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LAMPERTI TYPE LAWS

By LANCELOT F. JAMES™,

Hong Kong University of Science and Technology

This paper explores various distributional aspects of random vari-
ables defined as the ratio of two independent positive random vari-
ables where one variable has an « stable law, for 0 < a < 1, and the
other variable has the law defined by polynomially tilting the density
of an « stable random variable by a factor § > —a. When 6 = 0, these
variables equate with the ratio investigated by Lamperti [63] which
remarkably was shown to have a simple density. This variable arises in
a variety of areas and gains importance from a close connection to the
stable laws. This rationale, and connection to the PD(a, ) distribu-
tion, motivates the investigations of its generalizations which we refer
to as Lamperti type laws. We identify and exploit links to random
variables that commonly appear in a variety of applications. Namely,
Linnik, generalized Pareto and z—distributions. In each case we ob-
tain new results that are of potential interest. As some highlights, we
then use these results to (i) obtain integral representations and other
identities for a class of generalized Mittag-Leffler functions, (ii) iden-
tify explicitly the Lévy density of the semigroup of stable continuous
state branching processes (CSBP) and hence corresponding limiting
distributions derived in Slack, Zolotarev[86, 96], which are related to
the recent work by Berestycki, Berestycki and Schweinsberg , and
Bertoin and LeGall[6, 9] on beta coalescents. (iii) We obtain explicit
results for the occupation time of generalized Bessel bridges and some
interesting stochastic equations for PD(«, 8)-bridges. In particular we
obtain the best known results for the density of the time spent posi-
tive of a Bessel bridge of dimension 2 — 2a.

1. Introduction. Let S,, for 0 < a < 1 denote a positive stable ran-
dom variable, with density f., and having Laplace transform

E[e 0] = ™",

Additionally, for § > —a define variables S, g independent of S, whose laws
follow a polynomially tilted stable distribution having density proportional

to t=9f,(t). When 6 = 0, Sp0 := S, 2 S, In this case Lamperti [63], (see
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2 LANCELOT F. JAMES

also Zolotarev [95], and Chaumont and Yor [20]), showed that, despite the
general intractability of f,, the ratio
4 Sa

XQS—(/X

has a remarkably simple density given as

sin(ma) yo !
1.1 = f > 0.
(1.1) fxa(9) T Y2+ 2y®cos(ma) + 1 ory

This variable arises in many important and often seemingly unrelated
contexts. For instance, [17, 25, 26, 68, 69, 74]. Inspired by these facts and
connections to the (a, ) Poisson Dirichlet family of distributions discussed
in Pitman and Yor [81] leads us to investigate properties of variables defined

as
d Sa

’ Soc,@

We refer to these variables as being Lamperti variables or variables having
Lamperti type laws. Our purpose, from a broad perspective, is to demon-
strate that these variables have strong connections to more familiar random
variables that appear in a variety of applications in probability, statistics and
related fields. In other words, the Lamperti variables, albeit often hidden,
appear in many important contexts. Furthermore, we show how to utilize
these links to both deduce properties of X, g, and develop new non-trivial
results related to the linked variables. These results can also be potentially
used to expand modeling capabilities. Our results are suggestive of an active
beta-gamma-stable calculus that extends the notion often associated with
beta and gamma variables via Lukacs’[67] characterization.

1.1. Outline. We now present an outline of this paper highlighting specifics.
More detailed references can be found in each section. Each section contains
new results of a non-trivial nature that in some cases are generalizations of
existing results. In addition, combined, they represent a nice partial survey
of linked variables. Section 2 consists of essentially two parts. The first de-
velops a series of pertinent distributional results for X, ¢ and for a broader
class defined by multiplying the Lamperti variables by beta variables. One
shall notice the class of random variables we denote as g’l) 4 Bo1—cXa,o
plays a major role throughout the sections. This multiplication is based on
ideas we developed in [42]. The second constitutes a natural progression
of ideas, each section building on the previous one. Specifically, section 2.3
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LAMPERTI LAWS 3

establishes links with positive Linnik variables. In particular, we obtain ex-
pressions for the density of Linnik variables and also establish an interesting
gamma identity. Section 2.4, exploits this identity in connection with gener-
alized Pareto distributions. Albeit brief, the main result is used to identify
an unknown limiting distribution obtained by Zolotarev [96] and Slack [86]
which we discuss in section 4. Section 2.4, uses the characterization in the
previous sections to demonstrate how one can develop a calculus involving
z-distributions. In particular, we identify new classes of random variables,
arising as solutions to stochastic equations involving z-distributions, having
both hyperbolic characteristic functions and variables whose density can be
computed explicitly. Section 3 obtains results for a generalization of Mittag-
Leffler functions that can be expressed as Laplace transforms of S;"g or Xo0
and can be represented in terms of densities of Linnik variables. Section 4
solves a fairly hard problem, identifying the explicit Lévy density of the semi-
group of stable continuous state branching processes. Results in sections 5
and 6, with the exception of & = 1/2, present the best known results for oc-
cupation times of various quantities including times spent positive on certain
random subsets. We also develop a series of interesting stochastic equations.
As one highlight we obtain results for the otherwise elusive case of Bessel
bridges of dimension 2 — 2a. Section 7 discusses aspects of Brownian time
changed models where we close by exploiting an interesting, yet not well
known, representation of symmetric stable variables of index 0 < 2a < 1,
found in [24].

1.2. Some notation and background. Here we briefly recount some no-
tation and background related to Bessel processes and the Poisson Dirich-
let family of laws. See Pitman [77, 78] for a more precise exposition. Let
B := (Bt > 0) denote a strong Markov process on R whose normalized
ranked lengths of excursions, (P;) € P = {s = (s1,82,...) : §1 > S > -+ >
0 and Y ;2;s; = 1}, follow a Poisson Dirichlet law with parameters (a,0)
for 0 < a < 1, as discussed in Pitman and Yor ([81]). Denote this law as
PD(«,0). We hereafter consider B := (B;,0 <t < 1). Let (L;t > 0) denote
its local time starting at 0, and let 7, = inf{t : L; > ¢},¢ > 0 denote its
inverse local time. In this case 7 is an a-stable subordinator where we choose
71 L S,. There is the scaling identity (see [80]),

L ilrd s dga

A T
where the local time up to time 1, L, satisfies

(1.2) Li:=T(1—-a)! liII(l] €*|{i: P; > €} a.s.
€E—>
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4 LANCELOT F. JAMES

and is said to follow a Mittag-Leffler distribution. This shows that (L, 7¢)
have distributions determined by PD(«,0). Furthermore, independent of
(P;), we suppose that for a fixed 0 < p < 1, B is symmetrized so that
P(B; > 0) = p. Under these specifications B could be a p-skewed Bessel
process of dimension 2 — 2«a. In particular when p = 1/2,« = 1/2 then B
behaves like a Brownian motion. An interesting aspect of B is the time its
spends on certain subsets of R. Let

t t
Af :/0 L(p,>0)ds and Ay :/0 I(B,<0)ds,

such that t = A" + A, denote the time B spends positive and negative re-
spectively up till time ¢. Remarkably, by excursion theory, the time changed-

processes (Af ;¢ > 0) and (A, ;¢ > 0) are independent a-stable subordina-
4

tors such that Af = p'/2S, and A7 L (1-p)l/es for S, L S,. This
leads to,
i A;; d Sa cXq d Al

d
— =c—- and —Tt £ Af.

1. Xa —c« =
(13) Az, St cXo+1 Te

Hereafter, denote the law that governs B and related functionals under the

above specifications as ]P’gj 2)

as Eép 2). Thus writing ng %(Al+ € dx)/dx equates with the density of the time
spent positive on [0, 1] of a p-skewed Bessel process. As noticed by, [3, 80],
this law was originally obtained by Lamperti [63] and from (1.3) it equates
with,

. Denote the corresponding expectation operator

PP (A € da)/dw = P(cXa/(cXa + 1) € dz)/dz.

@,

Now for 8 > 0 let ng )9 and Egp 39, denote the law and expectation operator of
functionals connected to a p-skewed process whose excursion lengths follow
PD(«,#). In particular if (F;) is distributed according to PD(«, @), then it

satisfies, for measurable H,

(p) o FO+1) ) N\
Ea,G[H((Pl))] = mEa,o[H((H))ﬁ 6]-

When 6 = a, this corresponds to the case of a Bessel bridge of dimension

2 — 2a. We use the notation Agbr) for the variable that satisfies

PY)(A) € de) = BP), (Af € dx).

