POINCARE AND LOGARITHMIC SOBOLEV INEQUALITIES
BY DECOMPOSITION OF THE ENERGY LANDSCAPE

GEORG MENZ AND ANDRE SCHLICHTING

ABsTrACT. We consider a diffusion on a potential landscape which is given by
a smooth Hamiltonian H : R™ — R in the regime of low temperature . We
proof the Eyring-Kramers formula for the optimal constant in the Poincaré (PI)
and logarithmic Sobolev inequality (LSI) for the associated generator L =
eA — VH -V of the diffusion. The proof is based on a refinement of the
two-scale approach introduced by Grunewald, Otto, Westdickenberg and Vil-
lani [GOVWO09] and of the mean-difference estimate introduced by Chafai and
Malrieu [CM10]. The Eyring-Kramers formula follows as a simple corollary
from two main ingredients: The first one shows that the PI and LSI constant
of the diffusion restricted to metastable regions corresponding to the local
minima scales well in . This mimics the fast convergence of the diffusion to
metastable states. The second ingredient is the estimation of a mean-difference
by a weighted transport distance. It contains the main contribution to the PI
and LSI constant, resulting from exponentially long waiting times of jumps
between metastable states of the diffusion.

1. INTRODUCTION

Let us consider a diffusion on a potential landscape which is given by a sufficiently
smooth Hamiltonian function H : R™ — R. We are interested in the regime of low
temperature € > 0. The generator of the diffusion has the following form

L:=cA—VH-V. (1.1)

The associated Dirichlet form is given for a test function f € H'(u) by

&)= [(-Lnfdu=c [ 917 dn
The corresponding diffusion &; satisfies the stochastic differential equation

d¢, = —VH(&) dt + V2 dB;, (1.2)

where B; is the Brownian motion on R™. The equation (1.2) is also called over-
damped Langevin equation (cf. e.g. [LL10]). Under some growth assumption on H
there exists an equilibrium measure of the according stochastic process, which is
called Gibbs measure and is given by

p(dz) = Ziexp (—H§I)> dz  with 2, = /exp (- H?) de.  (1.3)

m

The evolution (1.2) of the stochastic process &; can be translated into an evolution
of the density of the process . Namely, under the assumption that the law of the
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initial state &; is absolutely continuous w.r.t. the Gibbs measure u, the density fiu
of the process &; satisfies the Fokker-Planck equation (cf. e.g. [@ks98] or [Sch10])

Oift =Lfi=eAfi —VH-Vf.

We are particularly interested in the case where H has several local minima. Then
for small €, the process shows metastable behavior in the sense that there exists a
separation of scales: On the fast scale, the process converges quickly to a neigh-
borhood of a local minimum. On the slow scale, the process stays nearby a local
minimum for an exponentially long waiting time after which it eventually jumps to
another local minimum.

This behavior was first described in the context of chemical reactions. The
exponential waiting time follows the Arrhenius’ law [Arr89] meaning that the mean
exit time from one local minimum of H to another one is exponentially large in the
energy barrier between them. By now, the Arrhenius law is well-understood even
for non-reversible systems by the Freidlin- Wentzell theory [FW98], which is based
on large deviations.

A refinement of the Arrhenius law is the Fyring-Kramers formula which ad-
ditionally considers pre-exponential factors. The Eyring-Kramers formula for the
Poincaré inequality (PI) goes back to Eyring [Eyr35] and Kramers [Kra40]. Both
argue that also in high-dimensional problems of chemical reactions most reactions
are nearby a single trajectory called reaction pathway. Evaluating the Hamiltonian
along this reaction coordinate gives the classical picture of a double well potential
(cf. Figure 1) in one dimension with an energy barrier separating the two local
minima for which explicit calculations are feasible.

A
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\/ local minimum
>

global' minimum

FI1GURE 1. General double-well potential H on R.

