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Abstract

This paper presents a heavy-traffic analysis of the behavior of a single-server
queue under an Earliest-Deadline-First (EDF) scheduling policy, in which cus-
tomers have deadlines and are served only until their deadlines elapse. The
performance of the system is measured by the fraction of reneged work (the
residual work lost due to elapsed deadlines), which is shown to be minimized
by the EDF policy. The evolution of the lead time distribution of customers
in queue is described by a measure-valued process. The heavy traffic limit of
this (properly scaled) process is shown to be a deterministic function of the
limit of the scaled workload process, which, in turn, is identified to be a doubly
reflected Brownian motion. This paper complements previous work by Doytchi-
nov, Lehoczky and Shreve on the EDF discipline, in which customers are served
to completion even after their deadlines elapse. The fraction of reneged work in
a heavily loaded system and the fraction of late work in the corresponding sys-
tem without reneging are compared using explicit formulas based on the heavy
traffic approximations, which are validated by simulation results.

Short title: EDF Queues with Reneging

Keywords: Due dates, heavy traffic, queueing, reneging, diffusion limits,
random measures, real time queues

AMS subject classification (2000): Primary 60K25; Secondary 60G57,
60J65, 68M20
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1 Introduction

1.1 Background and the Reneging EDF Model

In the last decade, attention has been paid to queueing systems in which cus-
tomers have deadlines. Examples include telecommunication systems carrying
digitized voice or video traffic, tracking systems, and real-time control systems.
In the case of voice or video, packetized information must be received, processed
and displayed within stringent timing bounds so that the integrity of the trans-
mission is maintained. Similarly, there are processing requirements for tracking
systems that guarantee that a track can be successfully followed. Real-time
control systems (for example, those associated with modern avionics systems,
manufacturing plants or automobiles) also gather data that must be processed
within stringent timing requirements in order for the system to maintain sta-
bility or react to changes in the operating environment. We refer to queueing
systems that process tasks with deadlines as “real-time queueing systems.”
The performance of a real-time queueing system is measured by its ability
to meet the deadlines of the customers. This is in contrast to ordinary queue-
ing systems in which the measure of performance is often customer delay, queue
length, or utilization of a service facility. We use the fraction of “reneged work,”
defined as the residual work not serviced due to elapsed deadlines, as our perfor-
mance measure. To minimize this quantity, it is necessary to use a scheduling
policy that takes deadlines into account. We use the Earliest-Deadline-First
(EDF) policy, which reduces to the more familiar First-In-First-Out (FIFO)
policy when all customers have the same deadline. Under general assumptions,
we prove that EDF is optimal with respect to this performance measure. A
related result for G/M/c queues, in which the number of reneging customers is
used as a performance measure, was obtained by Panwar and Towsley [30].
Heavy traffic analysis of a single real-time queue was initiated by Lehoczky
[28]. This was put on a firm mathematical foundation by Doytchinov, Lehoczky
and Shreve (DLS) [8]. The accuracy of heavy traffic approximations was de-
veloped in [23, 25]. The results of DLS were generalized to the case of acyclic
networks in [24]. In these papers it was assumed that all customers are served to
completion. The case in which late customers leave the system and their residual
work is lost is addressed here. The main result of this paper is a heavy traf-
fic convergence theorem, from which is derived a simple and practically useful
approximation for the fraction of lost work when the system is heavily loaded.
The mathematical formulation used by DLS and related papers is based on
random measures. In addition to the usual queue length and workload processes
associated with the queueing system, to model the evolution of a real-time
queueing system, one must keep track of the lead time of each customer, that
is, the time until the customer’s deadline elapses. This is done by measure-
valued queue length and workload processes. The measure-valued queue length
process puts unit mass on the real line at the lead time of each customer in
the system, while the measure-valued workload process puts mass equal to the
remaining service time of each customer at the lead time of that customer. These



measures evolve dynamically as customers arrive, age, and depart. Under the
usual heavy traffic assumptions, since customers are served to completion in
the DLS framework, it is easy to see that the ordinary scaled workload process
converges weakly to a drifted reflected Brownian motion. DLS showed that the
suitably scaled workload and queue length measure-valued processes converge
to an explicit deterministic function of the workload process.

In this paper customers leave the system when their deadlines elapse, which
we refer to as reneging. Due to the preemptive nature of the EDF policy, it
is not possible to determine at the time of admission whether a customer will
be fully serviced before its deadline elapses. It is thus natural to have the
controller make the decision only at the time the deadline elapses. The system
with reneging shows marked improvement in performance over the DLS system,
in the sense that the fraction of reneged work in this system is much less than
the fraction of work that becomes late in the DLS system. This improvement
is because once a customer misses its deadline, the processor devotes no further
effort to it, but rather turns its attention to customers that are not late.

The system with reneging is considerably more complicated than the DLS
system. In the reneging system, the evolution of the scalar total workload
process depends on the entire lead time distribution of customers in queue and
the nature of the EDF discipline. This is in stark contrast to the DLS system,
where the total workload process is independent of the scheduling discipline,
and is identical to that of any GI/G/1 queue with a work-conserving scheduling
discipline. A key ingredient of our analysis is a mapping on the space of measure-
valued functions, which, when applied to the DLS system, yields another system
(that we call the reference system) whose difference from the reneging system
vanishes in heavy traffic. This mapping can be viewed as a generalization of
the scalar double reflection map to measure-valued processes and, using its
continuity properties, we identify the heavy traffic limit of the reference and,
hence, the reneging systems. Specifically, we show that the limit of the scaled
workload process is a doubly reflected Brownian motion with lower barrier zero
and upper barrier at the mean of the lead time distribution. We also show
that, conditional on the limiting workload, the resulting limiting measure-valued
workload process is the same limiting process as when customers are served to
completion, that is, in the DLS system. However, the workload processes in
these two systems differ, and so the unconditional limiting lead-time profiles of
these two systems differ accordingly. In particular, unlike in the DLS system, the
measure-valued workload process in the reneging system is always concentrated
on the positive real line due to the absence of late work in the reneging system.

1.2 Prediction Formulas

The results of this paper suggest a simple formula for the fraction of lost work
in the EDF system with reneging. In particular, consider a single-server queue
with traffic intensity p = A/ that is near one, where 1/ is the mean interarrival
time and 1/ is the mean service time. Let a and 3 be the standard deviations of
the interarrival times and service times, respectively, and set 02 = A\(a? + (?),



which we assume is nonzero. Let D denote the mean lead time for arriving
customers. Finally, set § = 2(1 — p)/o?. Under these circumstances,

_ 1—
Fraction of lost work in reneging system ~ e %" (7/)) . (1.1)
p(1 —e?D)

This formula is derived in Section 7.1 and compared with simulations in Section
7.2. If p =1, in place of (1.1) we have

2
Fraction of lost work in reneging system = ;—E. (1.2)

Analysis of the limit of the standard (non-reneging) system suggests that when
p <1 (see (7.8) and (7.9)),

Fraction of late work in standard system ~ e 7, (1.3)
which, together with (1.1), yields the approximation

Lost work in reneging system 1—p

~ —. 1.4
Late work in standard system — p(1 — e=D) (1.4)

If p > 1 then all work is late in the limiting standard (non-reneging) system,
which leads to the approximation

Lost work in reneging system o?

Late work in standard system 2D (1.5)
When plotted on a log scale, the fraction of lost work in the reneging system and
the fraction of late work in the standard system will be linear in D, provided
that e’ >> 1, and these two plots will be separated by log((1 — p)/p). When
performance is measured in terms of the work whose service requirement is not
met by the time its deadline elapses, then the reneging system is far superior to
the non-reneging system. We refer the reader to the simulations in Section 7.2.

The situation with reneged customers as opposed to reneged work is more
complicated. DLS shows that the number of customers in the limiting standard
system at any time is just A times the amount of work, the number of late
customers is A\ times the amount of late work, and hence

Fraction of late customers in the standard system

~ Fraction of late work in the standard system; (1.6)

see also (7.8) and its derivation for the case p < 1. In the limiting reneging
system, the number of customers who arrive by a certain time and the number
of customers in system at that time is A times the amount of arrived work and
A times the amount of work in the system (Corollary 3.7), respectively, but the
number of customers who renege by a certain time is not necessarily A times
the amount of reneged work by that time; see Remark 7.2. In particular, we do



not have a formula like (1.6) for the reneging system. If the arrival process is
Poisson, the fraction of lost customers in the reneging system can be estimated
by a heuristic argument (see (7.7)), which gives instead

Fraction of lost customers in reneging system

2
EET1 x (Fraction of lost work in reneging system). (1.7)
]

1.3 Related Work and Outline of Paper

Measure-valued processes have recently gained prominence in queueing theory.
Decreusefond and Moyal [7] use such processes to obtain the fluid limit of an
EDF M/M/1 queue with reneging. Unlike our scaling (2.4) of lead times by
v/n, they scale lead times by n and obtain a characterization of the limiting
lead-time measure-valued process via a transport equation. Ward and Glynn
[34, 35] use the heavy traffic scaling of this paper and find limits of FIFO queues
with reneging. Measure-valued processes have also proved useful in the heavy
traffic analysis of queues with scheduling disciplines other than EDF such as
last-in-first-out (LIFO) [29] and processor sharing [12, 13]. As dynamical sys-
tems, queueing systems present a mathematical challenge due to discontinu-
ities in their evolution at boundaries (which denote empty queues). The heavy
traffic analysis of queueing systems described by R™-valued processes has been
facilitated by the use of representations in terms of continuous mappings on R"
(6,9, 14, 32, 37]. This work demonstrates that this perspective can also be useful
when the queueing system is represented by a more complicated, measure-valued
process (see also [19] for recent work that takes a similar perspective).

Section 2 introduces our model. Section 3 summarizes the main results,
and proofs of these results are given in Section 6. Section 4 introduces the
reference workload process and its decomposition, and describes its evolution.
This reference workload process is easier to analyze than the workload process
with reneging but the two are shown to have the same asymptotic behavior.
Comparisons between the reference workload process and the reneging workload
process are presented in Section 5. Section 7 presents simulation results. A proof
of optimality of EDF, that may be of independent interest, is in the appendix.

2 The Model, Assumptions and Notation

2.1 Notation

Let R be the set of real numbers. For a,b € R, a V b is the maximum of a
and b, a A b is the minimum, and a™ is the maximum of a and 0. Also, inf{@}
should be understood as 400, while sup{@} and max{@} should be understood
as —oo. Moreover, if @ < b, then the interval [b, a] is understood to be .
Denote by M the set of all finite, nonnegative measures on B(R), the Borel
subsets of R. Under the weak topology, M is a Polish space. We denote the
measure in M that puts one unit of mass at the point x € R, i.e., the Dirac



measure at x, by . When v € M and B is an interval (a, b] or a singleton {a},
we will simply write v(a,b] and v{a} instead of v((a,b]) and v({a}).

Let T > 0 be given. Given a Polish space X, we use Dx|[0, c0) (respectively,
Dx0,T1]) to denote the space of right-continuous functions with left-hand limits
(RCLL functions) from [0, 00) (respectively, [0,7]) to X, equipped with the
Skorokhod J; topology. See [10] for details. When dealing with Dx[0, 00)
or Dx[0,T], we typically consider X = R or RY, with appropriate dimension
d for vector-valued functions, or X = M, unless explicitly stated otherwise.
When X =R or M, for t > 0 and = € Dx|[0,00), we write z(t—) for the left-
hand limit limgy, 2(s) and we define Az (t) to be the jump in z at time ¢, i.e.,

Ax(t) 2 x(t) — z(t—). Lastly, given Dx|0, co)-valued random variables Z,,n €
N, defined, respectively, on the probability spaces (2, Fpn,Pp), n € N, and a
Dx|0, co)-valued random variable Z defined on a probability space (2, F,P), we
say Z(™ converges in distribution to Z, and write Z, = Z, if for every bounded
continuous function f on Dx[0,00), lim, oo En[f(Z,)] = E[f(Z)]. Here E,
and E are expectations taken with respect to IP,, and P, respectively.

2.2 The model with reneging

We have a sequence of single-station queueing systems, each serving one class
of customers. The queueing systems are indexed by superscript (n). The inter-
o0

. . n
arrival times for the customers are {ug )}]71,

independent, identically distributed random variables with common mean

a sequence of strictly positive,
o)
and standard deviation o™ . The service times are {v](.n) };il, another sequence
of positive, independent, identically distributed random variables with common
mean ﬁ and standard deviation 3().

If the initial condition of the n-th queue were not zero, then we would need to
specify an initial workload measure-valued process and frontier (these terms are
defined in (2.17) and (2.19) below) in such a way that these have limits under the
heavy traffic scaling. However, if the limit of the initial scaled workload process
were not of the form appearing in Theorem 3.2 below, then the workload process
would be expected to have a jump at time zero. To avoid these complications,
we assume that each queue is empty at time zero.

We define the customer arrival times

k
s 20, SMEY W, k>1, (2.1)
=1

the customer arrival process
AT (#) & max {k; ST <}, >0, (2.2)
and the work arrival process

1¢]
EQIOED PRGNS} (2.3)

j=1



The work that has arrived to the queue by time # is then V™ (A™) ().

Each customer arrives with an initial lead time L§"), the time between the
arrival time and the deadline for completion of service for that customer. These
initial lead times are independent and identically distributed with

P{L\" < Vny} = G(y), (24)

where G is a right-continuous cumulative distribution function. We define
A £ A
y« = inf{y € R|G(y) >0},  y" =min{y € R|G(y) = 1}, (2.5)

and assume that 0 < y. < y* < +o0o0. We assume that for every n, the sequences
{ug-n)};il, {’U](-n)};il and {L§-n)};i1 are mutually independent. See Remark 3.9
for a discussion of these assumptions.

We assume that customers are served using the Earliest-Deadline-First (EDF)
queue discipline, i.e., the customer with the shortest lead time receives service.
Preemption occurs when a customer more urgent than the customer in service
arrives (we assume preempt-resume). There is no set up, switch-over, or other
type of overhead. If the j—th customer is still present in the system (either
waiting for service or receiving it) when his deadline passes, i.e., at the time

S ](-n) + L;n), he leaves the queue immediately. This may be interpreted as either
reneging or the result of an action of an external controller.
We define W (™) (t), the workload process at time t, as the remaining process-

ing time of all the customers in the system at this time. We define R(Wn) (t) to
be the amount of work that reneges in the time interval [0, ¢]. The queue length
process Q™) (t) is the number of customers in the queue at time ¢. The queueing
system described above will be referred to as the EDF system with reneging.

2.3 The standard EDF model

We also have a sequence, indexed by superscript (n), of standard EDF systems,
with the same stochastic primitives as the EDF systems with reneging. In each
of these standard systems, the server serves the customer with the shortest lead
time, preemption occurs as in the reneging system, but late customers (cus-
tomers with negative lead times) stay in the system until served to completion.
The performance processes associated with the standard system will be denoted
by the same symbols as their counterparts from the system with reneging, but
with additional subscript S. For example, Wé") (t) denotes the workload in the
standard system at time ¢. The arrival processes A (t) and V(") (t) are the
same for the both systems, so we will not attach the subscript S to them.

The standard EDF system is easier to analyze than the EDF system with
reneging in several ways. For instance, the workload Wén) in the standard
system coincides with the workload of a corresponding G/G/1 queue (with the
same primitives) under any non-idling scheduling policy. More precisely, in the
standard system the netput process

N® (1) £ V™) (A (1)) — ¢ (2.6)



measures the amount of work in queue at time ¢ provided that the server is
never idle up to time t, and the cumulative idleness process

1) & — inf N 2.

s (8) == inf NT(s), (2.7)
gives the amount of time the server is idle. Adding these two processes together,
we obtain the workload process for the standard system

Wi () = N™ @) + 159(1). (2.8)

(All the above processes are RCLL.) In contrast, the evolution of the workload
W) in the reneging system is more complex and depends not only on the
residual service times but also on the lead times of all customers in the queue.
Our analysis of the reneging system will be facilitated by results from [8] on the
heavy traffic analysis of the standard EDF system.

