SPECTRAL GAP FOR STOCHASTIC ENERGY
EXCHANGE MODEL WITH NON-UNIFORMLY POSITIVE
RATE FUNCTION

MAKIKO SASADA

ABSTRACT. We give a lower bound on the spectral gap for a class of
stochastic energy exchange models. In 2011, Grigo et al. introduced
the model and showed that, for a class of stochastic energy exchange
models with a uniformly positive rate function, the spectral gap of an N-
component system is bounded from blow by a function of order N~2. In
this paper, we consider the case where the rate function is not uniformly
positive. For this case, the spectral gap depends not only on N but
also on the averaged energy &, which is the conserved quantity under
the dynamics. Under some assumption, we obtain a lower bound of
the spectral gap which is of order C(£)N~2 where C(€) is a positive
constant depending on £. As a corollary of the result, a lower bound of
the spectral gap for the mesoscopic energy exchange process of billiard
lattice studied by Gaspard and and Gilbert (2008, 2009) and the stick
process studied by Feng et al. (1997) are obtained.

1. INTRODUCTION

1.1. Background and model. Recently, Grigo et al. introduced a class of
stochastic energy exchange models, which are pure jump Markov processes
with a continuous state space in [11]. The model is a generalization of
the mesoscopic energy exchange process of billiard lattice studied in [§]
and [9] by Gaspard and Gilbert. Showing the hydrodynamic limit for such
a mesoscopic model of mechanical origin is a very important step for a
rigorous derivation of a diffusion equation or Fourier law from a system
which is purely deterministic.

One of the key estimates required for the hydrodynamical limit is a sharp
lower bound on the spectral gap of the finite coordinate process (cf. [13]).
What is needed is that the gap, for the process confined to cubes of size N,
shrinks at a rate N=2. Up to constants, this is heuristically the best possible

Department of Mathematics, Keio University, 3-14-1, Hiyoshi, Kohoku-ku, Yokohama
223-8522, Japan. e-mail: sasada@math.keio.ac.jp
Keywords and phrases: spectral gap, energy exchange, non-uniformly positive rate func-
tion, locally confined hard balls, gamma distribution.
MSC: primary 60K35, secondary 82C31.
The work wad supported by JSPS Grant-in-Aid for Research Activity Start-up Grant
Number 23840036.

1



2 MAKIKO SASADA

lower bound. For a wide class of interacting particle systems or diffusion
processes, the desired spectral gap estimates have been obtained (cf. [13,
14]). On the other hand, for pure jump processes with a continuous state
space, this type of estimate has been scarcely shown. To our knowledge, only
for the Kac walk and its generalizations (cf. [3, 4, 7]), the sharp estimate of
the spectral gap have been shown before the result [11] by Grigo et al. for
stochastic energy exchange models. Our goal is, as a first step for proving
the hydrodynamic limit, to extend the result in [11] to the class including
the mesosopic energy process of the billiard lattice.

The dynamics of the stochastic energy exchange model introduced by
Grigo et al. is described as follows : For each integer N > 2, denote by
Y.y the one-dimensional cube {1,2,..., N}. A Configuration of the state
space REN := [0,00)*" is denoted by z, so that z; indicates the energy at
site 1 € X, which is a positive real number. Fix a nonnegative continuous
function A : Ri — R, , which is called a rate function, and a continuous
function P : RZ — P([0, 1]) where P([0, 1]) is the set of probability measures
on [0,1]. At each nearest neighbor pair of the lattice (i,i + 1), energy
exchange independently happens with rate A(z;, z;41). When the energy
exchange happens between the pair (i,i+ 1), a number 0 < a < 1 is drawn,
independently of everything else, according to a distribution P(x;, z;11, da)
and the energy at site ¢ becomes o(x;+x;11), the energy at site i+ 1 becomes
(1 — @)(x; + x441), and all other energies remain unchanged.

More precisely, we consider a continuous time Markov jump process z(t)
on ]Rf by its infinitesimal generator £, acting on measurable bounded func-
tions f : Rf — R as

£(0) = 3 Aantied) [ Plos i ) Tiivrar) — )] (1)

where
T if k 7é i, 1+ 1
(Thiv1,0%)k = § (w4 2i41) ifk=1
(1—a)(z; +xi01) fk=i+1

Obviously, the process preserves the total energy Zfil x;. Therefore, for
each £ > 0, the set of configurations with mean energy & per site

N
1
S&NI{I'ER]I;N E Z'ZIE}
i=1

is invariant for the process. Since Sg n is compact and invariant, the as-
sumed continuity of A and P guarantees the existence of at least one sta-
tionary distribution mg y for x(t) on each Sg . As mentioned, the scaling
of the rate of convergence towards the stationary distribution in terms of
the lattice size N is of crucial importance in studying the hydrodynamic
limit of this model, especially if the system is of non-gradient type.
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Under certain conditions, Grigo et al. proved that the spectral gap of
the generator £ on Sg y is of order N~2 uniformly in the mean energy &
([11]). Since their proof used the weak convergence in Vaserstein distance,
it applies to very general rate functions A and transition kernels P. The
existence of a lower bound on the rate function A and the reversibility of the
process are keys of their assumptions. However, as pointed out by them-
selves, since the mesoscopic energy exchange process of billiard lattice does
not satisfy the first assumption, it was desirable to remove the assumption
on the existence of a uniform lower bound of the rate function. In this
paper, we relax the assumption and study the case where a rate function
satisfies A(a,b) > C(a + b)™ for some C' > 0 and m > 0 intuitively. We
give a precise assumption later, which is satisfied by the mesoscopic energy
exchange process of billiard lattice.

To weaken the condition on the rate function A, we need a stronger con-
dition on the reversible measure. Precisely, we assume that our process
is reversible with respect to a product Gamma-distribution. This condi-
tion is satisfied for general mechanical models and hence mesoscopic energy
exchange processes of mechanical origin, such as the mesoscopic energy ex-
change process of billiard lattice. See also Remark 1.2 below to understand
why this condition is natural from a physical point of view.

1.2. Notations and main result. For each v > 0, let v, denote a Gamma
distribution on R, with a scale parameter 1 and a shape parameter - i.e.

—T

dz.

2 T
Vi(dx) =z e
Let vV denote the product measure of 7 on RY and v y = vV,
denote the conditional probability measure of 7" on Sg . From now on,
we fix an arbitrary v > 0 and assume that v/  is a reversible measure for
L. We also denote I/g ~ by ve xy when there is no confusion.

Denote by L?*(ve ) the Hilbert space of functions f on Sg y such that
Eye [f?] < oco. Then, the associated Dirichlet form is given by

D(f) = Den(f) i= / e (d) [~ Lf)(x) £ (z)

Se,N
N-1 .
: 2
=3 Z/S Vg,N(d$>A($ia$i+1)/0 P(zy, 2541, d)[f (Tiis1.07) — f(2)]
i=1 7/ Se,N

for all f € LQ(I/&N).
We define

ME,N) := inf {—ngEJQ]

and call A\(€, N) the spectral gap of —L on Sg x in L*(vg v).

Erenlf] =0, f € Pren)}  (12)
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Theorem 1. Assume that there exist a positive constant C > 0 and a real
number m > 0 such that the following holds:

ME,2) > CE™  forall £ >0. (1.3)

Then, there exists a positive constant C' > 0 depending only on m and vy
such that ~

cem
N2

MEN) > C (1.4)

for all £ >0 and N > 2.

Remark 1.1. For simplicity, we state the result in one-dimensional setting.
However, since our proof relies on the spectral gap estimate for the long-
range model and the kind of “moving particle lemma” in the continuous
state space, the result is extended to the case in any dimension immediately,
with a positive constant C' > 0 depending on m, v and d the dimension of
the lattice. We refer Section 2 of [15] for the detail of this argument. This
is one of the advantage of our proof compared to the preceding study.

Grigo et al. call (A, P) is of mechanical form if the rate function A and
the transition kernel P are of the form
a a
Ala,b) = Ay(a + b)A,,<a , b), P(a,b,da) = P<a o da) (1.5)
and studied the processes of this form in detail in [11] Section 4. The form
naturally occurs in models originating from mechanical systems. Actually,
the rate function and the probability kernel of the mesoscopic energy ex-
change models of billiard lattice satisfies (1.5) and As(s) = /s while A, is a
uniformly positive continuous function on [0, 1]. See the explicit expression
in Section 5.

Remark 1.2. One of the splendid result of [11] is that if a stochastic energy
exchange model of mechanical form admits a reversible product distribution,
then this measure must necessarily be a product Gamma-distributions (or a
single atom). This is the reason why we concentrate to study the process
reversible with respect to a product measure whose marginal is a Gamma
distribution.

If the~ process is of mechanical form, then by the definition, A(£,2) =
As(2€)C holds where

Jo 1dB)A(B) Jy P(B. da)[f(a) = F(B)P
2E,[f?]
and p = u” is the beta distribution on [0, 1] with parameters (y,7). There-
fore, if the above C' is strictly positive and A,(s) > s™ for some m > 0, then
(1.3) is satisfied. Moreover, if (A, P) is of mechanical form and A;(s) = s™
for some m > 0, then \(E, N) = E™A(1, N) holds for all £ > 0 and N € N
(cf. Lemma 2.1). Namely, we cannot expect an order N~2 bound of the
spectral gap to hold uniformly in £. Then, it is natural to ask whether such

¢ = ut { E,lf]=0, € L*uw)}
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a bound holds if we incorporate the extra factor £”, and Theorem 1 shows
that this is indeed the case.

Corollary 1.1. Assume that (A, P) is of mechanical form and Ag(s) = s™
for some m > 0. Then, if

{fo WAB)AB) fy P SQ]dO‘ @) =SB Elf) =0, [ € L¥(u)} >0

holds, there exists a positive constant C' independent of £ and N such that

gm
AEN) = C

for all € >0 and N > 2.

