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ON ROUGH ISOMETRIES OF POISSON PROCESSES ON
THE LINE

By RoN PELED
University of California, Berkeley

Benjamini and Szegedy asked (independently) whether two inde-
pendent Poisson point processes on the line with the same intensity
are rough isometric (quasi-isometric) a.s.. Szegedy conjectured the
answer is positive. We prove that this question is equivalent to the
following question, given two independent Bernoulli percolations A
and B on the natural numbers with 0 adjoined to each of them, there
exist constants and probability p > 0 such that for any n the first
n points of A are rough isometric to an initial segment of B with
these constants, with 0 mapping to 0 and with probability at least p.
‘We then make some progress towards the conjecture by showing that
if the constants of the rough isometry are allowed to grow with n
then constants of order y/logn will suffice (this quantitative variant
was introduced by Benjamini). It appears that this is the first result
to improve upon the trivial construction which has constants of or-
der log n. Furthermore, the rough isometry we construct is (weakly)
monotone and we include a discussion of monotone rough isometries,
their properties and an interesting lattice structure inherent in them.

1. Introduction. The concept of rough isometry (sometimes also called
quasi-isometry or coarse quasi-isometry) of two metric spaces was introduced
by Kanai in [6] and in the more restricted settings of groups by Gromov in
[5]. Informally, Two metric spaces are rough isometric if their metric struc-
ture is the same up to multiplicative and additive constants, this allows to
stretch and contract distances as well as to have many points of the one
space mapped to one point of the other. For example, R? and Z? are rough
isometric. On the one hand, the rough isometry concept is stringent enough
to preserve some of the metric properties of the underlying space. On the
other hand it is loose enough to allow for large equivalence classes of spaces.
For example, rough isometry preserves (under some conditions) geometric
properties of the space such as volume growth and isoperimetric inequalities
[6], it preserves analytic properties such as the parabolic Harnack inequality
[4] (and also [7, section 2.1]) and in a more probabilistic context, various es-
timates on transition probabilities of random walks (heat kernel estimates)
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2 R. PELED

are preserved, see again [7, section 2] and the references contained therein.
Formally we have the following

DEFINITION 1.1. Two metric spaces X and Y are rough isometric if
there exists a mapping T : X — Y and constants M, D, R > 0 such that

(i) Any z1,22 € X satisfy

1
de(xl,xg) —-D< dy(T(l‘l),T(l‘g)) < de(l‘l,l‘g) + D

(i) For anyy €Y there exists x € X such that dy(y,T(z)) < R.

The first condition ensures that the metric is not distorted too much
multiplicatively or additively and the second condition implies that the map
is close to being onto. At first look it appears that the definition is not
symmetric in X and Y but one may check easily that if such a mapping
T : X — Y exists then also another mapping T': Y — X exists satisfying
the same conditions with the roles of X and Y interchanged (and with
possibly different constants).

We will sometimes abbreviate rough isometric to r.i..

In this article we are concerned with an aspect of the question of how
large are the equivalence classes of rough isometric spaces. Specifically, Ben-
jamini [2] and independently Balazs Szegedy (in 2004) asked the question of
whether two independent Poisson processes on the line (viewed as random
metric spaces with their metric inherited from R) are rough isometric a.s..
Szegedy also conjectured that the answer to this question is positive. It is
a form of a matching problem but unlike some other matching problems
in which we wish to minimize some quantity on the average, or to have it
bounded for most points, here we need to satisfy the rigid constraints of a
rough isometry for all points. To our aid comes the fact that the Poisson
processes are infinite and we may ”start” constructing the rough isometry at
a particularly convenient location and use the freedom afforded by large con-
stants to "plan ahead”. We note that originally researchers were interested
in this question (and similar ones) in higher dimensions, but since it appears
to be hard already in one dimension efforts were concentrated mostly on this
case. Unfortunately, this article does not settle this conjecture, but it makes
some modest progress, as will be detailed in the next section. We also prove
the equivalence of the problem to several other related problems involving
percolations on the integers and on the natural numbers as detailed precisely
in the next section. Our main result is the construction of a monotone rough
isometry with certain properties, section 3 presents a discussion of monotone
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ROUGH ISOMETRY OF POISSON PROCESSES 3

rough isometries, their properties and an interesting lattice structure inher-
ent in them. Section 4 contains the proofs of all the theorems in section 2
except for the main construction. Section 5 presents the main construction.

1.1. Acknowledgments. 1 would like to thank Itai Benjamini for telling
me the problem and encouraging me to work on it and Ori Gurel-Gurevich
and Gady Kozma for suggesting ways of attacking the problem similar to
the ones I have finally incorporated. I would also like to thank Gideon Amir,
Steve Evans and Yuval Peres for useful conversations and discussions on this
problem. And finally thank Guillaume Obozinsky and Nicholas Crawford for
spotting and correcting an error in the previous version of figure 1.

2. Versions of the problem and main result. In this section we will
first state in precise terms the main open question described in the introduc-
tion, then we will proceed to show the equivalence of the question to several
other related problems. We shall go from the original continuous question, to
a discrete variant, then to an oriented discrete variant and finally to a finite
variant, all of which are equivalent. We will then state a quantitative version
of our main open question, based on the finite variant, and conclude this
section with a statement of our main result which is making some progress
towards solving the quantitative question. The proofs of all statements in
this section except for the main result are presented in section 4, the proof
of the main result is presented in section 5.

PROPOSITION 2.1.  Given two independent Poisson processes A, B C R
(possibly of different intensities), and constants (M, D, R). The event that
A and B are rough isometric with constants (M, D, R) is a zero-one event.

Hence we come to the

MAIN OPEN QUESTION 1. Do there exist constants (M, D, R) for which
two independent Poisson processes of intensity 1 are rough isometric a.s.?

In this article we shall mostly consider a discrete variant of the question
involving Bernoulli percolations on Z or on N rather than Poisson processes.
We remind the reader that a Bernoulli percolation on Z with parameter p
is the random subset A C 7Z obtained from Z by independently deleting
each integer with probability 1 —p. It is defined analogously for N. The next
proposition states the equivalence of the problem for Bernoulli percolations
and for Poisson processes.

ProOPOSITION 2.2.  The following are equivalent:
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4 R. PELED

(i) For some intensities o, 3 > 0, two independent Poisson processes, one
with intensity «, the other with intensity B are rough isometric a.s..
(i) For any intensities a, 3 > 0, two independent Poisson processes, one
with intensity «, the other with intensity B are rough isometric a.s..
(iii) For some 0 < p,q < 1, two independent Bernoulli percolations on 7Z,
one with parameter p, the other with parameter q are rough isometric
a.s..
(iv) For any 0 < p,q < 1, two independent Bernoulli percolations on Z,
one with parameter p, the other with parameter q are rough isometric
a.s..

Since by the previous proposition we may equivalently consider any in-
tensity for the Poisson process and any parameter for Bernoulli percolation,
we fix notation and from this point on consider only Poisson processes with
unit intensity and Bernoulli percolations with parameter %

A rough isometry between two Poisson processes, or between two Bernoulli
percolations on Z is not necessarily order preserving (or order reversing) as
will be discussed in more detail near the end of this section. Still one feels
intuitively that such a mapping should be monotonic in some rough sense,
indeed for the next two theorems we will need to show that such a mapping
is at least ”almost monotonic at most points”, in a sense made precise in the
following statements and their proofs. We start by showing that a certain
oriented version of the problem is equivalent to the original problem, for this
purpose we introduce a new concept

DEFINITION 2.1.  Two rooted metric spaces (X, a) and (Y,b) are rooted
rough isometric if there exists a mapping T : X — Y and constants M, D, R >
0 such that T'(a) = b and the conditions in the usual definition of rough
isometry hold for T and the constants (M, D, R).

And a different random model

DEFINITION 2.2. A rooted Bernoulli percolation on N (with parameter
3) is a random subset A C NU{0} in which 0 € A deterministically and
any n € N belongs to A with probability % independently.

THEOREM 2.3.  The following are equivalent:

(i) Two independent Bernoulli percolations on Z (with parameter ) are
rough isometric a.s..

(ii) Two independent rooted Bernoulli percolations (A,0) and (B,0) on N
are rooted rough isometric with positive probability.
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ROUGH ISOMETRY OF POISSON PROCESSES b)
To prove this theorem we need the following

DEFINITION 2.3.  Given two subsets A, B C Z and a mappingT : A — B
the point x € A is called a cut point for T if one of the following occurs

(o) For all z € A with z > x we have T'(z) > T (z).
(B) For all z € A with z > x we have T'(z) < T(z).

and

LEMMA 2.4. If two independent Bernoulli percolations on Z are rough
isometric a.s. with constants (M, D, R), then with probability 1, any rough
isometry T : A — B with constants (M, D, R) has a cut point.