2.4 Heavy traffic assumptions

We assume that the following limits exist:

lim A™ =, lim ™ =X, lim o™ =q, lim g™ =3, (2.9)

n—oo n—oo

) A M

and, moreover, A > 0 and o2 + 32 > 0. Define the traffic intensity p" MOE

We make the heavy traffic assumption

lim /n(1 —p™) =4 (2.10)

n—oo

for some v € R. We also impose the Lindeberg condition on the inter-arrival
and service times: for every ¢ > 0,

- (n) —1\?
nlLrI;oE|:(u] _()\(”)) 1) H{|u§")(>\(”))_1|>6\/ﬁ}:|

- limE[<v§")(u(”))1)2H{ = 0. (2.11)

n—oo

We introduce the heavy traffic scaling for the idleness process in the standard
system and the workload and queue length processes for both EDF systems
n 1 n Tr(n 1 n ~(n 1 n
[0 = Z=1mt), - W) = =W, Q1) = =@l (nt),

W) = —=Wn), Q) = 2=,

and the centered heavy traffic scaling for the arrival processes

5 LR 1 Q) LR 1
0= 25 (4 5m). P07 (4 )
j=1 j=1



A () = % [AC) () — A"t

The scaled netput process (which is the same for both systems) is given by

~

N () = % [VW (A™ (nt)) — nt} . (2.12)

Note that, by (2.8), /V[?én)(t) = N™ (1) + f(sfn)(t).
It follows from Theorem 3.1 in [31] and Theorem 7.3.2 in [37] that

(§<”>,2<”>) = (5%, A, (2.13)
where A* is a zero-drift Brownian motion with variance a?\3 per unit time and
S*(At) = fiA*(t), t>0. (2.14)

It is a standard result [16] that
(N T, W) = (N, 15, W), (2.15)
where N* is a Brownian motion with variance (a? + $%)\ per unit time and

drift —-,

I5(t) £

In other words, W3 is a Brownian motion reflected at 0 with variance (a2 + %)\
per unit time and drift —v, and I causes the reflection.

— min N*(s), WE(t) = N*(t) + I5(t). (2.16)

0<s<t

2.5 Measure-valued processes and frontiers

To study whether tasks or customers meet their timing requirements, one must
keep track of customer lead times. The action of the EDF discipline requires
knowledge of the current lead times of all customers in system. We represent
this information via a collection of measure-valued stochastic processes.

Customer arrival measure-valued process:

A (t)(B) A | Number of arrivals by time ¢, whether or not still in the
" | system at time ¢, having lead times at time ¢ in B € B(R)

Workload arrival measure-valued process:
p(n) (t)(B) A | Work arrived by time ¢, whether or not still in the sys-
~ | tem at time ¢, having lead times at time ¢ in B € B(R)

Queue length measure-valued process:

o (#)(B) A | Number of customers in the queue at time
~ | t having lead times at time ¢ in B € B(R)



Workload measure-valued process:

(n) A Work in the queue at time ¢ associated with cus-
WHI(B) { tomers having lead times at time ¢ in B € B(R) (2.17)

The latter two processes describe the behavior of the EDF system with reneging.
Their counterparts for the standard EDF system will be denoted by Q(Sn) (t) and
W,(S") (t), respectively. The following relationships easily follow:

AW @) = AM()(R), v<”><A<"<>) = VO O)(R),
W) = W™ )(0,00), D) = QM (#)(0,00),
WO = W®), <”’<> = QW H)(R).

In addition, we can represent the reneged work as follows:

R (1) = Y W (s—){o}. (2.18)

0<s<t

In order to study the behavior of the EDF queue discipline, it is useful to
keep track of the largest lead time of all customers, whether present or departed,
who have ever been in service. We define the frontier

A The maximum of the largest lead time of
F™(t) 2 { all customers who have ever been in service, (2.19)
whether still present or not, and /ny* —t

for the EDF system with reneging, and its counterpart F' én) (t) for the standard

EDF system. Prior to arrival of the first customer, F(™(t) and F, én)(t) equal
Vny* —t. For the EDF system with reneging, we define the current lead time

o () A | Lead time of the customer in service,
T or F(™(t) if the queue is empty ‘

In the reneging system, there is no customer with lead time smaller than C(") (1),
and there has never been a customer in service whose lead time, if the customer
were still present, would exceed F(™)(t). Furthermore, C(™(t) < F(™(¢) for all

t > 0. The processes C™ F(") and Févn) are RCLL.
We introduce heavy traffic scalings. For the real-valued processes Z(™ =

1
o p F(") w Q) RE;) we define Z(™(t) = %Z(”)(nt) and for the

measure-valued processes Z(" = Q) y(n) an),Wén),A("),V("), we define
-~ 1
ZM(t)(B) 2 TZ(”) (nt)(v/nB) for every Borel set B C R.

n

3 Main Results

Before stating our main results, we summarize the results for the standard EDF
system that were obtained in [8] — in particular, we recall Proposition 3.10 and



Theorem 3.1 of [8], which characterize the limiting distributions of the workload
measure and the queue length measure in the standard system. Let

Hw2 [ (1—G<n>)dn={ SR S AT 3

The function H maps (—oo,y*] onto [0, c0) and is strictly decreasing and Lips-
chitz continuous with Lipschitz constant 1 on (—oo, y*]. Therefore, there exists
a continuous inverse function H~! that maps [0, 00) onto (—oo,y*].

Proposition 3.1 (Proposition 3.10 [8]) We have ﬁé") = F§ asn — oo,
where the limiting scaled frontier process Fg for the standard EDF system is
explicitly given by

F3(t) £ HTH(W3(1), ¢ 20, (3.2)

with W§ equal to Brownian motion with variance (a? + B2)\ per unit time and
drift —v, reflected at 0.

Theorem 3.2 (Theorem 3.1 [8]) Let W5 and Q% be the measure-valued pro-
cesses defined, respectively, by

Wi()(B) £ /B ey (LG A Q5(1)(B) £ W (1)(B), (3.3)

for all Borel sets B CR. Then Wén) = W5 and @(Sn) = 9%, as n — oo.

Remark 3.3 The proofs in [8] can be modified to show that the convergences
in (3.3) are in fact joint, i.e., (Wén), an)) = (Wg, Q%).

There is lateness in the standard EDF system if and only if the measure-
valued workload process has positive mass on the negative half line. Theorem
3.2 shows that, in the heavy traffic limit, this occurs exactly when the limiting
scaled frontier process F'§ lies to the left of 0 or, equivalently (by Proposition
3.1), when W is greater than H (0) = E[L” /\/n], the mean of of the scaled lead-
time distribution. In the reneging system, there is no lateness, and the amount
of work that reneges is precisely the amount required to prevent lateness. Thus
it is natural to expect that the limiting workload in the reneging system will be
constrained to remain below H(0). Let W* be a Brownian motion with variance
(@? + $%) per unit time and drift —v, reflected at 0 and H(0). The first main
result of this paper is that W* is the limiting workload in the reneging system.

Theorem 3.4 Asn — oo, W = wr.

The next two results of this paper are the following counterparts of Propo-
sition 3.1 and Theorem 3.2 for the EDF system with reneging.

Proposition 3.5 We have F = F* gsn — 00, where

A

F*(t) = HY(W*(t)), t>0. (3.4)

10



In other words, the process F* defined by (3.4) is the limiting scaled frontier
process for the EDF system with reneging.

Theorem 3.6 Let W* and Q* be the measure-valued processes defined by

wom 2 [ e, ICW) A, OB LW OB, 35)

for all Borel sets B CR. Then (17\/\(”), @(”)) = W*, Q) as n — oo.

By Theorem 3.6, the total masses of W™ and Q™ must converge jointly
to the total masses of W* and Q™) respectively. Substituting B = R in (3.5)
and using (3.1) and (3.4), we see that W*(t)(R) = H(F*(t)) = W*(¢t) and we
recover Theorem 3.4. In fact, we have a stronger result.

Corollary 3.7 Asn — oo, (W("),@(")) = (W*, A\W*).

Theorem 3.6 also shows that the limiting instantaneous lead-time profiles
of customers in the EDF system with reneging conditioned on the value of the
(limiting) workload in the system are the same as in the case of the standard
EDF system. However, the limiting real-valued workload process for the EDF
system with reneging is W*, the doubly reflected Brownian motion, and the
unconditional limiting lead-time profiles for these two systems differ accordingly.

We also have a characterization of the limiting amount of reneged work.

Theorem 3.8 Asn — oo, Eg}) = R}y, where Ry, is the local time at H(0) of
the doubly reflected Brownian motion W*.

Although these results are intuitive in light of the behavior of the standard
EDF system, the proofs are challenging. Moreover, counter to what one might
expect, the result for queue lengths analogous to Theorem 3.8 is false. Specifi-
cally, although Corollary 3.7 shows that Q") converges to the doubly reflected

Brownian motion Q* £ AW* on [0, \H (0)], the scaled sequence Egl), n € N, of
reneged customers does not converge to the local time ARj, of Q* at AH(0).
This observation, which is elaborated upon in Section 7, emphasizes the need
for a rigorous justification of intuitive statements.

The proof of Theorem 3.4 is in Section 6.1.1, the proofs of Proposition 3.5
and Theorem 3.6 are in Section 6.1.2, and Section 6.2 contains the proof of
Theorem 3.8. We also establish an optimality property for EDF, Theorem 5.1.

Remark 3.9 The assumption made in (2.5) that the support of the lead time
distribution is bounded above by y* < oo is mainly technical. It is expected
that the analysis in [22] for the standard EDF system under a weaker second
moment condition can be applied to the reneging system as well. On the other
hand, the lower bound y, > 0 on the lead time distribution or some restriction
on the behavior of the density of the lead time distribution at 0 appears to be
necessary. Indeed, the work of Ward and Glynn [34, 35] on FIFO queues with
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reneging suggests that in the absence of such an assumption, the limiting work-
load process may no longer be a reflected Brownian motion, and its properties
may exhibit strong sensitivity to the density of the lead-time distribution near
0. From a modeling point of view, it is reasonable to impose a strictly positive
lower bound y,. > 0 so as to avoid non-negligible “intrinsic lateness,” in which
an arriving customer has such a small initial lead time that he would be late
even if there were no other customers in the system.

In [22] the assumption of independence between the sequence of interarrival
times and lead times is also removed and a more complex version of Theorem 3.6
is obtained. Starting from that more complex result, the limit of the reneging
system can be obtained along the lines of this paper. O

4 The Reference System

In this section we introduce an auxiliary reference workload measure-valued pro-
cess U™ and the corresponding real-valued reference workload process U(™). In
the special case of constant initial lead times (i.e., y. = y*), in which EDF
reduces to the well-known FIFO service discipline, ™) and U™ coincide with
W) and W™ | respectively. In general, these processes do not coincide (see
Example 4.6) but, as we will show in Section 6.1, the difference between the
diffusion-scaled versions of U™ and W) is negligible under heavy-traffic con-
ditions. The advantage of working with the reference system, rather than the
reneging system, is that /(™) can be represented explicitly as a certain mapping
® of the measure-valued workload process Wén) in the standard system. As
shown in Section 6.1, continuity properties of the mapping ® enable an easy
characterization of the limiting distributions of /™) and U() in heavy traffic.

We begin with Section 4.1, where we define the reference system and provide
a useful decomposition of the process U™ . In Section 4.2 we provide a detailed
description of the evolution of ¢(™).

4.1 Definition and properties of the reference workload

In Section 4.1.1, we introduce a deterministic mapping on the space of measure-
valued functions that is used to define the reference workload. Then, in Section
4.1.2, we provide a decomposition of the reference workload process.

4.1.1 A mapping ® of measure-valued processes

We define a sequence of reference workload measure-valued processes for the
EDF system with reneging by the formula

u™ £ e(wg), (4.1)

12



where the mapping ® : D [0, 00) — Daq[0, 00) is defined by

A

@(p)(t) (=00, 9] (4.2)

) (-oc,s] = sup (ue)-o0,00 inf () (R) )

s€[0,t] u€[s,t]

for every p € Dapq[0,00), t > 0 and y € R. (The claim that ® does indeed map
D [0, 00) into Dag[0, 00) is justified in Lemma 4.1 below.) We also define the
(real-valued) reference workload process U™ as the total mass of U™, i.e.,

UMW) EUM#)R) V€ [0,00). (4.3)

The frontier F én) defined in Section 2.3 played a crucial role in the description
and analysis of the evolution of the standard system in [8]. In a similar fashion,
it will be useful to define the reference frontier

OINE { inf {y € RUM™ (t)(—oc0,y] > 0} if UM (t) >0,

+00 if UM (t) = 0. (44)

By definition, E(™) (t) is the leftmost point of support of the random measure
U™ (t) (understood as oo if U™ (t) = 0). The process E(™ has RCLL paths.
From (4.1)—(4.3) we have

U (D) (0] = WS (0)(-o0.0] ~ K1) (45)
U = Wi - KM @), (4.6)
where
™ () 2 max ) ()(—o00 in QU .
KO 2 max fWE(9)(-00.00 8 it W) (@7

In (4.7) we may write maximum rather than supremum because the process
Wé") (-)(—0o0, 0] never jumps down. Note from (4.6) and (4.7) that 0 < K™ (¢) <
Wén)(t) and so for all t > 0,

0<U™(t) < Was(t). (4.8)

According to (4.6), the reference workload process U™ is the standard workload
process Wén) with mass K™ removed. Equation (4.5) shows that this mass
is removed from the left-hand side of the support of Wé"). Moreover, since
U™ (t)(—00,y] > 0 for all y to the right of the frontier E(™ (t), it is clear from
(4.1) and (4.2) that for ¢ € [0,00), y2 > y1 > B (¢),

U (1) (y1, 2] = U™ () (—00, y2] — U™ (£)(—00, 1] = WS () (y1, 2], (4.9)

which shows that &™) coincides with Wén) strictly to the right of E(™),

In the following lemma, we establish some basic properties of ® that show,
in particular, that (™ (t), t > 0, and U™ (t), t > 0, are stochastic processes
with sample paths in Da4[0,00) and Dg, [0, 00), respectively. Although & is not
continuous on D [0, 00), the lemma shows that it satisfies a certain continuity
property that will be sufficient for our purposes.
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Lemma 4.1 For every t € [0,00), ®(pu)(t)(—00,0] = 0. Moreover, ® maps
D]0,00) to Daq]0,00). Furthermore, if a sequence pn,n € N, in Da[0,00)
converges to u € Daq[0,00), where p is continuous and for every t € [0, 00),
w(t){0} =0, then ®(uy,) converges to (i) in D)0, 00).

ProoOF: The first statement follows from the simple observation that, due to
the non-negativity of p and (4.2),

0 < ®(u)(t)(—00,0] < [u(t)(—00, 0] = u(t)(~o00,0] A u(t)(R)]" = 0.

Also, since the right-hand side of (4.2) is non-decreasing and right-continuous
in y, we know that ®(u)(t) € M for every t > 0. Now, observe that ®(u)(t)
U (u(t), T(p)(t)), where ¥ : M x R — M is the mapping ¥ (v, z)(—0c0,y]
(v(—o0,y] —x)" for all y € R and T : Dpg[0, 00) — R is defined by

el

TG0 2 s (u)-00.00A inf w()(®) ¥ Do)
s€[0,t] u€ls,t]

Using the fact that weak convergence of measures on R is equivalent to conver-
gence of the cumulative distribution functions at continuity points of the limit,
one can verify that ¥ is continuous on M x R. To show that ®(u) € D [0, 00),
it suffices to show that I'(1) € D[0, 00). For this, we fix ¢ € [0, 00) and write

L(p)(t + ) = T(p)(t)

— sup |p(s)(—00,0A inf p(u)®)A inf u(u)(ﬂm]vzm,s)(t)
s€[0,] u€|s,t] u€E[t,t+e]

= [u(s)(oo,OM inf M(U)(R)],
s€[0,t] u€ls,t]

where we define

72 s [u<s><—oo,01 A ueggtf+g]u<u><ﬂe>] .

