Convergence of stochastic gene networks to hybrid piecewise
deterministic processes

A. Crudu', A. Debussche?, A. Muller?, O. Radulescu®
L IRMAR - UMR 6625, Université de Rennes 1, Campus de Beaulieu,
35042 Rennes, France,
2 IRMAR - UMR 6625, ENS Cachan Bretagne, Campus de Ker Lann,
35170 Bruz, France,
3 IECN - UMR CNRS 7502, Université Henri Poincaré
54506 Vandoeuvre-lés-Nancy, France
ADIMNP - UMR 5235 CNRS/UM1/UM2, Université de Montpellier 2, Place Eugéne Bataillon,

CP 107, 34095 Montpellier, France.

September 6, 2011

Abstract

We study the asymptotic behavior of multiscale stochastic gene networks using
weak limits of Markov jump processes. Depending on the time and concentration scales
of the system we distinguish four types of limits: continuous piecewise deterministic
processes (PDP) with switching, PDP with jumps in the continuous variables, averaged
PDP, and PDP with singular switching. We justify rigorously the convergence for the
four types of limits. The convergence results can be used to simplify the stochastic
dynamics of gene network models arising in molecular biology.
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1 Introduction

Modern molecular biology emphasizes the important role of the gene regulatory net-
works in the functioning of living organisms. Recent experimental advances in molec-
ular biology show that many gene products do not follow deterministic dynamics and
should be modeled as random variables (Kepler and Elston (2001); Kaufmann and van
Oudenaarden (2007)).

Markov processes approaches to gene networks dynamics, originating from the
pioneering ideas of Delbriick ( M. Delbriick (1940)), capture diverse features of the
experimentally observed expression variability, such as bursting (Cai et al. (2006)),
various types of steady-state distributions of RNA and protein numbers (Kaern et al.
(2005)), noise amplification or reduction by network propagation (Paulsson (2004);
Warren et al. (2006)), clock de-synchronization (Barkai and Leibler (2000)), stochastic
transitions in cellular memory storage circuits (Kaufmann et al. (2007)).

However, the study of the full Markov dynamics of biochemical networks is a dif-
ficult task. Even the simplest Markovian model, such as the production module of a
single protein involves tens of variables and biochemical reactions and an equivalent



number of parameters (Kierzek et al. (2001); Krishna et al. (2005)). The direct simu-
lation of such models by the Stochastic Simulation Algorithm (SSA) (Gillespie (1976))
is extremely time consuming.

In order to increase computational efficiency, several accelerated simulation algo-
rithms are hybrid and treat fast biochemical reactions as continuous variables (Hasel-
tine and Rawlings (2002); Alfonsi et al. (2005); Alfonsi et al. (2004)). Similar ap-
proaches reducing fast reactions can be justified by diffusion approximations for Markov
processes (Ball et al. (2006)).

A different hybrid approach is to distinguish between molecular species according
to their abundances. Species in small amounts can be treated as discrete variables,
whereas species in large amounts can be considered continuous. It has been proposed
that, the dynamics of gene networks with well separated abundances, can be well
approximated by piecewise deterministic Markov processes (Radulescu et al. (2007);
Crudu et al. (2009)). Piecewise deterministic processes (PDP) are used in operational
research in relation with optimal control and various technological applications (Boxma
et al. (2005); Ghosh and Bagchi (2005); Pola et al. (2003); Bujorianu and Lygeros
(2004)). Their popularity in physical, chemical and biological sciences is also steadily
increasing as they provide a natural framework to deal with intermittent phenomena
in many contexts (Radulescu et al. (2007); Zeiser et al. (2008)).

By looking for the best PDP approximation of a stochastic network of biochem-
ical reactions, and depending on the time scales of the reaction mechanism, we can
distinguish several cases (Crudu et al. (2009)):

e Continuous PDP with switching: continuous variables evolve according to or-
dinary differential equations. The trajectories of the continuous variables are
continuous, but the differential equations depend on one or several discrete vari-
ables. These discrete variables are involved in Markov jumps.

e PDP with jumps in the continuous variables: the same as the previous case, but
the continuous variables can jump as well as the discrete variables.

e Averaged PDP: some discrete variables have rapid transitions and can be aver-
aged. The resulting approximation is an averaged PDP.

e Discontinuous PDP with singular switching: the continuous variable has two
time scalings. The switch between the two regimes is commanded by a discrete
variable. The rapid parts of the trajectory of the continuous variable can be
approximated by discontinuities.

In this paper, we justify rigorously these approximations that were illustrated by
models of stochastic gene expression in Crudu et al. (2009). More precisely, we present
several theorems on the weak convergence of biochemical reactions processes towards
piecewise deterministic processes of the types specified above. The resulting piecewise
deterministic processes can be used for more efficient simulation algorithms, also, in
certain cases, can lead to analytic results for the stochastic behavior of gene networks.
Higher order approximations of multiscale stochastic chemical kinetics, corresponding
to stochastic differential equations with jumps, are not discussed in this paper. These
extensions of our results will be studied in a forthcoming article.

The structure of this article is as follows. In section 2, we present the PDP, a useful
theorem on the uniqueness of the solution of a martingale problem and the Markov
jump model for stochastic regulatory networks. The four remaining sections discuss
the asymptotic behaviors of the models, corresponding to the four cases presented
above.

2 Piecewise Deterministic Processes

We begin with a brief description of Piecewise Deterministic Processes (PDP) and
collect useful results on these. We do not consider PDPs in their full generality. The
reader is refered to Davis (1993) for further results.



Standard conditions:
In this article, a PDP taking values in £ = R" x N is a process x; = (yz, 1),
determined by its three characteristics :

1. For all v € N?, a C! vector field in R™, denoted by F,,, which determines a unique
global flow ¢, (t,y) in R™ such that, for ¢ > 0,

d

a%(t,y) = F,(¢u(t,y)), ¢, (0,y) = v, Vy € R™.

We also use the notation: F(y,v) = F,(y).

2. A jump rate X : E — RT such that, for each x = (y,v) € E, there exists e(x) > 0
such that

e(x)
/ Mow(t,y), v)dt < oo.
0

3. A transition measure Q : E — P(E), z — Q(+;z), where P(E) denotes the set
of probability measures on E. We assume that Q({z};x) =0 for each x € E.

From these standard conditions, a right-continuous sample path {z; : ¢ > 0} starting
at © = (y,v) € F may be constructed as follows. Define

ze(w) == (du(t, y), V), for 0 <t < Ty(w),

where T} (w) is the realization of the first jump time 77, with the following distribution :

P.(Ty > t) = exp ( - /Ot )\(qb,,(s,y),y)ds) =: H(t,x), t € RT.

We have then L )(w) = (¢u(T1(w),y),v), and the post-jump state zrp,(,)(w) has
the distribution gliven by :

HDac([‘CT1 € A|T1 = t) = Q(Aa (¢V(t7y)7 V))

on the Borel sets A of F.

We then restart the process at 7, (.)(w) and proceed recursively according to
the same procedure to obtain a sequence of jump-time realizations T (w), To(w), . . ..
Between each of two consecutive jumps, z;(w) follows a deterministic motion, given
by the flow corresponding to the vector field F.

Such a process x; is called a PDP. The number of jumps that occur between the
times 0 and ¢ is denoted by

Ne(w) =Y Vizm (w).
B

It can be shown that z; is a strong Markov process with right-continuous, left-
limited sample paths (see Davis (1993)). The generator A of the process is formally
given by

Af(z) = Fy(x) - Vyf(z) + /\(33)/ (f(2) = f(2))Q(dz; z) (1)

E

for each * = (y,v) € E, we have denoted by V, the gradient with respect to the
variable y € R™. We do not need a precise description of the domain of A and just
note that A is well defined for f € £, the set of functions f : E — R such that :

El. f is bounded,
E2. for all v € N4, f(-,v) € CL(R"),

E3. its derivatives are bounded uniformly in E.



We restrict to such test functions which are sufficient for our analysis. However,
the generator has a much larger domain as shown in Davis (1993) section 26. In
particular, in all the situations considered here, it can be applied to locally Lipschitz
functions with polynomial growth.