We continue to phrase a finite variant of our problem. First define for
a given infinite subset A C N U {0}, A(n) C A to be its first n points
(for example, if A = (0,1,3,4,6,...) then A(3) = (0,1,3)). Also, given
A,B C NU {0} both containing 0 we sometimes say that A(n) is rooted
r.i. to some initial segment of B if there exists an m and a rooted r.i.
T : A(n) — B(m). We may also phrase this as T' is a rooted r.i. of A(n) to
some initial segment of B. We now have

THEOREM 2.5.  The following are equivalent:

(i) Two independent rooted Bernoulli percolations (A,0) and (B,0) on N
are rooted rough isometric with positive probability.

(i) There exists p > 0 and constants (M, D, R) such that given two inde-
pendent rooted Bernoulli percolations (A,0) and (B,0) on N, for any
n > 1, A(n) is rooted r.i. to some initial segment of B with constants
(M, D, R) and with probability at least p.

Although this theorem may seem at first sight straightforward, it seems
that the direction (i)—(ii) is somewhat tricky after all. The main difficulty
stems from the fact that given a rooted rough isometry from A C NU {0} to
B C NU{0} its restriction to A(n) is not necessarily a rooted rough isometry
to some B(m) with the same constants. This is due to the fact that a rough
isometry need not be monotonic and hence the image of its restriction to
A(n) may still have big "holes” (i.e. points b € B where property (ii) in the
definition of rough isometry does not hold) which are ”filled” by the mapping
at subsequent points of A. To prove this theorem we will need a statement
asserting that if A and B are rooted Bernoulli percolations, T': A — B is a
rooted rough isometry with constants (M, D, R), and if we allow to increase
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6 R. PELED

the constant R sufficiently, say to some L := L(M, D, R), then for "most
n’s” the restriction of T' to A(n) will still be a rooted rough isometry to some
initial segment of B with the constants (M, D, L). This is the content of the
next 3 lemmas, they make precise what we meant when we said previously
that a rough isometry is ”"almost monotonic at most points”.

We introduce a notation, given A C NU{0} and x € A, let Succ(z) be the
smallest point in A which is larger than z (or oo if there is no such point)
and let Gap(z) := Succ(z) — z. We start with a deterministic lemma

LEMMA 2.6. Let A,B C NU {0} be infinite subsets both containing 0
and let T : A — B be a rooted r.i. between them with constants (M, D, R).
There exists L :== L(M, D) such that if there exist x,y € A with x <y and
T(y) < T(x) — L then there exists z € A, z >y and z — x > 5% such that
Gap(z) > 4372

We continue with a probabilistic aspect of the previous lemma

LEMMA 2.7.  Let A be a rooted Bernoulli percolation on N, let w € N and
define for constants L, M the event EY ;== {32 € A, 2 > w, Gap(z) >

L
max (ﬁ, ;‘7%’)} Then P(EY yy) < C(ﬁ +1)e” ‘M3 for some absolute con-

stants C,c > 0 (not depending on any parameter).
Finally we have one more deterministic lemma

LEMMA 2.8. Let A,B C NU {0} be infinite subsets both containing 0
and let T : A — B be a rooted r.i. with constants (M, D, R) between them.
Fix L > R and n > 1, let x, be the n’th point of A and suppose that the
event ET" p 5 of lemma 2.7 does not hold for A. Then T restricted to A(n)
is a rooted r.i. of A(n) to B(m) for some m with constants (M, D, L).

REMARK 2.1.  Close inspection of the proof of part (ii)— (i) of theorem
2.5 reveals that (i1) is in fact equivalent (by the same proof) to the seemingly
weaker statement (R-denseness property is property (ii) in the definition of
T.1.)

(iii) There exists p > 0, constants (M, D, R) and a function f(n) — oo
such that given two independent rooted Bernoulli percolations (A,0) and
(B,0) on N, for any n > 1, with probability at least p there exists T from
A(n) to B(m) for some m (a function of A, B and n) which satisfies the
properties of a rooted rough isometry with constants (M, D, R) except that we
only require the R-denseness property to hold for b € B(m) with b < f(n).
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ROUGH ISOMETRY OF POISSON PROCESSES 7

Since this statement is complicated to state and we make no use of it in
the sequel we simply leave it here as a remark.

The last theorem gives rise to a quantitative variant of our main question
which will be our main concern in this article

MAIN OPEN QUESTION 2. Given two independent rooted Bernoulli per-
colations (A,0) and (B,0) on N, for which functions (M(n),D(n), R(n))
does there exist a rooted rough isometry T with constants (M (n), D(n), R(n))
from (A(n),0) to (B(m),0) for some m (a function of A, B and n) with
probability not tending to 0 with n?

By the previous theorem, our first open question is equivalent to the
claim that constant functions suffice. Both the original open question and
this quantitative variant were posed to me by Itai Benjamini [3] (though
without the proof of equivalence) and it is the main aim of this paper to
present some progress on this quantitative variant.

Trivially one has that the functions (log, 7, 0,0) or even (logy n — C,0,0)
for some C' > 0 suffice for this quantitative question by considering the
mapping from (A(n),0) to (B(n),0) which maps the i'th point of A to the
1’th point of B. We are not aware of any improvement to this trivial result
in the literature. We can now state our main result

THEOREM 2.9. There exists N > 0 such that given two independent
rooted Bernoulli percolations (A,0) and (B,0) on N, for any n > N there
exists a random m (a function of A, B and n) such that (A(n),0) and
(B(m),0) are rooted rough isometric with constants (30y/logy 1, 3,10/logy 1)

and with probability 1 — 278V1os27,

This theorem is proved by a direct construction which will be detailed
in section 5. Furthermore, the mapping we construct is (weakly) monotone
increasing (in fact, we construct a Markov rough isometry in the sense of
subsection 3.2). As already noted monotonicity is not required by the defini-
tion of rough isometry but monotone mappings are easier to construct, have
nicer properties and an interesting structure as explained in the next sec-
tion. We do not know if the question of having a monotone rough isometry
between (say) two Poisson processes is equivalent to the question of having
just a general rough isometry between them, the next section also makes
this question precise.

REMARK 2.2.  We note that up to the constant 8 the success probability
achieved in theorem 2.9 is optimal, for suppose that (0,1,...,[15¢/logyn]|+
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8 R. PELED

1) € A and that in B the next point after 0 is greater than 30./logyn + %,

this event has probability larger than 2~4V182"=3 4nd we claim that on this
event there is no rooted r.i. between A and B with constants (304/logy n, %, 104/logy n).
To see this suppose to reach a contradiction that there was such a rooted r.1.
T, let xy = max(x € A | T(x) = 0), then we must have o < 15, /logyn
by property (i) of the r.i. (and since T(0) = 0). Hence z9+ 1 € A and we
must have T'(xzg + 1) > 304/logyn + %, this is a contradiction since then

30y/logyn + § < T(zo + 1) — T(w) < 30y/logy n(wo + 1 — x0) + 3.

3. Monotone rough isometries. In this section we consider the no-
tion of a (weakly) increasing rough isometry, i.e., rough isometry mappings
T : X — Y between two subsets X, Y C R for which 7'(x) > T'(y) when-
ever x > y. As is easy to check, the notion of an increasing rough isometry
defines an equivalence class on subsets of R, that is, if X,Y,Z C R and
T, : X - Y, T, :Y — Z are increasing rough isometries, then there also
exist T3 : Y — X and Ty : X — Z (Ty := Ty 0T}) which are increasing rough
isometries. If there exists an increasing rough isometry between such X and
Y we shall call X and Y increasing rough isometric. At first reflection one
may hope that the notions of increasing rough isometry and a general rough
isometry are equivalent, that is, that if two spaces X,Y C R are rough iso-
metric then they are also increasing rough isometric (perhaps with different
constants). Unfortunately this is not the case in general as one may see by
various examples. Figures 1 and 2 show a variant of an example shown to
me by Gady Kozma [8], for each integer L > 1 figure 1 shows two subsets
Ar,Br, € N (each containing 4 points) between which there exists a non-
monotone rough isometry with constants (3,0,0) (which is depicted), but
as is easy to see any (weakly) monotone rough isometry will have constants
tending to infinity with the parameter L.

L |5 |5
..................................... Y L
A AjSA <Ay oo cAl—A
.................................... "o L
1? L r B Bj<oBy<>Bj ¢ « Bl————>Bpyy - - -
Fic 1. Monotonic rough isometry must Fi1c 2. No monotonic rough isometry ex-

have large constants. ists.

Although this example involves two finite sets of points and of course any
two finite sets are increasing rough isometric for some constants, one may
use this example to construct two infinite sets of points which are rough
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ROUGH ISOMETRY OF POISSON PROCESSES 9

isometric but not increasing rough isometric, figure 2 shows two such sets
A and B which are constructed by concatenating the previous (Ap, Br)
example but with a gap of size L! in both A and B between (A, Br) and
(Ar+41,Br+1). On the one hand, concatenating the rough isometries of figure
1 gives a rough isometry with finite constants here, but on the other hand,
such a fast growing gap ensures that any rough isometry between A and B
will have some large L (depending on its constants) such that for all j > L
the points of A; will only be mapped to the points of B; hence reducing to
the example of figure 1 within each such segment, in particular the rough
isometry cannot be monotonic.
In our context it is then natural to ask

MAIN OPEN QUESTION 3. Given two independent Poisson processes
A, B does there exist a (weakly) increasing rough isometry between them
a.s.?

