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Abstract

In the recursive lamination of the disk, one tries to add chords one after another at random; a chord
is kept and inserted if it does not intersect any of the previously inserted ones. Curien and Le Gall
[Ann. Probab., vol. 39, pp. 2224-2270, 2011] have proved that the set of chords converges to a limit
triangulation of the disk encoded by a continuous process .# . Based on a new approach resembling ideas
from the so-called contraction method in function spaces, we prove that, when properly rescaled, the
planar dual of the discrete lamination converges almost surely in the Gromov—Hausdorff sense to a limit
real tree .7, which is encoded by .. This confirms a conjecture of Curien and Le Gall.

1 Introduction and main results

In [18], Curien and Le Gall introduce the model of random recursive triangulations of the disk. The
construction goes as follows: At n = 1, two points are sampled independently with uniform distribution on
the circle. They are connected by a chord (a straight line) which splits the disk into two fragments. Later on,
at each step, two independent points are sampled uniformly at random on the circle and are connected by a
chord if the latter does not intersect any of the previously inserted chords; in other words the two points are
connected by a chord if they both fall in the same fragment. This gives rise to a sequence of laminations of
the disk; for us a lamination will be a collection of chords which may only intersect at their end points. At
time 7 the lamination £,, consists of the union of the chords inserted up to time n. As an increasing closed
subset of the disk, £,, converges, and it is proved in [18] that

L= 2n
n>1

is a triangulation of the disk in the sense that any face of the complement is an open triangle whose vertices
lie on the circumference of the circle (see [6]). Curien and Le Gall [18] then study thoroughly the limit
triangulation £.,; in particular they compute the Hausdorff dimension of £, using a representation of the
limit based on an encoding by a random function. The main purpose of the present paper is to study the
tree that is dual to the lamination (as in planar dual). In particular, we prove that, seen as a metric space
equipped with the graph distance suitably rescaled, the planar dual of the lamination £,, converges almost
surely to a non-degenerate random metric space .7, hence confirming a conjecture of Curien and Le Gall
[18]. Before we go further in our description or our results and approach (Section 1.2), we introduce the
relevant notation and terminology.

1.1 Laminations, dual trees, encoding functions and convergence

SETTING AND NOTATIONS. We consider the disk 2 := {z € C : 27|z| < 1} and the circle € = {z €
C : 2m|z| = 1} as subsets of the complex plane. For convenience, the circle € is identified with the unit

*Inria, Domaine de Voluceau, 78153 Le Chesnay, France. Email: nicolas.broutin @inria.fr
TMcGill University, Montreal, Canada. Email: henning.sulzbach@gmail.com



interval where the points 0 and 1 have been glued: we identify s € [0, 1] with the point 5= exp(27is) € €.
Accordingly, we let [x, y] denote the (closed) straight chord joining the two points of € corresponding to
x,y € [0,1], z < y. At some time n, we let £,, be the collection of inserted chords. The set 2\ £,, consists
of a number of connected components that we call fragments; the mass of a given fragment is the Lebesgue
measure of its intersection with the circle €.

THE LAMINATION ENCODED BY A FUNCTION. The key to studying the lamination £,, and its dual tree is
an encoding by a function, as in the pioneering work by Aldous [53, 6]. Let C,,(s) denote the number of
chords in £,, which intersect the straight line going through the points 0 and s of the circle. A priori, for
any n > 1, C,(s) is not properly defined at endpoints of chords, and we fix this issue by considering it as
a right-continuous step function. This convention enables us to regard every relevant process on the unit
interval throughout the paper as cadlag (right-continuous with left-limits) and continuous at 1, and we will
do so. The function C,, encodes the lamination £,, in the following sense.

For a function f : [0, 1] — [0, 00) with f(0) = f(1) = 0 having cadlag paths, one defines a lamination
£ as follows. Given z,y € (0,1), with < y, the chord [z, y] is said to be compatible with f, or
f-compatible, if there exists w such that

Vs € (z,y) one has f(s) > w and max{f(z—), f(y)} < w.

Then, we define the lamination £ as the smallest compact subset of the disk which contains all the chords
which are compatible with f. (£ is the set of chords which are either compatible with f, or the limit of
compatible chords for the Hausdorff metric.) This definition is consistent with the ones in [18, 34, 37] for
the case of continuous excursions. Then, the height processes (Cy,)n>1 encodes the laminations (£,,)n>1
in the sense that £,, = £, for every n > 1. Laminations are seen as compact subsets of the disk 2, and
we use the Hausdorff distance dy to compare them. To fix the notation, recall that for two compact subsets
A and B of 9, we have
du(A,B) =inf{e > 0: A° C B, B C A},

where A ={z € 2 : |x — a| < eforsome a € A}.

TREES ENCODED BY FUNCTIONS. Our main concern is the tree 7, that is dual to the lamination £,,, and
its scaling limit as n — oo. Each fragment in £,, is associated with a node and two nodes v and v are
connected in 7T}, in the tree if and only if the corresponding fragments .S,,(u) and S, (v) share a chord ¢ of
£, (more precisely S, (u) U S, (v) U/ is a connected component of &). Let d,, be the graph distance in 7,
which comes with a natural distinguished point — the root —, the fragment whose intersection with the circle
% contains the point 0. The encoding of laminations by functions turns out to also encode the dual tree.
The value of the encoding function C,,(s) at a given point s € [0, 1] is precisely the height in T;, (distance
to the root) of the node corresponding to the face whose intersection with the circle contains the point s, see
Figure 1. More precisely, the function C), actually encodes the metric structure of the dual tree 7}, in the
following sense [4, 22, 23, 35]. Consider a cadlag function f : [0,1] — [0, 00) such that f(0) = f(1) =0
and f(s) > 0 forall s € (0,1). Define dy := [0, 1]*> — [0, 00) by

di(e.y) = f(2) + fy) - 2mi{f(s) e Ay < s <aVy).

One easily verifies that d is a pseudo-metric on [0, 1]. Let z ~ y if d;(x, y) = 0. Write 7 for the quotient
[0,1]/ ~ and consider the metric space (77, ds). Then (7¢, ,dc, ) is isometric to the dual tree (T5,, d,).

REAL TREES AND GROMOV-HAUSDORFF CONVERGENCE. The natural scaling limits for large trees are
real trees, which are encoded by continuous functions. A compact metric space (X, d) is called a real tree
if it is geodesic and acyclic:

e forevery z,y € X there exists a unique isometry ¢, ,, : [0, d(x,y)] — X such that ¢, (0) = x and
Pay(d(z, y)) = y, and

e if ¢ is a continuous injective map from [0, 1] to X such that ¢(0) = z and ¢(1) = y then ¢([0,1]) =
(b:v,y([oa d(z,y))).



Figure 1: A lamination, its right-continuous height process and the corresponding rooted dual tree. Dis-
tances in the tree correspond to the number of chords separating fragments in the lamination.

For a cadlag function f with the properties above, the metric space (77, dy) is a real tree.

Given two compact metric spaces (X,d) and (X', d’), one defines the Gromov-Hausdorff distance
dgu(X, X') between X and X' to be the infimum of all quantities dg(¢(X), ¢'(X’)) ranging over the
choice of compact metric spaces (Z, ¢), and isometries ¢ : X — Z and ¢’ : X' — Z, where 0y denotes the
Hausdorff distance in Z. The distance dgy is a pseudo-metric between compact metric spaces, and induces
a metric on the quotient space which identifies two metric spaces if they are isometric [see, e.g., 23, 30, 35].

Comparing Hausdorff convergence of laminations and Gromov—Hausdorff convergence of their dual
trees, the trees (or the height processes) are arguably the important objects: convergence of a sequence
of increasing laminations as a subset of the complex plane only concerns the set of inserted chords, the
time-scale and order in which they are inserted is completely irrelevant. Conversely, convergence of the
(rescaled) height function implies convergence of the lamination under suitable mild additional assumptions,
see Section 3.4.

1.2 Main results and general approach

Using the theory of fragmentation processes [9], Curien and Le Gall [18] prove that there exists a random
continuous process .# which encodes the limiting triangulation in the sense that £, is distributed like
£« For this, they prove pointwise convergence of the encoding functions: for every s € [0, 1] we have
n~B/2C, (s) — . (s) in probability, as n — oo, where the constant 3 is given by

_V17-3
==

B = 0.561552. .. 1)

They also show that for any € > 0, almost surely, the process .# is (3 — €)-Holder continuous and for any
s € [0, 1] we have
E[4(s)] = r(s(1 — 5))° )

for some constant k > 0 which was not identified in [18]. Finally, the random function ./ inherits the
recursive structure of the lamination process and satisfies the following distributional fixed-point equation:
let .#(®),.##(") denote independent copies of .#, let also (U, V') be independent of (.2 (®),.# 1)) with
density 21 <y <y<1} On [0, 1]2. Then the process defined by

S

(1_(V_U))6///(0) m ifs<U
U n(s—=U .
(1—(V=U)t® W +(V—U)5J//<><V_U> ifU<s<V (3
s—(V-U .
(1—(V-=0),t™® I ifs>V,

is distributed like the initial process .Z .



Remark. Note in passing that the constant 3 defined in (1) appears in several contexts, such as the Haus-
dorff dimension of the standard random Cantor set, in the problem of parking arcs on the circle [8, 15],
in the analysis of the complexity of partial match retrieval algorithms in search trees [13, 16, 26, 29] or in
models from biological physics [20].

We prove that the convergence of n~?/2C,, to ./ is actually uniform with probability one. For any
cadlag or continuous function f, we denote its supremum by || f||.

Theorem 1. As n — oo, for the topology of uniform convergence on [0, 1],

nPr2c, » .a almost surely and in L™, for all m € N. )

Up to a multiplicative constant, the process M is the unique solution of (3) (in distribution) with cadlag
paths subject to B||.#||*] < cc.

Remark. The theorem states ||[n~%/2C,, — .#| — 0 almost surely and in L™ as n — oo. However,
for technical reasons of measurability, the state space of cadlag functions D[0, 1] is endowed with the
Skorokhod topology. We refer to the standard textbook by Billingsley [11] for refined information on this
matter.

Theorem 2. Almost surely as n — oo, we have
(Tosn™2dn), £2) = (Tasd.ar), Soa0)-

Here the convergence of the components is with respect to the Gromov—Hausdorff distance between compact
metric spaces and the Hausdor{f metric on compact subsets of the disk 9.

The assertion about the convergence of the lamination is the main result in [18] and we partially rely
on their results to give a simplified proof using our approach. The convergence of the tree does not use
any statement in [18], and proves the conjecture in Section 4.4 of [18]. Note that the number of chords
N, inserted by time n is of order /n. More precisely, Curien and Le Gall [18] show that N,,/\/n — /7
almost surely. So the volume of the tree T}, is N,, ~ (7n)'/? and the order of magnitude of distances with

respect to its volume is N/,

Remark. In fact, it is not hard to see that N,, is distributed like the number of maxima in a triangle when
n points are inserted uniformly at random and independent of each other. This quantity has been studied in
detail by Bai, Hwang, Liang, and Tsai [7], who give exact formulas for the mean and the second moment
together with first order expansions of all higher moments which imply asymptotic normality of N,, after
proper rescaling. We refer to Theorem 3 in [7] for details.

The limit metric space 7T_y is yet another natural random fractal real tree which does not come from
a Brownian excursion [2—4] or another more general Lévy process [21, 36]. Other examples include the
fragmentation trees of Haas and Miermont [31], see also [32], and the minimum spanning tree of a complete
graph whose scaling limit has been constructed by Addario-Berry et al. [1].