For f € £, we denote by

Ly = sup [[Dyfllec = sup [IDyf(y,v)l, (2)
yeR” (y,v)eE
the Lipschitz constant of f with respect to the variable .
The space £ is a Banach space when endowed with the norm

Flle = I1flloo + Ly- 3)

If Z is a Banach space, By(Z) is the set of bounded Borel measurable functions
on Z ; Cf(Z ) is the set of C*-differentiable functions on Z, such that the derivatives,
until the k-th order, are bounded ; Cp(Z) is the set of bounded continuous functions
on Z. Also D(R"; Z) is the set of process defined on R™ with right-continuous, left-
limited sample paths defined on RT and taking values in Z and C(R™; Z) is the set of
continuous process defined on R and taking values in Z.

The PDPs considered in this paper will always satisfy the following property :

Hypothesis 2.1 The three characteristics of the PDP satisfy the standard conditions
given above. The jump rate X is C'-differentiable with respect to the variable y € R™.
For every starting point © = (y,v) € E and t € R*, we suppose E(N;) < oo.

Remark 2.2 E(V;) < oo implies in particular that Ty, (w) — oo almost surely. This
assumption is usually quite easy to check in applications, but it is hard to formulate
general conditions under which it holds, because of the complicated interaction between
F, )\ and Q. It can be shown for instance that if \ is bounded, then E(N;) < oo (cf.
Dawis (1993)).

For some results, we need the following stronger property :

Hypothesis 2.3 The functions F, A\ and x — A\ (z) fE f(2)Q(dz;x), with f € &,
are bounded on E, C'-differentiable with respect to the variable y € R™ and their
derivatives with respect to y are also bounded.

Remark 2.4 In Hypothesis 2.1, we assume that the jump rates and the vector fields
F, are C*. Our result extend to the more general assumption that these functions are
locally Lipschitz. This extension requires only technical complications and notations.
We chose the framework of C' objects to lighten the presentation. We believe that it
allows the reader to see more clearly the main ideas of our work. For instance, our
choice allows to consider a set of test functions £ consisting of C' functions. This
simplifies the various convergence arguments. Also, if one wishes to work with locally
Lipschitz functions, one has to modify in particular Hypothesis 2.8 and the proof of
Theorem 2.5 in the Appendiz.

When Hypothesis 2.3 is satisfied, we set
Mp = ||Flloc; Lp = sup [[DyF||s,
yERn

My = [[Moos Lx = sup [[DyAl|oo-
yeER™
and Lo a constant such that, for all f € £ and z = (y,v) € E :

12, (3@ [ s000ws0) | < Lalisle
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Denote by (P;):>0 the transition semigroup associated to the PDP constructed above
and by P, the law of the PDP starting from « € E. Then, P, is a solution of the
martingale problem associated to A in the following sense:

fa) - fz) - / Af(22)ds

is a local martingale for any f € & (see Davis (1993)). Moreover, if Hypothesis 2.3
holds, it is a bounded martingale. As usual, we have denoted by (z;);>0 the canonical
process on D(RT; E). As mentionned above, this statement is true for a much larger
set of test functions

The following results gives a uniqueness property for this martingale problem. It
will enable us to characterize the asymptotic behavior of our stochastic regulatory
networks.

Theorem 2.5 If Hypothesis 2.3 is satisfied, then the law of the PDP determined by F,
A, and @ is the unique solution of the martingale problem associated to the generator

A.

The proof of the theorem is given in the appendix.

Markov jump model for stochastic regulatory networks: known results

We consider a set of chemical reactions R,., r € R; R is supposed to be finite. These
reactions involve species indexed by a set S = 1,..., M, the number of molecules of
the specie i is denoted by n; and X € NM is the vector consisting of the n;’s. Each
reaction R, has a rate A,.(X) which depends on the state of the system, described by
X and corresponds to a change X — X +7,, v, € ZM.

Mathematically, this evolution can be described by the following Markov jump
process. It is based on a sequence (73)g>1 of random waiting times with exponential
distribution. Setting Top =0, T; =7 + -+ + 7;, X is constant on [T;_1,T;) and has a
jump at T;. The parameter of 7; is given by > A\ (X(Ti-1)):

P(r; > t) = exp ( -3 AT(X(TZ-,l))t).

re€R

At time Tj, a reaction r € R is chosen with probability A\, (X(T;-1))/ >, cr Ar(X(Ti-1))
and the state changes according to X — X + ~,.:

X(T}) = X(Ti—1) + -

This Markov process has the following generator (see Ethier and Kurtz (1986)):

AFX) = ST IF(X + ) = FXO)]A(X).

reR

We do not need a precise description of the domain of A, the above definition holds
for instance for functions in Cp(RM).

In the applications we have in mind, the numbers of molecules have different scales.
Some of the molecules are in small numbers and some are in large numbers. Accord-
ingly, we split the set of species into two sets C' and D with cardinals Mc and Mp.
This induces the decomposition N = NMc x NMp X = (X, Xp), v = (75,7P).
For i € D, n; is of order 1 while for i € C, n; is proportional to N where N is a large

number. For i € C, setting 7; = n;/N, 7n; is of order 1. We define z¢ = NXC and

r = (rc,Xp). Then z € E = RMc x NMp,

We also decompose the set of reactions according to the species involved. We set
R = RpURec UTRpe. A reaction in Rp (resp. R¢) produces or consumes only
species in D (resp. C). Also, the rate of a reaction in Rp (resp. R¢) depends only



on Xp (resp. z¢). A reaction in Rpc has a rate depending on both z¢ and Xp and
produces or consumes, among others, species from C or D.

The rate of a reaction in r € R¢ is also large and of order N and we set A, = % In
some applications, reactions in Rp or Rpc have a rate of order 1. Then introducing

the new scaled variables, the generator has the form:

Af(xe,Xp) =Y {f(xc+;ﬂf,XD) f(xo,XD)} N (zc)
r€Rc

+ 3 [flao+ 348 X0 +92) = flec Xo)| Ao Xo)

rERpC

+ Y [flee, Xp +7P) = f(ze, Xp)] A(Xp).
r€ERD

Assuming that the scaled rates A, are continuous with respect to z¢, it is not difficult
to see that if N — oo, the two sets of species decouple. Indeed, reactions in Rpc do
not happen sufficiently often and they do not change x¢ in a sufficiently large manner.
The limit would simply give a set of differential equations for the continuous variable
rc, which evolves without influence of Xp. The discrete variable would have its own
dynamic made of jumps, with some rates depending on both xc and X . These results
have been shown by Kurtz (1971) and Kurtz (1978).

In the following sections, we consider more general systems where other types of
reactions may happen and which yield different limiting systems.

3 Continuous piecewise deterministic process

In this section, we assume that some of the reactions in a §ubset S1 of Rpc are such
that their rate is large and scales with N. We again set \, = %)\T for r € §1. We
assume that these equations do not change Xp, in other words

vP =0, res. (4)

However, the rate A\, depends on Xp. Note that this is possible and even frequent in
molecular biology, meaning that reactions of the type S; recover the reactant, like in
the reaction A — A + B, with A and B discrete and continuous species, respectively.
The more complicated case v” # 0 is treated in section 5.

With the decomposition E = RMe x NMp introduced above , the scaled generator
has now the form

Anf(ro,Xp) = {f(l‘(}*‘

re€Rpc\S1

+ Y [fwe, Xp +9P) = fwe, Xp)] A(Xp).
r€Rp



For f € C}(E), we may let N — oo and obtain the limit generator

Ao f(we, Xp) = < Z S‘T(xC)%{J + Z S‘T(vaXD)%(;> 'vmcf(vaXD)

re€Rc r€S1

+ Z [f(ze, Xp +77) = f(ze, Xp)] Ar(ze, Xp)
TERDc\Sl

+ 3 [fwe, Xp +4P) = flzc, Xp)] A(Xp).
r€RD

This formal argument indicates that, as N — oo, the process converges to a continuous
PDP (see (1)). The state is described by a continuous variable z¢ and a discrete
variable Xp. The discrete variable is a jump process, with some rates depending both
on z¢ and Xp, and is piecewise constant. The continuous variable evolves according to
differential equations depending on X p. It is continuous but the vector field describing
its evolution changes when Xp jumps.

