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ABSTRACT. We consider stochastic dynamical systems on R, i.e. random processes defined by
Xy = Un(XF_,), X§ = x, where ¥, are i.i.d. random continuous transformations of some
unbounded closed subset of R. We assume here that ¥,, behaves asymptotically like A, z, for
some random positive number A,, (the main example is the affine stochastic recursion ¥, (z) =

Apx + Bp). Our aim is to describe invariant Radon measures of the process X in the critical

case, when Elog A1 = 0. We prove that those measures behave at infinity like df. We study

also the problem of uniqueness of the invariant measure. We improve previous results known for
the affine recursions and generalize them to a larger class of stochastic dynamical systems which
includes, for instance, reflected random walks, stochastic dynamical systems on the unit interval
[0, 1], additive Markov processes and a variant of the Galton-Watson process.

1. INTRODUCTION

1.1. Stochastic dynamical systems. Let § be the semigroup of continuous transformations of
an unbounded closed subset R of the real line R endowed with the topology of uniform convergence
on compact sets. In the most interesting examples R is the real line, the half-line [0, +00) or the
set of natural numbers N. Given a regular probability measure p on §, we define the stochastic
dynamical system (SDS) on R by

X§ =
X = Un(Xy 1),
where {¥,,} is a sequence of i.i.d. random functions, distributed according to .
The aim of this paper is to study conditions for the existence and uniqueness, as well as behavior

at infinity, of an invariant infinite Radon measure of the process X, i.e. of a measure v on R such
that

(1.2) pxgv(f) =v(f),
for any f € Cc(R), where

poes o(f) = / E[£(X7)]v(dz) = A / F () (da) (D).

There is quite an extensive literature on the case when the process X,, is positive recurrent,
that is, it possesses an invariant probability measure. The existence of such a measure can be proved
supposing that the process has some contractive property (for example, if ¥,, are Lipschitz mappings
with Lipschitz coefficients L,, = L(¥,,) and E[log L] < 0), [11]). This invariant probability measure
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is well described in several specific cases, such as affine recursions (i.e. ¥(z) = Az + B), namely in
the seminal paper of H.Kesten [17]. C.M.Goldie [15] and recently M. Mirek [21] generalized Kesten’s
theorem to stochastic recursions such that ¥(z) behaves like Az for large x. They proved that if
EA" =1 (and some other hypotheses are satisfied), then

le ziv{x x| > 2z} =C1 > 0.

In other words the measure v is close at infinity to gﬁdf .

Less is known for the null recurrent case, especially in a general setting. Existence and uniqueness
of an invariant Radon measure have been the topic of two recent works: B. Deroin, V. Kleptsyn,
A. Navas and K. Parwani [10] on symmetric SDS of homeomorphism of R, and M. Peigné and
W. Woess [22] on the phenomenon of local contraction. We refer to them for a more complete
bibliography on the subject. As in the contracting case, affine recursions is one of the first models
being systematically approached. A seminal paper in this area is the one of Babillot, Bougerol and
Elie [2]. They proved existence and uniqueness of a Radon measure and gave a first result on its
behavior at infinity.

The goal of the present work is twofold. First of all we investigate the behavior at infinity of
invariant measures and, for a large class of SDS’s, we generalize and improve results known for affine
recursions. Secondly, we consider the problem of uniqueness of the invariant measure. We give a
relatively simple criterium that can be applied for very concrete examples.

1.2. Behavior at infinity. It turns out that to prove existence and to describe the tail of the
measure it is sufficient to control the maps that generate the SDS near infinity. In particular we
suppose that they are asymptotically linear, in the sense that there exists 0 < « < 1 such that for
all p € §
(AL%)  |(x) — Aa(@)z] < Ba(¢)(1+[z[*)  forallz € R

with A, (¢) and B, (v) strictly positive. We study here the critical case, i.e. E[log A,] = 0.

Existence of an invariant measure supported in R is relatively easy to deduce from the well-known
literature, because in this case the SDS is bounded by a recurrent process (we give more details in
subsection 2.3). The main result of the paper is the description of the tail of invariant measures at
infinity.

Theorem 1.3. Suppose that there exists 0 < a < 1 such that the maps ¥, satisfy (AL*) p-a.s.
and that

(1.4) E[log A,] =0 and P[A, = 1] < 1,
(1.5) E[(\ log Ay| + log™ |Ba|)2+5] < 0,
(1.6) the law of log A, is aperiodic, i.e. there is no p € R such that log A, € pZ a.s.

Let v be an invariant Radon measure v for the process {XZ},,. Suppose that v is supported by R and
it is positive on any neighborhood of +0o. Then the family of dilated measures §,-1 x v(I) := v(zI)
converges vaguely on R% = (0,00) to CJF%I as z goes to infinity for some Cy > 0, i.e.
d
lim [ oG wr(dy) =Cy | da),
+ R a

for any ¢ € Cc(RY).

The key example of an asymptotic linear SDS is the affine recursion (called also the random
difference equation). Then F is the set of affine mappings of the real line ¥(z) = Ax+ B with A > 0
and the process is given by the following formula

(1.7) Xy =A X0 4+ B, Xg=u
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Our results are also valid for Goldie’s recursions, e.g. ¥(z) = max{Az, B} + C (with A > 0) and
U(x) = VA%22?2 + Bz + C (with A, B, C positive). Since the problem can be reduced, without any
loss of generality, to the case o = 0 (see Lemma 2.1), our hypotheses essentially coincide, in the
one dimensional situation, with the class introduced by M.Mirek [21]. Our main theorem should be
viewed as an analog of Kesten’s and Goldie’s results in the critical case.

Other interesting examples can be obtained conjugating asymptotic linear systems with an appro-
priate homeomorphism. For instance, our result can also be applied to describe invariant measures
of SDS on the interval generated by functions that have the same derivative at the two extrem-
ities. Theorem 1.3 also says that invariant measures of SDS on [0,400) generated by mappings
exponentially asymptotic to translations, i.e.

[(z) — & + uy| < vype™®, Vo >0

behave at infinity as the Lebesgue measure dz of R, if E(ug) = 0. This result can be compared with
the Choquet-Deny Theorem saying that the only invariant measure for centered random walks on
R is the Lebesgue measure. Another interesting process that is a-asymptotically linear for o > 1/2
is a Galton-Watson evolution process with random reproduction laws. In Section 6, we give more
details on the different examples.

Let us mention that in our previous papers [3, 6, 7] we have already studied the behavior at
infinity of the invariant measure v for the random difference equation (1.7). However the main
results were obtained there under much stronger assumptions, namely we assumed existence of
exponential moments, that is E[A° + A% + |B|°] < oo for some § > 0. Theorem 1.3 improves all
our previous results for affine recursions and describes the asymptotic behavior of v under optimal
assumptions, that is the weakest known conditions implying existence of the invariant measure [2].
To our knowledge, for all the other recursions even partial results are not known.

We would like also to remark that, in the contracting case, Kesten’s theorem requires moment
of order at least x and, as far as we know, there exist no results on the behavior of the tail of the
invariant probability when the measure is supposed to have only logarithmic moment.

The proof of Theorem 1.3 is given in sections 3 and 4. In order to describe v at infinity, we
give first an upper bound of this measure and prove some regularity properties of its quotient. The
techniques we use in the present paper are more powerful than those applied in [6], and are heavily
based on the renewal theory for random walks on the affine group. Among other results we prove
directly that v[—z, z] grows as log z (Proposition 3.1). Next, in Section 4 we consider the Poisson
equation for the additive convolution on R

f@) =7 f(z)+g(x),
where f(z) = [ ¢(e”"u)v(du) for some ¢ € Co(R?%) and & is the law of —log A. Notice that the
asymptotic behavior of f and v is the same, therefore it is sufficient to study f. In the contrast to
[6] we do not solve explicitly this equation. We apply techniques borrowed from the work of Durrett
and Liggett [12] (see also Kolesko [18]), reduce the problem to the classical renewal equation with
drift and deduce its asymptotic behavior from the renewal theorem.

1.3. Uniqueness of the invariant measure. Another fundamental question is to determine
whether the invariant measure is unique or not. The nature of this problem is different from
the ones we have considered so far. In fact uniqueness depends on the local behavior of the system
and it is no more sufficient to control the random maps only at the infinity.

