non-increasing function N (¢), so that for n > N(t)

P(vn U, >t) <an® et

for some integer & > 1 and some pair of positive constants (a,b). In this situation, we can
find a non-increasing function N’(¢) and a pair of positive constants (a’,b’) such that

n
Vn > N'(t) P ZUP >vnt| <d nott il
p=1
To prove this claim, we simply use the fact that for any n > N(t) we have

n

Iy VMO, 1 1 N SR
GBS e L s ) md gy

p=N(t)

This yields that for any n > N(t)

1 « N(t) -
Pl—=> Uy>t+—F| < P (v/pU, > t/2)
\/ﬁ; \/ﬁ p%t) \/f)

We let N'(t) be the smallest integer n such that N(t)/v/n < t. Recalling that N(t) is a
non-decreasing function, we find that for any s > ¢

N()/V/i < t = N(s)/vin < N(B)/yia <t < s = N(s) /i < s
This implies that N'(s) < N'(t). Thus, we have constructed a non-increasing function N'(¢)
such that for any n > N'(t)

1 & 2
Pl — U, >2t| <an®t? et /4
\/ﬁ; ?

This ends the proof of the assertion with (a’,b") = (a,b/2%). Applying this property to the
decomposition (6.2]), we can find a non-increasing function N (¢) such that for any n > N (t)
and any 0 < k <m

P (Vo |[@hn - @ m)] (1] > £) < (erln+ 1)+ exp (—est?/ci)

The end of the proof of the theorem is now a direct consequence of the decomposition (6.1]). m

7 Feynman-Kac semigroups

In section [5.3], we established a uniform convergence theorem under the assumption that the
time averaged semigroup 6(k’l) introduced in section is exponentially stable; that is it
satisfies . In this section, we study the mappings E(k’l) associated with the Feynman-
Kac transformations discussed in . We provide necessary conditions ensuring that
is satisfied in this case.
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7.1 Description of the models

To precisely describe these mappings we need a few definitions.

Definition 7.1 We denote by \IIZG the Boltzman-Gibbs transformation associated with a
positive potential function G on SO, and defined for any f € B(SW) by the following
formula

U () (F) = (G ) /1p(G)
We let Q; be the integral operator from B(SW) into B(S¢—1) given by

Ve B(SY)  Qu(f) = Gir x Li(f) € B(SUY) (7.1)

By definition of the mappings ®; given in ({2.1)), it is easy to check that

—(l —(),Q:(1 ) —(1),Qu(1 1 -
o) =0 with vazo0 BIYm) = S e Ve,)  (72)
p=0

Definition 7.2 We let 6('“’” be the semigroup associated with the Feynman-Kac transfor-
mations ®; discussed in , and we denote by

Qui = QQi41 ... Qk
the semigroup associated with the integral operator Q; introduced in .

Proposition 7.3 For any | < k we have that

— (k)1 —(kl . Q1
30 () =T )Ry with Ra(f) — 2) (73)
Qi k(1)
and the mapping e from P(SENN into itself given below
@(kl) _ @(l)aHl,k ° @(k’—lvl)
_ @(D:Hl,k ° @(D:Hl,kq o o @(l),Hu with  Hyj = Ql,k(l)
Qur-1(1)

For l =k, we use the conventions @(kfl’l) = @(lfl’l) =1Id and Qux-1(1) = Qui-1(1) = 1,

Proof:
We prove the proposition by induction on the parameter m = (k — ). For k = [, we clearly
have

_ Qi)
Qi(1)

Suppose we have proved formula ([7.3)) for some m = (k—1) > 0. To check the result at level
m+1=(k—-10)+1=((k+1)—1), we first observe that

—,) =), —( —(1,l
Pu(f) = L(f) and T =FN GO =T,

—(k — (kL —(k+1), — (k)1
@( +1) ((I)( )(77)> _ \If( +1) Qk+1(1)((1>( )(U))Pk+1,k+1