However, a rigorous proof of the Eyring-Kramers formula for the multidimen-
sional case was open for a long time. For a special case, where all the minima
of the potential as well as all the lowest saddle points in-between have the same
energy, Sugiura [Sug95| defined an exponentially rescaled Markov chain on the set
of minima in such a way that the pre-exponential factors become the transitions
rates between the metastable regions of the rescaled process. For the generic case,
where the local minima and saddles have different energies, the group of Bovier,
Eckhoff, Gayrard and Klein [BEGK04, BGKO05| obtained first-order asymptotics
that are sharp in the parameter €. They also clarified the close connection between
mean exit times, capacities and the exponentially small eigenvalues of the opera-
tor L given by (1.1). The main tool of [BEGK04, BGKO05] is potential theory. The
small eigenvalues are related to the mean exit times of appropriate subsets of the
state space. Further, the mean exit times are given by Newtonian capacities which
can explicitly be calculated in the regime of low temperature ¢.
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Shortly after, Helffer, Klein and Nier [HKN04, HN06, HN05] also deduced the
Eyring-Kramers formula using the connection of the spectral gap estimate of the
Fokker-Planck operator L given by (1.1) to the one of the Witten Laplacian. This
approach makes it possible to get quantitative results with the help of semiclassical
analysis. They deduced sharp asymptotics of the exponentially small eigenvalues
of L and gave an explicit expansion in € to theoretically any order. An overview on
the Eyring-Kramers formula can be found in the review article of Berglund [Ber11].

In this work, we provide a new proof of the Eyring-Kramers formula for the
first eigenvalue of the operator L, i.e. its spectral gap. The advantage of this new
approach is that it extends to the logarithmic Sobolev inequality (LSI), which was
not investigated before. The LSI was introduced by [Gro75| and is stronger than
the PI. Therefore, the LSI is usually harder to deduce than the PI due to its
nonlinear structure.

By deducing the Eyring-Kramers formula for the LSI, we encounter a surprising
effect: In the generic situation of having two local minima with different energies,
the Eyring-Kramers formula for the LSI differs from the Eyring-Kramers formula
for the PI by a term of inverse order in €. However, in the symmetric situation of
having local minima with the same energy, the Eyring-Kramers formula for the LSI
coincides with the corresponding formula for the PI (cf. Corollary 2.18).

We conclude the introduction with an overview of the article:

In Section 1.1, we introduce PI and LSI.

In Section 1.2, we discuss the setting and the assumptions on the Hamiltonian H.
In Section 2, we outline the new approach and state the main results of this work.
In Section 3 and Section 4, we proof the main ingredients of our new approach.
Namely, in Section 3 we deduce a local PI and a local LSI with optimal scaling in ¢,
whereas in Section 4 we estimate a mean-difference by using a weighted transport
distance.

In the appendices, we provide for the convenience of the reader some basic but
non-standard facts that are used in our arguments.

1.1. Poincaré and logarithmic Sobolev inequality.

Definition 1.1 (PI(p) and LSI(p)). Let X be an Euclidean space. A Borel prob-
ability measure p on X satisfies the Poincaré inequality with constant ¢ > 0, if for
all test functions f € H'(u)

()= [ <f - [ du>2du < [19sPan PI(o)

In a similar way, the probability measure u satisfies the logarithmic Sobolev inequal-
ity with constant o > 0, if for all test function f : X — RT with I(fulu) < oo
holds

_ f 1 [|ve?
Bun,(f) = [ 110w o< - [ S0

where I(fu|u) is called Fisher information. The gradient V is determined by the
Euclidean structure of X. Test functions are those functions for which the gradient
exists and the right-hand-side in PI(p) and LSI(«) is well defined.

Remark 1.2 (Relation between PI(p) and LSI(«)). Rothaus [Rot78] observed that
LSI(«) implies PI(cr). This can be seen by setting f = 1 + ng for n small and
observing that

Ent,,(£2) = 27 var, (g) + O(%) s well as / V2 dp = / Vol dy.

Hence, if p satisfies LSI(«) then u satisfies PI(«), which always implies o < p.

dp = I(fplp), LSI(a)
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1.2. Setting and assumptions. This article uses almost the same setting as found
in [BEGK04, BGKO05|. Before stating the precise assumptions on the Hamilton-
ian H, we introduce the notion of a Morse function.

Definition 1.3 (Morse function). A smooth function H : R™ — R is a Morse
function, if the Hessian V2H of H is non-degenerated on the set of critical points.
More precisely, for some 1 < Cy < oo holds
2
VeeS:={reR":VH =0}: |C§’7| < (&, VPH(z)¢) < Chlél. (1.4)
H
We make the following growth assumption on the Hamiltonian H sufficient to
ensure the existence of PI and LSI. Hereby, we have to assume stronger properties
for H if we want to proof the LSI.