As in section 2 one can prove the following

ProOPOSITION 3.1. Given two independent Poisson processes A, B C R
(possibly of different intensities), and constants (M, D, R). The event that A
and B are increasing rough isometric with constants (M, D, R) is a zero-one
event.

And one has the following equivalences

ProproSITION 3.2.  The following are equivalent:

(i) For some intensities o, 3 > 0, two independent Poisson processes,
one with intensity «, the other with intensity B are increasing rough
1sometric a.s..

(i) For any intensities a, 3 > 0, two independent Poisson processes, one
with intensity «, the other with intensity B are increasing rough iso-
metric a.s..

(iii) For some 0 < p,q < 1, two independent Bernoulli percolations on 7Z,
one with parameter p, the other with parameter q are increasing rough
1sometric a.s..

(iv) For any 0 < p,q < 1, two independent Bernoulli percolations on Z,
one with parameter p, the other with parameter q are increasing rough
1sometric a.s..

The proofs of these statements are exactly the same as in section 2 with
“rough isometry” replaced by ”increasing rough isometry” and are omitted.
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Again, due to this equivalences we shall only consider Poisson processes of
unit intensity and Bernoulli percolations with parameter %

Analogous to section 2 we can define a rooted increasing rough isometry
between two rooted spaces (X,a) and (Y,b) where X, Y C R as a mapping
T : X — Y which is an increasing rough isometry and has 7'(a) = b. For
increasing rough isometries it is much easier to pass from the question about
percolations on Z to the question about percolations on N and from there
to the finite version. This is due to the following obvious

ProrosiTION 3.3.  If A, B C R are increasing rough isometric by a map-
ping T : A — B with constants (M, D, R), then for any z,y € A with z <y
we have that T restricted to AN [x,y] is an increasing rough isometry from
AN|z,y] to BN[T(x),T(y)] with constants (M,D, R).

We emphasize once more that this statement is not true for general rough
isometries, though for increasing rough isometries it is trivial to check that
it holds (we omit the proof). From this we easily deduce

THEOREM 3.4. The following are equivalent:

(i) Two independent Bernoulli percolations on Z are increasing rough iso-
metric a.s..

(i) Two independent rooted Bernoulli percolations (A,0) and (B,0) on N
are rooted increasing rough isometric with positive probability.

(iii) There exists p > 0 and constants (M, D, R) such that given two inde-
pendent rooted Bernoulli percolations (A,0) and (B,0) on N, for any
n > 1, A(n) is rooted increasing r.i. to some initial segment of B with
constants (M, D, R) and with probability at least p.

The equivalences (i)—(ii) and (ii)—(iii) are trivial to prove using proposi-
tion 3.3. The proofs of (ii)—(i) and (iii)—(ii) are the same as those given in
theorems 2.3 and 2.5 with ”"rough isometry” replaced by ”increasing rough
isometry”.

Of course one can now ask a quantitative version of our question

MAIN OPEN QUESTION 4. Given two independent rooted Bernoulli per-
colations (A,0) and (B,0) on N, for which functions (M (n), D(n), R(n) does
there exist an increasing rooted rough isometry T with constants (M (n), D(n), R(n))
from (A(n),0) to (B(m),0) for some m (a function of A, B and n) with
probability not tending to 0 with n?
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ROUGH ISOMETRY OF POISSON PROCESSES 11

and as we have mentioned before, theorem 2.9 is still relevant in this
context since the rough isometries we construct there are increasing rough
isometries.

Up till now we have stated the common features of general rough isome-
tries and increasing rough isometries, the next two subsections show some
features which are unique to increasing rough isometries which show more
of the interest in this concept. The first of these is a structure present in
increasing rough isometries which we find quite interesting though unfor-
tunately we have not found a way to use it to our benefit in the sequel.
The second of these is a slight variant of rooted increasing rough isometries
which will be much easier for us to construct than general rough isometries,
this variant is fundamental for our construction of section 5.

3.1. Increasing rough isometries as finite distributive lattice. In this sec-
tion we shall show that given constants (M, D, R) and two finite subsets
A, B C NU{0} both containing 0, the set of rooted increasing rough isome-
tries from A to B with constants (M, D, R) is either empty or a finite dis-
tributive lattice, this immediately implies a host of correlation inequalities
(such as the FKG inequality) holding, as discussed below. However, although
we consider this to be a very interesting fact and possibly useful structure,
we comment already at the outset that we do not use this fact in our results
and only mention it here in the hope that it will prove useful in further work
on the problem.

We start with (see for example [1, Chapter 6])

DEFINITION 3.1. A finite partially ordered set L is called a finite dis-
tributive lattice if any two elements x,y € L have a unique minimal upper
bound x Vy (called the join of x and y) and a unique mazimal lower bound
x Ay (called the meet of x and y) and such that for any x,y,z € L

(1) xA(yVz)=(xAy)V(zxAz)

Now fix constants (M, D, R) and finite subsets A, B C N U {0} both
containing 0 which are rooted increasing r.i. with constants (M, D, R). Let
L be the set of all such rooted increasing r.i. mappings from A to B. For
T, Ty € L we say Th =< Ty if for all x € A we have T} (z) < Th(x). We also
define Ty V1 as (11 VTs) : A — B, (Th V1) (z) := max(Ti(x), To(z)) and
similarly (71 A T3)(x) := min(71(z), T2(x)). It is clear that if (71 V T3) € L
then it is the unique minimal upper bound of 77 and 75 in L and similarly
that if (73 A T3) € L then it is their unique maximal lower bound. It is also
clear that the distributive property (1) holds. Therefore to show that L is a
finite distributive lattice it remains to show
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12 R. PELED

LEMMA 3.5. For any Th,T5 € L we have (Ty V T3),(T1 ANT3) € L. Or
in words, the mazximum and minimum of two rooted increasing T.i. with
constants (M, D, R) are also rooted increasing r.i. with constants (M, D, R).

We remark that this lemma is not true for general rooted rough isometry
as is easy to see by example, the monotonicity property is required.

X y
A g
\ 1
\ 1
BN X\
b
Fic 3. Th - Solid line, T> - Dashed line.

PROOF. We shall show this for T VT, the proof for (77 ATy) is analogous
(or can even be deduced from the T} V Ty case by considering the reversed
mappings). Denote T := T} V Tb, it is clear that T(0) = 0 and that T is
still (weakly) monotonic. We continue with verifying property (ii) in the
definition of r.i. (see figure 3). Fix b € B, then there exist z,y € A with
|Ti(x) — b < R and |T2(y) — b] < R and we may assume WLOG z < y.
Of course if T'(x) = T1(x) then property (ii) holds, hence we assume that
T(x) = To(x). We obtain that T} (z) < T'(x) = Te(x) < Ts(y) from which
|T(x) — b| < R readily follows.

Fix z,y € A, < y, it remains to verify property (i) in the definition of
r.i. for T and x,y (also see figure 3), if T'(x) = T;(z) and T'(y) = T;(y) for
i =1 or i = 2 the properties clearly hold since they hold for T;, hence we
assume WLOG that T'(x) = Ta(xz) > Ti(z) and T'(y) = Ti(y) > Ta(y), we
obtain

S ly=a)=D < Toy)~To(w) < T(y)~T(a) < Taly) ~Ti(x) < M(y—a)+D

proving the lemma. O

The usefulness of the finite distributive lattice structure in probability lies
in that it allows one to obtain correlation inequalities in many cases (see [1,
Chapter 6]). Let us give an example, we say

DEFINITION 3.2. A probability measure p on L is called log-supermodular
if for all Ty, Th € L

(1) p(T2) < p(Ty vV To)pu(Ty A T3)
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ROUGH ISOMETRY OF POISSON PROCESSES 13
and then have

THEOREM 3.6 (FKG inequality). If p is log supermodular and f,g : L —
Ry are increasing (in the sense that f(T1) < f(Ty) whenever Ty < Ty) then

Eufg < (Euf)(Eug)

In our case one may take for example p to be the uniform measure on L,
and supposing x,y € A we may take f(71) = Ti(x) and g(T1) = T1(y). We
immediately obtain that when sampling a rough isometry uniformly from L
the images of x and y are positively correlated. This example may not be
so impressive since the result is intuitive, but still, it is not obvious how to
prove this result directly (for arbitrary r.i. A and B) and the emphasis is
that here we obtained it for free from the structure of L.

Unfortunately, we have not found a way to incorporate this structure into
our investigations.

3.2. Markov rough isometries. In this subsection we introduce a slightly
different (but equivalent up to constants) definition of a rooted increasing
rough isometry which will be much easier to work with in the sequel.

DEFINITION 3.3. Two subsets A,B C N U {0} both containing 0 are
Markov rough isometric if there exists a mapping T : A — B and constants
M, F, R >0 such that

(i) T(0)=0.
(ii) If x,y € A and x >y then T'(z) > T(y).
(iii) For all adjacent z,y € A (that is, with no point of A between x and
y) with T(z) £ T(y) we have &z —y| < |T(z) — T(y)| < Mlz — g,
(iv) For all b € T(A) we have maxT~(h) — minT~1(b) < F.
(v) For any b € B there exists x € A such that |T'(x) — b| < R.