Note also that under P&p 3,, Ly 4 S;j}, which is also equivalent in distribution

to the a-diversity of a PD(a, §) law.
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LAMPERTI LAWS )

Let now Uy, U, ..., denote a sequence of iid Uniform[0, 1] random vari-
ables, for (P;) distributed according to PD(«, #) and 0 < u < 1, the class of
PD(a, #) random cumulative distribution functions are defined as

o0
d
Foo(w) = > Plw,sw-
k=1

Furthermore under IP’((J%,

A+ i Paﬁ(u)

for a fixed u. See Bertoin [8] for applications to coagulation/fragmentation
phenomena where it is called a PD(a, ) —bridge and Ishwaran and James [41]
[see also Pitman [75]]for applications to Bayesian statistics, where in partic-
ular P, g is referred to as a Pitman-Yor process. Under this name the process
has also been applied to problems arising in natural language processing, see
Teh[88]. When 6 > 0 and o = 0 Py g is a Dirichlet process which has, since
the seminal work of Ferguson [32], played a fundamental role in Bayesian
nonparametric statistics and related areas.

REMARK 1.1.  The P, g processes can be defined more generally by re-
placing (Uy) with iid random variables (Ry) having common distribution
Fr.

REMARK 1.2.  For basic notation, we write vy, and [B,p to denote a
gamma random variable with shape a and scale 1, and a beta random vari-
able with parameters (a,b). If a > 0, and b = 0, then we use By0 =
limy_.g Bap = 1. Additionally & denotes a Bernoulli variable with success
parameter 0 < o < 1. If X and Y are random variables we will assume that
XY is a product of independent random variables unless otherwise specified,

if we write X, X" this will mean X <X put they are not equal. Lastly we
always consider ¢* = p/q = p/(1 — p) where ¢ = 1 — p unless otherwise
specified.

2. Distributional Results for X, ¢. In this section we shall derive
various distributional properties of X,9. For 7 > 0 and 0 < ¢ < 1, we
will sometimes work with the parametrization 7o, to accommodate values
such as 7o = 0 > 0 and 70 = 0 + a. First, we briefly discuss some pertinent
properties of random variables referred to as Dirichlet means and the related
class of infinitely divisible random variables whose distributions are gener-
alized gamma convolutions (GGC), as they will play a significant role in our
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6 LANCELOT F. JAMES

exposition. For more details and related notions, one may consult [16, 21—
23, 30, 44, 45, 65] and, in particular for this exposition, [42].
For a generic positive random variable M, let

Cro(X; M) = E[(1+ AM) ™) = E[e~ 7]

denote its Cauchy-Stieltjes transform of order 7o. Similar to Laplace trans-
forms, C;»(\; M) uniquely characterizes the law of M. Let R denote a non-
negative random variable with distribution function Fg. A random variable
M, depending on parameters (7o, R), is said to be a Dirichlet mean of order
7o if

(2.1) —logCro(A\; M) = 10E[log(1 + AR)] := Tor(\) < o0.
Equivalently M satisfies the stochastic equation,
M i /BTO',lM + (]— - BTO',l)R'

We denote such variables as M < M, (FR).

Importantly, Cifarelli and Regazzini [22] (see also [23]), apply inversion
formula to obtain an expression for the distribution of M,,(Fg). In general
these are expressed in terms of Abel-type transforms. An exception is the
case of To = 1, where the density of M;(FR) can be expressed as,

(2.2) L sin(nFa(2))e— R
7r
where ®r(r) = E[log [z — R|[(gy)]. Additionally,
ToYr(\) = 7'0'/ (1 —eM s E[e™/Fds
0

is also the Lévy exponent of an infinitely divisible random variable with Lévy
density 7os ' E[e=%/%]. We say that such a random variable is GGC(70, R)
and may be represented in distribution as a gamma scale mixture

(2.3) YroMro(FR) = 'YT/BTU,T(I—U)MTU(FR)-

Highly relevant to (2.3), and our exposition, is a result by James [42],that
for each 0 < 0 < 1,

(24) ﬁTO’,T(l—U)MTU(FR) = MT(FR&,)’

where &, is a Bernoulli variable with success probability o. Note also that
Bror(1-0) £ M, (F,). One consequence is that a GGC(ro, R) variable is
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LAMPERTI LAWS 7

also a GGC(T, R, ) variable. In other words, for a fixed 8 > 0, a GGC(6, R)
variable is a GGC(0', R¢p /) variable for all 0" > 6. As pointed out in [42],
one significant point about these multiple representations is that if 0 < 6 =
o < 1, then one can set = 1 and use the explicit density formula for
Dirichlet means of order 1, (2.2), established by Cifarelli and Regazzini [22]
to obtain an explicit representation of the density of such a GGC(o, R)
variable. See [42] for its precise form and further details.

REMARK 2.1.  Letting Flgl denote a quantile function, variables M;,(FR)
are called Dirichlet means since they can always be represented as

Meo(Fi) 2 [ B ) Poo ) £ [ yDro(a)

where D4 (y) 4 > i1 Pil(r, <y) is a Dirichlet process with (Py,) ~ PD(0, 7o)
and where (Ry) are #id FR.

2.1. Identities. For the case of X, g, one can show that for 6 > 0,

(2.5) Co(X; Xap) = (1+A%) & = E[e0Xa0],

and for 0 > —a,
(2.6) Cipo(\; Xug) = Ele001%00] = (1 4+ A%) %% = Cpya(Xi Xagsa).

We will use (2.5) and (2.6) to more easily establish the next series of results.
However, we note that the expressions in (2.5),(2.6) are not obvious. We will
provide justification for (2.5), when we discuss Linnik variables in the next
section. Assuming that (2.5) is true, (2.6) then follows from an identity due
to Perman, Pitman and Yor [73],

1 d ﬂ€+a,17a
Scx,@ Sa,@—i—a

(2.7)

Y

for # > —a. (2.7) is another highly relevant component to our exposition

and shows that X, g 4 Bo+a,1—aXa,0+a-

ProOPOSITION 2.1.  The random variables X, ¢ are Dirichlet means hav-
ing the following properties: For 6 > 0,

(2.8) Xa = Bo1Xa0 + (1 — Bp1)Xa L My(Fx,),
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8 LANCELOT F. JAMES

and for 0 > —a and o = (0 +a) /(1 +6),

d d 51
(29) Xa,@ - ﬁ@+a,17aXa,0+a = ﬁ(& Q)Xa,1+9 = M1+9(FXQ§O-)7

with X9 4 B14+0,1Xa,0 + (1 — Bi40,1)Xals. As special cases of (2.9),

. d
(7') Xa,l = ﬂlJra,lfaXa,lJra
.. d d 51
(ZZ) on,l—oz = 61,1—01X04,1 =0 ial—J Xa,2—o¢-

(a’ oY

(ii1) Xo 2 Bai-aXaa < ﬂ(ll/ oy Xa1 = Mi(Fx,e,), which yields the iden-
tity :

Xo 2UX, + (1 - U)X,
for X/, < X,.
PROOF. In order to establish (2.8), we will calculate the Cauchy-Stieltjes
transform of order 6 + 1 of the variables appearing on the two sides of the

first equality. This entails multiplication by an independent vy, variable.
Hence (2.8) is true if

d
Yo+1Xa,0 = V0Xa,0 + 71 Xa-

Applications of (2.5) and (2.6) show that, Ci19(\; Xa,0) = Co(X; X0,0)C1(X; Xa),
concluding the result. We will use similar arguments elsewhere but will omit
such details. For (2.9), we again calculate Ci49(X\; X, 9). The first equality
is easily checked. For the second we use,

(2100 Crro(h B3t 1o Xaite) = Creo (X%, Bosa 1a)).

(ava) a )«

In order to establish the equivalence to Mi g(Fx, ¢, ), first note that (2.8)

establishes X, g4q 4 Mp+a(Fx,). The result is then concluded by an appli-
cation of (2.4) for r=14+6,0=(0+«a)/(1+6), and R = X,. O

The next result establishes results for the larger class of variables defined
with (2.3) and (2.4) in mind, as

Xac,rT /BTO',T(lf(T)Xaﬂ'O"

Equation (2.9) of Proposition 2.1 is an important special case.
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LAMPERTI LAWS 9

ProPOSITION 2.2. For 7 > 0 and 0 < o < 1, the random wvariables
d .
Xg,f; = ﬁTJ,T(l—U)XOé,TU satisfy,

o) d d d
Xé,q— = ﬁTG’,T(l—O’)XOé,TO’ = Blg r(1—0) Xa,T = MT(FXQSU)-

(a’ a

Which leads to the identity

1/
ﬂTU,T(l*O’) d 6(%;#)

2.11 =
( ) Sa,TU Soc,T

PROOF. The result is easily checked by following arguments similar to
those used to establish (2.9). Hence we just note that one uses the calcula-
tion, CT()\;XS,TT)) = Crs(A; Xo 7o), in place of (2.10). The equality (2.11) fol-
lows immediately since stable random variables S, are simplifiable, see [20,
p. 11-12]. O

Note that Propositions 2.1 and 2.2 show that
0
108 Co(X; Xag) = = log(1 + A*) = OE[log(1 + AX,)].
@

2.2. Densities and explicit mizture representations. We first describe some
more pertinent features of X,, see also [45].