Since 1 € Dap[0,00) implies p(u) converges weakly to u(t) as w | ¢, we have
limy, ¢ p(u)(R) = p(t)(R) and p(t)(—oc0,0] > limsup,, u(s)(—oc,0] by Port-
manteau’s theorem. This, in turn, implies that lim._,q Z(u, €)(t) = p(t)(—o0, 0]
for all ¢ > 0. Combining the above properties, it is easy to deduce that
T'(u)(t+e)—T(p)(t) — 0ase | 0, and the right-continuity of ®(u) follows. The
existence of left limits for I'(), and hence for ®(u), can be established by an
analogous but simpler argument.

Now, suppose pu, converges to pu in Da[0,00) and p is continuous with
w(t){0} = 0 for every t > 0. Then u,(t) converges weakly to p(t) uniformly for
t in compact sets (u.0.c.) (see [4]). Since 0 is a continuity point for p(t), this
implies pin (t)(—00,0] and py, (¢)(R) converge u.o.c. to p(t)(—o0,0] and u(t)(R),
respectively. This shows that I'(u, )(t) converges u.o.c. to I'(u)(t), which, when
combined with the continuity of ¥, shows that ®(u,,)(t) converges weakly u.o.c.
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to ®(p)(t). In particular, this shows ®(u,) converges to ®(u) in Day[0,00). O

As an immediate consequence of the lemma, the definitions of (™ and E™),
and the fact that ¢4 (t) is a purely atomic measure, we have, for all t > 0,

U™ (t)(—00,0] =0 and EM(t) > 0. (4.10)

4.1.2 A decomposition of the reference workload

We establish a decomposition of K™ into its increasing and decreasing parts.
Define a(()") £ 0 and Wé”’(of) 20. For k = 0,1,2,..., define recursively

(") = mm{t > a(")

Wi (o™ =) v max W (s)(—o0, 0] > W;’”(t)}, (4.11)

s€loy™ 1]

O'](J_:_)l EY mm{t > T,in)

W) > wi (t—)} . (4.12)

In addition, for ¢ € [0, 00), define

n A n n n " N
K_(,_)(t) = Z lWé )(U,(c )7)\/ max Wé )(5)(70070] 7wé )(Ul(c ))] 7

keN se[al(cn),t/\'r,in)]
(4.13)
n A n n n n n
KO 2 =Y (W00 - o ne-od2) - wie)] . @)
keN
Theorem 4.2 We have
KM=k - g™, (4.15)

where Ksrn) and K(f) are the positive and negative variations of K™ . Moreover,

/ Ty (o)50;dK " (5) = 0. (4.16)
[0,00)

The theorem is easily deduced from Propositions 4.3 and 4.4 and Remark
4.5 below. The rest of the section is devoted to establishing these results.

Observe that the late work W,(S") (s)(—o0, 0] is right-continuous in s, remain-
ing constant or moving down at rate one and jumping up. Therefore, the max-
imum on the right-hand side of (4.11) is obtained. Additionally, because of the

right-continuity of Wén) and Wé") the minimum in this equation is also ob-
tained. Finally, Wén)(s)(—oo,O] can never exceed W(")( ) = W(n)( )(R) and
Wén) never jumps down, so we must in fact have

WM™V max W (s)(—00,0] = W (M), (4.17)

SE[O';C"),TIEH)]

For k > 1, al(c") is the first arrival time after T,Eﬁ)l. We thus have
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+
Wi = (W) - —n")) L A <t<o. (11s)

We further have

(n) (n)

0= J(()n) = 'rén) <oy’ <1 < O’én) <. (4.19)

Proposition 4.3 For each k > 1, we have

KM(t) = Wé") (U,(cn)—) V. max Wén)(s)(—oo,O], a,(cn) <t< T,in). (4.20)

s€foy, ),t]

In particular, K™ is nondecreasing on the interval [Ul(c"),rlin)].

PROOF: We proceed by induction on k. For the base case kK = 1, note that the
standard EDF system is empty before the time 0§n). Therefore, Wé") (oin)f) =
0 and to prove (4.20), we must show that

K™ (1) = ma W (s)(=o0,0], o™ <t <M. (4.21)
For t € [aln),rl(")], let 5™ (t) be the largest number in [a§n),t] satisfying
W (s (6) (=00, 0] = max Wi (s)(~00,0]. (4.22)

For u € [s(™)(t),t], we have

W (™ (1)(—00,0] = max W (s)(~o0,0),
se["'ln ,u)
which is less than or equal to Wé") (u) by the definition of Tl(n) and equation
(4.17). Therefore,

(") (¢y(_ — W () (1YY (— < (n)
max W (3) (00,0 = W () (00,0 < inf W ).

Equation (4.21) follows from (4.7).
We assume (4.20) holds for some k and prove it for k+1. Fort € [0’1(:21, T,Ei)l],

K™ =  max ){W,(S")(s)(oo,O]/\ inf W§">(u)}

56[0,0,&?1 u€[s,t]

V' max {Wén)(s)(—oo,O]/\ inf Wén)(u)} (4.23)
se[ali"ﬁl,t] u€[s,t]

Equation (4.20) with k replaced by k + 1 will follow once we show that

max {wg">(s)(oo,O]A inf Wé”)(u)} o - (4.24)
)

86[070,&1)1 u€ls,t]
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and

max {W(")( )(—00,0] A inf W(n)( )}: max W(n)( )(—0,0]. (4.25)

s€fo) 1] u€[s,1] s€loy) 1]

For (4.24), we observe that because W(")( )(—00,0] and infs<,<; Wén) (u),
regarded as functions of s, cannot increase except by a jump, the maximum
on the left-hand side of (4.24) is attained. Let sgcn) be the largest number in
[0, a,(;jr)l) attaining this maximum. We have

max ){Wén)(s)(—oo,o] inf W (u )}

selo, 0k7 u€ls,1]
= W (s5)(—00,0] A [u}f) ) W () < W) Vue sy, o)),
ue
and so
(n) _ : (n) (n)¢ (n)
max  § Wy (s)(—00,0] A inf Wg"(u)r <Wg " (0, —). (4.26)
sE[O,o,(;'r)l) u€[s,1]

On the other hand, by the inequalities 7']5 " < 0,(;_?1 <t< Tlii)l, definition (4.7),
the induction hypothesis, and equation (4.17), we have

max {Wén)(s)(oo,O] inf W (u )}

s€(o, crk+1) u€[s,t]

> max {W(n)( )(—o00,0] A inf Wé")(u)/\ inf Wén)(u)}
s€l0,7,"]

= K(”)(Tlgn))/\ inf Wén)(u)

_ <Wé”’(o;i")) v omax Wg”>(s)(oo,01> A inf W ()
selo "]

C WP b W = e W
uE[T,i"),t] uE[T,i"),t]
Equation (4.18) implies W (u) > Wé”)(g;’jr)l,) for T}in) <u< U](Ql. For
U;(H)l <u<t< Tlgi)l, (4.11) implies that

Wi (@ ) v max W5 (s)(—o00,0] < W (u),

s€lo) ul

and so again we have Wén)(u) > Wé") (U,(ﬁr)l —). Finally, if u =t = T,Ei)l, then

(4.17) implies that Wé") (u) > Wé") (0,21)17). It follows that

inf W () = W (07, ).
ue[r,™ 1]
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This gives the reverse of the inequality (4.26), and thus (4.24) is proved.
For (4.25), we let tfgn) attain the maximum in max o Wé")(s)(foo, 0].
s€loy s

For u € [t,(cn),t], we have from (4.11) and (4.17) that

W) (00 = max Wy (s)(—00,0] < W (w)
€0 U

and hence Wé") (t;cn))(—oo, 0] < inf Wén)(u) It follows that

uet™ ]

max  {Wg"(s)(—o00,0] A inf W ()} < W (#H")(~o0, 0]

se[a,(;'r)l,t] u€[s,t]
_ (n) 1 (n)y,_ : (n)
= Wg'(t, ) (=000l A inf W' (u)
uet™ 1]
< max {W{(s)(—00,0] A inf W (u)},
(n) uE([s,t]
s€lo, 1]
which establishes (4.25). O
Proposition 4.4 For each k > 1, we have
KWy = (W) — ¢ =77, wY <t <ol (4.27)
In particular, K™ is nonincreasing on [T,EZ)I, 0,(:)).

PrOOF: For all t > 0, we have K" (t) < Wén) (t), and for T]iT_L)l <t< olgn), we
further have from (4.18) that

KO0 W) = WP () - ¢ = n2)" (4:28)
On the other hand, Proposition 4.3 and (4.17) with & replaced by k — 1 imply

max (WU (s)(—o0,0] A inf W (u)}
SG[O,TIEVL)I] ue[s,'r,iz)l

= K(n)(Tlgri)ﬂ
= Wé")(a,(jj)l—)v max Wén)(s)(—oo,O]

selof?y 7]
= W& m).
For t € [T,EZ)I, 0,(:)), it follows from (4.18) and the above equality that
K™ ()

(n) . (n)
;g[%fg]{ ) (00,00 _int W <u>}

v

max {Wén)(s)(oo,O]/\ inf W(")(u)/\ inf Wé")(u)}

S
sE[O,T,iTl ue[s,r,iz)l uE[T(@ t]
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max {W,(S")(s)(oo, 0]A  inf Wén) (u)}
SG[O,TIEVL)I] ue[s,rlg@l]

n n n +
AWE (7)) = (= 7{"))
n n n n n +
W () A (WD @) - (= 7))

n n n +
= WD) 1) (4.29)
Equation (4.27) follows from (4.28) and (4.29). |
Remark 4.5 In light of (4.6) and Proposition 4.3, we have the characterization
(n)
of 7,/ as

7" = min{t > oK™ (1) > W (1)} = min{t > o UM (t) = 0}. (4.30)

Because 01(3-)1 is the time of first arrival after T,i"), we in fact have

Uty =0, 7V <t<ol. (4.31)

Evaluating (4.20) at 0,(:) and using Wén)(ali")f) > Wén)(ali"))(foo, 0], we ob-
tain
K (o) = W0 =), (4:32)

But (4.18) and Proposition 4.4 show that

KM (oW -y = w{ (o), (4.33)
and so
AK™(g™) = 0. (4.34)

By contrast AK(H)(TIETL)) can be positive. Evaluating (4.20) at T,in) and using
(4.17), we obtain

K (M) = wiM (). (4.35)
In conclusion,
KM™(t) = K(”)(a,g”))v max V\/én)(s)(—oo,O]7 U,(cn) StST,En), (4.36)
s€fo, 1]

KMty = (KM (M) — ¢ =), Mo <t <™. (4.37)

4.2 Dynamics of the reference workload process

The time evolution of 4™ is similar to that of W) and the difference between
the two is asymptotically negligible. Before providing rigorous justifications of
the properties of (™), we provide a summary of these properties. The reader
may wish to work out the evolution of Wén), U™ and W in Example 4.6
below to follow along. This example is worked out in detail in [27].
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Example 4.6 Consider a system realization in which

=4, LV =3, sV =1,

uy =1, v

uim =1, vi") =4, LYY =5, SV =2,
ugV =3, oV =2, L§Y =1, S{V =5,
=2 o\ =1, LW =4, s =7,
uf =2 oM =1, LI =1, 5" =9

Recall that d, denotes a unit point mass at a. It is straightforward to compute

0, 0<t<1,
(5 t)547t; 1 <t< 2;
Wén) (t) _ (5 — t)54,t + 467—t, 2<t <5,
(7 — t)(S(;_t + 4(57_,5, h<t<T,
(11 = t)d7—¢ 4+ 011—¢, T7T<t <9,
25 5 + 61 + 6, t=09,
0, 0<t<1,
(5 t)54 s 1<t <2,
(5 t)54 ++467_ t, 2<t<A4,
(8 t)57 ts 4§t<57
U™ () = (6 —1)d6_s +407_y, 5 <t <6,
(10 — £)37_s, 6<t<T,
(8 t)éll—h T<t< 8,
0, 8<t<09,
5 t=09,
0, 0<t<1,
(5 — t)54_t, 1<t <2,
(5 t)54 + +467_ t, 2<t<A4,
(8 - t)577t; 4 <t< 57
W) = (7T—1)86_¢ + 3074, 5<t<6,
(9 — t)57_t, 6<t<7,
(8 — t)éll—ta T<t< 8,
0, 8<t<09,
o1, t=09. O

Recall that K™ is the amount of mass removed from the standard workload
Wén) to obtain the reference workload U(™. To understand the process K (™),

we consider the dynamics of (™).

In the absence of new arrivals, all atoms

of U™ move left with unit speed. Moreover, the mass of the leftmost atom
of U™ decreases with unit speed until it vanishes, corresponding to the work
being done on the most urgent job in queue until it is served to completion
(Proposition 4.8 (i)). However, if the leftmost atom of U™ hits zero, this
atom is immediately removed from U™ (Proposition 4.8(ii), (v)). This may be
interpreted as reneging of a customer or deletion of a late customer from the
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system. When there is a new arrival at time ¢ with lead time not smaller than
the leftmost point of support of U (”)(tf), and this point of support is strictly

Xl()n)(t) located at Lfﬁ)m(t) is added to U™ (t—)

(Proposition 4.8 (iii)). Similarly, if there is a new arrival and the leftmost point
of the support of U™ hits zero at the same time, then both of the above actions
take place ((4.53) of Proposition 4.8(v)). This is the case of a simultaneous new
arrival and ejection of a late customer. The EDF system with reneging W)
shows the same behavior in all these cases. However, if a customer arrives to
start a new busy period for U™ or, if at time ¢, there is a new arrival with lead
time more urgent than the leftmost point of the support of U™ (t—) (i.e., we

positive, then a mass of the size v

associated with the new arrival is

have a “preemption”), then the mass Ufﬂzl) )

distributed in [Lf:()n)( . 00) (more precisely, on some atoms of Wén) (t) located

(n) .
Al (t)?
see Lemma 4.7 and Proposition 4.8 (iv). In this respect, the evolution of um
differs from that of W for which all the new mass is always placed at the
lead time of the arriving customer. Example 4.6 illustrates this.

We now begin the rigorous study of U™ . As shown in Section 4.1, the
time interval [0,00) can be decomposed into a union of the disjoint intervals
(T,i"),al(ﬂ)l] and (0,(:),7,5”)], k > 0, such that K(™ = Wén) — U™ is non-

increasing on (Tlgn),al(ﬁr)l] and non-decreasing on (Ul(cn),rlgn)].

on this half-line), but it is not necessarily located at the single atom L

In Lemma 4.7

below, we analyze the behavior of /(™ on the time intervals [T,iﬁ)l, O']in)], k>1,

while Proposition 4.8 describes the dynamics of (™ on the intervals (Ul(cn) , Tlgn)),

k > 1. The section ends with Corollary 4.9, which describes the time evolution
of the reference workload process U™,

We make use of the following elementary facts about the standard workload.
Since the interarrival times are strictly positive, AA™ (¢) € {0,1}, and

W (t) = W (t=) + AAM @) 1 S W tZ 0, (4.38)
which implies
AW (t) = DA () 00, E20. (4.39)

For any functions f and g on [0, 00) (taking finite or infinite values) such that
whenever s < ¢ and ¢ — s is small enough, f(s) = f(t—) +t — s and g(s) =
g(t—) +t— s, we have

lim W (s)[£(5), 9(s)] = WS (t=)[£(t-), g(t-)]. (4.40)

st

This is true because the lead times of the customers present in the standard sys-
tem decrease with unit rate. Equation (4.40) remains valid if the closed intervals

[£(-), 9(-)] are replaced by either [f(-), g(-)), (f(-), g()] or (f(-),g()). These facts
will be used repeatedly in the following arguments, sometimes without mention.
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Lemma 4.7 Let k > 1. We have

Ume) = o, M <t<ol™, (441)
AUM (oY) = “Xl)@n))’ (442)

M) (oMY ( _ oo 1™ _
U™ (a)( oo,LA(n)(gl(cm)) = 0. (4.43)

PRrROOF: Equation (4.41) follows immediately from (4.6), (4.18) and Proposition
4.4. By (4.6), (4.34), (4.39), and the fact that AA™) (U,(cn)) =1, we have

AU (o) = AWE (o) = AK™ (o) = o™

A0 (M
and (4.42) follows. For y < L%)(U%, (4.5), (4.38) (4.34) and (4.33) imply
U o) (—o0y] = W (o) (—o0,4] - KW (o]
= PPl ) oo - K®(o-)]
< W) - kO] = o,
and so (4.43) also follows. a

Lemma 4.7 shows that a,(cn) begins a busy period for the reference system.