The reason for the name Markov rough isometry is that all the restrictions
in the definition are in some sense local, to check that a given mapping T’
is a valid Markov rough isometry one scans its values on A starting from 0
and going in increasing order, to check the properties one needs to remember
the value of T on a point € A only until one reaches a point y > x with
T(y) > T(z) and by property (iv) this must happen after checking at most
F points. Hence there is a form of finite memory property to Markov rough
isometries which is the reason for the name. Still, although they may appear
weaker at first Markov rough isometries are equivalent to rooted increasing
rough isometries
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14 R. PELED

LEMMA 3.7.  Fiz Two subsets A, B C NU {0} both containing 0.

1. If T : A — B is a Markov rough isometry with constants (M, F, R)
then T is a rooted increasing rough isometry with constants (2F +

M, L R).

R

2. If T : A — B is a rooted increasing rough isometry with constants
(M, D, R) then T is a Markov rough isometry with constants (M D +

M+ D,MD,R).

PROOF.

4
XZ Zl Z Zl rZl_Z Z] y

VNS

F1G 4. An example for lemma 3.7 with k =5

1. Let T': A — B be a Markov rough isometry with constants (M, F, R)
and define (M, D, R) := (2F 4+ M, 2,R) To show that T is a rooted
increasing r.i. with constants (M, D, R) only property (i) in the defi-
nition of rough isometry needs to be checked. Let z,y € A, x < y, and
first suppose T'(x) # T'(y) then we can find some k > 2 and a sequence
of points of A, ;1:<z1 <,z2 SZQ < e <zk7]L <zk*]L <zk <y
such that for each i, 2! is adJacent in A to z”’l, T(zL) # T( ),
T(z}) = T(2)), T(z) = T(2}) and T(y) = T(2F) (figure 4 shows an
example with £ = 5). Then

y—w=y—2)+ G-+ ET AT+ (5 ) <
< KF 4 M(T(eE) = 2570 o4 M(T(2) = T(2))) =
— KF + M(T(y) - T(x))
noting that T'(y) — T'(z) > k — 1 (and in particular T'(y) — T'(z) > 1)
we obtain

y—a <kF+M(T(y) —T(x) <2T(y) = T(x))F + M(T(y) = T(x))
= M(T(y) - T(x))

The lower bound follows more easily

y—x> (o =2 (T = () >
1 k

z T~ 2 )+ T() = T(2) = —(T(y) — T(2))

imsart-aap ver. 2007/04/13 file: Rough_isometry of Poisson_processes.tex date: September 15,

2007



ROUGH ISOMETRY OF POISSON PROCESSES 15

Now suppose z,y € A, z < y satisfy T'(z) = T(y) then y —z < F,
hence

1 .

(y—7)~5=—(y—o) D

0=T() -T(z)> — =
W) =T@) = 557 2 I

as required.

2. Let T : A — B be a rooted increasing rough isometry with constants
(M, D, R) and define (M,F,R) = (MD + M + D,MD,R). To show
that T is a Markov r.i. with constants (M, D, R) only properties (iii)
and (iv) in the definition of Markov rough isometry need to be checked.
Let z,y € A with = adjacent to y and T'(z) # T(y) then

y—z < M(T(y)=T(x)+D) < (M+MD)(T(y)-T(x)) < M(T(y)-T(x))
and
T(y)—T(x) <M(y—=z)+D < (M+D)(y—=z)< My —x)

Now suppose that =,y € A satisfy T'(z) = T'(y) then we have

hence y —z < MD = F as required.
O

We finish this subsection by remarking that some properties of rooted in-
creasing rough isometries hold for Markov rough isometries as well (without
need to change the constants). First it is trivial to check that (analogous to
proposition 3.3)

ProrosiTiON 3.8. If A, B C R are Markov rough isometric by a map-
ping T : A — B with constants (M, F, R), then for any x,y € A with © <y
we have that T restricted to A N [x,y] is a Markov rough isometry from
AN|[z,y] to BN[T(x),T(y)] with constants (M, F, R).

Second,

PRrROPOSITION 3.9. Given A, B C N U {0} both containing 0 which are
Markov rough isometric with constants (M, F,R), the set L of all Markov
rough isometries between them with constants (M, F, R) is a finite distribu-
tive lattice (with the same operations as defined in subsection 3.1).

the proof is very similar to the proof of lemma 3.5 and is omitted.
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16 R. PELED

4. Proof of equivalence theorems. We start with the proof of propo-
sition 2.1.

PROOF. We will use the well known fact that a Poisson process on R with
the shift operation on R is ergodic. We also note that the event F that A and
B are rough isometric with constants (M, D, R) is measurable with respect
to A and B. Next, note that for any fixed realization of B, the event Eg that
A is rough isometric to B with constants (M, D, R) is translation invariant
(with respect to translations of A), hence by ergodicity it has probability
0 or 1. Analogously, for any fixed realization of A, the event E4 that A is
rough isometric to B with constants (M, D, R) is also translation invariant
(with respect to translations of B) and hence has probability 0 or 1. It now
follows from the independence of A and B that E itself has probability 0 or
1. O

We continue with the proof of proposition 2.2

PRroOOF. (ii)—(i). Trivial.

(i)—(ii). Suppose claim (i) holds for some «, 5 > 0. Fix v > 0 and consider
two Poisson processes A, C' with intensities o and ~ respectively. Note that
they can be coupled together in the following way, first sample A, then the
points of C' are {Sx | x € A}. Now observe that under this coupling A and
C are r.i. with constants (%,0,0) under the trivial mapping T': A — C
defined by T'(z) := Sx.

In the same way, if we fix some § > 0 we can couple together two Poisson
processes B and D, with intensities 3 and J respectively so that they are
r.i. a.s.. Considering now two such independent Poisson processes A and B,
and the processes C' and D which are coupled to them we find that C' and
D are also independent and they are r.i. a.s. by transitivity of the rough
isometry relation since C' and A are r.i. a.s. by our coupling, A and B are
r.i. a.s. using (i) and B and D are r.i. a.s. by our coupling.

By similar transitivity arguments, to prove that (iii) and (iv) are equiva-
lent to (i) and (ii) it is enough to establish that for any o > 0 and 0 < p < 1,
a Poisson process A of intensity « and a Bernoulli percolation A with pa-
rameter p can be coupled together to be r.i. a.s., we now show this. Fix «
and p, to have a coupling first sample A, then A will have a point at the
integer n if and only if A has at least one point in the interval [nc, (n + 1)c)
where ¢ = —198U=P) js chosen so that this is indeed a coupling. Now define
a mapping T : A — A by T(n) := x,, where x,, is some point of A in the
interval [nc, (n + 1)c), say the smallest one. It is easy to see that 1" is a
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ROUGH ISOMETRY OF POISSON PROCESSES 17

rough isometry with constants (max (c, %) ,¢,c) since if n,n 4+ k € A then
(k=1De<T(n+k)—Tn)<(k+1ec. O

4.1. Proof of theorem 2.3. We first prove lemma 2.4

PROOF. (of lemma 2.4) Let A and B be two independent Bernoulli perco-
lations on Z. First, by the assumption there exist constants (M, D, R) such
that A and B are r.i. a.s. with constants (M, D, R), let Q! be this event.

Second, for k,I,m € Z with k <l < mlet Qi,l ., be the event that k,1,m €
A, | and m are adjacent in A (no point of A between them) and m — [ >
l]‘}—’; —%. Noting that for fixed k& we have IP’(Q%J’m) < 2_(m_l)1(m_l)20(l_k)_c
for some C, ¢ > 0 we get

Z P(Q%,l,m) < Z o—c(l=k)+C+1 - o
(m,l | m>I>k) (1| I>k)

the Borel-Cantelli lemma then implies that with probability 1 only finitely
many Q%l’m occur for a fixed k.

Third, condition on the events Q! and the event that for each k, only
finitely many Q%,l,m occur. Fix two realizations A and Bandlet T: A — B
be the r.i. between them. We will show (a deterministic claim) that there
exists a cut point for T. To see this fix a € A and let b := T'(a) € B, note
that if there are only finitely many u, € A with u, > a and T'(u,) < b
then if we take x to be the largest of these u,, then z satisfies () in the
definition of cut point. Analogously if there were only finitely many v, € A
with v, > a and T'(v,) > b then (3) (in the definition of cut point) would
be satisfied for some x. Hence we assume by way of contradiction that there
are infinitely many such u,, and such v,,. Since only finitely many x € A can
be mapped to b we must have infinitely many pairs v,u € A, adjacent in A
with a < v <wu, T(v) > b and T'(u) < b, each such pair must satisfy

1 1 1,1
u—v> M(T(’U) —T(u)— D) > M(T(’U) —b—D)> M(M(U —a)—2D)
but this is a contradiction since only finitely many Qg’l’m occur. O

PRrROOF. (ii)—(i). Let A and B be two independent Bernoulli percola-
tions on Z. With probability i they both contain 0, condition on this event.
Let (A',0) be the rooted Bernoulli percolation on N obtained from A by
considering only the non-negative integers, define similarly the independent
(A~,0) obtained from considering the non-positive integers, and the inde-
pendent (B*,0) and (B~,0). By (ii) there exist constants (M, D, R) such
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18 R. PELED

that with positive probability (AT, 0) is rooted r.i. to (B*,0) and (A~,0)
is rooted r.i. to (B~,0) with these constants, denote these r.i. mappings by
T+ and T~ respectively. Let the map T : A — B be the map whose re-
striction to AT is T and whose restriction to A~ is 7. Then it is easy to
check directly from the definition that 7" is a r.i. of A to B with constants
(M, 2D, R). This shows that with positive probability A and B are r.i., but
according to propositions 2.1 and 2.2 A and B are r.i. with probability 0 or
1, hence A and B are r.i. a.s..

