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OPTIMAL STOPPING PROBLEMS FOR THE MAXIMUM
PROCESS WITH UPPER AND LOWER CAPS

By CurDIN OTT
University of Bath

This paper concerns optimal stopping problems driven by the
running maximum of a spectrally negative Lévy process X. More
precisely, we are interested in modifications of the Shepp-Shiryaev
optimal stopping problem [2, 21, 22]. First, we consider a capped
version of the Shepp-Shiryaev optimal stopping problem and pro-
vide the solution explicitly in terms of scale functions. In particular,
the optimal stopping boundary is characterised by an ordinary dif-
ferential equation involving scale functions and changes according to
the path variation of X. Secondly, in the spirit of [23], we consider
a modification of the capped version of the Shepp-Shiryaev optimal
stopping problem in the sense that the decision to stop has to be
made before the process X falls below a given level.

1. Introduction. Let X = {X;:t > 0} be a spectrally negative Lévy
process defined on a filtered probability space (2, F,F = {F;}i>0,P) satis-
fying the natural conditions (cf. p.39, Section 1.3 of [5]). For = € R , denote
by P, the probability measure under which X starts at  and for simplicity
write Py = P. We associate with X the maximum process X = {X; : t > 0}
given by X; := sVsupg<,<; Xy for t > 0,5 > z. The law under which (X, X)
starts at (z,s) is denoted by P, .

In this paper we are mainly interested in the following optimal stopping
problem:

(1) V¥ (x,s) = sup ELS[E_‘ZTJFXTAE],
TEM

where € € R,q > 0,(z,5) € E := {(2,5) € R?|z < s} and M is the set
of all finite F-stopping times. Since the constant e bounds the process X
from above, we refer to it as the upper cap. Due to the fact that the pair
(X, X) is a strong Markov process, (1) has also a Markovian structure and
hence the general theory of optimal stopping [16] suggests that the optimal
stopping time is the first entry time of the process (X, X) into some subset
of E. Indeed, it turns out that under some assumptions on ¢ and (1), where
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1 is the Laplace exponent of X (see (x), p. 5, for a formal definition), the
solution of (1) is given by

TE* = 1nf{t > 0: Yt — Xt > gE(Yt)}

for some function g. which is characterised as a solution to a certain ordinary
differential equation involving scale functions. The function s +— s — g.(s) is
sometimes referred to as the optimal stopping boundary. We will show that
the shape of the optimal boundary has different characteristics according to
the path variation of X. The solution of problem (1) is closely related to the
solution of the Shepp-Shiryaev optimal stopping problem

(2) V*(z,s) = sup ELS[E_‘]TJFXT],
TeEM

which was first studied by Shepp and Shiryaev [21, 22] for the case when
X is a linear Brownian motion and later by Avram, Kyprianou and Pisto-
rius [2] for the case when X is a spectrally negative Lévy process. Shepp and
Shiryaev [21] introduced the problem as a means to pricing Russian options.
In the latter context the solution of (2) can be viewed as the fair price of
such an option. If we introduce a cap €, an analogous interpretation of the
solution of (1) applies but for a Russian option whose payoff was moderated
by capping it at a certain level (a fuller description is given in Section 2).

Our method for solving (1) consists of a verification technique, that is,
we heuristically derive a candidate solution and then verify that it is indeed
a solution. In particular, we will make use of the principle of smooth and
continuous fit [1, 14, 16, 17] in a similar way to [15, 21].

It is also natural to ask for a modification of (1) with a lower cap. Whilst
this is already included in the starting point of the maximum process X,
there is a stopping problem that captures this idea of lower cap in the sense
that the decision to exercise has to be made before X drops below a certain
level. Specifically, consider

(3) V* —qT—l—YT/\EQ] ,

€1,€2

(z,s) = sup ELs[e
TGMel

where €1,e2 € R such that ¢; < €, ¢ > 0,LM,, = {r € M|7 < T}
and T, := inf{t > 0 : X; < e1}. In the special case of no cap (e2 = 00),
this problem was considered by Shepp, Shiryaev and Sulem [23] for the case
where X is a linear Brownian motion. Inspired by their result we expect the
optimal stopping time to be of the form T¢, A 77, where 77, is the optimal
stopping time in (1). Our main contribution here is that, with the help of
excursion theory (cf. [4, 10]), we find a closed form expression for the value
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OPTIMAL STOPPING FOR THE MAXIMUM PROCESS 3

function associated with the strategy T¢, A 77, thereby allowing us to verify
that it is indeed an optimal strategy.

This paper is organised as follows. In Section 2 we provide some motiva-
tion for studying (1) and (3). Then we introduce some more notation and
collect some auxiliary results in Section 3. Our main results are presented
in Section 4, followed by their proofs in Sections 5 and 6. Finally, some

numerical examples are given in Section 7.

2. Application to pricing capped Russian options. The aim of
this section is to give some motivation for studying (1) and (3).

Consider a financial market consisting of a riskless bond and a risky asset.
The value of the bond B = {B; : t > 0} evolves deterministically such that

(4) By = Boe™, By >0,r>0,t>0.

The price of the risky asset is modeled as the exponential spectrally negative
Lévy process

(5) Sy = SpeXt, Sy >0,t>0.

In order to guarantee that our model is free of arbitrage we will assume that
(1) =r. If Xy = pt+oWy, where W = {W; : t > 0} is a standard Brownian
motion, we get the standard Black-Scholes model for the price of the asset.
Extensive empirical research has shown that this (Gaussian) model is not
capable of capturing certain features (such as skewness and heavy tails)
which are commonly encountered in financial data, for example, returns on
stocks. To accommodate for these problems, an idea, going back to [13],
is to replace the Brownian motion as model for the log-price by a general
Lévy process X (cf. [7]). Here we will restrict ourselves to the model where
X is given by a spectrally negative Lévy process. This restriction is mainly
motivated by analytical tractability. It is worth mentioning, however, that
Carr and Wu [6] as well as Madan and Schoutens [12] have offered empirical
evidence to support the case of a model in which the risky asset is driven
by a spectrally negative Lévy process for appropriate market scenarios.

A capped Russian option is an option which gives the holder the right to
exercise at any almost surely finite stopping time 7 yielding payouts

e“”(Mo\/ sup Su/\C>, C > My > Sy, > 0.

0<u<rt

The constant My can be viewed as representing the “starting” maximum
of the stock price (say, over some previous period (—tg,0]). The constant C
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4 CURDIN OTT

can be interpreted as cap and moderates the payoff of the option. The value
C = o is also allowed and corresponds to no moderation at all. In this case
we just get the normal Russian option. Finally, when C' = oo it is necessary
to choose « strictly positive to guarantee that it is optimal to stop in finite
time and that the value is finite (cf. Proposition 3.1).

Standard theory of pricing American-type options [24] directs one to solv-
ing the optimal stopping problem

(6) V. (Mo, Sp,C) :== By supE[BT_le_O” <MO V sup Sy A Cﬂ

0<u<r

where the supremum is taken over all [0, c0)-valued F-stopping times. In
other words, we want to find a stopping time which optimizes the expected
discounted claim. The right-hand side of (6) may be rewritten as

V,(My, So, C) = V.*(z,s) = sup E, [e—qr-s-YTAE],
TEM

where ¢ = + a,x = log(Sp), s = log(My) and e = log(C).

In (6) one might only allow stopping times that are smaller or equal
than the first time the risky asset S drops below a certain barrier. From
a financial point of view this corresponds to a default time after which all
economic activity stops (cf. [23]). Including this additional feature leads in
an analogous way to above to the optimal stopping problem (3).