PROPOSITION 2.3. Let X, < Sa /S, having density (1.1). Then,
(i) the cdf of Xo can be represented explicitly as

— _ico_1 cot(mo <
(2.12) Fxu () =1- —cot (t( )+sin(7ra))

(ii) Its inverse is given by

sin(ma(y)) ] 1/a
)

(2.13) Fx,(y) = [Sin(m(l -y

(iii) The equations (2.12) and (2.13) yield the identity,

(2.14) sin(mraFx,(y)) = y*sin(ra(l — Fx,(y)))
Yy sin(ma)

B [y2% + 2y cos(mar) + 1]/
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10 LANCELOT F. JAMES

(iv) Additionally,

y* cos(mar) + 1
[y2 + 2y cos(mar) + 1]

cos(maFx, (y)) = e

PROOF. This derivation of the cdf is influenced by arguments in Fujita
and Yor [34] where it becomes clear that it is easier to work with the density
of (X,)“. Specifically the density of (X,)“ is given by

sin(ma) 1

for y > 0.

T Y2+ 2ycos(ma) + 1 oy
It it then easy to obtain the form of the cdf of (X,)® by direct integration.
Now using the fact that this equates with Fx,_ (y'/®) yields statement [(i)].
Statement [(ii)] then follows by using properties of the inverse cotangent. In
order to establish [(iii)], use (2.13) which yields the identity,

sin(ma(Fx, (1)) 1"°
sin(ra(1 = Fx,(y))) '

Hence statement [(ii)] follows. O

(2.15) y=Fy (Fx,(y) =

We now focus on obtaining explicit distributional formulae for the per-
tinent random variables based on their representations as Dirichlet means.
In relation to this Proposition 2.3 gives precise details on the pertinent cdf
Fx_, it then remains to obtain a nice expression for the quantity

O, () = Px, (v) = Ellog|z — Xal].

for z > 0. The key to calculating @, () is the fact that we showed that X,
is a mean functional of the type M;(F¢, x, ), as described in Proposition 2.1.
This sets up an equivalence between the form of the density of X, obtained
by Lamperti [63] and that of M;(F¢, x,), obtained from (2.2). Hence we
have the following calculation.

ProOPOSITION 2.4. ForO0< a <1, and x > 0,

1
O, (x) = % log (2 + 2% cos(am) + 1).

PROOF. Since X, < M, (F'x ¢, ), it follows by using (2.2) that the density
of X, satisfies the equivalence,

fx, (z) = % sin(ral — Fx, (x)])e” @%@ ga—1,
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LAMPERTI LAWS 11

Where on the left hand side we use the expression in (1.1). Now applying
the identity in (2.14) shows that,

—1 .
fXa (.ZL‘) _ 1 x® SIH(TFO() » e—o@a(x)'
T[22 4 222 cos(mar) + 1]
Solving this expression for ®,(z) concludes the result. O
Set
T sin(ma)
(216) pa,T(.’Ba) = a arctan <(;OS(770¢)_|-330¢> = 7TT[1 — FXa (.T)]

and define the function,

T—1 H a
(2‘17) Aa7‘r(x) — T S (pa,’T(x )) —.
T [x2% 4 22 cos(am) 4 1]2a

We next obtain density formula for a key class of random variables that
includes the case of X,, and X, 1.

ProrosiTION 2.5. For 0 < ¢ < 1, and x > 0, the densities of the
random variables

d d 1
Xé? = 50,1—0Xa,0' = [ﬁ(g’%)]aXa,h
: 4 (o) 4 (1) .
with Xo = X,1 and Xo1 = X, 1, can be expressed as A o(x), given

in (2.17). Furthermore,

(i) X(gfl) 4 F)}i(Ua,g) where Uy » 4 FXS([X(U %) has density

a,l

a—a

o sin(mo (1l —u))

,0 < u < 1.

[ssl;n(grwji)] sin(ma(1l — u)

(ii) If0 <o < a, then X7} L [Bo azs))® Xa.

a,l

PROOF. The representations of X éal) is just a special case of Proposi-
tion 2.2. The density is calculated based on Proposition 2.4 and the results
discussed in [42] and [22], as mentioned previously. Statement [(i)] takes ad-
vantage of the properties of F'x,_, and is otherwise straightforward to obtain.
Statement [(ii)] is just a manipulation of the beta random variables. O
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12 LANCELOT F. JAMES

One important aspect of the previous result is that we can use it to
obtain density /mixture representations for the following Lamperti random
variables. This is facilitated by the identity (2.9.)

PROPOSITION 2.6. Suppose that 0 <0 <1—a, thena<oc*=0+a<1
and there is the distributional identity,

d d (o)
Xa,@ = ﬁ@—l—a,l—aXa,G—&-oc = BI,GXO[J )

In particular, Xo 1—q 4 Br1-aXa1

(i) Hence for 0 < 6 <1 — a, the density of X, g, can be written as,

(2.18) fx.o(z) =16 /0 1 W

du,z > 0,

where Ay o« (x) > 0, is the density of Xéfl*). When 6 = 0, the density
is Ago(z) equating with (1.1).

(11) As a special case, when o < 1/2, X, o 4 BLaXé 1), where X(S? %) has
density,

sin(ma) 2az%* cos(ra) + 2]

T [220 + 22 cos(am) + 1)

(2.19)

PRrROOF. The result follows from Propositions 2.2 and 2.5 by writing

Xop 2 Botai-aXapta = B, 050-+a,1—(0+a) Xa0+a-
The simplification in (2.19) follows from,
sin(2ma) 4 22 sin(ma)
1+ 2x% cos(mar) + x2

sin(2rafl — Fx, (x)]) =
O

The previous results allow one to obtain simple mixture representations
or densities for X, in the range 0 < 6 <1 — o, and 6 = 1. The fact that
we obtain such results for a continuous range of 6 is significant, as shown in
the next result.

PRrROPOSITION 2.7. Set § = Z;‘?:l 0; where 6; > 0. Furthermore, let
(D1,...,Dy) denote a Dirichlet random vector having density proportional

to H§:1 :1:?1 That is each D; 4 Bo,.6—6,- Then,

k
d
Xop =Y DjXao,
j=1
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LAMPERTI LAWS 13

where Xq 9, are mutually independent and independent of (D1,...,Dy).
When 0; are chosen such that 0 < ; < 1 — «, each Xqp; has an explicit
density fx,, described in (2.18). When § =k, one can use 6; = 1.

)

PROOF. Since we have shown that X, g 4 My(Fx,), this result follows
directly as a special case of Hjort and Ongaro([38], Proposition 9). O

2.3. Positive Linnik variables. For 6 > 0,

(2.20) Xoo L7y S,

denotes the class of generalized Linnik variables as considered in [16, 26, 40,
47, 66, 74]. The results in the previous section depend on the validity of the
transforms in (2.5) and (2.6). It is evident, and known, that (1 + \*)~¢/«
appearing in (2.5) is the Laplace transform of x4 for # > 0. Hence (2.5)

is verified if one shows that x..¢ 4 Y6 Xa,9, for 6 > 0. It is already known,
using a result of Devroye[25] combined with (2.7), that

d d
(2'21) Xa,a = ’Y%/asoz =1Xe = ’YaXa,oz-

Furthermore, from Bondesson ([16], p.38), it follows that x, ¢ are GGC(6, F,,).

In the next result we will verify the usage of (2.5), and use the X agl) to ob-
tain explicit density representations. In this regard, it is is important to note
that we do not need explicit results for X, g to get corresponding results for
Xa,0- In addition we obtain some interesting identities.

PROPOSITION 2.8.  For all 8 > 0, xq, is a GGC(0, Fx,) variable that
satisfies,

d
Xa,6 = Y0Xa,0-

For0<8=0<1, xXao 4 *le(S:l). and hence has the density,

(2.22) Frosl@) = | ey A o (y)dy.

See also (2.25) for 6 > 0. Additionally,
(i) For 0 > —a,

d d
(2'23) Xa,0+a = ’70+O¢Xa,9+a = ’71+49Xa,9'
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14 LANCELOT F. JAMES

(i) Hence, for 0 > —a,

1/a Yo+a d V140
2.24 — 4 .
( ) 9% Sa,9+a Sa,G

(iii) For —a <0<k, k=0,1,2,...,

Xo,0+a = ’7k+1Xoc kﬁ 6+a k— 9)

(iv) For 6§ = Z?:l 0; >0, Xa,0 4 Zle Xa,0;» Where xq.0, are independent.