(i)—(ii). Let p be the probability that two independent rooted Bernoulli
percolations on N are rooted r.i., we need to show that p > 0. let A and B
be two independent Bernoulli percolations on Z, for n,m € Z let A} be all
points of A not smaller than n and let A, be all points of A not larger than
n, similarly define B}, and B,,. Let E,,, be the event that n € A, m € B
and there exists a rooted r.i. between (A}, n) and (B}, m), similarly define
E, ., using A} and B,,. Note that P(E,,, ) = P(E, ,,) = §. Now since by
(i) and lemma 2.4 with probability 1 there exists a r.i. T : A — B with a
cut point x € A we get that P(Uy, (B, ,, U E, ) = 1, this implies that
p > 0 proving the claim. ]

4.2. Proof of theorem 2.5 and related lemmas. We start with

PROOF. (of lemma 2.6) Let z € A be the largest point such that 7'(z) <
T(z), note that z must be finite (since T'(0) = 0 and A is infinite) and that
z >y > x. First note that for large enough L (as a function of M and D)

T(x)-T(y)-D _L-D _ L

M - M T 2M
Second, let w := Succ(z). Note that by definition of z we have T'(w) >
T(x) > T(z), hence

(2) z—rx>y—x >

wez> T(w)—T(z) — D S T(z)—T(z)— D > i(z—a:_QD) _z—z 2D
M M M M M2z M

and by combining this inequality with (2) we see that if L is large enough

(as a function of M and D) then w — z > 5375 as required. O

Next we show

PROOF. (of lemma 2.7) For any fixed z € N, P(Gap(z) > k) < 2~ 1)
(with equality if & is a positive integer). Hence by a union bound

L (L __ > e L P
P(BE u < (557 + D27 @A 4 3 27308 < O(17 + D30

=[]
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We continue with

PROOF. (of lemma 2.8) Let z; € A be the ¢’th point of A and let a; be
the ¢’th point of B, we choose m so that a,, = maxj<;<,T(x;) (i.e., the
minimal m so that T'(A(n)) C B(m)). First, for any x,y € A(n) we have

1
M\x—y\—DS\T(y)—T(w)\SMlx—y|+D

by the properties of T'. Second, assume to reach a contradiction that for some
b € B(m) and for all z € A(n), |T'(z) — b| > L. Since T is a rooted r.i. with
constants (M, D, R) there must exist somey € A, y > x,, with |T'(y)—b| < R,
furthermore, by the minimality of m there must be some x € A(n) with
T(x) > b+ L, hence x < x, <y and T'(z) — T(y) > L — R. By lemma 2.6

there exists some z € A, 2z > y and z—x > % such that Gap(z) > S37- But

then in particular z > x,, and Gap(z) > max (%, %) which contradicts
the fact that E7™ g does not hold for A.

And can finally prove

PROOF. (proof of theorem 2.5) (i)—(ii). Let (A,0) and (B,0) be two
independent rooted Bernoulli percolations on N and let E be the event that
they are rooted r.i. with constants (M, D, R), suppose P(E) > r for some
r > 0. On the event E' let T': A — B be such a rooted r.i.. Fix n > 1, let
T, € A be the n’th point of A, fix L > R and let Ef’iR,M be the event from
lemma 2.7. Note that since x,, is a stopping time for the percolation A (i.e.,
{xy, > k} only depends on whether i € A for 0 < i < k) and since EY ),
only depends on the future of x (i.e., on the events {i € A};~,) we have by

lemma 2.7 that P(ET" p /) < C(%—H)e*c% for some absolute constants
C,c > 0. Hence for each fixed 0 < p < r we can choose L sufficiently large
(uniformly in n) so that P(E N (ET" p 3)¢) > p, we fix such a pair of p and
L. We are done since on the event E N (E7™ ;)¢ lemma 2.8 gives that 7T
restricted to A(n) is a rooted r.i. of A(n) to some initial segment of B with
constants (M, D, L).

(ii))—(i). Let E, be the event that A(n) is rooted r.i. to some initial
segment of B with constants (M, D, R), by the assumptions P(E,) >p >0
for all n. Let E := limsup E,,, by Fatou’s lemma P(E) > limsup P(E,,) > p.
Let (A, B) € E, that is, A and B are two realizations of rooted Bernoulli
percolation on N such that for an infinite sequence ny — oo (depending on
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A and B) there exists a rooted r.i. T},, from A(ny) to some initial segment of
B with constants (M, D, R). We now deduce that A and B are themselves
rooted r.i. with constants (M, D, R). Let x; be the i’th point of A, to define
T : A — B we need to pick a; € B such that T(z;) := a;, we do this
by induction. Since x1 = 0 we also choose a; := 0. Assume that we have
already chosen {a;}* ;' for some N > 2 in such a way that there exists
an infinite sequence n’ = ng; such that T,; agrees with 7" on {z;}¥71 To
choose an we notice that {7T),;(xn)}; is a finite set since, for example, for
each j, 3 — D <T,;(xn) < Mz + D, hence we can choose ay in such a
way to agree with an infinite subsequence of {T,,;};.

In this way we obtain 7', to see that 7" is a rooted r.i. with constants
(M, D, R) we note that for each x,y € A, by our construction there exists k
such that T;,, agrees with 7" on = and y. Hence % —D<|T(x)-T(y)| <
M|z —y|+D. Next, fix b € B, we choose N so large that xx > M (b+R+D)
and we choose k so that T}, agrees with T on {x;}}¥ ;. Since T},, is a rooted
r.i. there exists € A such that |T'(z) — b] < R. We cannot have z > Xy
since otherwise |T'(z)| > 7 — D > ¥ — D > b+ R, hence < 2 and so
|T'(x) — b] < R as required. This finishes the proof of the theorem. O

5. The main construction. In this section we shall prove theorem 2.9.
Let us remind the setting, we are given two independent rooted Bernoulli
percolations (A, 0) and (B, 0) on N. We will show that for any large enough n
(independent of A and B) there exists a Markov rough isometry from A(n) to
some initial segment of B with constants (10,/log, n, 10+/logy n, 10+/logs n)

and with probability 1 — 278V1°827  Ag explained before, existence of a
Markov rough isometry is a stronger statement than existence of a gen-
eral rough isometry since Markov rough isometries are monotone and by
lemma 3.7 the same mapping will also be a rooted increasing rough isom-
etry with constants (30/logy n, 3,10,/logyn). The reason we construct a
Markov rough isometry rather than an increasing rooted rough isometry is
that we will rely frequently on the fact that one can check the validity of a
Markov rough isometry by just looking at local configurations (as explained
in subsection 3.2).

We fix n very large. It would be convenient for us to assume that M, F'
and R are integers, hence we choose 0.99 < o < 1 (depending on n) so
that ay/logyn is an integer. We then let M = F' = R := 10a+/logyn. We

1
also introduce a new parameter K := 29V 10827 — (QM ) ' whose use will be
made clear in the sequel.

Given a sorted sequence U := (0,z1,x2,...,2) € NU {0} (where we
allow L to be infinite) we define some notation. For a point ¢t € U, let
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sY(t) or equivalently s¥(t) be its successor point in U, let similarly sV (¢)
be its k’th successor point in U and define s5 () := t. We call the quantity
gv(t) := sY(t) —t the gap at t. When the set U is clear from the context we
sometimes omit the superscript and simply write sy (¢) and g(¢).

We will sometimes refer to U equivalently by its gap sequence {GY (i)}£,
defined by GV (i) := z; — 2;_1.

Let A and B be two independent rooted Bernoulli percolations (A, 0) and
(B,0) on N. Note that for A and B the sequences G4 and G are simply
IID Geom(3) random variables.

We shall call a gap short if it less than or equal to M, otherwise we call

it long.

5.1. Partitioning into blocks. The first thing we will do is to partition A
and B into blocks (which overlap at their end points). Let us first describe
this partition informally and then give a rigorous definition. Each block will
consist of two parts, a "blue” initial segment followed by a "red” segment.
A blue segment is a segment of the percolation points containing only short
gaps (of length < M). A red segment is a segment of the percolation points
starting with a long gap (of length > M) and ending just before K short
gaps (see figure 5).