This is rigorously justified by the following theorem.

Theorem 3.1 Let 2V = (:rg,Xg) be a jump Markov process as above, starting at
#N(0) = (2N (0), XN (0)). Assume that the jump rates A,, r € Rc U Sy and \,,
r € Rpc \ S1 are C* functions of xc € RMc. We define P, the law of the PDP
starting at xo = (xc,0, Xp,o) whose jump intensities are:

AMaz) = > Ar(2),

reRpURDc\S1

the transition measure is defined by:

fE (2)Q(dz; )
1
/\(1,) Z f(ze, Xp + 2\ (zc, Xp) + Z flze, Xp +vP)M(Xp) |
reRpc\S1 reRp

for x = (x¢, Xp), and the vectors fields are given by:

Fx, (z¢) Z VM (ze) + Z YE M (zc, Xp).
reERc resS:

Assume that Hypothesis 2.1 is satisfied and ™ (0) converges in distribution to xq,
then N converges in distribution to the PDP whose law is P, .

Proof:

In the following, we work only with scaled variables and simplify the notation by
omitting the tildes. In other words, we use A, to denote the rate of all reactions.

The proof is divided into three steps. We begin our proof by supposing that the
jump rates and their derivatives with respect to z¢ are bounded. Hypothesis 2.3 is
then satisfied. We then prove Theorem 3.1 by a truncation argument.

Step 1: Tightness for bounded reaction rates.

We first assume that all rates A, are bounded as well as their derivatives with
respect to xz¢.

Let 2V be a Markov jump process whose generator is given by An.

Without loss of generality, we assume that the initial value of the process is deter-
ministic: 2V (0) = (z¥(0), X} (0)) and converges to xg = (z¢,0, Xp,0) in RMc x NMp,

Let (Y;),cr be a sequence of independent standard Poisson processes. By Propo-
sition 1.7, Part 4, and Theorem 4.1, Part 6, of Ethier and Kurtz (1986) we know that



there exist stochastic processes (V) ey in D(RY; E) such that

Nty =2V 0)+ ) wY, (/Ot )\T(aﬁN(s))ds) ,t>0.

reR

Moreover, for each N, 2V and #V have the same distribution. Since we consider only
the distributions of the processes, we only consider #V in the following and use the
same notation for both processes.

Using the decomposition 2V = (2, X% ), we have

20 =0+ X 1 (N [ M)

reRe

+30 % (N [ Ao X oas)

resy

b ([ e xen)

re€Rpc\S1

and

X3 =x§0+ Y AP ( / A,-<x§<s>,xﬁ<s>>ds)

reRpc\S1

t
3 aPv ([ nexonas).
r€RD 0

We easily prove tightness in D(RT; RMP) of the laws of (X3 )yen by the same proof
as for Proposition 3.1, Part 6, of Ethier and Kurtz (1986) and by using the fact that
the law of Y, is tight in D(RT;N), for every r € R, according to Theorem 1.4 of
Billingsley (1999).

To prove that the laws of (zY) ye are tight in C(RT; RM¢), we adapt the argument
of section 2, Part 11, in Ethier and Kurtz (1986).

Let Y, (u) = Y, (u) —u be the standard Poisson process centered at its expectation,
we have:

A0 =0+ 5 37 (N [ A os)

1 t
b X ([ aelexea)
reRpc\S1 0
Observe that

1 -~
sup —Y.(Nu) — 0, a.s.
u€[0,A] N

for any A > 0. Since A, are bounded, it follows that, for all T' > 0,

> e (v ] Rl ()as) + 3 3°% (v [ t a2, X5 o)

reRce resS

sup
t€[0,7]

— 0, a.s. when N — oo.




Clearly

o |50 ([ a0 X5 0as)| — 0, s

te(0,T] reRpo\S1

It follows that there exists a random constant Ky going to zero such that, for ¢, 1,5 €
[0,T], and || F||oc = supgermc xnp |[F ()]

|2 ()] < 2 (0)| + [ Flloct + K, a.s.

and
283 (t1) — a0 (t2)| < || Flloolts — ta| + 2K N, a.s.

Tightness of (z¥)yen in C(R*; RM¢) follows by classical criteria (see for instance
Jacod and Shiryaev (1987), chapter 6, section 3b).

We conclude, from Jacod and Shiryaev (1987) (chapter 6, section 3b), that {z™ }x =
{(zN, X))} is tight in D(RT; E).

Step 2: Identification of limit points for bounded reaction rates.

Let x = (x4);>0 be the canonical process on D(RT; E), and Py the law of (2¥);>¢
on this space, for each N € N.

We know that for each V € N and ¢ € £.

w(mt)—w(xo)—/o Anp(zs)ds

is a Py-martingale. Equivalently, for each n € N, t1,...,¢, € [0,r], t > r > 0,
Y € (Cp(E))" and ¢ € €

Epy ((@(wt) (o) /AW xs)ds) W%’“““")) (6)

—Ep, ((Lp(xr) o(0) / Ao ms)ds> w(xtl,...,xt")) .

Let (Pp, ) be a subsequence which converges weakly to a measure P on D(RT; E).
We know that x is P almost surely continuous at every ¢ except for a countable set Dp
and that for t1,...,t, outside Dp, Py, 7Tt11 +, converges weakly to P7rt +, Where
Tty,...t, 1S the prOJectlon that carries the point € D(R™; F) to the point (xtl, ce X))

Therefore, it is easy, using dominated convergence theorem and weak convergence
properties, to let k — oo in (6) and obtain for ¢, t1,...,t,,r outside Dp:

t

e (a0~ plon) - [ A ) o(an...o0,))
— 5 ( (i) - plan) - [ Apteas ) vlanse o) ) "

If t € Dp, we choose a sequence (t*) outside Dp such that t* — ¢ with t* > ¢.
Then P7rt_,€1 converges weakly to Prmr; ' since = is P-a.s. right continuous in t and z
converges almost surely to ;. Then, we use (7) with t* instead of ¢, let k — oo and
deduce that (7) also holds for t € Dp. Similarly, we show that t1,...,¢,,r may be
taken in Dp.

This shows that the measure P is a solution of the martingale problem associated
to the generator A, on the domain &.

Hypothesis 2.3 enables us to apply Theorem 2.5. The martingale problem has then
a unique solution. It follows that the limit P is equal to P, the law of the PDP, and
that the whole sequence (Py)n converges weakly to P, .

Step 8: Conclusion



Now, we prove Theorem 3.1 with a truncation argument.
Let 6 € C°°(R™) such that

0(z)=1, z€]0,1],
0, x € 2,00

and, for £k > 1 and r € R, define

and
Mo(2) = O (2)\ ().

Then, the problem with A¥ instead of A, fulfills Hypothesis 2.3. We define 2 =
(28 > XD 1) the jump Markov process associated to the jump intensities Ay, starting
at 2V (0). By the preceding result, we know that, for all k € N, (z}) yen converges
weakly to the PDP zj in D(R™; E), whose characteristics are the jump intensities
Ak with corresponding transition measure, and vector fields (obvious definitions as in
Theorem 3.1).

Then, ((z )ren)nven converges weakly to (zx)ren in D(RT; E)N.

By Skorohod representation Theorem (see Billingsley (1971), Theorem 3.3), up to
a change of probability space, we may assume that that for all k € N (gciv )N converges
a.s. to z; in D(RY; E).