PRrOOF. From (2.20) and using the identity

za

e 5 =Ele™ %],

it is easy to see that the density can be expressed as

x

Fros@) a1 [T (s)as
s a7 [T [T e o) 0 o) fuls)dods

yielding the equivalence with 79X, 9. The expression in (2.22) is due to
Proposition 2.5. Statement [(i)] follows from (2.7). Statement [(ii)] follows
by removing S, which is justified since it is a simplifiable variable. For (iii),
apply Proposition 2.2. [(iv)] follows from infinite divisibility. O

REMARK 2.2. [t is not difficult to show that a general expression for
the density of Xa,9, for all 6 > 0, is obtained by replacing Ano by A as
follows,

1 oo e *sin(nfFx, (z))dx
(2.25) P =2 [

0
7T 2 4 222 cos(am) + 1]2«

However, Ay g can take negative values when 6 > 1, so this does not in
general yield a mizture representation for X.g. Nonetheless, it may not
be difficult to evaluate numerically, which is relevant for the Mittag-Leffler
functions discussed in section 3.

REMARK 2.3. The gamma identity in statement (2.24) of the previous
proposition is quite remarkable, and as we shall see below has some inter-
esting implications. We note that although not obvious, our result coincides
with a variation of Bertoin and Yor ([11], Lemma 6). Checking moments
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one can see that, in their notation, Jg g/q 4 Sa§ for s > 0. and for 6 > —a,

(a) 4
J1+9,(9+/oc)/oz -
their variables, see also [46]. See Kotlarski [57] for a general characterization

of cases where products of variables result in gamma variables.

0:3‘. Our work provides some additional interpretation of

2.4. Generalized Pareto Laws. Influenced in part by the gamma iden-
tity (2.24), we next look at relationships between the Lamperti laws and
a class of generalized Pareto distributions. We note that the next result
also plays an important role in section 4, when discussing continuous state
branching processes. Define random variables,

1
1/« Ue “
wlie = - .

These represent a sub-class of generalized Pareto distributions with cdf and

density given as

yG gyéfl
F 1/a = —; a = .
W;,/g (y) (1 + ya)O/a W;/g (y) (1 + ya)(ﬁ-‘roc)/oc

PROPOSITION 2.9. Let U denote a Uniform|0,1] random variable, then
for 6 >0,

(i) there is the identity,

o 1 1
1 Ui \* q (TE\® 4 Xas d V0
Wa;;;_( ) (B) exessry,

1-U% n 71 gé!
(i1) For 0 < o < 1, the random variable ¥, » 4 ’71/XC(Z1)> has Laplace
transform,
(2.26) E[e o] =1 — \7(1 4 \%) 77/,

PROOF. Statement [(i)] is an application of (2.24) For statement|(ii)] no-
tice that

B(g= > A) = Ele ],

but this is the survival function of the random variable

Y (o) & Vo Sa d 11/a
Nxlyd Jo P dylja
71 a1 Sa,o' 71 “

O]
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16 LANCELOT F. JAMES

REMARK 2.4. As we shall discuss in section 4, Statement [(ii)], (2.26)
serves to identify explicitly the (unknown) limiting distribution obtained by
[96] and [86] corresponding to o = 1. It is relevant also to note that the
density of W(;/la is the only case that corresponds to a Laplace transform.
So here we see a distinguishing feature of Xq 1.

2.5. z-wvariables and hyperbolic laws. Proposition 2.9, along with the works
of [14, 39, 83, 94], motivates us to consider several questions related to z-
distributions, which are distributed as the logarithm of of the ratio of in-
dependent gamma variables. We also believe that some of the variables we
discuss will be of interest in terms of applications along the lines discussed
in [4] and [39]. In fact, [39] suggests the use of a class of variables that turn
out to be equivalent in distribution to log(X,). Naturally we do this in the
spirit of highlighting what one can do with Lamperti laws. We also obtain
additional information about these variables.

In particular, for illustration, we consider the following generic type of
problem. Suppose for generic variables X,Y, Z with Z and Y independent
there is the following relation

x<ly4z

One natural question is to ask given explicit information about X and Y,
what Z satisfies the above equation? In addition does Z have an explicit den-
sity or mixture representation? Notice also that if the characteristic function
of Z is not known then we can use X and Y to obtain this. We will consider
Z that are variants of Lamperti laws.

We first give a brief discussion on z-distributions. Following [94], the class
of z-distributions are defined as 7! log(vs, /74, ), having characteristic func-
tion
D01 +i2)0 (2 — 2)

iA
]E T 10g(791 /’YGQ ) —
& ] T(6:)T(62)

As special cases, the variables, for 0 < o < 1, M, 4 g1 log(7Vy/7v1—¢), have
a Meixner distributions with characteristic function

cos(ey)
cosh(\ —ig,)’
where e, = (o — 1/2). Note that a Meixner distributed random variable is
usually defined as (1/2)M,. S; L gl log(U/(1—"U)) has a logistic distribu-
tion with characteristic function,

(2.27) Ee— M) =

A
sinh(\)’

E[eiASl] —

imsart-aap ver. 2007/12/10 file: AOAPLampertiREV2.tex date: November 13, 2009



LAMPERTI LAWS 17

and Cy 4l log(fyl/Q/’yl/g) has the hyperbolic distribution with character-

istic function,
1

cosh(\)
It is known that the variables S1 and C; satisfy

]E[eik(cl] —

(2.28) Cy i Sq + Ty,
where Ty is an independent variable having characteristic function
< tanh(\)
E AT — )
7] =

Biane and Yor [15] showed that the density of Ty is

1 4
fr,(z) = ;log(coth(;|x|)), —00 < < 00.

REMARK 2.5. Note that the characteristic function of ar 1 log(X,) is
equivalent to

iax sinh(a\)
Ele™s log(Xa)] — )
le ] asinh(A)

This expression can be found in Chaumont and Yor ([20], p. 147). In addi-
tion we see that this characteristic function agrees with the class of gener-
alized secant hyperbolic distributions discussed for instance in [39]. See also
[79] for more on the variables C1,T1 and S;..

In the next result we obtain a description of the characteristic function
of log(Xa,0) and log(X((;l)).

ProposITION 2.10.  From Proposition 2.9, it follows that,
(i) for 6 >0,
1 Ve
clog (=) L10g (1) +10g(X0).
1

(i) For 6 > —«

Ota 1 2P(1 — 2)r(1 4+ 6)
(1+0+i2)0(1 - 2)r(&e)

T

E[ei)m’llog(Xa,g)] — F(
T
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18 LANCELOT F. JAMES

(i1i) For 0 <o <1,
1 ve
—log (“) 4 log (%> + log(Xégl))
G ga! 4! ’

g

where log(X,, 1), has density

1 Sin (Pao (%) e

T[22 + 2% cos(am) + 1]2
and characteristic function

sinh(Ar) I'(Z + %)F(l -2

&3 ) (8]

AT I(
Proor. This follows as a simple consequence of our previous results and
the characteristic functions of z-distributions. O

E[ei,\log(ng)] _

Q9

The next result identifies some variables that have characteristic functions
based on hyperbolic functions and also have explicit densities. Define,

d ngf) d Ba

o,l—c
HC“’O' 1/a = ,l/a o
l1—0,0 l1—0,0

where the equality follows from (2.11). In addition for ad < 6§ < a(1 — ),
for 6 < 1/2, define

1
o Bs,0=as) Se1-0
a0 ,B(lfa(lfé) a(1-9)-0) Sa0 ’

where one can easily check that the density of S 1-9/S54,0, denoted as fi1_g,9,
satisfies

ficoo(@) = capr™ V0 fx  (2) = capr DAL (2),

for I(1/a + )T + DI(2 — 0)

T TO/a+I(1—0)/a+1)

Ca,0

PROPOSITION 2.11. For0 <o < 1,0 <1/2 and ad < 0 < a1l — ),
there are the following relationships:
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(i) Llog (%) 2 Jog (%) + log(Ha,s). Hence,

E[eia)\ log(o.)] cos(e,) sinh(Aa)  sinh(a\) cos(eq) sinh(\)
~ Aacosh(\ —ig,)  asinh(A\) Acosh(A — ig,)

where e, = m(o —1/2).
(ii) Llog (72=) L log () + log(LY)). With,

Y1-5 Y1-6

Bl log(®))) _ cos(es) cosh(Aa — igg)
cos(gg) cosh(\ —igs)

(iii) When 6 = 1/2, then 0 = «/2, and L2 4 a1—a/2/Sa,a/2- where

o,a)/2
log(LSf/)Q), has density

c z% : zZou
/2 ¢ s (pa,l(e )) —, —00 < 2z < 00,

T [e?za 4 2¢*@ cos(am) + 1] 2«
and characteristic function

% log(LS,f/)g) _ COSh()\ — ié‘a/g) .
cos(gq/2) cosh(A/a)

Ele

Proor. All the characteristic functions follow from that of S; and the
Meixner distributions(2.27). In order to establish [(i)] we use the identity
Y1/Sa = 711/ “ and apply this to the second definition of H, . Statement
[(ii)] follows from a manipulation of (2.24) to force the form of the first two
variables. The choice of 1 —6 and 6 in the definition of Lz(;i)o was deliberately
made so that we could get an explicit expression of the density of the relevant
ratios of stable variables. O

3. Mittag-Lefller functions. In this section we obtain integral rep-
resentations, and other identities for a generalization of the Mittag-LefHer
function given by

[ee) k
©/at1), \y _ o (FA)T (B/a+1), 3
(3.1) E e ( )\)—kgo M T(akt0+1) for 0 > —«
where (g -
0/ + 1)) = LO/a+1+Fk)

r'e/a+1)
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20 LANCELOT F. JAMES

So when 6 = 0, one recovers the Mittag-Leffler function as,
0
Ea1(-A) = Ef1(=4) = EQy(- ).