<K short gaps

A A A A A A A
To=o0 ST T S5TH S3 A\ T3 Sy
A [Dlue Tred | blue ™ T blue red [ Blue T
< < rod >~ M ———
> K short gaps > K short gaps > K short gaps long gap > K short gaps

Fic 5. A sample of the first 8 blocks followed by the blue segment of the fourth block. The
third red segment has long and short gaps pointed out.

More formally, to define blocks in A we define a sequence of times induc-
tively, T64 := 0, and for each k > 1

3) S =min{t e A|t>TA,, g(t) > M}
T :=min{t € A |t > Sg, g(si(t)) < M forall 0 <i < K — 1}

For each k£ > 1, S,‘;‘ is the first point in A after T]ﬁl and immediately
preceding a gap longer than M and T,f is the first point in A after S,f
which precedes K short gaps.

The points of A in the segment [T{ |, T{}] are the k’th block of A. In each
block, the blue segment are the points in [T{ |, Si}]. By definition (possibly
except for the first block), the blue segment has at least K short gaps (and no
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long gaps). It is followed by a red segment, which are the points in [S7}, T,f],
which starts with a long gap and continues until the starting point of a run
of K short gaps (not including that run). Note that the red segment may
contain many long gaps or as few as 1, it must start with a long gap and
end right after a long gap. The first block is different from the rest since it
may have less than K gaps in its blue segment, however letting

(4) E4 := {A starts with at least K short gaps}

we have P(E§) = (1 — QLM)K >1- 2£M =1 —279Ven We emphasize
that conditioned on E§ the distribution of blocks after subtracting their
starting points (or equivalently when looking at their gap sequences) is 11D
and we shall refer to that common distribution as £P1°%, or in words, the
distribution of a rooted block.

We partition B in the same way into blocks defining analogously T, ,f, S,?
and EP.

It will be useful to define the distributions of blocks and of blue and red
segments precisely, we now do so

DEFINITION 5.1.  We say that X ~ Geom<(3) if X is distributed like a
Geom(%) random variable conditioned to be less than or equal to M. We say
that Y ~ Geomsp(3) if Y is distributed like a Geom(3) random variable

conditioned to be larger than M, or in other words, as M + Geom(%).

The following observation will be useful in the sequel, it is true in much
greater generality as well

LEMMA 5.1.  The Geom<y(3) distribution is stochastically dominated
by the Geom (%) distribution.

PROOF. Define a coupling of (X,Y) with X ~ Geom<p/(3) and ¥ ~

Geom(%) using the following algorithm, take an infinite sequence (Z;)32; of
IID Geom(3) RV’s, let Y = Z; and X = Z; with i the minimal index for

which Z; < M. Then it is clear that X <Y a.s.. O

DEFINITION 5.2.  For a given integer L > 0, say that U := (0, z1,xo,...,x) C
NU{0} is distributed L8, or in words, distributed as a rooted blue segment
of length L if (z; — z;—1)~, are IID Geom< (%) (where z:=0).

LEMMA 5.2. Let B = (0,21,...,2p,Zp41,...,2Q) be a rooted block, with
U:=(0,z1,...,xp) being its blue segment and (xp,xpi1,...,2Q) being its
red segment. Let also V := (0,zp41 —xp,...,29 —2zp) = (0,y1,...,YQ—P)
be the red segment minus its starting point. Then
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1. U and V are independent.

2. U is distributed L%"¢ where P is a random variable distributed Geom(QLM)—
1 conditioned to be at least K (or in other words, P ~ K — 1 +
Geom(QLM)) independently of the length of gaps in the block.

3. The distribution of V' is characterized by

(a) y1 ~ Geom>M(%) independently of the other gaps.

(b) y2,...,yqg—p are the concatenation of N ~ Geom((1 — 2%)K) -
1 subsequences which are IID given N. Fach such subsequence
starts with Z gaps each having distribution Geom< M(%) indepen-
dently of each other and where Z is distributed Geom(QLM) -1
conditioned to be less than K, then the subsequence continues
with one last gap distributed Ge0m>M(%) independently of the
other gaps.

PRrOOF. 1. The red segment begins at the first long gap of a block, it
is clear that knowing the lengths of all the gaps previous to this gap
does not give any additional information on the length of this or the
following gaps.

2. The first, say, blue segment of A contains all the gaps up to the first
long gap from the beginning of A. The length of this run of short gaps
is Geom(ﬁ) — 1 and it is independent of the lengths of the short gaps
in it. Hence since conditioned that this run of short gaps contains at
least K gaps we obtain the characterization written in the lemma.

3. The first, say, red segment of A is defined to start where the first run
of short gaps of A ends and to continue until just before a run of at
least K short gaps. Hence it can be described in the following way,
first since it ends a run of short gaps, it has to start with a long gap.
Since the gaps in A are IID and all we know about this gap is that
it is long, its size will be independent of the size of all other gaps
(but distributed Geoms (1)), then we test to see if the following K
gaps are all short, if they are we end the red segment, otherwise we
include the run of short gaps coming afterwards and the long gap
following it in the red segment. Now we continue in the same manner
with another independent trial to see if the next K gaps are all short,
if so we end, otherwise we include them and the long gap at their
end in the red segment. These independent trials continue until we
finally find a run of at least K short gaps. Hence the number of trials
is geometric (but we subtract one since once we succeed we do not
concatenate anything to the red segment) and its success parameter
is (1 — QLM)K which is the probability of seeing K short gaps in a row.
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When a trial fails it means that the number of short gaps after it is
less than K, since apriori the number of short gaps is Geom( QLM) -1
we have that Z, the number of short gaps following a failed trial, is
Geom(QLM) — 1 conditioned to be less than K. Finally, the lengths of
the short gaps themselves are unaffected by the number of short gaps
in a run, hence they are all Geom< M(%) independently of everything
else. Similarly the length of the long gap which ends a run of short
gaps is Geom- M(%) independently of everything else.

O

DEFINITION 5.3. We say that a vector having the distribution of the
vector V' of the previous lemma is distributed L%, or in words, distributed
as a rooted red segment.

5.2. Properties of blocks. In this sub-section we will prove some basic
properties of rooted blue and red segments which will be useful for our
construction in the sequel. We start with two properties of red segments

LEMMA 5.3. LetV ~ L™ let X be the number of long gaps in V and
let {b;}X| be their lengths. Then there exist 3, > 0 such that

1 — 1
]P)(X > g lOgQ n) =0 (m)

X
1
IP’(Z b; > 3logyn) =o (n“’“f)
i=1

PROOF. By lemma 5.2 we know that X ~ Geom((1 — 2%)K), hence

p(X>%\/1ogj): {1_(1_L)K]%\/@< <£)%\/@:
2

oM
72alog n 1
) i © (nl—ﬁ)

for some 3 > 0 proving the first claim. Now conditioned on X, the {b;}:*, are
IID with distribution Geoms /(3), that is, with distribution M + Geom(3).

()
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Hence

X
IP’(Z b; >3logyn | X) = Z Z 9— X (bi-M) _

i=1 s>3logynbi+-+bx=s
bi>M

=2MX N 2l b by = | b > M} <

s>3logy

< 210a logy nX Z 2—SSX
s>3logyn

so denoting F = {X < %\/logg n} we have for large enough n and some
C>0

X
10 1
P({Z bi > 3logyn} N E) < 275 @logn Z 9-sg8V/logan <
i=1 s>3logyn
<iolmn  §™ gsgEy/E <
s>3logon
< ofelomn Y gfs <
s>3logyn
< CQ%alogQ nf%loan — 0 1 _
> —nlJr’y

for some 4 > 0. Hence by (5) we have P(Yx , b; > 3logyn) < o (nl%ﬁ) +

0 (nl—lﬂ) proving the second claim. U

We continue with three properties of blue segments. We start with the
simple

LEMMA 5.4. For a given integer L > 0 and U := (0,x1,x2,...,21) ~
E?f“e, if 0 < T < L is a stopping time in the sense that the event {T' < k}
depends only on {x;}%_, then conditioned on T, on the event {T < L}, the
partial rooted segment V := (0, xp41 — x7, ..., o — x7) is distributed E%lﬁeT.

PrOOF. Consider the gap sequence GV = (x1, 29 — x1,...,21 — x1), by
definition its elements are IID Geom<p(3). Let Ay, := {T = k} for k < L
and let B be an event that depends only on (zx11 — 2k, ...,z — x), then
since Ay is determined by (z1,...,2z)) and these in turn are determined
by (z1,22 — x1, 2k — xp_1) we have that Ay and B are independent. Hence
conditioned on Aj the probability of B remains the same implying that
(Tht1 — Tk, - .., o, — x) are still [ID Geom<ps(3) proving the claim. O
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LEMMA 5.5.  Fiz integers L,Z > 0 and let U := (0,x1,...,21) ~ L%l"e.
Divide the points of U into sub-segments according to the following algo-
rithm, the first sub-segment consists of (0,1, xa,...,x;,) with i mazimal
such that x;, < Z. By induction for i > 2, the i’th sub-segment consists of
(1, 1415 - - -y xy;) with l; mazimal such that v, — x,_, 41 < Z. Let Y be the
number of sub-segments required to cover all L points. We claim that

3L

~ ) < €_CL

P(Y >
for some ¢ > 0.