Let T' > 0 and the stopping times

™ =inf{t € [0,T], |zx(t)] > K},

with 78 = T if {t € [0,T), |xx(t)| > k} = 0.
Then, for k,l € N
zp(t) = (), t € [0, 7' ATH], a.s.

so that 7F is a.s. non-decreasing.
Moreover, if z (resp. zV) are the PDP associated to A (resp. the Markov jump
process associated to Ay ), then

zp(t) = z(t), t € [0,7%), a.s.
and if
% = inf{t € [0,T], |zp (t)| > k},
with 7% = T if {t € [0, T], |z (t)| > k} = 0, then
xy (1) = 2N (t), t €[0,7%), a.s.
Let § > 0. Observing that if 7= > T — § and dr_s(x, z1) < €, where dr_s is
the distance on D([0,T — d]; E), then, for enough small e:

sup |ap (t)| < k, a.s.
te[0,7—46]

then a.s., T}f, >T —§ and m{cv =N in [0,7 — §]. Since 7% > 7F=1 > T — §; we have
also, a.s., xp = x in [0,7 — 4] and
dp_s(zN,z) < e.
We deduce that
V6 >0, P(dp_s(aN,z)>e€) <P ("1 < T —6) +P(dr_s(zp ,ax) >€).
Finally, we have

P(r* ' <T—6)=P( sup |zx(t)| >k—1)<P( sup |z(t)]>k—1).
tel0,7] te[0,T—46]
By Hypothesis 2.1, the PDP x can not explode in finite time. Thus for k large, this
term is small. Then for large N, the second is small. We deduce that ¥ converges
in probability to x in the new probability space. Returning in the original probability
space, we obtain that "V converges in distribution to x.
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4 Piecewise deterministic process with jumps

In this section, we assume that some of the reactions in a subset Sy of Rpc are such
that ¢ is large and scales with N. For the other reactions, we assume that v< is still
of order 1. We set 7¢ = %%c for r € S5. The jump rates A, r € Sy are still assumed
to be of order 1. We define S = S U Ss.

The scaled generator has now the form

Anftoe Xp) = 3 |flac+

1 _
—~¢, Xp) — f(l"c,XD)] N (z¢)
reRc

N

+ Z [flzc+35. Xp +4F) — flxc, Xp)] Me(zc, XD)
reSs

+Z |: xC+N7raXD)f(xC7XD):| NS\T(:E07XD)
reS1

1
+ > [f(fc + N%«C,XD +77) - f(vaXD):| Ar(zc, Xp)
r€Rpc\S

+ Y [flee, Xp +~P) = f(ze, Xp)] A(Xp).
TERD

For f € C{(E), we may let N — oo and obtain the limit generator

Ao f(xe; Xp) = < > Aoy + ) X,.(xC,XD)%.C> Ve f(ze, Xp)

reRc reSy

+ 3 [flac +75, Xp +4P) = f(ze, Xp)] Ar(zc, Xp)
reSs

+ Z [f(ze, Xp +77P) = flze, Xp)] Ar(zc, Xp)
reRpc\S

+ 3 [flwe, Xp +4P) = f(wc, Xp)] Ar(Xp).
r€ERD

This formal argument indicates that if NV — oo, the process is a piecewise deterministic
process with jumps both in xc and Xp. In fact, the proof of this can be done easily
thanks to the result of section 3.

Indeed, let us introduce the following auxiliary system of reactions involving the
variable (z éN 2N XN) € RMe x RMe x NMb.
1

e IfreRe, (x 1N7 2dNaXD) (f”c +N Lot

xc XD)
o IfreSs, (g™, 25", XN) — (ag™, 2B + 35, XN +p)

1
o Ifre RDC\S27 (xlc:Nax%NaXD) (xc + NVC&‘%C XD +'-)/D)

o IfreRp, (x5, 25", X8) — (5™, 25N, XN +45)
The rates of these reactions are (x5 LN %N,Xg) = )\T(xlciN + xé’N, XN,

If we choose the initial data (z(0), O X 5(0)) then this system and the original
system are equivalent. Indeed, we recover the value of the original system by the
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relation:
N Ny _ (1N 2,N N
(xo,Xp) = (zg” +ag", Xp).
Conversely, notice that :vg is a sum of a pure jump part and of a continuous one so

that given (¢, XN) , (5", 25", X¥) can be recovered by isolating from 22 the

small jumps to obtain xlc’N and the jump of order one (from Ss) to obtain x%N.

The auxiliary system corresponds to the following generator:

Agua f (28, 28, XP)

1 -
= % [+ 58t Xp) - flobua X0)| WA (ab 4 a2)
reRc

+ Z [f(xé7x%7 +:)’rcﬂXD +’77P) - f(xlc'ﬂx%‘vXD)] )‘T(xlc' +$%7XD)
resSs

1 ~
+ Z |:f(x1C + N7S7$%'7XD) - f(w1C'7x%'7XD):| NAT(mlC + mQC’7XD)
res

1
+ Z f(xlc'+N’Yrcamzc”XD""_'yrD)_f(xlc’,-fZCvXD)] )‘T(xlc"i'szaXD)
r€Rpc\S

+ Z [f(xéﬁx%’vXD + 'VrD) - f(xé"m%'vXD)} )‘T(XD)'
ré€RDp

This generator is of the form as in section 3 but the discrete variable is now (zZ, Xp).
Using the results proved in this section we thus obtain that this auxiliary system of
reaction converges in distribution to the piecewise continuous deterministic process
given by the generator

Aaum,oof(xé» QE%«, XD)

reRc resS

+ ) [f@tat +38 Xp +7) — flah, 28, Xp)| Ar(a + 28, Xp)
resSs

+ Y [fab2d Xp +4P) - f@b, 28, Xp)] Ar( + 28, Xp)
reRpc\S

+ Z [f(mé" x%a Xp+ 'VTD) - f(xlc’amé’XD)] )‘T(XD)'
r€RD
Going back to the original variables, i.e. setting zc = z& + z2, we deduce that the
original system converges in distributions to the piecewise deterministic process with
generator Aoo.
To obtain this convergence, we suppose that the jump intensities are C'-differentiable
with respect to the variable z}, and that the limit PDP satisfies Hypothesis 2.1.

5 Averaging

In this section, we examine the case when (4) is not satisfied by all the discrete vari-
ables. In this case, the previous results are not valid. We introduce the decomposition
Xp = (X}, X3) e NMpa x NMp2 and 4P = (yP1 4P:2) such that

’YTDJZO, reSi.

12



This replaces (4). The continuous variable z¢ follows the same characteristics as in
section 3.

In the set of the reactions Si, the discrete variable X% has fast motion, its jumps
rates are of order N and its jumps are of order 1.
More precisely, for r € Sy, the state changes according to

(xCaX%hX]%) - (LI}C + = ¢ X%)?X% +’Y’I‘D72)

with the rate NXT(JUC,X}),X%).
We now have the following generator for the process :

Axf(zc, X, Xp)

= % [ftao+ 598, Xb.X3) - flae, Kb, XB)| WA (ac)

reRc

1 -
+2. [f(xc + 0 XD XD +977%) - f(mXbX%)} N (zc, Xp, XP)

reS1
1
Ly [f(mc + 578 Xb + 4PN XD +9P2) - flac, Xb, X%)} M (zo, Xh, X3)
reRpc\S1

+ 3 [f@o, Xp +4P Xp +4P7) = fwo, Xb, Xp)] A(Xp, X).
TERD
(10)
This new model combines slow and fast motions. This leads to double time scale
evolution which can be further simplified. Contrary to the previous sections, we can
not take the formal limit of this generator. The idea is to average in fast discrete
variables X%, and focus on the slow variables (z¢, X},), in order to obtain a much
simpler averaged generator.