3. Notation and auxiliary results. The purpose of this section is to
introduce some notation and collect some known results about spectrally
negative Lévy processes. Moreover, we state the solution of the Shepp-
Shiryaev optimal stopping problem (2) which will play an important role
throughout this paper.

3.1. Spectrally negative Lévy processes. It is well known that a spec-
trally negative Lévy process X is characterised by its Lévy triplet (v, o, 1),
where 0 > 0,7 € R and II is a measure on (—o00,0) satisfying the condi-
tion f(—oo,O (1 Az?) (dr) < co. By the Lévy-Ito6 decomposition, X may be
representecf in the form

(7) X, =B —yt+ XY+ x1?,
where {B; : t > 0} is a standard Brownian motion, {Xt(l) :t >0} isa
compound Poisson process with discontinuities of magnitude bigger than

or equal to one and {Xt@) : t > 0} is a square integrable martingale with
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OPTIMAL STOPPING FOR THE MAXIMUM PROCESS 5

discontinuities of magnitude strictly smaller than one and the three processes
are mutually independent. In particular, if X is of bounded variation, the
decomposition reduces to

(8) Xy =dt—m

where d > 0 and {n; : t > 0} is a driftless subordinator. Furthermore, the
spectral negativity of X ensures existence of the Laplace exponent ¢ of X,
that is, E[e?*1] = () for § > 0, which is known to take the form

1
(%) P(0) = —v0 + 50292 +/( ) (eex —1—0xlpyeqy) (dx).

Its right-inverse is defined by
®(g) :=sup{A > 0: 9(A) = ¢}

for ¢ > 0.
For any spectrally negative Lévy process having Xg = 0 we introduce the
family of martingales
exp(c Xy — P(o)t),

defined for any ¢ € R for which 9(c) = logE[exp(cX1)] < oo, and further
the corresponding family of measures {IP°} with Radon-Nikodym derivatives
dpe

dP |z,

(9) = exp(cX; — P(c)t).

For all such ¢ the measure P will denote the translation of P¢ under which
Xo = x. In particular, under P§ the process X is still a spectrally negative
Lévy process (cf. Theorem 3.9 in [10]).

3.2. Scale functions. A special family of functions associated with spec-
trally negative Lévy processes is that of scale functions (cf. [10]) which are
defined as follows. For ¢ > 0, the g-scale function W@ : R — [0,00) is the
unique function whose restriction to (0,00) is continuous and has Laplace
transform

o 1
—bzyy7(q) _
e "W\ (z)dx = , 0> P(q),
/0 ) P(0) —q @
and is defined to be identically zero for z < 0. Equally important is the scale
function Z@ : R — [1,00) defined by

Z@(z)=1+gq / WD (2) dz.
0
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6 CURDIN OTT

The passage times of X below and above k£ € R are denoted by
., =inf{t >0: X, <k} and 7 =inf{t >0:X, > k}.

We will make use of the following four identities. For ¢ > 0 and z € (a,b) it
holds that
(D (g —

_grit - W9(z —a)
(10) Ex [e b [{T;r<7';}j| - W(q)(b o a) )
_ Z9D (b —a)
—qTa — 7D (e — ) - WD (g —
(11) Ex e I{Tb+>T;}] =729 —a) - W9z —a) W@ —a)
for ¢ > 0 and « € R it holds that

(12) Eqamg%ﬂQm]:Z@@g_g%ﬂww@%

and finally for ¢ > 0 we have

] Z(q)(x) g
(13) S W@(z)  ®(q)

Identities (10) and (11) are Proposition 1 in [2], identity (13) is Lemma
1 of [2] and (12) can be found in Theorem 8.1 in [10]. For each ¢ > 0 we

denote by Wc(q) the g-scale function with respect to the measure P¢. A useful
formula (cf. [10]) linking the scale function under different measures is given
by

(14) W@ (z) = eq)(q)chb(q) (z)

for ¢ > 0 and z > 0.

We conclude this subsection by stating some known regularity properties
of scale functions (cf. Lemma 2.4, Corollary 2.5, Theorem 3.10, Lemma 3.1
and Lemma 3.2 of [9]).

Smoothness: For all ¢ > 0,

C1(0,00), if X is of bounded variation and II has no atoms,
W(q)|(0,oo) € ¢ C10,00), if X is of unbounded variation and o = 0,
C%(0,00), o >0.

Continuity at the origin: For all ¢ > 0,

(15) W@ (04) = {d_l, if X is of bounded variation,

0, if X is of unbounded variation.
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OPTIMAL STOPPING FOR THE MAXIMUM PROCESS 7

Derivative at the origin: For all ¢ > 0,

(16) W(q)/(0+) _ w, if 0 = 0 and II(—00,0) < oo,
+ - 2 . .
=7, if 0 > 0 or II(—00,0) = oo,

where we understand the second case to be +0o0 when o = 0.

For technical reasons, we require for the rest of the paper that W@ is
in C'(0,00) (and hence Z(@ € C?(0,00)). This is ensured by henceforth
assuming that II is atomless whenever X has paths of bounded variation.

3.3. Solution to the Shepp-Shiryaev optimal stopping problem. In order
to state the solution of the Shepp-Shiryaev optimal stopping problem, we
introduce the function f : [0,00) — R which is defined as

f(2) =29 (z) — W (2).

It can be shown (cf. p.6 of [3]) that, when ¢ > (1), the function f is strictly
decreasing to —oo and hence within this regime

E i=inf{z>0: Z9D(z) < qW@(2)} € [0,0).

In particular, when ¢ > (1), then k* = 0 if and only if W (@ (0+) > ¢~ 1.
Also, note that the requirement W@ (0+) > ¢~! implies ¢ > d > 9(1). We
now give a reformulation of a part of Theorem 1 in [3].

PROPOSITION 3.1.

(a) Suppose that ¢ > (1) and W@ (0+) < q~*. Then the solution of (2)
s given by
V*(z,s) = 2D (z — s + k)

with optimal strategy
T i=inf{t >0 : Xy — Xy > k*}.

(b) If WD(0+) > q~' (and hence ¢ > (1)), then the solution of (2) is
given by V*(x,s) = e® and optimal strategy 7* = 0.
(c) If ¢ < (1), then V*(x,s) = oo.

The result in part (b) of Proposition 3.1 is not surprising. If W (9 (0+) > ¢,

then X is necessarily of bounded variation with d < ¢ which implies that
the process (e~ ?*Xt),5( is pathwise decreasing. As a result we have for
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8 CURDIN OTT

T € M the inequality ELs[e_qT*YT] < ¢® and hence (b) follows. An anal-
ogous argument shows that V*(z,s) = e* for (z,s) € E with optimal
strategy 7 = 0 and V* _ (z,s) = €2 for (x,s) € E with optimal strategy

€1,€2
*

T, = 0. Therefore, we will not consider the regime W@ (0+) > ¢~! in

€1,62
what follows. Note, however, that the parameter regime ¢ < (1) will not

be degenerate for (1) and (3) due to the upper cap which prevents the value
function from exploding.

4. Main results.

4.1. Maximum process with upper cap. The first result ensures existence
of a function g. which, as will follow in due course, describes the optimal
stopping boundary in (1).

LEMMA 4.1. Let € € R be given.

a) If ¢ > (1) and WD (0+) < ¢, then k* € (0,00).

b) If g < (1), then k* = co.

¢) Under the assumptions in (a) or (b), there exists a unique solution
ge : (—00,€) = (0,k*) of the ordinary differential equation

g 2O
(a7 o) =1~ oy o (o0

satisfying limgpe ge(s) = 0 and lim,, oo ge(s) = k™.

