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In this work, we study the optimal discretization error of stochastic in-
tegrals, in the context of the hedging error in a multidimensional 1t6 model
when the discrete rebalancing dates are stopping times. We investigate the
convergence, in an almost sure sense, of the renormalized quadratic variation
of the hedging error, for which we exhibit an asymptotic lower bound for a
large class of stopping time strategies. Moreover, we make explicit a strategy
which asymptotically attains this lower bound a.s. . Remarkably, the results
hold under great generality on the payoff and the model. Our analysis relies
on new results enabling to control a.s. processes, stochastic integrals and re-
lated increments.
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1. Introduction.

The problem. We aim at finding a finite sequence of optimal stopping times .7" =
{=0<r<..<t'<..< 71’\17; = T'} which minimizes the quadratic variation
of the discretization error of the stochastic integral

Zy = /0 Dou(t,8;)-dS; — Y Dyu(tly,Ser ) (Serns = Ser, ),

1
T <s

which interpretation is the hedging error [1] of the discrete Delta-hedging strategy
of an European option with underlying asset S (multidimensional Itd process), ma-
turity T > 0, price function u (for the ease of presentation, here u depends only on
S) and payoff g(Sr). The times (7}')i<;<yz read as rebalancing dates (or trading
dates) and their number N7 is a random variable which is finite a.s. . The exponent
n refers to a control parameter introduced later on (see Section 2). The a.s. mini-
mization of Z7 is hopeless since after a suitable renormalisation, it is known that
it weakly converges to a mixture of Gaussian random variables (see [1, 18, 19, 13]
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when trading dates are deterministic and under some mild assumptions on the
model and payoff; see [9] for stopping times under stronger assumptions). Hence,
it is more appropriate to investigate the a.s. minimization of the quadratic variation
(Z")r which, owing to the Lenglart inequality (resp. the Burkholder-Davis-Gundy
inequality), allows the control of the distribution (resp. the L,-moments, p > 0)
of sup,. |Z}'| under martingale measure. To avoid trivial lower bounds by letting
N} — +o0, we reformulate our problem into the a.s. minimization of the product

(L.1) NJZ")r.

As emphasized in [8], the resolution of this optimization problem allows the asymp-
totic minimization of more general costs of the form C(N7, (Z")r), where the func-
tion C : R? — R is increasing in both variables. Our Theorem 3.1 states that the
renormalized error (1.1) has a.s. an asymptotic lower bound over the class of ad-
missible strategies which consist (roughly speaking') of deterministic times and of
hitting times of random ellipsoids of the form

(1.2) T(')Z = 0, ’L'l-n = il’lf{l‘ > Tl-ril . (St —S¢;11> ~H¢-Iz171 (St _ST}‘,I) = 1}/\T

where (H;)o<;<r is a measurable adapted positive-definite symmetric matrix pro-
cess. It includes the Karandikar scheme [23] for discretization of stochastic inte-
grals. In addition, in Theorems 3.2 and 3.3 we show the existence of a strategy
of the hitting time form attaining the a.s. lower bound. The derivation of a Cen-
tral Limit-type Theorem for Z”" is left to further research (see [28]), in particular
because the verification of the criteria in [9] is difficult to handle in our general
setting.

Literature background. Our work extends the existing literature on discretization
errors for stochastic integrals with deterministic time mesh, mainly considered with
financial applications. Many works deal with hedging rebalancing at regular inter-
vals of length Af; = T'/n. In [37] and [1], the authors show that E[(Z")] converges
to O at rate n for payoffs smooth enough (this convergence rate originates to con-
sider the product (1.1) as a minimization criterion). However, in [18] it is proved
that the irregularity of the payoff may deteriorate the convergence rate: it becomes
n'/2 for digital call option. This phenomenon has been intensely analyzed by Geiss
and his co-authors using the concept of fractional smoothness (see [10, 15, 12, 11]
and references therein): by the choice of rebalancing dates suitably concentrated at
maturity, we recover the rate n.

The first attempt to find optimal strategies with non-deterministic times goes back
to [30]: the authors allow a fixed number n of random rebalancing dates, which

la precise definition is given in Section 2
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actually solve an optimal multiple-stopping problem. Numerical methods is re-
quired to compute the solution. In [8], Fukasawa performs an asymptotic analysis
for minimizing the product E(N})E((Z")r) (an extension to jump processes has
been recently done in [34]). Under regularity and integrability assumptions (and for
a convex payoff on a single asset), Fukasawa derives an asymptotic lower bound
and provides an optimal strategy. His contribution is the closest to our current work.
But there are major differences.

1. We focus on a.s. results, which is probably more meaningful for hedging
issues. We are not aware of similar works in this direction.

2. We allow a quite general model for the asset. It can be a multidimensional
diffusion process (local volatility model), see the discussion in Subsection
5.6. As a comparison, in [8] the analysis is carried out for a one-dimensional
model (mainly Black-Scholes model).

3. We also allow a great generality on the payoff. In particular, the payoff can
be discontinuous, the option can be exotic (Asian, lookback ...), see Sub-
section 5.6 for examples: for mathematical reasons, this is a major difference
in comparison with [8]. Indeed, in the latter reference, the payoff convexity
is needed to ensure the positivity of the option Gamma (second derivative
of price), which is a crucial property in the analysis. Also, for discontinu-
ous payoff the L, integrability of the sensitivities (Greeks) up to maturity
may be not satisfied (see [16]); thus, some quantities in the analysis (e.g.
the integral of the second moment of the Gamma of digital call option) may
become infinite. In our setting, we circumvent these issues by only requir-
ing the sensitivities to be finite a.s. up to maturity: actually, this property is
systematically satisfied by payoffs for which the discontinuity set has a zero-
measure (see Subsection 5.6), which includes all the usual situations to our
knowledge.

To achieve such a level of generality and an a.s. analysis, we design efficient tools
to analyze the a.s. control and a.s. convergence of local martingales, of their incre-
ments and so forth. All these results represent another important theoretical con-
tribution of this work. Other applications of these techniques are in preparation.
At last, although the distribution of hitting time of random ellipsoid of the form
(1.2) is not explicit, quite surprisingly we obtain tight estimates on the maximal
increments of sup, - NI (t" — 7" ,), which may have applications in other areas (like
stochastic simulation).

Outline of the paper. In the following, we present some notations and assump-
tions that will be used throughout the paper. Section 2 is aimed at defining our
class of stopping time strategies and deriving some general theoretical properties
in this class. For that, we establish new key results about a.s. convergence, which
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fit well our framework. All these results are not specifically related to financial ap-
plications. The main results about hedging error are stated and proved in Section
3. Numerical experiments are presented in Section 4, with a practical description
of the algorithm to build the optimal sequence of stopping times (actually hitting
times) and a numerical illustration regarding the exchange binary option (in dimen-
sion 2).

Notation used throughout the paper.

We denote by x -y the scalar product between two vectors x and y, and by
|x| = (x-x)'/? the Euclidean norm of x; the induced norm of a m x d-matrix
A is denoted by |A[ := sup,cpa. 1 |Ax].

A* stands for the transposition of the matrix A; I; stands for the identity
matrix of size d; the trace of a square matrix A is denoted by Tr(A).
S4R), Z4(R) and .74, (R) are respectively the set of symmetric, sym-
metric nonnegative-definite and symmetric positive-definite d X d-matrices
with coefficients in R: A € Z¢(R) (resp. ¢, (R)) if and only if x-Ax > 0
(resp. > 0) for any x € RY\ {0}.

For A € .7%(R), A(A) := (A1(A),...,Aq(A)) stands for its spectrum (its R-
valued eigenvalues) and we set Amin(A) := min;<;<4 Ai(A).

For the partial derivatives of a function f(t,xy) — f(t,x,y), we write

82
Dy f(t,%,y) = G (1,2,9), D f(1,%,9) = S (,%,9), Dy f(,%,3) = 554 (1,5,5),
D2 f(t,x,y) = 8)‘3 afy (t,x,y) and so forth.

Xiyj

When convenient, we adopt the short notation f; in place of f(z,S;,Y;) where
f is a given function and (S;,Y;)o<;<7 is a continuous time process (intro-
duced below).

For a R¢-valued continuous semimartingale M, (M), stands for the matrix of
cross-variations ((M',M/),)1<; j<a.

The constants of the multidimensional version of the Burkholder-Davis-Gundy
inequalities [25, p. 166] are defined as follows: for any p > O there exists
cp > 1 such that for any vector M = (M Lo M ) of continuous local mar-
tingales with My = 0 and any stopping time 6, we have

d Cp d p
(13 "Bl Y )| <E(suppa ) < B[ Y- (o
J=1 1<6 j=1

For a given sequence of stopping times 7", the last time before t < T is
defined by ¢(7) = max{7};7} <t}: although dependent on n, we omit to
indicate this dependency to alleviate notation. Furthermore, for a process
(ft)o<i<r, we write Af; := f; — fy(;,—) (omitting again the index n for simplic-
ity); in particular, we have Afr = fr — for . Besides we set A, =1 — @(t—)
and AT := 1" — 1" |.
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e We shortly write X” “ if the random variables (X"),>( converge almost
surely as 1 — co. We write X" == X to additionally indicate that the almost
sure limit is equal to X*°. We shall say that the sequence (X"),>¢ is bounded
if sup,~¢ | X"| < 4o, a.s..

e Cpisaa.s. finite non-negative random variable, which may change from line
to line.

Model. LetT >0 be a given terminal time (maturity) and let (Q,.%, (% )o<;<7,P)
be a filtered probability space, supporting a d-dimensional Brownian motion B =
(B')<i<q defined on [0, T], where (% )o<,<r is the P-augmented natural filtration
of B and .# = .Zr. This stochastic basis serves as a modeling of the evolution
of d tradable risky assets without dividends, which price processes are denoted
by S = (8")1<i<q4. Their dynamics are given by an Itd continuous semimartingale
which solves

t t
(1.4) S, = So+ / byds + / o,dB;
0 0

with measurable and adapted coefficients b and ©. This is the usual framework of
complete market, see [31]. Assumptions on ¢ are given below. Furthermore, for the
sake of simplicity we directly assume that the return of the money market account
(r¢); is zero and that b = 0. This simplification is not really a restriction (see [31]
for details): indeed, first we can still re-express prices in the money market account
numéraire; second, because we deal with a.s. results, we can consider dynamics
under any equivalent probability measure, and we choose the martingale measure.