A priori, the process .# is not fully identified by the fixed point equation (3) because of the free mul-
tiplicative constant. (Curien and Le Gall [18] proved that the scaling constant « in (2) exists. They did not
need to identify it for the main topic there is the limit lamination, which is not affected by this leading con-
stant.) In order to identify .# precisely, we study the asymptotics of E[C),(£)] for an independent uniform
random variable £. Let I'(s) := fooo 2%~ te~*dx denote the Gamma function.

Theorem 3. Lety = (3/2+ 1 and 7 = @. Then

VT (1 i T(k=y+1I(k-7+1)
BIC.©) = ; (k) (=)™ ET(k+3/2)0(2 -T2 —7) ©)

Furthermore, as n — 0o,

E[Ch(&)] = enf2+0(1)  with c— 21\@%2%11{ 2) — 1178226 ©)




The asymptotic expansion in (6) may be obtained from the work of Bertoin and Gnedin [10] on non-
conservative fragmentations. More precisely, the first-order asymptotics is explicitly stated there, and the
error term (that we need to prove the almost sure convergence in Theorems 1 and 2) follows from the
same representation with a little more work. We include the explicit formula (5) since it seems that similar
developments have attracted some interest in the community of analysis of algorithms [14]. Theorem 3 is
not the heart of the matter here, but for the sake of completeness, we provide a proof in Appendix. Let
B(z,y) = fol t*=1(1 — t)¥~1dt denote the beta function.

Corollary 4. The process . in (4) is such that

Cc

E[.Z(s)] = k(s(1 — 5))?, K= BAT1A5D)

=3.34443 ...,

where c is given in (6), which identifies uniquely the solution of (3) among all processes with cadlag paths
subject to E[||.#|]?] < oo.

THE HOMOGENEOUS LAMINATION. The lamination process we have introduced is actually an instance of
a more general fragmentation process which is also discussed in [18, Section 2.4] using a two-stage split
procedure: first pick a fragment with probability proportional to its mass to the power « (here o = 2),
then choose the random chord within this fragment by sampling two independent uniform points on the
intersection of the corresponding fragment with the circle. In the language of fragmentation theory [9], o
is the index of self-similarity, and the actual split given the fragment is described by a dislocation measure,
which is here (essentially) given by the two uniform points conditioned to fall in the same fragment. One
may define related fragmentations where the next fragment to split is chosen with probability proportional
to its mass to the power o € R, the cases of interest here are those with o > 0. When « > 0, Curien and
Le Gall [18, Section 2] have shown that the limit laminations are all identical. However, and although it
encodes the same lamination for every o > 0, the encoding process (related to the dual tree) depends on
whether o > 0 or « = 0. The tree (7.4, d_4) is the scaling limit of the dual tree for every « > 0, but this
raises the question of the dual tree in the case o = 0.

When o« = 0, the choice of the next fragment is independent of its mass — hence homogeneous — and
there is a drastic change in the behaviour of the height process. At each step, the fragment containing the
next chord is chosen uniformly at random. Note here that every trial yields a new insertion, and the lami-
nation at time n contains n chords. Write C(s) for the height in the dual tree of the fragment containing
s € [0,1]. Curien and Le Gall [18, Theorem 3.13] prove that for every s € (0, 1) the quantity n=*/3C"(5s)
converges almost surely as n — oo, where the pointwise limit .57 (s) may be described by a process ¢ with
continuous sample paths which satisfy another, similar but different, fixed-point equation (see Section 4).

In this case, the approach used to prove Theorem 2 yields the following result: let 7 denote the tree

dual to the homogeneous laminations £7, and let d” denote the graph distance in 7).

Theorem 5. Almost surely, as n — oo, we have
(T, n=3dR); £8) = (Tors doe ); ).

The convergence of the dual tree is with respect to Gromov—Hausdorff topology, and the lamination con-
verges for the Hausdorff topology on compact subsets of the disk.

The second assertion of the Theorem 5 has been proved in [18], and our contribution relies in the proof
of convergence of the dual tree. Our approach to Theorem 5 relies on the same functional ideas developed
for the self-similar case and the proof of Theorem 2. We explain them below in more detail.

Remark. As already indicated, we have £ , = £, almost surely. In terms of the dual trees, this corre-
sponds to the fact that the equivalence relations given by d_, and d 5 almost surely identify the same points
on the unit interval. This highlights the difference between convergence in the Hausdorff distance solely
relying on 7_4 = T as collection of equivalence classes of [0, 1], not involving the geometry of the limit
objects and convergence of the dual trees to (7.4, d_x) (and (T¢, d ¢ ) respectively) seen as metric spaces.



ABOUT THE MAIN IDEAS. The main techniques in [18] are inherently pointwise, and one of the main
difference in spirit in our approach is to consider the problem as functional from the very beginning. In
particular, we develop a new construction for the limit process .#. We construct the random process Z
(which is almost surely equal to .#) as the uniform limit of continuous functions Z,, : [0,1] — [0, 00)
which are designed so that (Z,,(s),n > 0) is a non-negative martingale for every s € [0, 1]. Unlike in [18]
where results entirely rely on an approach that is forward in time, we make use of the inherent recursive
structure of the problem and study the telescoping sum representation
n—1
Zn — 2y = Z(Zi+1 — 7).
i=0

More precisely, this backward approach is based on an L? argument using the fact that one can bound
| Zis1 — Z;||? in terms of independent copies of || Z; — Z;_1|| corresponding to the two fragments created
by the insertion of the first chord as in (3). The expansion of the square yields one contribution involving
the single fragment (E[|| Z; — Z;||?]) and one involving the first two fragments, which may be bounded using
only E[|Z;(€) — Z;_1(£)|?] for a uniform random variable £. So our representation allows to leverage the
convergence at a uniformly distributed random point (Lemma 7) to deduce E[|| Z;+1 — Z;||%] < x - E|[|| Z; —
Z;_1]|?] for some x < 1 and all 4 sufficiently large leading to geometric convergence in a functional
sense. The convergence of the discrete sequence n~?/2C,, is obtained in a similar vein. After using an
appropriate embedding of both the sequence and the limit Z, our backward approach technically relies
on ideas from the contraction method [39, 42, 45]; see also [40] for a recent development in function
spaces. A somewhat similar approach towards functional convergence results relying on first establishing
one-dimensional convergence at a specific point in the context of the Quicksort algorithm can be found in
Ragab and Rosler [43].

1.3 Related work on random laminations of the disk

The work of Curien and Le Gall [18] was motivated by the pioneering work of Aldous [5, 6] who studied
uniform random triangulations of the disk which arise as limiting objects for uniform triangulations of
regular n-gons as n — oo. In the case of uniform random triangulations, the process which encodes the
limit triangulation is the Brownian excursion, and the scaling limit of the sequence of dual trees is the
Brownian continuum random tree introduced in [2—4].

Among the recent work on laminations of the disk, one can mention [17] where Curien and Kortchem-
ski showed that the Brownian triangulation is also the scaling limit of other random subsets of the disk,
in particular non-crossing trees (sets of non-crossing chords which form a tree) [38], and dissections (non-
crossing sets of chords) under the uniform distribution. By sampling tessellations according to a Boltzmann
weight depending on the degree of the faces, Kortchemski [34] obtained limit laminations which are not tri-
angulations and are encoded by excursions of stable spectrally positive Lévy processes (with Lévy measure
concentrated on [0, c0)). Finally, Curien and Werner [19] have studied geodesic laminations of the Poincaré
disk. They construct and study the unique random tiling of the hyperbolic plane into triangles with vertices
on the boundary whose distribution is invariant under Mobius transformations and satisfies a certain spatial
Markov property.

Plan of the paper. In Section 2 we give our construction of a continuous solution Z of (3) with E[Z(s)] =
#(s(1 — 5))8. (Recall that Z = . almost surely.) The construction guarantees finiteness of all moments
of the supremum || Z|| which is essential for our approach. Here, we also prove the characterization of Z as
a solution of (3) under additional conditions. In Section 3 we prove the uniform convergence of n~%/2C,,
to Z. We also obtain an upper bound on the rate of convergence in the L™ distance, m > 1, which yields
the almost sure convergence in Theorem 1. Here, we also show how our results simplify the arguments to
deduce convergence of the lamination. Section 4 is devoted to the proof of Theorem 17 which covers the
homogeneous case o = 0. Finally, in Section 5 we prove some properties about the dual tree 7z = T_4, in
particular about its fractal dimension. Our proof of Theorem 3 is based on generating functions and is given
in Appendix A to keep the body of the paper more focused.



2 A functional construction of the self-similar limit height process

Our aim in this section is to propose an alternative construction of the limit process Z. Although Curien
and Le Gall [18] have proved the existence of a continuous process .# (which is almost surely equal to
Z) using bounds on the moments on the increments and Kolmogorov’s criterion [Theorem 2.1 of 44], we
adopt here a functional approach that will later guide our proof of the convergence theorem (Theorem 1).

The process Z is constructed in terms of a set of independent random variables on the unit interval as
follows. First, we identify the nodes of the infinite binary tree with the set of finite words on the alphabet
{03 1}’

T=[J{o, 13"
n>0

The descendants of u € T correspond to all the words in 7 with prefix u. Let {(U,,V,,),v € T} be a set
of independent and identically distributed two-dimensional random vectors with density 21 p<,<,<1} and
AT ={(u,v) € [0,1]? : u < v}. For convenience, we also set U := Uy and V' := V} and define

h(s) = (s(1 —s))".

Let Co([0, 1]) denote the set of continuous functions f on the unit interval vanishing at the boundary, i.e.
f(0) = £(1) = 0. Define the operator G : AT x Co([0,1])? — Co([0, 1]) by

S

(1—(w—u)’fo T e— ifs<U
Glu.vi o ) = § (1= =) fo (=g ) + (0= (j_z) U <5<V
(1—(v—u)’fo m ifs>V.
For convenience, define
Ko(siu,v) = 1{8<u}ﬁ + 1{s>v}j:EZ:Z; + 1{u§s<v}#_u)v
K (s7,0) = Lgugsco) -, ™)

so that we have the more compact form
Glu,v; fr, £2)(5) = (1 = (v — w)? fo(Ko (5, v)) + (v — ) fy (K (5310, 0)).
For every node u € T, let Zé“) = kh(s). Then define recursively
728, = G(Uy, Vy; 209, 241, (®)

and define Z,, = ZZ to be the value observed at the root of 7. For every s € (0, 1), one can verify that
the sequence (Z,(s),n > 0) is a non-negative martingale for the filtration F,, = o((Uy, V,,) : Ju| < n),
so that Z,,(s) converges almost surely. (This reduces to proving that E[G(U, V; h, h)(s)] = h(s) for every
s € [0, 1], and is essentially proved in the first moment calculation in Section 4.2 of [18].) The game is now
to prove that this convergence is actually uniform for s € (0, 1), which will yield the following theorem:

Theorem 6. For any u € T, almost surely, the sequence Z,Su)

ZW). Almost surely, for every s € [0, 1], we have

converges uniformly to a continuous process

S

(1*(V*U))’BZ(O) m ifs<U
Z(s)=4 (1-(V-U))~z® 1EVUU§ +(V-U)~zW (é_%) fU<s<V (9
s—(V-U .
(1_(V_U))5Z(O) m ifs>V.
]

Moreover, E[|| Z||™] < oo forallm € N, E[Z(s)
L(ZW) = L(Z) forallu € T.

= kh(s) and writing L(X) for the law of X, we have



From the theorem above and its proof given subsequently, one deduces that the random variable Y =
Z (&) where £ is an independent uniformly distributed random variable satisfies the following distribution
fixed-point equation:

Y2 (1—(V-U)Y +1lpeeary(V - U)FY. (10)

Here, Y is distributed as Y and the random variables Y, ?, &, and (U, V) are independent. In fact, this
identity is at the very heart of the proof of Theorem 6 as will become clear below.
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Figure 2: An instance of limit height process Z/x simulated using the approximations Z,,/k,n > 1.