Equation (4.30) implies that U™ (t) > 0 for U]in) <t< T,En), and thus the
intervals [olin),Tlgn)), k > 1, are precisely the busy periods for the reference
system. We analyze the behavior of /(") during these busy periods. We start

with the observation that, by (4.5) and Proposition 4.3, for ¢t € (a,i"),ﬁi")),
U™ (t)(~00, ]
+
= [ng”)(t)(oo, Yl — (Wé”)(a,in)) v max W (s)(— oo, 0])] . (4.44)
sE Uk' s

In what follows, given v € M and any interval Z C R, we will use |z to denote
the measure in M that is zero on Z¢ and coincides with v on I: v|7(B) = v(BNZ)
for all B € B(R).

Proposition 4.8 For k > 1 and O'I(Cn) <t < Tk"), the following five properties
hold:

(i) If AAT(t) =0 and EM™ (t—) > 0, then
AK™ (@) = 0, (4.45)
AU = 0. (4.46)

In this case, if U™ (t=){E™ (t—)} > 0, then both U™ (H{E™ ()} and
UM (t) decrease with unit rate in a neighborhood of t. On the other hand,
FUD (E=){E (1)} = 0, then U (£) = W (1) 00 )00

22



(ii) If AAM™(t) = 0 and E™ (t—) = 0, then
UM (=) {0} = AKM () = — AU (1) (4.47)

(iii) If AA™ () =1 and L), > EM(t=) > 0, then (4.45) holds, AE™ (t) >

Al (t)
0 and
UD () =UD (=) + 00 8w (4.48)
® LT

(iv) If SAO () =1, L0, ) < B® (t=), then (4.45) holds and
e < EM@m < B, (4.49)
AUM@ = W, (4.50)
UM ()20 (1-),00) = U™ (=)0 (1-).00) (4.51)
UNE{EM (=)} > UM =){EM (1)} (4.52)

(v) If SAW(E) =1 and L), ) > E®(t=) = 0, then

UM ) =UM (=) + 050, ) S = UM (E=){0} bo. (4.53)

A (1)

PROOF: Fix k > 1land t € (al(cn),rlgn)). We start with the general observation
that, by (4.4) and (4.44),

E™ () = min {y|w§"> (t)(=o0,y] > WS (0™ =) v max W (5)(—o0, 0]
s€lo, t]
(4.54)
and because Wén) (t) is purely atomic, the minimum on the right-hand side of

(4.54) is obtained at the atom of Wé") (t) located at yo = E( (t). In particular,
W (H{E™ (1)} > 0. (4.55)

We now consider each of the five different cases of the proposition.
(i) Let a = E™(t—). By (4.4) and (4.5), for all s < t sufficiently close to t,

W (s)(—00,a/2] < K™ (s). (4.56)

Also, for s € [t —a/2,t) sufficiently near ¢ so that A (s) = A(™)(t) holds (such
s exist due to the assumption that AA™)(t) = 0), we have

W (1) (=o0,0] < WS (5)(—00, a/2]. (4.57)
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The last two relations show that W(n)( t)(—00,0] < K™ (t—), and so, by Propo-
sition 4.3, (4.45) holds. The equation (4.46) follows from (4.6), (4.45), (4.39) and
the assumption AA™ (t) = 0. Because Wén)(t) > 0 (see (4.55)), Wé") decreases
at unit rate in a neighborhood of ¢ (see (2.6)—(2.8)). In addition, (4.6), (4.45)
and the fact that, again by Proposition 4.3, K (") cannot increase on [U,(cn), Tli")]
except by a jump and hence is constant in a neighborhood of ¢, together imply
that U™ also decreases at unit rate in a neighborhood of t. Furthermore, the
nature of the EDF discipline and (4.55) show that at ¢, the standard system is
serving a customer with lead time no greater than £ (”)( ). Combining the above

properties with the fact that 2/(™ (¢ N(EM (t),00 WS ( (B (1),00) DY (4.9), we

conclude that if 4™ (t—){E™ (t—)} > 0, then UM (H{EM ()} decreases with
unit rate in a neighborhood of t. On the other hand, if U™ (t—){E™ (t—)} = 0,
then since AA™ (t) = 0, E™ jumps up at ¢. Indeed, in this case,

W () (= 00, EM (t-)] = W (t=) (= 00, E™ (t-)] = K™ (1-) = K™ (1).
This means that

EM (1)

min {y € RIWS (t)(—o0,y] > KM (1)}
min {y > B (¢ |W(n) (t){y} > 0}.

It follows that
W (1) (E™ (t—), ™ (#)) = 0. (4.58)

Using the definition of B (t), (4.46), (4. 9), the assumption (™ (t—){ E™ (t—)}
= 0, the assumption AAM™(t) = 0, and (4.58), we obtain

UM [EM (), 00) = UM() = UM (t—) = UM (t—)[B™(t-),0)
= U(=) (B (t-),00) = Wg( (),
W () (B (t-),00) = WE)[EM(t), 00)

From (4.9) we see now that U(")(t) = Wén) (B))(Em (£),00)-
(i) By (4.30), (4.4) and (4.5), for s € (6\™ ) we have

W (5)(—o00, E™ (s)] > KM(s). (4.59)

As s T tin (4.59), by (4.40), (4.38), and the case (ii) assumptions AAM™ (t) = 0
and E(™(t—) =0, we get

W (£)(—o00, 0] = WE (t=)(=00,0] > K()(t-). (4.60)
When combined with Proposition 4.3, this implies
K™ (1) = K™ (=) v W (t)(—o00,0] = WL (t)(—o0, 0. (4.61)
By (4.4) and (4.5), for s € (o (n),t),

UM (){E™ (5)} = W (s)(—o00, EM (5)] — K™)(s).
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Letting s 1 ¢, and invoking (4.40), (4.60), (4.61) and the assumption E(™ (t—) =
0, we obtain

UM (t-){0} = W (t-)(—00,0] — KM (1) = K™ (t) - K™ (t-), (4.62)

and the first equality in (4.47) follows. The second equality in (4.47) follows
from (4.6), (4.39) and the assumption AA™(t) = 0. Moreover, by (4.5) and
(4.61), for every y € R,

U () (~o0,y] = (W) (—o00,] ~ WE (1) (-o0,0]]
= W ()00 (—00, 3], (4.63)

(iii) Let a = E™(t—). We can deduce (4.45) from (4.56) and (4.57) as
in (i), with the only difference that now (4.57), for s < t sufficiently close

to t such that A (t—) = A (s), follows from the fact that qu"()")(t) > 0,

since this implies that the work for the system associated with the customer
arriving to the system at time ¢ does not contribute to W,(S") (t)(—o0,0]. Next,

(n)
A (1) >a>y+e.

Thus, for s < t, s sufficiently close to ¢ (so as to ensure that A" (t—) =
AM)(s)), we have Wén)(t)(—oo,y] < Wén)(s)(—oo,y + ] < K™)(s), where the
last inequality uses (4.5) and the fact that y + ¢ < E(™(t—). Letting s 1 t,
we obtain Wén) (t)(—o0,y] < K™ (t—), which, together with (4.45), shows that
y < EM™(t). Thus, E™ (t—) < EM(t) or, equivalently, AE™ (t) > 0.

We now turn to the proof of (4.48). Equation (4.5) implies

let y < a, let € = (@ — y)/2 and note that by assumption, L

U (1) (~00,] = WS (1) (o0 u] - KP)] . (464)

Indeed, for any y such that Wén)(t—){y} =0, (4.64) follows from (4.5), in which
t is replaced by s < t, by taking s T t. However, the family of sets (—oo, y] with

Wén) (t—){y} = 0 forms a separating class in B(R), and so (4.64) holds for all
y. Moreover, using (4.38), (4.45) and (4.5), we see that

U™ (t)(~o0,y]
N

= W =) (=00, ) = KM (t=) + 040 (0 0 (—00,u]| . (4.65)
A (1)
When combined with (4.64), this shows that
UM (t)(=00,y] = U™ (t=)(=00,3], ¥ < LY, (1) (4.66)

On the other hand, if y > Lfﬁ)n)(t) (t), then y > E(™(t—) and (4.64) becomes
UM (t—) (=00, y] = W (t=)(—o0, y] — K™ (t—
(t=)(=00,y] = Wg " (t=) (=00, 4] (t=)-
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From (4.65), we now have

u(n) (t)(—OO, y] = u(n) (t—)(—OO, y] + Ugl(l)(t)a Y2 Lfﬁ)n)(t)- (4'67)

When combined, (4.66) and (4.67) prove (4.48).
iv) We have L(n)n > 0, and so (4.45) holds by the same argument as in
A ()

case (iii), but now with a = Lf:()n)(t). The assumptions LE:(),,L)(O < EM(t—) and

AAM(t) = 1, along with the relations (4.38), (4.5), (4.45) and the definition of
E™ _imply that

WS (8)(=00, EM (=) = WE (t=)(=00, M (1=)] + 00,
> WL (t=)(—o0, B (t-)]
> K"(t-)

= KM().

Invoking (4.5) again, this shows that 2™ (t)(—oco, E(™ (t—)] > 0, which implies

EM(t) < EM(t=). Now, let y < a = LE:(),,L)(t) and let ¢ = (@ — y)/2. Then,

combining (4.38), the inequalities y + ¢ < a < E™ (t—) and (4.45), we obtain
W (B)(—o0,y] < W () (—o0,y + ¢ < K (1) = K (t).

This shows that y < E™)(t), which proves (4.49). In addition, by (4.6) and
(4.45), we have

U = W - K"
W (=) + 00 ) — K™ ()

= U(n) (t_) + ’UA(ATEL)(ty

and (4.50) follows. Furthermore, since E () < E(™)(t—) by (4.49), the rela-

tions (4.9), (4.38) and the assumption Lf:()n)(t) < EM(t—) imply

UM ) poraoyo) = W E) 10 (1-).00)
= Wén)(t*)uE(n)(t—),oo)
u™ (t=))(E™ (t—),0)-

This establishes (4.51).

Finally, to prove (4.52), we will consider two cases.
Case I. E™(t) < B (t-).

By (4.9), we know that

UM (B (=)} = W5 (){E™ (1)}
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In turn, when combined with (4.64) and the definition of E(™)| this shows that

U B (=) = U (1) (o0, B (1)) U (1) (~00, B (1)
= W) (o0, B (1)) = K™(i-)
~ [0, BV e-)) — KOO ()]

W (=) (=00, B® (t=)] = W (=) (~ 00, B™ (1))
= WS {E™ (1)}
= UMO{EM (),

and so (4.52) holds.
Case IT. B (t) = EM™(t—).
By (4.5), (4.38), (4.45), (4.64) and the definition of E(™),

U UE™M (1)} = U(”)(t)( oo, E™ ()]
§7 (1) (=00, M ()] = K™ (1)
Sl

t=) (=00, EM(t=)] + {0, ) = K™ (t-)

= u<”><tf><foo,E<">< )Hvﬁﬁl)()
= U™t {EM™(t )}+u A (1)

which establishes (4.52) in this case as well. Since E™ (t) < E(™)(t—), the two
cases above are exhaustive, and so (4.52) is proved.
(v) The equation (4.63) holds by the same argument as in (ii), but where

now the equality in (4.60) follows from the fact that Lf:()n) @ > 0 Let Z/ll(") (t) 2

U™ (t—) + vfMl)(t) ) Lo U™ (t—-){0} dp. We want to show that U™ (t) =
(M)

Ul(n)(t). By (4.10), U(”)( ) and U™ (t—) are supported on (0,00) and [0, 00),
respectively. Thus,

U™ (1) (—o00,y) = U () (—o00,y] =0, y < 0. (4.68)

By (4.9) and the fact that E(™ (t—)=0, we have U™ (t—),(¢,00) = Wén) (t=)1(0,00)-
The last two statements, along with (4.38), (4.63) and another application of
(4.9), show that

Z/ll(") (t)\(O,oo) = U(”)( )\(O o) + '054(21)()5) 5L<n(n)< :

(n) (n)
= WS" (t*)|(0,oo) + UA'T")(t) 6Lf4n()n)(t)

= Wén) (t)1(0,00)
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This, together with (4.68), shows that U™ () = Z/ll(") (t). O

The last result of this section concerns the evolution of U("). Despite the
different ways in which arriving mass is distributed in the system with reneging
and the reference system, in both systems one can keep track of the total mass in
system by beginning with the arrived mass (which is the same in both systems),
subtracting the reduction in mass due to service (which occurs continuously at
unit rate per unit time whenever mass is present), and subtracting the mass
that has become late and been deleted. In particular, a simple mass balance
shows that

t
W (t) = v (A (1)) - / Lo (s)50) ds — Ry (0), (4.69)

where we recall that RE;) is the total amount of reneged work in the reneging
system, which admits the representation (2.18): Rg}) (t) =D ey WM (s—){0}
for all ¢t € [0,00). We now show that the following analogous relation holds for
the reference workload:

t
U™ () = v (A (1)) — /O Ly (s)s03 ds — R (L), (4.70)

where

RY ()2 ST u™(s-){0}. (4.71)

0<s<t

Also, for notational convenience, we set Rgﬁ) (0-) = R[(Jn) (0—) =0.

Corollary 4.9 For every t > 0, the equation (4.70) holds. Moreover, Rgl) =
Kin) and hence

Ut =N 415 - K, (4.72)
where, fort >0,
t
A
() 2 /O Ly (s)=0} - (4.73)

PROOF: For t > 0, let U™ (t) be equal to the right-hand side of (4.70). By
(4.41) of Lemma 4.7, we have U™ (0) = 0 = U™ (0). Moreover, for every
k > 1, by Lemma 4.7 and the definition of a,in), it follows that U™ (t—) =
UM(t) = 0 and AV (AM (1)) = 0 for ¢ € (1™, 0™, UM (0" =) = 0 and
AU(”)(U,(:)) = AV (A™ (67)). When compared with the right-hand side of
(4.70), this shows that U™ and U™ are both flat on (Tliﬁ)l,al(cn)), with an
upward jump at olgn) of size AV (A (olin))). Thus, to prove the corollary, it

suffices to show that the increments of U™ and U™ on the intervals (0,(:), T,gn)]

k > 1, coincide.

Y
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Fix k£ > 1. We first show that

AT® (rM) = AU™ (). (4.74)

Equality (4.30) shows that there cannot be an arrival at time T,i"), for such

an arrival would have a positive lead time and hence increase Wé") without
")) = 0. Because
(n)

is continuous at 7

increasing K (™ (see Proposition 4.3). In other words, AA™) (T,i
there is no arrival at T,in), the measure-valued process Wén)

Taking the limit in (4.5) as ¢t ] T,in), we obtain
n n n n n + n n
U (7 =) (=00,0] = [WE (7" )(=00,0] = KO(r=)] " = AR (7",

where the last equality is a consequence of (4.36). However, (4.10) implies
that U™ (7" =) (—00,0) < lim, o U (£)(=00,0) = 0, so AT™ (7)) =

~Um (T]in)*){()} = fAK(")(T,gn)). From (4.6) and the continuity of Wé")
at T,gn), we see that *AK(n)(TIEn)) is also equal to AU(”)(T,gn)), and (4.74) is
proved.