Remark 1.3. To give an upper bound of the spectral gap A(E, N), consider
the function fen(x) = SN i(z; — &). Then, we have

De n(fen)
| N1 1
= — Z / Vg’N(dLE)A(Z‘Z', xi—l—l) / P(QJ“ Titi, dOé)[(l - Oé)l‘i - ami—l—lF
2 i=1 /SeN 0
N—-1 !
- 2
= T/ ve n(dx)A(xq, 172)/ P(x1, 29, da)[(1 — @)1 — o]
Se.N 0

< (N - 1)EV£,N[A(x1’ l‘Q)(I% + :E%)]

On the other hand, E,, . [fZ ] = Z” 1 ’LjE,,g vl(@i = &) (z; — &)] and since
By (@i = E)(wj — E)] = = Bve y (i = £)?] for i # j,

N2(N
By [f2y] = XN H L)

19 EVX,N[(wl _6>2]'

Then, by the equivalence of ensembles, E,,  [A(x1, x2)(23+23)] and E,,  [(21

E£)?] converge to B,z [A(x1, 22)(x] + 23)] and Ez[(z1 — £)?] respectively as
N — oo where ve is the Gamma distribution with a scale parameter € and
a shape parameter ~y. Therefore, if E,2[A(x1, x9) (27 + 23)] < 0o, then there
ezists positive constants A(E) and B(E) such that Dg y(fen) < NA(E) and

By y[fé.n] > N?B(E), namely M€, N) < N’SJ(BS) for all N > 2. Therefore,

our lower bound (1.4) is optimal up to constant dependmg on &.

In particular, if A(xy,x9) < C(z1 + 22)™ for some C > 0 and m > 0,
then \(E,N) < C]\/i‘; with some positive constant C'. Therefore, for such
rate functions, our lower bound (1.4) is optimal up to constant which is

independent of £ and N.

The lack of a uniform lower bound complicates the rigorous analysis of
the rate of convergence to equilibrium. Similar problem was found in the
zero-range process with constant rate, and it had been an open problem
for decades. In 2005, Morris ([15]) showed that the spectral gap of that



6 MAKIKO SASADA

model is of order (1 + p)>N~2 where p is the density of particles and N
is the size of the system. In the context of exclusion processes, it has been
known that if the jump rates are degenerate, the spectral gap does not have
uniform lower bound of order N =2, and instead has a lower bound of order
C(p)N~2 where C(p) is a positive constant depending on p, the density of
particles (cf [10, 16]). Recently, the spectral gap for the Kac model with
hard sphere collisions is studied by Calren et.al in [5]. By projecting their
model to the energy coordinates, we obtain the process called £} in our
paper with parameters v = 4 and 0 < m < 1 (v in [5] corresponds to m in
our paper). L} 5 is a long-range (or equivalently, mean field) version of our
process with specific (A, P), which we will denote by (A*, P*). However,
since we study the spectral gap in the whole L?-space, we cannot apply
directly their result, which is for the spectral gap in the symmetric sector.
A classical spectral gap for the gradient operator of the product Gamma-
distribution was studied by Barthe and Wolff in [1], and they showed that
it is of order £72 for v > 1.

We also remark that the hydrodynamic limit for a special class of our
processes, which are gradient, was studied by Feng et al in [6]. The process
is called the stick process and of mechanical form with As(s) = s™ where
m > 0 is a fixed model parameter. We show that we can apply the main
result of this paper to this class of models in Section 5. As the hydrodynamic
equation of the stick process, the porous medium equation

0 E(t,u) = const.0, (E(t, u)"0E(t, u))

was derived. Gaspard and Gilbert conjectured that the hydrodynamic equa-
tion of the mesoscopic energy exchange models of billiard lattice is also the
porous medium equation with m = % By the scaling property of the gener-
ator and the reversible measure, the same equation should be derived from
the stochastic energy exchange models of mechanical form with A;(s) = s™
(under the condition that the process is reversible with respect to a product
Gamma-distribution). The same equation is derived also from an exclusion
process with degenerate jump rates in [10].

The rest of the article is organized as follows: In Section 2, we give
a detailed account of the proof of Theorem 1. Precisely, we reduce the
spectral gap estimate of the original process to that of a long-range version
of our process with specific (A, P), which we will denote by (A*, P*). In
Section 3, we justify this reduction, and in Section 4 we give an estimate
for this specific model. In Section 5, we show that we can apply our result
to the mesoscopic energy exchange models of billiard lattice and the stick
process. In Appendix, we give a sharp estimate of the spectral gap of the
specific model with N = 3. This sharp estimate is the key of our proof.

2. PROOF OF THEOREM 1

Our basic idea of the proof is to introduce a few suitably chosen reference
processes and compare the Dirichlet forms associated with them and that
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with the original process. First, we introduce a special process given by a
generator £* with

fel—a)p

A*(%,%H) = (ilfz + $i+1)m7 P*<xi7xi+lad05) = B(fy 7)

|

=
=
.

Q

)
(2.1)

2.
where B(v,7) = fol{a(l — )} !da is the normalizing factor and m > 0
and v > 0 are the constants given in the assumption.
We can rewrite the generator £*(= £*™7) given by (2.1) as

N-1 N-1
Lf(x) = (@ + i) " {Eiia f(x) = f(2)} = Z(ﬂfz + 2i11)" Dy [ ()
i=1 i=1

where B, f = EVE,NW}—M]’ D,;f = E;i;f — f and F;; is the o-algebra
generated by variables {xy}rz; ;. Here we follow the notations used in [3]
(see also [18]). Note that z; + x; is measurable with respect to F; ;. Using
the above expression, we can easily check that v} v = vg v is a reversible
measure for the process. The associated Dirichlet form is given by

D) = D) = [ vl f) @) f (o)
= Z_: Eye (i + i)™ (Biaga f — [)] = z_: Eye (@i + 2i11)™ (Diigr f)’]

for all f € L?*(ve y). We use notations D* or D*™ when there is no confu-
sion.

We denote the spectral gap of £* in L*(v¢ y) by A*™(E, N). Here we
abbreviate . Note that A*™(€,2) = 2mE™ since E,, ,[(x1+x2)™(D12f)?] =
(2E)™Eye,[(D12f)?] = (26)"Var[f?]. Namely, this special model satisfies
the assumption (1.3) of Theorem 1. Moreover, the model is of mechanical
form with As(s) = s™, A.(8) = 1 and P(f,da) = p"(da).

Remark 2.1. The model defined by the generator L*%' (namely, the above
process with parameters m = 0 and v = 1) was studied by Kipnis et al. in
[12] as an exactly solvable model which describes the heat flow.

We consider this special model because of the following guess: Under the
assumption (1.3), the state of each pair of sites achieves the equilibrium
(with respect to the state of this pair of sites) at least with the rate propor-
tional to the m-th power of the sum of their energies under the dynamics
given by £. Namely, the spectral gap of £ can be bounded from below up to
constant by that of the process where the state of any pair of sites achieves
the equilibrium exactly with the rate proportional to the m-th power of the
sum of their energies. Next proposition shows that the guess truly holds.
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Proposition 2.1. Under the assumption of Theorem 1, for any £ > 0 and
N > 2,

AE,N) > 2%)\*””(5,N) (2.2)

holds.

Proof. Define an operator £y on L?(vg o) acting on f as

Lof(22) = Aer, ) [ Plarsoa )| (Tiza) = 1(2)
where z = (21,20) € RZ. For N >3, 2 e RY, 1 < i < j < N and
[ RY = R, define f27 : R2 — R as
f;,j(p’ Q) = f(xla'x%'“ s Li—1, P Lig1, ", X5—-1,4, Tj41, 7xN)'

Note that the function f“/ does not depend on z; nor x;. Then, we can
rewrite our generator as follows:

N-1
Lf(x)= Z Liivf(x)

where L; ;11 f(x) = (Lofo" ) (24, xi41). Then, we have

Bye y[F(=Liir) fIFiint] = Bue  [£7 (@i, 2 ) (= Lo f™ ) (@i, wig0)) | Fii]
= By U L) £5541).

Here we use the non-interference property of vg y, which is mentioned in

[3]. Namely, the conditional distribution with respect to the pair (z;, ;1)
of vg v on the configuration space with a fixed value x; + 241 IS Va,4eiy4
2 b}

for any £ > 0 and N > 2.
Now, since £ = Ly for N = 2, by the definition of the spectral gap, we
have for any £ > 0 and g € L*(ve2),

ME,2)Eye,[(9 — Eues19))] < Euel9(—Lo)g):

On the other hand, since FE;;;; is the integral operator with respect to
Vajtagy , We have
2 b}

iy iy 2
(fe ™t =By, )T = B i [(Diiid )| Figal-
—3 2
Combining the above equations, we have for any £ > 0 and N > 2,

Ti + T4
A(_ 2 = 2) Eye [(Diir )2 Fiii] < Eve W[F(=Lisir) f|Fria].

Then, by the assumption (1.3), we have

2

Vaitaipg ,
Zitlitl

¢ By (i + l’z‘+1)m(Dz‘,z‘+1f>2]

2_m Ve N
) Eye y[(Diia f)?| Fiigal]

B, [O(T

2
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T; + x;
< Bue AP35 2) B o [(Disa )2 Finall. < By [f(~Lii)f]
Finally, by summing up the terms for 1 <i < N — 1, we have 2%D"‘(f) <
D(f) and complete the proof. O

Remark 2.2. The similar idea to the proof of Proposition 2.1 was already
used in [17, 18].

Hereafter, we only work on the process L£*. The following scaling relation
is simple but the key of the rest of the paper.

Lemma 2.1. For any € >0 and N > 2,
AVTESN) = EMAY™(L, N). (2.3)
Proof. Recall that for any £ > 0, vy y is the image of vg y under the map

S:x— %I, the unitary change of scale from Sg n to &1 n. Therefore, for
any f € L*(ven), let fe(x) = f(Ex), then fe € L*(vy ) and

Eye n[f(=L7)f] = EMEyy y[fe(=L7) fe] (2.4)
holds. Then, the statement follows immediately from the definition of the
spectral gap. O

To estimate A*™(E, N), we introduce a long-range version of the process
L*, which is defined by the generator £} (= L") as

Linl(@) = 55 S+ 2By f () = (@)} = 5 (@ +2)" D f (1)
i<j i<j

It is easy to see that v} y is a reversible measure of L] p and the associated

Dirichlet form is given by

Di(f) = Difien(s) = [ vewlde)-Lifl(a) (@)
1 1
=¥ > B llwi+ )" (Biif — 1)) = N > B l(wi+ )" (Digf)?]
i<j i<j

for all f € L*(ven). We use notations Djp, or Dyp when there is no
confusion and denote the spectral gap of L} in L*(ve n) by A7p (€, N).