From now on, S is a continuous local martingale and ¢ satisfies the following
assumption.

(As) a.s. for any ¢t € [0,T] o; is non zero; moreover o satisfies the continuity
condition : there exist a parameter 65 € (0, 1] and a non-negative a.s. finite
random variable C such that

6, — 0| < Co(IS; — Syl + [t —s|F), YO<s,t<T as.

The above continuity condition is satisfied if o; := o (¢,S;) for a function o (.)
which is 65-Holder continuous w.r.t. the parabolic distance. For some of our re-
sults, the above assumption is strengthened into

(A](E,Hip') Assume (As) and that oy is elliptic in the sense
0 < Amin(0;0), VO<t<T a.s.

The assumption (A‘f,“ip') is undemanding, since we do not suppose any uniform (in
o) lower bound.
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We consider an exotic option written on S with payoff g(Sr,Yr) where Y7 is a
functional of (S;)o<,;<7. In the subsequent asymptotic analysis, we assume that ¥ =
(Y)1<i<a is a vector of adapted continuous non-decreasing processes. Examples
of such an option are given below: this illustrates that the current setting covers
numerous relevant situations beyond the case of simple vanilla options (with payoff
of form g(S7)).

EXAMPLE 1.1. 1. Asian options : Y/ = 1N Slds  and
g(x,y) == (Xi<j<a n;y! — K), for some weights 7; and a given K € R.
2. Lookback options : Y; := maxo<s<; S{ and g(x,y) := Y1 < j<a(Tjy’ — ir}xj).

Furthermore, we assume that the price at time ¢ of such an option is given by
u(t,S;,Y;) where u is a ¢3! ([0, T[xRY x Rd/) function verifying
(1.5)

t
wTsnno:gwnnoamiwu&n):umﬁmm»+/lawa&mod&
0

for any 7 € [0,T]. The above set of conditions is related to probabilistic and ana-
lytical properties. First, although not strictly equivalent, it essentially means that
the pair (S,Y) forms a Markov process and this originates why the randomness of
the fair price E(g(St,Yr)|.-%;) at time ¢ only comes from (S;,Y;). Observe that this
Markovian assumption about (S,Y) is satisfied in the above examples. Secondly,
the regularity of the price function u is usually obtained by applying PDE results
thanks to Feynman-Kac representations: it is known that the expected regularity
can be achieved under different assumptions on the smoothness of the coefficients
of S and Y, of the payoff g, combined with some appropriate non-degeneracy condi-
tions on (S,Y). The pictures are multiple and it is not our current aim to list all the
known related results; we refer to [36] for various Feynman-Kac representations
related to exotic options, and to [32] for regularity results and references therein.
See Subsection 5.6 for extra regularity results. Besides, we assume

(A, Let o € P = {D2 D3 D2

XjXp ) T XXXy TEX )

D3, 1< jki<d1<m<d},

P lim sup sup ‘Mu(t,x,y)‘ < 4oo | =1.
8—=00<r<T x—5,|<8,|y—Y;|<8

Observe that the above assumption is really weak: this is a pathwise result and we
do not require any L,-integrability of the derivatives of u. In Subsection 5.6, we
provide an extended list of payoffs (continuous or not) of options (vanilla, Asian,
lookback) in log-normal or local volatility models, for which (A,) holds. Even for
the simple option payoff g(S7) in the simple log-normal model, we have not been
able to exhibit a payoff function g for which (A,) is not satisfied.
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2. Class .7%™ of strategies and convergence results. In this section, we
define the class of strategies under consideration, and establish some preliminary
almost sure convergence results in connection with this class.

A strategy is a finite sequence of increasing stopping times {7p =0 < 7] < ... <
T; < ..<Ty, = T} (with Ny < +o0 a.s. ) which stand for the rebalancing dates.
Furthermore, the number of risky assets held on each interval [1;, 7,1 ) follows the
usual Delta-neutral rule D,u(7;, Sz, Yr,).

2.1. Assumptions. Now to derive asymptotically optimal results, we consider
a sequence of strategies indexed by the integers n =0, 1,... , i.e. writing

Th={g=0<1<..<7 <.<fu}, forn=0,1,...,

and we define an appropriate asymptotic framework, as the convergence parameter
n goes to infinity. Let (&,),>0 be a sequence of positive deterministic real numbers
converging to 0 as n — oo; assume that it is a square-summable sequence

2.1) Y & < 4o

n>0
On the one hand, the parameter &, 2PN (for some py > 1) upper bounds (up to a
constant) the number of rebalancing dates of the strategy 7", i.e.

(Ay) The following non-negative random variable is a.s. finite:

sup (&;PVN}}) < +oo
n>0

for a parameter py satisfying 1 < py < (1 + %) A %.
On the other hand, the parameter &, controls the size of variations of S between
two stopping times in 7",

(As) The following non-negative random variable is a.s. finite:

sup (8;12 sup  sup [S; — Sz, ]2) < oo,

n=0 1<i<Npre(tl 1]

Observe that assumptions (Ay) and (Ag) play complementary (and not equivalent)
roles. We are now ready to define the class of sequence of strategies in which we
are seeking the optimal element.

DEFINITION 2.1. A sequence of strategies 7 :={.7" :n > 0} is admissible
if it fulfills the hypotheses (Ay) and (As). The set of admissible sequences 7 is
denoted by T4,
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The above definition depends on the sequence (&,),>0, which is fixed from now
on.

REMARK 2.1. o The larger py, the wider the class of strategies under
consideration. The choice py = 1 is allowed, but seemingly it rules out de-
terministic strategies; see the next remark.

o Ifpy > 1, a strategy T" consisting of N} =1+ | &, 2PN | deterministic times
with mesh size Sup; <;<yn AT < CetP (this includes the cases of uniform and
some non-uniform time grids) forms an admissible sequence of strategies,
thanks to the %_-Hi)'lder property of the Dambis-Dubins-Schwarz Brownian
motion of 8/ (1 < j < d) (under the additional assumption that ¢ is uniformly
bounded to safely maintain the time-changes into a fixed compact interval).

o QOur setting allows to consider stopping times satisfying the strong predictabil-
ity condition (i.e. T} is 9};1 1 -measurable), see [21, Chapter 14].

o We show in Proposition 2.4 that the strategy 7" of successive hitting times
of ellipsoid of size &, forms a sequence in T ™,

o [n Subsections 2.3-2.4, we investigate properties of admissible sequences of
strategies. Among others, we show that the mesh size of T " shrinks a.s. to 0
and we establish tight a.s. upper bounds (see Corollary 2.2): namely for any
p € (0,2}, there is a a.s. finite random variable Cp such that sup; ;< yn AT} <

Cpe,%*p forany n > Q.
We require an extra technical condition on the non-decreasing process Y which
is fulfilled in practical cases for an admissible sequence of strategies.

(Ay) The following non-negative random variable is a.s. finite: for some py >
4(py —1)
sup <g};PY sup |AYT;1|) < oo,

n>0 1<i<N}

EXAMPLE 2.1. Let 7 :={.9" :n > 0} satisfy (As)-(An).
1. Asian options : applying Corollary 2.2 (item ii) with p = % and taking py =
3> 4(py — 1) (since py < 3) gives

sup (erfpy sup |AYT;z|) < sup |S/|sup (8,’,)72 sup A’E{’) <Aoo as..
n>0 1<i<N 0<i<T  n>0 1<i<N

2. Lookback options : clearly, we have

sup (8,?1 sup |AYT;z|) < sglg (8;1 sup \AS,\) <+ as.,
nz

n>0 1<i<Nj 0<t<T

thus (Ay) is satisfied with py = 1 provided that py < 5/4.
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2.2. Fundamental lemmas about almost sure convergence. This subsection is

devoted to the main ingredient (Lemmas 2.1 and 2.2) about almost sure conver-
gence, which is involved in the subsequent asymptotic analysis.
We first recall some usual approaches to establish that a sequence (U}}),>0 con-
verges to 0 in probability or almost surely, as n — oo: it serves as a preparation for
the comparative discussion we will have regarding our almost sure convergence
results.

o Convergence in probability. It can be handled, for instance, by using the

Markov inequality and showing that the L,-moment (for some p > 0) of U7

converges to 0: for p = 1 and § > 0, it writes P(|U}| > §) < E|gﬂ —n—ye 0.

Observe that this approach requires a bit of integrability of the random vari-

able Uy.

To achieve the uniform convergence in probability of (U;*)o<;<r to 0, Lenglart
[29] introduced an extra condition: the relation of domination. Namely, as-

sume that (U;*)o<;<r is a non-negative continuous adapted process and that

it is dominated by a non-decreasing continuous adapted process (V;")o</<r

(with V' = 0) in the sense E(Up) < E(Vj) for any stopping time 6 € [0, T].

Then, for any c1,c; > 0 we have

IP’(sup u' > c1> < iIE(V}1 Ner) +P(VE > ).
t<T 1

A standard application consists in taking U" as the square of a continuous
local martingales M"; then, the convergence in probability of (M" M")r to O
implies the uniform convergence in probability of (M]")o<,<7 to 0. The con-
verse is also true, the relation of domination deriving from BDG inequalities.
This kind of result leads to useful tools for establishing the convergence in
probability of triangular arrays of random variables: for instance, see [14,
Lemma 9] in the context of parametric estimation of stochastic processes.

o Almost sure convergence. We may use a Borel-Cantelli type argument, as-

suming that Y, E|U}| < +oco. Fubini-Tonelli’s theorem yields that the se-
ries Y,>0 |U}| converges a.s. , and in particular Uy 2% 0. Here again, the
integrability of U7 is required.

Bichteler and Karandikar leveraged this type of series argument to establish
the a.s. convergence of stochastic integrals under various assumptions, with
in view either approximation issues or pathwise stochastic integration; see
[2], [22], [23], [24] and references therein.