Note that any set of independent vectors (U, V,,)ve7 With distribution 21 9., <,<1} can be used in the
construction given in this section. It is in the next section where we make a specific choice of the set in
order to couple the limit to the discrete lamination process. In [12, 13] a similar construction has been used
in a related context: there, the uniform convergence follows from a bootstrap of the pointwise convergence
which requires tedious verifications. Here, we prove directly that the convergence is uniform using an L?
argument.

Write ¥ = U/(1 — (V — U)). By the definition of Z,,, we have the following expansion:

Zuia(s) = Za(s)]? = (1= (V= U [20(Ko(s: U, V) — 20, (Ko(s: U, V)]
Fleaan (V= ) [ 20Ky (s U.V)) - 20, (K (s:0.V))]

+ 1rcean2((V = D)1 = (V = 0)? [20w) - 2, ()] x

20 (50 V)) = 20, (K (550, V)) an
Define
0= El(1= (V= U)¥|+ B[V 0] = mg = o — <1 (12)

¢ =2/B(V - D)1~ (V - 1)))*],
Then, equation (11) yields
E [HZnJrl - Zn||2] <qE [HZn - anIHQ]
F2E[((V —U)A— (V=) - 120w) - 20 (w)] - | 20—z, ]

<qB1Z0 — Zar ] + A VE N Z0 — Zu ) E(Z0 (W) — 20, (9))2), 13)



by the Cauchy—Schwarz inequality. If we were to drop the second term in the last line above, we would have
geometric convergence of E[||Z,,11 — Z,||?] since ¢ < 1. Now, the crucial observation is that, the second
term may actually be shown to decrease geometrically using only the convergence at a uniformly random
point. More precisely, the random variable ¥ is uniform on [0, 1] and independent of {(U,,V,,) : v € To},
where 7o = {Ou : u € T}. Thus

d

ZOW) — 20 (0) £ Z,(€) — Zu-1(6),

where ¢ is uniformly distributed on the unit interval and independent of {(U,,V,,) : v € T }. The following
lemma allows to bound the second summand in (13).

Lemma 7. There exists a constant C7 > 0 such that, for all natural number n. > 1,

E[(Z.(§) — Zn-1(6))%] < Ciq".

For the sake of clarity, we take Lemma 7 for granted for now and show that it indeed implies exponential
bounds for E[|| Z,,+1 — Z,|?].

Lemma 8. Forany 0 < n < 1 — /2, there exists a constant Cy such that for all n. > 0
E[|Zn11 = Zal®] < Ca(q"? + )"

Proof. Write A, = E[||Z,,41 — Z,||?] for n > 0. Then, the inequalities (13) and Lemma 7 yield, for every
natural number n
Ay < D1+ C1d'q" PN (14)

First, (14) clearly implies that A,, is bounded: we have
A, < (qg+ Clq/q"/Q) ‘max{A; V1:0<i<n}.

So, taking ng large enough that ¢ + C1 ¢’ q"/ 2 < 1 for all n > nyg, it follows that for all n > ng, we have
A, <max{A;;i <ng}V1.
Now, fix 0 < n < 1 — ¢'/2 and M such that A,, < M? for all n € Ny. Let n; be large enough such

that for any n > nj, we have
/ 1/2 n
MCq q <1
2+ \q¢"2+n)

We now proceed by induction on n > ny. Assume that A, < Cy (ql/ 24 7)™ for n < ny where the constant
C, is chosen large enough such that gCy < (Cy — 1)(¢"'/? 4 7). Then by (14) we have
Ant1 < qCa(q"? +n)" + MCid'q"?

Caq MClq’( q'? >n
¢2+n g2+ \g"?+n

< Cg(ql/Q + n)nJrl’

< (q1/2 =+ n)n+1

by our choice for C'; and nq, which completes the proof. O
With Lemma 8 in hand, we may now complete the proof of Theorem 6.

Proof of Theorem 6. The fact that there exists a continuous process Z such that Z,, — Z uniformly al-
most surely follows from standard arguments: First, Markov’s inequality, monotone convergence and the
Cauchy—Schwarz inequality imply that sup,,,~.,, || Zm — Z.|| — 0 in probability. It easily follows that also
SUP,, p>n | Zm — Zp|| — 0 in probability. B}7 monotonicity, the latter convergence is actually almost sure.
Thus the sequence (Z,,,n > 0) is almost surely uniformly Cauchy. Since Z,, is continuous for every n > 0,
the completeness of C[0, 1] implies the existence of a limit function Z which is almost surely continuous.



The sequences ZT(LO) and ZT(LI), n > 1, also converge since they are both distributed like Z,,_1, n > 1.
Write Z(© and Z® their uniform almost sure limits. Letting n — o0, in the definition of Z,, in (8) implies
the equality in (9).

Next, we prove that sup,,~, E[||Z,,||™] < oo for any m € N by induction on m. It is true for m = 1,2
and we assume it holds for angf ¢ < m with m > 2. Then, by construction

E[|Z,|™] < (B[(1 = (V = U))™] + E[(V = U)"™7]) ‘E[|| Zn-1]™)

qm
m—1

3 ()l 2o Bl 2ol s
i=1
The induction hypothesis implies that the summand in (15) is bounded uniformly in n. Since g, < 1, an
easy induction on n gives the desired result sup,,~; E[||Z,]™] < oo. It follows that E[||Z||™] < oo for
any m € N. -

Finally, the fact that E [Z,,(s)] = xh(s) for all n, and thus E[Z(s)] = kh(s), is essentially equivalent
to the martingale property of Z,,(s) mentioned above and can be found in [18, Section 4.2]. This concludes
the proof. 0

It now remains to prove Lemma 7 about the bound on E[|Z,,(¢) — Z,,_1(£)|?].

Proof of Lemma 7. Let Wy = Ko(&,U, V) and Wy = K7 (&, U, V). The key ingredient of the proof is the
following observation:

O1. On the event {{ ¢ (U, V]}, the quantities Wy and V' — U are independent and Wy has uniform
distribution. Moreover, given the event {U < ¢ < V'}, the quantities Wy, W7 and V' — U are
independent and both W, and W have uniform distribution.

Using this observation in (11) directly implies the desired result

E[|Z0+1(8) = Zu(8)]*] < 4Bl Z0(&) — Zn1(8)I);

since the mixed terms cancel out for the expected value E[Zé") (&)] = kB(B + 1,8 + 1) is independent of
u €T andn > 0. O

To complete this section, we show that the process Z we have constructed is characterized by the fixed-
point equation (9) in a reasonable class of processes.

Proposition 9. The process Z is the unique solution of the fixed-point equation (3) (in distribution) among
all cadlag processes subject to BE[Z(£)] = kB(8 + 1,8 + 1) and E[|| Z|?] < oc.

Proof. The main part of the proof relies on the functional contraction method developed in [40]. Let
M(DJ0,1]) denote the set of probability measures on D[0,1]. Consider the map T' : M(DI[0,1]) —
M(DJ0,1]) which to u € M(D]|0, 1]) assigns the law of the process

11— (V=U)")X(Ko(s;U, V) + (V= U)X (K:(s; U, V),

where X, X are independent functions sampled according to 4, both independent of (U, V). Let My (h) C
M(D]0, 1]) be the subset of measures g such that if X is p-distributed then E[|| X|?] < oo and E[X (¢)] =
h(t) for all ¢ € [0, 1]. Lemma 18 in [40] asserts that T" is contractive with respect to the Zolotarev metric
(o in the space My (h) where the Lipschitz constant can be chosen as ¢ < 1 given in (12). This lemma
relies on a discrete sequence (denoted (X ,,) there) satisfying conditions C1, C2, C3 formulated on page 20
in this paper. In our setting, as we deal directly with the limiting fixed-point equation, conditions C1 and
C3 reduce to the fact that T (Ms(h)) € Ms(h). This can be shown by a direct computation (see, e.g.,
[18, Section 4.2]). Condition C2 is satisfied for we have ¢ = E[(1 — (V — U))?*’] + E[(V — U)?/] < 1.
Furthermore, Curien and Le Gall [18, Section 4.2] prove that the mean function of any solution X of (3)
with f01 E[|X (s)|] < oo is a multiple of h. This concludes the proof. O
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3 Convergence of the discrete process

3.1 Notation and setting

Let (U], V/)i>1 be a sequence of independent vectors, where for each ¢ > 1, U/, V/ are independent and
have uniform distribution on the unit interval. We consider the lamination process built from this set of
vectors as explained in the introduction. Let us first explain the connection with the tree-based construction
of Section 2. It should be intuitively clear how the family (U, V,),e7 used to build the limit is constructed
from (U], V}/);>1, the precise statement requires additional notation.

Initially, there is a single fragment S? consisting of the entire disk 2, which is associated to the root
) € T. Forn = 1, Uy and VY of course both fall inside the unique fragment and we insert the chord
connecting U] and V]. This chord divides S ® into two fragments S 0 M) where S© denotes the

fragment containing 0. Define
U := Uy = min(U7, V) and  V :=Vy=max(Uj,V]).

In general, at some stage n — 1, n > 1, of the process, we have inserted some chords, and associated
fragments to the nodes in a finite subtree 7,,_; of 7 (a connected set containing the root). Then, at step
time n > 1, if there is no node u € T;, such that one of U/, V! falls inside S () and the other outside (that
is, the chord connecting U}, and V,, does not intersect any other previously inserted chord), we insert the
chord connecting them. Let S(*) be the smallest fragment containing both U], and V,/; the chord joining U},
to V/ splits S(*) into two fragments S(*?) and S(*1); the labeling is chosen such that v0 is closer to the root

in the dual tree. Moreover, writing Leb for Lebesgue measure on the circle %, we let
() = Leb(S™ N¥%), (16)
be the mass of the fragment S (), and

U - min(U/,, V) —Leb({s ¢ S NE :0 < s <min(U,,V/)})
v 0]
max(U/,V!) —Leb({s ¢ S®NE:0< s <max(U,,V))})
f(v) .

‘/1):

Then (Uy, Vi )ver is a set of independent random vectors each having density 2119« <v<1}- In the follow-
ing, for any u € T, Z(*) will denote the process constructed in Section 2 using this set of vectors.

For any n € N, let 79(n) be the first time k& when there exist exactly n integers 2 < ¢1 < ... < {, =k
such that Uy ,V/, i = 1,...,n, both take values in SO (actually S© N %). Analogously, let 71 (n) be
defined in the same way using the segment S(*). Observe that 7o(n) and 7 (n) are only the stopping times
when n trials have been made in S(®) and S(), respectively, and that these trials may not have all led to
the successful insertion of a chord. For n € N, let C,(LO) (s) be the number of chords intersecting the straight
line going from 0 to g (s) defined by

po(s) = s(1 = (V=U)) + (V= U)l{s>wy

at time 79(n). Here and for the remainder of this section, we use ¥ := U/(1 + U — V) as in Section 2.
Note that g (s) is the natural parametrization for C?) in the sense that (C,(LO) )n>0 has the same distribution
as (Cy)n>0. Observe that C is well defined since To(n) < oo almost surely for all n € N. Analogously,
let O (s) be the number of chords intersecting the straight line going from U to ¢4 (s) where

p1(s)=s(V-U)4+U

at the stopping time 71 (n). For convenience, let C’éo) = C’(()l) = 0. At time n, let L(LO) and L(Ll) be the
number of pairs among (U/, V), i = 2,...,n, whose components both fall in .S (©) and SM, respectively.