Comparison techniques between the spectral gap of a nearest-neighbor
interaction process and that of its long-range version are known for gen-
eral interacting particle systems, or a class of continuous spin systems with
uniformly positive rate function (e.g. [16, 18]). However, to apply them
to our process, we need to combine their ideas cleverly because of the non-
uniformly positive rate function. In fact, unlike general comparison theo-
rems, the spectral gap of £* is bounded from below by the spectral gap
of L% multiplied by N=2 and the spectral gap of 3-site system. Denote
Fm = A""(3,3) and Ry, = AR (5, 3). Recall that k, and &,, depend also
on 7. Our comparison theorem is precisely given in the following way:
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Theorem 2. For any m > 0, there exists a positive constant C' = C(m,~y)
such that

MNEN) > Chy NT2ATR(E,N)
for all £ >0 and N > 2.

We give a proof of this theorem in the next section.

Once we have Theorem 2 and the scaling relation (2.3), then all we have
to show is that k,, > 0 and A\ (1, N) is uniformly positive in N. K, > 0
follows from Corollary 2.1 below. The main work of this paper is to give a
uniform lower bound for the spectral gap of L7 in the size of the system
with a fixed mean energy £. It is already done for the case m = 0 in [7]
(also in [18] by a different proof):

Theorem 3 ([7], [18]). For any € >0 and N > 2,

N (E,N) = ———— 2.5
In particular, inf 5 )\2’%(5, N) = ﬁ >0 for any € > 0.

To obtain a uniform bound for positive m, we prove a comparison theorem
between the spectral gap of the process with m > 1 and with m = 0. To
do this, we use the convexity of the function 2™ as a function of z € R,
which is true only for m > 1.

Theorem 4. For anym >1,& >0 and N > 2,

EMkm

NoR(E,N) > A% (E,N).

In this estimate, the spectral gap of 3-site system appears again. A proof
of the Theorem 4 is given in Section 4.

The analysis of the case 0 < m < 1 is more difficult and complicate.
First, we give a new type of comparison theorem between A7z (€, N) and

A2M(E N

Proposition 2.2. For any m >0, if k,, > %, then

N (E,N) > \/ (B —1)01 - %) + %)Az’;m(s, N)  (26)

holds for all £ > 0 and N > 2.

We give a proof of this proposition in Section 4. Obviously, to use the
inequality (2.6) we need the following key lemma and the corollary:

Lemma 2.2. For any v > 0,

. 1
K1 > g
Here, we emphasize that &, depends on v. A proof of this lemma is given

in Appendix. Next corollary is shown easily from this lemma.
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Corollary 2.1. For any m >0 and v > 0,
3Bm = K > 0.

Moreover for any m <1,

Proof. Recall that K, = A*™(3,3) and &, = A7 (5,3). By the explicit
expressions
D*(f) = (Bl(a + 22)"(D1af Pl + Bul(ws + 25)" (Das %),
Dialf) = 5 (Bl + 22" (D1af ) + Bul(es +25)" (Das )
+ Ey[(z + wz)m(Dr,zf)QD

for all f € L*(v) where v = v} 5+ the inequality 3K, > £y, follows directly.
3

Note that v does not depend on m.
Next, we show that x; > 0. By the definition, for any f € L?*(v) satisfying
E,[f] =0, we have

3'%1EV[f2]
< Eyf(z1 + 22)(D12f )] + Eyl(w2 + 23) (D2 f)*] + Ey[(21 + 23) (D1 f)?).

lljoting Ey[(x; + 2;)(Di; )] = El(wi + %)) 7] = B (@i + 2;)(Ei; f)*], we
ave

E,[(x1 + $2)(E1,2f)2] + B, [(z2 + $3)(E2,3f)2] + B, [(z1 + $3)(E1,3f)2]
< (2 _ 3R1>El,[f2]
since for any x = (x1, 29, x3) € S%,g, 21 + o9 + x3 = 1. Therefore,

By [(w1 + 2)(Braf ] + Bul(za + 20) (Ba ] < (1= (3F1 = 1)) B[]
< B, [(z1 4 22) 2] + By[(22 + x3) f°] — (3F1 — 1) E,[f?]

which implies (371 —1)E, [f?] < E,[(x1+x2)(D12f)*]+E,[(z2423)(Dasf)?]
and hence k; > 3k; — 1. Then, by Lemma 2.2, k; > 0 follows.

Now, since (z; + x;)™ is decreasmg in m for any fixed r € 815 and
1 <1<y <3, we have K, and k Hm are both decreasing in m. Therefore for
any m < 1, k, > 0 and £, > 3 L holds.

On the other hand, for m > 1 by the Holder’s inequality,

E,[(x1 + 22)(D12f)?] + Eu[(w2 + 23) (D23 f)’]
< By [(x1 + )" <Dl 2f )27 B,[(Dy2f)?)w
E,[(w3 + 23)™ (Do f)2]m E(Days f)?] o
< {B,[(x1 + z2)" <01 2)?] + E,[(w2 + 23)™ (Do f)?]}
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(B, (D1of)?] + B [(Dasf)?}
< {Eu[(l’1 + Jig)m(DLQf)Q] + Eu[(l’2 + $3>m(D273f)2}}%{QEV[J&]}#

where % + % = 1. For the second inequality, we use the inequality
al/mpt/m g tmdlimt < (a4 e)V/™(b 4 d)Y/™ for any nonnegative num-
bers a,b,c and d, which is obtained by the Holder’s inequality for a two
point space equipped with the counting measure.

Then, combining the above inequality with the fact that k; = /\*(é, 3),

we have )

mBLf < 2w (D) (Bulr)

which implies £, > “- > 0. O

1
o

Remark 2.3. For the following proof of Theorem 1, the sharp estimate
Ky > % 1s essential for the case 0 < m < 1, but the weaker condition
k1 > 0 s sufficient for the case m > 1. To prove Ky > 0, we can avoid the
complicate argument in Appendixz and instead use a simpler argument, for

example the one used in Section 4.2 of [2].

Proof of Theorem 1. Combining Theorem 3, Theorem 4 and Corollary 2.1,
for any m > 1, there exists a positive constant C' = C(m,y) such that

(€, N) > CE™ (2.7)

for all £ > 0 and N > 2. Then, applying Proposition 2.2 and Corollary 2.1,
forany%§m<1,

NR(EN) 2 £ (35, - )1 - 2+ )0Em.) > Com e

where C'(2m, ) is the constant in the inequality (2.7) and

C(m,7v) = +/C(2m,~) Jivgfz \/((3/{”1 -1 - E) + i) > 0.

N N

Repeating the same argument, we have for any 2&% <m< 2% with some
k € N, there exists a positive constant C' = C'(m,~y) such that

A R(E,N)>cCeE™
for all £ > 0 and N > 2. Therefore, it holds for any m > 0 and also for
m = 0 by Theorem 3.

Now, combining this inequality with Proposition 2.1 and Theorem 2, we
complete the proof of Theorem 1. O

Remark 2.4. We can also consider the process generated by L7y with
negative m. However, for this case, the statement “\; 5 (E,N) > CE™ for
some positive constant C 7 or the equivalent statement “ \75(1,N) > C
for some positive constant C' 7 turns out to be false. Actually, fir € =1 and

consider the function fy(x) = Loy € L*(vy1.n), then

El(zi +x;)"(Dijfn)?] =0 for i,j#1,
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E[(x1 + 2;)"™(D1;fn)%] = El(z1 + 22)™(D12fn)?] for j>2
and
E[(z1 + x2)™ (D12fn)?]
= By aps 8y (@1 + 22)" (D12 fn)*] + B[y, ey (21 + 22)" (D12fn)7)]
= E[l{x1+x2>%}(xl + 29)"(D12fn)?]

< (3)"ElDase) < (5) Varts

where Var(fy) is the variance of fn. Namely, A} (1, N) < 27" N™ which
means there is no uniform spectral gap for the case where m is negative.

3. REDUCTION TO THE LONG-RANGE MODEL

In this section, we estimate the spectral gap A*™(E, N) from below by
A'p (€, N) by comparing the associated Dirichlet forms.
We first give simple but useful lemmas.

Lemma 3.1. For any x € RY,

al 1 SN
DTN (= N) = AP (sl N,

In particular, applying the equality for N = 3, we have

a+b+c

Em(a+b+c)™ =\ 3

,3) (3.1)
for any a,b,c > 0.

Proof. 1t follows from Lemma 2.1 directly. U
Lemma 3.2. For any m > 0, K, < %

Proof. Since k,, is decreasing in m, k,, < ko and by Corollary 2.1 and
Theorem 3, ko < 3kg = ;’z—ﬁ < % Ul

To compare D; (f) and D*(f), we introduce operators m; ; : Sg y — Sg.n
which exchange the energies of sites ¢ and j:

(mijx) =< x; if k=4,

and m;;x = .
Before going to the main result in this section, we prepare the following
key lemma.
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Lemma 3.3. There exists a universal positive constant C such that for any
m>0,E>0, N>2and1 <1< j <N,

j—1

K Bve o [27 (fomij— f)?] < Cli=i| Y Eye (x4 2re1) ™ (Diga /)] (3.2)

k=i
holds for all f € L*(ve n).

Proof. Following the strategy used in the study of the spectral gap for multi-
species exclusion processes ([16]), we express the exchange 7; ; with rate "
by a sequence of neighboring exchange 41 with rate zj* or 7 ;, and
T k2 With rate 23" or x7 ,. More precisely, for ¢ < j, we denote K = j —1

and define a sequence of sites ng = i,n1,n9, -+ ,N4x_3 by
1+ k if0<k<K,
j—2—1 ifh=K+2+1,0<I<K -2,
ne. =
AR ifh=K+21<I<K-—1,

1+ k—-3K+3 i#3K-1<k<4K —-3.