Next, extend g, to the whole real line by setting g.(s) = 0 for s > €. We
now present the solution of (1).

THEOREM 4.2. Let € € R be given and suppose that ¢ > (1) and
W@D(04) < ¢! or ¢ <(1). Then the solution of (1) is given by

Vi (z,s) = e ZD(x — s+ ge(s))
with corresponding optimal strategy
o=inf{t >0 Xy — Xy > g.(Xy)},
where g 1s given in Lemma 4.1.
Define the continuation region
Cr=C"={(x,s) € E|s<e€,5—ge(s) <x < s}
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OPTIMAL STOPPING FOR THE MAXIMUM PROCESS 9

and the stopping region D = D* := E \ C*. The shape of the boundary
separating them, that is, the optimal stopping boundary, is of particular
interest. Theorem 4.2 together with (15) and (17) shows that

lim g¢(s) =

{—oo, if X is of unbounded variation,
ste

1—d/q, if X is of bounded variation.

Also, using (13) we see that

lim _ge(s) =

S——00

0, if ¢ > '(b(l) and W(Q)(O_|_) < q—I’
1—@(q)", if g <o(1).

This (qualitative) behaviour of g. and the resulting shape of the continuation
and stopping region are illustrated in Fig. 1. Note in particular that the
shape of g, at € (and consequently the optimal boundary) changes according
to the path variation of X. The horizontal and vertical lines in Fig. 1 are

ge (S)“ ge(s) A

Ky ___ —]

_

‘|||||||I o ||| I||
-

,
D* 7 D*
’
,

c* ' c*

FIG 1. For the two pictures on the left it is assumed that ¢ > ¥(1) and WP (0+) = 0
whereas on the right it is assumed that g < ¥(1).

meant to schematically indicate the trace of the excursions of X away from
the running maximum. We thus see that the optimal strategy consists of
continuing if the height of the excursion away from the running supremum
s does not exceed g¢(s), otherwise we stop.
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10 CURDIN OTT

4.2. Maximum process with upper and lower cap. Inspired by the result
*

in [23], we expect the strategy T, A 7/, to be optimal, where 7, is given
in Theorem 4.2 and T,, = inf{t > 0 : X; < ¢;}. This means that the
optimal boundary is expected to be a vertical line at €; combined with the
curve described by g, characterised in Lemma 4.1. Before we can proceed,
we need to introduce an auxiliary quantity, namely the point on the s-axis
where the vertical line at €; and the optimal boundary corresponding to
ge, intersect (see Fig. 2). If ¢ > (1) and W@D(0+) < ¢! or ¢ < (1)
define the map a., : (—00,€2) — (0,k*) by ae,(s) := s — ge,(s). It follows
by definition of g., that a., is continuous, strictly increasing and satisfies
limgre, e, (S) = €2 and limg)_ o ac,(s) = —oo. Therefore the intermediate
value theorem guarantees existence of a unique A, ., = A € (—00, €2) such
that A — g.,(A) = €. Our candidate optimal strategy T, A 7, splits the

state space into the stopping regions

Dice=Dr = {(z,5) € E:1x=1¢€,6 <s< A},
Dijeeo=Dir = {(z,5) €E : 61 <2< 5—goy(s),s > A},

and the continuation regions

0;5176220}( = {(z,s) €E e <z <s,61 <s<A},
C;I,el,ezchf = {(z,5) €L 1 s —ge(s) <z <s5,A<s< e}

Fic 2. A qualitative picture of the continuation and stopping region under the assumption
that ¢ > (1) and W9 (04) = 0 (cf. Theorem 4.4).

Also let E, := {(z,s) € E'|x > €1 }. Clearly, if (z,s) € E\ E,, then the only
stopping time in M., is 7 = 0 and hence the optimal value function is given
by e*>. Furthermore, when (z,s) € Cj; U Dj; we have 7, < T¢,, so that
the optimality of 77, in (1) implies V! (7, s) = VZ (z,s). Consequently, the

€1,€2
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OPTIMAL STOPPING FOR THE MAXIMUM PROCESS 11

interesting case is really (z,s) € C7 U D7. The key to verifying that Tc, A 77
is optimal, is to find the value function associated with it.

LEMMA 4.3. Let ¢ < €3 be given and suppose that q¢ > (1) and
W@ (0+) < ¢! or ¢ <4(1). Define

VeZ(l’aS)a (mvs) S C}kl UD?I?
‘/;1,62($78) = Uel,eg(st)’ (st) € C}k U Dja

es/he2 otherwise,

where V. is given in Theorem 4.2,

9o (A)  7(D) (¢
Ueer(,5) = " ZD (3 — 1) + WD (2 — &) /8_51 ‘¢ W(q)((t))
and A € (—o0, €2) is the unique constant such that A—ge,(A) = €1. We then
have, for (x,s) € E,

—q(Tey ATE)+X « A€o
Ex,s |:€ ( €1 62) Tel/\T€2 i| = ‘/;1752 (x, 3),

Our main contribution here is the expression for U, ,, thereby allowing
us to verify that the strategy T¢, A 77, is still optimal. In fact, this is the
content the following result.

THEOREM 4.4. Let €1 < €3 be given and suppose that ¢ > (1) and
W@ (04) < ¢ or ¢ < ¢(1). Then the solution to (3) is given by V* _ =

€1,€2
Ve e with corresponding optimal strategy 77, ., = Te, AT, , where T, is given
wn Theorem 4.2.

It is also possible to obtain the solution of (3) with lower cap only. To
this end, define when ¢ > (1) and W9 (04) < ¢~! the constant function
Joo(8) == k* and A, o = €1 + k*.

COROLLARY 4.5. Let €1 € R and suppose that e; = oo, that is, there is
no upper cap.

(a) Assume that ¢ > (1) and that W@ (0+) < ¢~'. Then the solution
to (3) is given by

V*(x,s), (x,s8) € Clre.00 Y DI1 ) 000
(18) V;’OO(JS,S) = U61,00($75)7 (z,5) € C}k,sl,ooUD}k,el,ow
e’, otherwise,
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12 CURDIN OTT

where V* is given in Proposition 3.1 and

. 7(a) (t)
W) (t)

k
Uy oo(,5) = esZ(q)(x —€)+ eelW(q)(x - 61)/ e
s—e€1

The corresponding optimal strategy is given by
T* is given in Proposition 3.1.
(b) If ¢ < (1), then V2 (z,s) = oo for (z,s) € Ee, and V} (x,s) = ¢€°

€1,00 €1,00
otherwise.

* _ *
Te 00 = Ley NT*, where

REMARK 4.6. In Theorem 4.2 there is no lower cap and hence it seems
natural to obtain Theorem 4.2 as a corollary to Theorem 4.4. This would be
possible if one merged the proofs of Theorem 4.2 and Theorem 4.4 appropri-
ately. However, a merged proof would still contain the main arguments of
both the proof of Theorem 4.2 and the proof of Theorem 4.4 (note that the
proof of Theorem /.4 makes use of Theorem 4.2). Therefore, and also for
presentation purposes, we chose to present them separately.

Finally, if X; = (u — 302)t + oW,, where € R,0 > 0 and (W;)i>0 is a
standard Brownian motion, then Corollary 4.5 is nothing else than Theorem
3.1 in [23]. However, this is not immediately clear and requires a simple but
lengthy computation which is provided in Section 7.