Assumption 1.4 (PI). H € C3(R"™, R) is a non-negative Morse function, such
that for some constants Cyg > 0 and Ky > 0 holds

T |— 00
lim inf (|VH|2 - AH) > Ky (A2p1)
|z|— o0

Assumption 1.5 (LSI). H € C3(R"™,R) is a non-negative Morse function, such
that for some constants Cg > 0 and Ky > 0 holds

VH(2)|” — AH(x)

lim inf 5 >Cq. (Alps)
|| =00 |z]
inf V2H(z) > —Kp. (A2s1)

Remark 1.6 (Discussion of assumptions). The Assumption 1.4 yields the following
consequences for the Hamiltonian H:

e The condition (Alp;) and H(x) > 0 ensures that e~ is integrable and can
be normalized to a probability measure on R™ (see Lemma 3.14). Hence,
the Gibbs measure p given by (1.3) is well defined.

e The Morse Assumption (1.4) together with the growth condition (Alpr)
ensures that the set S of critical points is discrete and finite. In particular,
it follows that the set of local minima M = {mq,...,mp} is also finite,
ie. M i=#M < .

e The Lyapunov-type condition (A2pr) allows to recover the Poincaré con-
stant of the full Gibbs measure p from the Poincaré constant of the Gibbs
measure py restricted to some bounded domain U (cf. Section 3). Because
Gibbs measures with finite support and smooth Hamiltonian always satisfy
a Poincaré inequality with some unspecified constant, we get that the Gibbs
measure u also satisfies a Poincaré inequality. Equivalently, this means that
there exists a spectral gap for the operator L given by (1.1).

Similarly the Assumption 1.5 has the following consequences for the Hamiltonian H:
e One difference between the Assumption 1.4 and 1.5 is that (Alpr) yields

linear growth at infinity for H, whereas a combination of condition (Al;s1)
and (A2s1) yields quadratic growth; that is

lim inf w
|z|—o00 ‘.73|

>Cy. (AOs1)

Note that quadratic growth at infinity is a necessary condition to obtain
LSI(«) with @ > 0 (cf. [Roy07, Theorem 3.1.21.]).

e In addition, (Alrsr) and (A2;s1) imply (Alpr) and (A2p1), which is only
an indication that LSI(«) is stronger than PI(p) in the sense of Remark 1.2.
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e The condition (Alisr) is again a Lyapunov type condition. To enforce it to
a LSI, additionally the condition (A2;g7) has to be assumed (cf. Section 3).

To keep the presentation feasible and clear, we additionally assume a non-
degeneracy assumption, even if it is not really needed for the proof of the Eyring-
Kramers formula. The saddle height H (m;, m;) between two local minima m;, m;
is defined by

H(m;,m;) := inf {Jél[%,’i] H(y(s)) : v € C([0,1],R"),7(0) = mi,¥(1) = mj} -

Assumption 1.7 (Non-degeneracy). There exists 6 > 0 such that:

(i) The saddle height between two local minima m;, m; is attained at a unique

~

critical point s; ; € S of index one, i.e. it holds H(s; ;) = H(m;,m;) and
if {\,...,An} denote the eigenvalues of V*H(s; ), then it holds A\; < 0

and A\; > 0 fori=2,...,n. The point s; ; is called communicating saddle
between the minima m; and m;.
(i) The set of local minima M = {mq,...,mp} is ordered such that my is a

global minimum and for all i € {3,..., M} yields
H(SLQ) — H(mg) Z H(Sl’i) — H(mz) + 0.

Remark 1.8. The fact, that s, ; is indeed a critical point is explained in [Jos08,
Proposition 6.2.1.]. Since H is a Morse function after Assumption 1.4 the critical
point s; ; is non-degenerate. Moreover, an indirect perturbation argument implies
that s; ; is a saddle point of index one, which shows that except for uniqueness,
Assumption 1.7 (¢) is already implied by Assumption 1.4. This fact is known as
Murrell-Laidler theorem in the chemical literature [Wal03].

2. OUTLINE OF THE NEW APPROACH AND MAIN RESULTS

In this section we present the new approach to the Eyring-Kramers formula
and formulate the main results of this article. Because the strategy is the same
for the PI and LSI, we consider both cases simultaneously. The approach uses
ideas of the two-scale approach for LSI [GOVWO09, OR07, Lel09] and the method
by [CM10] to deduce PI and LSI estimates for mixtures of measures. However, the
heuristics outlined in the introduction provide a good orientation for our proceeding.
Remember that we have a splitting into two time-scales:

e the fast scale describes the fast relaxation to a local minima of H and
e the slow scale describes the exponentially long transitions between local
equilibrium states.