In the non-contracting case, this problem was studied first by Babillot, Bougerol and Elie [2] in the
context of the affine recursion and they proved uniqueness under the assumptions of Theorem 1.3.
Relying on their ideas Benda [3] studied in full generality recurrent and locally contractive SDS’s.
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The SDS is called recurrent if there exists a closed set L such that every open set intersecting L is
visited by X7 infinitely often with probability 1. The SDS is locally contractive if for any z,y € R
and every compact set K C R,

(1.8) lim [ X} — XY 1x(XF)=0 almost surely.
n—oo

Benda [3] proved that if {X?} is a recurrent and locally contractive SDS, then it possesses a unique
(up to a multiplicative constant) invariant Radon measure. He didn’t publish his results, however
they have been recently incorporated, with a complete and simplified proof, into two papers of
Peigné and Woess [22, 23], where they also investigated ergodicity of SDS generated by Lipschitz
maps with centered Lipschitz’s coefficient.

Our aim is to consider very concrete families of Lipschitz mappings of R, as the one presented in
Goldie’s work [15]. Although recurrence of the corresponding SDS’s is immediate, the main obstacle
in applying Benda’s theorem is the local contraction hypothesis (1.8). In [23] the authors considered
the reflected affine stochastic recursion, being a mixture of the reflected random walk (described
below) and the affine stochastic recursion (defined in 1.7). Unfortunately the method of hyperbolic
extensions they introduce cannot be applied to dynamical systems, whose dependence on the affine
recursion cannot be expressed in such a direct way.

A different approach can be found in [10], where the authors proved a local contraction property
for a symmetric SDS generated by homeomorphisms of R. Their proof is very elegant but is heavily
based on the additional assumption that the SDS is generated by invertible mappings distributed
according to a symmetric measure. In particular their results cannot be applied to noninvertible
SDS, as the one generated by ¢ (z) = max{Az, B} + C, one of the most interesting in applications.

Our contribution to the subject is to give sufficient conditions for uniqueness that can be applied
to some concrete mappings of Ry = [0,00), such as ¥(x) = max{Ax, B} + C and other Goldie’s
recursions.

Theorem 1.9. Suppose that R = [0,00), a = 0 and that the hypotheses of Theorem 1.3 are satisfied.
Assume moreover that

(1) there exists B > 0 such that P(¥[0, +o00) C [3,4+00)) > 0;
(2) A(W)x < ¥(z) < A(V)x + B(P) for all z > 0;
(3) the functions U are Lipschitz and their Lipschitz coefficients are equal to A(P).

Then the SDS defined on [0,00) by (1.1) is locally contractive. Therefore there exists a unique
invariant Radon measure of the process {XZ} on [0, +00).

The proof of this theorem is contained in Section 5.

1.4. Reflected random walk. The reflected random walk is the SDS defined for z € Ry = [0, 00),
by
Yow =,
1.10
(1.10) Y=Y = ual,

where u,, is a sequence of i.i.d. real valued random variables with a given law u.
If u, > 0 a.s., then it was proved by Feller [14] that this process possesses a unique invariant
probability measure v, i.e. a measure satisfying

o v(f) = / [ e =shwtamntan) = [ pptdn) = ().
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Moreover the measure v can be explicitly computed: v(dx) = (1 — F(z))dz, for F being the distri-
bution function of . The process has been also studied in more general settings, when u,, admits
also negative values (see Peigné, Woess [22] for recent results and a comprehensive bibliography).
Here, we are interested in the critical case when Eu,, = 0. Peigné and Woess [22] proved that if
E(uf)? < oo, for uf = max{uy,0}, then the process {X,} is recurrent on R;. As a consequence
of Benda’s theorem, the process possesses a unique invariant Radon measure v on R4 (local con-
tractivity is easy to prove). The reflected random walk can be transformed in an asymptotically
linear system by conjugating with an invertible function s of [0, 4+00) such that s(z) = ¢* for large
x. Then ¥(x) = s(|s~1(z) — u|) is asymptotically linear with A(z)) = e~“. Hence Theorem 1.3 can
be used to justify that the invariant measure of Y;’ behaves at infinity like the Lebesgue measure.
Nevertheless in this case one can prove the same result under weaker moment assumptions and a
much simpler proof. A short argument based only on the duality lemma and the renewal theorem
gives:
Theorem 1.11. Assume Eu; = 0, E(uf)? < oo, E(u])? < oo and the law p of uy is aperiodic,
then for every ¢ € Co(Ry)

lim o(u—z)v(du) = Cy . o(u)du,

z—o0 Jp,
for some positive constant C. .

The proof of this theorem will be given in Section 6.6.

We are grateful to the referees for their careful reading of the manuscript and many helpful

suggestions for improvement in the presentation.

2. NOTATIONS AND PRELIMINARY RESULTS

2.1. Reduction to condition (AL). Observe first that, conjugating the SDS with an appropriate
function, we can suppose without loss of generality that the distance of the random map to a
linear function is smaller than some constant. In fact we have the following lemma whose proof is
postponed to Appendix A:

Lemma 2.1. Let 0 < a < 1. Suppose that ¢ satisfies
(AL%)  |¥(2) — Aaz| < Ba(1 + |2|%).

Then the conjugate function v, = roor= where r(x) = sign(z)|z|* =%, satisfies (AL®) with Ay =
AL~ The appropriate constant By can be chosen such that log™ By < Cyo(|log Ay| +log® B, +1),
for the constant C,, depending only on «.

If 4 is distributed according to p, the law v, is given by p, = §, % u*4d,-1, and if v is a p-invariant
measure then v, = §, v is ur-invariant. Thus if Theorem 1.3 holds for v, then it holds for v. Indeed

lim oz 'u)v(du) = lim ¢z 'r 7 H(w) v (du) = lim (2w A=Yy, (du)

Z—r00 * Z—r00 * Z—r00 *
R R% R

—  lim ¢((z_(1_°‘)u)1/(1_°‘))Vr(du) _ C+ (b(al/(l—a))@

Z—>00 * * a
Ry R

Cit-a) [ o™

Rz
In order to simplify our notations, we’ll suppose from now on that a = 0, i.e. for all ¢ € §
(AL) A()x — B(y) < ¢(z) < A(Y)z + B(y) for all x € R.
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Since R is closed, we can extend the property (AL) to all x € R for a suitable continuous extension
of ¢ to R. With a slight abuse of notation, we will denote with the same letter (e.g. ), the map
from R to R and its continuous extension that verifies (AL) for all x € R. In the same way, v will
be seen both as a measure on R and as a measure on R whose support is contained in R.

2.2. Comparison of X? with the affine recursion. We assume that the maps A = A(¢)) and
B = B(¢) from § to R = (0,00) are measurable and that § is a monoid closed by composition.
Assumption (AL) implies

therefore the map A is a homomorphism from § to RY i.e. A(¢)1 o 92) = A(p1)A(zp2). The choice
of B is not unique and it can be chosen as big as needed.

Let {¥,,}22 ; be an i.i.d. sequence of random variables with values in § of law 1. We are interested
in the study of the iterated stochastic function system

XP=U,(X2 1) =9,..0(x) and XJ = z.

If hypothesis (AL) is satisfied, the trajectories of the process X can be dominated from below and
from above by the affine recursions

(2.2) Z8 = A, Z% | — B, and Y¥ = A, YT | + B,,
where, to simplify our notation, we note A, = A(¥,,) and B, = B(¥,). We will also assume,

according to hypotheses of Theorem 1.3, a logarithmic moment of order 2 + ¢ and that log A; is
nontrivially centered. Without any loss of generality, we can also choose B(%)), such that:

(2.3) B, >1as.
(2.4) P(A,x + B, =) < 1 for all .
In such a way the two dimensional process (ZZ, Y,*) satisfies all the assumptions required by Babillot,

Bougerol, Elie [2]. Thus it is recurrent, locally contractive and possesses a unique invariant measure.
It will be convenient to use in the proof the language of groups. Namely, let G = Aff(R) =
R x R be the group of all affine mappings of R, i.e. the set of pairs (b,a) € R x R* acting on R:
(b,a) : x — ax + b. Then the group product is given by the formula
(bya) - (b',a") = (b+ab',ad"),
the identity element is (0, 1) and the inverse element is given by

(b,a)"! = (=b/a,1/a).