5. Guess and verify via principle of smooth or continuous fit.
Let us consider the solution to (1) from an intuitive point of view. We shall
restrict ourselves to the case where ¢ > (1) and W@ (04) < ¢~ 1. It follows
from what was said at the beginning of Subsection 3.3 that k* € (0, c0).

It is clear that if (x,s) € E such that x > ¢, then it is optimal to stop
immediately since one cannot obtain a higher payoff than ¢ and waiting is
penalised by exponential discounting. If x is much smaller than €, then the
cap € should not have too much influence and one expects that the optimal
value function V* and the corresponding optimal strategy 7 look similar
to the optimal value function V* and optimal strategy 7* of problem (2).
On the other hand, if x is close to the cap, then the process X should be
stopped “before” it is a distance k£* away from its running maximum. This
can be explained as follows: The constant k£* in the solution to problem (2)
quantifies the acceptable “waiting time” for a possibly much higher running
supremum at a later point in time. But if we impose a cap, there is no hope
for a much higher supremum and therefore “waiting the acceptable time”
for problem (2) does not pay off in the situation with cap. With exponential
discounting we would therefore expect to exercise earlier. In other words, we
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OPTIMAL STOPPING FOR THE MAXIMUM PROCESS 13

expect an optimal strategy of the form
Toe =nf{t >0 : X; — X; > g.(X)}

for some function g, satisfying lims_, o ge(s) = k* and limg_, ge(s) = 0.

This qualitative guess can be turned into a quantitative guess by an adap-
tation of the argument in Section 3 of [15] to our setting. To this end, assume
that X is of unbounded variation (W@ (0+) = 0). We will deal with the
bounded variation case later. From the general theory of optimal stopping
(cf. [16], Section 13) we informally expect the value function

‘/gE (.Z', S) — ECE,S [e_nge +Y‘rgej|
to satisfy the system

'V (z,8) = qVy (x,s) for s — ge(s) < x < s with s fixed,
(19) aggé (z,8)| _,_ =0 (normal reflection),

Vi (2, 8)|a=(s—g.(s))+ = €° (instantaneous stopping),

where I' is the infinitesimal generator of the process X under Py. More-
over, the principle of smooth fit [14, 16] suggests that this system should be
complemented by

v,

(20) PRLCEE) | PR

=0 (smooth fit).

Note that, although the smooth fit condition is not necessarily part of the
general theory, it is imposed since by the “rule of thumb” outlined in Sec-
tion 7 in [1] it should hold in this setting because of path regularity. This
belief will be vindicated when we show that system (19) with (20) leads to
the solution of problem (1). Applying the strong Markov property at 7.5 and
using (10) and (11) shows that

qu (:E? 8) - esEx,s [e_qufgf(S) 1{7_3—706 o <7_;r}:|

_grt g A X
FEeo[e77 1 gy B[ ]

@D (g (s
= ¢° (Z(q)(x —54g.(s) = WD (z — s —l—ge(s))M)

W@ (g(s))
WD (z — s+ g(s))
W@ (ge(s))

Vg (s,5).
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14 CURDIN OTT

Furthermore, the smooth fit condition implies

D (v, (5.5) - 29 ().

By (16) the first factor tends to a strictly positive value or infinity which
shows that V,_(s,s) = ¢*Z(@(g(s)). This would mean that for (z,s) € E
such that s — ge(s) < < s we have

(21) Vo (z,8) = AL (x — s+ ge(s)).

Having derived the form of a candidate optimal value function V;_, we still
need to do the same for g.. Using the normal reflection condition in (19)
shows that our candidate function g. should satisfy the ordinary differential
equation

2 (g()) + qW'D (g.(5))(gl(s) — 1) = O,

If X is of bounded variation (W@ (04) € (0,¢™")), we informally expect
from the general theory that V;_satisfies the first two equations of (19).
Additionally, the principle of continuous fit [1, 17] suggests that the system
should be complemented by

Ve (%, 8)lz=(s—g.(s))+ = € (continuous fit).

A very similar argument as above produces the same candidate value func-
tion and the same ordinary differential equation for g..

6. Proofs of main results.

PrROOF OF LEMMA 4.1. The idea is to define a suitable bijection H from
(0,k*) to (—o0,€) whose inverse satisfies the differential equation and the
boundary conditions.

First consider the case ¢ > (1) and W@ (0+) < ¢~!. It follows from
the discussion at the beginning of Subsection 3.3 that k* € (0,00) and

that the function s — h(s) := 1 — q@?igz)

limg o h(s) € [—00,0) and limgy+ h(s) = 0. These properties imply that the
function H : (0,k*) — (—o0, €) defined by

. s Z@(m) \7 L qW(y)
e 1) = [ (1=t ) =k | G e

is negative on (0, £*). Moreover,

imsart-aap ver. 2011/01/24 file: main_aap_revised_l.tex date: October 23, 2012



OPTIMAL STOPPING FOR THE MAXIMUM PROCESS 15

is strictly decreasing. If we can also show that the integral tends to —oo as s
approaches k* we could deduce that H is a bijection from (0, k*) to (—oo,€).
Indeed, appealing to 'Hopital’s rule and using (12) we obtain

qW(‘I)(z) AC) (2)

. T @ () — g (@
L R aV ) — V)
= ;1{%1 qeq)(q)z((l - q)(Q))W@(q)(z) - Wé(q)(z))

— e ON (1 (q)Waq) (k) — Wh(y (k).

Denote the term on the right-hand side by ¢ and note that ¢ < 0 due to
the fact that Wy, is strictly positive and increasing on (0,00) and since
®(q) > 1 for ¢ > ¢(1). Hence, there exists a 6 > 0 and 0 < zp < k* such

that ¢ — 6 < WD) 2 () for all zp < z < k*. Thus,

k*—z

1 1 *
WD) = Z@D () < (c=8)(k = 2) <0 forz <z <k".

This shows that

s (9)
lim H(s) < e+ lim GV )

— " _dp= —oo0.
sthk* sth* /o (¢ —0)(k* —n) " o

The discussion above permits us to define g. := H~ € C((—o0, €); (0, k*)).
In particular, differentiating g. gives

1 21 (ge(s))

9) = Ty ~ 1 @ (gu(s)

for s € (—o0,€), and g, satisfies lims_,_ gc(s) = k* and limge ge(s) = 0 by
construction.
As for the case ¢ < (1), note that by (12) and (13) we have

(23) 2D () — WD () > 2@ (z) - L Ww@(z) >0

@(q)
for > 0 which shows that k* = co. Moreover, (23) together with (13) im-
plies that the map s — h(s) is negative on (0, 00) and satisfies limg g h(s) €
[—00,0) and limgpoo h(s) = 1 — @(g)~! < 0. Defining H : (0,00) — (—o0,€)
as in (22), one deduces similarly as above that H is a continuously differen-
tiable bijection whose inverse satisfies the requirements.
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16 CURDIN OTT
We finish the proof by addressing the question of uniqueness. To this end,

assume that there is another solution g. In particular, §'(s) = h(g(s)) for
s € (s1,€) C (—o0,¢€) and hence

=€ — =€ |§,(5)| s — ¢ g(s1) L . »
" /(sl,s) dn=et /(5176) h(g(s)) ds = +/0 h(s) ds = H(g(s1))

which implies that § = H~' = g.. O

PROOF OF THEOREM 4.2. Define the function
Ve(z, s) := eshe 7(a) (x — s+ ge(s))

for (x,s) € E and let 7y, := inf{t > 0: X; — X; > g.(X;)}, where g, is as in
Lemma 4.1. Because of the infinite horizon and Markovian claim structure
of problem (1) it is enough to check the following conditions:

(i) Ve(z,s) > e for all (z,s) € E,

(i) {e TV (X, X¢)}isa right-continuous P, -supermartingale for (z, s) € E,
(il) Vi(z,s) = Eys[e" 79 ] for all (z,5) € E.