We define operators Sj, : Sg v — Sgny for 0 < k < 4K — 3 by Sy = Id and

Skt1 = Ty npy, © Sk for 0 < k < 4K — 4. By the construction, Syx_3 = m;;

and for all 0 < k < 4K — 3, (Six)n, = z; and |ng — ng1| = 1 or 2. We

emphasize that the use of transitions 7 ;4o is necessary since due to that,

we have the crucial relation (Syx),, = z;. Also, it is precisely because of

these extra transitions that we are forced to have the factor x,, in (3.2).
Then, by Schwarz inequality,

By [a{f(mg2) — f())?] < (4K —3) KZ Br 2L f(Shrrz) — F(Sy0)
- (4K - 3) KZ B 8 (ag) — F(@)
< (4K - 3){3 Byl L f (i) — F(0)Y)
v By sl fmpnat) — S,

Here, we use the fact that i < ny < j for all 0 < k < 4K — 4 and for each [
satisfying i <1 < j, t{k;{ng, ne1} = {1 +1}} <3 and 8{k; {ng, ngr1} =
{l,1 + 2}} < 1 by the construction. We also use the invariance of vg y
under the permutation of coordinates, which we will use repeatedly without
notice.
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Now, since Ey g+1f(Trr+12) = Exgr1f (), we obtain that

Bye o {f (i) — f(2)}]

= Epe o [27{f (mhp112) = (B peir /) (Ta i) + (Brpa f) () — f(2)}]

< 2B, o { (@) = (Brpn f)(@)}?] + 2B, o7 {(Ex g (@) — f(2)}]
<A4E,, \[(zr + Tr1)" (Drgyr f)?)-

By the same argument,

Epe [l f (o) — f(2)}] S 4By, [(wh + Trg2)™ (Disa )]

Then, by the definition of the spectral gap and the scaling relation (3.1),
we have

EmBue [Tk + Tes1 + Trr2) ™ (Dijoraf )| Fejer1 o)

wm, Tk T+ T +x

=\ (= kgl 2 8) By [(Di g2 f) 2 Fios 112)
v/ T+ +x

=X (e 8) B o (B f = )% Fickra o]
wm Tk T T + 2

N 3) B (B paf — 1 Fiprnie)

<Eye 1@k 4 21s1) ™ (Drjor1 S )| Frejor 1 jor2)

+ Eve y [(@hi1 + Trg2) ™ (Dis e ) Frhs1,h2]

where E; ;. f = E,[f|Fi k] and F; i is the o-algebra generated by variables
{x1}1i j k- At the first inequality, we use the relation that

Boe y[(Eijpof =) Fijr) = Bue s [(Biju f—Eig )| Fi i+ Boe o [(Biif = )1 Fijkl.
Then, by taking the expectation, we have

KmEye y [(Tr + Tpgr + Tra2)" (Digsaf)’]

< Eye (@ + 2e1) ™ (Digsr /)] + Bug o (@41 + T2) ™ (Digr sz f)?)-
(3.3)
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Then, combing the inequalities, we have

Fom B [0 (f 0 iy — f)?]

< k(4K — 3){3 Z Eye o[ {f (mp 1) — f(2)}?]
k=i

+ Z Eye [T oA f (T pg2w) — f(x)¥*]}

< K (4K — 3)12 Z Eye o l(zr + Th41) "™ (Diger1 )]

8(4K —3) Z Epe o [(z + zhi1) " (Digir )]
k=i

j—1
< |5 — i (48km +32) Y B [ + 2x01) " (D psn f)]
k=i

j—1
<104]5 — i1 > Bye y[(@k + 2x41) ™ (Diisr /)]
k=i
where we use K, < % in the last inequality. O

Remark 3.1. The argument used for the estimate (3.3) is exactly the same
as the one used in Section 4.2 of [2]. The method is also used in the proof
of Theorem /4 in the next section.

Next is the main result in this section, which allows us to compare the
Dirichlet forms associated with the nearest neighbor interaction model and
the long-range interaction model.

Proposition 3.1. There exists a positive constant C depending only on m
such that for anym >0, >0, N>2, and1 <1< j <N,

j—1

fm Bue |25+ )™ (Di 5 £)*] < Clj =] D Eue [+ @r31) " (Die g )]
k=i

holds for all f € L*(ve n).

Proof. Since if « = j — 1, taking C' = %, the statement is obvious (with the
fact k,, < %), we assume ¢ < j — 1. First, we remind that

Eue @i+ )" (D) = Buepl(o + a)"{ [ Pao) f(Ti o) - )} )

0

= %E,}&N[(l'i‘l—fj)m/ P*(da){f(Tijex) — f(2)}?]. (3.4)

0
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Since (z; + ;)™ < 2™(z]* + 27), the last term of (3.4) is bounded from
above by

2 By ol [P Ter) — 1))

2R, [ / PHda){f(Tiyar) — f(2))). (3.5)

Since the second term of (3.5) can be estimated in the same manner as
the first term, we only estimate the first term of (3.5). Rewrite the term

f(Tz’,j,ax) - f(l’) as
[T jax) — f(@) = {f(mij-1(Tj-1ja(mij—12))) — f(Tj-15a(mij-12))}
+{f(Tj-1ja(mij1z)) — f(mijam)} + {f(mijaz) — f(2)}

Then, using Schwarz inequality, we can bound the first term of (3.5) from
above by

Eus,N[ﬂﬁ?l/O P*(de){ f(mij1(Tj-10(mij-12)) = F(Tj-1j0(mij-12))}]
+ B ale?? | P (Ty 500 -12) = f (7500

B alal! [Py a0) — S0
(3.6)

up to constant depending only on m. We estimate three terms of (3.6)
separately.
The last term of (3.6) is equal to

Eye o7 {f(mij-12) — f(2)}]
and therefore we can apply Lemma 3.3.
By the change of variable, the second term of (3.6) is rewritten as

By [, / P*(da){f(T;-1;07) — f(2)}]

which is obviously bounded from above by

Bve [0 + 7)™ / PH(da){[(Ty-1 o) — [(2)}]

= 2B, [(zj—1 4+ z;)™ (D1, )7

Finally, we study the first term of (3.6). By the same way as the second
term, the term is rewritten as

Byl / P*(da)[f(mij 1(Ty150)) — F(Ty1507)]]

= By [0 Eve N [(f o mijo1 — [)? | Fjm4]]
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and since z;_; + x; is measurable with respect to F;_; ;, the last expression
is bounded from above by

Eye o l(@j—1 + )" Eye o [(f 0 i j—1 — )1 Fj-1,4]]
= Eye (i1 +2)"(fomij1 — f)?]:

Then, using the trivial inequality again, we conclude that the last term is

bounded by

2" Eye iy (f o mijor = )]+ 2" By W27 (f o migr — )] (3.7)
Though the first term of (3.7) is directly estimated by Lemma 3.3, we

need to treat the second term carefully. Precisely, since m;;_; = m; o
T j—1 © Tj—14, WE have

By w27 (f(mijo12) = f(2))*] < 3By, [27 (f(mj-152) — f(2))7]
+ 3By, [ (F (i) = f(2))°] + BBy y[27 (f(migz) — f(2))?).
Then, we can apply Lemma 3.3 to complete the proof. Il

Proof of Theorem 2. Noting the explicit expressions of D*(f) and Dj (f),
by Proposition 3.1, we have

kmDLp(f) < — Z | — il ZEVEN Tk + 1) (D )] < C'N?D*(f)

z<]

for any f € L?*(ve y) with positive constants C' and C” depending only on
m. Then, by the definition of the spectral gap, the proof is complete. [

4. SPECTRAL GAP FOR THE LONG-RANGE MODEL

In this section, to show that infy A5 (1,N) > 0, we give a proof of
Theorem 4 and Proposition 2.2.

Proof of Theorem 4. By the definition of the spectral gap, it is sufficient to
show that for all £ > 0, N > 2 and f € L*(ve n),

Ko~ ZEVgN (Digf)?] < 25—7”% > Eve (@i +a,)" (Dig )]

1<j 1<j

holds.
X ) . N
For m > 1, since 2™ is a convex function, we have £™ < % Zk:l xpt and
therefore

NZE”SN ”f ZZ N V5N$k( Z]f)]

1<j 1<j k=1

If k #4, 7, we have
Eye o 27" (D [)?] = Eve 27 (Eisf — [)7]
< By (@i + x5+ 2)™(Eiy f — f)?]
= By (@i + 5+ 2)" By (B f — )| Fijnl]
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< By (i + 25+ 1) " By [(Eigif — f)?|Fijnl]
where we use the relation
Be y[(Eijpof =) Fijr) = Bue s [(Bijr f—Eig )| Fijl+ Boe o [(Bii f = )| Fijik]
again.
Then, by the definition of the spectral gap for 3-site system and the
scaling relation (3.1),

Fim Be x (i + 25 + 2) " E[(f = Eijf)*| Fijil]
< Eye o[ + 2)" (D f)? + (zr + 25)™(Dr s f)?).

Therefore, noting zj* + 2" < (v; + 2;)™ for m > 1 and &, < %, by
summing terms, we obtain

- 1/3
T B (DD < S5 20 5 (5 208 = 2) Bue [ )" (D))
1<J 1<J
< 0N Bl + ) (D V)

g

Proof of Proposition 2.2. Here, we use the idea developed by Caputo in [3]
and generalize it. First, remind a well know equivalent characterization of
the spectral gap of a generator £ in L?(v) as the largest constant A such
that the inequality

E(Lf)?] = AE,[f(—L)f] (4.1)
holds for all f € L?(v). Then, by the Schwarz’s inequality, we have

A !

> int{y| PR BA = 0.5 € 1209),

‘E —0,f e L)}

Now, we have

«m 1
EVE‘,N [(EjiR f)2] - ﬁ Z Eus,N [hbhb’Dbeb’f]

by

where the sum runs over all (gf ) unordered pairs b and b/, and hy(x) =
(; + ;)™ if b= {7,7}. We write b ~ ¥/ when two unordered pairs have at
least one common vertex (including the case b = V/). Otherwise, we write
b~ b'. We observe that if b = b/, then F, and Ey commute. Moreover, hy
and hy are both measurable with respect to F, and Fy where F, = F; ; for

= {i,j}. Therefore, using D7 = —D, and self-adjointness of D, and Dy,

for b =~ b
Eye y[hhy Dy f Dy f] = = Eye  [hhiy (Dy Dy f ) (Dy f )]

= B, [hhy (DyDyf)?*] >0

Ve N
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Therefore, it follows that

*m 1
EVS,N[(‘CﬁR )2] = m Z EVSN hbhb’Dbeb’f]

b,b":b~b!