Our result below (Lemma 2.1) is inspired by the above references, but its conditions
of applicability are less stringent and it allows more flexibility in our framework.
We assume a relation of domination, but:
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1. not for all stopping times (as in Lenglart domination);
2. the processes (U')o<,<r are not assumed to be continuous

(nor (¥,>0Uf"o<i<r);
3. the dominating process V" is not assumed to be non-decreasing.

Thus, our assumptions are less demanding, but on the other way, we do not obtain
any uniform convergence result. Moreover, we emphasize that we do not assume
any integrability on U7. This is crucial, because the typical applications of Lemma
2.1 are related to U defined as a (possibly stochastic) integral of the derivatives of
u evaluated along the path (S;,Y;)o<;<7: since usual payoff functions are irregular,
it is known that the L,-moments of related derivatives blow up as time goes to
maturity, and it is hopeless to obtain the required integrability on Uy assuming
only (A,).
We are now ready for the statement of our a.s. convergence result.

LEMMA 2.1. Let //ZOJr be the set of non-negative measurable processes van-
ishing at t = 0. Let (U"),>0 and (V"),>0 be two sequences of processes in M .
Assume that

i) the series Z V/" converges for all t € [0,T), almost surely;
n>0
ii) the above limit is upper bounded by a process V € //ZOJF and that V is contin-
uous a.s. ;
iii) there is a constant ¢ > 0 such that, for everyn € N, k € Nand t € [0,T], we
have
E[U/\o] < cE[V/3o,]

with the random time 6y := inf{s € [0,T] : V; > k}°.

Then foranyt € [0,T], the series Z U/ converges almost surely. As a consequence,
n>0

ur = 0.

PROOF. First, observe that (6;)i>0 well defines random times since V is contin-
uous.
Denote by .4 the P-negligible set on which the series (Y.~ V;")o<:<7 do not con-
verge and on which V and then (6y);>¢ are not defined; observe that for ® ¢ 47,
we have Vg, (@) < k for any 7 € [0,T] and k € N. Set V” :=Y"_,V": we have
VP <V on Af; thus, the localization of V entails that of V? and we have Vziek <k
for any k, p and ¢ (on A4f).

2with the usual convention inf® = +co.
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Moreover, for any n and k, the relation of domination writes
p P _
(2.2) E[Z ;;ek] < CE|:Z ;;Ok] =cE {Vmek] < ck.
n=0 n=0

From Fatou’s lemma, we get E [ano Ut”AGk] < 400! in particular, for any k£ € N,

there is a P-negligible set ./, such that },,~. Uy} o (@) converges for all ® ¢ A ;.
The set A = Uren M UM is P-negligible and it follows that for @ ¢ .47, the
series ¥.,>0 Uy}, g, (@) converges for all k € N. For @ ¢ .47, we have (@) = +oo as
soon as k > V7 (®); thus by taking such k, we complete the convergence of ¥, U’
on /€. O]

Observe that in our argumentation, we do not assume that the non-negative ran-
dom variables U/" and V;* have a finite expectation (and in some examples, it is
false, especially at # = T'). However, note that in (2.2) we prove that U/, o and V), o
have a finite expectation: in other words, (6 )r>0 serves as a common localization
for U" and V". In addition, Lemma 2.1 is general and thorough since we do not
assume any adaptedness or regularity properties of the processes U” and V". We
provide a simpler version that can be customized for our further applications:

LEMMA 2.2. Let (5()* be the set of non-negative continuous adapted processes,
vanishing at t = 0. Let (U") >0 and (V"),>0 be two sequences of processes in 6, .
Replace the two first items of Lemma 2.1 by

i’) t — V" is a non-decreasing function on [0,T], almost surely;
ii’) the series Z V5 converges almost surely;

n>0
iii’) there is a constant ¢ > 0 such that, for everyn € N, k € Nandt € [0,T], we
have
(2.3) E[Uhg ) < cE[Vire,]

with the stopping time 6 := inf{s € [0,T] : V; > k} setting V; = }_ V.
n>0

Then, the conclusion of Lemma 2.1 still holds.

PROOF. We just have to prove that items i’) + ii’) entails items i) + ii) of
Lemma 2.1 for U" and V" in 6, C .#, . Since V" is non-decreasing, the a.s.
convergence of )~ Vy implies that of )}, -, V/". Moreover Y, ~osupy, <7 V" =
Y0 V7 < 4o a.s.: therefore, a.s. the series associated with V" is normally con-
vergenton [0,T]and V :=Y - V" € %OJr: items i) + ii) are satisfied. Observe 6 is
a stopping time since V is continuous and adapted. O



12 E. GOBET AND N. LANDON

We apply Lemma 2.2 to derive a simple criterion for the convergence of contin-
uous local martingales.

COROLLARY 2.1. Let p > 0 and let {(M}')o<i<r : n > 0} be a sequence of
scalar continuous local martingales vanishing at zero. Then,

LM = F sup (M
n>0 n>0 0<t<T

PROOF. We first prove the implication =. Set U" := supy—,, |[M}'|” and V" :=

(M™)? /2 and let us check the conditions of Lemma 2.2 : i’ ) V" is non-decreasing,
ii’) Y. u>0 Vr converges a.s. . The relation of domination (2.3) follows from the BDG
inequalities (see the r.h.s. of (1.3)) and we are done. The implication <« is proved
similarly, using the L.h.s. of (1.3) regarding the BDG inequalities. O

2.3. Controls of AT" and of the martingales increments. Being inspired by the
scaling property of Brownian motion, we might intuitively guess that a sequence
of strategy (7 "),>0 satisfying (Ag) yields stopping times increments of magnitude
equal roughly to 2. Actually, thorough estimates are difficult to derive: for instance
the exit times of balls by a Brownian motion define unbounded random variables.
To address these issues, we take advantage of Lemma 2.2 to establish estimates
on the sequence (AT} := 7' — 7" | )1<;<nz, Which show that we almost recover the
familiar scaling &2.

PROPOSITION 2.1.  Assume (Ag). Let 7 be a sequence of strategies satisfying
(Ag) and let p > 0. Then

. : —(p—2 .
i) the series Z g 772 sup (AT L5
=0 1<i<Ny
a.s

.. . —2(p—1)+2 )
ii) Assume moreoverthat 7 € 7™ : the series Z g, AP ¥y Z (AT )P —
n>0 T <T

The proof is postponed in Appendix 5.1. As a consequence of Proposition 2.1,
the mesh size of 7", i.e. SUP | <j<nn AT}, converges a.s. to 0 as n — oo, with some
explicit rates of convergence: this is the statement below.

COROLLARY 2.2. With the same assumptions and notations as Proposition
2.1, we have the following estimates, for any p > 0:
i) Under (Ay), sup (8,’,’*1 sup A’L’,”) < 4o as..

n>0 1<i<Nj

ii) Under (As)-(Ay), sup (8,’1’*2 sup AT{’) < +oo  as..

n>0 1<i<NZ.
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PROOF. Item i). Clearly, from Proposition 2.1 - i), we obtain
sup (8,,_ (r=2) sup (AT]")P ) < +o a.s. for any p > 0 and the result follows by
n>0 1<i<N}

taking p =2/p.
Item ii). We proceed similarly by observing that Proposition 2.1 - ii) gives

sup (8,1_2(”_1_’)”) sup (A’L’f)p) <sup (8,,_2(’)_1_’)1\') ) (Arl-")p) <Aoo as..

n>0 1<i<Ny n>0 T <T
i
]

We are now in a position to control the a.s. convergence of some stochastic
integrals appearing in our further optimality analysis. The following proposition
and corollary will play a crucial role in the estimations of the error terms appearing
in the main theorems (see Section 3).

PROPOSITION 2.2.  Assume (Ag). Let T = (T")u>0 be a sequence of strate-
gies, ((M")o<i<T)n>0 be a sequence of R-valued continuous local martingales
such that (M"); = [} o'dr for a non-negative measurable adapted o satisfying
the following inequality: there exists a non-negative a.s. finite random variable Cy,
and a parameter 60 > 0 such that

0 <o <Cu(|AS,*° +|Ar]®), YO<r<T,¥n>0, as.

Then, the following convergences hold.

i) Assume 7 satisfies (Ag) and let p > 2:

_ 110
Z(e}, 2P Y  swp \AM,”|”)<+°°, a.s..

n>0 o <T T SIST!
ii) Assume furthermore that 7 satisfies (Ay) (i.e. 7 € T%™ ) and let p > 0:

) (8,%_(1+9)p+2p’v Y, sup \AM{’\”) < 4o, as.

n>0 T <TG SISt

The proof is postponed in Appendix 5.2. A straightforward consequence of the
aforementioned proposition is given by the following corollary, which proof is left
to the reader.

COROLLARY 2.3. Using the assumptions and notations of Proposition 2.2, we
have the following estimates, for any p > 0 :

_ 116
i) Under (Ay), sup <sf 2 sup  sup ]AM[’\) < 4o, as. .

n>0 1<i<Np 1" <t<t}
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ii) Under (As)-(Ay), sup <8,€_(1+9> sup  sup ]AM{’) < 4o, a.s. .

n>0 1<i<Ng T <<t

REMARK 2.2.  Observe that in the proofs of the Subsection 2.3 results, we have
not used the knowledge of the upper bound on py (stated in (Ay)): it means that
all the related results are true for any admissible sequence of strategies assuming
only py > 1.

2.4. Almost sure convergence of weighted discrete quadratic variation.

PROPOSITION 2.3. Assume (Ag) and let 7 be a sequence of strategies sat-
isfying (As). Let (H;)o<;<1 be a continuous adapted d x d-matrix process such
that sup,cjo 7y |H| < +oo as. and let (M;)o<i<r be a R?-valued continuous local
martingale such that (M), = [; ot.dr with supy,7 |04 < +eo a.s.. Then

Y AMGLHp AMg == / Tr (H,d(
T <T

PROOF. From It6’s lemma, }..» 7 AM

r"Hr{L,AMr,-” is equal to
T
Y AMLHG AML = Z /O H g, (AMfAM] + AM;dM] +d(M*,M"),)

,r)l
k=1t ,<T

The second term in the above r.h.s. converges a.s. to fOT Tr(H,d(M),): indeed, the
difference is bounded by Cy foT |H; — Hy(;)|df and we conclude by an application of
the dominated convergence theorem, invoking the continuity and boundedness of
H and the convergence to 0 of the mesh size of .7 (see Corollary 2.2).