Motivated by these two time scales, we specify in Section 2.1 a splitting of the
measure u into local measures living on a metastable regions around the local min-
ima of H. This splitting is lifted from the level of the measure to the level of the
variance and entropy. In this way, we obtain local variances and entropies, which
heuristically should correspond to the fast relaxation, and coarse-grained variances
and entropies, which should correspond to the exponentially long transitions.

Now, we handle each contribution separately. The local variances and entropies
are estimated by local PI (cf. Theorem 2.9) and local LSI respectively (cf. Theo-
rem 2.10). The heuristics suggest that this contribution should be of higher order
because this step only relies on the fast scale.

Before we estimate the coarse-grained variances and entropies, we bring them
in the form of mean-differences. This is automatically the case for the variances.
However, for the coarse-grained entropies one has to apply a new weighted discrete
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LSI (cf. Section 2.2), which causes the difference between the PI and LSI in the
Eyring-Kramers formula. The main contribution to the Eyring-Kramers formula
(cf. Corollary 2.15 and Corollary 2.17) results from the estimation of the mean-
difference, which is stated in Theorem 2.12.

At this point let us shortly summarize the main results of this article:

e We provide good estimates for the local variances and entropies (cf. Sec-
tion 2.3.1) and

e We provide sharp estimates for the mean-differences (cf. Section 2.3.2).

e From these main ingredients, the Eyring-Kramers formulas follow as simple
corollaries (cf. Section 2.3.3).

We close this chapter with a discussion on the optimality of the Eyring-Kramers
formula for the LSI in one dimension (cf. Section 2.4).

Notational remark: Almost all of the following definitions and quantities will
depend on ¢, for lucidity this dependence is not expressed in the notation. The
arguments and main results hold for € > 0 fixed and small.

2.1. Partition of the state space. The inspiration to partition the state space
comes from the work [JSTVO04] for discrete Markov chains. In order to get sharp
results, the partition of the state space R™ cannot be arbitrarily but has to satisfy
certain conditions.

Definition 2.1 (Admissible partition). The family Py = {Ql}fﬁl with €; open
and connected is called an admissible partition for p if the following conditions
hold:
(i) For each local minimum m; € M exists Q; € Py with m; € Q; for ¢ =
1,..., M.
(i) {Qi}ﬁl is a partition of R™ up to sets of Lebesgue measure zero, which is
denoted by R™ = |, Q.
(iii) The partition sum of each element §2; of P, is approximately Gaussian, i.e.
fori=1,....M

(27e) 2 ( H(ml)) 3
)2, = —————=exp | — (1+O 51082). 2.1
() 2 et i) P . (Ve [logel?) (2.1)
Remark 2.2. A canonical way to obtain an admissible partition for y would be to
associate to every local minimum m; € M fori = 1,..., M its basin of attraction €;
w.r.t. H defined by

Q; = {y eR™: tli{goyt =m, Y = —VH(y), 50 = Z/} .

Unfortunately, this choice would lead to technical difficulties later on. We get rid
of these technical problems by choosing the partition €2; in a slightly different way.
For details we refer the reader to Section 3.

Using an admissible partition of the state space, one can decompose the Gibbs
measure g into a mixture of local Gibbs measures ;.

Definition 2.3 (Mixture representation of 11). Let Py = {Ql}f\il be an admissible
partition for p. The local Gibbs measures pi; are defined as the restriction of p to €2;

() = 5 o (2) ex (— ul

The marginal measure [i is given by a sum of Dirac measures

h=2161+ -+ Zyop.

) dez, where  Z; := pu(£2;). (2.2)
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Then the mizture representation of p w.r.t. Pas has the form
wi=2Zip+ -+ Zarpas (2.3)

As was shown in [CM10, Section 4.1], the decomposition of y yields a decompo-
sition of the variance var,(f) and entropy Ent,(f).

Lemma 2.4 (Splitting of variance and entropy for partition). For a mizture rep-
resentation (2.3) of p holds for all f : R™ - R

M M

V&I‘H(f) = Z Z; var, (f) + Z Z ZZZJ (]E,ul (f) - E,uj (f))2 (24)
i=1 =1 j>1i
M

Ent,(f) = Z Z; Ent,,, (f) + Entg (f) . (2.5)

We call the terms var,,(f) and Ent,, (f) local variance and local entropy. The

term (B, (f) — IEHJ.(f))2 is called mean-difference. The term Ent(f) is called

coarse-grained entropy and is given by

Ent; (f) := Zifi log —+———, 2.6
# ()= 25 log (2:6)

i=1 j=1%3JJ
where f; :==E,,(f).