Note that using simple cancelations involving gamma functions it is easy
to show that for 6 > 0,

Ofat1)_ .\ _ —
(32) Ea,1+0 ( Z) F(1+9>Ea,0 ( Z)

Recall that the Mittag-Leffler function can be expressed as the Laplace
transform of S, *. One can show that by taking a Taylor expansion and
calculating moments that

(33) Ele™*/5%0] = (6 + DEY) ) (—2),

One consequence of this observation is that one can use a Monte-Carlo
method based on S, ¢ to evaluate this quantity. The next result develops
more connections with X, ¢ and xq .

ProrosiTION 3.1. For 6 > —q,

(i) fiyx,,(x) =27 fx, ,(2)

(ii) f’y1/Xa,9 (x) = F(@ + 1)x70fxa,6+a (x>
(iii) For 6 > 0,

}P’(;le > 1) = E[e "Xt = E%a)(—xa) =T(0)a' " fr. (@)

Hence if 0 = o then these expressions are explicitly determined by
(2.22), otherwise one might use (2.25).
v) Applying Proposition 2.7, it follows that for ZI?: 0; = 0, where 0; > 0,
=1

k
B (2 = [ TTEY (el
k) Sk Z:1 "W
where S, = {(x1,...,21): 0 < F 2 < 1)

The result is fairly straightforward using the basic definitions as ratios of
stable variables and the identities in Proposition 2.5. We omit the details.

REMARK 3.1.  Recall that for o = 1/2, X9 2 Yo+1/2/71)2- Using the
notation in Pitman [77, eq. (88), eq. (98) and Lemma 15], and noting [77, eq.
(104)], the conditional moments of the meander length (1—G1), of Brownian
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motion on [0, 1] conditioned on its local time Ly is related to the generalized
Mittag-Leffler function as follows,

2
Eq /2,0[(1 - G1)9+l/2|L1 =2\ = E[@—%Xl/z,e]
- EHBl’eH/z]h—(wﬂ)()\)
(20) (- A )

1/2,0 ﬁ
= w0+ 1/2[|N),

= E

which corresponds to the moments of the structural distribution of the Brow-
nian excursion partition. h_sg(X) is a Hermite function, here ¢ = 6 +1/2.

REMARK 3.2.  (8.1) is a special case of the function introduced by Prab-
hakar [85],

v o _OO (—)\)k (M
(3.4) EJ u( A)—kzzo 0 Tk )

where (p,pu,v € C, Re(p) > 0). (3.1) is the case where v = (6 + a)/a and
p = 0+1. Additionally, the quantity (3.1) represents a special sub-class of yet
more general Mittag-Leffler type functions which are discussed, for, instance

in Kilbas, Saigo and Megumi [52]. See also [2, 5, 7, 19, 28, 37, 54, 55, 59].

4. The explicit Lévy density of Stable CSBPs and the Zolotarev-
Slack distribution. We now show how our results lead to an explicit
identification of the Lévy density of the semigroup of stable continuous state
branching processes of index 1 < § < 2, that is 6 = 1 + « and the limiting
distributions first obtained by Zolotarev([96] and Slack [86]. We also mention
briefly its connection to the work of [6, 9] on beta coalescents. From Lam-
perti, [62] continuous state branching processes(CSBP) are Markov processes
that can be characterized as limits of Galton-Watson branching processes
when the population size grows to infinity. A (1+ «) stable (CSBP) process
(Y;,t > 0) is a Markov process whose semigroup is specified by,

(4.1) Eafe ] = Ele Y |Y) = a] = e~

where

v = / (1= e Muy(ds) = Aot +A*) e,
0

Furthermore, see for instance [6, 9], there exists a process (Y (t,a);t > 0,a >
0) such that for each ¢, Y(¢,-) is a compound Poisson process with inten-
sity v;. Related to this result, Kawazu and Watanabe [50] show that all
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continuous state branching processes with immigration arise as limits of
Galton-Watson processes with immigration. Analogous to (4.1), Theorem
2.3 of their work yields the limiting (1+ «) stable (CSBP) with immigration

(Y(t),t > 0) satisfying,

(4.2) Eqle "] = (14 aX*t) acEqfe Y.

It is evident from (4.2), that the entrance laws of Y are positive Linnik
distributions. However, the intensity v, which plays a fundamental role in [6,
9] is only known up to its Laplace transform. It is known that this Laplace
transform coincides, up to some scaling factors, with the Laplace transforms
of the limiting distributions obtained by Zolotarev[96] and Slack [86]. Before
identifying these expressions we recount the limiting distributions obtained
by Slack [86] and Berestycki, Berestycki and Schweinsberg [6]. As described,
for instance, in [6], Slack’s result describes the limiting distribution, say
e, Of the number of offspring in generation n of a critical Galton Watson
process, re-scaled to have mean 1 and conditioned to be positive, when the
offspring distribution is in the domain of attraction of a stable law of index
1 < § < 2. This result complements Yaglom’s [91] well known result for
the case where the offspring distribution has finite variance. In that case
the limiting distribution is exponential with mean 1. Precisely, following the
exposition in [70], we state a variation of Slack’s result.

PrROPOSITION 4.1.  (Slack(1968) [86]). Let Z = (Z,,n > 0) denote a
super-critical Galton Watson process initiated by a single process. Further-
more, suppose the non-extinction probability Q, = P(Z, > 0), satisfies

Qn = n_l/aL(n)
where L(x) is a slowly varying function. Then,
(4.3) Jim P(QnZn < x|Zy > 0) = pa([0, z])

where for each 0 < a < 1, pgy s the distribution of a random variable %,
satisfying

(4.4) /OOO e o (dw) = Ele %] = 1 — A(1 4+ A%) "1/,

Zolotarev ([96], Theorem 7) also obtained this limit in the case of a class
of continuous parameter regular branching processes. However, prior to our
work, an explicit description of its density or corresponding random variable
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was not known. It is now evident from (4.4) that X, 4 Yq,1 in Proposition
2.9, as we mentioned previously. These limits and or discussions related to
(4.1), (4.2) appear more recently in for instance, [6, 9, 31, 60, 61, 72]. Before
we summarize our results we shall say a bit more about the context of [6].
Random variables with law p,, arise in the work of Berestycki, Berestycki and
Schweinsberg [6], see also[9], in connection with Beta (2 — §,0) coalescents
for 1 < § < 2. See in particular ([6], Theorem 1.2.) Equivalently these are
Beta (1 — o, 1 4 «) coalescents.

In addition, there is a related result of Berestycki, Berestycki and Schweins-
berg [6] that, with some work, would have otherwise allowed us describe the
law po. We quote their result below.

PROPOSITION 4.2 (Berestycki, Berestycki, and Schweinsberg ([6], Propo-
sition 1.5)).  Let (II(¢),t > 0) denote a Beta (1 —a, 1+ ) coalescent where
0 <a<1,andlet K(t) denote the asymptotic frequency of the block of T1(t)
containing 1. Then

(4.5) (T(a + 2)t ) K (1) — Caast L0,
where (, 18 a random variable satisfying,
(4.6) E[e %] = (1 4 1)~ (F)/e,
Furthermore, as noted in [6], {, has the size biased distribution
(4.7) P((q € dz) = zpa(dr).

We now summarize our result which again demonstrates the relevance of the

random variable X 1 4 Sa/Sa,1, which has explicit density,

_ lsin (é arctan (%))

T[22 + 222 cos(am) + l]i

(4.8) Api(z)

)

PROPOSITION 4.3. For 0 < a < 1, and Ay 1(x) defined in (4.8), there
are following results.

(i) The random variable described in (4.5) and (4.6), (, satisfies

d
Ca = ’YQXoa,l = Xo,1+a-
(ii) Let o and pq be as in (4.3) and (4.4), then
d M d
= == E .
Xa R a,l

)

Yo

imsart-aap ver. 2007/12/10 file: AOAPLampertiREV2.tex date: November 13, 2009



24 LANCELOT F. JAMES
(iii) Furthermore, for each x > 0,

P(Sq > @) = fia([z,00)) = EM™ (~a%) = f1x., (2).