Thus, it remains to show that the stochastic integral w.r.t. dM, converges a.s. to 0.
Owing to Corollary 2.1, it is enough to study the series of quadratic Variations ie.

0 showthatzn>o[ S (AM; (Hlpo) + Hy YA, () + ())AM,)} 25 and

since o and H are a.s. bounded on [0,7), it is sufficient to show

24 / IR
n>0
3. .
Clearly [fOT |AM;|*dt]” is bounded by > T SUP| < j< g SUP| <j<np SUPg1 << |AM |6 <

Co€? owing to Corollary 2.3 (item 7)) for § =0 and p = %. The convergence (2.4)
is proved and we are done. O
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2.5. Verification of the hypothesis on a special family of hitting times. One of
the more appealing result of the paper is that a very large family of hitting times
fulfills the assumptions (Ay) and (Ag) with a threshold depending of &,.

PROPOSITION 2.4. Assume (Ag). Let (H;)o<i<T be a continuous adapted
nonnegative-definite d x d-matrix process, such that a.s.

0< inf Anin(H;) < sup Amax(H;) < H-oo.

0<t<T 0<t<T

The strategy T given by

75 =0,
= inf{t > T (S, —So ) Hy (Si—Sg ) > e,f} AT,

defines a sequence of strategies satisfying assumptions (Ay) (with sup,~(g2N}) <
+ooa.s. ) and (Ay), that is {7" :n >0} € F2m.,

The proof is postponed in Appendix 5.3. Observe that the above sequence of
strategies is admissible even in the most constrained case py = 1. As we shall see
later on, the optimal stopping times are given by the hitting times by the process §
of an ellipsoid (corresponding to the case H symmetric).

3. Main results.

3.1. Statements. We now go back to the hedging issue: at time s € [0, 7], the
fair value of the option is u(s,Ss) and the hedging portfolio with discrete rebalanc-
ing dates 7" is u(0,80) + Xon < Dxu(Ty, Sz ) - (Seoas — Ser ), which yields an
hedging error equal to

Z!=u(s,Ss) — (u(O,So) + Z Dyu(Tl Sz )+ (Serns —Sflnl)>
T <s
)
(3.1) = /0 (Dxtt; — Dytgyyy) - dS;
using (1.5), where the integrand appears as the difference of Delta between 7",
and r €|t |, 7/'] for each 0 <i < Nj.

One main result of the paper is a lower bound of the renormalized quadratic
variation of the hedging error Z": it is partly derived from a smart representation of

T
(3.2) <Zn>T = /0 (Dxu, — Dxu(p(,))*d<S), (Dxu, — Dxu(p(,))
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as a sum of squared random variables and an application of the Cauchy-Schwarz
inequality. To derive this suitable representation, we apply the Itd6 formula and
identify the bounded variation term; it is straightforward in dimension one, much
more intricate in a multidimensional setting, and this is equivalent to solve the
following matrix equation.

LEMMA 3.1. Letc € Yd(R). Then, the equation
(3.3) 2Tr(x)x +4x* = ¢?
admits exactly one solution x(c) € 4 (R). In addition, x(c) is positive-definite if

and only if ¢* is positive-definite. Last, the mapping ¢ — x(c) is continuous.

The proof is given in Subsection 5.4. We are now in a position to give an explicit
asymptotic lower bound for N}.(Z")r: this is the contents of the following theorem.

THEOREM 3.1. Assume the assumptions (Ag), (Ay), (As), (Ay) and (Ay) are
in force. Let X be the solution of (3.3) with ¢ := (F*D2 uc. Then,

liminf N3 (Z")7 / Tr (X;) dt ,  as.

n—r—+oo
Let us comment a bit on the above lower bound.

e First, it is a.s. finite: indeed, sup, _; |6, D2,u,6,| < +0 a.s. and the continuity
of ¢+ x(c) imply sup,_7 |X;| < 4o a.s. .
e Second, observe that a.s.

{/ Tr(X,)ds = 0} = {Vr < T : 6/ D2u,0, = 0}

Elli
under(A ) {Vt <T: D2 = 0}
using at the first equality that Tr(x(c)) > 0 < x(c) # 0 < ¢ # 0. Then we
obtain that except in degenerate situations (where the Gamma matrix D2 i,
is zero at any time, assuming (AEI“P')), the lower bound in Theorem 3.1 is
non-zero.
e Asaconsequence , we immediately obtain a lower bound for the L ,-criterion:
indeed, using the Fatou lemma and the Cauchy-Schwarz inequality, we de-
rive (for any p > 0)

[E( /0 TTr(X,)dt)”} < [E (gglgf(zvuz"ﬁ)”/z)r

<liminf [E(N¥<Z”>T)”/2 ’
<11m1anE((N ) )E(Z")F).

n—r—+oo
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For p = 1 we recover the Fukasawa approach [8].

he next theorem tells us that along a suitable sequence .7 (the hitting times of
some random ellipsoids) the lower bound of Theorem 3.1 is reached. Let x(.) be
a smooth function such that 1)_., ; ) < x(.) < 1), ;) and for u > 0, set x, (x) =

x(x/p).

THEOREM 3.2. Assume the assumptions (AE"™), (A,), (As), (Ay) and (Ay)
are in force. Let p > 0, for t > 0 set A, = (0, ')X0, " and

A;L = Ar + U X (Amin (Ar) ) 1a
For a given n € N, define the strategy %” by

Ty =0,
S T”—inf{t>r" (S; =Sz )AL (S, —Sp )>£2}/\T
i = Yi—1 -\t Ti1 T 4 Tic1 n .

Then, the sequence of strategies J, = {Zf :n > 0} is admissible and it is |-
asymptotically optimal in the following sense:

T T

timsup [NF(Z') 7 — (| Te(X)a02| < Cut [ 2uChin (M) Te(0107 e
n—r-o0 0 0

where the random variable C, = Ik (4Tr(X;) + 312 (Amin (A1) Tr(0;07) ) dr s

a.s. finite (locally uniformly w.r.t. £ > 0).

In particular, on the event {¥t € [0,T] : Amin(A;) > 1}, N} (Z")1 converges a.s. to

( fOT Tr(X,)dt) 2

Observe that we require the ellipticity condition to hold. The proof is given in
Subsection 3.3.
We can strengthen the above Theorem by allowing p = 0 under stronger assump-
tions.

THEOREM 3.3.  Assume the assumptions of Theorem 3.2 and additionally that

(3.5) ]P’(t ei[lafT[)me(Dﬁxut) >0) = 1.

Then, the sequence of strategies Ty ={.7"(0) : n > 0} defined in (3.4) with u =0
is admissible and asymptotically optimal:

n—y+-oo

T
lim N2(Z")7 = ( / Tr(X,)dr)2,  as..
0
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For the proof, see Subsection 3.4. The extra assumption (3.5) is satisfied in di-
mension one for call/put option in Black-Scholes model only if the hedging time
horizon is strictly smaller than the option maturity. But it is not satisfied in digital
call/put option. This discussion can be extented to higher multidimensional situa-
tions.

REMARK 3.1. In the one dimensional case, we have
X, = oD A=
r = (o ‘ xxut|7 =

V6

and the U-optimal stopping times read

2xut |

1
—|D
\/6’ X.

&n

ST;I—I | >
VD2 |/V6+ 1 (D3| /V6)

Tln == lnf tZ T;’l_l . |St - /\T

For |D? u,| bounded from below, we can take 1 = 0 and the optimal strategy coin-
cides with that of [8, Theorem C].

The threshold 1 # 0 ensures that the hedging rebalancing occurs often enough,
even if A; # 0 for some time t: this interpretation is also valid in the multidimen-
sional case.

3.2. Proof of Theorem 3.1. 1t is split into several steps.

Step 1: Quadratic variation decomposition. We start from the hedging error
(3.1). A natural idea consists in writing a Taylor expansion (regarding the S variable
only) and showing that the residual terms converge to 0 fast enough as we could
expect :

A
(3.6) 7= /O (D2t AS;) S, + R,
where
S
(3.7) R} = /0 (Dt — Dyttg() — Dty AS; ) -dS;, s <T.

Then passing to quadratic variation, we obtain

T
2"y = /O AS? D2 g d(S), D2 g AS; + €' 7
where

3.8) eir = (R")r —|—2</0.(D)26xu(p(,)AS,) 'dSIvR.n>T'
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Now, we wish an expression involving only the Brownian motion for ease of math-
ematical analysis: hence we replace AS; by 0,(,)AB; and d(S); by 0y Gg(z)dt’
leading to

T
n % * 2 1 n
<Z >T :/0 ABZ (Gq)([)D)zcxu(P(I) G‘P(t)) ABtdt_Fe]’T +82,T7
T
(3.9) €= /0 AS; D}t A(610; ) Dyt AS;dt
T t
+ /0 (AS; + Gg(1)ABy) " D3ttg(1)Op(r) Oy Disttpir) ( /(p " Ac,dB,)dr.