Proor. First note that the event ¥ > m is contained in the event
xr, > mZ. Hence P(Y > %) < P(XL,G; > 3L) where the G; are TID
Geom<y(3) random variables. Since a Geom<js(3) RV is stochastically
dominated by a Geom(%) RV by lemma 5.1 we get by standard large devia-
tion estimates that P(3-%, G; > 3L) < e~°F for some ¢ > 0 as claimed. [

The following lemma is a main ingredient in our rough isometry construc-
tion

LEMMA 5.6. Let (G;)2, be IID Geom<p(3) RV’s, termed gaps. Let
m >0, M > ay,...,a,, > 0 and dy,...dp—1 > 0 be given integers. We
think of the {a;} as representing minimal required gap lengths and the {d;}
as representing inter gap distances. Say that a position | is valid if G; > a1,
Gl+d1+1 > as, Gl+d1+1+d2+1 > az, ..., Gler*lJrZ?:_lld‘ > Q- Let Z be the

7

minimal valid position, then for any a >0 and s := > "" a;

a

P(Z > [a2°]) < e mZ
PROOF. Let I; be the event that [ is a valid position. Then
L 1 1 1 LA | 1
P =11 (g o) /0~ 50 2 1 3 = 5
i=1

i=1

For a given position [ let us denote by C; := (I,l +dy +1,...,l+m —1+
Z?;l d;) the comb at position | and say that two positions [, k overlap if
their combs intersect, that is, if C; N Cy # O (see figure 6). Note that if
F C N is a subset of positions no two of which overlap then {I;};cr are
independent.

Fix an integer N > 0, to bound P(Z > N) we wish to choose a large
collection of positions F' C {1,..., N} no two of which overlap. We note
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d=0
>a? | d1= 5 za2?| Xza;
G1G2G3G64G5G6G7G3G9 G Gypeee

F1Gc 6. A comb at two non-overlapping positions.

that a given comb C; may only intersect at most m(m — 1) other combs Cj,
since each overlapping position k£ determines uniquely a pair of coordinates
1 <i,j <m, i # j such that the i’th coordinate of C; is equal to the j’th
coordinate of C} by, say, the smallest element of C; N C. Hence we can find
such a collection F' with, say, |F| > [%1 by a greedy algorithm. Thus we
obtain the bound

P(Z > N) <P(Nerlf) = [J(1 - P(L)) <

leF
< (1— Ly < 2
< 9 <
and the claim follows by taking N := [a2?]. O

REMARK 5.1.  We point out that in the notation of the previous lemma,
the position Z +m —1 —1—2?51 d; is a stopping time for the process {G;}32,.

5.3. The construction. A main part in the construction of the rough
isometry between A and B will be constructing a rough isometry between
a block of A and the beginning of a blue segment of B, or alternatively,
constructing a rough isometry between the beginning of a blue segment of
A and a block of B. The following theorem gives conditions under which
this is possible with high probability

THEOREM 5.7. Fix integers Ly, Lo satisfying Lo > max(K, L) and
Ly > 5 Let U' := (0,2},...,2} ) ~ LY, U2 = (0,a%,...,23)) ~ Lhe
and V : (0,y1,...,yn) ~ L™ where N is random, with U, U?,V indepen-
dent. Construct the segment W := (0,21, . .. ,lel,J:lLl +vy1,. .. 7le1 +yn) by
concatenating U L and V. Then there exists a random integer 1 < 8§ < Lo
which is a stopping time for U? conditioned on W, that is, the event {S < [}
is measurable with respect to W and {x?}._,, satisfying that if E = {S <

max <§,\/1L;—>} then
0gy M
(i) P(E)=1-o0 (nl—l+5) for some § > 0.
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(ii) On the event E there exists a Markov rough isometry Ty from W to
U?N[0,2%] with constants (M, F, R) such that the last point of W is
mapped to x% and it is the only point mapped to l‘%

(iii) On the event E there exists a Markov rough isometry Ty from U? N
[0,2%] to W with constants (M, F, R) such that 2% is mapped to the
last point of W and it is the only point mapped to the last point of W.

Let us show how to prove theorem 2.9 using theorem 5.7. We first have

DEFINITION 5.4. For a given integer L > 0, a sorted infinite sequence
U := (z1,2z2,x3,...) CNU{0} is said to be distributed as a Bernoulli perco-
lation with L initial short gaps if the rooted sequence V := (0,29 — x1,x3 —
x1,...) is distributed as a rooted Bernoulli percolation on N conditioned to
have its first L gaps short and its (L + 1)’st gap long.

The proof is by induction, for each stage 0 < 5 < n we shall have
an event E; denoting whether the j'th stage was successful or not with
P(E; | {E}Z)) = 1—0(7ks) for j > 1 and P(Ep) > 1 — 27%Vlentl,
Conditioned on ﬂzZOEZ- the following random variables are defined

(i) Two positions P]A € A and PjB € B, with P]A > 83»4(0).
(ii) A Markov rough isometry Tj : AN[0, P]A] — BNJ0, PjB] with constants
(M, F, R) satisfying TJ(PJA) = PJB with PJA being the only source of
B
.P\7 .
(iii) ?(wo numbers L# and LF with max(L#, L) > K and min(Ls', L?) >

5 -
And conditioned on all these random variables, the distribution of A N
[PJA, 00) is that of a Bernoulli percolation with Lf initial short gaps and
independently the distribution of B N [PJB, oo] is that of a Bernoulli perco-
lation with Lf initial short gaps.

This implies the main theorem 2.9 since if all events {F};}]_, occur then
T, : AN [0, P4 — BN[0,PP] is a Markov rough isometry with constants
(M,F,R) and P2 > s4(0), hence by proposition 3.8 we know that its re-
striction to the first n points of A is a Markov r.i. to some initial segment
of B with constants (M, F, R) as the theorem requires. The probability that
{Ej}j—o occur is at least (1 — g 9aylogantly (nl—lﬁ))n >1—28Vloegn
for large enough n as required.

Let us show the induction (consult figure 7 while reading), for j = 0, the
event By := E{ N EF (recall (4)), PJA = PjB =0, Tp is just defined on 0 € A
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A A A
L0 gaps L2 gaps L5 gaps
> >
A A
L 1 gaps 3 gaps 4 gaps L 6 £aps
> >
A ' ] )
A A A A
Py Py P
B B B B
];)0 pS
T | T 1
B B
0 gaps 2 gaps 4 gaps LB eaps L 6 92ps
B
L | &ps L 3 8aps

Fic 7. Lllustration of the mapping of the first percolation into the other using the induction
procedure. The blue and red segments of blocks are depicted as in figure 5. In this example
Lg > L§, L < LY, ...

by Tp(0) = 0, and on the event Ey we further condition on the length Lg of
the first blue segment of A and the length LE of the first blue segment of
B. It is easy to see that all the properties stated above hold.

Now suppose that {EZ}Z;S have occurred and we have already constructed
the above RV’s up to stage j — 1 with the above properties. We condition
on mf;(} E;, PJA_ 15 Pﬁ 1151, L;‘_l and Lf_l. There are two cases to consider

1. LB 1> LA 1 (note that this also implies LB 2 K by property (iii)
above) Let QA =sp4 1(P- 1), QB =s.p 1( ~ 1), by the induction
assumption the segment AN [PJA_ 15 Q;‘] translated to start at O is dis-
tributed Eblue and the segment BN [Pﬁ 1 QJB | translated to start at 0

is dlstrlbuted Eblue Let P]A denote the end of the red segment which
] 1

follows A N [P]A_ 1> Qf], that is,

A mi A .
Pri=min{r € A| x> Q5 g(si(r)) <M forall0 <i < K -1}

and L;‘ be the number of short gaps of A after PJA, that is,

L;‘ = max{N | g(s;(P; A)) < M forall 0 <i < N —1}

Note that by definition of PJA we have L}-‘l > K. We now invoke theorem
5.7 with the parameters U being the segment AN [Pfi 1 Q}-‘l] translated
to start at 0, V being the segment AN [Q;‘, PJA] translated to start at
0 and U? being the segment B N [PJ-B_I,Q;S] translated to start at O
(and then W is AN [PJA_ 15 PJA] translated to start at 0). The theorem
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gives us S which is a stopping time for U? conditioned on U! and V.
Let E; be the event E of that theorem, i.e.