To this aim, we introduce the following generator depending on (x¢, X1):

Avo xph(XD) = D [MXD +77%) = h(XD)] Ar(we, Xb, XD).

resSy

We assume that for all (zc, X}), the process associated to the generator Axc,XlD
is ergodic with a unique invariant measure, denoted by v, X1
Then we define the averaged jump rates:

(oo, Xb) = |

NMD,2

Az, Xy Xp)ae x1 (dXD), 7 € S,

M(zo, X)) = /NMD ] Mo(z0, X by XD)Wae x1, (dXD), 7 € Rpe \ S1, (11)
M(zc, X}) = . )\,«(X}D,X,%)V:CC,X}) (dX3), 7 € Rp.
NMD,2

We present now the main result of this section.
Theorem 5.1 Let 2V = (wg,ngl,XgQ) be a jump Markov process with generator
Ay, starting at =N (0) = (xg(O),Xg’l(O),XgQ(O)). Assume that

e For all (xc, X}), the process associated to the generator Amcyxb is ergodic with
a unique invariant measure.

e there exist K1 > 0 and Ky > 0 such that, for every s € RT, (zc, X}, X3) €

RMe x NMp.a x NMp.2 - and for every bounded function g satisfying the centering
condition

/NMD ] 9(XD)Wae x3 (dXD) =0 (12)
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we have 51
PO Pg(Xp) < Kie ™ 2%||g]l o

X1 . . .
where (Ps "), is the semigroup associated to Ao x1-

e if g is a bounded function satisfying the centering condition (12), the Poisson
equation

Z [h(x@Xb,X% + '77~D72) - h(xCquljaXlQ))] S‘T('TCWX%)?X%J) = g(XIQD)
resS,

has a solution given by

o0 1
hze, XL, X2) :—/ Pren (X2 ds
0

and this solution is Lipschitz with respect to xc, uniformly in X1,.

o The jump rate ;\T, r € RcNSi, and Ay, 7 € Rpce \ S1 and A\, 7 € Rpc URDp,
are C* with respect to z¢.

o For every bounded B set of RMc x I\I_IVIDv1 the functions /N\r(~, 5 X2%), reReNS,
and A\-(+,+, X3), r € Rpc \ S1 and \.(+,-, X3), 7 € Rpc URp are bounded and
Lipschitz with constants depending on B but not on X%.

e A\ Q and F satisfy Hypothesis 2.1.

. (xg(O),XgN(O)) converges in distribution to xo in RMc x NMp.a,

Define Py, the law of the PDP starting at xo = (zc, X%LO) whose jump intensities
are:
/\(JJC’X%)) = Z /\T(xc,X%)),
r€(Rpc\S1)URD

with transition measure:

1 _

/ f(Z)Q(dZ,Z'CgXb) =3/ vi Z f(xC7XE +’y'rD71)>\T(xC'7X%))7
E A(xCaXD)

T‘G(RDc\S1)URD

and vectors fields:

Fxi(zc)= Y 4 M (@e)+ > A (zc, XP).
reRce resSt

Then (xg,X}j’N) converges in distribution in D(RT;RMc x NMp.1) to the PDP
whose law is Py, .

Remark 5.2 The last two assumptions are similar to those made previously. The
first three assumptions guaranty that it is possible to average with respect to the vari-
able X%. The first two state that the dynamic associated to the generator Axc,X}, 18
exponentially mizing, uniformly with respect to (xc, X},), the third one then follows if
Amc,X}D depends smoothly on xc.

Proof

The steps of the proof are similar to the proof of the Theorem 3.1. We begin
by supposing that all the jump rates are bounded as well as their derivatives. This
Hypothesis will be removed at the end of the proof. We take E = RMc x NMp.1,

Step 1: Tightness.

The proof of the tightness of the laws of (z¢, X[y ;) is similar as in section 3, and
is left to the reader.

Step 2: Identification of limit points.

Since we are interested in the evolution of (:Cc,X%)), it is natural to consider,
for the generator Ay, test functions f (zc, X}) depending only on those variables.
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Unfortunately, some terms of order 1 depending on the variable X% remain. To
overcome this problem, we introduce 'perturbed test functions’ (see Papanicolaou et al.
(1976), Kushner (1994), Fouque et al. (2007)) :

1
fN(m(hXb)X%) = f(l‘c,Xb) + Nfl(l‘c,Xb,X%),

with f € € and f independent of X7. We temporarily need that f is also C? with
bounded second derivatives with respect to . The function f! is chosen such that
the formal limit of Ay fn(zc, X5, X3,) does not depend on X3.

This can be down by taking f! such that

S @we, Xb, Xp + 427 = flae, Xb, X)) M@, Xb, XD) = gue x1 (XB)
resSy
(13)
with

ga:c,X]lD (X%)

= (Z WSXT(I'CWXB) - WSS‘T(I'Cva»X%)) 'vﬂ?cf(l'CvX%))
res

+ > [fe, Xb+4PY) = fme, XD)] (M@, Xb) = Ar(ze, Xp, XD))
re€Rpc\S1

+ Z [fze, Xb + 42" = flwe, XD)] (Ar(xe, Xb) = M(XDh, XB))
r€RD
(14)
Since the jump rates are assumed to be bounded, g, ., x1 is clearly bounded. Also, the
function g, x1 is zero mean with respect to the invariant distribution, i.e. g,. x1
satisfy (12).
Then, the function f! satisfying (13) exists under our assumptions. Moreover, it
is not difficult to check that f! is Lipschitz with respect to z¢, uniformly with respect
to X}.

Limiting infinitesimal generator.

We now return to the analysis of the limiting problem. We denote by P, n the law
of (z¥, ngl, ng), then

fn(ze(t), Xp(t), X5 (1) — fn(zc(0), Xp(0), X3 (0))

_ /0 An fn(ze(s), Xb(s), X3 (s))ds

is a P, y martingale. Equivalently, for each n € N, ¢4,...,t, € [0,7], t > r > 0,

Y e (Co(E)"

Er. v ( (o) fitan) - | t An e )is ) v,

= (o) - o)~ [ Aoatogis) vt ) (15)

Let us now consider a subsequence (R;Nk)k of (PLN)N, the laws of (a?g,Xg’l)

which weakly converges to a measure P, on D(Rt; RMc x NMp.1),
It is clear that fy converges to f, uniformly on E. Moreover, the continuity and
boundedness properties of f! ensure that Ay fy converges on E towards A f, where
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= < Y h(ze) + ) Vf/\r(waX}j)) Vo f(xc, Xp)

r€Rc resSy (16)

+ > [fzo, Xp+42Y) = f(ze, Xp)] Ar(ze, XD).

r€(Rpc\S1)URD
It is the generator of a PDP whose characteristics have been averaged in fast variable
X2,
Equation (15) gives, as N — oc:
t

]E]Sm <(f(xt) - f(xo) — / Aoof(xs)ds) w(xtl, R 71'15")) ( )
17

— 5y, (o)~ floo) - [ Ates) vz

Recall that we have assumed that f is C2? with respect to z¢. It is easy to prove that
(17) holds for any f € € by choosing a sequence (f,,)in £ such that, for all n, f,, is C?
with bounded second derivatives and f,, and V f,, are uniformly bounded and converge
pointwise to f and Vf .

The measure P, is then a solution of the martingale problem associated to the
generator A, on the domain of the functions in € independent of X2,

By the Theorem 2.5, the martingale problem has then a unique solution. We can
then deduce that (Ij’w ~N )N converges weakly to P, the law of the PDP defined in the
Theorem 5.1.

Step 3: Conclusion.

Since the jump rates are assumed to be bounded and Lipschitz on bounded sets
of E uniformly in X%, we can remove the more restrictive boundedness assumption
on the jumps rates as in section 3. We then conclude as in section 3. Theorem 5.1 is
proved.

6 Discontinuous PDP and singular switching

In this section, our system has two time scales. The switching between fast and slow
dynamics is governed by the state of a discrete variable. For simplicity, we suppose
now that there is no other discrete variable and denote by 6, taking values in {0, 1},
this unique discrete variable which governs the time scale of the continuous variables.

The number of molecules belonging to species C' are again assumed to be of order
N, and we continue to write x¢ = %

Let us split Rp¢ into two sets Rpc = S1 U Sy. Reactions in S7 have rates scaling
with N. They change X¢ (7 # 0) but do not change the value of §. When 6 = 0,
the rates of all reactions from R U Sy is of order N. When 6 = 1, some reactions
from S; (inactive for § = 0) become active with much faster rates of order %, where
€ is a new parameter, assumed to be small. On the other hand, for the same models,
the reactions in Sy do not change X¢ (7¢ = 0,7 € Sp) but do change the value of 6
and have rates that can depend on X¢ (ensuring feed-back control of X¢).

Then for r € 81, we introduce the rescaled reaction rates

~ 1
/\T'(-rCao) = NAT(J:CHO))

€
)\T(.’I}C,l) = N}\T(.’L'C,l)

Similarly for r € R¢
Ae(z0) = %)\T(xc).
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For models in which the discrete variables takes only two states, 8§ € {0,1}, Sy
contains two reactions. The rate of the reaction in Sy changing 6 from state 1 to state
0 is assumed to be of order % and we also set:

5\9(%‘07 1) = ekg(xc, 1).