Finally, let F;, =n — 1 — I,LO) — L(,,l) be the number of failures, or unsuccessful insertion attempts by time
n due to one point falling in S(®) and the other in S(*). Then, given the first chord (U, V),

LI 1Y FL) =Multi(n — 1; (1 — (V = U))%,(V =U)?,2(V =U)(1 = (V =U))).

yin o
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Almost surely, for every s € [0, 1], we have

S

(0) :
CL(LO) =V =0) ifs<U
(0) U (1) s—U .
Cn(S) = CL(LO) m + 14+ CI,(q,l) VU ifU S s<V (17)
oo (5=(V=U) ifs> V.

5 \1—(V-0)

Let £ be a uniform random variable, independent of (U/, V;/);>1. Then, we let X, be the following rescaled

version of C),, for any n > 1:
KB(B+1,8+1)

E[Cn(¢)]

Xn(s) :=Cpr(s)

3.2 Uniform convergence in >

The main result of this section is the following theorem.
Theorem 10. As n — oo, we have E[| X,, — Z||*] — 0.

The convergence in L? will be used in Section 3.3 as the base case of an inductive argument showing
that one actually has uniform convergence in every L™, m > 2.

The proof runs along similar lines as the construction of the limit process. It resembles ideas from the
area of the contraction method such as in [39, 40]. However, note that we are working with a coupling of
the process to its limit; we do not introduce any metrics on a space of probability measures. The proof relies
on the same trick which allowed us to construct the limit process Z in Section 2, namely a bootstrapping of
the convergence at a uniform point which is made possible by the immediate decoupling of the processes in
two fragments when a chord is added.

In the following, given a real valued random variable Y, we write ||Y||2 for the L2-norm of Y defined
by E[|Y'|?]/2. The convergence at a uniformly random location reads

Lemma 11. Let £ be a [0, 1]-uniform random variable independent of (U], V/);>1. Then
Jim [1X5(€) = Z(©l; = 0. (18)

We postpone the proof and show immediately how one leverages this information to prove that X,, — Z
uniformly in L? as n — oo.

Proof of Theorem 10. Let u(n) = E [C},(£)], where ¢ is an independent uniform random variable. We first
rewrite the identity (17) in terms of the rescaled quantities (X, ),>0: With X = 0, almost surely,

12 o () e )

1 u(I) © (g)+ u(Ii) (1) <SU>

+1w“§”[mm*um> R AN

. (19)

Here, (X,(LO)),IZO and (Xf(ll))nzo are defined analogously to (X,,),>0 based on (Cﬁo))nzo and (C,(Ll))nzo,
respectively. The convergence of X,, to Z is naturally decomposed into two steps: first the convergence of
the coefficients of the recurrence relation in (19), and second the contractive property of the limit recurrence.
In order to reflect this decomposition, we define the accompanying sequence (Qy, ), >0. Let Qo = 0 and for
n>1,

1) pI) oy (50U
+ Lv<s<vy [#(H)JF 1(n) 27 (1) + p(n) 7 (VU)

. (20)
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We first show that E[||Q,, — Z||?] — 0. A direct application of the definition of Q,,, its coupling with the
process Z, and the characterization of Z in Theorem 6 implies the following bound for the supremum of

Qn_Z:

B p(E) ] @) 1
Q. Zns(:s iy~ L (V=0 SR - (V=0 N2+ s e

Here the triangle inequality in L? is sufficient for our needs and we obtain:

(0) (1)
||Qn—Z|||2<<3 Ml oa-w-vp| +| M - - oy >||Z||2+M(1n). @
2 2

By the asymptotic expansion of j(n) in Theorem 3 (actually, u(n) ~ c¢n®/? as n — oo is sufficient), it is
easy to see that the term inside the bracket vanishes as n — oo. Since ||Z|| is bounded in L2, this implies
E[|Qn — Z||?] — 0 as desired.

We now move on to showing that E[|| X,, — Z||?] — 0 as n — cc.

We will use the following properties, that either hold true by construction or are easily checked by direct
computations:

02. Forany n € Ny, we have £(X\", 20)) = £(X{",20) = £(X,,, Z) and (X\”),i21. Z©)) and
(( T(Ll))nZh Z M) are independent.

03. For any n € N, the random variables 19w, ((X,(,? ))m21a Z(©)) are independent. The same holds
for I, (X5 )1, 20).

The Minkowski inequality in L? is not good enough anymore, and one needs to develop the square and
handle the terms separately. We have

(0)y\ 2 (D)5 2
In”) 0 2 p(In”) 1) 2
E[|X, — 2 <E 1 .HXU _Z<0>H E 'HX( _Z<1>H
= @l = < u(n) ) 1 i u(n) 1)
ﬂ(LlO)) :u(]?(z )) (0) (0) (1) (1)
+2B |\ SOy X (0 =20 ] s, - 20 | @3)

Using 03, and the equalities in distribution for (X$)),ns1.% = 0, 1 with (X0 )m>1, and (Z5 )1, = 0, 1
with (Z,,,)m>1, this yields

P (")) eSO RN B GRS
|, an]g{E (1) E[( LY | sl - 2|7
+2X,0 () = 2 (@), - sup[1X: — 2]l (24)

Let A(n) := E[|| X,, — Z||?] and define

noe|(5) |2 ()

Since IT(LO) 1 oo almost surely, and IT(LO) and U are independent by O3, Lemma 11 implies that, as

(25)

n — oo,
HXIS)) (0) - 7 (\II)H2 0.

Let €, be a sequence tending to zero as n — oo such that, for all n > 1,

[ X0 @ -z@)| <e ad BllQ. -2 < e

13



By 02, O3 and the fact that ¥ is uniformly distributed on the unit interval, Lemma 11 together with Q2 and
(24) yields
E[|| X, — Qn||2] < Ly, -sup A(i) + 2¢,, - SUPA(i)l/Q'
i<n i<n

Altogether, we have for every n > 1

A(n) <E[| Xy = Qul?] + E[|Qn — ZI°] + 2VE[| X0 — Qull’] - E[|Qn — Z|7] (26)

1/2

<L, -sup A(i) + 2e, - sup A())/2 + €, + 2\/en (Ln -sup A(i) + €, - sup A(i)l/Q) . @27
i<n i<n i<n i<n

Now, by the bounded convergence theorem, L,, — ¢ := E[(1 — (V — U))?’]| + E[(V — U)?’] as n — oc.

Thus, since 2 > 1, L,, eventually drops below one for n sufficiently large, and it easily follows that A(n)

is bounded.

To prove that A(n) — 0, let K := sup,, A(n) and a := limsup,, A(n). Then let § > 0 be arbitrary
and choose / large enough such that A(n) < a+ ¢ for n > £. This £ being fixed, let ng > ¢ be large enough
such that for n > ng one has P(I,(f) < /) < §/K fori = 0,1. Then, combining (26) and the bound (23),
conditioning on the value of Iy(lo) and [, T(,,l), respectively, and splitting the integrand into the cases { I, ,S,O) </}
and {I, ,(LO) > ¢} and similarly for L(Ll), we obtain for all n > ng

1/2
A(n) <26 + Ly(a +8) + 26, K2 + €, + 2/en (Ln K +en ~K1/2> :

First letting n — oo and then § | 0, we obtain a < ga. The fact that ¢ < 1 implies that a = 0, so that
A(n) = E[|| X, — Z||?] — 0 as n — oo, which completes the proof. O

Finally, it remains to prove the convergence at a uniform point stated in Lemma 11, which is the true
corner stone of our argument.

Proof of Lemma 11. We proceed along the same lines as in the process case relying on arguments that have
already been used in the construction of the limit in Section 2. First, we clearly have ||Q,(§) — Z(£)|l2 — 0
as the term is bounded by ||||@Q. — Z||||2 which was shown to vanish asymptotically in (22). Let W, =
Ko(&,U,V)and Wy = K;(&,U, V). Then, by the recursions (19) and (20) for X,,(s) and Q) (s) taken at
s = & we have

E[|1X,(6) — Qu()F]

(0)\\ 2 9 () 2 5
< ()" (e - 20| [ (A0 (xy ) - 20000 ]
(0) (1)
+ 28 | Lpcean "G ) (x4 () - 20 ) (x{B 0m) - zm(Wl))] R

To handle these terms we use another property which can be seen as an extension of O3.

04. For any n € N, we have independence of 119 W, ((qug))mzl, Z ). Moreover, on {U < ¢ < V},
the quantities (I, I{") and (X)) ms1, Z©), (XS )ms1, ZW), U, W, are independent.

Using O2 and 04, conditioned on the values of I,(LO) and [ 7(,1), one sees that the mixed term in (28) vanishes
since E[X,,(§)] =E[Z(§)] =xB(f+ 1,8+ 1) foralln > 1 and p(0) = 0.
From there, again using 02, O4 and the fact that W, W; are uniformly distributed on the unit interval
for the first two terms in (28), we see that
E[|Xa(§) = Qu(©)] < Lo - sup E[LXi(§) = Z(©)), (29)
where L, is the quantity defined in (25). As before, (29) above implies that the sequence E[|X,,(£)—Z(¢)|?]
is bounded. The claim then follows from the same arguments (even simpler) as at the end of the proof of

Theorem 10, starting from (28) and using again the fact that the mixed term there equals zero. We omit the
details. O
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Remark. The fact that the mixed terms in (28) above vanish is crucial since at this point we have otherwise
no control on the first moment. Moreover, the mixed terms vanish only when looking at the uniform location
&: more precisely, one could not use this argument directly at a fixed location s because for fixed s, ¥ and
(s = U)/(V —U) are not independent. In other words, there is no obvious shortcut in our argument and it
seems that there is no way around showing convergence at a uniform point first.

3.3 Uniform convergence in L', m > 2 and almost sure convergence
Corollary 12. For any m € N, we have E ||| X,, — Z||™] — 0.

Proof. First note that Theorem 10 implies || X, — Z|| — 0 in probability. Moreover, by Theorem 6,
E[||Z]|™] < oo for all m > 1. The inductive argument used to prove sup,,~; E[||Z,]™] < oo for all m
based on inequality (15) can be worked out similarly to show sup,,~; E[[| X,[|™] < oo for all m, and we
omit the details. - O

Taking more care on the error terms in the proof of Theorem 10, we can prove the following rate of
convergence in L2, which is the key to the proof of the almost sure uniform convergence of X,, to Z. Here
and subsequently, we use the big-O Landau symbols for sequences of time parameter n as n — oo.

Lemma 13. Let £ be uniform in [0,1], and independent of (X,,)n>1 and Z. Then, for any k < 23 — 1, we
have E[| X, (&) — Z(¢)|*] = O(n™") as n — oo.

Proof. Let Bin(n, p) have binomial distribution with parameters n, p. Using standard concentration results
for the binomial distribution, it is easy to see that for any o > 0,

HBin(w)_

%
E ) } _ O(n-2/?), (30)

uniformly in p € [0, 1]. The difference between the limit Z and the accompanying sequence @, is easily
bounded: First using the fact that |2® — 3%| < |z — y|? in the right-hand side of (22) and then using the
bound (30), we obtain

E[|Qn - Z|?] = O0(n™"). (31)

Let d(n) = E[|X,,(&) — Z(£)|?]. Then, using (28), we obtain (recall that the mixed term equals zero)
d(n) <E[|Xn(€) = Qu(&)I] + BlIQn(&) = Z(OP] + 2/ X0 (&) — Qu(©)]l2 - 1Qn (&) — Z(E) ]2

pIN o) nIEN? _ . —B/2 n=p
=B K 1u(n) ) A7) +E ( () ) A1) | + O([| Xn(8) = @u(&)ll2 )+ O0(n= ).