Now, we denote unordered triples {i, j, k} of distinct vertices by T' (trian-
gles). We say that b € T if b = {i,5} and i,j € T. Clearly, if b ~ b’ and
b # b’ there is only one triangle T such that b, € T. We may therefore
write

> Ey. [y Dy f Dy f]

bbb’

= Y By heDof Dy fl+ ) Ey (B3 (Dof)?]
b

b,b":b~b bAY
=33 B [y Dof Dy f] — (N = 3) > By, [hi(Dyf)?)
T bbeT b

since for every b there are exactly N — 2 triangles T" such that b € T
Let us now apply the inequality (4.1) for L7 to a fixed triangle T'. Let
Fr denote the o-algebra generated by {z;,{ ¢ T'}. Then,

1 *,M 3 Li
5 3 B DD 170 2 XS 8) 3 B DS

b eT

- sz ZEVgth Dbf) |~FT _"{mZEugN sz hb Dbf) |FT]

€T €T

'%m Z El/g,N hl%(Dbf) |fT]
b

v

where we use () ., ;)™ is measurable with respect to Fr and (3, ;)™ >
hy for any b € T. Taking vg y-expectation to remove the conditioning on
Fr, we obtain that

o 1
Bue wl(EZR DY) 2 55 (BFm = DIV =2) + 1) 37 By y[BE(DuF).
b
On the other hand, since

1
EVg,N[f(_‘Ci%V*)f] = N Z EVS,N[hZQJ(Dbf)2]’
b

we have .
N Y B [y (Dof)?) = A" (€, N) Eue [f7):
b
Therefore, combining the above inequalities, we complete the proof. O

5. EXAMPLES

In this section, we present two interesting classes of stochastic energy
exchange models for which we can apply Theorem 1.
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5.1. The rarely interacting billiard lattice. As mentioned in Introduc-
tion, the main motivation of the article [11] was to study the models studied
in [8], [9]. Gaspard and Gilbert argued that in the limit of rare collisions,
the dynamics of a billiard lattice becomes a Markov jump process. The
limiting process is actually in the class considered in this paper. As shown
n [11], the process studied in [9] has the generator of the mechanical form
with
B \/27T%+ﬁ\/(1—6)

6 VBV(I-5)"

3 10 y/5is
P =550 - g™

The symbol V denotes the maximum and A denotes the minimum. This
process is reversible with respect to the product Gamma-distribution with
v = % Moreover, it is shown in [11] that this measure is also reversible for
the process given by the generator corresponding to any other function Ay
(while keeping A, and P unchanged). Therefore, we consider the generator
given by Ag(s) = s™ for m > 0, and denote the spectral gap on Sg n of
the process by Agq5(E, N) where 3 represents the dimension of the original
mechanical model.

Here, we also consider the process obtained from the two-dimensional
billiard lattice studied in [8]. Changing equations (3) and (5) in [8] to our
notation yields that

As(s) = 52, A(B)

Ao = 52, 4,08) =SV U= (a0 _ 1 - gy,
P(8, da) Ti’ﬁ(;)da
where 3" = £z A 12,
(JT5E(/1%5) i0<a<(BA(1-7))
B(8.a) = %X =K(/%) if<a<(1-p)
g IK(/5E)  if(l-p)<a<p
VEEG/5F) i (BV(A-8)<ac<l

and
3 1 3
K(t) = / —————df, E(t) = / V1 — t2sin? 64d6.
0 v/1—1t2sin%0 0

Since the underlying mechanical model has a two-dimensional configura-
tion space for each of the constituent particles, this process is reversible
with respect to the product Gamma-distribution with v = 1. In the same
manner as before, this measure is also reversible for the process given by the
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generator corresponding to any other function Ay (while keeping A, and P
unchanged). So, we consider the generator given by As(s) = s™ for m > 0,
and denote the spectral gap on Sg n of the process by Ao (E, N).

Since these processes are of the mechanical form (1.5), Ao 3(€,2) =
AS(Qg)Qggg, = (2€)mcggg anfi )\gLG2(€, 2) = AS(Qg)OGGQ = (25)mCGGQ
where ngg = )‘OGG3<17 2) and CGG2 = )‘OGG2<17 2)

Lemma 5.1.
Caaz >0, Cgg2>0
hold.

Proof. The fact A\&55(1,2) > 0 is shown in [11] since the case m = 0 satisfies

the condition assumed in Lemma 5.1 of [11]. To show Cgae > 0, we write
down the explicit Dirichlet form associated to the two-dimensional model:

Jo dB [y P(B,a)da[f(a) — f(B)]?
fol dp fol doff(a) — f(8))?

Then, since P (B8, a «/ = K(0 ,/% for all 0 < o, < 1, we have

Cocz > /5

With this result, we can apply Corollary 1.1 to these models directly and
obtain the following corollary:

C’GGQ = inf {

f e L([o, 1])}.

U

Corollary 5.1. For any m > 0, there exists positive constants C and C’
independent of £ and N such that

1
Ao (E,N) > C”Emm.
5.2. Stick processes. The class of stick processes studied in [6] is an-
other interesting example in the class we considered. The model was first
introduced as the microscopic model which scales to the porous medium
equations. The generator of the model is described by the rate function and
the probability kernel of the mechanical form as

1
Nigs(€,N) = CE™

N?’

m|B — o™

Aols) = 6™, Ar(B) = B7 + (1= )", P(B. da) = =55

where m is a positive parameter. a — 1 in [6] is associated to m here. The
process is reversible with respect to a product Gamma-distribution with
v =1

Denote the spectral gap for the stick process with parameter m on Sg y
by A(E, N). By the definition,

{mfo Jo {F(8) = ()2l — s~ dsdt
Jo Jo A£(t) = F(s)}2dsat

do

A (1,2) = ‘f € L2(y172)}.
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Therefore, it is obvious that A\!,(1,2) = 1 and A\7%(1,2) > 0 for 0 <m < 1
as [t —s|/m > |t —s|forany 0 <t¢,s <land 0 <m < 1.
On the other hand, for m > 1, we need to show A7(1,2) > 0 more

carefully. Let k =m —1 > 0. For f satisfying E,, ,| fo f(t)dt =0, we
have

//{f (s)Y2t — s|*dst
k+1/ FE2E + t)*1)d //f ()|t — s|"dsdt.

Then, for any a > 0,

‘//f s)[t = s det‘_’//f )(|t — s|* — a*)dsdt
ﬁA‘A|ﬂmV@mﬁ—ﬂk—ﬁuwt

1 1 1 ) )
<[] S0r0F + R off - a*iasas

1 1
:/ f(t)?/ It — |t — a¥|dsd.
0 0

By simple calculations,

1-— t
/w—w O e T
(1-6)A
=/ <q—w@—/ (¢ — aF)dg
(1-t)Aa 0

t tAa
+/ (¢" — d*)dg — / (¢" — a")dg
tAa 0

= (- T 21— A =2 n )
- ak(l (1 —t)Aa) — 2(t/\a)>
< %H(a — 1) b1~ da)

Therefore,

//{f ()12t — s|Fdsdt
_k+1/ FEPE + (1 =)t

Yoty gl 1
—2/ f(t) k+1+t ak(1—4a)>dt:2/0 f(t)2a*(1 — 4a)dt.
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Namely, for any 0 < a < %, we have X7(1,2) > a™ (1 — 4a) > 0.
With this result, we can apply Corollary 1.1 to the stick process directly
and obtain the following corollary:

Corollary 5.2. For any m > 0, there exists a positive constant C indepen-
dent of € and N such that

1
NG(EN) = CE™ .

APPENDIX A. SPECTRAL GAP FOR 3-SITE SYSTEM

In this appendix, we give a proof of Lemma 2.2. From now on, we fix
v = V¥/373 and denote by E the integration with respect to v. For each
n € N, let P, be the set of polynomials of three variables of degree less than
or equal to n and P, be the set of polynomials of one variable of degree less
than or equal to n.

Since P, is dense in L?(v), we have

Din(f) i 2001 — inf inps PLr().
E[fg] ’E[f]_07f€L< )}_n@{] f{ E[fz] )

Then, since Dyy(f) = %Z?:lE[(l — z;)(f — E|f|z:])?] where E[f|z;] =
E[f|G:] and G; is the o-algebra generated by x;,

E[f*) = 30, Bl(1 = 2) B[f|x)]

Fy = inf{ E[f]=0,f € P,}.

F1 =~ inf inf{ E[f]=0,f € P,}.

3 neN E[fQ]
Therefore, to show #~; > %, we only need to show that
3 2
- E(1—a)E|f|z;
supsup{X:’:1 [< z JEU ] ],E[f] =0,fe P} <1 (A.1)
neN E[f ]

Now, we construct a set of special functions which generates P,.
First, for each n € N, let J,, € P, be

I'(n+7) o m(n\T(n+m+3y—-1) .
Tnlw) = n!l'(n+ 3y —1) Z(_1> (m) I'(m+7) wt.o (A

m=0
{Jn}nen are orthogonal polynomials called the Jacobi polynomials with pa-
rameters (y — 1,2y — 1) on the interval [0,1]. We choose the parameter
since {J, }nen are orthogonal with respect to the marginal of 1 under v, or
precisely the beta distribution of parameters (y,27). By the construction,
for 1 <i <3,

E[J,(z;)] =0 (neN), E[J,(z;)Jn(z;)] =0 (n+#m). (A.3)
Lemma A.1. For anyn € N,

ElJn(x:)|wj] = vndn(z5)  for i#j

n T2y (n+y)

where Vp = (—1) W
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Proof. We first remark that for any f € P,, E[f(x;)|z;] € P, as a function
of z;. Moreover, as shown in the proof of Theorem 3.2 in [18], there exists
a set of polynomials v, which satisfies E[i,(z;)|x;] = vpthn(x;) for i # j

and 1, € P, where v, = (—1)"%. Then, since

Bl (21)hm(21)] = Ebn(22)m(21)] = Vin E[hn (22)m(22)]  (A4)

and v, # vy, for n # m, {1, },en are orthogonal polynomials with respect
to the marginal of x; under v, which implies J,, = ¢,, for some ¢, # 0

and E[J,(x;)|x;] = vnJn(z;) for i # 5. O
Next, we consider following polynomials F,,,G,, H, € P, :

Fo(xy, 29, x3) = (1) + Jn(x2) + Jo(23), (A.5)

Gn(x1, 9, 23) = Jp (1) — Jo(23), (A.6)

H,(x1,x9,23) = Jo(x1) — 2J,(22) + Jo(23). (A.7)

For any n € N, let ), denote a subspace of P, generated by Fy := 1
and {Fy, Gy, H}1<p<n and Qi be the orthogonal complement of Q,, of P,
equipped with the inner product induced from L?(v).