We next show that AU™ (£) = AU™(¢) for t € (U,(Cn),rlgn)). If B (t—) >
0, then the definitions of E(™ and U™, and statements (i), (iii) and (iv) of
Proposition 4.8 show that

AU () = AU (1) = AV (AM (1)),

On the other hand, if E™ (t—) = 0, then properties (ii) and (v) of Proposition
4.8 and the definition of U™ show that
AUM(t) = AU (1) = AA™ ), ) — U™ (t-){0}.

Now, let S be the (random) set of times s > 0 for which U™ (s) > 0 and
at least one of the following three properties holds: AA™ (s) > 0, E™(s—) =0
or U™ (s—){E™(s—} = 0. Suppose U™ (s) > 0. If E()(s—) = 0, then the fact
that £ (s) > 0 by (4.10) implies AE™ (s) > 0, while if (™) (s—){ E(™) (s—)} =
0, the definition of E()(s) implies that AU (s){E™(s)}) > 0. Thus, the
set S is countable, and on the set {s € (U,(cn),t) cUM(s) > 0} \ M),
the process U™ decreases with unit rate by Proposition 4.8 (i). Therefore,
the total amount of this decrease on any time interval of the form (a,i"),t)
equals f;x(c") [ (s)>0y ds, which coincides with the absolutely continuous part

of UM (t)—U ™) (a,(cn) —) on the same interval. This concludes the proof of (4.70).
Adding and subtracting ¢ to (4.70), by the definition (2.6) of the netput
process N(™ and the non-negativity of U™, we obtain

t
UM () = N™(t) + / Lyt (o0 45 — R (1), (4.75)
0

29



while substituting (4.15) and (2.8) into (4.6), we have
UMt = N + 187 (1) + K () - K (1)
for ¢ > 0. On the other hand, we know that

/ ]I{U(")(s)>0}dlén) (5) =0 and / H{U(?L)(5)>0}dK£”) (5) =0,
[0,00) [0,00)

)

where the former equality holds because Wén) > U™ by (4.8)and I 53") increases

only at times when Wén) is zero, while the latter holds by (4.16). From the last
three displays, we conclude that

/ Lo ()>0p AR (5) = / Tiyon ()>0p 4K (5)- (4.76)
[0,00) [0,00)

On the other hand, since U™ (s) = 0 implies AA™ (s) = 0, from properties (i)
and (ii) of Proposition 4.8 and the fact that Rgl ) is a pure jump process with
AR (1) = U™ (t—){0}, it follows that

/[0 )]I{U(W(S)—O}ngfn)(s):/[O )H{U<”><s>:0}dK5rn)(s)-

Together, the last two equalities imply Rgl) = Kg_n), which, when substituted
into (4.70), yields (4.72). |

5 The Reneging System

In this section we bound the difference in workload between the pre-limit refer-
ence and reneging systems — Lemma 5.2 provides a lower bound, while Lemma
5.6 provides an upper bound. The proof of the upper bound uses an optimality
property of EDF that may be of independent interest.

Theorem 5.1 Let w be a service policy for a single-station, single-customer-
class queueing system with reneging such that the customer arrival times to this
system do not have a finite accumulation point. Let R.(t) be the amount of
work removed from this system up to time t due to lateness. Let Ry (t) be the
amount of late work removed due to lateness up to time t from the EDF system
with reneging and the same interarrival times, service times and lead times as
in the former system. Then for every t > 0, we have

R (t) < Ra(t). (5.1)

The proof of Theorem 5.1 is deferred to Appendix A. The related fact that
the EDF protocol minimizes the number of late customers in the G/M/c queue
was proved in [30], and the main idea of our proof is similar to that of [30].
However, our argument is pathwise and the only assumption on the distribution
of the system stochastic primitives that we impose is that customer arrivals do
not have a finite accumulation point. This assumption is clearly satisfied almost
surely by a GI/G/1 queue.
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5.1 Comparison results

In this section, we establish bounds on the difference between the processes U (")
and W™, In Section 6.1, this difference will be shown to be negligible in the
heavy traffic limit. We start with Lemma 5.2 showing that W) < U™ which
implies that Rgl) < Rw) (see Corollary 5.3).

In the proofs of these results, we will make frequent use of the observation
that, by (4.69) and (4.70),

t t
W () — UM () = /0 Lyt (s) 0y 48 — /O T (o) 503 45 + RS (1) — R (t)

(5.2)
for ¢ € [0, 00).
Lemma 5.2 For every t > 0, we have
WM (1) <U™(t). (5.3)
PROOF: Let A
= min{t > 0: WM () > UM (1)} (5.4)

If 7 = 400, then (5.3) holds. Assume 7 < +oo. In this case, we claim that
the minimum on the right-hand side of (5.4) is attained. Indeed, (5.2) and the

fact that Rgl ) and Rg;) are pure jump processes show that the only way that
W) U™ can become strictly positive is via a jump. Thus W) (1) > U™ (7).
Since W(7)(—00,0] = U(7)(—00,0] = 0 (in fact, this equality holds for any time
t), this means there must exist a y > 0 such that

W (1) (y, 00) > U™ (1) (y, ). (55)

Let
0 2 inf{t € [0,7] : W) (y+ 7 —t,00) >UD ) (y+ 7 —t,00)}.  (5.6)
By (5.5), the above infimum is over a nonempty set. Lemma 4.7 and Proposition

4.8 imply that the only difference in the dynamics of W) and 2/ is that the

arriving mass v,i") is concentrated at L,(:) in the case of the EDF system with

reneging and distributed in [L,(:), o0) in the reference system. On the other
hand, in both systems at time ¢ € [0, 7], no mass leaves the interval (y+7—¢, 00)
due to lateness. This implies that W) (¢)(y +7 —t,00) —U™ (t)(y + T — t, 00),
t € [0, 7], has no positive jumps and therefore

W () (y + T — 70,00) = U™ (t)(y + T — 70, 0). (5.7)

By (5.5) and (5.7), 70 < 7. Thus, there exists t € (79, 7), where t — 7 is
arbitrarily small and

WO @)y + 1 —t,00) > UM () (y + 7 — t,00). (5.8)
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However, we claim that (5.7) and (5.8) imply that for all ¢ € (79, 7), where t — 79
is small enough, it must be that

W B0,y +7—1t] > 0, (5.9)
UM )0,y+7—t = 0. (5.10)

Indeed, if (5.9) is false, then the left-hand side of (5.8) is equal to W) (¢), and
consequently decreases with unit speed as long as it is nonzero in some time
interval beginning with 7. Similarly, if (5.10) is false, the right-hand side of
(5.8) is constant on some interval beginning with 7. In both cases, due to (5.7),
(5.8) cannot hold for ¢ € (79, 7) with ¢t — 7y arbitrarily small. But (5.8)-(5.10)
yield W (t) > UM(t) for some t < 7, which contradicts (5.4). O

Corollary 5.3 For everyt >0,

RV (t) < RV (1), (5.11)

Moreover, for k> 1 and t > al(cn),

RGV(1) = RG (0 =) < R (1) — Ry (o). (5.12)
PROOF: Lemma 5.2 and (5.2) imply that for 0 < s <'t,

(R;}” (t) — R (s)) - (R(vﬁ) (t) - Ry (S)) SUM(s) =W(s).  (5.13)

Substituting s = 0 into (5.13) and using the fact that Rgl)(O) = RE;)(O) =
U™ (0) = W™ (0) = 0, we obtain (5.11). Likewise, for 0 < s < a,i") < t,
taking limits as s tends to 0,(:) in (5.13), and using the fact that U™ (ol(gn)f) =

W(”)(ali")f) = 0, which follows from (4.41), Lemma 5.2 and the non-negativity
of W) we obtain (5.12). a

The proofs of Lemma 5.2 and Corollary 5.3 show the following more general
(and intuitively obvious) fact: if all customers in the EDF system with reneging
get larger deadlines, this results in a larger workload at every time ¢ and a
smaller total amount of mass removed from the system due to lateness in the
time interval [0, ¢].

We now establish an inequality between the frontiers in both systems.

Lemma 5.4 For every t > 0 such that U™ (t) > 0, we have
EM(t) < FM(1). (5.14)

PROOF: Subtracting (4.5) from (4.6), we see that for any y € R,

U (D) (y.00) = WE ()~ K1) — W (0)(—o0,9] — K1)
< W)y, 00). (5.15)
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Now, assume that for some t we have F(")(t) < E()(t). In this case,

)-
W) = W M{C™ ()} + W () (F(t), 00)
W O{C™ (1)} + VT (1) (FM(2), 00)
W O{C™ (1)} + VI ()[E™ (1), 00)
) )
) )

Y

(
t
t , 00
W E{C (1)} + WS (H)[E™ (1), %)
W {CT (1)} + U™ (1) ) (2), 00)

U™ (t), (5.16)

vV IV IV

where the second line follows from the fact that none of the customers in the EDF
system with reneging that have lead times at time ¢ greater than F() (t) has
received any service up to time ¢, the second-last inequality follows from (5.15)
and the last line holds due to the equality U™ (t) = U™ (t)[E(™ (), 00). When
combined with the assumption that U (¢) > 0, this implies that W) (¢) > 0.
This, in turn, implies that W (£){C™(t)} > 0 because the residual service
time of the currently served customer is strictly positive. Thus, the last inequal-
ity in (5.16) is strict, which contradicts (5.3). O

Let D™ (t) be the amount of work deleted by the EDF system with reneging
in the time interval [0, ¢] that is associated with customers whose lead times upon
arrival were smaller than the value of the frontier at the time of their arrival.
In the proof of the next lemma, we will make use of the elementary fact that by
the definition of F(™ we have

FO(t) = (ty —t1) < F™(ty), 8™ <t <t (5.17)

Lemma 5.5 For everyt > 0,
U™ () —wm () < DM (). (5.18)
Proor: Ift € [T,i")l,ali")) for some k > 1, then U™ (t) = 0 by (4.41). Thus,

by (4.19), it suffices to prove (5.18) on [0, () + " ) for every k > 1. Let k > 1.
Suppose that (5.18) is false for some t € [o, (") (")) Let

7 2 min{t € [0, 7" U™ (1) = W (1) > DM (1)}, (5.19)

We first argue that the minimum on the right-hand side of (5.19) is attained.
Indeed, by (5.2) and Lemma 5.2, it is clear that U™ — W™ cannot increase
except by a jump that is due to lateness in the EDF system with reneging.
Thus, we have W™ (7—){0} > 0 and

U™ (1) = wm™ (1) > D™ (7). (5.20)

Moreover (4.41), (4.42) and Lemma 5.2 imply that U (o l(cn)) = AU(”)(U,(;)) =
AW(n)(gl(c")) =wm (U,(cn)) S0 0'( " <1 In particular, (5.19) implies

™ (7._) _ W(n)(T—) < D(n)(T—). (5.21)
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Let kg be the index of the customer arriving at time a,i"), ie., S,gz) = a,i").
Let k1 > ko be the index of a customer who reneges in the reneging system at
time 7. There must be such a customer, and there may in fact be more than
one such customer. The amount of work associated with all such customers at
time 7 is W (7—){0}, and we seek to show that this work is bounded above by

AD™ (7). We have S,(;f) € [olgn), 7) and Lgf) —(r— S,(;f)) = 0. The subsequent
analysis is divided into two cases.

Case I. For every customer k; chosen as just described, assume there is a cus-
tomer ¢ arriving in the time interval [a,i"), S,(;f)] who is at least as urgent as
customer k; when customer k; arrives but whose associated mass in the refer-
ence system is at least partly assigned so that upon the arrival of customer k1,
this mass is to the right of Lgf). In other words, ¢ € [ko, k1], Lé") - (S,(;f) fSén)) <
LY and AWM (STLMY > AU (85 [LMW, LYY + 87 — S¢™). In this
case, AU(")(Sén))(LES) + Sl(:f) - Sén),oo) > 0. Indeed, by Lemma 4.7 and
Proposition 4.8 (iv) (describing the only case in which part of the mass of a
new customer is distributed by the reference workload to a point other than its
lead time) AU(Sén)) = vén) and AU(”)(Sén))(foo, LEn)) = 0; see (4.42), (4.43),
(4.49), (4.50) and (4.4). Let s > Ly + S — 5" satisfy AU (S{™){s} > 0.
Such a point s exists since the measure U(”)(Sé")) is discrete.

If £ > ko (e.g., £ = k1), then, by (4.51) in Proposition 4.8 (iv) and Lemma
5.4, we have s < E(")(Sén)—) < F<”>(S§”)—) < F(”)(Sén)). Thus, by (5.17),
L) <s— Sy = §) < FO(s{™) — (8¢ = 54) < FO(5).

If ¢ = ko, then, because U(”)(S,(Jj)){s} > 0, we have Wén)(S,gZ)){s} > 0 by
the definition of (™). In this case W(”)(S,ig)){s} = 0, because W) = 0 on
[T,gi)l,a,(cn)) by (4.41) and Lemma 5.2, so W(”)(Sl(cg)) = w (U,(Cn)) = U](CZ)(SL(W,)

ko
and s > Lgll) +S,(€T) —S,(C:) > Lg;) by the definitions of £ and s. Thus, a customer
with lead time equal to s at time S,(C:) has already been in service in the EDF
system with reneging, so L,(;f) + S,(;f) — S,gz) <s< F(”)(S,iz)) and consequently,
by (5.17), L) < FO(8)) — (57 = 5i7)) < FO(S,)).

Thus, regardless of the value of /, Lgf) < F (”)(S,(C?)). In other words, under
the Case I assumption, every customer k; who becomes late at time 7 in the EDF
system with reneging arrived with initial lead time smaller than the value of F(")
at the time of its arrival. The work associated with these customers deleted at
time 7 is AD( (7). We conclude that W™ (r—){0} = AD™ (7). However, by
(5.2), we have A(U™ —W ™) (1) < W (1—){0}, and so A(U™ — W) (1) <
AD™ (7). This, together with (5.21), contradicts (5.20).