As mentioned before, we seek a smart representation of the main term of (Z")r
in the form foll <T (AB%’X‘C;L] ABr’_n)2 plus a stochastic integral, where X is a mea-
surable adapted d x d-matrix process which has to be defined. Instead of directly
giving the solution, let us discuss a bit on the expected properties of X. Applying

1td’s formula on each interval [t |, 7/'], we obtain

T
Y, (ABiXe ABu)’ = /0 AB; (ZTY(Xfp(z))XW)J“ (X‘P(’)JFX‘;(’))z)ABtdt

T <T
T
+2 /0 AB; X AB,AB; (X +X¢(,))dB,,

with the tentative identification

* 2 * 2
(3.10) 2Tr (X)) Xp(0) + (Xopr) T X)) = (T Distio(n)Fp(r)) -

Mainly, two reasons prompt us to impose Xy ;) € yf (R).

e Gathering the previous identities and anticipating a little bit on the following,
the main contribution in N} (Z")7 is

2
Nt Y (AB%XT;’IABT;’)ZE( )y \AB’?;IXT;’IABT?)
T, <T

i
T <T

using the Cauchy-Schwarz inequality. In general the limit of the above lower
bound is not easy to handle because of the absolute values, but if the ma-
trix X ;) is nonnegative-definite, we can remove them and conclude using a
convergence result about discrete quadratic variations (Proposition 2.3).

e Once that we have restricted to nonnegative-definite matrices, let us prove
that the solution to (3.10) (whenever it exists) is symmetric. If Tr(X(p(,)) =0
then X,;) = O (thus symmetric): indeed, Xy() + X, (:(t) is symmetric
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nonnegative-definite and has a null trace, thus it is the zero-matrix and con-
sequently Xy, = —X(’;(Z) = 0 (since both X, and X;‘;(t) are nonnegative-
definite). If Tr(X,,)) > O then taking the transposition of (3.10) readily gives

Xo() = X&;(z)-

From Lemma 3.1, there exists exactly one adapted process X with values in YE(R),
solution of the equation 2Tr(X)X +4X? = (6*D? uc)?. In addition, this solution
is continuous a.s. because C := 6*D2 uc is continuous a.s. and the solution X is
continuous as a function of C on .#?. Gathering the previous identities, we have
established a nice decomposition of the quadratic variation of the hedging error

2
3.11) (Z)r =Y (AByXe ABg) +eir+elr+elr,
T, <T
T
(3.12) eg”T 2:—4/0 AB;kX(p(,)AB,AB;FX¢(,)dBt.

Step 2: lower bound for the renormalized quadratic varzation. The Cauchy-
Schwarz inequality yields that N} Yo <1 (AB Xer ABT»L) is bounded from be-

low by

T”

2 2 2
) ( Y ABLXy ABTn> L5 (/ Tr (X, dt> ,

T, <T

( ), |AByXy ABy

Tt <T

using that X is a nonnegative-definite matrix process and applying Proposition 2.3.

Step 3: the renormalized errors €, 2pw e{‘ 7 En 2pn eg_T and &, 2pn es r converge to
0 a.s.. Observe that once these convergences are established, in view of 3.11)
and (Ay) we easily complete the proof of Theorem 3.1.
e Proof of €, e el r 2% 0. We first state an intermediate result which is proved
in Appendix (Subsection 5.5).

LEMMA 3.2. Assume the hypotheses (Ag), (A,), (As), (Ay) and (Ay) are in
force. Then & 2 40w <R”>T 2% 0 where R" is defined in (3.7).

Then, starting from (3.8), applying the Cauchy-Schwarz inequality to the cross-
variation and using (A4)-(A,)-(As), we derive

&, el 7]

<& P (R +2(g AS*D2 S)iD2ugAS) 2 (6274 (R ) 2
€ T+ < >f olo(r) f) (Sn < >T)

< g 1>83*4P~<R"> +2co( €2 4PN<R"> )'/% 55,

e Proof of €, 2PN er 2% 0. We analyze separately the two contributions in (3.9).
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1. First, simple computations using (As)-(A,)-(As) and Corollary 2.2 directly
give (for any given p > 0)

T 95 (p_
g, V| /O AS; D2 it A0, ) Dt AS,dt| < Cogy PV (00 4,2 C)).

Since py < 1+ 65/2 and p can be taken arbitrary small, we obtain that the
above upper bound converges a.s. to 0.

2. Second, we apply twice Corollary 2.3-ii) , first taking 6 = 0 and second
taking 6 = 6, so that we obtain,for any given p > 0, a.s. for any n > 0

(3.13) sup  sup |AS, + 0y()AB;| < Coel P,

I<i<Np 1 <e<t!

t
(3.14) sup  sup | / AG,dB,| < Cogl 0P,
(1)

1<i<Np T <1<t

T t
&, | /0 (AS; + Gp()AB,) " Drsttg(s) O) O 1) Drsttp(r) ( [p o, AcdB;)dr|

< C083+95—29N—2P .

Owing to py < 1+ 65/2, taking p small enough implies the a.s. convergence of
the latter upper bound to 0. As a result, &, -*" er <500, O

e Proof of &, 2PN e 2% 0. It is a direct consequence of the following lemma. [

LEMMA 3.3.  Assume (Ag). Let T = (T")y>0 be an admissible sequence of
strategies and let (H;)o<;<1 be a continuous adapted d x d-matrix process such
that  sup;c(o.1) |H| < +e as. . Then for any p > ﬁ, the series

Y0 |8,,_2pN Ik AB; Hy(;)ABABf Hy(,)dB,|P converges almost surely.

PROOF. Set oy := AB;H;)AB;AB; H ;) and define the scalar continuous local
martingale M" := g, " Jo @dBy. In view of Corollary 2.1, it is enough to check
that (<M">§/ 2) n>0 defines the terms of an a.s. convergent series. An application of
Corollary 2.3-ii) with p = % > 0 and O = 0 gives
SUP<j<np SUPgr << |AB;| < COSJ P and therefore

T
<M">1}/2 = 8,1_21"’”(/ \aﬂzdt)p/z < Cog, PP sup  sup  |AB’P < Coe?  as..
0 1<i<Nj 7t | <t<t!

We are finished. O



22 E. GOBET AND N. LANDON

3.3. Proof of Theorem 3.2.  We first check the admissibility of .7}, by apply-
ing Proposition 2.4. Indeed, owing to (A,) and (A]f,lhp'), (Ar)o<i<r is a continuous
adapted nonnegative-definite d x d-matrix process with supy, 7 |A;| < +oo a@.s. .
The same properties clearly hold for (A" )o<; 7. In addition, Ayin(A*) > /2 >0
and supy—, 7 Amax (Af ) < [ +SUpg—; o7 Amax (Ar) < +o0 a.s. . Therefore, ), is ad-
missible and in addition sup,~q 8,%N¥ < +o a.s. . Hence, it allows to re-use the
computations of the proof of Theorem 3.1 in the case pv = 1.

Now let us show the p-optimality. Writing Nz = 1+3;<;<y» 1 1, we point out

eNf =g+ ) AS A% ASz

1<i<Np—1

T
(3.15) =g —AS;AL  ASr+ Y ASuAL ASn £ / Tr(Al o0, dt
N’Yl-fl T;'71<T i i—1 i 0
using the convergence of Proposition 2.3. On the other hand, starting from the
decomposition (3.11) of the hedging error quadratic variation, we write
(3.16)
* 2
<Zn>T = Z (ASTlnA{.:,n_| ASTI”) + 67127]“ + eg,T + egl,T + 621_77‘ + eglj' + eg’T,

1<i<NI—1

diri= Y. (ABuXq ABy)’ - (ASyAq ASH)’,
T, <T

dipi= Y (AShAg ASw)’— (AShAL 1AST?)Z,
o <T .

b= (AS’}AQ’;%IAST)Z.

In view of the definition of the strategy 7', (3.16) becomes

6
(3.17) g HZNr= ), ASpAL ASpte?) g

1<i<N2—1 =1

Similarly to (3.15), we show that ¥ <;<yn | ASﬂ;l,zA‘;ﬁ ASq 25 ) Tr(Af or07) dr.
Furthermore we have already established (see Step 3 of proof of Theorem 3.1) that
e,fze’}_’T 230 for j=1,2,3 (remind that we can take py = 1); the case j =6 is
also fulfilled because 0 < ¢f ;- < &;.

To analyze eﬁj, set Dp;:= Og ABg and Dg ;== ASe, write Xen = G;.‘inil Ay O

and

(ABy Xz ABy)* — (ASypAw ASe)” = (DjAw Dpi) — (DiAe Dsi)’
= (Dp Aer Dpi— Dy A Ds;) (Dp iAer Dpi+ Dy A Ds;)
= (Dp,+Ds,) *AT{L] (Dg,i—Ds,;) (Dg A Dpi+D§;Aw Ds).



ALMOST SURE OPTIMAL HEDGING STRATEGY 23

Then, we deduce that g, 2|82,T| is bounded by

t
g >N} sup  sup ]A¢(,)]2|ASI+G(P@AB¢] / AoydB; (]AS,\2+]G¢(,)AB,|2)
I<i<Nj 7 | <1<1/] (t)
SCO£;28;28;7PS£1+66 P)gn( p) _ =G 896/5 a.s., 0

where we have used (Ay) (with py = 1) and the estimates (3.13-3.14) with p =

05 /5 (which are available for any sequence of admissible strategies). This proves

-2 n a.s.
€, ey — 0.

Finally regarding e3 7, recalling that the matrix A¢» = is nonnegative-definite, we

obtain that |¢, 2% | is bounded by

g2 Z ‘ASTnATn ASe —AS}A“ ASy (AST A ASy +A5;,1A‘;,l ASTin),
L <T
Z 12 (Amin(Agr )| AS | [28*2AS*,,A‘;" ASq]
Tt <T
<2‘LL Z Xu 7me Ar” ))‘AST"’
T <T

where we have used the definition of .7, at the last inequality. Thus Proposition
2.3 yields

T

limsup|&; 2l ;| < 2 / 2 Ounin(A))Te(G,67)dr, as.
n——+oo 0

Let us summarize: setting Ly := fOTTr(A,G,G,*)dt = 7 Tr(X,)dt and Ly :=

T 20 Aamin(A)) Tr(07.0;°)dr s0 that [ Tr (Af 6,0, )dt = Ly + uL}, we have shown

E2NE 5 Ly 4 ulky, hmsup’e‘ Z">T—(LT+,LLL”)‘ <oulk, a.s.,

n——+oo

limsup | N7 (Z") 7 — (Lt)?|

n——+oo
< limsup|g, >(Z")7 — Lr|limsup &N} 4 Ly limsup |€2N} — Lr |
n——oo n—y—+oo n—r4-o0
<3uLy(Ly + uLy) + Lruly = uly (AL +3ull),  as..
Theorem 3.2 is proved. O

3.4. Proof of Theorem 3.3. Here, arguments are simpler in all steps of the
proof of Subsection 3.3, then we shall skip details; the admissibility of the strategy
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comes readily from the ad hoc assumption (3.5) and Proposition 2.4; the optimality
follows as before from

) T
N =g+ Y ASpAg ASy = /O Tr(X;)dt,

1<i<Np—1

and from (setting é&T = (AS5 A, AST)?)

n
NTfl

4 T
&, (2 r=¢" Y (AS%«AT{LIAST;!)Z—FSJZ Y e rt+e v < | Tr(X;)dt
1<i<Ny—1 j=1

with the help of the convergence results already obtained. Theorem 3.3 is proved.
O

4. Numerical experiments.

4.1. Algorithm for the optimal stopping times. From the previous section (The-
orem 3.2), the p-optimal stopping times (i > 0) are iteratively given by 7} := 0
and

= inf{z >TSS ) A (S~ Su ) > e,f} AT

where for any 7, AF == A, + M Xy (Amin(A))ay Ay = (6, 1)*X,6,! and X; solves
(3.3) with ¢, = Gt*Dixuth. Thus, 7" is the first hitting time of an ellipsoid centered
at S with principal axes equal to the orthogonal eigenvectors of the symmetric
positive-definite matrix A%L 1 (or equivalently those of A ). We briefly recall (see
Subsection 5.4) the main steps to compute the matrix Xen (i21) from which we
derive A | and Al;t’i] .