Let pg be the probability distribution of (B, A,) on the group G. Then the random elements
gn = (Bn,Ay,) are i.i.d. random variables in G with law pg. We define the left and the right
random walk on G:
(2.5) Ly=gn 91, R,=91" " gn-
Then, V¥ = L, (x).

A very important role in our proofs will be played by the random walk on R generated by — log A;,
ie.
(2.6) Sp=—(log A1 +---+1og 4,),
(we put the sign minus to follow notations of our previous works). Since Elog A = 0, the random

walk S, is recurrent. Moreover since we assume aperiodicity, the support of .S, is just R. We often
use the downward and upward sequence of stopping times

(2.7) lp:=inf{k >1,—1: 5 <S5, ,}, tn:=inf{k>t,_1:5 >S5, _,}
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and [y = tg = 0. Observe that ¢; and [; are almost surely finite, but have infinite mean. On the
other hand, hypothesis E(]log A|**¢) < oo guarantees that S;, and S, are integrable (see [9]).

In the sequel we will use, depending on the situation, different convolutions. We define a convo-
lution of a function f on R with a measure n on R as a measure on R given by

(28) Fon() = [ LieCrntang = (= (5)).
Given z € R% and a measure n on R we define
(2.9) 6 *rz n(K) = /RIK(zu)n(du) =n(z 'K).

2.3. Existence of an invariant measure. We conclude this section observing that the existence
of the invariant measure on R C R for a SDS satisfying the hypotheses of Theorem 1.3 follows
immediately from recurrence of the process {X*} and Lin’s theorem [20].

More precisely, consider the positive operator Pf(z) = [ f(¥(z))u(d¥) on Cy(R). Then, since
ZF < XP < Y7 and (Z7,Y7) is recurrent, the process {X7} is recurrent, i.e. there exists a
nonnegative function v € C.(R) such that Y~ P"u(z) = oo for all z. Therefore, by [20] there
exists a non-null invariant Radon measure v on R of the process {X7}.

Observe that the support of this measure can be bounded (for instance if the functions ¥ fix the
point 0, then the Dirac measure at 0 is an invariant measure). In this paper we are interested in
measures having unbounded support. A sufficient (but not necessary) condition to ensure that the
invariant measure is not bounded is to assume that the random functions ¥ do not fix a compact
subset C' of R ( that is there is no compact C such that P(¥(C) C C) = 1).

3. FIRST BOUNDS OF THE TAIL OF THE INVARIANT MEASURE

We start to study the behavior of v at infinity. In particular we will prove in this section that
v(dz) does not grow faster than dx—””, the Haar measure of R* . The behavior of v at oo is related to
the behavior of the family of measures é,-1 * v. In this section we prove
Proposition 3.1. Under the hypotheses of Theorem 1.3 we have the following:

(1) There exists Cy > 0 such that

v[—z,z] < Co(l +1logz) forallz>1

Moreover, if the support of v is not bounded on the right, i.e. v(z,+00) > 0 for all z € R, then

(2) There exist M > 1 and 6 > 0 such that v[z,zM] > 6 for all z > 1.
(8) For all us > uy > 0 there exists C = C(uy,us, M) > 0 such that

V(e Yy, e s
vie*,e* M|
In particular the family of measures m(sz—l x v on (0,+00) is vaguely compact when z
goes to +oo.

(3.2) <C(l+y) forallz>0,y>0.

There are two key arguments in the proof of this proposition. One is the following Lemma, that
we will use several times in the sequel.

Lemma 3.3. Let v be a positive p-invariant measure on R. Then for any pair of intervals V,U C R,
v(V) > P(Ty < ) - v(U)

where
W=WWV,U)={yeF|yU)cCV}
and Ty is the stopping time defined by Toy = inf{n >0: ¥, ---¥,, € W}.
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Proof. Observe that the backward process
M, =91V, xp(V) My =v(V)
is a positive martingale with respect to the filtration generated by the ¥,,. In fact
E(M|Fpo1) = Ug - Uy y ks (V) =0y - Ty 5 0(V).
Since (¥q -+ Wrp,, )71 (V) D U, for any fixed n € N, by the optional stopping time theorem,
v(V) = E(Mrgan) > Bz <ny U1 Ury * v(V)) > P(Tay < n)v(U).

We let n go to infinity to conclude. O

The other crucial observation is that the backward recursion ¥y --- ¥, (z) is controlled by the
right random walk R,, on the affine group generated by the product of g; = (B;, 4;) (see (2.5)). More
precisely, given g € Aff(R) we denote by a(g) and b(g) its projections on R* and R respectively,
then

a(Rp)xr —b(R,) < Uy - U, (2) <a(Ry)x + b(Ry).

We use these bounds to estimate the stopping time that appears in Lemma 3.3. In particular as an
immediate consequence of the lemma above we obtain

Corollary 3.4. Let
W = W(my,ma, k1,k2) = {(B,A) € Aff(R) | Aka + B <mg; Ak —B>my}
and Ty =inf{n > 0: R,, € W}. Then we have
v(my,me) > P[Tw < oo|v(ky, k2).
N4

_m1+m2
Tk +k,

—m,

Proof. The Corollary follows from Lemma 3.3, taking U = [k1, k2], V = [m1, m2] and noticing that
Tw > Tap. O

Since the potential theory of the affine group is well understood, we have enough tools to estimate
P(Tw < 4+00) in many situations. For a continuous and compactly supported function f on Aff(R)
we define the potential

U 6,(f) :—E{ 3 f(Lng)} —E[if(Rng)}

n=0
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A renewal theorem for the potential U, i.e. description of its behavior at infinity, was given in [2],
where the authors proved that for all h € Co(AfH(R)):

. dx
(3.5) (11_% U x 5(0,11) (h) =ve® ?(h)»

for ve being a suitable non-trivial multiple of the invariant measure of the process Y,* = L, (x) .
Now we are ready to prove the following lemma.

Lemma 3.6. Suppose (1.4), (1.5), (2.3) and (2.4). There exist a compact subset
Vo={(B,A) € Aff(R) | |B| < bo,a5" < A < ap}
and a constant § > 0 such that:
(1) if W, = (0,2) - Vo = {(B,A) | |B| < zby, zag' < A< zap}, then
P(Tw, <o0) > ¢

forall z > 1;
(2) if V. =Vo- (0,271 = {(B,A) | |B| < by, ag'/z < A< ag/z}, then
0
P(Ty e S—
(Tv. <o) > 1+ logz
for all z > 1.
Proof. STEP 1. First observe that for every V' C Aff(R)
(3.7) UV IV)P(Ty < 00) > U(V).
In fact

Ulv)= ZP[Rn S V] = E|:1{Tv<oo} Z 1{RTVREV6V}:| < IP(TV < OO)U(V_1V)
n=0 n=Ty
where Ril = Rl_an =gi+1° " Jn-
STEP 2: PROOF OF (1). By (3.7) we write (assuming the denominator is nonzero)
UW, U((0,2) -V

(3.8) P(Ty. < 00) > (71 ) _ Ul f)l 0).

UWITW.) UV )
A simple calculation relates the right random walk on the affine group to the reversed left random
walk L, = R;' = g;'---g;'. Observe that for any V C Aff(R) we have

U((0,2)V) = > P[R,€(0,2)V] =Y P[R,' € V(0,271

D P[Ln(0,2) e VT =U(VTH0,27Y),

where U is the potential of the reversed random walk L. Since the law of g, ! is also centered and
verifies the hypotheses of [2], there exists a unique Radon measure ¢ on R invariant under jic, the
law of g=! = (B, A)~!. Then by (3.5)

li
z Z—r+00

. _ (v —1 —1\\ _ (& ax -1
lim U((0,2)V) = lim U(V10,271) = (VG x = )(v ).
We take sufficiently large V such that

UWIIW,) = U(Vy V) >0 and (ﬁc X ?x%,l)) >0

and, in view of (3.7), we conclude.
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STEP 3: PROOF OF (2). As in the previous step, by (3.7), we write

Uv.) _ U(1(0,271))
(3.9) P <) > G T (0,208 (0,5 )

Now we have to estimate U(V,) from below and U(V, 'V,) from above. The latter is the most
difficult part of the proof.