Fix k < 28 — 1 and let r,, := sup{d(¢) - (¢ V1)* : 0 < i < n — 1}. Then the inequality above implies that
for all n we have

dn) <rp,n="¢, + Csn=P/2,

M(L(lo)) 27101\ " ,U(Ir(ll)) 21Dy 1\ F
. (32)
1(n) n 1(n) n
By the bounded convergence theorem, one has as n — co

b= E[1—(V-U)* " +E[V-U)*"] <1,

for some constant C5 and

l, =E +E

since our choice for x ensures that 23 — x > 1. Thus, there exists v > 0 and ng large enough such that for
all n > ng one has ¢,, <1 —~. Now, let ny > ng be large enough such that r,,yn=" > C3n~b/2 for all
n > ny, which is possible since 23 — 1 < /2. An easy induction on n then shows that for all n > n; we
have

d(n) = B[ X(€) — Z(E)[?) < rugn™,

as desired. O
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Lemma 14. For any r < 23 — 1, we have E[|| X,, — Z||?)] = O(n™").
Proof. As in the proof of Theorem 10 we abbreviate A(n) = E[|| X,, — Z||?] and recall inequality (26)

E[| Xy, — Z|*) < E[| Xy — Qul*] + ElQn — Z|%] + 2VE[|Xn — Qul%] - E[lQn — Z]?],  (33)

We have already seen in the course of the proof of Lemma 13, equation (31), that E[||Q,, — Z||?] = O(n~?).
To bound the terms involving E[|| X, — @, ||?], we use equation (23) from the proof of Theorem 10.

Fix k < 28 — 1 and &’ such that k < k' < 238 — 1. Combining (33), (23), using Cauchy-Schwarz
inequality to decouple the mixed term, and applying Lemma 13, we obtain

(u(17(10))>2A(I£0)) (’%)QA(IS))]

p(n)
+0 (%E[A(Ié”n B[ v 1>n/1) +O(VE[[Xn — QulPP] - n~?/%) + O(n~").

This recurrence relation is almost identical to that in the proof of Lemma 13, and we only indicate how to
deal with the extra term coming from the mixed term of (23). Write R,, := sup{A(i) - (¢ V1)* : i < n}.

Then,
My "
- .

Since k,k’ < 1, a standard application of a truncation argument, bounded and monotone convergence
theorems imply that there exists a constant C'y such that
IOv1\™
( = < Cy.
n

(I,(L” Vi
Thus, there exists a constant C'5 such that for all n large enough,

+E

A(n) <E

EAUI(V)] < R,n™"E

E

n

> ] <Cy and E

A(n) < Rngnnin + 057175/2 + 05 \/Rinnf(’{‘“{,)/z’

where /,, is the quantity defined in (32). From here, the claim that A(n) = O(n~") follows by yet another
induction on n using the same arguments as above, and we omit the details. 0

Proposition 15. For any m > 1, and for any § < B — 1/2, we have E[||X,, — Z||™] = O(n=™9).

Proof. Again, we introduce the intermediate sequence (Qy)n>1. We proceed by induction on m > 1.
Lemma 14 implies that ||| X,, — Z||[1 < || X — Z]|[|l2 = O(n="/?), for any x < 28 — 1 so that the
claim holds for the first two moments. We suppose now that for every k < m, and every 6 € (0,8 — 1/2),
E[| X, — Z||*] = O(n=*%); so we will prove the claim for all § at once.

Now fix § € (0,8 — 1/2), and pick n € (§,8 — 1/2). Note that the arguments used to prove that
E[|Q. — Z||?] = O(n=?) also yield that for any k > 1, E[|Q,, — Z||*] = O(n~"*8/2). Write Ag(n) :=
E[||X,, — Z||*]. By the induction hypothesis, there exists constants K, k = 1,...,m — 1 such that
Ak(n) < Ki(n Vv 1)7F for every n > 0.

Then, expanding the moments using the bound || X,, — Z|| < [| X,, — Qu|| + [|Qn — Z|| we obtain

3

Am(n) < Z (TZ> B [HXH - Qn||m7k : ”Qn - Z”k]

<> (m) B[ X, = Qul™ M E[Qn — 2™

k
k=0

where the second inequality follows from Holder’s inequality (for 1 < k < m, but one sees that the
inequality is also valid when k = 0 or & = m). Therefore, we have, for some constant Cj,

Ap(n) <Cs ) <7Z) B[ X — Qul™T ™ (34)

k=0
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We now re-express the term E[|| X,, — Q,,||] in terms of Ay, k € {1,...,m} as follows:

0\ ™ (MWy\ "™ m
(55) () b=

m=1l BE) 1@ 0 ' pI) o) ) "
o3 (D) | (S e -2 - (S e -2

E[[[ X, — Qn|™] <E +E

-l

Pt p(n) p(n)
p@\" 0) w@\" 1)
N ( ) ) b B Sy ) A

= (m H(IT(LO)) ' (0) M(Iv(bl)) " (1)
+ E Ak In . Amfkr In
2 (0| (B ) 2w (5 (%)
The induction hypothesis then implies that, for every n > 0, the last sum above is at most
ml ©0)y /700 -n\ " 1y /71 -\ ™ F
I7) (In” V1 L) (In’ V1
n~mn Z <m> KyK,, +E ,U,( ) ( v > . N’( ) < )
2\ & u) \ n un) \ n

But since p(n) ~ en~#/2 andn < 3—1/2 < /2, the almost sure convergence of (IT(,,O)/n, I,(LI)/n) implies
that the expected values above are all bounded, which implies that one actually has

(4 ] () s

pu(n)
for some constant Cy. Let RY™ := sup{i™ A, (i) : i < n} so that we have

E[|X, - Qn["] < E +E + G,

where, as before,

E[”Xn o Qn”m} S Rglm)nim(SEng) + C7n*m"7’
g(m) —E M(I7(LO)) I7(10) V1 =4\ m /11(1—7(11)) I’r(Ll) V1 -\ m o .,
" p(n) n p(n) n ’
for some vy > 0 and all n large enough.

From there, the same arguments we used before allow us to treat the recurrence relation in (34), and to
conclude that C', is actually bounded. We omit the details, but just note that although the main term in the
right-hand side of (34) is the one for k = 0, the others cannot be dropped earlier or one would not be able
to prove a rate better than n~?/2, regardless of m. O

+E

Let m be large enough such that m(8 — 1/2) > 2. Then by Markov’s inequality, for any ¢ > 0 and all
n large enough we have

P(|X,—Z||>¢)<e ™ -E[| X, — Z|™ < e ™n 2

It follows that, for any € > 0, we have >, -, P ([[X, — Z|| > €) < oo, so that by the Borel-Cantelli
lemma || X,, — Z|| — 0 almost surely as n — oco. Together with Theorem 6, Proposition 9 and Corollary
12 this shows Theorem 1 and the first part of Theorem 2.

Remark. In order to obtain almost sure convergence of n~?/2C,, rather than convergence in probability we
have transferred rates of convergence for the coefficients in the recursive decomposition to the convergence
of the sequence of interest by induction. This is a standard approach in the context of the contraction method
particularly in function spaces, where convergence rates (with respect to more elaborate probability metrics)
are necessary in order to deduce functional limit theorems on a distributional level, see [40] for details.
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3.4 Convergence of the lamination

In this section we complete the proof of Theorem 2 by showing that the process convergence in Theorem 1
implies convergence of the lamination £, to £z. Note that, in general, it is not sufficient that f,, — f
uniformly on [0,1] for £, to converge to £, and we need additional arguments. We recall from [18,
Definition 2.1] that a lamination £ is called maximal if for any x,y € € with [z, y] ¢ £, the chord [z, y]
intersects at least one of the chords in £. In other words, £ can not be enlarged by the addition of other
chords. Le Gall and Paulin [37] have proved that for a geodesic lamination of the hyperbolic disk encoded
by a continuous function g to be maximal it suffices that ¢ has distinct local minima on the open interval
(0,1); the setting here is not exactly the same, but the statement is easily adapted and we omit the details
(see also Proposition 2.5 in [18]). Maximal laminations £ coincide with triangulations of the disk, that is
laminations in which every connected component of & \ £ is an open triangle whose endpoints lie on the
circle €.

Let L denote the set of laminations of the disk which contain only finitely many chords and satisfy the
additional properties that no chord has zero as an endpoint and that distinct chords do not share a common
endpoint.

Lemma 16. Let (£,,),>0 be an increasing sequence in L, and let f,, be a function encoding £,, in the sense
that £, = £y,. Suppose that f, — g uniformly as n — oo where g is continuous on [0, 1]. Then

g c e (35)
n>1

Moreover, if £, is maximal, then £,, — £4 as n — oo for the the Hausdorff metric.

One can certainly not have £, = lim,, £,, without any additional assumption such as maximality. To
see this, consider for instance the case in which the scaling factors used to ensure convergence of f,, grow
too fast so that g(s) = 0 for all s € [0, 1]; then the lamination £, is actually always empty.

We do not have a short argument why local minima of the limit function Z are almost surely distinct.
Thus, we refer to the [18, Corollary 5.3] for a direct proof of the inclusion

U 2. c g

n>1
Together with Lemma 16, this finishes the proof of Theorem 2.

Proof of Lemma 16. We first show that £, C |J,,~; £». Consider a chord [z,y] C £, with < y and
assume that it is compatible with g. By definition and continuity of g, one has g(s) > g(x) = g(y) for
all s € (2,y). Let0 < € < (y — x)/3 and 6 = infycpzyey—q 9(s) — g(z). Choose n large enough such
that || f, — g|| < 0/6. Then, pick v € (1/6,1/3) such that at every point of discontinuity s € [z, y] of
fn» we have f,,(s) # g(z) + (1 — +)d; this is possible since f, has at most finitely many jumps. For all
s € [z + ¢,y — ¢ wehave f,,(s) > g(x) + (1 — ) and f,,(x), fn(y) < g(z) + 6. Let

ap =:=inf{a <z +e: fr(s) >glx)+ (1 —7) Vs € (a,z + €]},
by = = sup{b >y — € fuls) > g(x) + (1= )5 Vs € [y — b))
Then, a,, € [x,x + €], b, € [y — €,y] and for all s € (an,b,) we have f,(s) > g(z) + (1 — 7)d and

max{ fn(an), fn(bn)} < g(x) + (1 — 7v)d. By the choice of ~, we have f,(a,—) = fn(an), and [a,, b,]
is f,-compatible. It follows that [a,, b,] C £, and that, by construction,

[=,9] c J &5,

n>1

where we recall that A¢ denotes the e-fattening of Ain 2, {r € 2 : Ja € A and |x — a| < €}. Letting

€ | 0shows [z,y] C U,,~; £n. In the case that [z, y] is a limit of compatible chords one applies a similar
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argument to the sequence of g-compatible chords ([zx, yr], k¥ > 1) such that [z, yx] — [, y]. Together,
this gives £, C J,,~1 £n.

If £, is maximaf, then we cannot have £, C Un>1 £, since Un>1 £, is indeed a lamination. It follows
that £, = J,,~, £,, which completes the proof. B B O

4 The dual of the homogeneous lamination

In this section, we treat the case of the homogeneous lamination process, in which the chords are added to
a uniformly random fragment, regardless of its mass. In this case, where the index of the fragmentation is
a = 0, the limit process is different from Z, which is the common limit process to all fragmentations with
a positive index « [18].

Let us first give a precise description of the process. As before, (U,,V,),c7 denotes a collection
of independent random variables with density 21¢y<y<y,<1}. Independently of this set, let (J,,),>1 be a

sequence of independent random variables where, for each ¢ > 1, J; has uniform distribution on {1, ...,4}.
Forn = 1 insert U = Uy, V = Vj and split the disk into fragments S0 S just as in the case o = 2. At
time 7, we choose an arbitrary labeling of the 7 different available fragments S(*1) ..., S(“») and insert a

chord in the fragment S(*/»). Here, writing ¢ for the mass of the fragment (the one-dimensional Lebesgue
measure of its intersection with the circle), the insertion is performed by choosing the endpoints to be given
by the vector (cU.,, ,cV,, ) with respect to the fragment (the origin of the local coordinates is placed at
the point corresponding to the unique chord which separates S(“/») from its ancestor in the dual tree).