Case II. For a customer k; chosen as described above, assume that every cus-
tomer ¢ arriving in the time interval [algn),S,i?)] who is as least as urgent as

customer k; when customer k; arrives has all its associated mass initially as-
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signed in the reference system to the interval (0, L,(Jf) + S,iT) — Sén)] upon ar-
rival. Customers ¢ who are less urgent then k; must have lead times satisfying
Lé") > Lgf) + S I(CT) -5 én), and hence the mass brought by such customers must
be initially assigned to the half-line (L,(;f) + Sl(:ll) — Sén), 00) in both systems.
Then for every t € [al(cn), S,(C?)], we have

W ()0, LYY — (t — SU)] < U™ ()0, LYY — (t — ST, (5.22)

as we now explain. Under the Case II assumption the arrival of new mass is
the same on both sides of (5.22). Furthermore, disregarding lateness and new
arrivals, both sides of (5.22) decrease at unit rate so long as they are nonzero.
Finally, by (5.12) the amount of late work removed from the EDF system with
reneging in the time interval [U,(cn), t] is greater than or equal to the amount of
late work removed from &™) in this time interval. Therefore, (5.22) holds for

every t € [U,(cn), S,(C?)].
We claim that (5.22) in fact holds for all ¢ € [al(cn),r). Suppose this is not
the case. Let

n S inf{t € [5G VOO0, L — (=557 > U 00, L) — (6= 517

(5.23)
The strict inequality in (5.23) can occur only because of an arrival at time ¢
which brings mass to the interval (0, L,(;f) —(t— S,i?))] under the W) measure
but not under the U™ measure. The arrival at time k; does not have this
property because the Case II assumption applies to £ = k;. Therefore, n > S ,(;f)

Also, for t € [S,(;f), 7),

WL — (¢ = 5170} > 0, (5.24)

because the customer k; is present in the EDF system with reneging at time t¢.
By (4.4), (5.24) and the definition of 5, we have E(") (t) < Lgll) —(t— S,(C?)) for
t e [S,i?),n). Thus, E(™(t—) < L,(::) —(t— S,i?)) for t € (Sl(!:),n]. We argue
that this implies that the amounts of mass arriving in both the EDF system

with reneging and the reference workload at any time ¢ € (S ,(;f), n] with lead

times upon arrival less than or equal to LEJI) —(t-5 I(CT)) are the same. Indeed,

Proposition 4.8, especially (4.51), implies that no mass arriving at time ¢ with
lead time smaller than (™) (t—) in the EDF system with reneging is distributed
to lead times greater than (™) (t—) by the reference workload. Also, Proposition
4.8 (iii) and (v) imply that the mass arriving at time ¢t with lead time greater
than or equal to E(™ (t—) is distributed in the same way by the EDF system
with reneging and the reference system. By the same argument as in the case of
te [a,(cn), ng)], we conclude that (5.22) holds for ¢t € [Sg:), 7], which contradicts

the definition of 7. We have shown that (5.22) holds for t € [J,i"),T).
Letting ¢t T 7 in (5.22) and using the fact that L,(;f) —(r — S,(;f)) = 0,
we get W (1—){0} < U™ (7=){0}. Thus, by (5.2), AU™ — WM)(r) =
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W (1—){0} — U™ (r—){0} < 0 which, together with (5.21) and the fact that
D™ is nondecreasing, contradicts (5.20). O

For the sake of the next proof, we define a sequence of auxiliary hybrid
systems (with the same stochastic primitives as in the case of the EDF systems
described in Section 2.2) as follows. The hybrid system gives priority to the
jobs whose lead times upon arrival are smaller than the current frontier F(*) in
the corresponding EDF system with reneging. In other words, for each k, the
k—th customer arriving at the hybrid system joins the high-priority class if and
only if

L™ < F™M (s, (5.25)

The system processes high priority customers according to the FIFO service
discipline. When the priority class empties, the system goes idle until either
another high-priority customer arrives and the system resumes service in the
manner described above, or the corresponding EDF system with reneging fin-
ishes serving the customers who have received priority in the hybrid system.
Here, we are using the fact that the high priority customers leave the hybrid
system before they leave the EDF system with reneging, which is a consequence
of the optimality of the EDF discipline established in Theorem 5.1. (We have
slightly abused the terminology here, identifying the k—th customer in the hybrid
system with the corresponding customer from the EDF system with reneging,
while, formally, only the random variables uén), vl(c") and Lgcn) associated with
these customers are the same.) Whenever the EDF system with reneging fin-
ishes serving a batch of customers who have received high priority in the hybrid
system, both systems then serve the low-priority class using the EDF discipline
until the next high-priority customer arrives. In both systems, if a customer is
present when his deadline passes, he leaves the queue immediately, regardless
of his class. The measure-valued workload process associated with the hybrid

system will be denoted by ng).

Lemma 5.6 For everyt > 0, we have

U(n)(t) —wm (t) (5.26)
A(")(t)

+
<5 A (W0, ) 40— 1) T sy
k=1

PrOOF: By Lemma 5.5, it suffices to show that D(™(t) is not greater than the
right-hand side of (5.26). By Theorem 5.1, D™ (t), the amount of unfinished
work associated with customers who arrived with lead times smaller than (™)
and were deleted in the time interval [0,¢] by the EDF system with reneging,
is not greater than the unfinished work associated with these customers and
deleted by the corresponding hybrid system. Note that the customers with
lead times satisfying (5.25) form a priority class in both the EDF system with
reneging and the hybrid system, and so their service is not affected by the
presence of other customers. Furthermore, unfinished work associated with
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deleted customers who arrived with lead times greater than or equal to F(™ is
the same in both systems.
For each k, if (5.25) holds, then the k-th customer of the hybrid system be-

longs to the high-priority class. Moreover, if, for some | < k, Ll(n) < F(n) (Sl(n)),

then, by (5.17), Ll(n) - (S,in) - Sl(n)), the lead time of the I-th customer at time
S,in), is smaller that F(")(S,in)). Thus, if (5.25) holds, the k-th customer waits

at most ng) (Slin) -)(0, F(™) (Sl(cn))) time units before he starts receiving service.
(His waiting time may actually be smaller, because some of the high-priority
customers in queue who have arrived before him may renege before they are
served to completion.) We have

W (S )0, FM(SM)) < W (S8 (0, PO (S(M)), (5.27)

because in both systems under consideration, the arrivals with lead times smaller
than F™ and the corresponding work associated with them are the same, the
server serves these customers with rate 1 as long as they are present in the
system, but, by Theorem 5.1, the amount of unfinished work associated with
these customers and deleted by the EDF system with reneging is not greater
than the work deleted by the hybrid system. Thus, if (5.25) holds, the time
required for the hybrid system to fully serve the k-th customer is at most
V\/(")(S,(cn)—)(O7 F(”)(S,in))) + vl(cn). Consequently, under the assumption (5.25),
the unfinished work deleted by the hybrid system due to lateness of the k-th
customer is at most v,gn)A (W(”)(S,i")f) (0, F™ (S,gn))) + v,gn) - LL"))—F. There-
fore, the amount of work associated with high-priority customers deleted by the

hybrid system up to time ¢ is bounded above by the right-hand side of (5.26).
O

6 Heavy Traffic Analysis

In Sections 6.1 and 6.2, respectively, we identify the heavy traffic limit of the
scaled workload and the scaled reneged work in the reneging system. In both
cases, this is done by first considering the reference system, which is easier to
analyze, and then using the bounds derived in Section 5.1 to show that the
limits in both systems coincide. For the heavy traffic analysis of the reference
system, we will find it useful to introduce the following scaled quantities:

o A L s s A 1 pm) RO )
Urm(t) \/EU (nt), Ry~ (t) \/ERU (nt), K7(t) \/EKJF (nt),
(6.1)
and, for every Borel set B C R,
~ 1
U ()(B) £ —=U™ (nt)(v/nB). (6.2)
Also, define
x A * * ALk *
u*=ao(Wwg) and U*(:) =U"(-)(R) = 2W3)(R). (6.3)



6.1 Proofs of main results concerning the workload
6.1.1 Proof of Theorem 3.4

In Lemma 6.1, we use the continuity property of the mapping ® established
in Lemma 4.1, along with the characterization of the heavy traffic limit of the
workload measure-valued process in the standard system, to identify the heavy
traffic limit of the workload in the reference system. Let Ag(g) : D[0,00) —
DJ0, 00) be the mapping defined, for every ¢ € D[0,00) and t > 0, by

26(t)— sup |(6(s) —HO)T A inf ¢u)|.  (6.4)

s€[0,t] u€|[s,t]

Am0)(0)(2)

If ¢ is nonnegative, then by Theorem 1.4 from [26], Ag(o)(¢) is the function
in D[0,00) obtained by double reflection of ¢ at 0 and H(0). In other words,
Ar0)(¢) takes values in [0, H(0)] and has the unique decomposition

Apo) (@) = ¢ — Ky + K, (6.5)

where k1 are nondecreasing RCLL functions satisfying x4 (0—) = 0 and

/[O )H{Amm<¢><s><H<o>}d"€+(S>=07 /[0 )H{AH<0><¢><s>>0}d’@—(S)=0- (6.6)

Lemma 6.1 The process U* satisfies
U* = Agn) (W) (6.7)

and has the same distribution as W*. Moreover, U™ = U* = d(WE) and
UM = W* as n — co.

PRrOOF: By the definition of U* and ® given in (6.3) and (4.2), respectively,

U*(t) = PWS)(R)(t) = WE(t)— sup |WE(—o0,0] A ir[lf }Wg(u) ) t>0.
s€[0,¢] u€ls,t
Since (3.1)-(3.3) imply WE(t)(—o0,0] = (W&(t) — H(0))* for every t > 0, this
shows that U* = Ay (Wg). By the characterization of W given at the end
of Section 2.4, Ay (o) (W%) is a Brownian motion with variance (a? + 5?)\ per
unit time and drift —v, reflected at 0 and H(0). This proves the first claim.
Next, using the definition U™ = CID(Wé")) and the scaling properties of @,
it is easy to see that Un = @(Wén)). Since, by Theorem 3.2, we know that
W,(S") = W4, where WY is continuous and W(t) has a continuous distribution
for every t, an application of the Continuous Mapping Theorem, along with
the continuity property of ® stated in Lemma 4.1, shows that /(") = O (WY).

This, in particular, implies that Um =gy (R) = U*. Since U* has the same
distribution as W*, this proves the lemma. O

38



We identify the heavy traffic limit of the workload in the reneging system.
We start with Proposition 6.2, which states that the number of customers in
the EDF system with reneging having lead times not greater than the current
frontier and the work associated with these customers are negligible under heavy
traffic scaling. Then, in Corollary 6.3, we use the comparison results established
in Section 5.1 to show that the workloads in the reference and reneging systems
are equal with high probability and so their heavy traffic limits coincide.

Proposition 6.2 The processes W\(")(O,ﬁ(”)] and Q™ (0, F™] converge in
distribution to zero as n — oo.

This result holds for the same reason that state-space collapse occurs for priority
queues, an idea that can be traced back to [36]. Specifically, in our model, due
to the nature of the EDF service discipline, the entire capacity of the server is
always devoted to work that lies to the left or at the frontier, as long as the
system is non-empty. Thus the process W) (0, F (”)] is equal to the workload in
a single-server GI/G/1 queue that has netput process V(™) (t)(—oo, F("™ (t)] — ¢,
t > 0. By showing that F(™(t) < \/ny*, one shows that this (high-priority)
queue is in light traffic as n — oo, and so its diffusion scaling vanishes in the
limit. Since a rigorous proof that W™ [C(") | ("] = 0 and Q™ [C™), F(™] = 0
would be very similar to the proofs of Proposition 3.6 and Corollary 3.8 in [8], we
omit the details. We note that W™ (0, (™) = (0, ™) = 0 by definition.

Corollary 6.3 Let T > 0. Asn — oo,
P [UW () =Wm(t), 0<t < nT} 1 (6.8)

PRrOOF: For k > 1, WM (5™ —)(0, F((S{)) < wm(s{)(0, F((SM)),
because customers with strictly positive lead times do not renege. Thus, by
Lemmas 5.2 and 5.6, to prove (6.8), it suffices to show that as n — oo,

P [WI(s) (0, F(S() + o < LY, 1<k < A7) - 1.
However, this follows from the fact that, by (2.15),

(m) — T gy
kSRS oy U VT B, ANST(0) = o(V),

the inequalities Lgcn) > /Ny, Yy« > 0, and Proposition 6.2. O
Theorem 3.4 now follows immediately from Lemma 6.1 and Corollary 6.3.

6.1.2 Proofs of Proposition 3.5 and Theorem 3.6

We present the proofs of the remaining two limit theorems concerning the
measure-valued workload processes. For this, we need two preliminary results.
The first, Lemma 6.4 is that the frontier in the reneging system is strictly pos-
itive with high probability. The second result, Proposition 6.5, is a recap of a
result established in [8].
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Lemma 6.4 Let T > 0. Asn — oo,
P [FW (t)>0,0<t< nT} 1. (6.9)
PROOF: Let 0 < ¢t < nT. If W™ (t) > 0, then F(™(¢) is not smaller than the

lead time of the currently served customer, so F(™ () > 0. If W) (t) = 0, then
the customer indexed by A()(¢) has already been in service, so

FOO@) > L0, — = S50,,)
> Vny. - “fﬁ)m(t)ﬂ
> Vny. — max ufgn). (6.10)

1<k<AM) (nT)+1

However, max; << A (n1)+1 u;") = o(y/n) by (2.13) (in particular, by the fact
that S* has continuous sample paths), so (6.10) implies (6.9). O

Proposition 6.5 (Proposition 3.4 [8]) Let —oco < yo < y* and T > 0 be
given. Asn — oo,

sup sup [DO(8)(y, 00) + Hly + Vit) = H(y)| =0,
yo<y<y* 0<t<T

sup  sup ‘ﬁ(") (t)(y, 00) + AH (y + +/nt) — )\H(y)‘ ..
Yo<y<y* 0<t<T

PROOF OF PROPOSITION 3.5: Let 7 > 0. We will show that F(") = F* in
Dg[0,T). By definition, y* —/nt < F(")(t) < y*. Thus, by Proposition 6.5 and
the fact that H(y) = 0 for y > y*,

sup  sup ‘17@)(15)(?(") () Vy,00) — H(E® () v y)‘ Lo (6.11)
0<y<y* 0<t<T

Putting y = 0 in (6.11) and using Lemma 6.4, we obtain

sup ’T)(") (t)(F™(t), 00) — H(ﬁ(”)(t))‘ . 0. (6.12)
0<t<T
For any ¢t > 0,
W) = WO ()0, F™ (1)) + W (1) (F™)(¢), 00)
= WO ()0, F™ (1)] + V" () (F™(¢), 00), (6.13)

where the second line follows from the fact that none of the customers in the EDF
system with reneging with lead times at time ¢ greater than F (™) (t) has received
any service up to time ¢. This, together with Proposition 6.2 and Theorem 3.4,
yields VW (F(™ o0) = W*. Thus, by (6.12), we have H(F(™) = W* in
Dg[0,T]. Applying the continuous function H~! to both sides of this relation
and using (3.4), we obtain F = p* in Dg|[0,T]. a
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PrROOF OF THEOREM 3.6: Define a mapping ¥ : R — M by the formula
¥(z)(B) 2 me[x w1 =G(n)) dn for z € R and B € B(R). It is easy to see
that v is continuous. Hence, by Proposition 3.5,

($(FM), Mp(F)) = (p(F*), Mp(F*)) = (W*, Q7). (6.14)
Let T' > 0. We claim that

sup sup [ W (1)(y,00) =6 (FP(B) (y00)| == 0, (6.15)

0<y<y* 0<t<T

sup sup Q) (1)(y,00) = W (FW(®) (g, 00) == 0. (6.16)

0<y<y* 0<t<T

Indeed, reasoning as in (6.13), we see that, for 0 <y < y* and 0 <t < T,
WO 1)y, 00) = HED (1) v )|

< VOED (1) v y,00) — HIE (@) v y)| + WO (1)(0, F) (1)

= [P@ED @) vy, 00) — 6 (FO 1) (5, 00)) | + WO 1) (0, ) (1),

Therefore, (6.15) follows from (6.11) and Proposition 6.2. A similar argument
gives (6.16). We have W\(”)(t)(—oo,O] = W\(")(t)(y*,oo) = QM (t)(—00,0] =
Q™ (#)(y*, 00) =0 and, by Lemma 6.4, P[)(F™ (£))(—00,0] =0, 0 < t < T] —
1 as n — oo. Also, ¥(z)(y*,00) = 0 for every 2 € R. Thus, (6.14)—(6.16) imply
that (W™, QM) = (W*, Q%) in D [0, T). O

6.2 The heavy traffic limit of the reneged work process

In this section, we identify the limit of the sequence {ﬁw),n € N}, thereby
proving Theorem 3.8. To do this, it is convenient to show that many of the
processes under consideration can be put on a common probability space so that
certain weak limits established earlier can be replaced by almost sure limits.

Lemma 6.6 The processes W\én), 171(”), W(”), n €N, W§, U*, and W* can be
defined on a common probability space (Q, F,P) such that P almost surely, as
n — 0o,

W W, (6.17)
W — Wi, (6.18)
We ()00, 0 = Wi()(~00,0) = (W5() ~ HO) ",  (6.19)
om _, (6.20)

and
wm w2y (6.21)
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where W = WI(R), Wi = Wi(R), U™ = UM(R), and U* = U*(R).
Furthermore, W¢ is a Brownian motion with variance (o? + %)\ per unit time
and drift —v, reflected at 0, while U* is a doubly reflected Brownian motion on
[0, H(0)], also with variance (a®+32)\ per unit time and drift —y. In particular,

U* = Aoy (W) = Wi — K% + K* | (6.22)

where K% are the unique RCLL nondecreasing functions satisfying K3(0) =0
and

/[ )]I{U*(s)<H(O)} dK_T_(S) = 0, /[ : ]I{U*(s)>0} dKi(S) =0. (623)
0,00 0,00
The almost sure limits in (6.17)—(6.21) hold uniformly on compact intervals.