The rate of the opposite reaction changing 6 from state 0 to state 1 is assumed to be
of order 1 and is written A\g(z¢, 0).
In these conditions, the generator of the process has the following form:

AN,ef(mCVO)
- Y [ftac+ %%9»0) -~ f(ee.0)| N3, (ac.0)
resS
+ 3 [flee+ .00~ ae,0)| Niv(ae) + fwe, 1) - flac.0)] dfac, )
re€Rc
and
-/Z(N,ef(xCa 1)
-1 > [f(chr]i[%C,l)—f(xc, )} N (zc, 1)
reSy
+ 3 [stoe+ 5980 floe )| Nta) + 1 [f(ae.0) - flee. D] afae. 1),
r€Rc

At the limit (for high N and small €), we will show that the discrete process 6
inducing kicks in the continuous variable x¢ is almost surely equal to 0. We are
interested in the limit distribution of the process x¢.

We introduce the vector fields

= > WA (@0, 0)+ > A A (o)

resS; reRc

= > WA (zo, 1),

res

and the flow ¢1(t,z¢) associated to Fj.
We now state the main result of this section.

Theorem 6.1 Let V¢ = (:Cg’e, 9N’€) be a jump Markov process with values in RMc x

{0,1}, with generator Ay ., starting at ™<(0) = ( pR(0 ),9N76(0)>. Assume that the
following assumptions hold:

i) xg’e(O) converges in distribution to xc(0) in RMc as N — 0o and € — 0.
ii) ON<(0) converges in distribution to 0 as N — oo and € — 0.

ii) There exists a > 0, such that
5\9(1)0, 1) > «, Vro € RMe,

Assume also that either iv) or v) holds:

iv) The jump rates ;\,.(-), r € Reg, and ;\T.(-,O), 5\,.(~, 1), r € Sy, have at most linear
growth and \g(zc,0) is bounded: there exists My > 0 such that, for xc € RMe,

Mr(zc) < My(|lze| +1), T € Re,
Ar(zc,0) < Mi(Jzc| +1), r € Sy,

S\T(xc, 1) < My(Jze| + 1), 7 € Sy,

17



and
/\9(1‘070) < M.

v) The jump rates 5\,«(-), r € Re, and L(-,O), r € S1, M(xc,0) have at most
linear growth, and \.(-,1), r € Sy, is bounded: there exists My > 0 such that,
for xc € RMe|

Ar(zo) < Ma(|lze| +1), r € Re,

Ar(2c,0) < My(|ze| + 1), 7 € S,

)\9(1’0,0) < MQ(‘IC| + 1)7

and

M(ze,1) < My, r € S.

Then (Igs) converges in distribution in LP([0,T); RMe), for any oo > p > 1, to
the PDP whose generator is given by

Ascp(zc) = F(zc) - Vacp(rc)
+)\9($c,0)/ (p(d1(t, ) — p(xc)) Xo(r (£, 2¢), 1) Jo Ro(@r(s.wa)Dds gy
0

for every ¢ € C}(RMc).

Remark 6.2 The PDP associated to the generator As, has discontinuities which are
not present for the process zg’e. They only appear at the limit € — 0. Therefore,
the convergence does not occur in D(RT; RMc) indeed creation of discontinuities can
not occur in D(RT;RMc).  As shown below, it is possible to show tightness, then
weak convergence of the process zg’e in LP([0, T]; RMe). Unfortunately, this topology
does not imply a uniform bound on the processes and we cannot get rid easily of the
boundedness assumptions on the reaction rates as was done in the preceding sections.

Therefore, we have to assume the extra assumption iv) or v). These are technical.
They are used at the end of the proof to obtain a bound on (x¥) in L>°([0, T]; RMe).
The linear growth of the jump rate is verified for a large class of models in molecular
biology.

The boundedness of Ag(xc,0) in iv) is a restrictive assumption but it is satisfied in
the case that Ag(x¢,0) does not depend on xc. This applies to systems with negative
feed-back such as self-repressed gene promoters, for which only the transition of 8 from
1 to 0 is controlled by the protein repressor.

Also, the boundedness assumption of /N\T(~, 1) for r € Sy in v) is restrictive. Such
assumption is satisfied when S\T(-, 1) do not depend on x¢. Lifting the boundedness of
Ao(zc,0) in v) is necessary for systems with positive feed-back, such as self-induced
gene promoters. In such cases, considering that S\T(~, 1) do not depend on x¢ stands
for the rather usual situation when the concentration of the regulator influences the
transitions between various states of the promoter, but not the production rates of these
states.

Thus, in spite of the above restrictions, the results of this section cover a large class
of models (for instance, all the models analyzed in Crudu et al. (2009)).

Proof: The proof is divided into four steps. Again, we start with the extra as-
sumption that all the jump rates are uniformly bounded together with their derivatives
with respect to x¢. This assumption will be relaxed in step 5.

Step 1: Limit of 6™

We begin with the test-function

f($070)207 f(xCal):17 chERMC.
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Then, le,Ef(xc,e) = )\g(xc, O)HGZO — %5\9(%07 1)119:1, and
M) = Me)tN><(t):1 — lgneo)=1
€ 1< €
- / <>\9($g’ (8), 0)Tg.e ()0 — oz (s>,1)neme<s)=1> ds
0

is a martingale. We then deduce, for every T'> 0 and t € [0, T,

t
QE(/‘%Mq$ﬂd%;gMQT+1 (18)
€ 0

where M, is the supremum bound of A\g(-,0). Then, V¢ — 0 in L*(Q x [0,T]; {0,1})
when € — 0 and N — oc. In particular, (7€) . is tight in L([0, T;{0,1}).

Step 2: Tightness of Jig’e

For all ¢ € [0, 7], we write

2w =a0+ Y Ln( [ e i)

r€ERc

C t
Vr 3 ,€ N - J€
+y Nn(/() N (zgy (s),O)]J(;N,E(S):0+?)\T(Q:g (s),1)n9N,5(s)_1ds>
resS;

where (Y,.),erous, are independent standard Poisson processes. Then

c
20| <o) 2 ey, v
reRc

el v (7t Tﬂ d
N T c ), lorvo= s

where M is the supremum bound of \,,7 € Rc U S;. Since SUPe(o,7] %YT(Nt) is
almost surely bounded, using (18) and (19), we have for all K > 0, for N large enough
and e small enough:

2

resS;

P(sup |a" (1)) = K) < (K)
(0,77

where e(K) — 0 if K — oc.
We introduce BV (0, T) the space of functions of bounded variations on [0, T'], with
its norm defined for f € BV (0,T) by

£l Bvor) = oy +sup{_ £ (tir — f(t:)], (£:); finite subdivision of [0, T]}.

Since the processes Y, are non decreasing, we obtain for a subdivision of [0, 7],
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denotedby0:t0<t1<---<tn=T,

Z g™ (tiga) — g™ ()]

<5 5 B ([ e o) v ([ WA o.0)

1=0 reRc
n—1 t
|’77q| o 3 €, N < €,
IDIDIE e i N5 (), 0)gen (gm0 + —An(2GY (), D)gen ()1l
i=0 reS;

ti ~ N -
_Yr ( N)\T(.IBN(S), O)ﬂge,N(s)zo + ?AT(JTZ«N(S), 1)]195,N(S)_1d8> :|
0

c T
-y %'yr ( /0 NAT(xE:N(s),O)ds>

reERc

N -
+ Z |’Y (/ N)\ s),0) 1y, N(s)=0 T 7)\ (zoe, N(s), 1)]195.1\7(5)_1(18)

reS1
It is then easy to prove that for all K > 0, for N large enough and e small enough:

IP)(||55g’6||BV(o,T) > K) <e(K)

where e(K) — 0 if K — oc.
The set {f € BV(0,T), such that || f|pv,r) < K} is relatively compact in

LY([0,T7]) (see for instance Giusti (1984)), and the set
{f € BV(0,T), such that | f|lcc < K and ||f||pv (o, < K}
is relatively compact in LP(][0,7]) for 1 < p < co. We then conclude that the family
of processes (zov“)nc is tight in LP([0,T]), 1 < p < oo.
Step 8: Identification of the limit distribution of xg’e

Since we are interested in the limit distribution of :vg’ﬁ, we introduce test-functions
depending only on the continuous variable zc € R™c. We then define

flzc,0) = p(zc), zc € RMC
where ¢ € C} (RMe).
We want to define f(-,1) such that

S [ #lee+ §2€.0) = oo, 1] Mo, 1) = Satac. D (e, 1)

resS;

re 3 [Hao+ 3980) = flee. )] N3, Gac) (20)

re€Rc
= —Mo(zc, De(xc).