Proposition A.1. For anyn € N and f € Q;,
Elflz] =0, 1<Vi<s3. (A.8)

Proof. For any f € P,, by the explicit expression of the integration over
two variables, it is not hard to show that E[f|z;] € P,. The same property
was pointed out in [4]. Therefore, E[f|z;] = >",_, txJe(x;) + to with some
constants t;. On the other hand, since 1, Jy(x;) € @, for 1 < k < n and by
the assumption f € Q- we have t, = 0 for 0 < k < n. O

For any f € P,, we can write f = " ja;Fi+> o b;Gi+> ¢ c;H;+ K
with some K € Q+ and constants a;, b; and ¢;. In particular, if E[f] = 0,
then ag = 0. Moreover, since F; = 0 on 8%73, we take a; = 0. Then, for any

f € P, satisfying E[f] =0,

= ZE[(l — f’;i)(E[Z apFr + Zkak + ZCka\xi]>2]

E[(1 — 1) ( Z ax(1 + 2v) (1) + Z(bk +ep)(1 - Vk)Jk<xl)>2]

+ E[(1 — 29 (Zak + 2ug) Ji(x2) ZQck (1- Vk>Jk<$2)>2]

4 E[(1 - ) ( 3" a1+ 20) Jis) + Z(—bk +ep)(1 - yk)Jk(xS)f]

k=2 k=1
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2

= 3E[(1 — a:l)(Zn:ak(l + 2Vk)Jk(x1)>2] +2E[(1 - SCl)(Zn:bk(l - Vk)Jk(fﬂl)) ]

6B ) i (1 — yk)ka))?].

On the other hand,
n n n 2
k=2 k=1 k=1

=3 ap(1+20) E[Jk(x1)’] + 2 (1 — v) E[Jp(21)’]

+6) (1 — ) ElJi(21)*] + E[K].

Therefore, to show (A.1) we only need to show that

{EH[(l —u) ( g ar(l+ 2Vk)<]k(u)>2]
nen ail(l(i) D ez @ (1 4 20k) B [T (u)?]

P<1 (A.9)

and

{E#[(l - u)(zzzl bi(1 — uk)Jk(u))z]
e U S 01— v Bl Je(w)?)

where p is the beta distribution with parameters (v, 27).
Since {J,} is a series of orthogonal polynomials, we have

1 <1 (A.10)

n

Bul(1 =) (D a1+ 2Vk)Jk(u)>2]
k=2

ap(1+ 20)* Eu(1 — u)Jp(u)?]

k=2

1
-2 arar1(1 4+ 2v%) (1 + 2vp41) B Judg (w) Jpg1 (w)]
k=2

Define J,,,, € Rforn €e Nand 1 <m < n as

s |l

In(u) = i Tnmu™.
m=0

Then, we have

Buludy(u)?] = E, " Tk Ji(u)] + Eufu® Jy 1 Je(u)]
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kg
St 1,k41

Tk k-1

B (Fea(0) = Tt ) )] + ZE B, ()’

k.k
= I g )+ 2 L))
k+1,k+1 kk

and
Ik

Euludi(u) Jpp1(u)] = Eu[ukHJk,kaH(u)] = Jrein
+1,k+1

BTk (w)’].

Therefore, we have

Bl —u)( Y a1 —|—21/k)Jk(u)>2] (A.11)

k=2
N2 2 Jerie Jrrot )
=Y a1+ 2u) <1+ y - >EM[Jk(u)] (A.12)
2 E+1,k+1 k.k
n—1 J
— 2> g (1+ 203) (1 + 20j1) ——— By [Ty (u)]. (A.13)
2 k+1,k+1

In the same manner, we have

Bl (o0l )]

- J .
=SB - (14 S B ()]
k=1

St 1,k+1 ik
2 S bib L 2
- Z kOky1 (1 — ) (1 — viy1) B[ Jiy1(u)7].
— ket 1,k1

Now, we change variables as @y = ag/(1 4 2v4)E,[Jx(v)?] and b, =
b/ (1 — vg) E,[Jx(u)?]. Note that 14 2v, > 0 for k > 2 and 1 — v, > 0 for
k>1.

Then, the conditions (A.9) and (A.10) can be rewritten as

Sho @2(1 4 20)pr — 230, @t /(1 + 203) (1 + 20411 i

sup sup { kT V<1
neN a=(ay) Zk:Q @z
(A.14)
and
n 521—V _9 n—lgg 1- . 1—
sup sup {Zk:l i ( k) Dk Zk:i k~126+1\/( i) ( kﬂ)qk} 1
(A.15)
J. e - J| w)2
where p = 1+ FEE — S and g = 5k [Besnind Note that

lqr| = —qi for all k € N.
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Since for any sequence of positive numbers {ay }r>2,

—_

n—

1+ 2w i ?

k=2 Ok
we have
n—1
— 2 gl v/ (14 20) (1 + 20041 n
k=2
n—1
=2 apdrer v/ (1 +20%) (1 + 20441) il
k=2
n—1
o (14 21)|q -
<> (@2 g e lardow).
&7
k=2
Namely,

D hmo @R (1 20 = 2300 @kdryr /(1 + 20k) (1 + 201 g
sup sup{ 3 }
n>2 & > ko OF

D hen A3 (1 + 2v) (pk + % + |Qk71‘ak71>

<supsup{

n ~2
n>2 a Zk:Zak

where oy = 0 for convention. Therefore, we can conclude (A.14) if we
succeed to show the following proposition.

Proposition A.2. There exists a sequence of positive numbers {a,}°2,
which satisfies

sup { (14 20,) (p+ 20 4 1g, )} <1
n>2 s

where a; = 0 for convention.

In the same manner, to show (A.15), we only need to show the following
proposition.

Proposition A.3. There exists a sequence of positive numbers {f,}>2,
which satisfies

sup {(1 - yn)(pn + 14| + ]qn_1|ﬁn_1>} <1

n>1 n

where By = 0 for convention.

A.1. Some properties of constants. To prove the desired propositions,
we first study some properties of constants v,, p, and ¢,. Hereafter, to
emphasize the fact that v,, p, and ¢, depend not only on n but also v, we
denote them by 1,(7), pa(7) and g,(7).



SG FOR STOCHASTIC ENERGY EXCHANGE MODEL 29

Lemma A.2. For each fized v > 0, |v,(7)| is decreasing as a function of
n for n > 1. Moreover, for each fired n € N, |v,(7)| is decreasing as a
function of v for v > 0.

n—1
k
Proof. Since |v, ()| = H i , it is obvious. O
k=0

-2y + k

Lemma A.3. p,(v) > 0 for anyn € N and v > 0. Moreover, for each fixed
v < 2, pa(y) is increasing as a function of n for n > 1 and p,(y) < 5 for
anyn € N. If v = %, then p,(y) = % for alln € N. For each fized v > %,
pn(7) is decreasing as a function of n forn > 1.

Proof. By the definition,

pa(y) =14+ —(n+1)(n+7) B —n(n+y—1)

2n + 3~y 2n+ 3y — 2
2n(n —1) + (6n —4)y +69* 1 —7 +3/27?
(2 +3)@2n+3y—2) 2 (2n+3y)(2n+3y—2)

g

Lemma A.4. For each fized n € N, p,(7) is increasing as a function of
for~y > 3.

Proof. By the definition,

d d (67?4 (6n —4)y +2n(n — 1)
) _< (2n +37)(2n + 37 — 2) )

dry - dry
and the numerator of the derivative is
(129 + 6n —4)(2n + 3y)(2n + 3y — 2)
—3(67% + (6n — 4)y + 2n(n — 1))(4n + 67y — 2)
= 2n<9’y2 +6y(n—1)—2(n— 1)) >0
for v > % O

Lemma A.5. For each fized 3 <~ <2, |q,(v)| is decreasing as a function
of n forn > 2. For each fized 2 <~ < %, |qu(7)| is decreasing as a function

of n for n > 3. For each fixed v < %, lgn(7)| is decreasing as a function of
n forn > 2.

Proof. First, note that by the definition,

T'@2n+3y-1) (n+DI0(n +3y)
n'(n+3y—1) T'2n+3y+1)

\/F(n +14+9)2n+3y—1Dn!l'(n+3y—1)

Qn(7> =

(2n+3y+1)(n+ DIT(n+3y)T(n+7)
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. (m+DM+3y-1) (n+v)2n+3y—1)
@243 2n+3y D)\ 2n+3y+ D(n+1)(n+3y —1)
)
)

1 \/(n+37—1)(n+1)(n+7

2n+3y)\ 2n+3y+1)(2n+3y -1

For each n € N, we have
1 (V? _ 2n+37)°@2n+37-1) (n+2)(n+37)(n+v+1)
g (7)]2 2n+3y+2)22n+3v+3)(n+1)(n+3y—1)(n+7)
For any v >0, 2n+3y+3)(n+7) — 2n+3y)(n+~v+1) =n, so
(2n+3y) (n+~y+1)
2n+3y+3) (n+7)

On the other hand, for 2/3 < ~, since 2n+3y+2)(n+3y—1) — 2n +
37)(n +37) =3y -2,

< 1.

(2n + 3y) (n+37) <
2n+3vy+2)(n+3y—1) —
In the same manner, (2n+37+2)(n+1)—(2n+3y—1)(n+2) = n—3y+4,
then if v < "TH, then

2n+3y—-1)(n+2)
2n+3y+2)(n+1) —
Next, we assume that v < 2/3. As in the same way, since (2n+ 3y +2)(n+
3y—1)—2n+3y—1)(n+3vy) =n+ 6y — 2, for any n > 2,
2n+3y—1) (n+37)
2n+3y+2)(n+3y—1)
and 2n+3y+2)(n+1)— 2n+3y)(n+2) =2 — 3y,
2n+3y) (n+2)
2n+3v+2)(n+1)

<1

< 1.

g

Lemma A.6. For each fized n > 3, |q,(7)| is decreasing as a function of ~
for v >0 and |q2(7)| is decreasing as a function of v for v > %.

Proof. Instead of |g, ()| itself, we will consider the derivative of |g,(7)|?.
By the definition,
d

d (7)|2:\/n—+1_(( (n+7)(n+3y—1) >

@mﬂ dy\(2n + 3v)* — (2n + 3v)?
The numerator of the derivative is
(An+ 6y —1)((2n + 37)4 —(2n+ 37)2)

—(n+y)(n+3y-1) (12(2n +37)% — 6(2n + 37))
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— —(2n+37) ((1872 4 (240 — 9)y + (402 — 10n))(2n + 39)% + 37 + 2n% + 4n>
which is negative for any v > 0 if n > 3, and at least for v > 1io iftn=2. 0O

Lemma A.7. For any vy > 1 and n € N, |g,(7)| < 4\/%.