To deal with this second problem we decompose the centered random walk on the affine group in
a contracting part and a dilating part using ladder stopping times. This key idea has been applied
in several different ways in important works on the subject, for instance [16, 13, 19, 2]. We use here
a potential theoretic version. Let {g,} be another sequence of i.i.d. elements of Aff(R) independent
and of the same law as {g;}. We define S,,, %y, [}, as in (2.6) and (2.7). We claim that

(3.10) 0 =5 Y 1) =5 3 1@ 1|
n=0 k,i=0
In fact, for n > k define L¥ = g,, - gr41 and L’,z = e. Observe that

oo oo try1—1 oo tho1—1
E{Zf(Ln)} —]E[Z 3 f(Li)} —E{;E{ > F(LFLy,)

n=0 k=0 i=ty i=ty

Since for fixed k the sequence {Ltk+i}i20 is independent of L;, and has the same law as {L;};>0,
by the duality lemma (see lemma 5.4 [6]) we have

o[ S sttt =) 5[ 3 )] - e[ 1)

i=ty =0

and we obtain (3.10).
Observe that S7, (resp. Sy, ) is a random walk with finite mean and negative (resp. positive)
steps. Take a,b > 2, then by (3.10) and the classical renewal theorem [14], we have

U([-b,b] x [1/a,a]) = > P[b(RyLy,) < b;—loga < 8 + 8, <logal
k,i=0
= Y PleTub(Ly,) +b(R;,) < b —loga < S + S, < loga]
k,i=0

Z P[b(R; ) < b;—loga < S; +8;, <loga] since b(Ly,) >0

k,i=0
mi =0

IN

o0

= D E [Hb(Rli)smE [ > L logass,, 45, <loga)
=0 k=0

IN

Cloga P[b(R;) < b
=0

Since we assume B > 1 a.s., we have for i > 1:

— 5, =i —_ 5
b(R;) =b(R;, Ry ) =e Tiab(® ) +b(R;_) > e Sl
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That is
U([=b,b] x [1/a,a]) < Cloga(l + ZP[?ZFI > —logb]) < Cloga(1+ Clogb)
i=1
Therefore, since
Vzilvz c {(BvA) | |B| < 2b0a0 2 a(;Q <A< a’(Q)}a

we obtain

UV, 'V,) < Klogag(1 + log z + log(2bgag)).

To estimate U(V,) from below as in the previous case, we just apply the renewal theorem (3.5).
Plugging those estimates into (3.9), we conclude. O

Proof of Proposition 3.1.

STEP 1: PROOF OF (1). We apply Corollary 3.4 with [k1, k2] = [z, 2] and [m1, ma] = [—2bg, 2bg]
and consider, according to the notation there, the subset of Aff(R)

W (—2bg, 2by, —2,2) = {g € AF(R) | g([—=2, 2]) C [-2bo,2bo]} = {(B,A) | Az+ B <2by}.

This subset contains the set

V.= {(B,A>|

We can apply Corollary 3.4 and, choosing by large enough, Lemma 3.6.2 to conclude:
I/[*?bo, 21)0}
- P(Tvz < OO)

-1
by
z

b
<A< ;0, |B| <bo}.

v(—z,z) < Cp(1 +log ).

STEP 2: PROOF OF (2). Take M > 1 and 0 < ky < ka. Set [my, ms] = [z, 2M]. Then by Corollary
3.4
viz,zM] > P(Tw, < oo)v|[ki, ka],
where
Wz = W(Z, ZM, kil, k‘g) = (0, Z)W(l, M, k‘l, kg) = (O7 Z)W1

A

=

-1

Observe that if k1, M and M/k; tend to infinity, then
Wi ={(B,A)| Ak —B>1,Ak; + B < M}

grows to Aff(R). Thus, there exists C' > 0 such that if k&y > C,M > C and M /ky > C, the set W,
contains the compact set Vy defined in Lemma 3.6. Therefore P(Ty, < o) is uniformly bounded
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from below for large values of z. Moreover, since we require the support of v to be unbounded on
the right, one can choose ko such that v[k;, ks] > 0 and we conclude.

STEP 3: PROOF OF (3). Let ag, by be sufficiently large numbers such that Lemma 3.6 holds. Take
M > max{2,4a3}.
First suppose that “2 < .. Take [m1,ms] = [e”,e®M] and [k1, k2] = [e®Vuy, e” Vuy]. For
1 (LO
x > log(bg), the set
W(e”, e" M, e uy, e Vuy) = {(B,A) € Af(R) | Ae®Yuy + B <e®M; Ae*tYu; — B > e“”}

contains the set

2 M
1% :{B,A Af(R) | B < by, <A< }
() = {(B.A) € ARR) | B <o, 2 <4< o
Since (%) / (ﬁ) = ]‘fu’g > a?, we can apply Lemma 3.6 and prove that there exists C' > such
that - _
vietYuy, e Yuy 1
<C(1 for all z > logbg,y >0
vet, et M ~ P(Ty () < o) (1+y) forallz>logbo,y

By the previous steps, the last inequality is satisfied for 0 <  <logby and all y > 0.
For general U = [u1, ug] with 32 > % we can deduce (3.2) covering U with a finite number of
0

small intervals.
O

Since the law of log A is aperiodic, proceeding as in [2] and [6], one can prove that the family
of quotient measures is asymptotically invariant under the action of R%} and converges to the Haar
measure of R .

Corollary 3.11. Under the hypotheses of Theorem 1.3
liminfd,-1 xv(¢) > 0,
Z—r00

where ¢ is an arbitrary nonzero and nonnegative element of C.(0,400).
Furthermore for ¢1, ¢ € Cc(0,400) and ¢2 not identically zero:

S xv(gy)  Jrs 21(0)F

3.12 lim - .
( ) z—00 0,1 * V(qbg) ijr ¢2(a)%1
Therefore

. 6@7(w+y) * V((b) _
(3.13) A T )
and

Se—ttw * V(@)
66*”’ * V(¢)

In particular the function L(z) = 0,-1 x v(¢@) is slowly varying.

< Ky(1+y) for all z,y > 0.

Proof. For the reader’s convenience we present a sketchy proof (see Proposition 2.2 [6] for more
details). First take a Lipschitz function ® whose compact support contains (1, M) and let L(z) =
0,-1 % v(®). Since the family of measures v, = ﬁéz—l x v is vaguely compact, for every sequence
we can extract its subsequence v, convergent to a limit measure 7.

For every Lipschitz compactly supported function ¢ and ¥ € § there exists a compact set

U =U(¢,¥) such that
U(u Au B Au
o(*) —o(F)| = To1(),

z z z z
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and

‘ f¢<‘l’z(:)>y(du) B qu(‘;‘—:)V(du) Clz;tblv(a=12,U)
lim lim o =

< Cn(a™'U)- ILm |z, 1b] = 0,

IA

Thus the function
00 —1,n *G V(D)
— iy Oty TE T
hly) =0y xn(@) = lm ——=7r

on R is superharmonic with respect to the action of py4, the law A;. Since h is positive and
continuous, by the Choquet-Deny theorem it must be a constant function, that is d, * n(¢) = n(¢@)
for every a € R’. Because n(®) = 1, then 7 is a fixed multiple of the Haar measure of R* and

lim .- xv(d) _ fd)(a)%a
z—+00 §,—1 * (D) - f@(a)%.

This proves (3.12) and (3.13). In particular, if ¢ is nonzero, by Proposition 3.1, we have

Z—00 a zZ—00

liminfd,-1 x v(d) > /gb(a)@ liminf §,-1 * v(®) > 0.

Take k such that the support of ¢ is contained in [1/k, k]. Then

ef(fF‘H!) * V(¢) Ij[ea:/M’ ezM] I/[eaj+y/k,em+yk]
T (8) S eeeue) veMLedn S hiry)

because the first quotient is bounded. ([

4. HOMOGENEITY AT INFINITY

In this section we finish the proof of Theorem 1.3. The main idea of the proof is similar to our
previous papers [6, 8, 7]. Given a nice function ¢ on R we define the function

fa)=[ ole" ur(du).
R%
Behavior at infinity of the measure v is coded in the asymptotic behavior of f. To describe f we
consider it as a solution of the Poisson equation

mr f(z) = f(2) + g(2)

where 11 is the law of —log A and the function g is defined by the equation above. We cannot use
the classical renewal theorem, since the measure 1 is centered. In our previous papers we expressed
f as a special potential of g. However this approach was technically involved and it was not possible
to establish the optimal hypotheses. Here we apply ideas due to Durrett and Liggett [12], who
studying similar equation and applying the duality lemma, were able to reduce the problem to the
classical renewal theorem. In Proposition 4.1, we determine weak assumptions in the terms of the
Poisson equation that enable to control the asymptotic behavior of the solution.