To see why these are sufficient conditions, note that (i) and (ii) together

with Fatou’s Lemma in the second inequality and Doob’s stopping theorem
in the third inequality show that for 7 € M,

IN

E, e XN < By e V(X X))

< liminfE, , [e_Q(MT) Ve(Xinr, Xinr)]
t—o00

S ‘/E(‘Tas)a

which in view of (iii) implies V* =V, and 7 = 7.

The remainder of this proof is devoted to checking conditions (i)-(iii).
Clearly, condition (i) is satisfied since Z (@) is bigger or equal to one by
definition.

Supermartingale property (ii). Given the inequality
(24) E, [ V.(Xy, X1)] < Vilw,s), (2,5) € E,

the supermartingale property is a consequence of the Markov property of
the process (X, X). Indeed, for v < t we have

Ex,s [e_qt‘/e(Xtayt)‘fu] = e_quEXu,Yu [e_q(t_u)‘/e(Xt—zuyt—u)]
< eIV Xy, Xo).
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OPTIMAL STOPPING FOR THE MAXIMUM PROCESS 17

We now prove (24), first under the assumption that W@ (0+) = 0, that
is, X is of unbounded variation. Let I" be the infinitesimal generator of X
and formally define the function I'Z@ : R\ {0} — R by

2
rz@ ) = —’yZ(q)/(x)—i-%Z(q)”(x)

+ / (292 +y) — 29D (2) — yZ @V (2)1,5_1y) I(dy).
(_0070)

For x < 0 the quantity I'Z(@(z) is well-defined and I'Z(9)(z) = 0. However,
for > 0 one needs to check whether the integral part of I'Z(9)(z) is well-
defined. This is done in Lemma A.l in the Appendix which shows that this
is indeed the case. Moreover, as shown in Section 3.2 of [18], it holds that

rzZ@(z) = qz9 (), ze(0,00).

Now fix (z,s) € E and define the semimartingale Y; := X; — X; + gc(X;).
Applying an appropriate version of the Ito-Meyer formula (cf. Theorem
71, Ch. TV of [20]) to Z(9(Y;) yields P, s-a.s.

t

25)  ZOW) = ZD(w— s+ g.(s)) +m+ / TZO(Y,) du
0

t
4 / 2@ (Y,) (g (Xu) — 1) X,
0
where

t t
my = / o Z\ DY, )dB, + / Z@'y, )dx?
0+ 0+
+ 3 (AZ9Y,) - AX, 29 (V) ax,>-1})
O<u<t

t

and AX, = X, — X,, AZWO(Y,) = ZWD(Y,) — Z@(Y,_). The fact that
I'Z(@ is not defined at zero is not a problem as the time Y spends at zero has
Lebesgue measure zero anyway. By the boundedness of Z(@’ on (—o0, g(s)]
the first two stochastic integrals in the expression for m; are zero-mean
martingales and by the compensation formula (cf. Corollary 4.6 of [10]) the
third and fourth term constitute a zero-mean martingale. Next, recall that
V(x,s) = e ZD(z — s + gc(s)) and use stochastic integration by parts for
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18 CURDIN OTT

semimartingales (cf. Corollary 2 of Theorem 22, Ch. IT of [20]) to deduce
that

e MVe( Xy, Xy) = Ve(w,s) + M,

t _
(26) +/0 e—qu-i-Xu/\G(I‘Z(‘Z)(Yu) — qZ(q)(Yu)) du
t _
+/ o—autXune (Z(q)(Yu)l{yu<e} + Z9(V) (g (X)) — 1)) dX,
i <

t _qutX . . .
where M; = fo Le qutXuhedm,, is a zero-mean martingale. The first integral

is nonpositive since I'Z(@(y) — qZ@(y) < 0 for all y € R. The last inte-
gral vanishes since the process X, only increments when X, = X, and by
definition of g.. Thus, taking expectations on both sides yields

E,., [e‘the(Xt, Yt)] < Vi(z, 5).

If W@(0+) € (0,¢7') (X has bounded variation), then the It6-Meyer
formula is nothing more than an appropriate version of the change of variable
formula for Stieltjes integrals and the rest of the proof follows the same line of
reasoning as above. The only change worth mentioning is that the generator
of X takes a different form. Specifically, one has to work with

rzZ@z) =az9z) + /( o (29D (2 +y) — 2D (2))TI(dy)

which satisfies all the required properties by Lemma A.l in the Appendix
and Section 3.2 in [18].
This completes the proof of the supermartingale property.

Verification of condition (iii). The assertion is clear for (z,s) € D*.
Hence, suppose that (z,s) € C*. The assertion now follows from the proof
of the supermartingale property (ii). More precisely, replacing ¢ by t A 7,
in (26) and recalling that (T' — ¢)Z(9(y) = 0 for y > 0 shows that

Ex,s [e_q(t/\Tge ) ‘/E(Xt/\Tge 771‘//\7'9e )] = ‘/Ye(x7 S)'

Using that 7,, < 0o a.s. and dominated convergence one obtains the desired
equality. O

PRrROOF OF LEMMA 4.3. For (z,s) € D} we have T, = 0 so that
—q(Tey AT+ X prs
Ex,s [6 a( 1/\72)-"_ Tey Améy /\52] =e = U517E2(-Z'7 3).
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As for the case (z,s) € C}, write
Ex’s [e—q(Te1 /\7'2‘2)—1—)(T€1AT:2 /\62] _ Ex’s |:e_q(Tel /\T:2)+XT€1A7—€*2 1

{Te, >TX}:|
_Q(TE /\T: )+YT€ 7'6*

+ E:L‘,S |:€ 1 2 1A 2 1{T51 <7_X}:|

and denote the first expectation on the right by I; and the second expec-

tation by Io. An application of the strong Markov property at TZ and the

definition of V% (see Theorem 4.2) give

Il — EZB,S e_qTXl{T€1>TX}i| EA7A |:e_q7—€*2+X7'6*21|
W@ (x—e1) 4
_ W@ —a) ajag, 4y
W(q)(A—Gl)e (92( ))

Recalling that s < g.,(A) and using the strong Markov property at 7; yields

L= B le Tty o]
€1 S

— —qTe, + X1,
+Em,s |:€ 1 1{T€1>T5;+}:|Es’s [e o Tll{T€1<T;xr}]
ZD (s —€)
_ s 7@, _ WDy )2
- <Z (@=e) =W 61)W(‘1)(s—61)>
W@ —a)
W@ (s — )

Z9D (s — )
_ s @y, WD (g — )2
= ¢ <Z (x—e1) =W (2 —e) W@ (s — 61)>

_qTel +YT
Ess |:e . 1{T51 <ri}

(27)

Next, we compute the expectation on the right-hand side of (27) by ex-
cursion theory. To be more precise, we are going to make use of the com-
pensation formula of excursion theory and hence we shall spend a moment
setting up some necessary notation. In doing so, we closely follow p.221-223
in [2] and refer the reader to Chapters 6 and 7 in [4] for background reading.
The process L; := X serves as local time at 0 for the Markov process X — X
under Pgo. Write L™ := {L;! : t > 0} for the right-continuous inverse of
L. The Poisson point process of excursions indexed by local time shall be
denoted by {(t,&;) : t > 0}, where

e ={es) =X - X 0<s< L' — L7}

L' +s
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20 CURDIN OTT

whenever L, - Lt__1 > 0. Accordingly, we refer to a generic excursion as
e(+) (or just e for short as appropriate) belonging to the space € of canonical
excursions. The intensity measure of the process {(¢,e¢) : ¢ > 0} is given
by dt x dn, where n is a measure on the space of excursions (the excursion
measure). A functional of the canonical excursion that will be of interest
is € = sups &(s), where ((¢) = ¢ is the length of an excursion. A useful
formula for this functional that we shall make use of is the following (cf. [10],
Equation (8.18)):