(iv) The Lévy density vy corresponding to the (1 + «) (CSBP) specified by
(4.1) is

(at)” &zl (e g
E & (=2
(14 «) . fral at)

_2 [0 =
= (at) a/o e (at) /o‘yAaJ(y)dy.

L&($>

PROOF. Statements [(i)] and [(ii)] are now quite obvious from Proposi-
tions 2.8 and 2.9. Statement [(iii)] and is deduced from Propositions 2.5 and
3.1. Statement [(iv)] follows from these facts and the specifications for v,
described in ([6], Lemma 2.2). That is,

1
vi(x) = (at) ™o pap(2)
where fiq ¢(x) is the density of the random variable (at)éEa. O

5. Occupation times of generalized Bessel bridges. We now show
how our results for X, ¢ can be used to obtain new results related to A1 ,

which is equivalent in distribution to Py ¢(p), under IP’(p ). This can be seen
as a continuation of a subset of the work of [44], who looked at more general
PD(«, #) mean functionals , where, with the exception of o = 1/2, the best
results for describing the density of P, g(p) were obtained for § = 1, and
6 = 1 — . The results for a = 1/2 are classic. For « = 1/2, and p = 1/2,
Lévy [64] showed that AT under (1/2,0) and (1/2,1/2), follow the Arcsine
and Uniform|0, 1] distributions respectively. A general formula for (1/2,0),
for all > —1/2 can be found in Carlton [18, eq. (3.4)], see also [51], and is
given by,

F(G + 1) pqy9*1/2(1 o y)9—1/2
T(L/2)T(0 + 1/2) (52(1 — y) + ) 70

for 0 < y < 1. We also obtain results for time spent positive on certain ran-
dom subsets of [0, 1], and also develop some interesting stochastic equations.
As a highlight, we obtain explicit results for the case of § = «, corresponding
to the the time spent positive of a Bessel bridge on [0,1]. In this case the
best previous expressions were obtained independently in [44, 92], see also
[65]. For some other related works see [12, 48, 49, 56, 93].

P, o (AT € dy)/dy =
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Consider now the following stochastic equations and Cauchy Stieltjes
transforms that can be found in [44] with further references, for > 0

(5.1) Pog(p) = BoiPas(p) + (1 = Bo,1)Pao(p)
and for 0 > —a,
(52) Pa,@(p) = 69+a,17apa,9+a (p) + (1 - 69+a,17a)§p'

Additionally there are the Cauchy Stieltjes transforms for 6 > 0,

_6 _pah(P)
(5.3) Co(X; Pag(p)) = (g + (14 1) p) " = e %o

where
PPN = Ellog(1 + APao(p))] = EX)[log(1 + AAT)],

2]

and for 0 > —q,

1+N*"p+(1-p)
(g+ (1 +2)°%)
= CQ—l—a(A; Pa,€+a (p))C1_a()\; fp)

The first equation (5.1) shows that P, ¢(p) 4 My(Fp, o)) for 6 > 0. The
second equation (5.2), see for instance[10], [27], [41], [78], for some other
interpretations and applications, can be traced to Pitman and Yor ([80],
Theorem 1.3.1), and Perman, Pitman and Yor (73], Theorem 3.8, Lemma
3.11) as follows; Let AJGF1 = foGl I[(B,>0)ds denote the time spent positive of
B up till time G4, which is the time of the last zero of B before time 1. Then

under IP’(ap 39 there is the equivalence

(5.4) Ciro(N; Pap(p)) =

d b d
(Agl ; Gl) = (GlAg 1“)7 Gl) = (/69+a,1—aPa,9+a(p)a 694—01,1—04)
This shows that (5.2) can be rewritten in terms of the following decomposi-
tion,
d d
AP L AL +(1-G)g LA™ +(1-Ghe,

See for example Enriquez, Lucas, and Simenhaus [29] for an interesting re-
cent application of this expression.

We now show that the density of P, g(p) can be expressed in terms of the
density of X, ¢. Hereafter, define

_ )
= i)y

for ¢ =p/(1 —p).
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PROPOSITION 5.1.  For 6 > —q, let Ry g = cXqa0/(cXa0+1). Then

Y.
Pap,Z)(Af €dy) = HP(Ra,G € dy)
—p)e

where Af 4 P, o(p). Hence as special cases, using Propositions 2.5 and 2.6,

(i) POL(AT € dy)/dy = (1— )" p~ /2 A1 (rp(y)) = Rt (y):
(ii)) For0 <8 <1—aq, and 0" =0+ «,

B0 At ¢ ay) iy = 2L /0 o (rp®)/u) |

«, (1_ )Lpé (1_u)1 0

where Ay o+ () > 0 is the density of Xé:l*).

PRrROOF. From (1.3) it follows that for measurable functions g,

N0/ +
A=) o) (Anyan)).

E[Q(CXa,G)] = E[SOTH] , A

The result is concluded by showing that

1
ELolo(

(p) +
E A7) =
a,e[g( 1 )] E[Soje] a,0l9

AL )]

is equal to (1 —p)_e/o‘E[g(ng)(l —i—Xa’g)_e]. But this follows from 7, =
(Af /AL +1)AL. O

Pitman and Yor ([82], Proposition 15) establishes an interesting relation-
ship between the densities of A] and Aa under the law IP’(ap’ z). Making no
changes to the essence of their clever argument, one can easily extend this
result to all («, 8). Combining this with Proposition 5.1 yields the relation-
ships, for 0 < p < 1,

(5.5) PY)(AL € dy) = (1 - z) PY)(Af € dy)
= (( y)) (R € dy).
—p

Recall that under Pc(f (3, Agl 4 Bo+a,1—aPao+a(p). The next result describes
interesting properties of generalizations of this variable.
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PROPOSITION 5.2. Form>0and 0 <o <1, letV 4 ﬂ(ﬂ o)) and

hence is a Dirichlet mean satisfying the stochastic equation,
d
V= IBT/C!,IV, + (1 - IBT/CM,I)é-U’

for’Vi V'. Then for 0 < p <1,

d
(56) ﬁTO’,T(l*O’)Paﬂ'U(p) = POé,T(pV) - MT<FPa,O(p€a))'

This leads to the stochastic equations, for 0 < p <1

(5.7) Par®V) L BoiPL (pV') + (1 = Br1) Pao(pés)

i ﬁT,lP(;ﬂ'(pV) + (1 - ﬁT,l)Pa,O(pV)'

In the first expression Pc’”(pV’) denotes a random variable equivalent only
in distribution to Py +(pV'). However in the second equation V is the same
variable.

PROOF. First note that ,4+(1_g) Pare (D) = Mo (Fp, e,

(2.4). Note also by the definition of P, (p) it is easy to see that P, o(p)&s 4
P, 0(p€s). In order to establish the rest of (5.6) we can check Cauchy Stieltjes
transforms of order 7 using (5.3). For the variable appearing on the left of
(5.6) this is easy to calculate. Applying this to P, -(pV') conditioned on V,
its final evaluation rests on the simple equality

1I=pV4+1A+XNV)=1+[1+ N —1]pV.

)), follows from

Taking the Cauchy Stieltjes transform of order 7/« for V' yields the result.
The second equality in (5.7) is then due to (5.1). O

Next, is one of our main distributional results, which is an analogue of
Proposition 2.6, but also highlights the role of various randomly skewed
processes.

PROPOSITION 5.3. For 0 < o <1, set Ra”’i = cXc(fl)/(cX(") + 1), then
the density of

ﬁa,(l—U)Pa,o(p) i Pa,l(pﬁ(gvﬁ))

is for 0 < y < 1, equivalent to (1 —p)fg(l = y)IP’(ROZi € dy)/dy, and is
given explicitly as,

(58)  Quoly) = - Y7~ sin (pao ([rp(1)]")

T [y2q2 + 2qpy>(1 — y)® cos(ar) + (1 — y)**p?] >
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where poo is defined in (2.16). In particular Qg 1(y) is the density of Py 1(p)
and Qq o (y) is the density of Bai—aPa,a(p). In addition,

(i) if 0 <0 <1—aq, then for o* =60+ «,

d d
ﬁ@-{—a,l—apaﬂ—i-a(p) = Pa,l—&-@(pﬂ(ﬁ’ﬂ)) = ﬁl,@Pa,l(pﬁ(ﬁ7i))v

and, using (5.6), there is the explicit formula determining the densities
of Af and AJCSI ,

1—
(69)  BLAG € di)/dy = G SELAT € dy)/dy

[ /),
B /0 (1—u)1_0d.

When 6 =0, (5.9) is Qq,o(y) which agrees with Pitman and Yor([82],
Proposition 15).