PrROOF. Recall from Theorem 3.2 that Wén) = W5. Using the Skorokhod
Representation Theorem, we construct the model primitives u§"), v](m and L§")
for j € N and n € N on a common probability space (Q, F,P) such that the
sequence of processes )7\/\;"), n € N, and the limiting process W¢ are defined on
this space and (6.17) holds. Here and below the almost sure convergences are
in the J; topology on Dy[0,00) or Dg[0, 00), and since the limits are continu-
ous in every case, this is equivalent to uniform convergence on compact inter-
vals. Since the mapping f : Daq[0,00) — Dr[0,00) given by f(p)(-) = u(-)(R)
is continuous, we have (6.18). Under P the measure-valued process W§ con-
structed on ) has the same distribution as the process WWg appearing in The-
orem 3.2, and thus Wg takes values in the set of measure-valued process of
the form fBﬂ[Fg(t),oo)(]‘ — G(y))dy for some RCLL process F§(t). However,
W) = fRﬂ[Fg(t),oo) (1 - G(y))du = H(FS(t)); hence F4(t) = F5(t) is given
by (3.2). In other words, with F§ defined by (3.2), the first equation in (3.3)
holds. Due to Proposition 3.1, the above argument also shows that under P,
W¢ is a BM with variance (o + %)\ per unit time and drift —y. In addition,
since for each ¢, the measure W(t) is non-atomic, we have (6.19).

Now, following (4.1) and (6.3), we set U™ = ®(WT) and U* = S(WE).
Also, as defined in (6.2), let U™ be the scaled version of 4™ and let U™ and

U* be as defined in the statement of the lemma. Then LA{(”), ﬁ(”),n e N, U*
and U* are also defined on (2, F,P) and (6.20) follows from Lemma 4.1. This
implies (6.21). Since U* = ®(W3)(R) = Ag0)(Ws), the characterization of U*
as a doubly reflected Brownian motion that satisfies relations (6.22) and (6.23)
is a consequence of the statements following (6.4), in particular, (6.5) and (6.6).

Since the model primitives u§n), vﬁm and L;n) for j € Nand n € N are all
defined on (2, F,P), so are the workload process W) and its scaled version
W, Corollary 6.3 implies that U™ and W™ have the same limit, and hence
(6.21), the almost sure counterpart to Theorem 3.4, holds. O

The assertion of Theorem 3.8 is that
RM = K7, (6.24)
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where K7} is the local time for U* at H(0) from (6.22). For T' < oo, define
2.(1) £ {R ) = RY(1), 0<t<T}. (6.25)

From the workload evolution equations (4.69) and
UM (t) = WM (1) for t € [0,T], then RUV(t) = R (¢
Corollary 6.3, we know that for every T' < oo, P(Z,(
shows that the limits in distribution of Egjn ) and R( , n € N, must coincide (if
they exist). Further, since IA(S_n) = ﬁgl ) by Corollary 4.9, these must be equal

to the limit in distribution of I?S_n),n € N. Hence, to complete the proof of
Theorem 3.8, it suffices to show that

(4.70), it follows that if
) for ¢t € [0, T]. Hence, by
T)) — 1 as n — oo, which
n)

K" = K. (6.26)
For n € N and k > 1, recall the definitions of 7',5”)1 and a,i") given in (4.11)
and (4.12), respectively, and define T,in) 2 17',5”1 and ¢ (n) 2 %a,(cn). Applying

the heavy traffic scaling to (4.13), it is easy to see that for t>0,

Ei“(t)Z[Wé”)@i"))v max W (s)(—o0,0] - WS (G -)

e sele tar{™]
(6.27)
Keeping in mind the limits in (6.17) and (6.19), we introduce the related process

RICEDY lWé @)V max  (Wi(s)— H(0))" — W3 <a,i”>>]

Py se[E™ ar{™]
(6.28)
for ¢ > 0, and denote the difference by

eEM)EYO @)~ KM@,  vt>o. (6.29)

Then Y™ is non-decreasing and continuous, and (") is an RCLL process.
In the next two lemmas, we show that Y (") increases only when U* is at
H(0) and that the difference (™) between Y (™) and Ksrn) is negligible in heavy

traffic. The main reason for introducing the sequence }7(”), n € N, is that it
facilitates the proof of the former property.

Lemma 6.7 For every n € N, Y™ and [?i") are constant on each interval
[?lgn)pa'\;(gn)) k > 1. Moreover,

/ Tt <oy dY ™ (1) = 0. (6.30)
[0,7]

PROOF. Fix n € N. The first statement follows immediately from (6.27), (6.28),
and the fact that the intervals [?lg")l, (n)) and [0}, " 7 n)) k > 1, form a disjoint
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covering of [0, 00). Now, fix &k > 1 and let J,i") be the set of points ¢t € [3,(:), ?,gn))
such that
WHELM) S e (W3(s) — HODT = W50 - HO. (631
seloy, 7t
Since W is continuous, J,gn) is closed, and so its complement in [U](Cn)ﬂ_]gn)) is
the union of a countable number of open intervals, with possibly one half-open
~(n) ~(n)

interval of the form [7,", a) for some a > @, ’. From the explicit formula for

y® given in (6.28), it is easy to deduce that Y (™ is also constant on each such
interval. Thus, to establish (6.30), it only remains to show that for each k > 1,

/,(m Lw- <m0y dY () = 0. (6.32)
“k

Fix t e J,in) and note that by the equality in (6.22) and the definition (6.4)
of Ap (o), we have U*(t) = W5(t) — K*(t), where

K*(t) 2 sup [(W§(s)—H(O))+/\ inf Wg(u)]. (6.33)
s€[0,t] u€|[s,t]
Also, note that
sup [(Wg(s)—H(O))JF/\ inf Wg(u)} < sup inf W3(u)

sE[O,’a‘)(cn)) u€ls,t] 86[0,3,2”)) u€s,t]

Wi(E!"),

IN

and that the equality in (6.31) implies

uE(s,t]

se[a,(vm,t]

sup {(Wg‘(s) — H(0))" A inf Wg(u)} =W5(t) — H(0).

Since K*(t) is equal to the maximum of the quantities on the left-hand side of
the last two displays, we conclude that

K*(t) < Wi(@™) v (WE(t) — H(0)) = Wi(t) — H(0),

where the equality follows from the inequality in (6.31). This, when combined
with the fact that U*(¢) € [0, H(0)], shows that U*(t) = W§(t) — K*(t) = H(0)
for all ¢ € Jlgn), which proves (6.32). ad

We recall some standard definitions that will be used in the next lemma.
Given f € D[0,00) and 0 < t; < ta < 00, the oscillation of f over [t1,ts] is

Osc(f; [t1, t2]) = sup{|f(t) — f(s)| : 1 < s <t <to}

and the modulus of continuity o f f over [0,T] is

wy(8;10,T]) = sup{| f(t) — f(s)| : 0 <5 <t < T, [t —s| <0},
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Lemma 6.8 Asn — oo, (™ 0.

Proor. Fix T > 0 and let n > 0 be arbitrarily small. Using the Kolmogorov—
Centsov theorem (see, e.g., Theorem 2.8, p. 53 of [18]), we can construct a
positive, increasing deterministic function 6(-) satisfying lims)o6(6) = 0 and
majorizing the modulus of continuity wy - (+;[0,7]) of the reflected Brownian
motion W* over [0,7] on a set Q with P(Q) > 1 — 7.

For each subsequence in N, there is a sub-subsequence S along which the
limits (6.17)—(6.21) hold P-almost surely. We choose €2 so that these limits hold
along S for all w € Q.

In what follows, for n € S, we denote Z,,(T') simply by Z,,, and evaluate all
processes below at a fixed w € Z, N Q. Choose A < y«/3, and let ng € S be
such that for all n € S, n > ny,

sup ‘W(”) 00, 0] — (Wi(t) fH(O))JF‘ <A; (6.34)
t€[0,T]
sup WV (=) - W) <A swp (W) - W (p)| <4, (635)
te[0,7] te[0,T)
sup ‘U(") - U*(t)‘ <A (6.36)
tE O T

From the definitions (6.27) and (6.28), respectively, of I?_(Fn) and Y™ it is clear
that, for every k € N such that T]gn) <T,

sup ‘57(") () - Y@ -) - (B - f(@(alg”)—))‘ <2A.
tefo,™ 7"

Define
Jo 2 Arem: BPED) - RGN -) > 07" <7},
Jn & {ReNYOFRD) - PG -) > 0,7 < T},

and let ¢(™ be the cardinality of J™ U J(. Since I?S_n) and Y™ are both

constant on intervals of the form [T,in)l, ﬁl(cn)) k> 1 (see Lemma 6.7), we have

EM(T) 2 sup (Y (s) — KV (s)| < 2¢™A. (6.37)
s€[0,T]

‘We now claim that

€[JnUJ) = Ose(W* 3™, 7)) > % (6.38)

We defer the proof of the claim and instead first show that the lemma fol-
lows from this claim. Let 07!(:) denote the inverse of § and define M =
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T/0~'(y./3) < oco. From the claim, we conclude that if k € [.J, U .J,] then
?,i") — 3,(:) > 60~1(y./3) > 0, which in turn implies that ¢(™ < M. Substituting
this into (6.37), we conclude that for every A > 0, there exists ng(A) € S such
that for all m € S, n > ng(A),

P(e™(T) > 2MA) < P(Z5 U Q°) < P(Z5) +1.

Taking limits as n — oo through S and using the fact that P(Z,) — 1, we
conclude that ™) (T) L, 0. We have shown that for each subsequence in N,

there is a sub-subsequence along which (™) (T") £, 0. Tt follow that ™ (1) £,
0, where the limit is taken over all n € N, and this proves the lemma.

We now turn to the proof of the claim (6. 38) Note first that by the definition
of H(0) and y., we have H(0) > y.. If k € J,, then Lemma 6.7 shows that

U*(t) = H(0) for some t € [A(n) A(n)) By the equality U ”)(A(") ) = 0 proved
in Lemma 4.7 and (6.36), this implies that the oscillation of U* on [A,i") ,gn)) is
no less than H(0) — A > y,/3. Since W* = U*, the conclusion in (6.38) holds.

Finally, suppose k € J,,. Since IA{SF") = ﬁgl) = ﬁ(wn), we have
BYE) - By @) >0,

that is, the deadline of a customer in the reneging system expires during the

(o 74"

unscaled time interval [o . Since

W (M) =0 (6.39)

(because U™ (U,(cn)—) = 0 and, by Lemma 5.2, W™ < U), this customer
must arrive during the interval [U,(Cn), T,gn)). Since his initial lead time is greater
than or equal to \/nyx, there is a time ntq € [U,(Cn) lgn)) when this customer has
lead time exactly /ny.. After time nty, this customer cannot be preempted by
new arrivals, all of which have initial lead times greater than or equal to v/ny..
At time ntg, the work that must be completed before this customer is served to

completion is at most W™ (nt()(0, /ny.]. Since this customer becomes late, we
must have W (nto) > W (nto)(0, v/ny.] > v/ny., or equivalently, W (to) >
W (t0)(0, y«] > y«. By right continuity, W(”)((to +v)—) > y, for some v >0
so small that to +v < T,E ). From the second inequality in (6.35) and the fact
that W(”)(E;")f) = 0 (the scaled version of (6.39)), we conclude that

W*(ty +v) — W*@E") > 3

and this gives us the conclusion in (6.38). O

>

PROOF OF THEOREM 3.8 Fix T < oo. Let 6 2 U* — U™ and let 5 A
supgepo, 1) (U (s) — U™ (s)|. According to (4.6) and (4.15),

v =w - g k™,
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We scale this equation to obtain
U =W 460 - KM 4 KO — w4500 40—y K0 (6.40)

where (cf. (4.14))

= A =(n) /~ ~ ~ T S A
ISEOEESY [(Wé’” E) = G nt=7")) - WY <n5’1’1>} :
keN

IA{i") is defined by (6.27) and (™ is defined by (6.29). According to (4.16),
fOT Lt (150 dK ™ (t) = 0, which implies

T
I, o=, dE™ () = 0. (6.41)
/o {U*(#)>5"}

Since Wén) + 60 4+ ™ = Wi due to (6.18), (6.20) and Lemma 6.8, and,
by (6.22), U* is obtained by applying the Skorokhod map on [0, H(0)] to W,
the convergence (6.26) is an immediate consequence of (6.40), (6.41), Lemma
6.7, Lemma 6.8, and the invariance principle for reflected Brownian motions.
However, since we are in a particularly simple setting here, we will provide a
direct proof without invoking the general invariance principle.

We choose ng so that 3" < m (0)/3 and recursively define stopping times
po =0, and for k > 1,

U*(t)%(o)}, pkmin{tzl/k

aURE T

V5 = min {t > Pr—1 3

Then 0 = pg < 11 < p1 < 12 < ... and limg— o0 p = liMmg— oo Vx = 0. For
n > no, K(_") is constant on each of the intervals [y, pi]. Moreover, Lemma 6.7

implies that for each k, Y™ is constant on each of the intervals [pk—1,vk]. For
t € [vk, px], we have from (6.40), (6.18), (6.20), and Lemma 6.8 that

YO~ Y™ () = W) - U @) + 6™ () + (1)
—WE (k) + U* () = 6 (1) — €™ ()
o WEE) = Ut — (Waw) — U ().

It follows that, uniformly for ¢t € [0, T, ym (t) converges in probability to

ST WE((EV ) Apr) = US(((tV i) A i) = (WE(m) — U ()] . (6.42)

keN

However, (6.23) implies that for each k, K* is constant on [v, px] and K7 is
constant on [pg_1, vk]. Therefore, (6.22) implies that for ¢ € [v, pg],

K () = K (ve) = W(t) = U™ () — (W5 (ve) — U™ ().
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This implies that the expression in (6.42) is K7 (t). But Y™ and IA(J(rn) have
the same limit in probability because of Lemma 6.8, and we conclude that

—>(n) g P
txerf%\m (t) — K (t) — 0. (6.43)

Convergence in probability implies weak convergence, and we have (6.26). O

7 Performance Evaluation and Simulations

We use the heavy traffic approximations of this paper to evaluate the perfor-
mance of the system with reneging and compare this to the system in which all
customers are served to completion. The predictions of the theory, derived in
Section 7.1 and compared to simulations in Section 7.2, are predicated on the
assumption that one can interchange the limit as n — oo and the limit as time
goes to infinity of the fraction of reneged work. A formal proof would require
a coupling argument such as found in [38]. The simulation results attest to the
accuracy of the approximations derived in Section 7.1 and also show the great
difference in performance between the reneging and non-reneging systems.

7.1 Derivation of theory predictions

We derive formulas (1.1)—(1.7). We begin with one of the main results of this pa-
per, Theorem 3.4, which states that the limiting scaled workload in the reneging
system is a reflected Brownian motion in [0, H(0)] with drift. More specifically,

W*(t) = Wg(t) — K7 (t) + KX (1), (7.1)

where W} (t) is a reflected Brownian motion on [0, o) with variance 02 = A(a?+
(%) per unit time and drift —y, K* is the nondecreasing process starting at
K*(0) = 0 that grows only when W* = 0, and K| is the nondecreasing process
starting at K7 (0) = 0 that grows only when W* = H(0). We further saw in
Theorem 3.8 that K} (¢) is the limit of the scaled workload that reneges prior
to time ¢ in the diffusion scaling, i.e., \/nK (t) is approximately the (unscaled)
workload that reneges in the n-th system prior to time nt.

Lemma 7.1 ([15], Proposition 5, p. 90) We have

11 mEeeg T #0
R U

) (7.2)
SH0) if v =0.