Drawing inspiration from the preceding section, we introduce the process yn (-, )
starting from x, and whose generator is

Avebln) = X [0+ 3799~ 0] M3 (0.1)

resS:

re 3 [blee + 500 e) | N (ac)

reRc
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By a slight extension of a result of Kurtz (1971), we know that for all z € RM¢ T > 0
and ¢ > 0,

P (Sup lyn,e(s,z) — ¢1(s, )| > 5) — 0. (21)
s<T

N —o00,e—0

Remember that ¢1 (-, z) is the flow associated to the vector field Fi () = ), cx . ~E A (z,1)
and starting at x.

We also introduce the semigroup (PN 6) N defined on B, (RM<) by
t>0

PYy(a) = B ( (g elt, z)) e i Molomeloa)as)

It is classical that (PtN’e)tZO satisfies the semigroup property and that

%PNw( ) = AN PN Y(x)=Xg(x, ) PN y(x), xeRMe, o eCt(RM), t e RY.

Then we propose:

flze,1) = /000 PN« (5\9(-, 1)<p) (zc)ds.

Since Ag(-,1) is bounded below by « > 0, f(-,1) is well defined. Moreover f(-,1)
satisfies (20). Indeed,

Anef(zc,1) - Mo(zo, 1) f (e, 1)
AwéNe e (3 (,1)90)( &) = Jalee, VB (Ro( 1)) () di
:/0 dtPtN6<~ Do) (
= limy o P ()\9(', 1)@) (zc) — (Ae(', 1)@) (zc)
== (M, )¢ (@c)
This test-function f satisfies: ~
Anef(zc,1) =0

and

Avfloc.0) = ¥ [flac+ 59,0 - flac,0)| Vi (ae.0

N’y'f’ )
r€Rpc

+ UOOO PN (5\0(', 1)@) (zo)dt — w(xc)} Ao(zc, 0).

Since f € Cp(E), f is in the domain of flME, for all N,e. Then, forall0 < ty,...,t, <t
and 1) € Cy(RMext)

E([f( Ne(r), 0N(1)) — (a2 (0), 0V(0))
(22)
/.ANef 2o (5),0)Igne )= Ods]w(xg’e(tl),...,a:g’e(tg))) =0.

We now are looking for a possible formulation for the limiting generator. For all
x € RM¢ and uniformly in ¢ € [0, T}, for all T > 0, we have

P (Ral D) (@) 5y (Rl o) (@n( e Rvontem s

N —00,e—0
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and it can be shown that for all 6 > 0, and t < T,
lal <6 Ls, 10+ 2130 (s Dplloe P (5P g5, 2) — 61(5,2)] > )

and
B < 1300 Dl (T Ls, (1) + 2P (sup,cr lyn.c(s,2) = 61(s,2)| > 9))

where Ly ), and Lg . ) are the Lipschitz constants of the functions Xo(+ 1)y and
)\9('a 1)
By (21) and the dominated convergence theorem, we deduce that

An . f(zc,0) Asoo(z0)-

N —00,e—0

The tightness in LP([0, T]) x L ([0, T7]; {0, 1}) of the family of processes (xg’e, 0N N e,
and the Skorohod representation theorem imply the existence of a subsequence which
converges almost surely in LP([0,7]) x L'([0,7];{0,1}) to (z¢,0) € LP([0,T]) x
LY([0,T];{0,1}). This almost sure convergence implies that a new subsequence can
be extracted such that

(oo (t), 0N ) —— (wc(t),0)

k—o0

almost surely, and for almost all ¢ € [0,7]. To simplify notation, this subsequence is
still denoted by a:g’e.

Taking N — oo and € — 0 in (22), we deduce by the dominated convergence
theorem, the boundedness of f and v, and the hypothesis on xg’e(O) and 67-<(0):

B( £ (0.0%0) - 10,08 O) v (@), ..o (o)

_ E([cp(azc(t)) - go(xc(o))] Y(ze(ty), .. ,xc(te))>

N —00,e—0

for almost all ¢ € [0,T] and almost all 0 < ¢;,...,¢ <t. We now prove that

Asop(zo(s)) (23)

A e (22 (5),0)Ugn.c (s)=0

N —00,e—0

almost surely, and for almost all s € [0,T].
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First, for s € [0,7T7], t € RT, we write

P (Ral D) @(5)) = (RaC D) (01t o (s))) e i Roosume o v

= E[(M, w) (ot (s))) e ia(ym(u,wz*(wm)du]

Forall § >0,7) >0,and 0 <t < 1Ty,

arl <O Ls, (o 20R0 (D@l P (suDyer lyne(u, o (5)) = dn (w2 (s))] > )
and if t > T, .
jar| < 20[30(, Dipfloce™ T,
Similarly, for 0 <t < T7,

bal < IR0 Dlloo (710 Ly, ) + 2P (super, lyv.c(5,28(5)) = (5,20 ()] > 9))

and if ¢t > T7, 3
b1 < 2 X0 (- Dplloce™ 1.

We choose T} sufficiently large and then § small enough and have almost surely,
for all s € [0,T], t € RT:

P (Rol 1) @ (5) = (Rl D) (91t mc(s))) e i olrtwactonnas .,

N —o00,e—0

By the dominated convergence theorem, we have almost surely, for almost all s € [0, T,

/000 pN (5\9(-7 1)90) (xgé(s)) dt

e [ (Rel 1) (@alt () em o Rtz ln i g
—00,6— 0
Since ¢ € C}(RMc), we obtain (23).

By the dominated convergence theorem, we conclude finally that

]E<[<P($c(t)) ~ plac(O) - [ t Aoosouc(s))ds]w(xc(m, () =0

for almost all ¢,t1,...,¢; such that t € [0,7] and 0 < ¢;...t; < t.

Step 4: Uniqueness of the solution of the martingale problem

By Theorem 2.5, proved in a weaker sense in the Appendix, we conclude that the
limit z¢, more exactly a version of z¢, is the PDP whose generator is given by A..

Step 5: Conclusion

We now relax the assumptions on the boundedness of the jump rates and their
derivatives. Without loss of generality, we assume that xg’E(O) are deterministic. We

derive an estimate on the supremum of |zg“(¢)| on [0,T] for T > 0.
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We first assume that iv) holds. We again write that

t
€ ]‘ €
M(t) = Tgn.e(ry=1 — Ygn.c(0)=1 —/0 Ao (e (5), 0)gn e ()0 — EAe(fg’ (8), Dlgn.e(s)=1ds

is a martingale. We have as in step 1:

T
QE (/ ]JgN,s(s)_ldS> <14+ MT. (24)
€ 0

For all t € [0, T], we write using the same notations as above:

W) =0+ Y 7Ncy(/0t er(xgvf(s))ds)

rERc

c t
Vr 3 ,€ N - J€
+ E NYT(/O NAT(Ig (S),O)]JeN,e(s):oJr?)\r(xg (5)71):“01\”5(5):1 ds)
resS;

where (Y;)rer o are independent standard Poisson processes and thanks to the linear
growth assumptions on the jump rates

C t
o] < o)+ Bl (wan [+ nas)
reRc

t

c
+Z\E|

res;

¢ € N €
v (v [ e s 00 [ Dave-a ).
0 0

Yr(t)

By the law of large numbers —— are almost surely convergent to 1. They are therefore

almost surely bounded on [1,00). We deduce that there exists a random C such that:

)| < o)

K € 1 K €
w0 ([ nas+ L [ a4 Dtosmads).
0 0

Then by Gronwall Lemma:

T
1
sup xge(t)‘ < exp (Cl/ (1+ eﬂew,e(s)_l)ds> ( _nge(o)‘ + 1) .
0

te[0,T]

Since ‘xge(())‘ is bounded with respect to N and e, by Markov inequality and (24),
we deduce easily

IP’( sup ’mge(t)‘ > K) — 0

te[0,T]

as K — oo uniformly in N and e.