For any p € P(S"), we also have that

n

@gﬂ’l)vaJrl(l) (,U)(Pk—f—l(f)) 1 Z /’LP(Qk-i-l(f))

Tt 1 Qe (1)
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so that

—(k+1), —(k,l
\117(1 +1) Qk-H(l)((D( )(n))Pk+1,k+1 —

Using the induction hypothesis, we find that

()(Qrsr (f) = T

kl) kD)

(M [Prr(Qrt1(f))]
We also have
Qur+1(1)

f)l,k(Qk-‘rl(f)) = Ql k;(l)

Prit1(f) = Higs1 P (f)

from which we prove that

T () [P Qrsr (1)) = T

This clearly yields that

(M Hy kg1 Prrs1(f)]

aék,l) (M) (Qrrr () _ (77) [Hl i1 Pri+1(f)]
B Q) | W )l
— e (\lfl(,k’l)(n)) Prry1(f)
and therefore
o pir (1) =(k, 1 k41
\I/’Elk;-kl),Q (1)((1)(14: l)(n))Pk+1,k+1 ? \IIH (\I!(k l)( )) P1(f)

=0
—( ,H —(k,l
=0 (T ) P ()

In summary, we have proved that
—(k+1,0 —(k+1,1 k+1,1 —=(I),H, —(k,l
) =T )P () with T ) = T (T )

This ends the proof of the proposition. |

7.2 Contraction inequalities

Proposition 7.4 For any | < k we have
1 —(k,l —(k,l
B(PL) = 5 sup |3 (n) = 3 ()]
U

Proof:
Using proposition [7.3] we find that

—(k,l —(k,l —(k,l —(k,l
1B ) =™ (W = | [ ) =T ()] Pl

B(Px) [T () = T ()]

IN

This implies that

—(k,l —(k,l
sup [ () —3* V()| < 2 B(P)
nu

On the other hand, if we chose the constant Dirac distribution flows n = (9,)n>0 and

= (kn)n>0 given by
Yn>0 1n,=0, and p,=0J,
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for some z,y € St~ we also have that

kl =(k,l
(I)( )(5512) - (I)( )(6y) = 5zPl,k - 5yPl,k
This implies that
—(k,l —(k,l
sup [ () = 8" (W] = sup 8, P = 8, Pall = 2 B(PLa)
T .y
This ends the proof of the proposition. |

Our next objective is to estimate the contraction coefficient 5(F; ;) in terms of the mixing
type properties of the semigroup L;j = L;L;_1 ... L}, associated with the Markov operators
L;. We introduce the following regularity conditions.

(L)m There exists an integer m > 1 and a sequence (€;(L));>0 € (0,1)N such that

VI>0 Y(z,y) e (SUY)?2 Livijim(z, ) > a(L) Lig1i4m(y, -)

It is well-known that the above condition is satisfied for any aperiodic and irreducible
Markov chain on a finite space. Loosely speaking, for non-compact spaces this condition is
related to the tails of the transition distributions on the boundaries of the state space. For
instance, let us assume that S) = R and L; is the bi-Laplace transition given by

Ll(xady) = C(Ql) e_c(l) ly—A; ()] dy

for some ¢(I) > 0 and some drift function A, with bounded oscillations osc(A4;) < co. In
this case, it is readily checked that condition (L), holds true for m = 1 with the parameter

e1-1(L) = exp (—c(l) osc(A4y))

Under the condition (G) presented on page [J] and the mixing condition (L),, stated above,
we proved in [4] (see corollary 4.3.3 on page 141) that we have for any k > m > 1,and [ > 1

Lk/m]—1

BPee) < [ (1-¢,) with ™ i=em)  [[  a©)
=0 I+1<k<l+m

Several contraction inequalities can be deduced from these estimates, we refer to chapter 4
of the book [4]. To give a flavor of these results, we further assume that (M),, is satisfied
with m =1 and €(L) = inf; (L) > 0. In this case, we can check that

B(Priasr) < (1—e(L)?)"
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