We skip the proof of Lemma 2.4 because it only consists of a straightforward
substitution of the mixture representation (2.3). The formula (2.4) for estimating
the variance var,(f) is already in its final form. For the relative entropy Ent,(f)
we still have to do some work. The aim is to get an estimate that only involves the
local terms like var,(f) and Ent,, (f) and a mean difference (E,, (f) — E,, (f))Q.
This is achieved in the next subsection (cf. Corollary 2.8 and (2.13)).

2.2. Discrete logarithmic Sobolev type inequalities. Starting with the iden-
tity (2.5), we have to estimate the coarse-grained entropy Ent(f). We expect that
the main contribution comes from this term. If H has only two minima, we can
use the following discrete LSI for a Bernoulli random variable, which was given by
Higuchi and Yoshida [HY95] and Diaconis and Saloff-Coste [DSC96, Theorem A.2.|

at the same time.

Lemma 2.5 (Optimal logarithmic Sobolev inequality for Bernoulli measures). A
Bernoulli measure p, on X = {0,1}, i.e. a mizture of two Dirac measures fi, =
pdo + qb1 with p+ q = 1 satisfies the discrete logarithmic Sobolev inequality

pq 2
Ent, (f%) < f(0)— f(1 2.7
o () A(p’q)(() (1)) (2.7)
with optimal constant given by the logarithmic mean (cf. Appendiz A)
pP—q .
A = d A = lim A =p.
(p.q) logp —logg forp#q  and Alp,p):=lim Alp,q) =p

We want to handle the general case with more than two minima. Therefore, we
want to generalize Lemma 2.5 to discrete measures with a state space with more
than two elements. An application of the modified LSI for finite Markov chains of
Diaconis and Saloff-Coste [DSC96, Theorem A.1.] would not lead to an optimal
results (cf. [Sch12, Section 2.3.]). Even for a generic Markov chain on the 3-point
space, the optimal logarithmic Sobolev constant is unknown. In this work we use
the following direct generalization of Lemma 2.5.
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Lemma 2.6 (Weighted logarithmic Sobolev inequality). For m € N let p,, =
2211 Z;0; be a discrete probability measure and assume that min; Z; > 0. Then for
a function f :{1,...,m} — ]RJr holds the weighted logarithmic Sobolev inequality

Sy T =Y (23)

=1 j=14+1

Proof. We conclude by induction and find that for m = 2 the estimate (2.8) just
becomes (2.7), which shows the base case. For the inductive step, let us assume
that (2.8) holds for m > 2. Then, the entropy Ent,,, ., (f?) can be rewritten as
follows

Enty,,, ., (f*) = (1 = Zus1) Entg,, () + Ent, (f),

where the probability measure fi,, lives on {1,...,m} and is given by
~ K3
= —;.
Hom z 1= Zpmi v

i=1
Further, v is the Bernoulli measure given by v := (1 — Z,;,41)00 + Zm+161 and the
function f:{0,1} — R is given with values

m r2 B
fo = Z 2 and fi=frga
i=1 1= Zps "

Now, we apply the inductive hypothesis to Entj, ( f2) and arrive at

1= 7
(1= Zms1) Enta, (f2) < (1 = Zmsa 2; 7 2A(ZZ,Z+; (fi = f3)°
L 7,7 )

Y w7 gy

where we used A(-,-) being homogeneous of degree one in both arguments (cf.
Appendix A), i.e. A(Aa, \b) = AA(a,b) for A\,a,b > 0. We can apply the inductive
base to the second entropy Ent, ( f), which is nothing else but the discrete LSI for
the two-point space (2.7)

s Zm+1( - m+1
Ent, (f) < — 2.9
nt, (f) < AZmri 1= Zonst) \ fo \/fl (2.9)
The last step is to apply the Jensen inequality to recover the square differences

(fi = fma1)? from

(Vi) -5

Z Zf fmar + frir-

ifi
>EL11Z+

_Zl_ fm+1)2'

m+1

We obtain in combination with (2.9) the following estimate

Ent,(f) < Zmi1 Zi ( )2
(f)_A(ZmH,l— 7)) Z — fmt1)?

To conclude the assertion, we first note that 1 — Z,,,41 = ijl Z; > Zj for j =
1,...,m. Further, A(a,-) is monotone increasing for a > 0, i.e. dpA(a,b) > 0 (cf.
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Appendix A). Both properties imply that A(Zp11,1 — Zny1) > A(Zpm+1, Z;) for
j=1,...,m, which finally shows (2.8). O

With the help of Lemma 2.6 we estimate the coarse-grained entropy Ent ﬁ(ﬁ) oc-
curring in the splitting of the entropy (2.5). This generalizes the approach of [CM10,
Section 4.1.] to the case of finite mixtures with more than two components.