Proof. For any positive numbers a, b, vab < %(a + b). Therefore,

()] = YT Vint Dint3y-1) vty
2n+3y)  /(2n+3y)2 -1 2/(2n +37)2 -1
Now, for any v > %,
(2n+37)* =1 = 4n*+12ny+9v° =1 > 4(n+7v)*+(5y—1)(v+1) > 4(n+)*.

g

A.2. Proof of Proposition A.2 for v >
Proposition A.2 for the case v > %

2 .
5. Here, we give a proof of

Lemma A.8. For any fized v > 2, 4\/}m + 4\/;? < 1+2,14(7) — pa(7)-

Proof. By the definition, for any v > 2,
1 2(2y +1)(2y + 3) 62 + 20y + 24
T oo pa(y) = o
+ 2u4(7) 227+ )2y +3)+ (v +2)(v+3) (37 +8)(3y+6)
2v(46 + 67y + 2992 + 3+3)
3 +2)By+8)(B3y+4) (v +1)
2 N 2(—64 — 307y + 43~* + 24+3) - 2
9 9y +2)BY 8By +4)(y+1) T 9
On the other hand, for any v > 2,

1 1 1 1 2
+ < + < -,
451y 4/3F7 46 45 9
and the lemma follows. O

Lemma A.9. For any fived 3 <~ <2, lgs(7)| + |g5(7)| < m —ps()-
Proof. By Lemma A.2, A.4 and A.6,

sup (1g(7)] + las)]) = laol(2) + las|(2)

2<% 3 3
and
inf (s po(7) 2 1o — pol2)
2<q<2 1+ 206(7) = 1+ 2u6(2)
Then, the exact calculation shows
4l )+ 1061(5) < gy ~ P02
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-1
Lemma A.10. For% <y <2 et as(y) = |Q2(7)’<m —pz(’Y)) )

e —Pe() -t
az(y) = %; ay(y) = 2|Q4(’V)|<1+2+4(,y) —p4(”y)) and as(y) = 1.
Then,

(1+ 20 pa() + 20 = (A.16)
(2 + 0 st =1 ()
and
{1+ 26 ()pa) + LD gl <1 (419
hold.

Proof. Equations (A.16) and (A.17) hold by the choice of {, () }2_,. There-
fore, we only need to show (A.18). For n = 3,

(1 20 a(0) + L4 ) foa()
3y 2 -t
= 513 ®0) + A0 (5,05~ n0)
+ !qz(’y)P(m —pz(’y))_l),
3y ) = 3y 6 +14v4+12  ABY + Ty +06) 1
47+2p3(7 T 42(37+6)3744) 615 +232 4267 +8 2

6y 1 -1
o3l (T )

37 3y +2)By+8)By+4H(y+ 1) g (2),2
T 2v+1  29(46 + 67y + 2992 + 393)  '*0'3
<27 351 9(1052 + 13887 + 47172) ) 11

T 211 2)  62(46+ 677 + 2992 +39) ) 756

- (27 n 351) 11 121
4 1247756 868
3y 2( 1 >1
3y B3y +4)3y+2 2 27 9y 5 2 17
< LD, e = 2 2 )05 < 18
4y 42 3y 3 8 4 8(1+2y) 105 105
for the last inequality we use the fact that v < 2. For n = 5,

(1 2050 s(0) + L o) ()
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= (1 205(0)s0) + s + 2 () (g ~ ) )
Here,
(14 25()ps(0) < (14 2u5<§>>p5<2> - <3,
(14 25(las] < las()] < las(3)] = |/ o5 < 75,
(1-+ 2050200 (555 —pm)” <
201+ 200l (g ) < s < 5

i

-1
Lemma A.11. For v > 2, let as(y) = ]cp(’y)](% —pg(’y)) , and
as(vy) = 1. Then,

(1+ 205(7)(p2(7) + |Oqé22((z))|) ~1 (A.19)

and
(14 20+ 20} <1 (a20)

hold.

Proof. Equation (A.19) holds by the choice of as(7y). Therefore, we only
need to show (A.20). Note that

|g5(7)]
asz(7)

_ 4731 S (p(7) + las(N)] + lax(NP(

+1g2(7)]a(7))

1
1+ 2uv5(y)

(1 +2v3(7)(ps(y) +

—p() ).

Then, since

3y 6414y 412 (32 + Ty +6) _ 1

*47+2®7+®@7+®"%ﬁ+zwﬂ+%v+8 2’
3y 1 10 1

3y B3y +4)(3y+2) s B3y +1)By+2)(3y+6)
=4y 12 3 ()l = 47 +2)37+3)37 + 4 (37 +5)
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1 1
<_7
1210

the lemma follows. Il

<

Proof of Proposition A.2 for v > % First, assume that v > 2. Take as(y) =
20l 4 ¢(~) where () > 0 will be specified later, and ay,(y) = 1 for

1
TF2ua(y) P2 ()

n > 3. By Lemma A.2, A.3, A.7 and A.8,

sup((1-+ 20,0 (0) + 2D gl ()

= sup{ (1 + 2v,(7)) (Pn(7) + [@a (V)] + |gn—1(1)])}

n>4

< sup{ (1 + 2|v.(7)])( 1

1
o+ +
b bt s An—1+7

1 1
= (1+2V4(7))(p4(7)+4\/4+7 +4\/3+7) <1

holds. On the other hand, by Lemma A.11, for sufficiently small () > 0

)}

[92(7)]
(1 + 21/2(7))(172(7) + CYQ(’Y) ) <1
and
(1 + 25 n() + B4 s (3lan()) < 1
as(7)
holds. Therefore, the proof is complete. The same argument works for the
case % <~ < 2 with Lemmas A.10 and A.8. O

A.3. Proof of Proposition A.3 for v > % Here, we give a proof of
Proposition A.3 for the case v > %

Lemma A.12. For any fixed v > 2, 4\/;77 + 4\/;—7 < 1,,,13@) —p3(7).

Proof. By the definition,

- () = 8 + 407 + 3872 + 6+
1 —ws(y) Pl = 48 + 1327y + 108~2 + 27~3
2 2(—4+ 16y +2192)

9" 9(16 + 44y + 3672 + 993)
Therefore, for any v > 3,

S )
4/3+7 4247 9 1-wu(y)
On the other hand,
1 1 =16+ 28y + 4492 — 393

)—p3(7):—+

1—1s(y 4 12(16 + 447y + 3672 + 943)



SG FOR STOCHASTIC ENERGY EXCHANGE MODEL 35

and since —16 + 28y + 44~% — 3~3 > 0 for any 2 < v < 3, we have

1 n 1 <1< 1 ()
4 " 1—w3(7) p3ty

43+ 4247y

for 2 <~ < 3. O

Lemma A.13. For any fived § < v < 2, |gs(7)| + |a2(7)| < 157 — p3(7)-
Proof. By Lemma A.2, A.4 and A.6,

2 2. 1 /11 1 [6 13
= —_ —_) = — J— —_ _— < _
gSg;(lqs(v)l M) =lal) +elG) = w157 + 31 35 < 5

and
1 13 —224 + 284y + 49672 — 5193
T . /N p3(7) =T 2 3\
1 —vs(y) 50  150(16 + 44~ + 3672 + 973)
Then, since —224 + 284~ 4 49672 — 519% > 0 for 2 <~ < 2,

1

lg31(7) + g2l (7) < =00 —pa(7).
O
Lemma A.14. Let 0 < €(7y) < ﬁ and p1(7y) = Ml(?ﬁ% and Po(y) = 1.
Then,
1 (7)]
(=m0 + 5 05) <1
and
|¢2(7)]
(1= () () + Z05 Hla@Iam) <1 (A2
hold.

Proof. By the definition,

(M 372Bv+1) | 2—e€(y)
(1= ”1(”)(1’1(7) * m) - 5(3(37 12) "33+ 2)>
B+l 2—e€(y)
“ G122ty

On the other hand,

3y +1
I VQ(’V) = m,
()_2(372+47+2)_ 2y N 4
p2\7Y) = (4+39)2+37) 2+37 (4+37)2+3)
01 (7)]81(7) = P3Gy +2) 18v(y +1)(3v +2)

2 —e(v) (34 37)(2+37)*(1 +37)(2 — e(v))
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6y - 1
24371 +37)(2-€(7) 2+3y

and

V30 +2) By + 1) V3(3+49)
B+37)(4+37)2(G+3y)  2(4+37)(2+3y)

lg2(7)| = \/

Therefore,

(1= ) () + 2+ ()11 )

3y +1 (2’y+1+ 4 V3(3 4 47) )
22y +1)\24+3y  (4+3)(2+37) 24+ 31)(2+39)
3y +1 3y+1 8+3(3+4y)

C2(243y) 22y +1)2(4+37)(2+ 3y)

Now, to show (A.21), we only need to show that

(8+ V3B +49)Br+1) _ 3y + 1 3y+3

A2+ DA +37)2+37) 7 2(2+37y) 224 3y)
which is equivalent to
(8+3V3+4v37)(37+1) <237y +3)(27 + 1)(4 + 37).

Then, by comparing coefficients of both sides, we conclude the proof.

g

Proof of Proposition A.3 for v > % First, assume that v > 2. Take £;(7)
as in Lemma A.14 and §,(y) = 1 for n > 2. By Lemma A.2, A.3, A.7 and
A12,

sup{ (1= 1a(2)) () + 'Z;;Eff)' Fans (D Bar (D)}

= igg{(l = () (n(Y) + (V)] + lgn-1(7)]) }
1

Sililg{(l"i_’Vn<7)|)(pn(7>+4\/n+,y LW

= (1 —w3(7))(p3(7)

)}

1 1
+ + <1
43+~ 4\/2—1—7)
holds. Therefore, with Lemma A.14, we have

sup((1 = (1)) + 27

The same argument works for the case % < v < 2 with Lemmas A.5, A.13
and A.14. O

+ |Qn71(7)|ﬁn71(7>>} < 1.
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A.4. Proof of Proposition A.2 and A.3 for v < % Here, we give a
proof of Proposition A.2 and A.3 for the case v < %

For any v > 0, (m — %) is positive for any n > 2 and increasing for
n > 2. Therefore, by Lemma A.5, ]qn(7)|(m — 2)7! is decreasing for
n > 2 and

. 1 1\ -1
Tim g ()] (5 2] 3) =0

holds. Therefore, there exists ng = ng(y) € N satisfying for any n > ny,
1 IN-1 1

|qn(7)|<m - 5) <5

Then, it is obvious that

sup {1+ 2,(0) (5 + lan )] + g a()1)} < 1

n>ng+1

and

sup (1= ) (5 + n() + lgna ()} < 1

n>nog+1

Define ay,(7y) as follows:

mas{g2(1) (ks — 1) 1) it =2
() = max{2|q, (v )|(m -1} if n > 4 and n is even
-1
<max{2|qn(7)|(m -7 1}) if n > 3 and n is odd

(A.22)
and a; = 0. Obviously, a,(y) =1 for any n > ng = ng(7).