. . . . o 2
1. Diagonalize  the symmetric —matrix ¢, = G:,-’L lexufirLIG,;L 1

:= Py Diag(Aj(cer ) :1<j<d) Pfi , where Pr | is an orthogonal matrix.
2. Find the zero y; € RT of the increasing function y +— (44 d)y —

d
Z \/>? —1-411.2(@;11 ). This root lies in the interval [O,d\/l(cﬂl)\/\%—i- 2d|
=i

(see the proof of Lemma 3.1).
3. From (5.7), we obtain

=Yz, + \/y%_n_l +4AJ2 (Cfinil)
4

Xor | :Pfl_nlDiag< 1< < d) o

Last, we mention that even if A’;‘,, ] is tractable, the exact simulation of 7} is in gen-
eral impossible and approximations are required (see [17] and references therein).
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4.2. Numerical tests. This section is dedicated to an application of Theorem
3.2 to the case of an exchange binary option g(S7) = ISIT >52- This example is
relevant in our study (and improves the setting of [8]) because this is a simple
bi-dimensional non-convex function, for which the value function u and its sensi-
tivities are available in the Black-Scholes model

o) )
$2) " \pos? \/1—-p20,S? B?)’

where (B!, B?) are two independent Brownian motions. The model parameters are
set to S = 100, S5 =100, 61 =0.3, 0, =0.4,p=0.5and T = 1.
We take g, = 0.05. In our different tests, we have not observed a significant differ-
ence by taking u = 0 or u small; hence, we only report the values for u = 0. We
generate 1000 experiments @, independently. To compute the hitting times for each
o, we use a thin uniform time mesh 7; = (iT' /1)o<;<; (7 = 50000 in our tests) : we
draw S'(®) and S?() along 7; and compute (with the help of the previous algo-
rithm) the hitting times (@) = inf {7 € m;N|7 | (@), T] : [(S; — Sfffl)*/\%n_l (S —
Sz )(w) > €2} AT; at the end of the process, we get the number Nj.(®) of dis-
crete times. The mesh 7; is also used to compute subsequent quadratic variations
and time integrals.
We compare w by @ the above strategy with that based on the uniform mesh TN (o)
and  with that based on the so-called fractional — mesh?
(T[1-(1—i/N}(w))?]) | <i<N3 (@) this comparison looks quite fair from a practi-
tioner point of view since he is gllowed to rebalance the hedging portfolio the same
number of times. The use of the optimal stochastic grid is slightly more demand-
ing since it requires the computations of more Greeks than only the Delta (because
of the matrix A*); however, these sensitivities are widely available in any trading
system, which makes this higher complexity likely negligible in view of the benefit
of optimal times.
We define Biochastic (@), Buniform (@), PBrractional (@) Where we compute B (@) :=
%(m) according to each of these three strategies: in view of Theorem 3.2,
th(is ratio is asymptotically greater than 1 and adimensional; moreover, the closer
to 1 the ratio, the better the strategy.
Results. Figure 1 displays, for each @, the couples

(Bstochastic ( CO) y ﬁuniform ( (D) ) and ( Bstochastic ( (D) s Bfractional ( (D) ) .

Most of the times, the points are above the diagonal, showing that the p-optimal
strategy lessens the quadratic variation @-wise (remind that the strategies have got

3 According to [12], the fractional smoothness of g(St) is %; thus, when N} (@) is deterministic,
this choice of fractional mesh yields that E((Z")r) is of order 1 w.r.t. the inverse of the number of
times, instead of order % with the uniform mesh.
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the same number of discrete times N7.), compared to the quadratic variation worked
out over the deterministic time mesh. In addition, Bycnasic 1S concentrated around
1, which means a convergence of N2.(Z")r towards the lower bound ( fJ Tr(X,)dr)2.

"

Fic 1. "x", "+" and the blue line correspond respectively to "(Bsiochasiics Buniform)"™
" and the identity function.

Figure 2 displays (Z")r as a function of N} for the three strategies and for different
: here again, we observe that the p-optimal strategy outperforms deterministic
strategies.

5. Appendix.

5.1. Proof of Proposition 2.1.
e Let us prove i), assuming only (Ag). For p = 0, this is trivial.
Now consider the case p > 0. Since o; is non-zero for any ¢ and continuous, Cg :=
inficp0.7) (Z?ZI ej.0;0;¢e;j) > 0 a.s. , where ¢; is the j-th element of the canonical
basis in R9. Therefore, a.s. for any 0 <s <r <T we have
t d

5.1) ogr—sgc,gl/ (

s i

d
ej.GrGfeJ-)dr = CEI Z [<S1>t - <S1>5]
j =1

1

d . _ r S
—c;'Y |5 -0 - 2/ (s} —s)asi]
j:1 S
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(z)

250

FIG 2. "x", "+" and "o" correspond respectively to "(Z")7 uniform"s "7 )7 fractional” and
" n "
<Z >T.Stochaxtic .

applying the It6 formula at the last equality. Take s = 7" |, = 7' and use (Ag):

"
aew

s <t (Co2+2 ). | / asjasj|)
j=1 T

d 1 ) )
(5.2) gc,gl<cos,%+4z sup | / AS{dS{\).
j=10<t<T 0

Now for j=1,...d, set M,j’” = si/pfl fé AS{dS{ (recalling that p > 0). Then

T . .
T i)y = Lt ([ s <G Rt < e as.

n>0 n>0 n>0

Thus owing to Corollary 2.1 the terms (supy,<r |M,J "|”), -, define an a.s. con-
vergent series. Combining this with (5.2), we finally derive

_ p
Y [e7 sup jaz]

n>0 1<i<N:

d .
SC0<Z [83/17_18,%]17—1-2 Y sup |M,””‘p> < +oo as..

n>0 j=1n>00<1<T
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e It remains to justify ii). For p = 0, the result directly follows from (Ay) and the
inequality (2.1) . Now take p > 0 and set

-2 1)+2
Utn =&, (p= Py Z ZA r”/\t
<t j=

th — 8;2(17* )+2pn Z sup |ASS‘2p .

i n
T <t se(Th T A

9

IFY,50 Up %, (5.1) immediately yields that ¥, €, - V2PV Y0 _p(ATr)P <5

. Thus, it is sufficient to show Y~ U/ 2% forany t € [0,T], and this is achieved
by an application of Lemma 2.2. The sequences of processes (U"),>0 and (V"),>0
are in %”OJr. Then, V" is non-decreasing and using (As)-(Ax)

Y Vi<C Y e VTN <Y €2 < 4o as..

n>0 n>0 n>0

Then, we deduce that items i’) and ii’) of Lemma 2.2 are fulfilled. It remains to
check the relation of domination (item iii’)). Let k € N. On the set {7]" | <A 6},
from the multidimensional BDG inequality in a conditional version, we have

d
(53) E (‘ Y A(S))errne,
j=1

Then, it follows

E [ tnAOk] =g, 2p=1)+2pn ZE(M}’IQAG,(E H Z A<S>T,-"/\f/\9k |gfi"1])
i=1 j=1
S CPE[ tr/l\ek]'

The proof is complete. O

p
|9};11> < CPE< sup |ASS\2P ’y":?l) ’

T <s<TIALAG

5.2. Proof of Proposition 2.2. Let p > 0. Let 6 be the parameter standing for
% under (Ag) and 1 under (Ag)-(Ay). Set

~25 (2% 2(1-6)) +2+2py(26-1)
)3

U':=¢g, sup  |AM]'|?,
Tin—l <t T{L] SSST;Z/\t
2
—25 (78D 5(1-6)) +2+2py(25-1) T A r/
V=& (5 ) / ol'dr
T

n
T <t

Observe that the announced result reads as Zn>0 Ur 2% . To prove this conver-
gence, it is enough to establish that ), VT . Indeed, following the arguments
of the proof of Proposition 2.1-ii), we can apply Lemma 2.2 since (U"),>¢ and
(V")u>0 are two sequences of continuous adapted processes and



ALMOST SURE OPTIMAL HEDGING STRATEGY 29
i’) V" is non-decreasing on [0,T] a.s. ;
iii’) the domination is satisfied thanks to the BDG inequalities, similarly to (5.3).