Lemma 2.7 (Estimate of the coarse-grained entropy). The coarse-grained entropy
n (2.6) can be estimated by

S Z;7; var,, (f 77,
s (7) <32 250050 + Stz 7y (o) = B

(2.10)

where f2:{1,...,M} — R is given by f2 :=E,,(f?).

Proof. Since i = Z101 + -+ - + Zn0p s finite discrete probability measure, we can
apply Lemma 2.6 to Ent;(f?)

Ent,(f2)) <;;AZ“Z <\/7 f) (2.11)

The square-root-mean-difference on the right-hand side of (2.11) can be estimated
by using the Jensen inequality

(\/EM(F) - VB, (f2))2 < B ()~ 2By (P, (72) +E,, ()

2By, (HE; () (2.12)
< B, (f2) = 2B, (HE,, (f) + Ep, (%)
= var,,, (f) +var,, (f) + (E,, (f) = E, ()°

Now, we can combine (2.11) and (2.12) to arrive at the desired result (2.10). O

A combination of Lemma 2.4 and Lemma 2.7 yields the desired estimate of the
entropy in terms of local variances, local entropies and mean-differences.

Corollary 2.8. Let p have a mixture representation according to Definition 2.3,
then the entropy of f w.r.t. u can be estimated by

Ent,, (f?) <ZZ Ent,, ( (f?) +ZZA(Z Z)varl“(f)

i=1 i=1 j#i (213)

+ ZZ x Z“Z By, (f) = By, ()

=1 j>1

2.3. Main results. The main results of this work are good estimates of the single
terms on the right-hand side of (2.4) and (2.13). In detail, we need the local PI and
the local LSI provided by Theorem 2.9 and Theorem 2.10. Furthermore, we need
good control of the mean-differences, which will be the content of Theorem 2.12. Fi-
nally, the Eyring-Kramers formulas of Corollary 2.15 and Corollary 2.17 are simple
consequences of these representations and estimates.
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2.3.1. Local Poincaré and logarithmic Sobolev inequalities. Let us now turn to the
estimation of the local variances and entropies. From the heuristic understanding
of the process &; given by (1.2), we expect a good behavior of the local Poincaré and
logarithmic Sobolev constant for the local Gibbs measures p,; as it resembles the
fast convergence of & to a neighborhood of the next local minimum. Therefore, the
local variances and entropies should not contribute to the leading order expansion
of the total Poincaré and logarithmic Sobolev constant of ;. This idea is quantified
in the next two theorems.

Theorem 2.9 (Local Poincaré inequality). Under Assumption 1.4, there exists
an admissible partition Py = {Ql}f\il for w (cf. Definition 2.1) such that the
associated local Gibbs measures {ui}fvil, obtained by restricting p to Q; (cf. (2.2)),
satisfy P1(o;) with

0; ' = 0(e).
Theorem 2.10 (Local logarithmic Sobolev inequality). Under Assumption 1.5
and for the same admissible partition Prq = {Ql}i‘il for p as in Theorem 2.9, the
associated local Gibbs measures {ui}ij\il, obtained by restricting p to Q; (cf. (2.2)),
satisfy LSI(ay) with
;b =0(1).

K3
Even if Theorem 2.9 and Theorem 2.10 are very plausible, their proof is not easy.
The reason is that our situation goes beyond the scope of the standard tools for PI
and LSI:

e The Bakry-Emery criterion (cf. Theorem 3.1) cannot be applied because
we do not have a convex Hamiltonian.

e A naive application of the Holley-Stroock perturbation principle (cf. Theo-
rem 3.2) would yield an exponentially bad dependence on the parameter .

e One cannot apply a simple Lyapunov argument, because one cannot impose
a drift condition on the boundary of all elements of the partition P4,
simultaneously.

For the proof we apply a subtle combination of a Lyapunov and a perturbation
argument. The core of the argument is an explicit construction of a Lyapunov
function. This Lyapunov function has to satisfy Neumann boundary conditions on
the sets €2;. By using the canonical partition §2; into the basins of attraction of the
gradient flow w.r.t. H (see Remark 2.2), the construction of the Lyapunov func-
tion would be technically very demanding. We avoid these difficulties by choosing
another partition €2; such that the Lyapunov function will automatically satisfy
Neumann boundary conditions on €2;. We outline the argument for Theorem 2.9
and Theorem 2.10 in Section 3.