In the second part of the section, we apply this result to our problem. We show that there exist
slight perturbations of the functions f and g defined above which satisfy all the required conditions.
Finally we deduce our main result proving that the tail of the measure v converges at infinity.
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Proposition 4.1. Let i be a centered probability measure on R with finite moment of order 2 + €
for some € > 0 and let f be a continuous function on R such that

y
(4.2) 0< flz) <C(1+a™) and / f(z)dz < C(1+yt)
where £ := max{0,z}. Let g be the continuous function on R defined by the Poisson equation:
(4.3) s fo) = £(z) + g(2).
Suppose also that g is directly Riemann integrable, then

. -1
(1.4) Jim E[f(o+ 8] = f(e) = g [ ale)da,

where Sy, is the random walk of law Tt and t and | are the stopping times
t=inf{n >0:5, >0} and |l =inf{n > 0: S, < 0}.
Moreover, if [, g(x)de =0 and [, |vg(x)|de < oo,

(4.5) zEIEOOE[ /x e f(z)dz} - E[lsl] /R 2 g(z)dz.

The notion of directly Riemann integrable functions is fundamental in renewa theory and allows
to apply the classical renewal theorem to the function g (see for e.g. Feller [14]). The proof of this
proposition will be given in Appendix A.

Let v be a p-invariant Radon measure on R. We would like to apply the previous proposition
to the function f(z) = de-= x v(¢) for some fixed positive function ¢ € CL(R% ). Unfortunately we
are not able to justify that f satisfies all the required hypotheses. The main reason is that we are
not able to control local properties of a general measure v, namely its behavior near 0. Thus the
function f may not be sufficiently integrable at —co. However it turns out that one can slightly
translate the measure v to overcome the problem.

For this purpose, given ¢ € CL(R%) and wy > 0 define

fow) o= [ ote = w)w(au),
94 (2) o fo(x) = fo().
Observe that f4(x) = de-= * 19(¢p) where vy is the measure v translated by wo:
(o) = | otu = wow(du),

i.e. the invariant measure of the SDS obtained by conjugating the original one with the translation
by wyq:

Yo(x) = Y(z + wo) — wp.
Denote by pg its law. Observe that A(yy) = A(¢)) and we can choose B(t)y) = Awo+wo+ B, hence
1o satisfies our main hypotheses if © does. Since the translation doesn’t change the asymptotic
behavior, the measures 1y and v behave in the same way at +o0o, namely :

(4.6) L fy(2) = 8us (9) = 0.

xT

In fact

A

— 00

—+oo oo
/ (e (u — wo)) — dle*wu(du) < CA 0| Lgrmer (010 (d0)
e

< Cle "wollog(e® (M + wyp))
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when supp(¢) C [m, M]. Summarizing, translation of the invariant measure does not change the
problem we study, nor our assumptions. Existence of a corresponding wy is provided by the following
lemma, whose proof will be given in Appendix A.

Lemma 4.7. There exists wo > 0 such that for all ¢ € C} (R%) the functions fg and g4 satisfy the
hypotheses of Proposition 4.1.

Now we are ready to prove our main result.
Proof of Theorem 1.3. We claim that [ g4(y)dy = 0. In fact for all y we can apply Corollary 3.11

lim folx+y) lim O—(etn) ¥ 10(@) _ 1.
a—too  fy(x) z—+too e T * 1g(Q)

thus, since E(S;) is finite, by dominated convergence E(fy(z + S¢)/f4(x)) also converges to 1. Fix
€ > 0, then there exists x. such that for all x > .
Elfo(z + 5¢)]

‘]E[f¢(x+5t)] — folz) + ]Eg /gqs( >dy' <¢and ’ folz)

Therefore fg(z) > | [ g4(y)dy|/(eES;) — 1. Since by Lemma 4.7, [“_ fs(y)dy < C(1 + z), for all

z>x: >0
C(l+x) / foly <|fg¢]}zsdy| 1) (x — ).

/ gqg(y)dy‘ < sIESt(lim inf cd+z)
R

T—>+00 T — T

1‘<€.

That is

+ 1) = eES,(C +1).

Letting € N\, 0, we conclude.
In view of Corollary 3.11, the quotient f,(z + y)/fs(x) is uniformly dominated by 1 + S; for
x> 0and 0 <y < S, thus

St St
lim folw+y), _ / ldy=S, Pas.
z—o0 J f¢(x) 0

By Fatou’s lemma

St St
(4.8) timinfE | [ 28 ED 00 S g liming [ 228 0| g
vro0 o [fol@) v=oo Jooo fo(2)
Therefore by Proposition 4.1
Sy
limsup fy(x) = 1i = [l f¢x+y)dy}< = / ()xd
im sup fp(x) = limsup < 9o (x)xdx
Z—00 ¢ z—00 ]E{ OSt fo( x+y dy} E[Sl]E[St] R ¢

In particular this proves that fy(z) is bounded above. Since by Corollary 3.11, we already know

that fs(x) is bounded below, OSt f“&}ia(c;—)y) dy < CS;. This allow to use the dominated convergence

theorem instead of Fatou’s Lemma in (4.8) and to replace the inferior limit with the real limit and
the inequality with the equality. Thus we have

E|J3" Jole +v)dy] 1

1
li = 1li = dr = — d

0 folx)
where 02 = [ 2?fi(dx) (see [14] for the proof that E[S,]E[S,] = o?).




ON UNBOUNDED INVARIANT MEASURES OF SDS 16

To conclude take a nonzero nonnegative function ® € C1(0,+o0). We have proved that the
following limit exists

lim 6,1 %v(®)= lim fo(z)=C

z—+00 T—+00
and by Corollary 3.11 the constant C' is strictly positive. The same corollary also implies that for
all ¢ € C.(0,400)

lm 8, kp(¢) = lim 2O g 521*1/(@):@4“@)‘:’1

2—+o00 z—+00 0,1 % I/((I)) z2— 400

5. UNIQUENESS OF THE INVARIANT MEASURE
Proof of Theorem 1.9. Notice first that for any compact set K
lim 1 (XY)|XY = XY| < |y—y/|limsupA; ... A, 1x(XY)
n—00 n—oo

XY (XY
= |y —y|limsup %(n)
n—oo A1--~nA”
C(K
< limsup )(( )
n—oo Al"'nAn
Thus it is sufficient to prove that
li X _ +
nooo Ay A,
Notice that the sequence Al}f?{A in nondecreasing. Indeed, since ¥, (XY ;) > 4, XY |,
X Vo (Xn1) X1

Ay A,  A--A, T A---A, 1
Therefore it is enough to justify that for arbitrary large fixed M > 0 the sequence is a.s. at least
once greater than M. Let
Up,y = {¥ € §|¥[0, +00) C [5,+00) and A(T) < v}
and
Vo i ={¥ € FlA(T) < a}.

In view of our hypotheses there exist a < 1, 8 > 0, and ~ such that these two sets have positive
probability. For a fixed g, take N > 0 such that o¥ "1 M~yzy < B and let 19 = 111b2 with ¢y € Ug,,
and 12 € VN1 . We claim that

(5.1) jf(%)x > M for all 0 < z < .
In fact
Yo(z) = ¢1(¥a(x)) = B> M(ya™"wg) > MAW)A(vz)z > MA(Yo)z.
Observe that since XY is recurrent, there exists zo > 1 such that P[0 < X¥ < x( i.0.] = 1 for
every y > 0. Let us fix y, x9 and define a sequence T}, of hitting times of [0, z]

Ty, =0,
Ty, :inf{n>Tk71+N:Xf{ <x0}.
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By recurrence, all Ty, are almost surely finite. Let ¥/ := ¥;0---0W,,,, then {\I'?;J“N } is a sequence

of i.i.d. random transformations distributed as uv. Since u™¥(Us,VN=1) > 0 there exists almost

surely ko such that \IJ;:EHV € Up,,VN=1. Then, by (5.1), we have:

2 Tk +N Tk +N 2
Y ko Y ko Y
Xrgrv  VYno (X7) U, (X7,)%0

= > M.
- Y
Al N ATk0+N Al . ATk0+N ATkO"rl . ATko+NXTkD

6. EXAMPLES

In this section we present some of the more significant classes of stochastic dynamical system to
which the results of the previous sections apply.