.. . a.s. .
Now to prove ii’), i.e. }.,~o Vs — , write

_o5(Pe) 5 5 S— p/2
Yvi<Ye (P51 20-8)) +242pn(25-1) Y |G +at)AT|  as.

n>0 n>0 Tt <T

(9)

First, consider the case (As) and set D, := sup; <;<yn (At]")? for g > 0: Proposition

2.1-i) yields 2@ := ¥, &, DY) < oo a.s. . Using p > 2 , it readily follows
that

ZVT < Zgn p(6+1)/2-3) CP/2 Z (839+(A,rin)9)p/2(ATl{1)p/2—1AT;1

n>0 n>0 T <T
< Ze p(6+1)/2-3) Cl’/zzp/Z IT(SPGD(p/Z 1)+D((6+1)p/2 ]))
n>0
< CPP2PPIT ((supe,)O 2P 4 (BHPPD) & yeo g
n>0

Second for the case (Ag)-(Ay), setting D,(f) = Zrﬁl<T(A’L’{’)q for g > 0, we have

29 =Y, g, 20~ D2v pl@) 1o 4.5, thanks to Proposition 2.1-ii). Then we
easily deduce (for any p > 0)

LVi

n>0

Cp/2 p/2—1)4 ZS p(6+1)/2—=1)+2py Z (gfe(AT;z)p/Z_i_(Arl(l)(e-i-l)p/Z)

n>0 T <T

= P22 (P2) 4 G(O+0PD) < feo s O

5.3. Proof of Proposition 2.4. 1t is standard to check that 7" is a sequence
of increasing stopping times, we skip details. Let us justify that the size of 7"
is a.s. finite, for any n > 0. For a given n > 0, define the event A" := {N} =
+oo}. For w € A", the infinite sequence (7'(®));>o converges, because increas-
ing and bounded by T. Thus, on A4 N Eg with Eg = {(S;)o<;<r continuous and
SUPg< <7 Amax (H;) < 40}, we have

0 < Sn — (S‘L'i" _Srf,l)*HT;l,] (Sfl” _Srin—l) < Sup lmax(Ht”S‘L'” _ST” | %14){»00 0

0<t<T

which is impossible. Thus, .4 C E§ and P(.4#™) = 0 since S is a.s. continuous
and supy, .7 Amax (H;) is a.s. finite.
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Besides, we have Cy := info<;<7 Amin(H;) > 0 a.s. and we immediately get

n n
1<i<Npre(e | o] 1<i<Npre(er | 2

g2 sup sup |AS|*<Cyle,? sup  sup (ASfogflASt)gcgl

which validates the assumption (Ag).
Then, writing Ni = 1+ Y <;<nz—1 1, we point out (for n large enough so that
&< 1)

EPNT < eNj <&+ ), ASpHy ASp<egj+ Y ASpHy ASq,
1<i<Np—1 T <T

using Moreover from Proposition 2.3, we know that under the assumption (Ag)
only,

) T
Y ASuHy ASy =% /O Tr(H,d(S),) < +oo.

T <T

This validates the assumption (Ay). ]

REMARK 5.1. The structure of hitting times of ellipsoids with size €, has a
specific feature compared to general admissible strategies: the assumption (Ag)
entails the assumption (Ay).

5.4. Proof of Lemma 3.1. We split the proof into several steps.
RYxR, —R
Leth: 4 5 - Assume for a while that
(A,y) = (4+d)y— Y (/3?4
i=1
(%) (a) for any A € RY, there exists a unique non-negative root y, satisfying
h(k,yl) =0;
(®) yo=0;4#0=y; >0;
(c) the mapping A +— y; is continuous.
Necessary conditions on the spectrum of x(c). Let Ziag denote the set of d x d
diagonal matrices. Take ¢ € .4 (R) and let x(c) € .#¢(RR) be a solution (whenever
it exists) to (3.3). Then by the spectral theorem, x(c) is diagonalizable: there exists
an orthogonal matrix p, ) such that p;(c)x(c) Px(c) € Ziag. Equation (3.3) is stable

by unitary transformation:
(5.4)

2
2Tr (pi(c)X(C)px(c)) Pr(e)X(€)Pa(e) T4 (pi(c)x((f)px(c)> = P})C Px(c) € Diag.
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The diagonal elements of pi(c)c2 Px(¢c) must be the eigenvalues of c?, that is the

square of the eigenvalues of ¢ (which is in .#?(R)). Identifying the diagonal ele-
ments from (5.4) gives a relation between the spectra of ¢ and x(¢):

2Tr(x(c))Ai(x(c)) +4hi(x(c))* = Ai(c)?, 1<i<d.

Thus, the non-negative eigenvalues of x(c¢) must satisfy 4;(x(c)) = (—=Tr(x(c)) +
V/Tr(x(c))? +44i(c)?) /4. By summing over i = 1,...,d, we obtain an implicit
equation for Tr(x(c)), which is h(A(c),Tr(x(c))) = 0. By (x), there is a unique
solution and

(5.5) Tr(x(c)) = ya(e)-

Thus, we have proved that the eigenvalues of x(c¢) must be

V(o) T A/ Vi (e T Hi(c)?
(5.6) Aa(e)) = — VO -

4

Existence/uniqueness of solution to (3.3). Take c € .#%(R). Starting from (3.3),
owing to (5.5) x(c¢) must solve

1 21, 2
(2)6(6‘) + Ey,l(c)ld) = Zyl(c)ld +c”.
The matrix ¢ + %yi(c)ld is symmetric nonnegative-definite, thus it has a unique
square-root (symmetric nonnegative-definite matrix) [20, Theorem 7.2.6 p.405]
and we obtain

2
e, Ve, o\ P
(5.7) x(e) = = 1d+2( y Id—i—c> .

The uniqueness is proved. It is now easy to check that x(c) given in (5.7) solves
(3.3), using the implicit equation satisfied by Tr(x(c)). Last, Ayin(c?) > 0 if and
only if Ayin(x(c)) > 0 (owing to (5.6)).

Continuity. From Hoffman and Wielandt’s theorem [20, p.368], the function ¢
A(c) is continuous on .7 (R) into R?. Hence, combined with (% ¢), we obtain the
continuity of ¢ > y; () on .’ 4(R) into R.

Then, the continuity of x(.) at co = 0 easily follows since as ¢ — 0, y; () — Yo =0
and A(x(c)) — O (using (5.6)): thus x(c) — 0 = xp. For ¢y # 0, we invoke the
property that ¢ — ¢!'/2 is locally lipschitz (and even analytic) on . f +(R) into

2
74 (R) [35, Lemma 5.2.1 p.131]: we use this with yaﬁld +ct e 74 (R) for ¢
close enough to co (using y; () > 0 for ¢ # 0). In view of (5.7), the continuity of
x(.) at co # 0 follows.
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Proof of (x).  his continuous on R? x [0, e[ into R. Moreover,

e h(1,0)=—2Y% 4| <0and limy,.h(R,y) = +oo,
e his continuously differentiable on R? x]0, o[,
® Dyh(A,y)=4+d—Y <<y \/#74%2 > 4, implying that y — h(A,y) is (strictly)

increasing.

Then, there is a unique y, € R, such that 2(A,y; ) = 0. We point out at first glance,
A #0 < y; > 0. The continuity of y. is proved on R? on the one hand, and at 0 on
the other hand.

e On R?x]0,+oo[ : Dyh(2,y) exists and is non zero: then by the implicit func-
tion theorem, there exists an open set U C R? containing A and an open set
V C]0,+oo[ containing y, such that y is continuously differentiable from U
to V. That proves the continuously differentiability of y. in RY.

o AtA=0:h((|A])i<i<a,y) <h(A,y) and y> -T2 o h((|A])1<i<a,y) > 0.

Va+2d
It implies 0 < y; < \/% and lim; |0y, = 0.
That concludes the continuity of A > y; on R and by the previous discussion, the
proof of the lemma. O

5.5. Proof of Lemma 3.2.
We have (R"), = Ik ’G,* (Dxtty — Dyttg(p) — D3t AS;) lzdt: to prove the result,
we aim at performing a Taylor expansion using (A,), i.e. derivatives of u are a.s.
finite in a small tube around (7,S,,Y;)o<,<7. Because of this local assumption, a
careful treatment is required, which we now detail. In view of (A,), there exists
Q4 such that P(Q4) = 1 and for every ® € Qg there is d(®) > 0 such that

|/ uls(w) ;== sup sup |\ u(t,x,y)| < +oo
0st<T [x=5,(0)|<5(),[y=¥ (@) <5 ()
XjXp ) T XXXy TEX )

foranyszfe.@::{Dz D3 _.D? D%jym:lgj,k,lgd,lgmgd’}.

Since sup;<;<yn AT/ 2% 0 and (S;,Y;)o<;<r are a.s. continuous on the compact
interval [0, 7], there exists Q¢ with P(Qg¢ ) = 1 such that for every @ € Q, there
is p(w) € N such that Vn > p(w),

( sup |S,—SS|\/|Yt—YS|)(a)) < §(w).

0<s,t<T|t—s| <SUp;<i<n ATl
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Hence for o € Q5 NQy, letn > p(w), i€ {1,...,N}}andt € [t]' , 7], and write

i—10 %

Dxu(taStaYt)_Dxu(ff—lvsri"fl,y‘c;’,) D2 (z I’S‘C"]?YT" )ASF

= [Dxu(tashYl‘)_DXM(TL'ILDSHY[)] [Dxu( i717Sl7Yl)_Dxu( iflaslaYT;ll)]
[ Da(e 8 Ve ) = DTy e Y ) = DRu(E e Yer )AS |

Now apply Taylor theorem to the terms above, by observing that the involved
derivatives of u are locally bounded by the (a.s. finite) random variable C, :=
maxeq | ul;s:

’Dxu(t,St, Yt) _Dxu(fln—l ’ST;L] ’Yfinq) _D)zcxu(rln—l ’STin—l ) YTin—l )AS,l
d
< VAC, ({1~ )+ VAT~ Yar |+ 5188, P).

Plugging this estimate in (R”}T and using that Y is non-decreasing, we derive that
s. , for n large enough,
€274V (") < 3dC2 sup |oy[2e2 P Z ((Ar,-")3 AINAN
0<t<T " <T '
d2 n 4
+ AT sup (S )

4
n g
T <t<T]

To prove the a.s. convergence of the upper bound to 0, we separately analyze each
of the three contributions.