The recursive decomposition for C looks as in the case of a = 2, only the splitting random variable
(I,(LO)7 L(ll)) has a different distribution. (We use the same notation for the pair (I,(ZO), I,(Ll)) as in the case
a = 2 for the sake of readability.) With (Cﬁ’(o))nzo, (C,}f’(l))nzo defined analogously to the case o = 2

(remember the beginning of Section 3 for details), we have for every s € [0, 1]

h,(0) s -
o \T-w =D o=t
h,(0) U h) [ s—=U .
ot =3 O () 1o (o) rU<asv @6

o (T E‘é - g; s> V.
Note that the vector (L(lo), L(Ll)) is a measurable function of (J;);=1,.., and thus independent of U,V
(Cff ’(0))7;21, and (Cff ’(1))n21. Moreover, I,,(LO) + I,(Ll) = n — 1 and, since the underlying fragmentation is a
Yule process, L(Ll) is uniform on {0,...,n — 1}.

As it has been observed by Curien and Le Gall [18], equation (36) implies that the limit process 57
satisfies a fixed point equation in distribution: let /7 (?), (1) denote independent copies of . such
that (), M), (U,V), W are independent, (U, V') has density 21{<,<,<1} and W is uniformly
distributed on the unit interval. Then, the process defined by, for every s € [0, 1],

WI/S%(O) ﬁ ifs<U
WO — (g_ 7y) T W)V ({j__[(]]) ifU<s<V (37)
W (52 E“; - g; ifs > V.

is distributed like the original process .7°. Furthermore, Curien and Le Gall [18, Section 8.1] prove that the
limit process .77 satisfies
E[(s)] = k"(s(1 — 5))/? (38)

for some constant " > 0.
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The techniques we have used in the case o = 2 apply here, and allow us to prove the convergence of
the dual tree T in the Gromov—Hausdorff sense (Theorem 5). The limit process which is constructed using
our functional approach is denoted by H, and is almost surely equal to the process 7 constructed in [18].

Theorem 17. As n — oo, we have
E[|n"'3C) — H||™"] =0

for all m € N. Moreover, for every s € [0, 1] we have

24
E[H(s)] = &"(s(1 — 5))'/2, where KM = ATA/3)
Again, Theorem 17 is much stronger than what is needed to prove Theorem 5, and implies convergence
of all moments of the height of the dual trees. Also, as in the self-similar case discussed in Sections 2
and 3, the leading constant " is identified using the asymptotic expansion of C at an independent random
location &.

Theorem 18. Let £ be a uniform random variable, independent of all remaining quantities. For every

n > 1, we have

I'(n+4/3) a3
r(4/3)n! =~ T(4/3)

The remainder of the section is dedicated to the proofs of the previous statements. However, since the

E[C}()] = —1+0(n"%3).

techniques are essentially the same we have already used in Sections 2 and 3, we omit many details.

MEAN AT A UNIFORM LOCATION. As in the case of the self-similar lamination, the leading constant
is identified using the asymptotics for C” at a uniformly random point ¢, independent of the lamination.
Write Y, := C(¢). Then we have

J —
Y= Y,Zm +1r<e<vy (Yhzg,” T 1) >
7O ()

where (ﬁn)nzl is independent copy of (Y,*),,>1 and (U, V), (I, I, '), (V") n>1, (ﬁ)nzl are indepen-
dent. Let now p(n) := E[Y;"]. Taking expected values in the relation above yields

n—1

pn) = 5+ = 3 k)
k=1

Elementary manipulations yield

pn)  pn—1)  1-—2u(n—1)

n+l  n 3n(n+1)

b
so that

3n

which implies the exact formula for p(n). The expansion follows by Stirling approximation.

The proofs of the remaining statements of Theorem 17 run along very similar lines as in the case o = 2.
In order to bound the supremum of the process in LP, we need to choose some p > 1 such that E[TW?/34(1—
W)P/3] < 1. Here the coefficients W'/3, (1—W)!/3 are considerably larger than (1—(V —U))?, (V—U)”.
For this reason p = 2 is not sufficient and it is necessary to work with p = 4. However, note that the one-
dimensional fixed-point equation for Y = H (£) arising from (37) is

(u(n) +1) = (ufn — 1) + 1) (1+ 1) ,

VP L WBYR 41y (1— W)Y3YR, (39)

Similarly to (10), 1//7‘ is distributed like Y and Y, ﬂ, W, &, (U, V) are independent. Here, contraction in
L? is guaranteed since the second coefficient is substantially decreased by an independent Bernoulli variable
with success probability 1/3.

20



Remark. Although the Brownian excursion has the same mean function (see 38), one easily verifies that
H = 77 is not a Brownian excursion, and hence that 7y is not the Brownian continuum random tree
(CRT). We use the recursive equation (39) for E[H (£)] to show the law of a standard Brownian excursion
(e(s))se[o,1] is not invariant by the transformation in (37). If it were true E[e(£)?] would equal

28 (53 Elete) 0

for a uniformly distributed random variable ¢ that is independent of e. However, as e(£) has the standard
Rayleigh distribution, we have E[e(£)] = v/7/2 and E[e(£)?] = 2 which does not match the value in (40).
Further information about H () may be obtained using the homogeneous lamination process in continuous
time: we find the following characterization of H (£):

H(¢) EVLE.

Here E denotes an exponential random variable with mean one, independent of H and £. As we do not
draw further implications from this identity, we do not give more details about its proof here.

CONSTRUCTION OF THE LIMIT. We need an additional sequence of independent uniformly distributed
random variables (W, ),c7 that is independent of (U,, V,),c7. Let W = Wj. Define the operator G" :
AJF X (07 1) X CO([Ov 1])2 — CO([07 1]) by

yse (S ;
w' fo - (v—u) ifs<U
G, v, ws fo, fil(s) = § w3y (s )+ (1= w) B (220 ) iU <s<V
1—(v—u) v—u
1/3 s—(v—u) o>
w7 fo 71—(1)—11) ifs > V.

For every node u € T, let H{") = x"(s(1 — s))'/2. Then define recursively
HYY)) = GM[U, Vi, W HM HM),
or equivalently,

H{Y\(s) = WIBHIO (Ko (s, U, Vi) + (1= W) V2HD (K (5, U, Va)),

where the functions K, K are defined in (7). Finally, define H,, = HZ to be the value observed at the
root of 7. In order to prove uniform convergence of H,, we investigate E[|| H,, 1 — H,||*]. The analogue of
(13) involves three different kinds of mixed terms and applying the L? inequality to any of them, we arrive
at

Ay < qAn_y + 14¢ (04 AV 1 012 A2 el AMA)), (41)

n—1 n—1 n—1

Here, we used the abbreviations

0, =E [(Hn(f) - Hn—l(g))ﬂ )
An =E [HHn—i-l - HnHﬂ 5
¢=E[W*3 +E[1-W)*=6/7<1,
¢ =EWQ-W)"P+EWY31 - W) +E[(W(1-W))*3.
Note that A,, and ¢ correspond to the analogous terms in the case &« = 2 where we omit the superscript
h here. By the same arguments used to prove Lemma 7, we can show E[(H,,(£) — H,_1(£))?] — 0

exponentially fast. The following lemma whose proof is postponed is the necessary additional ingredient
proving uniform convergence.
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Lemma 19. Let § = E[W?/3 + Liy<eavy(l — W)2/3] = 3. Foranyp € N,p > 2, we have
E[|H(£) — Hn1 ("] = O(7").

Applying the lemma to the right-hand side of (41) and using the arguments in the proof of Theorem 6
yields that H,, converges uniformly almost surely and in L* to a limit denoted by H. (We recall that
H = 2 with probability one.)

Proof of Lemma 19. As already mentioned,

E [(Hn(§) — Ho-1(6))*] = O(q")

can be verified by the same arguments as in the case a« = 2. By Jensen’s inequality, we have

E[|H,(&) — H,_1(£)|] < Csq™? for some constant Cg > 0. For transferring the rate to higher moments,
we proceed by induction. Let p > 3 and assume the assertion is true for all 2 < 7 < p — 1, i.e. let
Ks,...,K,_1 such that E [\H (&) — Ho1(9)] < K;q* forall 2 < j < p — 1. By the observation in
Lemma 7, denoting by &', 5 independent random variables with uniform distribution that are independent
of all remaining quantities, we have

AP = E[|Hy (&) — Ho1(€)]"]
=B [|[W P H, () - H5(6)) + Lzean (1 = W)PHD, (€7) - HD, (")

p}
E[WP/3 4+ Liy<e<vy(l— W)P/3 A(p) Z ( >K4Kp_zq§(n1).

Note that E[W?/3 + 1p<e v (1 — W)P/3] = ﬁ < q. Thus, by a simple induction on n, we obtain
AP = 0(q). O

THE DISCRETE PROCESS. Let us give the coupling of the discrete process to its limit: For v € 7 and
n €N, let I,(Lu) be the number of fragments v € T at time n with v € T,,. Here, T, = {uv : v € T } is the
set of nodes with prefix u. It is well-known that the proportion IT(LuO)/ max(L(Lu), 1) converges almost surely
to a uniform random variable as n — co. We denote this limit by W,,. Then, the sequence (W,,),c7 is inde-
pendent of the set (U,, V,,)ye7 and consists of independent random variables having uniform distribution.
Based on these sets, for u € T, let H®) be the process constructed above.

The uniform convergence of X/ := C” /(T'(4/3)E[C"(£)]) to H can be worked out analogously to
the case o« = 2 with similar modifications as for limit construction. The only essential difference is the
verification of
lim HX;L(’O()O)(\IJ) - H(O)(\I/)H4 ~0 42)

n—oo n
instead of (18) in L2. There is no additional difficulty in proving this L* convergence: First, convergence of
the L? distance is obtained as in the proof of Theorem 10 and second, any absolute p-th moment of X" (&)
is bounded in n. This can be shown by induction on p using the result for p = 2 as a base case. Thus, (42)
follows by dominated convergence. We leave out the remaining details of the proof, they should be clear
from the arguments in Section 3.

RATES OF CONVERGENCE AND ALMOST SURE CONVERGENCE. The rates for the convergence of the L”
norm E[|| X" — H||P] are obtained by the same steps as in the case o = 2. First, note that given W, the
random variable I 7(10) has binomial distribution with parameters n — 1, W. Thus, by the bound (30), for any
k>1,

E[ I /n— WF3] = O(n*/°),
where we put W := Wj;. Based on the latter bound for k£ = 2, using the same methods as in the case o = 2,
it follows that for any x < %

BI(X2(€) — H(©))] =0 (n™").
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Using the same arguments as in the proof of Proposition 15, we can easily generalize the result to higher

moments. For any m > 1 and x < L

15> WE have

E[| X (¢) = H(E)|™] =0 (n"™).

As in the proof of Lemma 14 we can transfer the rate to the process level. Based on an inequality similar to
(41), we see that for any x < %

E[|X; - H[*] =0 (n"").
Finally, analogously to Proposition 15, we can show that for any m > 1 and x < ﬁ
E[|X} — H|™] = O (n™"™).

The almost sure convergence || X* — H|| — 0 follows as in the case o = 2 by an application of the Borel—
Cantelli lemma relying on the latter display for sufficiently large m. This implies almost sure convergence
of n'/3C".

5 Properties of the limit dual tree 7,

In this section, we derive some important properties of the limit dual tree 7. The first set of properties are
standard and characterize the degrees in 7. As in a discrete tree, for a real tree 7 and « € 7T, the degree of
x in T is the number of connected components of 7 \ {z}. Points of degree one are called leaves. A real
tree encoded by a continuous excursion f : [0,1] — [0, 00) comes with a natural probability measure, the
push-forward of Lebesgue measure on [0, 1] into the canonical projection 7 : [0, 1] — 7.