6.1. The random difference equation. The first example is naturally the SDS induced by ran-
dom affinities, that is ¥,,(x) = A,x+B,, for a random pair (B,, A,) € RxR*. Then X is given by
formula (1.7). This process is called the random difference equation or the affine recursion. It is well
known that under the assumptions of Theorem 1.3 this process is recurrent and locally contractive,
thus it possesses a unique invariant Radon measure v, see [2]. Behavior of this measure at infinity
was studied previously in [8, 6, 7] under a number of additional strong hypotheses. Theorem 1.3
provides an optimal result, in the sense that the hypotheses implying existence and uniqueness of

the invariant measure, are sufficient also to deduce that this measure must behave at infinity like
Cdz
.

6.2. Stochastic recursions with unique invariant measure. Our results can also be applied
to a more general class of stochastic recursions that behave at infinity as Az (i.e. ®(x) ~ Az for
large x). In the contracting case (E[log A] < 0) those recursions were studied by Goldie [15] (see
also Mirek [21], who described this class of recursions in general settings, including more examples).
Just to give some concrete examples let us mention that our results are valid (under rather obvious
and easy to formulate assumptions) for the following examples

i \I/Ln(l‘) = maX{AnJ"7Bn} + O’rla fOI' AannaCn > 0
o Uy, (2) = \/A22% + Bpa + C, for Ay, B,,C, >0 and A = B2 —442C <0

In both cases above the mappings ¥, ,, are Lipschitz with the Lipschitz coefficient equal to A. This
is obvious for the first example. For the second one, denote zy = —2%, D = —ﬁ. Observe that
since Wy ,,(z) = \/A2(x — 10)2 + D, its derivative

A%(x — x0) 1

!/
2,n($) = =A
VA@—20?2+D 14l

is an increasing function that tends to A. Hence, under appropriate moment assumptions, the SDS
on R, generated by the random functions defined above satisfies assumptions of both Theorem
1.3 and Theorem 1.9. Therefore the corresponding random process possesses a unique invariant
measure, which behaves at infinity like %

If we do not suppose A = B2 —4A4%C < 0, then U5, are still asymptotically linear functions to
which Theorem 1.3 applies, but we cannot prove uniqueness of an invariant measure.

S A
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6.3. Random automorphisms of the interval [0,1]. SDS’s acting on the real line after con-
jugating by an appropriate function can be seen as random automorphisms of the interval [0, 1]
fixing the end points. Our key property (AL) is translated in this setting into requiring that the
automorphisms "reflect” at the same way in 0 and in 1, in the sense that the derivative in these two
points has to be the same. The B term is then related to the term of order two at these end points
(or order 2 — a, if we conjugate a SDS that satisfy (AL%)). More precisely

Corollary 6.1. Consider a SDS on [0,1] defined by random functions ¢ € C([0,1]) fizing 0 and 1,
differentiable at the extremities of the interval and such that

¢'(0) = ¢'(1) =: ay.

Let
: o o(u) 0 ¢(u) — agu
gy = inf (1—¢(u)>0, A= inf ——=>0, )= sup |——2—|<o0.
1 ue[O,l/Z]( (1)) > w12 u P ez u?
: : — ¢(u) | p(u) =1 —ag(u—1)
gt = inf ¢u) >0, fa= inf ——2>0, fa= sup < 00.
! well)/2,1] (u) 27 uej2y 1—u S wen/2) (u —1)2

Suppose that E [|log ay|**¢] < oo, E [|log BL[*™¢] < oo, for some e > 0, alli, k, and that E[log ag] =
0. Then the SDS on [0,1] is conjugated to an asymptotically linear SDS on R that satisfy the
hypotheses of Theorem 1.3. Therefore there exists at least one invariant Radon measure v on (0,1)
and for every such a measure v, which charges a neighborhood of 0, there exists a strictly positive
constant C' such that for all0 <a <b <1
ZEIEOO v(a/z,b/z) = Clogb/a
Proof. Let
1 1

T(u):_a—i_l—u'

be a diffeomorphism of (0,1) onto R. In the technical Lemma A.4, whose proof is postponed to the
Appendix A, we prove that the conjugated function U, = rogor=! satisfy (AL) for A(V,) = 1/a,
and

BW,) < C, <(1+a¢j6§) L L (et 5 +11> 7
ag s B ag; Bi
where C. depends only on the function r. Thus, under the hypotheses of the corollary, the conjugated
SDS satisfies the assumptions of our main theorem.
Let & be the law of ¢ and pu = r* fi * 7~ be the law of the conjugated SDS on R. Then v is a
p-invariant Radon measure on R if and only if 7 = 7~ x v is a fi-invariant Radon measure on (0, 1).

Then by Theorem 1.3 and since |r(u) + 1/u| < 2 for 0 < u < 1/2,

(2 (2) (- 53)

v(=Z-2-24+2)+u(-2-2,-2+2) =0
a a b b

{
/N
w |
w | o
N———

|

S
/N

I
QW

|
(SR
N———
I

IN

for 2 — 4+o00. Thus

lim 7(a/zb/z) = lim V(—E,—%) = Clogb/a.

z—400 z—~400 a
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6.4. Additive Markov processes and power functions. When an asymptotically linear SDS
is conjugated by a homeomorphism of the real line which behaves as the exponential at infinity, it
is transformed into a SDS that is asymptotically a translation or, by the reversed conjugation, a
power function.

More precisely consider a SDS generated by functions ¢ such that

(6.2) [6(x) — @+ sign(a)uy| < ve "

for some constants ug and ves. This class contains mappings of [0, 00) that are equal to translations
outside a bounded set, that is a Markov additive process as defined in Aldous [1, sections C11, C33].
Let s be a continuous bijection of R such that

s(x)=e€"forx >1 and s(zx)=—e *forax<—1.

Then the SDS generated by 14(x) = sogos™! satisfies hypothesis (AL) with A(¢)4) = e “¢. Hence,
under moment conditions that can be obtained with standard calculations, if E(ug) = 0 there exists
an invariant measure which behaves at infinity as the Lebesgue measure dz, i.e.

zEToo va+z,8+2)=CF—a),

for every measure of unbounded support, some constant C' > 0 and all 8 > «.
In a similar way a SDS generated by function ¢ such that

||@ - sign(z)e 01 18UTHDY < (1) < |z|? - sign(z)etbrlosle+DT

for some « is associated to an a-asymptotically linear system by the reverse conjugation iy(x) =
s tog¢gosand A(Yy) = a. Thus, if E(loga) = 0 and some moments are finite, for any invariant
measure v, whose support in unbounded on the positive half-line, there exists a strictly positive
constant C' such that for all 1 < a < f3

s v log 3
Zgrfooz/(a ,B%) = Clog oga’
6.5. Population of Galton-Watson tree with random reproduction law. Consider the fol-
lowing model of reproduction of a population. Let {p,|w € Q} be the set of probability measures
on the set of natural numbers N and A(dw) be a probability law on . At each generation a law
of reproduction p,, is chosen according to A(dw) and each individual j is replaced by r; offsprings,
r; chosen according to the law p, and independently from the other individuals. To prevent the
extinction of the population a random immigration i, it added to the population. More formally,
if the population consists of z € N individuals, the population of the following generation is

xT
ww,r(gj) =1y, + Zij
j=1

where the reproduction law w € 2 is chosen according to A(dw), r = {r;}; are i.i.d of law p,, and i,
is a random variable. If every generation is independent from the previous one then the evolution of
the population is a SDS on R = N of law u(dy) = @p,,(dr)\(dw). If Er? < oo, the law of iterated
logarithm proves that the 1), , are p-almost surely a-asymptotically linear with an error of order
x® for all & > 1/2 and

Al)=A, = /N rpw(dr) = average number of offspring per individual for p,, .