W'(z)

(28) n(E>zx) = W)

provided that x is not a discontinuity point in the derivative of W (which is
only a concern when X is of bounded variation, but we have assumed that in
this case II is atomless and hence W is continuously differentiable on (0, 00)).
Another functional that we will also use is p, := inf{s > 0 : £(s) > a}, the
first passage time above a of the canonical excursion . We now proceed
with the promised calculation involving excursion theory. Specifically, an
application of the compensation formula in the second equality and using
Fubini’s theorem in the third equality gives

—IIT;17 s+L

o
€1—s _
1{7_51 7s<Tst}:|

E[e

_ Z —qL; i —qpi— e
=K [ e It 1 Eu<u—er+sVu<t 1{Et>t—51+s}e ap €1+S( t)]
0<t<o0 t<A-s

A—s _
— }E|:/O\ dt e_th 1+t1{5u§u—61+5Vu<t} /8\ 1{E>t—61+8}6_qpt€1+S(E)n(d€):|
A—s _ ~
_ /0 et—fb(q)tE[e—th 1+¢(q)t1{gu§u—51+sVu<t}]f(t — e+ 8)dt,

where in the first equality the time index runs over local times and the sum

is the usual shorthand for integration with respect to the Poisson counting
_ Z@ )W (D ()
taken from Theorem 1 in [2]. Next, note that L; ! is a stopping time and
hence a change of measure according to (9) shows that the expectation inside

the integral can be written as

measure of excursions, and f(u) —gW @ (u) is an expression

Pé(q)[gu <u—e¢€1 + s for allu<t].

Using the properties of the Poisson point process of excursions (indexed by
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local time) and with the help of (28) and (14) we may deduce

t
P@(Q)[gugu_el+sfor allu<t] = eXp(—/ n¢(q)(§>u—61+s)du>
0

e W9 —a)
W@t —e +s)

where ng(,) denotes the excursion measure associated with X under P,
By a change of variables and the fact that A—e; = g, (A) we further obtain
—qT€7175+LT,

Eop |:€ ea-s],

{Telfs<Tst}i|

Gey (A) £
:W(q)(s—el)e”_s/ w1 dt

e
W)

ey (A) 7@\’
— _w €1—S t
=-WW(s—¢)e /8_61 e <—(q)> (t)dt

Integrating by parts on the right-hand side, plugging the resulting expression
into (27) and finally adding I; and I gives the result. O

PROOF OF THEOREM 4.4. Recall that T¢, := inf{t > 0: X; < ¢;} and from
Lemma 4.3 that, for (z,s) € E,

(29) VEl,ez (xy 3) = E:c,s [e—Q(Tel /\T:2)+XT€1 AT, /\52] .

Similarly to the proof of Theorem 4.2, it is now enough to prove that

(1) Ve eo(z,s) > e for all (z,s) € Ee,,
(ii) {e~ 1Ty, (Xinr., ,YmTel)} is a right-continuous P, s-supermar-
tingale for all (z,s) € E,.

Condition (i) is clearly satisfied, we devote the remainder of this proof to

checking condition (ii).

Supermartingale property (ii). Let Y; = eV, ,(Xy, X¢) for ¢t > 0.
Analogously to the proof of Theorem 4.2, it suffices to show that for (z,s) €
E,, we have the inequality

(30) Ea},s [th/\Tgl] < ‘/;1752 (‘Ta S)'

The latter is clear for (z,s) € Dj. If (x,s) € C}; U Dj; inequality (30) can be
extracted from the proof of Theorem 4.2 where it is shown that the process
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(e V2 (Xt X4))ez0 is a Py g-supermartinagle for all (z,s) € E. In particu-
lar, the process (Y;):>0 is a P, s-supermartingale for (z,s) € Cj; U Dj;. The
supermartingale property is preserved when stopping at 7, and therefore
we obtain, for (z,s) € Cj; U D7},

(31) Em,s [Y;t/\Tel] < ‘/61762 ($78)'

Thus, it remains to establish (30) for (x,s) € C}. To this end, we first prove
that the process (Yt,\Te1 /\732) is a P, s-martingale. The strong Markov
property gives

(32) Ex,s [YVTEl/\Tg‘2

t>0

Fl = Y7, e, Lz nrs <ty

—qt

+e By, 5, [V, nry, | 1, ar 1)

By definition of V¢, ., we see that

v exp ( —qT, + YTEI), on {T, <721},

Tey A1ey, = * Y *
VAT exp(—qr}, + Xr:2)7 on {Te, > 72},

which shows that the second term on the right-hand side of (32) equals

—at —q(Tey ATEN+X o ATE
e "By, ¥, [e Vel e n 2](1{tSTX} + 1{t>TX})1{T€1ATg‘2>t}

- <e_th€1762 (Xt’yt)l{tgrj} +e TV (X, Ytﬂ{»rj}) L, arz >y
= e_qtvq,ez (Xltaylt)l{Tsl/\r;2 >t}

= Y;tl{Tel ATE >}

Thus7 Ex,s [YVTEl/\Tg‘2
of (YMT&1 AT, ) +~o- Again using the strong Markov property we further obtain
for (z,s) € C¥,

Ex,s [Y:‘,/\T61

.7-}] =Y, NTey AT, which implies the martingale property

-7:732] = Yiar, Lpar, <)

L Leary >

u= €

4o Ey ., Ko [Y(t—u)/\Tsl]

Teo

< Y;f/\Tel 1{t/\T61 <75} +te T2 Ve1752 (Xr;2 ) Xrg*z )1{t/\T61 >7,}

}/:‘,/\Tel /\7—5*2 )

where the inequality follows from (31) and the fact that (XT:2 7722) € Dj; on
{tATe, > 77} Thus, Eg o [YtATel] <Uqen(x,8) = Vey oo (2, ) for (z,5) € CF.
This completes the proof. O
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PROOF OF COROLLARY 4.5. Part (a) follows from the proof of Theo-
rem 4.4 by replacing g with goo(s) = k* and A by €1 + k*. For part (b), let
€1 € R be given and recall that due to the assumption ¢ < (1) we have
limg| oo ge, (s) = 00. For an arbitrary 6 > €;, the uniqueness in Lemma 4.1
implies that

95(s) =g, (s —0+e€1), s€(—00,0).

It follows that limgto gs(s) = oo for s € R and that limgso gs(As) = oo.
Hence, for (z,s) € E.,, we have

VZ o(z,8) = sup E%S[e_q(Tsl/\THYTél”] > (%1Tm VX s(x,s) = oc.

€1,00 €1,0
TEM,

On the other hand, if (z,s) € E\ E,, then clearly Vi (z,s) = e°. This

completes the proof. O

7. Examples. The solution of (1) and (3) are given semi-explicitly in
terms of scale functions and a specific solution g. and g., respectively of the
ordinary differential equation (17). The aim of this section is to look at some
examples where the solutions of (1) and (3) can be computed more explicitly.
For simplicity, we will assume from now on that every spectrally negative
Lévy process X considered below is such that ¢ > (1) and W@ (0+) < ¢~ 1.
Also assume to begin with that there is an upper cap € only.