Proposition 20. The real tree (Tz,dyz) is almost surely compact, binary and has its mass concentrated on
the leaves.

Proof. The compactness is an easy consequence of the fact that 7 is the image of [0, 1] under the canonical
projection, which is almost surely continuous for, for any =,y € [0, 1],

dz(nz(x),mz(y)) = Z(x) + Z(y) —2inf{Z(s) ;e Ay < s <z Vy}
< 2sup{[Z(s) = Z(t)] : |s —t] < & —y[} = 0,

as |z — y| — 0, since Z is uniformly continuous.

Curien and Le Gall [18, Proposition 5.4] have proved that the lamination encoded by Z is almost surely
a triangulation, which implies that 7 has maximal degree at most three with probability one.

Finally, to prove that the mass measure is concentrated on the leaves, it suffices to show that for an
independent uniform random variable &, w7 (§) € Tz is a leaf with probability one. By the rotational
invariance, the degree of 7 (&) is distributed like the degree of the root, say p. Now, since Z(s) > 0 for all
s € (0, 1) with probability one (see [18], proof of Corollary 5.3), for all points u,v € Tz \ {p}, the path
from u to v in Tz does not go through p, so that 7 \ {p} has a single connected component. O

We now look at the fractal dimension of 7z. For a metric space (X,d), we write N(X,¢) for the
smallest size of a covering of X with balls of radius at most §. The box-counting dimension is a law of
large numbers for the size of coverings by balls of small radius. More precisely, when

lim inf log N(X,9) _ lim su log N(X, 9)
o0 log(L/0) a0 log(1/s)

the common value is called the Minkowski or box-counting dimension and denote it by dim;(X) [24, 25].

Proposition 21. Almost surely dimy;(Tz) = 1/0.
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Proof. The upper bound is a simple consequence of the continuity properties of the sample paths of Z.
Since Z is a-Holder continuous for every o« < 3 [18, Theorem 1.1], there exists C,, < oo almost surely
such that for every z, y € [0, 1] one has

1Z(x) = Z(y)] < Calz —y|*.

For r > 0, fix 4 > 0 such that C,6* = r. Let w7 denote the canonical projection from [0, 1] to 7. The
collection { B(7z(id),2r) : i = 0,..., [0 1]} is a covering of Tz. Indeed, for any point u € T, there is
x € [0,1] such that 7z (z) = wand id < z < (i + 1)d for some i < [§~!]| and by definition of 7

dz(u,m7(10)) < Z(x) + Z(i6) —2inf{Z(s) : x Nid < s < x Vid}
< 25up{|Z(s) — Z(1)| - |s — 1 < &)
<20, - 6% =2r.

It follows immediately that N (7z,2r) < 6~! + 1 which implies that

—_— . log N(Tz,2r)
dimy (Tz) = hrrrlisoup Tog(1/21)
for any o < 3. Letting o« — f yields the upper bound.

For the lower bound, for every » > 0 small enough, we exhibit a set of about 7~ /# points in T in
which any two points are at least at distance 2r apart. To this aim, we work directly with the fixed-point
equation for Z, that we can expand in any way we like in order to exhibit a convenient partition of 7. We
rely on the fragmentation process underlying the construction of 7.

We use the standard embedding of the process of chord insertion in continuous time, and modify slightly
the point of view of Section 3.1, in which chords insertions may fail. Let X (¢) = (X;(¢) : ¢ > 1) be the
element of £} := {(x1,22,...) 1 21 > x3 > ... ;2_i>1 %1 < 1} representing the (ordered) sequence of
fragment sizes at time ¢ in the self-similar fragmentation of index 1 and dislocation measure corresponding
to the uniform binary split of the mass [9]. (Then at the times of the split events 7;, 7 > 1, X(7;) is
distributed like the ordered sequence of masses of the fragments when j chords have been inserted.)

Choosing one as the index of self-similarity turns out to be especially convenient: Here the number of
chords NV, at time ¢ is distributed like a Poisson(¢) random variable. Given NV;, X (t) is distributed like the
ordered sequence of spacings created by N; uniformly random variables in [0,1]. So [V; is concentrated
about ¢, and the number of fragments of mass at least 1/t is roughly of order ¢. More precisely, writing
(v4)s >1 for a sequence of i.i.d. exponential random variables with mean one, then, conditional on N; = n,
the collection of masses of the n + 1 fragments (in random order) is distributed like

( Y1 'Yn-&-l )
T ) .
Z;‘L:1 Vi E?:l Vi

Hence, for any 6 > 0, ¢ € (0,1/3) and t = r~1/8+¢_ writing A for the event that #{i : X;(r—1/8+¢) >
r1/B=€} > §p=1/B+¢ we have

1
§*7
«

Ny
P (A5) =P (#{z <Ny > rl/ﬁez’yi} < 5r1/ﬁ+6>

i=1

SP{ Y g <o O +P(Nt¢[;,2t]>+P Yoozt

1<i<t/2 1<i<2t

< pl/B=e (43)

forany § < e~3/2 and for all ¢ large enough, by classical large deviations bounds. We now fix such a value
for § until the end of the proof.
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For each ¢ > 1 and ¢ > 0, X,(t) is the mass of a subset S;(¢) of the tree T. Furthermore, each subset
S;(t) is a connected subset of 7, and by the recursive representation of Z, the subtree of 7 induced on
S;(t) is distributed like a copy of Tz in which all distances are multiplied by X;(¢)” (by the fixed point
equation for Z).

We now always consider the set of fragments at time 7~ /#%¢ for some r > 0. Let I(r) be the set of
indices corresponding to fragments (at time »~'/#*¢) which contain a point at distance greater than  from
the rest of the tree. Any covering of 7, by balls of radius at most r needs at least one center per element
of I(r), so that N(Tz,r) > #I(r). Note that although the subset of 7z induced by .5; is a tree, the degree
deg(i) of fragment ¢ (the number of connected components of 7z \ S;) is not bounded. In particular, a
large height does not guarantee the existence of a point far from 7 \ S;. However, since the fragments
are connected subsets of a tree, the average degree of the entire set of fragments is lower than two. Also,
writing B for the event that the number of fragments at time 7~ /%€ is at most 27— /%€ we have

P(B°) =P (Poisson(ril/ﬁ“) > 27’*1//”6) < rl/Be, (44)

for all  small enough. If both A5 and B occur then the average degree of the set of fragments of mass at
least 71/8+¢ is at most 46— '. This implies that on As N B

#{i: X, (r~V/Brey > pl/B=¢ deg(i) < 86} > gr_1/5+6. (45)

For a given fragment S; of degree at most 85—, the existence of a path of length at least 166~ 7 within
the fragment implies that there is a point v € S; at distance at least r from T \ S;. So, writing Z; for the
height process within .S; we have

H#I(r) > #{i s Xo(r~ /0T > p1/B=¢ deg(i) < 8071, (| Z|| > 166717}
Note that the scaling property of Z implies that, for i such that X; > /8¢,
P(|Zi|| > 166 1r) > P(|| 2] > 166 1rF) > 1/2, (46)

for all r small enough since || Z|| > 0 with probability one. Now, given the sequence of masses X; (r—/8+¢)
at time 7~ /8¢, the internal structure of the fragments and in particular the processes Z; are independent.
So, for every » > 0 small enough, by (45) and (46), on the event As N B the random variable #I(r)
dominates a binomial random variable with parameters gr_l/ Bte and 1 /2. Tt follows that, for all r small
enough,

P (#I(r) < gr-1/5+f

Aa,B> < 15—6r1/ﬂ—6, @7)

by Chebyshev’s inequality. Putting (43), (44) and (47) together, the Borel-Cantelli lemma implies that
almost surely for all  small enough along the sequence r = 27", n > 0, we have

)

—p—1/B+e
8

#1(r) >

Finally, since for r € [2~("*1) 2=") we have N(7z,r) > N(Tz,2~"), we obtain

. .. 1ogN(Tz,r) _log#I(r) 1
d =1 f ———— f——=" > —
dimy (77) =l inf =y 2 iminf S qy 25~ ©
which proves the desired lower bound since € > 0 was arbitrary. O

References

[1] L. Addario-Berry, N. Broutin, C. Goldschmidt, and G. Miermont. The scaling limit of the minimum
spanning tree of the complete graph. Submitted. math.PR 1301.1664, arXiv, 2013.

25



[2] D. Aldous. The continuum random tree. I. Ann. Probab., 19(1):1-28, 1991.

[3] D. Aldous. The continuum random tree II: an overview. In M.T. Barlow and N.H. Bingham, editors,
Stochastic Analysis, pages 23—70. Cambridge University Press, 1991.

[4] D. Aldous. The continuum random tree III. Ann. Probab., 21:248-289, 1993.

[5] D. Aldous. Recursive self-similarity for random trees, random triangulations and Brownian excursion.
Ann. Probab., 22(2):527-545, 1994.

[6] D. Aldous. Triangulating the circle, at random. Amer. Math. Monthly, 101(3):223-233, 1994.

[7] Z.-D. Bai, H.-K. Hwang, W.-Q. Liang, and T.-H. Tsai. Limit theorems for the number of maxima in
random samples from planar regions. Electron. J. Probab., 6:no. 3, 41 pp. (electronic), 2001.

[8] Y. Baryshnikov and A. Gnedin. Counting intervals in the packing process. Ann. Appl. Probab., 11(3):
863-877, 2001.

[9] J. Bertoin. Random fragmentation and coagulation processes. Cambridge University Press, Cam-
bridge, 2006.

[10] J. Bertoin and A. Gnedin. Asymptotic laws for nonconservative self-similar fragmentations. Electron.
J. Probab., 9:575-593, 2004.

[11] P. Billingsley. Convergence of probability measures. New York-London-Sydney-Toronto: John Wiley
and Sons, Inc. XII, 253 p., 1968.

[12] N. Broutin, R. Neininger, and H. Sulzbach. Partial match queries in random quadtrees. In Y. Rabani,
editor, Proceedings of the ACM-SIAM Symposium on Discrete Algorithms (SODA), pages 10561065,
2012.

[13] N. Broutin, R. Neininger, and H. Sulzbach. A limit process for partial match queries in random
quadtrees and 2-d trees. to appear in Ann. Appl. Probab., 2013.

[14] H. H. Chern and H. K. Hwang. Partial match queries in random quadtrees. SIAM J. Comput., 32:
904-915, 2003.

[15] E. G. Coffman, Jr., C. L. Mallows, and B. Poonen. Parking arcs on the circle with applications to
one-dimensional communication networks. Ann. Appl. Probab., 4(4):1098-1111, 1994.

[16] N. Curien and A. Joseph. Partial match queries in two-dimensional quadtrees: a probabilistic approach.
Adv. Appl. Probab., 43(1):178-194, 2011.

[17] N. Curien and I. Kortchemski. Random non-crossing plane configurations: A conditioned Galton—
Watson tree approach. to appear in Random Structures Algorithms, 2012.

[18] N. Curien and J.-F. Le Gall. Random recursive triangulations of the disk via fragmentation theory.
Ann. Probab., 39(6):2224-2270, 2011.

[19] Nicolas Curien and Wendelin Werner. The Markovian hyperbolic triangulation. J. Eur. Math. Soc.
(JEMS), 15(4):1309-1341, 2013.

[20] F. David, C. Hagendorf, and K. J. Wiese. A growth model for rna secondary structures. Journal of
Statistical Mechanics: Theory and Experiment, 2008(04):P04008, 2008.