Unlike the classical Galton-Watson process, in our context A, is not constant, but varies from
one generation to another. The key parameter, that decides whether the system is recurrent, is
E(log A,) = [log AuA(dw). To apply Theorem 1.3, we need to control moments of B(y). The
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details are stated in the following lemma. Our estimates are fairly rough and the hypotheses could
be probably improved, but this go beyond the purpose of our paper.

Lemma 6.3. Suppose E(r) = [, [ 71pw(dr)X(dw) < co. Let oo > 3/4 and

[ .r(z) — Apz]
B = Bw r = - -
() ’ ilég e +1

then there exists a finite constant C,, that only depends on « such that
E((log" B(¥))**) < Ca (1 +E((log™ i,)*™) + E(r1))
Proof. Observe first

W (@) = Aual _, >0 (rj — Aw>\.
rx® +1 rx® +1

Thus

Y (r; — Ay 2+e
(log™ B(y))**c < C((C’ +log™ti,)?T¢ + sup <logJr | 2= )|> )
z€EN z*+1

Let y; := r; — A, be centered random variables. For a fixed reproduction law w denote by P,, the
quenched probability. Since under P, the variables y; are independent, Eq, (y;,¥j,¥4,Y;,) = 0 if there
exists an index ji that is different from all the others. Then standard calculus shows that

(o]

x

Z ]Ew (yj1 ijy]3yj4)

J1,J2,73,ja=1

PE (y) + 32(z — 1) (B [y3])” < 42%E,, (y})

Finally, since o > 3/4, we have

+|Z§:1(Tj—Aw)’ e |Z?:1yj| 4
E(igg(bg 2o+ 1 < CE( D 2o+ 1
E

w H Zf‘:l yj|4] >
(.’L‘O‘ + 1)4

422E,, (y}) 42°E(y?)

6.6. Reflected random walk in critical case. The reflected random walk

Y=Y = ual,

is an example of an asymptotic translation for which (6.2) holds. Thus we can apply our main
Theorem 1.3. However, in this case the same results hold under weaker hypotheses and a much
more direct proof. We give here the proof of Theorem 1.11, stated in the introduction.

Proof of Theorem 1.11. Define the upward ladder times of S, = Z?:l Ui

t() - 07
thrr = nf{n >t : S, > S},
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and put U, = Sy, — St,_,. Then {u;} is a sequence of i.i.d. random variables and every @y, is equal
in distribution to Sy, . We define reflected random walk for {@y}:

T

vo— o

— —T _

Vi = YT,
then Y, = Y?. In view of the result of Chow and Lai [9], E(u)? < oo and this is sufficient for
existence of a unique invariant probability measure v; of the process {?:} (see [22] for more details).

Let us define the measure
Vo / [Z fy, } ve(dz).

Notice first that this is a Radon measure. Indeed, define I; = inf{n > ;,_; : S, < S;,_,}. Since
E(u])? < 0o, —00 < ES; < 0 (see [9]). Take any f € Cc(Ry), then by the duality Lemma [14]

t—1

(6.4) yo(f):/MIE{Zf(x—S)}ut(dx / {fo—sl }ut(dx).

n=0

By the renewal theorem
E[Zf(m - Szn)] < CE[#n: a<z—-S, <B] <C|B—-a
n=0

therefore vo(f) is finite and thus vy is a Radon measure
Next, since p; * vy = 14, we have

po(f) = /R/ [wa y'] (dy)vi(dz)
/ LZf }utdac ) = wo(f).

Therefore vy is a p invariant Radon measure, so vy = C'v and without any loss of generality we may
assume v = 1.
Finally, by (6.4), the Lebesgue theorem and the renewal theorem

. : = 1
zlggo . flu—z)v(du) = Zli)rgo . E[nz_of(a: -5, - z)] ve(de) = £S5, /ﬂh f(z)dx

and the Theorem is proved. (I

APPENDIX A. PROOFS OF TECHNICAL RESULTS

In this Appendix we give the postponed proofs of the technical results stated in Lemma 2.1,
Proposition 4.1, Lemma 4.7. At the end we formulate and prove Lemma A.4, which is used in
Section 6.3.

Proof of Lemma 2.1. We will prove the result only for positive z, since for negative values of = the
same argument is valid just by conjugating with the map z — —ux.
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Suppose first x > 1. We have
r (Aar_l(x) — B, (1+ |7“_1(x)|0‘)) <po(x)< 7 (Aar_l(m) + B, (1+ |r_1(m)|a))
T (Aaa:ﬁ — Bo(1+ xﬁ)) <tp(x)< 1 (Aaxﬁ + B, (1+ xﬁ))

r (Aaxﬁ - Bacaxﬁ) < ¥ (z)

IN

r (Aaxﬁ + Bacaxﬁ>

where ¢, only depends on «. Suppose further z > ¢, B /Aq, then Aaxﬁ — BpcazTs >0 and
1 o 11—« | o 11—«
(Aaa?m — Bacazﬁ) < p(z) < (Ao;vE + Bacaxﬁ>
A};‘lm% — A%2T 8 BycqrTa < ihp(z) < A};o‘x% + (1= @)A; 275 BycqrTa
A};D‘x — A %Baca < tYp(z) < Aifo‘x + (1 —a)A;*Baca

since for xg > 0 and h > 0, by concavity (zo + h)'™ < 25 + (1 — a)zy *h and (zg — b))~ >

xé*a — 2o “h. Hence we proved the lemma for > max{1, c,B,/A} Now, for z < 1

r (Aoézﬁ — B, (1+ xﬁ)) <t(x)< r (Aa:cﬁ + B.(1+ xﬁ))
—(2Ba)'7" <4n(a) € (Ao +2Ba)' "

and for x < ¢, Ba/As.

_a l1-a 1 _a =
- (Ba (1+ (Ci“) )) < ¢r(x) < (Aa (Ci“) + Bq <1+ <ci‘£“> ))

Hence the lemma follows. O

Proof of Proposition 4.1. Step 1. Let t; and l; be the stopping times defined in (2.7). Let U; be
the potential of the random walk S;, and let

R(z) =Y E[g(x + Si,)] = Ui(0x *z 9)-
k=0

Since the function g is directly Riemann integrable and —oco < ES; < 0, the function R is well
defined and finite for every x. Notice also that by the duality lemma [14]

00 t—1
(A1) R(z) = Y E[g(z + $,)] =E[ 3 g@+ 5.
k=0 k=0
Step 2. We claim that
(A.2) E[f(z+S)] — f(2) E[Zg(x+5k)} = R(x).
k=0

Indeed, the process f(x + Sp) — ZZ;& g(x + Si) forms a martingale (for this purpose one just has
to iterate the Poisson equation (4.3)). Then for any fixed n, T A n is a bounded stopping time,
therefore by the optional stopping time theorem we have

(tAn)—1
f(z) :E{f(x‘FSt/\n)} —]E[ Z g(m—i—Sk)].
k=0
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To justify that we can let n tend to infinity and change the order of the limit and the expected value
to obtain (A.2) observe that

E[f(2 + Stan)] < CE[L+ (2 + Sian) ] < CE[L + (2 + 5,)*] < oo

The second term is uniformly dominated in n by

B[S blte +50] = - Blole + 5] <

k=0

therefore converges to R(x) when n goes to infinity.
This proves that

E[f(x+5)] = f(z) = R(z) = Ui(0: += 9)
and by the renewal theorem we obtain (4.4).
Step 3. Let

If we suppose [ g(z)dz = 0 then

G(z) = /+OO g(z)dz — /:O g(z)dz = — /1+00 g(z)dz.

— 00

Thus
G()| < / 19(2)1dz Lo gy(2) + / 19(2)1d2 Lo 400y () =: Ga(z) + Ga(),

— 00

and G is directly Riemann integrable since functions G; are monotone and integrable on their

support:
0 “+o0 “+o00
[ @@ = [ [ teclaends - / 29(2)|dz < o0
oo _
+ +oo  ptoo +oo
Goir = [ [ olgldnds = [ gl dz <.
0 -0 J—o00 0
Furthermore
o0 +oo +o0 +o0 +o0
/ G(z)dx = / / 1[z<1<0]g(z)dxdz—/ / 1152509(2)dx dz

= —/_;OO 29(z)dz.

Step 4. By the renewal theory, U;(d, *g G) is well defined and by Fubini’s theorem

/ R(z)dz —/ / g9(z + u)dzU;(du) / / 2)dzU;(du) = Ui (65 *r G).