A first step towards more explicit solutions of (1) is looking at processes
X where explicit expressions for W@ and Z(@ are available. In recent years
various authors have found several processes whose scale functions are ex-
plicitly known (Example 1.3, Chapter 4 and Section 5.5 in [9], for instance).
Here, however, we would additionally like to find g. explicitly. To the best of
our knowledge, we do not know of any examples where this is possible. One
might instead try to solve (17) numerically, but this is not straightforward
as there is no initial point to start a numerical scheme from and, moreover,
the possibility of g. having infinite gradient at € might lead to inaccuracies
in the numerical scheme. Therefore, we follow a different route which avoids
these difficulties. Instead of looking at g., we rather focus on its inverse

s (q) -1
(33) H(s) :e+/0 (1-%) dn, s e (0, k),

where k* € (0, 00) is the unique root of Z(9(z) — qW @ (z) = 0. It turns out
that in some cases (including the Black-Scholes model) H can be computed
explicitly. Since H is the inverse of g., plotting (H(y),y),y € (0,k*), yields
visualisations of s +— g¢(s) for s € (—o0, €) (see Fig. 3-5). Similarly, plotting

imsart-aap ver. 2011/01/24 file: main_aap_revised_l.tex date: October 23, 2012



24 CURDIN OTT

(H(y)—vy,H(y)),y € (0,k™), produces visualisations of the optimal stopping
boundary in the (x, s)-plane (see Fig. 3-5). Unfortunately, it is often the case
that we cannot compute the integral in (33) explicitly in which case one
might use numerical integration in Matlab to obtain an approximation of
the integral. The procedure just described is carried out below for different
examples of X.

7.1. Brownian motion with drift and compound Poisson jumps. Consider

the process
N

Xi=oWi+pt—Y & >0,
i=1
where o > 0, pp € R, (Wi)¢>0 is a standard Brownian motion, (NV;);>o is a
Poisson process with intensity ¢ > 0 and &; are i.i.d. random variables which
are exponentially distributed with parameter p > 0. The processes (W})i>0
and (N¢)i>0 as well as the sequence (&;)ien are assumed to be mutually
independent. The Laplace exponent of X is given by
af

72
2

= —0°+pufd — —— > 0.
»(0) 29 o ik 0>0

It is known (cf. Example 1.3 in [9] and Subsection 8.2 of [2]) that
e®(@)z e~z e—G2t

= + + :

V(@(g)  v(=C) Y(-C)

where —(» < —p < —(; < 0 < ®(q) are the three real solutions of the
equation 1(0) = ¢, and that, for z > 0,

(34) W (z) x>0,

(35) Z(q)(x) = D1e®@D7 4 Doe=07 4 Dye ",

_ q _ q — q
where D1 = gemrmgy P2 = —gwea) 24 D8 = rgy

As a first example consider o = 0. In this case ¥(f) = ¢ reduces to a
quadratic equation and one can calculate explicitly

G = i(\/(a+q—up)2+4qu—(a+q—up)),
®(q) = i(\/(qu—up)?+4/~cqp+(a+q—up))'

Moreover, it follows that

. 1 o D(q)Y'(®(q))(¢1 + 1)
k"@+¢mfg<@w%<nu—@m»>
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Using elementary algebra and integration one finds, for s € (0, k*),

s D1Q)(q)e(¢'(‘n+cl)m
H = d
(3) € +/0 <D1((I)(q) . 1)6(CI>(q)+C1)Z‘ _ DZ(Cl + 1) X
s Dy(re(Gte(@)z p
_/0 Di(®(q) — 1) — Da(Gr + e @re@ *
_ S D(g)et” (e A%
- +/0 <BeAx —CD C-1B— De 4z dr
_ %@, Bt =CD] G | |B=CDe
T “TAB | "B_CcD | AD ®| " B_cD |
where A := ( + ®(q), B := ®(q) — 1,C := %ﬁg? and D:=(; + 1. An

example for a certain choice of parameters is given in Fig. 3.

Solution of ODE Stopping and continuation region

0.4 0.6 0.8 1 12 14 16 18 2 0.4 0.6 0.8 1 12 14 16 18 2
E] T

Fia 3. An dllustration of s — ge(s) and the corresponding optimal boundary for g = 1.6,
e=2,0=0,p=3,a=3and p=0.1.

Next, assume o > 0 and p = oo, that is, X is a linear Brownian motion.
In particular, this includes the Black-Scholes model. Again, as explained in
Example 1.3 of [9], the equation 1(f) = ¢ reduces to a quadratic equation
and ¢; = — v and ®(q) = ¢ + ~, where

1
= —% and 0 := —\/p? +2q02.
o o

Furthermore, (34) and (35) may be rewritten on x > 0 as
(36)

W (z) = %ew sinh(6z) and Z9(2) = e cosh(dz) — %ew sinh(dx),

and one can compute

14+ ¢ )

(87) b= d(q) + G tog <1 - ®(g)!
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Using elementary algebra in the first and formula 2.447.1 of [8] in the second
equality one obtains, for s € (0, k*),

2 % sinh(x)
H(s) = e+ L
() ot 26 Jo  (2q/0% + ) cosh(x) — d sinh(z) da
2q sinh (tanh_l(—5F_1))
= e+——F+———| Fds—941 ,
‘ 026(F? - §2) < ’ °® | Sinh (65 + tanh ™' (—5F 1))

where F' := 2¢/0?+~. An example for a certain parameter choose is provided
in Fig. 4.

In the next example we combine the first example with the second one.
More precisely, suppose that o > and p € (0,00), that is, a linear Brownian
motion with exponential jumps. In this case we are unable to compute k* and
H explicitly. We therefore find £* numerically and use numerical integration
to obtain an approximation of k* and H respectively (see Fig. 4).

Solution of ODE Stopping and continuation region

19r

181

171

161

151

Fic 4. Left: A wvisualization of s — ge(s) for when g =4, ¢ =2, 0 =1 and p = 2 (red)
and q=4,e=2,0=1, p =2, a=3 and p = 0.1 (blue). Right: An illustration of the
corresponding optimal boundaries.

7.2. Stable jumps. Suppose that X is an a-stable process, where a € (1, 2]
with Laplace exponent 9(0) = 0%,0 > 0. It is known (cf. Example 4.17 of [9]
and Subsection 8.3 of [2]) that, for x > 0,

W@ (z) = 2 'E, o(gz*) and 79 (z) = Eqq1(gx®),
where E, g is the two parameter Mittag-Leffler function which is defined for

a>0,8>0as

[e.e] n

Eop(z) = Zm.

n=0
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Again, using numerical integration and a Matlab function that computes the
Mittag-Leffler function (cf. [19]) one may approximate k* and H respectively
(see Fig. 5). Additionally, we have computed the value function for a choice
of parameters (Fig. 6).

Solution of ODE Stopping and continuation region

0.4

0.3 19F

0251
181

ge(s)

171
0151

01 161

0.05- 151

Fia 5. Left: A visualisation of s — ge(s) when ¢ = 2 and € = 2 and X is either a linear
Brownian motion (blue curve, ¢ = /2, 1 = 0) or an a-stable process (red curve, o = 1.6).

If one considers a lower cap €; and an upper cap €9, then the only thing
that changes for the optimal boundary is that one has to include an addi-
tional vertical line at the value of the lower cap €;. However, introducing
a lower cap will make a difference, i.e., the value functions V. (z,s) and
Ve e, (2, s) will be different for (z,s) € Cy, , (see Theorem 4.2 and 4.4).
Exploiting the fact that H is the inverse of g, in a similar way as above, one
may also obtain numerical approximations of the value functions V}(z, s)
and V7 ., (v, s) (see Fig. 6).