PRrOOF: The first equality in (7.2) is a consequence of the fact that W* has a
stationary distribution (see (7.5) below). For the proof of the second equality,
recall that W has the decomposition (2.16). Let f be a C? function. Applying
Ito’s formula to f(W*(t)) and taking expectations, we obtain

FOE[I(t) + K2 (t)] — f'(H(0))EEY (1)
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= B[ ) = gt (v (o) | s B0V 0) - 100 (73

Taking f(r) = x, we obtain E[I§(t) + K* (t)] — EK% (t) = vt + EW™*(t) — f(0).
If v # 0, we may take f(z) = %627‘”/‘72 in (7.3), which leads to the equation
E[I5(t) + K* ()] — 2 TO/7EKY (1) = & (Ee™W (/7" — 1), Solving these
equations for EK (t), we obtain the second equality in (7.2) for v # 0. To
obtain this equality for v = 0, we take f(z) = 2. O

According to (2.12), the work that arrives to the n-th system by time nt is
V(A (nt)) = /nN(t) + nt. But, N is approximately N*, and hence

N (¢ t N*(t t
i VAN £t hmmz( g )
t—o00 nt t—o0 nt

NG

Therefore, if v # 0, the long-run fraction of reneged work is approximately

N 1
K*(t 1 1 Nt t
lim _ VnEL() = — lim -K7j(t)- lim ViNT(E) + nt
t—oo V(1) (A(") (nt)) \/nt—oo t t—00 nt

/v
(1= 7/vn)(e O/ — 1)’

Finally, (2.4) implies that the expected lead time in the n-th system is IEL§.") =

J.S(1-G(y/v/n))dy = \/nH(0). Using this formula and (2.10), we conclude that
the fraction of work that reneges in the n-th system when « # 0 is approximately

%

L _iep™ : (7.4)
p(") (62(1_17("))]EL§-7”/02 _ 1) p(n) (eHD _ 1)

where
21— p™) 2y
o2 ~ /no?’
We have suppressed the dependence of § and D on n, which will remain fixed.
2
If v = 0, then in place of (7.4) we have Z=. We have established (1.1) and (1.2).

0 —

D =EL" = /nH(0).

Remark 7.2 Corollary 3.7 also implies that the limiting scaled queue length
process is AW*, which is a doubly reflected Brownian motion in [0, AH (0)] with
drift —y\ and variance per unit time A\?¢?. This incorrectly suggests that
AV/nK’ (t) is approximately the workload that reneges in the n-th system prior
to nt. The simulations indicate that this naive interpretation of Corollary 3.7
applied to the queue length process is incorrect, as does the following heuristic.

According to [15], Prop. 5, p. 90, if v # 0, the stationary density for W* is

02(1_672711(0)/02)

0 otherwise,

A e g < < H(0)
W(ﬂf){ - ’ (7.5)
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whereas the stationary density is uniform on [0, H(0)] if v = 0. Therefore, for
v # 0 and t large, the density of W) (nt) ~ \/nW*(t) is approximately

1, e 0 <w< D,
Sﬁ(w):ﬁsﬁ (w/\/ﬁ){ 1—emob T

0 otherwise.

We have suppressed the dependence of ¢ on n.

Suppose now that the lead times of arriving customers are not random. Then
in the n-th system, all lead times are equal to /nH(0) = D. In this case, the
EDF policy serves customers in order of arrival (FIFO). Suppose the workload
in queue is W at the time of arrival of a customer whose service requirement
is V. Recall that the expected service time is 1/ 1™ and because n is fixed,
we suppress it and write EV = 1/u. The arriving customer will be served
to completion if and only if W 4+ V < D. Suppose further that the arrival
process A is Poisson, so that according to the PASTA property (“Poisson
arrivals see time averages”; see [1], Theorem 6.7, p. 218), an arriving customer
will encounter a workload W having approximately the distribution ¢. The
probability the arriving customer eventually reneges is thus

D

D-V)+

P{W>3V}E[P{W>3V|V}}El/ ga(w)dw].
(

Because D is of order /n and V is of order 1, we have (D —V)* = D —V with
high probability. Using this approximation, we complete the calculation for the
case v # 0 to obtain

1
P{Customer reneges} ~ ——— (Ee’V — 1). (7.6)
efD —1

If the customer reneges, then work V + W — D > 0 is lost. The expected
lost work is

D —
Jo_vy+ (v +w—D)p(w) dw
P{Customer reneges}

E[V + W — D|Customer reneges| ~ E

Again using the approximation (D — V)T ~ D — V, we obtain

%

E[V + W — D|Customer reneges| = % E E/V 1
VT
N l B EV
T 0 6EV + 1PE[VZ] + O(n32)
_ EV
SRV

The last expression is, perhaps not surprisingly, the formula for the average
residual lifetime of a renewal cycle; see [33], Example 3.6(b), p. 80-81. Con-
sequently, when lead times are constant and the arrival process is Poisson, we
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should expect the total number of customers reneging in [0,¢] times the ex-
pected amount of work lost per reneging customer to approximately equal the
total amount of work lost by reneging in [0,¢]. If we divide both by the total
number of customer arrivals in [0,¢] and take limits as ¢ — oo, we find:

Fraction of lost customers in reneging system
Fraction of lost work in reneging system

— * EV
E[V + W — D|Customer reneges|
2(EV)?
IFE[VQ)] x (Fraction of lost work in reneging system). (7.7)

This is (1.7) with EV = - and E[V?] = 6% + 5.

If V is exponentially distributed, hence E[V?] = 2(EV)2, then (7.7) implies
that the fraction of customers who renege will be approximately the fraction of
work that reneges. See Figure 1 for a simulation confirmation of this assertion.
On the other hand, if V' is nonrandom, hence equal to its mean 1/u, then (7.7)
predicts that the fraction of customers who renege will be 2 times the fraction of
work that reneges. See Figure 2 for a simulation confirmation of this assertion.
Both these conclusions hold irrespective of the value of A.

The last conclusion is inconsistent with a naive interpretation of Corollary
3.7, according to which work reneges at a rate 1/\ times the rate of customer
reneging. Since work arrives at a rate EV & 1/ times the rate of customer
arrivals, this naive interpretation of Corollary 3.7 would say that the fraction
of work reneging would approximately agree with the fraction of customers
reneging regardless of the distribution of V. O

We next turn our attention to the performance of the standard (non-reneging)
system. Recall from (2.15) that the scaled workload process when all customers
are served to completion converges to W§, a reflected Brownian motion with
drift —y (we now assume « > 0 in order to have a stationary distribution) and
variance 0. In particular, Wé") (nt) ~ /nW{(t). The stationary density for
W3 is
5() é{ e ez,

0 otherwise,

and so for large t, the density of W(”)(nt) is approximately

1 fe= v if w >0,
ps(w) = W@S(w/\/ﬁ) o { 0 otherwise.
Consequently, the long-run fraction of time W) spends above level D is e=9D,
The workload level at which the limiting frontier reaches 0 is H(0), and hence it
is approximately the case that the n-th system sees lateness if and only if w)
exceeds D = \/nH(0). In other words, the theory predicts that

Fraction of late customers in standard system

= Fraction of late work in standard system = e /7. (7.8)
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We are using here the result for GI/G/1 queues that
I e
A AT /0 Lwe @snopd = Jfim i 7 /O L oy> p(0py 2

1 T
= Tlggof/o Lwsw>m oy dt,

a result that grows out of the work of Kingman [20], [21]; see [11] for a general
result that specializes to the case under consideration.

It is important to compare the fraction of work that reneges in the reneging
system, given by (7.4), with the fraction of work that is late in the standard
(non-reneging) system. The ratio of these quantities of lost/late work is

Lost work in reneging system efP 1—pm
1 ( p) )

~ = 7.9
Late work in standard system — 0D — (7.9)

The parameter 6 is O(1/y/n), 6D is O(1), and 1 — p(™ is O(1/y/n). Thus the
ratio in (7.9) is O(1/y/n).

Remark 7.3 If lead times are a nonrandom constant D, EDF reduces to first-
in-first-out, and the fraction of lost customers in an M/G/1 queue with 0 < p < 1
s (1 — p)P{W > D}/(1 — pP{W > D}), where W is the steady-state workload
in the corresponding non-reneging M/G/1 queue (see [5]). In the heavy traffic
limit of our model, P{W > D} = e~?P (see the derivation of (7.8)). Recalling
that 1 — p = 0O(1/4/n) in (1.1), we observe that this is consistent with (1.1).

7.2 Simulation results

We conducted a simulation study to assess the accuracy of these approximations
and to compare the performance of the systems with and without reneging. Two
systems were considered, an M/M/1 system presented in Figure 1 and an M/D/1
system presented in Figure 2. In both cases, A = 0.5 and ;lt = 1.96, and so the
traffic intensity is p = 0.98. These parameter values result in § = 0.010202
for the M/M/1 case and 6 = 0.02 for the M/D/1 case. The initial deadline
distribution is uniform on [5, B] with the mean deadline D = #, varying from
B = 5 (constant deadlines) to B = 200. The data points are the simulation
results averaged over one billion customer arrivals per case. The curves that are
superimposed on the data are the theoretical values, e P for the case in which
customers are served to completion (the standard system), and equations (1.1)
and (1.7) for the fraction of work lost and the fraction of lost customers for the
reneging system. Equation (1.7) is derived in Remark 7.2 under the assumption
of constant deadlines. Nevertheless, we apply it for the variable deadline case in
the simulation study. The fraction of late work or late customers for the system
in which customers are served to completion is also presented to compare its
performance with that of the reneging system.

The M/M/1 results are presented in Figure 1 with the fraction of customers
missing their deadlines, the fraction of customers reneging, and the fraction of
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Figure 1: M/M/1 Queue

work reneging plotted on a log scale on the y-axis against the mean deadline
on the z-axis. There is nearly perfect agreement between the theoretical ap-
proximation and the simulation. In fact, one cannot see the plot of “Fraction of
Customers Late (No Reneging)” because it coincides with the “Theory” plot at
the top of the figure. Similarly, one can see only parts of the plots of “Fraction of
Customers Reneging” and “Fraction of Work Reneging” because they coincide
with the “Theory” plot in the middle of the figure. One can see the linear form
for the case of service to completion. Furthermore, the simulation confirms the
prediction of (1.1)—(1.4) that for sufficiently large values of D, the performance
of the reneging system is parallel on a log scale to that of the standard system
with the two curves separated by approximately 0.02. This corresponds to a
reduction in work that misses its deadline by a factor of 40 to 50.

Figure 2 presents the results for the M/D/1 system. The results are quali-
tatively identical to those of Figure 1, except the fits of the theoretical curves
are not as exact as the fits for the M/M/1 system; it appears that now the
value 6 = .02 is slightly too small and hence the theory slightly overestimates
the fraction of work that misses its deadline, especially when the mean deadline
is large. Also, the lost or late work and the customer loss or lateness fractions
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are significantly smaller than for the M/M/1 system owing to the reduction in
variability of the customer service time distribution. The reduction in missed
deadlines between the two systems for large values of D is again a factor of 40 to
50. In both figures, it is clear that there are one to two orders of magnitude of
improvement in the overall performance of the system resulting from stopping
service on customers when their deadlines expire.

A Appendix: Optimality of EDF

PROOF OF THEOREM 5.1: Let 7 be a service policy and let ¢y be the first time 7
deviates from the EDF policy, either because it idles when there is work present
or it serves a customer other than the customer present with the smallest lead
time. Let j be the index of the customer with the smallest lead time at time .

We consider first the case that 7 idles at time to. In this case, we define p(m)
to be the policy that emulates 7 except as noted below. From time ¢, whenever
7 idles, p(7) serves customer j, at least until time ¢;, when customer j leaves
the p(7) system because either p(7) serves customer j to completion or else the
deadline of customer j elapses. From time ¢1, p(7) idles if 7 serves customer j.
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We will show that for ¢ > 0,
Ry (1) < R(t). (4.1)

Let v (t) (respectively, v} (t)) be the residual service time of the k-th customer
at time ¢t under 7 (respectively, p(w)). In particular, if dj is the deadline of the
k-th customer, then vi(dr—) (respectively, v (dp—)) is the work corresponding
to this customer that is deleted by 7 (respectively, p()) due to lateness, and

Rym(t) = > vf(di—),  R(t)= o (dy—). (A.2)

k:dip <t k:dp <t
By the definition of p(x), for t > 0 and k # j, we have
v (t) = vi(t), (A.3)

whereas
Vi (t) < wy(t). (A4)

Summing (A.3) over k # j, invoking (A.4) and (A.2), we obtain (A.1).

We next consider the case that at time ¢g, 7 serves customer i # j. In this
case, we define p(m) to be the policy that emulates 7 except as noted below.
From time to, whenever 7 serves customer i, p(m) serves customer j, at least
until time ¢;, when p(7) serves customer j to completion or the deadline of
customer j elapses. From time ¢, p(7) serves customer i if 7 serves customer j,
provided customer 4 is present in the system under p(7). If 7w serves customer j
and customer 7 is not present under p(w), then p(r) idles. We again have (A.2)
and (A.4), whereas (A.3) now holds only for k ¢ {7, }. If the i-th customer is
served to completion under p(r), then v/ (d;—) = 0, and (A.3) for k ¢ {i,j},
and (A.4) imply that (A.1) holds for all ¢. It remains to consider the case that
the i-th customer becomes late under p(m). In this case (A.3) for k ¢ {7,j} and
(A.4) imply that (A.1) holds for ¢t € [0,d;). Let w; denote the work done by
p(m) on the j-th customer when 7 works on the i-th customer in the interval
[to,t1). Let wy be the work done by p(m) on customer 4 in the time interval
[t1,00) while 7 works on customer j in this time interval. Finally, let w3 be the
work done by 7 on customer j in the time interval [¢1,00) while p(r) is idle.
Then vf(d;—) + w1 = vj(dj—) + wa + w3 and v} (di—) + w2 = vi(di—) + w1,
which implies

vf(dj—) +vf (di—) = v;(d;—) + vi(di—) + ws. (A.5)

We argue by contradiction that ws cannot be positive. If ws were positive, then
at some time ¢ > t1, 7 serves customer j and customer i is not in the p(7)
system. This implies that d; > ¢, and since by assumption, d; > d;, the absence
of customer ¢ in the p(7) system means that this system has served customer ¢
to completion. We conclude that vf(d;—) = 0. On the other hand, customer j
is also not in the p(7) system at time ¢ > ¢1, and so v} (d;—) = 0 as well. The
left-hand side of (A.5) is zero, and hence wz must be zero. We conclude that

U?(dj—) + Uf(dl_) = ’Uj(dj—) + ’Ui(di_). (A6)
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Since d; < d;, if t > d;, then (A.3) for k ¢ {4,j} and (A.6) imply (A.1).

Starting from the service policy m, we have obtained a service policy p(r)
that either is work conserving until the departure of customer j or else gives
customer j priority over customer ¢ until the departure of customer j. However,
immediately after time ¢g, the policy m may serve some customer k ¢ {i,j},
and hence p(7) also serves k at this time, although customer j is more urgent.
Therefore, we apply n iterations of the mapping p, where n is the number of
customers in the 7 system at time ¢y, and thereby obtain a policy that is work-
conserving and serves in EDF order at least until the first time after t¢ that
there is a departure or an arrival. We have R, () (t) < Rx(t) for all ¢ > 0.

By assumption, for each ¢ the number of system arrivals A(t) by time ¢ is
finite. Hence the maximum number of customers in the system over the interval
[0,¢] is bounded by A(t), and the number of arrivals and departures up to time
t is bounded by 2A(t), irrespective of the service policy. Thus, if we start with
any policy 7, the number of iterations of the mapping p required to obtain a
policy that is work conserving and serves in EDF order up to time t is finite.
Under this policy the amount of work removed by lateness up to time ¢ is the
same as for the EDF system in the theorem, and hence (5.1) holds. o

Remark A.1 In the above proof we have implicitly assumed that 7 (and thus
p(m)) never serves more than one customer at the same time. This assumption
simplifies the exposition of the argument, and the generality Theorem 5.1 is
sufficient for this paper. However, the proof can be generalized to policies
permitting simultaneous service of customers (e.g.,, processor sharing). In this
case, in the construction of p(m) we must additionally take the rates at which
customers receive service into account. For example, the difference in the rates
with which the j-th customer receives service under p(7) and 7 in the time
interval [tg, 1) must be equal to the rate of service of the i-th customer under
7 in this time interval, the rates of service of all other customers in this time
interval under 7 and p(7) must be the same, etc.
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