Remark 2.11 (Optimality of Theorem 2.9 and Theorem 2.10). The one-dimensional
case indicates that the results of Theorem 2.9 and Theorem 2.10 are the best behav-
ior in €, which one can expect in general. The optimality in the one-dimensional
case was investigated in [Sch12, Section 3.3.] by using the Muckenhoupt func-
tional [Muc72] and Bobkov-Gétze functional [BG99].

2.3.2. Mean-difference estimate. Let us now turn to the estimation of the mean-
difference (E,, (f) — E,, (f ))2 From the heuristics and the splitting of the vari-
ance (2.4) and entropy (2.13), we expect to see in the estimation of the mean-
difference the exponential long waiting times of the jumps of the diffusion &, given
by (1.2) between the elements of the partition Pps. We have to find a good upper
bound for the constant C' in the inequality

(B () = B, () < c/ V.
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For this purpose, we introduce in Section 4.1 a weighted transport distance between
probability measures which yields a variational bound on the constant C. By
an approximation argument (cf. Section 4.2), we give an explicit construction of
a transport interpolation (cf. Section 4.3), which allows for asymptotically sharp
estimates of the constant C.

Theorem 2.12 (Mean-difference estimate). Let H satisfy Assumption 1.7 and let
Pm = {Qz}i\i1 be an admissible partition for p (cf. Definition 2.1). Moreover,
assume that each local Gibbs measure p; of the mizture representation of p (cf.
Definition 2.8) satisfy PI(g;) with o; * = O(e). Then, the mean-differences between
the local Gibbs measures y; and p; fori=1,...M —1 and j =i+1,..., M satisfy

(B B (1) 5 Gy o (T [ et an

(2me)= A= (si,5)]

(2.14)
where A~ (s; ;) denotes the negative eigenvalue of the Hessian V*H(s; ;) at the
communicating saddle s; ; defined in Assumption 1.7. The symbol S means < up
to a multiplicative error term of the form

1+ O(vE [loge|?).
The proof of Theorem 2.12 is carried out in full detail in Section 4.

Remark 2.13 (Multiple minimal saddles). In Assumption 1.7, we demand that there
is exactly one minimal saddle between the local minima m; and m;. The technique
developed in Section 4 is flexible enough to handle also cases, in which there exists
more than one minimal saddle between local minima. The according adaptions and
the resulting theorem can be found in [Sch12, Section 4.5.].

Remark 2.14 (Relation to capacity). The quantity on the right-hand side of (2.14) is
the inverse of the capacity of a small neighborhood around m; w.r.t. to a small neigh-

borhood around m;. The capacity is the crucial ingredient of the works [BEGKO04]
and [BGKO5].

2.3.3. Eyring-Kramers formulas. Now, let us turn to the Eyring-Kramers formula.
Starting from the splitting obtained in Lemma 2.4 and Corollary 2.8 a combination
of Theorem 2.9, Theorem 2.10 and Theorem 2.12 immediately leads to the mul-
tidimensional Eyring-Kramers formula for the PI (cf. [BGKO05, Theorem 1.2]|) and
LSIL

Corollary 2.15 (Eyring-Kramers formula for Poincaré inequality). Under As-
sumptions 1.4 and 1.7, the measure p satisfies PI(p) with

ZH 271'5\/\detVQ(H(5172))| ox H(Sl,g)
(2me) |A~(s1,2)] p( € )’

S 212y

1 (2.15)
0

where A\ (s12) denotes the negative eigenvalue of the Hessian V?H(s12) at the
communicating saddle s1 . Further, the order is given such that H(m1) < H(m;)
and H(s12) — H(mz) is the energy barrier of the system in the sense of Assump-
tion 1.7. The prefactors Z; are given by the relation

. N%ex ~ H(my)
ZZZMN\/W p( - ) (2.16)

Proof. Using the admissible partition P4 from Theorem 2.9 we decompose the vari-
ance into local variances and mean-differences given by Lemma 2.4. An application
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of Theorem 2.9 and Theorem 2.12 yields the estimate

vary () < 3 Zivar (1) + 32 3 ZiZ; (B () = By ()

A (2.17)
Z,Z; Z 2me/|det V2H (s, ;)| H(s; ;) 2
< d 2%i5) dp.
< 0+ o3 B e ] e (H2) ) [ v

i >

The final step is to observe that by Assumption 1.7 the exponential dominating
term in (2.17) is given for ¢ = 1 and j = 2. The precise form of the prefactors Z; is
obtained from (2.1) in Definition 2.1. O

In [BGKO05, Theorem 1.2]) it is also shown that the upper bound of (2.15) is
optimal by an approximation of the harmonic function. Therefore, in the following
we can assume that (2.15) holds with ~ instead of <.