[21] T.Duquesne and J.-F. Le Gall. Random trees, Levy processes and spacial branching processes, volume
281 of Asterisque. 2002.

[22] T. Duquesne and J.-F. Le Gall. Probabilistic and fractal aspects of Lévy trees. Probability Theory and
Related Fields, 131(4):553-603, 2005.

[23] S. N. Evans. Probability and real trees, volume 1920 of Lecture Notes in Mathematics. Springer,
Berlin, 2008. Lectures from the 35th Summer School on Probability Theory held in Saint-Flour, July
6-23, 2005.

[24] K. J. Falconer. The Geometry of Fractal Sets, volume 85 of Cambridge Tracts in Mathematics. Cam-
bridge University Press, Cambridge, 1986.

26



[25] K. J. Falconer. Fractal geometry: Mathematical Foundations and Applications. John Wiley & Sons
Ltd., Chichester, 1990.

[26] P. Flajolet and C. Puech. Partial match retrieval of multidimensional data. Jounal of the ACM, 33(2):
371-407, 1986.

[27] P. Flajolet and R. Sedgewick. Mellin transforms and asymptotics: Finite differences and Rice’s inte-
grals. Theoretical Computer Science, 144:101-124, 1995.

[28] P. Flajolet and R. Sedgewick. Analytic Combinatorics. Cambridge University Press, Cambridge, UK,
2009.

[29] P.Flajolet, G. H. Gonnet, C. Puech, and J. M. Robson. Analytic variations on quadtrees. Algorithmica,
10:473-500, 1993.

[30] M. Gromov. Metric Structures for Riemannian and Non-Riemannian Spaces. Birkhauser, 1999.

[31] B. Haas and G. Miermont. The genealogy of self-similar fragmentations with negative index as a
continuum random tree. Electronic Journal of Probability, 9:57-97, 2004.

[32] B. Haas and G. Miermont. Scaling limits of Markov branching trees with applications to Galton-
Watson and random unordered trees. Ann. Probab., 40(6):2589-2666, 2012.

[33] D. E. Knuth. The Art of Computer Programming: Sorting and Searching, volume 3. Addison-Wesley,
Reading, MA, 1973.

[34] I. Kortchemski. Random stable laminations of the disk. to appear in Ann. Probab., 2013.
[35] J.-F. Le Gall. Random trees and applications. Probability Surveys, 2:245-311, 2005.

[36] J.-F. Le Gall and Y. Le Jan. Branching processes in Levy processes: The exploration process. Ann.
Probab., 26:213-252, 1998.

[37] J.-F. Le Gall and F. Paulin. Scaling limits of bipartite planar maps are homeomorphic to the 2-sphere.
Geometric and Functional Analysis, 18:893-918, 2008.

[38] J.F. Marckert and A. Panholzer. Noncrossing trees are almost conditioned Galton—Watson trees. Ran-
dom Structures and Algorithms, 20:115-125, 2002.

[39] R. Neininger and L. Riischendorf. A general limit theorem for recursive algorithms and combinatorial
structures. Ann. Appl. Probab., 14(1):378—418, 2004.

[40] R. Neininger and H. Sulzbach. On a functional contraction method. Submitted. math.PR 1202.1370,
arXiv, 2012.

[41] N.E. Norlund. Vorlesungen iiber Differenzenrechnung. Springer, Berlin, 1924.

[42] S.T. Rachev and L. Riischendorf. Probability metrics and recursive algorithms. Adv. Appl. Probab.,
27:770-799, 1995.

[43] M. Ragab and U. Résler. The Quicksort process. Preprint. math.PR 1202.1370, arXiv, 2013.
[44] D. Revuz and M. Yor. Continuous Martingales and Brownian Motion. Springer, Berlin, 1991.
[45] U. Rosler. A limit theorem for “Quicksort”. RAIRO Inform. Théor. Appl., 25:85-100, 1991.

[46] R. Sedgewick and P. Flajolet. An Introduction to the Analysis of Algorithm. Addison-Wesley, Reading,
MA, 1996.

A Expected value at a uniform location: Proof of Theorem 3

Our approach is to first find a explicit formula for the mean, then extract precise asymptotics via complex
analytic methods.

A RECURRENCE RELATION. Under the model of Section 3, let Y;, := C,,(§). We start with the derivation
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of a recurrence relation for the quantity i(n) := E[Y,,]. We have, by construction,
d 0 0 1
Yo £ Lieesome Yo + Leesomey [L+ Y0 + YD) nx1, (48)

with independent copies (Yn(o))nzo, (Y,S”)nzo of (Y,,)n>0, independent of (£,U,V, 17(10)717(11))' For the
definition of S and SO, see the beginning of Subsection 3.1. Observe that, given {{ € S QN C},
£ the mass of S(© and defined in (16), is distributed as the maximum of three independent uniform
random variables. Hence, it has the Beta(3, 1) distribution with density 3u?. Additionally, both £(9) given
{€ € SN}, and £V given {¢€ € SV N} are distributed as the second smallest of three independent
uniform random variable. Therefore, both have Beta(2, 2) distribution with density 6u(1 — w).

Equation (48) implies that x(n) := E[Y,,] satisfies the following recurrence relation for all n > 1:

pln) =5 + 5 S p(k) - [P(Bin(n — 1, B2,) = ) + P(Bin(n — 1, B ) = k)]

+ > (k) (49)

where we wrote

Tk = (” ; 1) [2B(k +1,n — k) — B(k+3/2,n — k)].

AN EXACT EXPRESSION FOR p(n). Although it is linear, the recurrence relation (49) involves an un-
bounded number of terms. We adopt an approach using generating functions which are particularly adapted.
Define M (z) := ), -, pu(n)z". Since p(n) < n the convergence radius of M (z) is exactly one. In a dif-
ferent but related casei Flajolet, Gonnet, Puech, and Robson [29] derived a differential equation for M (2)
from the recursion (49), which is explicitly solvable. In our case, this does not seem possible, and we fol-
low ideas used by Chern and Hwang in [14] which rely on a differential equation for the Euler transform of
M (z). We start by defining the binomial and Euler transforms (see [33, p. 137] or [46, p. 105-106]).
Given a sequence of real numbers (a(n),n > 0), the binomial transform a* of a is defined by

. n
) =3 (})-1tat
k=0
The sequences a and a* are then dual in the sense that a = (a*)*. The binomial transform of a sequence of

numbers is related to the Euler transform of its generating function. Given a function f : C — C, analytic
in a neighborhood of the origin, define its Euler transform f* by

f*(z)zlizf(zi1>'

Note that f* is also analytic in some neighborhood of zero. The function f* has the crucial property
that its coefficients are given by the binomial transform of the coefficients of f. In particular M*(z) =
s 5 (n)2",

The basic observation is that 7, ;, may be expressed in terms which relate to binomial transforms. We
give an expression for 7, ; that may look slightly artificial, but actually exploits the structure and make the
binomial transform explicit:

=2 ()0 [ ] 5
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To see that (50) indeed holds, observe that we have

5 (n_1 (g) (-1
B J k) j+1°
The expression for the second term is obtained in the same way:
n—1 . A
n—1 n—1Y\ [\ (=1)7**
B(k+3/2,n—k) = _—
(" o gz ;<j>(k>j+3/2’

which proves the identify in (50).
Using (50) and the binomial transform immediately yields

ni k)T = i(n_1> j[jil—jfw}u*(ﬁ- 51)

k=1 =1

Having in mind a second application of the binomial transform, this leads us to define

S(z) = 2;1 [nil - nfg/Q] pr(n)z". (52)

The function S(z) is crucial for our approach. We will exhibit two connections between S(z) and M (z)
which will finally imply the pre-announced differential equation for the Euler transform M* of M.

Since M* is analytic at the origin, the formal term-wise integration makes sense in a neighborhood of
zero. Thus (52) yields

diz(zng(z)) = 22 (2) + 2712 /Z M*(u)du, (53)
0

Furthermore, the recurrence relation for 1(n) in (49), together with (51) and (52) imply that

1 =z z z
M(z) ==
) 31—z+1—zs<z—1)

In particular, forw = z/(z — 1)
1/2 * L 39 3/2
w/(w—1)M*(w) = 3w + w? = S(w). (54)
Combining (53) and (54) provides an integro-differential equation for M *.

2w — 1)~ M*(w) + (w — 1) M*(w) — z/ow M*(w)du = w.

dw

Direct comparison of the nth coefficient of both sides gives a one-term recursion for the Binomial transforms
p*(n) for n > 2, which implies
252 —j—2
3 H j(2i+1)
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Finally, using the duality of binomial transforms, we have just proved the first assertion of Theorem 3.

ASYMPTOTIC ESTIMATE FOR p(n). The representation for u(n) = E[C,,(£)] in (5) involves an alternate
series and is delicate to evaluate asymptotically: although some terms are exponentially large in absolute
value, we know from the combinatorial setting that ;(n) < n, so that an approach that focuses on the
individual terms is bound to be rather intricate. For the asymptotic expansion, we will use methods based
on Norlund-Rice integrals which is standard for the calculus of finite differences [27, 28, 41]. We now
show the asymptotic expression in (6).

First note that, writing v = (1 + \/ﬁ)/4 andy = (1 — \/ﬁ)/él, we have

i (27 +1) s JU+1/2)
_ 1 P(k+1-9) PkE+2-5 1  T(5/2) )
3 T(2-9) r2-+5) T(k+1) I(k+3/2) ’

where it is understood that the last line above defines the function f at the integer £ > 2. Thus

(1) s

The definition of f extends analytically to complex values z for which none of the arguments of the Gamma

p(n) =

k=1

functions takes a value in the non-positive integers. So we have so that writing

= (n B . B Vil(z—=~v+1DI'(z—5+1)
pln) = kz::l (k)( DI it () = m G S s TE — T =)

We may apply the results in Section 2 of [27] which yield the following integral representation for y(n)

_ b (—1)"+in! N
uin) = 5 | s ) =

where ¢ is any positive contour encircling the segment [1, n], which lies in the domain of analyticity of f
and avoids the non-negative integers. We take %’ to be the contour consisting of the vertical line ¢ + iR and
loops around the segment [1, n] from ¢ — ico to ¢ + ioo. Observe that the integrand in (55) has singularities
intheset *(z) < laty—1—¢and 5 — 1 — £ for £ > 0 and zero. All these singularities are simple poles.
We would like to shift the vertical portion of the contour integration towards the left in order to peel off the
first pole we meet, thus extracting the main asymptotic contribution.

It follows that for 0 < ¢’ < v — 1, and ¢ the shift of the contour ¢ which has its vertical part along
¢ + iR, we have

f(z)dz, (56)

p(n) :<—1)nn! ‘Res(f;y—1) N 1 /c/+1ioc (=1)mn!

D (—n=1) 3 Joie oDz 1)
because, by Stirling formula, | f(2)| = O(|z|7!) as |z| — oo inside the half-plane {R(z) > ¢’}. We first
estimate the main contribution, which comes from the term involving the residue Res(f;y — 1) of f at
z =y — 1. Using the fact that (v — 1)(1 — 7) = 1/2, we easily obtain

(=1)"n!-Res(f;y—1)
(y=1-(y=—n-1)

where c is the constant defined in (6).
In the same way, one proves that the remaining term in (56) is O(1) as n — oo: one first easily obtains

that
) - L

27 Jo_ioo 2(z—1)---(z—n)

=cn?" '+ 0(n"7?),

IP®

1 [“F° D(n+ 1|01 - )| |f(2)
Sé%Lqm Tn-c+1)] |

=0(n),
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by Stirling’s formula. To prove a bound of O(1), one shifts again the vertical line to the left at and peels
off the next residue, which happens to be at z = 0: the residue itself contributes O(1) and the remainder
O(ne") for ¢ < 0. We omit the details.
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