(i) As in Proposition 2.7, for any 6 > 0, set 6 = 9?:1 0; for some integer
k and 0; > 0. This leads to the representation,

k
d
Pa,@(p) = Z DjPa,Gj (p)
j=1

for independent variables Py ,(p) and (D1, ..., Dy) a Dirichlet vector
as in Proposition 2.7. When 0; are chosen such that 0 < 0; <1 — «
each variable has IP’((XZ?)QJ_ (AT € dy) given by (5.9) with o* = 0; + a. It
suffices to choose 0; = 0/k, for 0 < 0 < k(1 — «). If § = k, one may
set 0; =1 and use Q4 1.

PROOF. The various representations of the random variables are due to
Proposition 5.2 and otherwise an application of the beta/gamma calculus.
The density 4, is obtained from A, ,, which is justified by the exponential
tilting relationships discussed in James ([42], section 3), see also [43]. [

REMARK 5.1.  The random variable P, (pV') described in Proposition 5.2
has law

1
P(P-(pV) € dz) = PPV (A] € da) == /0 PP (A € dz) fy (u)du.

That is, it may be read as the time spent positive up till one of a process B
whose excursion lengths, conditional on V', follow a PD(«, 1) distribution
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and is otherwise randomly skewed by pV. See also Aldous and Pitman ([1],
section 5.1) for connections with T-partitions. This is made clear, as follows;
For (L;0 <t < 1) governed by PD(c, ), and letting Ly = L/ Ly, there is
the equivalence,

P, o(u) 4 inf{t:L; >u},0<u<l.

In other words, letting Po(fel)(') denote the random quantile function of P, g,

it follows that Ly 4 Pu(fel)(t),O <t < 1. See the next section, section 6, for
more general V.

REMARK 5.2.  In reference to Propositions 5.2 and 5.3, setting Qq. (0, p) =
Bror(1—o)Pa,ro(p) leads to a well defined bivariate process (Qa,r(0,p) : 0 <
p < 1,0 < o < 1), that has some natural connections to the coagulation
operations discussed in Pitman [76]. This observation may be deduced from
the subordinator representation given in Pitman and Yor ([81], Proposition
21). When p =1, Qa,-(0,1) is a Dirichlet process, which corresponds to the
operation of coagulating PD(a, 7) by PD(0,7/a). In general one may write,

Qom'(o'v p) i PO,T(U)Pa,TU(p) i Pa,r(PPO,g(U))-

We will not elaborate on this here except to mote that in connection with
results for the standard U-coalescent, setting T = o, p = 1 one recovers ([76],
Corollary 33, and Proposition 32). In a distributional sense, that is without
the nice interpretation, one also recovers ([76], Corollary 16) by setting o =
a=ctandT=1,p=1. When p # 1, we expect that one can obtain new,
but related, interpretations of Qa, (0, D).

5.1. Some special cases. Note that, as in [44] (combined with Proposition
5.2), one can rewrite (5.2) as,

Poc,@(p) ﬁ@—&-a,l—apoz,@—‘roc(p)(l - Ep) + (1 - ﬂG—l—a,l—aPa,G—i—a(Q))gp

Pa,1+€(p5(9%’,1?70))<1 - gp) + (1 - Pa,l+9(Qﬂ("-i-Ta71—Ta)))§p'

[l

Besides giving an alternate mixture representation in terms of easily inter-
preted random variables, this also suggests that one can obtain the density
of P, ¢(p) if one knows the density of P, g4q(p). In [44], it was noted that
this could be applied for 8+« = 1, which yields an expression for the density
of Py1—a(p). In view of Proposition 5.3 we see that such a density repre-
sentation can be extended to any 0 < 68 < 1 — a. Of course in terms of a
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density representation this is not as good as the expression one can obtain
from (5.9), since it would have to be used twice. In this section we look
at some specific cases of random variables that have either appeared in the
literature or we anticipate might be of some interest.

Example 5.1.1 ((,1 — ) A distribution relevant to phylogenetic models).

As noted in [44] the case of P, 1_4(p) equates in distribution to the limit
of a phylogenetic tree model appearing in ([36], Proposition 20). Here using
Proposition 5.3 we obtain a slight improvement over the density given in

[[44], Corollary (6.1)]. Since under pY) A+ 4 B1,1-aPa,1(p), we have,

a,l—a

(U5, e i)ty = =Pl
_ [ Ol
0

w(l —u)®

(5100 P _, WA € dy) /dy

Example 5.1.2 (The case of Bita,1—aPa1+a(P))-
Under PP Agl 4 Bi+a,1—aPai+a(p) 4 PO[,Q(pﬂ(HTa,lfTa)). Hence its den-

a,l

sity is given by

1—y)
PP) (4% € dy)/dy = Qo1 (y).
a1 (AG, € dy)/dy a=p) 1(y)
In view of the literature related to section 4 we believe this variable will be
of interest.

We now address some harder cases.

Example 5.1.3 ((a, &) Occupation time of a Bessel Bridge).

Obtaining density expressions for the general case of A7 when B is a Bessel
bridge has been difficult, except for the case of & = 1/2. Due to the im-
portance of the PD(a, «) family this quantity arises in many contexts, see
for instance Aldous and Pitman [1]. The best results were obtained inde-
pendently by Yano[92] and [44], who give expressions in terms of Abel type
transforms. That is to say integrals of possibly non-negative functions. Hence

this does not yield a mixture representation for P, ,(p) 4 AY . Here we show

how our results in the previous section can be used to achieve this. Under
P(p)

[eeZ)

d d
Agl = 6204,1—04Pa,20¢(p) = Pa,l—l—oz(pﬂ(Q’l*Ta))-

Hence for o < 1/2, we can apply statement][(i)] of Proposition 5.3 writing,

Ag1 i Bl,apa,l(pﬂ(z%))
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to get
1—
Ga1) BRLAG, €dy)/dy = z)p& (AF € dy)/dy
1
_ [ eyl
0 u(l—u)
Where
2sin(ma 2a=1(1 — 9)%[qy® + cos(ma)p(l — y)®
Qs (y) = 250(T@) Py (1 —y)°[gy° + cos(ma)p(l ~y)°]

2 )
T [y2eq% + 2gpy*(1 — y)* cos(ma) + (1 — y)**p?]

is the density of Poé,l(pﬂ(2 1—2a)).
When a > 1/2, we, at present, need to resort to statement [(ii)] of Propo-
sition 5.3. So, for instance, for o < 3/2, it follows that

Pa,a(p) i Ba/2,a/2Pa,a/2(p) + (1 - ﬁa/Z,a/Q)Polé,a/Q(p)

where P, o /2(p) and P, “ /Q(p) are iid variables having distribution IP’gj L /9 (Af €
dy) obtainable from (5.9).

Example 5.1.4 ((o,« — 1), and fragmentation equations.)
(p)

Suppose that we are interested in the case of § = o — 1, that under Paa—1s

Py o—-1(p) 4 A7 . Of course this only makes sense for a > 1/2. Notice that

d
Agl = ﬁQafl,lfaPa,Qafl(p)

so we can apply (5.9) directly if « < 2/3. It is then interesting to note what
other quantities we can obtain. We can use another stochastic equation that
takes the form,

d
P o(p) = Botas1—as Pao+as(®) + (1 — Botasi—as)Pa,—as(P)-

for 8 > —ad, 0 < § < 1. Note that this equation is not well known but it is
simple to check. Furthermore, a close inspection shows that it is a nice way
to code Pitman’s [76] fragmentation. As as special case, set 6 = (1 — )/«
and 6 = « to obtain

Pa,oz(p) i 51,0[Pa,1(p) + (1 - 51,0[)P0c,a—1(p)-
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6. Power scaling property and randomly skewed processes. We
saw that in the previous section the random quantity P, ,(pV’), where V
is a beta variable, occurs naturally and plays an interesting role. An in-
terpretation in terms of occupation times of randomly skewed processes is
mentioned in Remark 5.1., and an interpretation via coagulation processes
is hinted at in Remark 5.2. Also there is the surprising stochastic equation
in (5.7). There is also a related result given in Proposition 2.2. One may
wonder if properties of this sort only hold for beta random variables. We
show in the next result, which was first obtained in [43], that there is a
considerable generalization.

PROPOSITION 6.1. Let R < Mo (Fg) and Q 4 M, o (Fg) denote
Dirichlet means with parameters (7/ca, R) and (7/a, Q) where R is a non-
negative random variable, and Q is a random variable taking values in [0, 1].
Fquivalently,

(61) R< Bz R+ (1= Bz )R and Q 4 Bz Q-+ (1 -8z 1)Q-

Which implies that Q 4 M; o (Fq) takes it values in [0,1]. If Q is a constant
then M., (Fg) = Q. Then the following results hold.