On the other hand

/R U fz—i—Stdz—/ £z dz}—IE[/:JrSff(z)dz}

In fact the two integrals above are finite because by our hypotheses

[ Bl so = & | o F)dy] < CElL+ (a4 )"

— 00 — 00
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and ES; < oo since 71 has moment of order 2 + ¢, see [9]. Thus we proved

E[ /m o f(z)dz} 5, U(G)

and we can conclude using again the renewal theorem. ([l

Proof of Lemma 4.7. Step 1. Let 0 < 7 < 1, then the set of v > 0 such that the function
u — (u—v)~7 is v-integrable on (v, +00) is of full Lebesgue measure. In fact for any interval

[a,b] C (0,00):
/ab </U°°<u - v)_"’u(du)> dv /jb (/{Iu/\b(u - v)‘”dv) v(du) —1—/2:0 (/au/\b(u - v)‘”dv) v(du)
/jb (/O%_aw_”dW> v(du) + /: (/u:aw_”*dw> v(du)

= C+ /2b (u—"0)"7(b—a)v(du) < 0o

IA

Take wg such that fij(u —wp) Yv(du) < oo then

oo

fo(z) = /OO p(e™®(u — wo))v(du) < C’/ e’ (u —wp) Tv(du) < Ce”,

wo wo

this gives good estimates of fy4 for negative z’s.
Step 2. Let supp(¢) C [m, M]. By Proposition 3.1 the tail of v is at most logarithmic, therefore
for x > 0,

fo(x) < v([e®m + wo, e" M + wo)) < v([e®m, e (M +wp)]) < C(1+ ).

and

IN

[ fsdy < C / / 11y <L) (€7t — wp) )y (da)

M
< C/ 1[wo<u§e“(1\/l+wo)] log Ey(du) < C(l + .T+)
R

This proves (4.2).

Step 3. We need to justify that g, = i * fy — fo is directly Riemann integrable and moreover
Jg lzg(z)|dz < co. We recall first that, since g is continuous, to prove that it is directly Riemann
integrable is sufficient to show that |g| is dominated on (—oo, 0] (resp. on [0, +00) ) by an integrable
nondecreasing (resp. nonincreasing) function. For z < 0 :

+oo
ik folz) = / fole + y)E(dy)
—x/2 +oo
- / Cer Iy + [ K+ )
o0 1 o0
< Cel) / o KU pl(dy) = O/ 4 / A Dy <7 dy)
—x/2 —x/2

C
< T (1
= 1 [zftte
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since 1z has a moment of order 2 + ¢. Thus g41(_ o) is directly Riemann integrable. Furthermore

/OOO |lz|7 * fo(z)dz /:O /Ooo || (2 + y)daTi(dy)

/:O /yoo |z — ylfo(x)dzpi(dy)
/_:O (/_OOO |z — y| fo(x)dx + /0y+ |z — y|f¢(x)dx> 7i(dy)
/_:o (C /_OOO |z — yle"dx + 2|y| /0y+ f¢(:r)dx> ai(dy)

+oo
< o el P < oo

IA

Step 4. To check that g, is directly Riemann integrable and |zgg4(x)| is integrable for positive

we show that:
o0

sup  |zge(x)| < oo.
n=0 n<zr<n+1

Applying uo invariance of vy and since A(vo) = A(1)), we obtain

ol =| [ [ ol (awm) - o(e = w))mlduwan)|

The function ¢(z) = ¢(e”) is a Lipschitz on R, hence:

o (AW) — o(e~v(w)| < min {C|log f(( )’ 206l )
< }
A
< mm{ciA | 20lloe} =: p( )
where we use the convention that log z = —oo for z < 0 and p(y) = min{C’|§|, 2||¢]loc}. Take now
0<n<z<n+l
2l (e (Au)) = (e "(w)|
Au+B A
< log" Um ) p(Fu) (1[10g ) <n<log L] * 1[log 4 <n<log M]) )
Thus
S o ol < [ [30 s lelo(e () - o) i)
L Au+B A eM
< [ [rogt SEED o 108 S Sy ()
<

210g - / / (log+ o +log™ B+ 1og+(% + 1)) p(%)yo(du))uo(dd))
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To estimate the last expression we use the fact that there exists a constant C' such that for all
non-increasing functions h : [0, 4+00) — [0, +00) and all M > 0

+o0 >
(A.3) /Rh(\uVM)Vo(du) < C(1+1log™ M) (Hh”()o + /1 h(z)(1+ log(z))dz)

Before we prove the last inequality, let us check how it implies the lemma. Since log™ (2 +1)p(2) <
C/(1+4 2)Y/? for z > 0, by (A.3), we have

1 Au Au
+ 4 + + A Aau
/<log - +log™ B + log (B +1)) p( B Yo (du)

+oo P
< C(1+1log™(B/A)) ((1 +1log* B) + /1 ((1 +1log® B)p(z) + (1—|—1z)1/2> (1+ 1og+(z))dz>
< C (14 (log* B)® +log™ Blog™ A).

The last expression is pp-integrable and we conclude.
Finally to prove (A.3) we write

/R h(jul /M) vo(du) < [[Bllooro([~Me, Me]) + / 1upsennh(ful/M)vo(du)

IN

C(1+1og" M) bl + 3 [ Lienssrrsusenanpoldu)hc”)

O+ log™ M)l + 3 (log™ (€M) + 1)h(e™)

n=1

C(1+1logt M ||h||oo+Z/n_ (log™(2e* M) + 1) h(2)—

IN

dz
z

d
C(1 +log™ M)||hl|o + / (log* ()+1og+M+3)h(z)§.
1

IA

IA

(]

Lemma A.4. Let ¢ € C([0,1]) be a function fixzing 0 and 1, derivable at 0 and 1 and such that
¢'(0) = ¢'(1) =: ap. Suppose:

0 = inf (1 —¢(u)) >0, 9= inf M>O, Y= su M < 00.
A ue[o,l/z]( $(u)) & uel0,1/2] U K u€[0,113/2} u?
. . — ¢(u) P(u) —1—ag(u—1)
gL = inf o(u) >0, = inf —2>0, 2= sup < 00
! ue(1/2,1] (u) 27 uej2y 1—uw 3 well/2,1] (u—1)2

Consider the diffeomorphism of (0,1) on R

1 1
1—u
Then Wy =ro¢or ! satisfy (AL) for A(¥y) = 1/as and

(I+ap+89 1  (1+ay+p5Y) 1>
B(U (T TP L - AT T
(Fo) < C < Wl BT as B

where C,. depends only on the function r.
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Proof. Since the function r satisfies r(u) = —r(1 — «) and our assumptions on ¢ near 0 and 1 are

symmetric, it is sufficient to prove the condition (AL) only for negative x. Since 39 < oo, by the
Taylor expansion we have

(A.5) P(u) = au + e4(u) with |es(u)| < pu? for u < 1/2.
Moreover simple calculus shows that
1 1

(A.6) r~Hx) = -+ €—1(x) with €,-1(x) = O(x2> for x - —o0
For x < 0 we write

T T T 1 1

— —Uy(z :‘—rcﬁr_l(x ’S—l— ’—I—

ag V| = g TR NS [ Sy | T e @)

Notice that for < 0, r~1(x) € (0,1/2), therefore the second factor can be bounded by ﬁ% So, we
1
need just to estimate the first term. We write

s | 60 @)z — agl
ag ¢(r=1(z)) lag - ¢(r=1(z))]
Take M = —r(1/10), then for z € [~M, 0] we have ¢(r=*(z)) > BIr~1(z) > 89/10 and hence

I(z) =

M
I(x) < 10729
a3
Now we consider < —M. Since there exists  such that zr=1(z) > 7, by (A.5) and (A.6), we have
o(r )z + ag| - || -1
) = < B @) + a o
ag - ¢(r_1((z Nzr—1(z)| a¢ﬂ0 | |
1 —1 -1 1 -1
= ———lagr (@) +ep(rT (z)) x + ag||lzx] = ——|age,—1(x)x + 4 (r~ (z)) x
%5377‘ ot (2) @ + g oIl %5877’ ¢ o (@) 2]
_ 2
st el 4 B (@) el _ Culas + )
- agsByn T agfy
(]
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