K L4,
E;j:={5< i
5= _max<2 log2n>}

According to part (ii) of that theorem, on the event E; we have a
Markov rough isometry T; : W — U? N [0,55(0)] with constants
(M,F,R). Let PP := sg(PP,) and L} := LP | — S, note that on

the event Ej, L? > max(L$ |, K) - S > %max@;tl,f{) > & Fi-
nally to construct T; we ”concatenate” T;_; and Tj, that is
T;_ €A z<PA
Tj(z) == - 1) A B i m; o A
Tj(x—PZ)+ P2, z€A P <a<P

Note that T} is indeed a Markov rough isometry with constants (M, F, R)
since Tj_1 and TJ are and since there is a unique preimage to PJB_ 1-
Also note that by lemma 5.4 we have that conditioned on E; and S
the distribution of B N [PJ-B, 00) is that of a Bernoulli percolation with
Lf initial short gaps, hence Ej, P]A, PJB , 15, L;‘ and Lf satisfy the
requirements of the induction step.

2. L;‘_l > Lf_l. The induction step in this case is performed in the same

way as in the first case with the roles of A and B interchanged and
using part (iii) of theorem 5.7 instead of part (ii).

All that remains is to prove theorem 5.7 which we now do

PROOF. (of theorem 5.7) We divide the proof into several parts

1. First consider U, apply the algorithm of lemma 5.5 on U! with Z = F,
we obtain a division of U'! into Y sub-segments, denote these sub-
segments by Ul,..., UL Let Qp := {Y < %}, by lemma 5.5 there
exists a ¢ > 0 such that

P(Q5) < e M1 < 2

2. Now consider V, let X be the number of long gaps in V and let {b;}:X,
be their lengths. Let Qy := {X < %,/logyn} and Q3 = (X b <
3logyn}. Then by lemma 5.3 for some (3, > 0

P@5) <o (s )

(6) P(Q5) < o <n11+’7)
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3. We continue to consider V, let (2;);*; C V be the starting points of the
long gapsin V' (21 = 0), i.e., g(z;) > M for all i. They divide V into X —
1 sub-segments V1 := V N [s(21), 2], ..., VX 1=V N[s(zx_1), 2x],
by the structure lemma 5.2 we know that each sub-segment condi-
tioned on its length and translated to start at 0 is distributed as a blue
segment of that length. Let us employ again the algorithm of lemma
5.5 with Z = F on each of these sub-segments to divide them further
into sub-subsegments, let Y be the number of sub-subsegments in the
division of V* and denote them by (Vi)YZ (for each j, Vi C V). Let
Qy = {ZX ly, < K} to bound ZZ 1 1Y; we consider the blue seg-

ment V obtained from V by deleting all its long gaps and translating to
start at 0, more precisely write V* = (¢}, . .. ,yﬁw) where N; is the num-

ber of gaps in V¥, let Vi := 0,98 — b, ... ,ij- —y8) = (0,7%,... ,g;vz)
and then define

‘7::(Oagi"'7Fyv]1\[1>g%+g]1\717"'7g]2\72 +§/V11v17---7

gl Translated ‘72
~X 1 j
+ Z yNj””’yNX i Z yNJ

Translated VX1

V is a blue segment as a concatenation of many independent blue
segments, we also apply the algorithm of lemma 5.5 to V with Z = F
to divide it into Y sub-segments, it is clear from the algorithm that
Y < ZZX 11 Y;, but since in the passage from V to V we only removed
X long gaps one also checks that

X-1
(7) NVi<Y+X
=1

We recall that N is the number of gaps in V and notice that by the
structure lemma 5.2 N <1+ K(X —1) < KX. We wish to show

(8) PV > Q—Ii) S (ﬁ)

for this we divide into three cases
o N > 75? This implies X > 7—}3 > \/loan which we know by

(6) has probability at most o (nl%ﬂ)
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. % >N > % Applying lemma 5.5 we have

~ K KF K ~ 3N KF K
P(Y > >N> ) <PY>—, —2>2N>—)<
( 217 70 21)_ ( F’ 70 — 21)_
—¢N _
S
o N < . On this event we certainly must have Y <

and (8) follows. Using (7) and (8) we deduce for large enough n

P <7 > ) 2o (L)

. We now consider the gap sequence G := GU* = (gl-)Z-L:Q1 of U? and

the sequence G := (9i)2y (Y was defined in the first item of the
proof) where we have extended the sequence to be infinite by concate-
nating an IID sequence (g;)2;, ; of Geom< m(3) RV’s independent

of everything else. We apply lemma 5.6 to G with the parameters
m = X, a; := [M1 (recall that {b;}:*, are the lengths of the long
gaps of V) and d; = Y; — 1, to obtain Z, the first valid position along

G (valid position was deﬁned in the lemma). Let Q5 := {Z < K 4}.
Denote s := Y | a; and choose a := 21VIog2m e by the lemma
P(Z > [a2°] | X, (b}, (¥} <>

since on the events 22 and (23 we have s < 310% +X < %\/logQ n
we obtain for large enough n

]P)(Z > K4 Q2793 | X {b }z 1 {YVZ}zX:711) S
<P(Z > [a2°],9, Q3 | X, {b}5,, (i} <e @

Hence P(Q€) = o (H_B)-FO( L )

Ty

. Finally we construct the required time S, event £ and Markov rough

isometries 17 and Ty. We define

X—-1 X—-1
S=Y+Z+X+ > (Y =Y+Z+1+ ) Y
=1 =1

We note that just as in remark 5.1, conditioned on W (in particular
on Y, X and (Y;);*;1), the time S is a stopping time for U2. We define
the event

EizglﬂQgﬂQ4QQ5

2007
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Note that by the previous calculations P(E®) = o (ﬁ) for some
§ > 0. On the event E we have

3L K K L
S<—1—|—K4—|—1—|——<max< L )

F 20 27 /logyn

hence the event E of the theorem satisfies E D E. On the event E,

sub-
1 1 1 1 1 1 1 long segments long
Up Uz Uz Uy Us Us U7 gap / \ &p

W s Sl : S v |

< > < > > <>
6 gaps Z gaps Y -1 gaps Yo-1 gaps

S gaps

Fic 8. Illustration of the constructed rough isometry. In the picture Y =7 and X = 2.
When mapping U' to U? we start mapping points one to one rather than many to one
starting from sub-segment jo := 4.

we now construct 73 (see figure 8). T5 is constructed analogously using
the fact that R = F. First we define T} on the points of U! in such a
way that Ty (2, ) = 3, ;. Note that on the event E

9)
X-1 L
Li—Y = Ll—S+Z+1+ZY>L1—max< >+Z>Z

= 27 /logyn

since L1 > % We start mapping the points of U! to U? according
to the sub-segment U; ! that the point of U! is in, more precisely, we
go over all the points of U! in order and if a point z} € U1 then we
define T'(x}) := x3_; (where 23 is defined to be 0). By the deﬁnltlon

7j—1
of the sub-segments (Ul) _, for all j we will have max T~ ( ? 1) —
minT (22 ;) < F as requlred Furthermore since z},; — z} < M for

1
all ¢ and x? 1 2 > 1 we will not expand or contract any dlstance by
more than M. We stop mapping in this way when we reach a point x

which belongs to U}0 which satisfies L1 —ig =Y + Z — (jo — 1), such a
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point must be reached for some 0 < ig < L; by (9). From this point on
we map the points sequentially T(a:}OH) = x?o—l-l-l for 0 <1< Li—1p.
As before, no distances are expanded or contracted by more than M.
We continue to define 77 at the points of W which follow 27 (the
translated points of V), recall that (z;)2; C V are the starting points
of the long gaps in V' (the corresponding points of W are z; —I—x}h), we
construct the remainder of the mapping 77 by inductionon 1 < 57 < X.
Note that since z; = 0 we already defined T’ (21 + 2} ) = 23, 5, define
further T1(s(z1 + x7,)) := @3, 4, this is the j = 1 stage. Note that
by the definition of Z, we did not contract the gap of W by more than
M (and of course we did not expand it since we mapped to a short
gap). ,

For 2 < j < X, let R; = Zf:_ll Y;, suppose that we have already
constructed the mapping 77 to be a Markov rough isometry with con-
stants (M, F, R) from W N [0,s(zj_1 + )] to U? N [0733%/+Z+1+Rj_1]
in such a way that T1(s(zj_1 + zp,)) = 33%/+Z+1+R]-_1 and it is the
only source of z{, ;. 4 +R;_,- Recall that we have divided the sub-

i1 i—1\Y;_ . .
segment V7~! into sub-subsegments (V¢ 1) e |, consider a point z; €

wn [s(zj—1 + ),z + ] then there exists k such that z; — 27 €
ij_l, define T} (z;) := x%+z+1+Rj_1+(k—1)' Note that this is consistent
with the definition of s(zj_1 + 27 ), that T1(z; + x},) = x%/+Z+R]-v
that by the choice of the sub-subsegments for each point z7 € U? N
[$%+Z+1+Rj_1vx%+Z+Rj] we have max T, *(z7) — min T} *(27) < F
and that since we’re mapping gaps not larger than M to gaps of size
between 1 and M no distance was expanded or contracted by more
than M (whenever two points are mapped to different images). Fi-
nally define Ti(s(z; 4+ z1,)) := m%,+z+1+Rj, again, by the choice of Z
this mapping did not contract the gap of W by more than M (and of
course we did not expand it since we mapped to a short gap). Contin-
uing this procedure until j = X finishes the construction of the map
Ty : W — U?N|0,2%] as required.

O
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