Lemma A.15. For anyn > 2

(14 20, ) (5 + 2

an(7)

Proof. In this proof, we denote v,(7), pn(7) and g,(y) by v, p, and g,
when there is no confusion.
By the definition,

() (4 1) < 1y (1 (20

g (0)lana (7)) < 1.

and for any even number n > 4,

90|
1 2 n < D n— n— )
(14 2vy) 9 + o + gn-1]an—1

n

1 (5 =l (5 — 3)|anl
< 2n(— T2 2 ):1.
o ( e ) 2 - 2|Qn| * 2|Qn—1|
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Next, for n = 3,

(1+2V3)<2+@+|QQ|042> <
1 1 1.1 1 1
142 (— {2 — oy ——}
(1+203) (5 + max 1 2lgs T2 72 25, 2
1 1 1 1
2 __—1 _ =
+max{|%| T3, 73 Uras, 2>})
and for any odd number n > 5,
(1+2Vn><2+%+IQn 1’an 1> S
1 1 1.1, 1 1
1 2n<— {2n ———*1,————}
(1+20,) (5 + max ¢ 20guf” (1+2un+1 >) 2(1+2un+1 2
1 1.1, 1 1
2|2 (———— — =) ————}).
+max{ [n] (1+21/n_1 5) ’2(1+21/n_1 >)

To conclude the proof, we will show that
1 1., 1 1

1 1
2) 2 I T Sl _ < Z =
max{ el (5,73 a0, T S T, )
1 1 1 1 1 1 1
2 ! Y G _
max{m’ G, 2 Ui, 2>} <2052, 2
and for any odd number n > 5,
1 1., 1 1 1 1 1 1
max {20, (- — — ) 3~ 5)} S5~ 5)
142,01 2 214 2v,41 2 2142y, 2
1 1 1 1 1 1 1 1
2n_2—__—1_—__}<_ _ L
max{ N et VRS 16 prr masnil 1) S 1S el
Note that for any odd number n >3, +2V — 1 > % and even number

n >4 ——<land — 13 <— Namelyweonlyneedto

) 1+2V 1+2V2 2 6v+4
show that
1 1 1 1 1 1 1
4]qs|? ~ ) l< — ), 2|g)? _ ) l<
1 1 1 1
Agnl* (5 = 5) 7 < —5)
1420 2 1+2u0, 2
1 1 1 1
AP (——— — )L < — ).
g, — ) =g, o)

We can rewrite these inequalities as

1+ 2|y 1 + 2|3
—2uy| T 1 —2|ws]’

1+2|1/n+1| < 1+ 2|vy,|

1 —2vpa1| = 12w,

1+ 2|vy| < 1+ 2|v4]

—2ve| T 1 =2
1+ 2|y, < 1+ 2|v|
1 =2y | = 12w,

16 3|2 8| 2\2

16|Qn|2 ]-6|qn—1|2

-3)
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Combing the fact that |q,|? is decreasing in n > 2 and |v,(7)] is also
decreasing in n, we only need to prove that
|21 + 2|I/2’ < 1 —+ 2’V3‘
2| 2‘ 1— 2‘7/3’

16lgs* < 1, 8|,

and for any odd number n > 5,
g’ 1+ 2|v, ] < 1+ 2|y,
1 =2 ] = 1=2v,|
Since |g3(7)[* < |g3(0)|* = 3, the first inequality holds for all v > 0. The
second inequality is rewritten as
) 3y +1)(3y+6) 5y +4

(V)" = 5 <

B3y +3)(3y+4)2(3y+5) ~— 24(3v+2)
and since the coefficients of the polynomial

(57 +4)(3y +3)(3y +4)*(3v +5) — 24(37 + 2)(3v + 1)(3y + 6)

are all positive, it is satisfied for any v > 0.
Finally, by Lemma A.16 below, to show the last inequality we only need
to show that

14 2|v3(7)] 1 — 2[pa(v)]
1 —2lv3(7)[ 1+ 2[ra(v)]

16]qa(7)]* <

and it follows from the fact

5o 1 5y +4 1+ 2[us(9)] 1 = 2[re(7)]
16 2<16|lu(0))P = = < = < = :
O = 10O = 51 <5 < 3Gy +2) ~ T 2hs()I T+ 2lm(a)

g

Lemma A.16. For any n > 2,

L+ 2[vn (NI 1 = 2w (v)] > LF 2Jvs(V) 1 = 2[ra(v)]
1 =20 (M1 +20m ()]~ 1= 2[ps(7)[ 1+ 2[r2(y)]

Proof. Consider a function f(z,a) = 8+Z§)(1+a) for 0 < a <1and 0 <

x < 1. Then, it is easy to see that 0, f(x,a) > 0 and 9, f(z,a) < 0 for all
0 <z <1land0 < a< 1. Therefore, for any n > 2,

L+ 2[vn ()| 1= 2|v ()] n+7y
T2 15 2] gy 200D
2+ 2+ L 2ws(y)| 1= 2|va(y)]

i

Proof of Proposition A.2 for v < %. Define {a,(v)} as (A.22). Then, for

sufficiently large n € N, a,(y) = 1. Therefore,

limsup<(1 +2Vn(7>>< nt T lon()] +lan-1(y )‘a”*1(7)>)
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< timsup (14 20(1)) (5 + lan()] + laaa()1) ) = 5 <1

n—oo
holds. Then, to show Proposition A.2, we only need to show that with this
an(7),

1+ 2, (pul) + L 4 g (lana () < 1

for all n > 2. Then, since for any v < % and n > 2, p,(7y) < %, the proof is
complete with Lemma A.15. O

Define (,, as follows:

max{lar ()| (=t — 1)1} it =1
3, = { max{2|g,(7)I(= Vﬂ)—%) 11} if n > 3 and n is odd
A e 1})_1 if n > 2 and n is even
(A.23)
and By = 0. Obviously, £, = 1 for any n > ny.
Lemma A.17. For anyn > 1
1g. (V)]
(1 - m) (5 + 22 T e @lEam) <1
Proof. By the definition,
1 ai(v)]
(Lﬂﬂwm§+gmg)§1
and for any odd number n > 3,
1 n
(=) (5 + D+ a()18a ()
1 (S - Yat) | (S - Dl
7N I TR
Next, for n = 2,
B 1 g(y)l
(=5 + Gy +laGIsi >) <
1 1., 1 1 1
(=00 (5 s {20 = ™ 56~ )
1 1

—I—max{|Q1( )|2(1_y1(7) —5)_1 (1_;,/1(7)_%)»

and for any even number n > 4,

|QTL( )|
(1= () (5 + 55 + (1B <
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) 1 1,1 1 1
1—u, <——|—max{2n 2—___1’_—__}
(A E )P 5~ s 2
1 1 1 1 1
—|—max{2 n— 2—___1’_—__})
|gn—1(7)] (1_%_1@) 2) 2(1+2yn_1(7) 2)
To conclude the proof, we will show that
1 1 1 1 1 1 1 1
2 2———_1——_‘}<_ 2
max{ LT~ oy 2 =i 2
) 1 | 1 11 1
[q1(7)] (1—’/1(7) 2) (1_1/1(Py) 2) 2(1_’/2(7) 2)
and for any even number n > 4,
1 1 1 1 1
max < 2|q, 2—___1’_—__}
{ |4n (7)) (1_%“(7) 2) 2(1—1/n+1(’7) 2)
1 1 1
< —5)
2 1_Vn(’7> 2
1 1 1 1 1
2| qn_1(7)[? -5 75 D) }
max{ Gn-1(7)] (1_Vn_1<7) 2) ’2(1+2yn_1(7) 2)
1 1 1
< 5 ( )
21 —vu(y) 2
Note that for any even number n > 2, —1_1,171@ - % > % and odd number
n >3, 1—u1n(7) o % < % and #1(7) - % - é < zll' Namely we only need to
show that
1 1 1 1
4 2 1 < _
P, —5) " S G )
1 1 1 1
) 2 N e < (— — = 5
1 (7)] (1_,/1(7) 5) < (1_V2(7) >
1 1 1 1
4n 2———71<—__7
|0 (7)] (1—Vn+1(7) 2> = (1—yn<’y) 2)
1 1 1 1
A N A T U A
|Gn—1(7)] (1—vn_1(7> 5 < (1_%(7) >

for any even number n > 4. We can rewrite these inequalities as

L+ ()] 1+ [m()] Lt ()] o 1+ [l

1= |us()| = 1 =[] L=~ 1= ()]

1 n 1 n 1 ' 1 n
O] 1Ol g O L)

L= [vnp(] — 1= |wa(y)] L=fvna()] = 1= |wm(y)]
Combing the fact that |g,(7)|* is decreasing in n > 2 and |v,(7)| is also

decreasing in n, we only need to prove that

s _ 1+ )
L=~ 1= ()|

8lar(7)[*

16]ga(7)?

16]g..(7)]*

16|ga(v)* <1, 8|q1(7)
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and for any even number n > 4,

Lt ()] o 14 ()]
L= vV = =[]

i 2 _ Br+1)(2+7) BGy+D@+y)  _ _ 39°+7y+2
Since |g(7)|* = (3v+5;(37+4)2¥7+1) < 16(%%5)(711) 16(%72+gfy+5)7 the first

inequality holds. The second inequality is rewritten as

16]gs(7)/*

G () = 6y(y+1) B 2y - 5v+3
B = By T )3y +22B7+3) By DBy +2)2 243y + 1)

and since the coefficients of the polynomial

(57 + 3)(3y + 2)? — 48y

are all positive, it is satisfied for any v > 0.
Finally, by the same argument of the proof of Lemma A.16, to prove the
last inequality we only need to show that

1+ (7)1 = [11(7)]
L —[wa()| 1+ [1(7)]

16]gs(7)[* <

and it follows from the fact
32 1 57+3 14 w1

= — < < = .
105 3 " 3(3y+1) 11— |u(y)] 1+ vyl
O

16|g3(7)|* < 16|g3(0)[?

Proof of Proposition A.3 for v < %. Define {f,(7)} as (A.23). Then, for
sufficiently large n € N, £, () = 1. Therefore,

imsap (1= 1,3 (pa0) + 2+ 111801 ()
< timsup (1= 10 (1) (5 + i)+ o a)])) = 5 <1

holds. Then, to show Proposition A.3, we only need to show that with this
Bn(7),

an\7Y
(1= ) (o) + 2 g 18 ) <1
Bu(7)
for all n > 1. Then, since for any v < % and n > 1, p,(7) < %, the proof is
complete with Lemma A.17. Il
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