. 83*4’”):1,1 r(ATh3 < 8274PNN" sup<i<np (AT)? < Go e P L0 by

Corollary 2 2-ii) with p = 3 — py > 0 (see (Ay)).
e Combining (Ay) and Corollary 2.2-ii) with p = p Y —2(py—1) >0, we easily
obtain

g24pw Y, |AY:| ATl < Z v/ — Y]) 27PN sup |AY) \| sup At

T <T j= 1<i<N} i 1<i<NZ
_ _ 2-2 -1 .S.
< \/d/|YT—Y0‘C()8,% 4PNS,[3Y€3 p SC()EEY/ (pv=1) _)as 0.

. 24 6—4 .
e Using (As), & ¥ Yo <1 AT SUPgn << |AS;[* < Coen VT L2 0'since
3
pN < bR

All these convergences lead to the results. O

5.6. Assumption (A,). We show that the assumption (A,) is satisfied in most
usual situations, even if the payoff g is not smooth. Actually, we have not been
able to exhibit an example of g for which (A,) does not hold. The following dis-
cussion should convince the reader that finding a counter-example is far from being
straightforward, but we conjecture that it is possible.
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Vanilla option in Black-Scholes model. For pedagogic reasons, we start with the
one-dimensional log-normal model dS; = oS,dB; (o > 0). Consider first the Call

option with strike K > 0: fort < T we have Du(t,x) = JV(log(x/K toVT—1)€
[0,1] where .47(.) is the cdf of the standard Gaussian law. The second derivative
writes

D2 u(t,x) = cm\/mi(Ti—t)eXp( [laog(;/_K) 76 } )

thus bounding the exponential term by 1, we have for any given f9 < T

lim, su su D2 u(t.x)| < 1 < . It shows that
§—0SUPo<r<y, p\x—S,\§5| XX (7 )| = GinfoggTsf\/Zﬁ(T*to) oo

an a.s. finite bound on the second derivative is available provided that the time
to maturlty does not vanish. For the third derivative, this is similar: indeed using
supycg e /40, (e /)| = supycp |yle /4 = v/2e~1/2 < 1, we deduce

1+0VT Irlog(x/K) 1 —2
’ oo ( )‘§x2m62<T_t)exp(_4|:G T—l+§o- T_t} )a

and as before limg_,o SUpy<, <, SUP|x_s,|<5 D3 u(t,x)| < +oo for any given g < T.
The next step consists in deriving a.s. upper bounds on derivatives for arbitrary
small time to maturity. We take advantage of the property P(Sy # K) = 1, which
implies (by a.s. continuity of S) that for P-a.e. @ there exists fo(®) € [0, T'[ such that
infy (o) <i<7 [S/(®) — K| > [S7(@) — K|/2 := 280(@) > 0. Then, for ¢ € [to(@),T]
and & < & A [27'infoc<rS], we have infj,_g <s|log(x/K)| >
inf,~0:u—1>8/k |10g(u)| := c(®) > 0 and inf},_g,<5x > S;/2: therefore using the

inequality — (ot + B)? < —0‘72 + B2, we obtain, for ¢ € [to(®), T

(o) 1 )

2
sup |D?u(t,x)| < ——————ex (—7—1— o’
\x—S,FSS‘ () 0S8\ 2n(T —1) P\UTa62(1=1) " 8
Observe that ¢(®) > 0 implies that the above upper bound converges to O ast — T':
thus, we have completed the proof of lims_,qSupy<,;.7supj,_g,|<s ‘Dﬁxu(t,x)} <
+oo a.s. . For the third derivative, similarly we obtain for ¢ € [to(®),T[ and § <
do(@) A[27 infoc, <7 Si(@)]

4(1+0VT) () 1,
\XEEF<5| Drwtt(t3 )’_Szmaz(T—t)eX <_ T 16° T)

802(T —1) 16
and we conclude as for the second derivative. To derive the property for D2 u, we
use the relation szu = 1 2D3 U—O xD2 u. Finally, (A,) is proved for the
call option (and thus for the put option).
The same argumentation can be applied for the digital call option which payoff is of
the form g(x) = 1,>k: indeed, the derivatives of u blow up only at the discontinuity
point K which has null probability for the law of S7. (A,) holds for digital options.
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Vanilla option in general local volatility model.  The previous arguments are based
on the explicit Black-Scholes formula for call and digital call options, but we can
generalize them to more general models and payoffs and handle derivatives at any
order. Denote by X/ = log(S/) (1 < j < d) the log-asset price in a diffusion model
and assume that dX; = b¥ (¢, X;)dt + o (¢, X, )dB;, for coefficients bX and 6 of class
%7 ([0, T] x RY) (bounded with bounded derivatives). The price function in the log-
variables is then v(¢,x) := u(t,exp(x!), ..., exp(x?)) = E(g(Sr)|S! = exp(x/),1 <
Jj <d):=E(G(Xr)|X; = x). We first consider the simple case of €*-payoff G with
exponentially bounded derivatives: for any £ > 0, there is a constant CkG > 0 such
that |DXG(x)| < CP exp(CF|x|) for x € RY. In that case, a direct differentiation of
E(G(X7)|X; = x) using the smooth flow x — X}’x [26] shows the differentiabil-
ity of v w.r.t. the space variable with derivatives bounded on compact subsets of
[0, 7] x R?; in addition the time smoothness is obtained using Ito’s formula; these
arguments are standard and we skip details. (A,) is proved for these smooth pay-
offs.

Now we tackle the case of discontinuous payoffs of the form G(x) = 1,4 ¢(x) for
aclosed set 2 C R? and a ¢"-function ¢ with exponentially bounded derivatives :
observe that by combining the analysis for smooth payoffs and that for discontinu-
ous ones will allow to cover a quite large class of g satisfying (A,) (such as call/put,
digital call/put, exchange call, digital exchange call and so on). We assume that a
uniform ellipticity assumption is satisfied: infy. <7 ,cga infjz _; &.[6% (6%)*](r,x)& >
0. In this setting, v(t,x) = [ga 1;ep(t,x,T,z)9(z)dz where p is the transition den-
sity function of X, which is smooth and satisfies to Aronson-type estimates [7,
Theorem 8 p. 263]: for any i > 0 and any differentiation index «, there exists a
constant C; o = C; o(T, bX,6*) > 0 such that

DL pt,x,T,2)| < Cira(T — 1)~ P22 exp(—|x — 22 /[Cia(T — 1))

forany 0 <t < T, x € R?, z € RY. From the integral representation of v, it readily
follows that

DA y(t,%)| < Cio (T — 1)~ G+l /R d COTI(T — )=4/2~ b= /CialT=1) g,

< Cio(T — 1)~ CHaD208 Gl / d COVTI =W /iy,
R

which proves locally uniform bounds on derivatives provided that the time to ma-
turity remains bounded away from 0. To handle the case + — T, we additionally
assume that the boundary 09 of 9 is Lebesgue-negligible (thus including usual
situations but excluding Cantor like sets, see [5, p. 114]): thus for P-a.e. @, the dis-
tance to the boundary (a closed set) is positive, i.e. & (@) := 1d(Xr(®),02) >0

and there exists fo(®) € [0,T[ such that inf; () <;<7 d(Xi(®),02) > 36 (®) (we
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recall that the distance function x — d(x,d Z) is Lipschitz continuous). Now, let @
be given as above; by the smooth version of the Urysohn lemma [6, p.90], there ex-
ists a smooth function & (depending on @) such that 1,c 9 5 <4(x.02) < &(x) < L.
Decompose the price function into two parts v = v + v, with

Vl(t’x)::/Rd Leap(t,x,T,2)9(2)§(2)dz, Vz(t,X)=/@p(t,x,T,Z)qJ(Z)(l—é(Z))dZ-

We easily handle the derivatives of v; using the first case of smooth functions since
1990& = p& € € with exponentially bounded derivatives. Regarding v;, observe
that we integrate over the z such that z € & and d(z,d2) < dy; for such z, for r €
[to, T[and |x—X;| < & < &, we have [x—z| > d(X;,09) — |x—X;| —d(z,02) > &
and thus

sup |Di"va(t,%)]

[x—X;|<8
< sup cy O RIC; o (T — 1)~ (@ 2iH0])/2 = =2/ 2Cia(T=1)] =8/ 2Cia(T—1)] g
—x,|<67/2 ’
< Cia(T — 1)~ CH1aD 2=/ RCa(T 0] 0 €8 (1) / SCOVTIW] = WP/ 2Cial gy
R‘[

The above upper bound converges to 0 as t — T and the proof of (A,) is complete.
Interestingly, we can weaken the ellipticity assumption into a hypoellipticity as-
sumption: indeed, our analysis essentially relies on transition density estimates in
small time and away from the diagonal. These estimates are available in the hypoel-
liptic homogeneous diffusion case [27, Corollary 3.25] and in the inhomogeneous
case [3, Assumption (1.10)].

Asian option in general local volatility model.  The payoff is of the form g(St,Ir)
where Iy = fOT S;dt and S is a one-dimensional homogeneous diffusion
dS; = o(S;)dB,. The analysis is reduced to the previous case of vanilla option by
considering the 2-dimensional diffusion (S;,1;)o<;<7: it is not elliptic but hypoel-
liptic [27] provided that ¢ is smooth and that ¢(x) > 0 for x € [ where I C R is
given by P(Vr € [0,T] : X; € I) = 1 (in usual cases, I =]0,+oo|). It includes the
Black-Scholes model and any model with local volatility bounded away from 0
and smooth. We skip details.

Lookback option in Black-Scholes model. The payoff is of the form Sy —m A
ming<;<7 S; or MV maxo<,<7 S; — St for lookback call or put, (M V maxo<;<r S; —
K)4 or (K—mAming<,<7 S;)+ for call on maximum or on minimum, (S —AmA
ming<;<7 S;)+ (with A > 1) or (AM V maxo<,<7S; — St)+ (with A < 1) for partial
lookback call or put. In all these cases, Black-Scholes type formulas are available
in closed forms [4]. Then it is straightforward to check that (A,) is satisfied and
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this is essentially based on the property that under the assumption of non-zero
volatility, the joint law (S7,maxo<;<7 S;,ming<,<7 S;) has a density (derived from

(33,

Exercise 3.15]), implying that the events on which the derivatives may blow

up (such as {S7 = minp<,<7 S} ...) have zero probability.
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