7.3. Maximum process with lower cap only. Assume the same setting as
in the second example above, i.e., Xy = oWy + ut. The scale functions and k*
are given by (36) and (37) respectively. If we suppose that there is a lower
cap €1 € R and no upper cap (e2 = o0), then Corollary 4.5 can be rewritten
more explicitly as follows.

LEMMA 7.1. The V* and U, oo part of the optimal value function V7
are given by

e =gt (o0 (55) o (5)™)
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Value function Value function

Fic 6. Left: A visualisation of V(x,s) when X is a-stable with parameter choice ¢ = 3,
€ = 2 and o = 1.6. Right: An illustration of the difference between V. (x,s) (darker
surface) and V., ., (x,s) (lighter surface) on Cj ., ., for the same X and same parameters

as on the left. In this case A ~ 1.63, where A is formally defined in Section 4.2.

and

-

z\ —C €1 BE* u(1+y) .
Ueyoo(T:8) = - - / ‘ du — 2@
’ € /8 B(s—e1) e —1
z\ 2@ e k* u
(@) (5w e)]
ecl ,8 B(s—e1) ev —1

where 8= ®(q) + (1 =25 and y = B

g™}

The proof of this result is a lengthy computation provided in Appendix B.
Finally, if we set €; =€, = 7 — 02 /2 for some 7 > 0 and ¢ = A+ r for some
A > 0 we recover Theorem 3.1 of [23].

APPENDIX A: COMPLEMENTARY RESULTS ON THE
INFINITESIMAL GENERATOR OF X

In this section we provide some results concerning the infinitesimal gen-
erator of X when applied to the scale function Z(@.

First assume that X is of unbounded variation and define an operator
(D, D(T)) as follows. D(T') stands for the family of functions f € C?(0,00)
such that the integral

J ) = @) = @) )
is absolutely convergent for all x > 0. For any f € D(I'), we define the
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function I'f : (0,00) — R by

02
D) = = @ G 1 @ [ (Pt fe)-uf @)L y) )

(_0070)

Similarly, if X is of bounded variation, then D(I") stands for the family of
f € C*0,00) such that the integral

/ (fz+y) — f(x) T(dy)
(—00,0)

is absolutely convergent for all x > 0 and, for f € D(I"), we define the
function I'f : (0,00) — R by

If(x) = af'(z) + / (F(x+y) — f(x))T(dy).

(_0070)

In the sequel it should always be clear from the context in which of the two
cases we are and therefore there should be no ambiguity when writing D(T)
and T

LEMMA A.1.  We have that Z9 € D(I') and the function x — T'Z(D(x)
is continuous on (0, 00).

ProOOF. We prove the unbounded and bounded variation case separately.

Unbounded variation: To show that Z(@ ¢ D(T) it is enough to check
that the integral part of ' Z(@ is absolutely convergent since Z(@ ¢ C2 (0, 00).
Fix z > 0 and write the integral part of I Z(@) as

(—00,—0) B
+/ 1ZD (@ + y) — 29D (z) — yZ D' (2)1,> 1y |L(dy)
(_670)

where the value 6 = 0(z) € (0,1) is chosen such that  — ¢ > 0. For
y € (—0o, —0) the monotonicity of Z@ implies

(38) \Z(q) (r+y) — 7() (z) — yZ(q)/(iﬂ)l{yz—lﬂ <97 () + Z(q)/(l,)
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and for y € (—4,0), using the mean value theorem, we have
120G +y) - 29(@) - 7 (2)]
= qlylW9(&(y)) = WD ()| where &(y) € (z +y, )

=q\yr‘ WO (2) d

&)

(39) <qy® sup WWW(z)
z€[z—0,z]

Using these two estimates and defining C'(§) = f(_5 0) y?I(dy) < oo, we see
that

/ |Z(q)(x +y) — Z(q)(x) — yZ(q)/($)1{y>_1} |H(dy)
(—00,0) B

< (2Z(q) (x) + Z(q)/(x))l'[(—oo, —6) +qC(0) sup WW'(2) < 0.
z€[z—6,x]

For continuity, let > 0 and choose § = 6(z) € (0,1) such that z—2§ > 0
as well as a sequence (z,)n,en converging to x. Moreover, let ng € N such
that for all n > ny we have |z, —z| < §. In particular, it holds that ,,—§ > 0
for n > ng and hence, using the estimates in (38) and (39), we have for all
n > ng

1ZD (2 +y) — 29 (@) — yZ' D (20) 1 (513
<q  swp W)lys g + (229 (@) + 29 (20)) Lgyag

zE€[xn—0,2n]

< s W' ()1 gy + (22D (@ +6) + 29 (2 + 6)) Ly<_g)-
z€|lx—20,x+

Since the last term is Il-integrable, the continuity assertion follows by dom-
inated convergence and the fact that Z(@ € C2(0, c0).

Bounded variation: To show that Z(@ ¢ D(T") it is enough to show that
the integral part of I'Z(@ is absolutely convergent since Z(@ e C1(0,00).
Using the monotonicity and the definition of Z(@, it is easy to see that for
fixed x > 0,

/ 120 (@ + ) — 29 ()| TI(dy)
(—=00,0)

< 229 (@)L~ 00, ~1) + W (2) / ly| TI(dy) < oc.
(_170)

The continuity assertion follows in a straightforward manner from dominated
convergence and the fact that Z(@ € C'(0, 00). O
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APPENDIX B: A LENGTHY COMPUTATION

PrOOF OF LEMMA 7.1. The first part is a short calculation using the

ef—e *

definition of v, d, (1, ®(g) and that cosh(z) = = and sinh(z) = <=
As for the second part, recall that, for (z,s) € C7 U Dy,
, 20)

W) (t)

K
Ueyoo(@,8) = €21 (@ — 1) + e W (2 — 61)/ e
s—e1

It is easy to see that
tZ(q)(t) _ t@( 1 1 >_ 10’

¢ W@t €\ T2 - o206t _ 1

which, after a change of variables, gives

K (@) 2/ B u(lty) By
/ bt 200 4 "-(/ € du+/ ¢ du>
s—e W@(t) 4\ Jp(s—er) € =1 Bls—er) € — 1

2

+’Y% (es_ﬁl - ek*)v

where 8 = ®(q) + (1 = 26 and y = B~!. Denote the first integral on the
right-hand side I; and the second integral I5. After some algebra one sees
that U, oo (, s) equals

s e1+k*
% (e2@(=er) 4 o=Cile—en)) _ Q(eé(qxw—q) — =Sy
et et
4 e CGlma)p 4 = (@) z—e)y,
(40) 256 1+ 256 2
et el

Z_®@@—a)p = ~Gz—ea)
+256 1 2ﬂ€ 2

Next, note that the last line in (40) can be rewritten as

e v@)a—e1) | ,~Ci(a—e1) e —Ga—a)g, 4 & e(@)a—a)
- I _ I o 1 1 I _ q 1 I
25(6 +e )(1 2) 256 1+2B€ 2
_ §(e<1>(q)(x—q) ) [

el el
L —Glr—ea) Z (g (z—er)

28 e I + 256 Iy

where the equality follows from evaluating I; — I». Plugging this into (40)
and simplifying yields
Ueyool,8) = —e Gmaleagmly 4 Plemaleagmiy,
+€El+¢(q)(x_el)€k*,@_lcl + 661_41(x_51)ek*ﬂ_1<19(q).
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Rearranging the terms completes the proof. O
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