(i) RY*Xor L M, (Fy_pie), that is,
Rl/aXa,T i ﬁT,lRl/aXa,T + (1 - ﬁT,l)Rl/aXa-
(1t) Pnr(Q) is a Dirichlet mean with parameters (1, Pao(Q)), and satisfies,
(62) Pa,T(Q) ﬁT,lP(;ﬂ-(Q,) + (1 - /BT,I)PQ,O(Q)

ﬁr,lP,;’T(Q) + (1 - ﬁT,I)Pa,O(Q),

where P, (Q') is equivalent only in distribution to Po,(Q), but Q is
the same variable.

Il=

1B

PrROOF. The first result follows by noting
TEllog(1 + AXoRY*)] = (7/a)E[log(1 + A\*R)],

which gives the negative logarithm of C,(\; RY*X,.,) = Cr/a(AYR). For
the second, evaluate C- (A, P, (Q)) conditional on Q and then notice sim-
ilar to Proposition 5.2, that the transform of order 7 coincides with the
exponential of |

10gCr/a((1+A)* = 1;Q) = —gE[w&%)].

It remains then to apply (5.1), to get the second equality in (6.3). O
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REMARK 6.1. Notice that setting R = &, and QQ = p&, we recover Propo-
sitions 2.2 and Proposition 5.2. Setting R = X5 for 0 < § < 1, leads to

the identity X;/T?QXOM 4 Clu/;o;_, since it follows from known properties of
stable random wvariables that X;/aXa 4 as- Furthermore, if one chooses

Q := Q(u) such for each fized u it satisfies (6.1), and for 0 < u <1 it is an
exchangeable bridge, that is a random cumulative distribution function, then
P, -(Q(u)) identifies a coagulation operation as described in Pitman ([78],
Lemma 5.18), see also Bertoin [8]. In particular, one recovers Pitman’s [76]
coagulation as follows. Setting @ = Pg 1/, (u), means that Q = Pso(u), lead-

ing easily to, Py o(Pso(u)) 4 Poso(u), which implies

Par(Psrja (1)) £ Pogr(u).

We shall discuss other applications of Proposition 6.1 and related identities
elsewhere.

7. Subordinators and symmetric generalized Linnik laws and
processes. Using Proposition 6.1, we define processes (T, (7),7 > 0) and
(Tw(7), 7 > 0), such that for each fixed 7 > 0,

d d d
T (T) = 'YTRl/aXa,T = Xa,TRl/a = ,.)/TMT(FX(XRI/Q)7

and R
To(T) < 'YTPa,T(Q)

are GGC (1, XoRY) and GGC(r, P.o(Q)) variables, respectively. Where
we are suppressing the fact that both R and Q depend on (a, 7). In fact
T.(7) and T, (1) are GGC subordinators varying in 7 > 0. Let S, (t) denote
a positive stable subordinator such that S, (1) 4 Sa, and let Sq(t) denote
the subordinator with

—logE[e™$=(] = ¢[(1 + \)* — 1],
d

so that S,(1) £ S, is a random variable with density e~ f,(t). It follows
that,

Sa(1zR) L Ty (1) and Su(yz Q) £ Tu(7).

However, an important aspect of our results in Proposition 6.1, is that us-
age of T, (1) and T, (7) does not require working directly with the processes

So and S,. These Lévy processes are attractive in terms of potential ap-
plications arising for instance in finance, financial econometrics or Bayesian
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statistics. With applications to finance in mind, it is quite natural to use
these processes as Brownian time changes creating process B(T,(-)) and
B(T(+)), for B(-) an independent Brownian motion, we take to have log
characteristic function —\2. The characteristic functions of B(T, (7)) and
B(T, (7)), can be expressed as

Cx (A R) = e a¥n) and Cz (142" — 1;Q) = e~ ave(@+A)7-1),

Q13

Recall that, B(S,(+)) is a symmetric stable process of index (0, 2] and B(S4(+)),
is a process that includes the NIG process when o« = 1/2. When o = 0 and
Q = p, B(Ty(-)), is a variance-gamma (VG) process. The case of B(xa.0),
corresponds to generalized Linnik processes considered by Pakes[71], see also
[25], [58]. We will focus on this case.

It suffices to examine the random variables,

B(Xa,@) g N\/ 2'712/&504 = N\/ Xo,05

where N is a standard Normal random variable. For general o and 6 > 0 the
extra randomization by N does not add much beyond our results for x, .

However, when o < 1/2 we are able to obtain some interesting results
which we describe below. In this case, we will use a result of Devroye [24]
which yields a tractable mixture representation for symmetric stable random
variables of index between 0 and 1. Devroye’s [24] result is not well known
but as we shall show can be used to obtain a nice description of the density
of Bo(Tw(0)) for all fixed 6 > 0. We do however stress that there are many
applications requiring o > 1/2.

7.1. a < 12, Results based on Fejer-de la Vallee Poussin miztures. For
symmetric stable random variables N1/25, for 0 < a < 1/2, Devroye [24]

shows that )
NV2S, L£Y/Z3%

where Y has a Fejer-de la Vallee Poussin density,

L (sntaf2)

wiz) = o x/2

2
>,—oo<a:<oo

and Z < 71 (1 —=£&240) + 72824 It follows that the density of a symmetric stable
of index between [0, 1] is,

204/ w(xy)y%‘e*ym (1 —2a) + 20y**]dy.
0
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Hence as a mild extension of Devroye ([24], Example B), that is the simple
symmetric Linnik variable corresponding to 8 = «, we have for all § > 0,

Ny/2Xap 4 Y/Wi where W £ ;Ll(l — oa) + ;’72520[
£ 6

is a mixture of Pareto variables, having density for 0 < oo < 1/2
0[(1+20)w + (1 — 2a)]
Oé(l + w)2+9/01 ’

Naturally this representation extends to all B(T,(+)), provided that oo < 1/2.
In particular,

> 0.

B(Tw(0)) 4 Y/Wﬁ where now W < 7ZlR(l — Eo0) + 7’;727352&.

o

Quite interestingly the density of W only requires information about the
Laplace transform of v4,,R. Let wg)(m) and wg) (z) denote the first and
second derivatives of 1 (z). Then the density of W is given by

o) = e RO (@)1~ 20) + 220 ()2 ~ D (@]

From this, we close with an interesting identity,

PROPOSITION 7.1. For 0 < a < 1/2, and § > 0, let V 4 Bi/2,1/2, then
for —co < x < 0

o] -
D, = E|———ec *Xap
o (x) [2VXQ,0 ¢
z2
= \/7}2 ;6_4&%9
™ ‘ V 2X0¢,9|
% w(xy)20y**[(1 +20)y>* + (1 — 20)]
246/ dy.
0 (1492
Which is just the density of N\/2Xq,0. Additionally, for all fized 0 > 0, the
density of B(Tx(0)) 4 N\/2Xa,9Ri, satisfies

E 0,2 | =20 [ 20 () d
ab(—) =7 | =2a | w(@y)y ™ nae(y™)dy.
RQ(! R2a 0
PROOF. The result follows from the derivation of the density described
above using w, in combination with a derivation of the density based on

N2 L 27,1V, and additionally Pitman and Yor ([84], eq. (29)). O
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8. General remark about rational case. When « is rational it is
known, see [20, 90, 95|, that S, is equivalent in distribution to a product of
independent beta and gamma variables. Extending an argument in Chau-
mont and Yor ([20], p.143-144) using the gamma duplication formula, it
follows that for @« = m/n for integers, m,n, such that m < n, and all
0> —m/n,

(X o)™ 2 ( Sz )’" o (T Derteb ) (T Tk

Sm g i1 PErLo1) o VE

m

where all random variables are independent. Additionally

m m—1 n—1
m d n
(s2) 2o (rsesnacs) (I eee)

An implication of these relationships is that one may use the result of
Springer and Thompson [87] to express their densities in terms of Meijer-
G functions. In many cases these are equivalent to expressions in terms of
generalized Gauss hypergeometric functions. Furthermore, it is known that
Laplace transforms of Meijer-G functions are also Meijer-G functions, with
known arguments. Hence, Proposition 3.1 and Proposition 5.1 show that in
the rational case of & = m/n, one may express the generalized Mittag-Leffler
functions and densities for P, g(p) in terms of Miejer-G functions. Such rep-
resentations are not entirely appealing in many respects, for instance the
density A,/ » is @ much more desirable expression than its Miejer-G coun-
terpart. However, from a computational viewpoint they are significant. This
is due to the fact that Meijer-G functions, which constitute many special
functions, are available as built-in functions in mathematical computational
packages such as Mathematica or Maple. Naturally many of the quantities
we discussed for general o can be expressed as the more general Fox-H func-
tions [33, 5255, 68]. However, in general, computations for these expressions
are not yet available. Hence another contribution of our work is to give new
explicit identities for a class of Meijer-G and Fox-H functions. That is to say
quantities such as A, , give an explicit form to their corresponding Fox-H
representation. We omit details of this representation, but it is not difficult
to obtain.
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