It is now easy to use a truncation argument similar - and in fact easier - to the one
used in step 3 of the proof of Theorem 3.1 to conclude.

Assume now that v) holds. Inequality (24) is no more valid, instead we have:

%IE (/OT u,,N,E(S)_lds> <1+ M /Ot (]E (|xg’5(5)\) + 1) ds. (25)
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We use the test function f(z¢,0) = f(zc,1) = |z¢| in the generator and deduce
that

M(t) =z (t)] — [z (0)]

S9>

resSi

/ ;( + 2]~ o ())m (20, ) Vg (s)=1 ds

>

reRc

vT e A
<Iw WC| — |z (S)|) NX(xc,0)lgn.c(5)=0 ds

(224050 + 221 (60 ) W)

is a martingale. By the triangle inequality and the assumptions on the jump rates, we
get

E (1)) <E(je30 +M2/ S hEIE (X)) + 1) ds

reRcUS

t
Y S e ([ s ds)

resSy

Then, using (25),

E (|x§=€(t)|) <E (|x§*€(o)|) + Ms + My /Ot]E (|xg’é(s)|> ds

for t € [0,7] and with some constants M3, M, which could be written explicitely in
terms of v, o, My and T. By Gronwall Lemma, we obtain:

E (jz (1)) < e (B (a2 0)]) + Ms)

Inserting this in (25), we have obtained a similar bound as (24) with allowed to con-
clude in the case when ) was the assumption. We thus can conclude similarly.
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A Appendix

Proof of theorem 2.5

Let « = (z¢)¢>0 denote the canonical process on D(RT; F). Recall that we say that
a probability measure P on D(RT; E) is solution of the martingale problem associated
to the generator A if, for all f € &,

F(ar) — flao) - / Af(2)ds

is a P-martingale.

Let (Py)i>0, Py and A denote the semigroup, the probability measure and the
infinitesimal generator associated to the PDP whose characteristics are F'; A\, @), and
starting from x € FE.

We need the following

Proposition A.1 Assume that Hypothesis 2.8 holds, then, for allt e RY, f € £, P.f
is also in € and

1Peflloe < IIflloos (26)
Py f(y1,v) — Pif(y2,v)| < el fllee® yr — val, w1, y2 € R", v € N7, (27)

for some constants ¢ and K depending only on the characteristics of the PDP.

Proof : Equation (26) is clear. Let us define, for f € £ and ¢ € By(RT x E) :

Gpp(t,x) =Ey (f(re)lcr, +90(t =T, 20,)li>1)

= f(d)u(t, y),l/)H(t,l‘)

t
b [ = 5210065, NG .90, ) H s, ) ds
0o JE
for (t,z) € RT x E, with = (y,v). Then, according to Lemma 27.3 of Davis (1993),

Tt z) = Ee (f(@)Vi<r, + 9t — Toy27,)li>T,)

and

lim G%y(t,z) = P f(z).

n—oo

We then deduce by dominated convergence and the strong Markov property:
Pf(z) = flou(t.y),v)H(, )
[ Pt b0 NG ) H s, s (29

That is, P.f : t — P, f is a fixed point of G}.
For T > 0, we introduce the Banach space Er = L*°([0,T], ), with the norm

9]l = sup e ([t ) lloo + Lut,))
t€[0,T]

where o will be fixed hereafter.
For t € [0,T], (y,v) € E, we set ¢:(y,v) = f(¢u(t,y),V)H(t,y,v). Then q: t — ¢
is in &r. Indeed,
|H(t,y,v)| <1, (y,v)€E, tel0,T]

Also, from the Gronwall Lemma, we have that ¢, is differentiable with respect to y

and
Dy (t,y)| < e™rt, (y,v) € B, te€[0,T].
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Then we have, for (y,v) € E, t € [0,T],

t t L)\ Lot
D, H(t,y,v)| < / Dy (A (0 (s,9), 1)} | ds < Ly / IDyou(sp)lds < T2 (70 - 1).

Hence if a > Lp
Ly
loler < (2542 1l ) + 11l

If ¢ € £, we then easily show that G ¢y € Er. Moreover, if 11, 12 € Er, we have

t
1Gra(ts-) = Griba(t,)lloo < MA/O [91(t = 5,-) = ha(t = 5,°)[lods. (29

Also, it is easy to see that

t
1Dy Gpr(ts ) = DyGpta(ts)loo < ff/o "o a(t = 5,-) = a(t — s, )|l eds

where £ is a constant depending only on the characteristics of the PDP.
Then we easily deduce that

t t
|Gr1 — Gpballer, < k1 sup e (/ et=9)(s +/ ea(t_s)eLFSdS) Y1 — 2ller
0 0

te[0,T]

< (1 - ) 11— valles

a a—Lp

where k1 is a constant depending only on the characteristics of the PDP. We now choose
o sufficiently large and deduce from Picard theorem that G ¢ has a unique fixed point
in &p. This fixed point is the limit G for any ¢ € &r. Thus P.f : ¢ — P, f is that
fixed point, and is then in &p.

The Lipschitz constant Lp, s of P, f can easily be found with the preceding results
and Gronwall Lemma.

O

The infinitesimal generator A of P; is characterized by (cf. for instance Ethier and
Kurtz (1986), Part 1, section 2):

Ayt | TemBfd, p>0, feGyE). (30)

Let f€& pu>K and ¢ = (u—A)7Lf, then ¢ € D(A) and

Pip(x) — o(x)
t t—0

Ap(z), z€E.

By Proposition A.1, it is easy to see that if Hypothesis 2.3 is satisfied, (u — .A)~!
maps & into itself if 4 > K. In particular, ¢ € £ and for all x € E:

() — pla) - / Ap(,)ds (31)

is a P,-martingale.
It follows that, for all x € E, and t € RT,

Prole) — pla) _ 1
t t

t
/ E, (Ap(x))ds.

0
Since Ap(zs) is Py-a.s. bounded and continuous on [0, T3[, we deduce that

Bip(z) — ¢(x)

It follows that



Remark A.2 In fact, we do not need that (31) defines a P, martingale. This can be
weakened and replaced by the following:
Forallz € E, p € € and fort € T, where T is a dense subset of RT:

Pp(x) — plx) = / E, (Ap(z,)) ds (32)

In that case, we can define a sequence (t,), such that t, € T for alln and t, — 0 as
n — o0o. Taking n — oo in the equality

Prp(@) —plz) _ l/o "E. (Ap(x,)) ds,

tn n
we obtain, since Ap(xs) is Py-a.s. bounded and continuous on [0,T1],
Ap(z) = Ap(z), =€ E.

We now use a classical argument (see for instance Ethier and Kurtz (1986), Part
4, section 4). Let P, be another solution of the martingale problem. By the same
reasoning as before, let f € &, u > K and ¢ = (u — A)~1f, then

() — pla) - / Ap(z,)ds

is a ng—martingale.
Let us write

t
Bl = [ Ap(w)is) = o(o)
Multiply this identity by pe #! and integrate on [0, 00) to obtain

B ([ et plen) ~ Avta)at) = (o)

Since Ap = Ay, we deduce, from (30)

E, (/Ooo e‘“tf(xt)dt> = o(z) = /Ooo P (@), > K.

By injectivity of the Laplace transform, this implies
E, (f(x¢)) = Pef(x),for almost all t > 0, for all x € E.

We have proved that the law of a solution of the martingale problem at a fixed time ¢ in
a dense set of R, is uniquely determined. This implies uniqueness for the martingale
problem (see Billingsley (1999) section 14).

Remark A.3 Again, the hypothesis that P, is a solution of the martingale problem
can be weakened and replaced by the following:

. (ot — oto) - [ Aot ds) =0

for x € E and almost all t € RT. The previous calculus are similar, since the Lebesque
integral is null over a negligible set.
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