Remark 2.16 (Higher exponentially small eigenvalues). The main result of [BGKO05,
Theorem 1.2| does not only characterize the second eigenvalue of L but also the
higher exponentially small eigenvalues. In principle, these characterizations can be
also obtained in the present approach: The dominating exponential modes in (2.17),
i.e. those obtained by setting ¢ = 1, correspond to the inverse eigenvalues of L
for j = 2,..., M. By using the variational characterization of the eigenvalues of the
operator L, the other exponentially small eigenvalues may be obtained by restricting
the class of test functions f to the orthogonal complement of the eigenspaces of
smaller eigenvalues.

Corollary 2.17 (Eyring-Kramers formula for logarithmic Sobolev inequalities).
Under Assumptions 1.5 and 1.7, the measure p satisfies LSI(a) with

Z1Z2 ZM 27r€\/\det VQ(H(SLQ)M ox (H(SLQ)) - 1 l
N2, Z,) (2me)% A= (51.2)] P NZ1,7) ¢

(2.18)
where the occurring constants are like in Corollary 2.15 and A(Z1, Z2) denotes the
logarithmic mean (cf. Appendiz A)

2 <
a/\/

Zh — Zy

N7y, Z _—.
(21, 22) = log Z1 — log Zs

Proof. Using the admissible partition Py from Theorem 2.9 and Theorem 2.10 we
decompose the Entropy according to Corollary 2.8. From there, we estimate the
local entropies and variances as well as the mean-differences by using Theorem 2.9,
Theorem 2.10 and Theorem 2.12. Overall, this yields the estimate

Ent,(f?) < O(1 ZZ/|Vf| dp; + O(e ZZ /\Vf\ dp;

i=1 j#i
M
AVA Z, 2me |detV2H(Sij)| Hlia) / 2
n : 7 v d '
+§Z NZiZy) CroE ()l P\ e v

(2.19)

The first term on the right-hand side of (2.19) can be rewritten as O(1) [ V£ dp.
For estimating the second term in (2.19), we argue that its prefactor can be esti-
mated as

(2.22)

ZZAZZ 7 < MZZO H=0E". (2.20)

=1 j#i
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Indeed, using the one-homogeneity of A(:,-) (cf. Appendix A) yields

Z.
ZZj log 7 Z
=7 L =7,P (—l) , where P(z):
NZ;, Z5) 7 -1 % (@)

_ logz

x—1"

The function P(z) is decreasing and has a logarithmic singularity at 0. Therefore,
using the characterization of the partitions sums Z; from (2.16) yields the identity

Zi _ 22, 210 VPHm) (_HW)—H("”LJ)) (2.21)
Z;  Z;jZ, VZH(m) c ’ |

which becomes exponentially small provided that H(m;) > H(m;). Hence, the
logarithmic mean can be estimated as

77, Z;
7 =z P2 <Z,0(6ET 2.22
A(Zi, Z;) (Z]) <20 (222
implying the desired estimate (2.20). Therefore, the second term in (2.19) can be
estimated by O(1) [ |V f|* de. The third term dominates the first two terms on an
exponential scale. This leads to the estimate

M
ZZ; Z, 2mey/|det V2H(s; ;)| HGip
Entu(f2)§ZZA( J M | ( ])| e — /|Vf|2d,u

Zi, Z;) (2me) = A= (si5)]

i=1 j>i
From Assumption 1.7 together with (2.22) follows that the exponentially leading
order term is given for ¢ = 1 and j = 2. O

The Eyring-Kramers formula for the PI and LSI stated in Corollary 2.15 and
Corollary 2.17 are still implicit. To obtain an explicit formula one still has insert the
asymptotic expansion for the partition functions Z;, Z», and Z,. The expression
for Z,, depends on the number of global minima of the Hamiltonian H. Therefore
one has to consider several cases in order to obtain the explicit Eyring-Kramer
formula. In the following corollary we look at two special cases: In the first case,
there is only one unique global minimum. In the second case, there are two global
minima. In both cases the dominating term scales exponentially in the saddle
height, but it is surprising that the scaling in ¢ of the exponential pre factor for the
LSI constant changes.

Corollary 2.18 (Comparison of ¢ and « in special cases). Let us state two specific
cases of (2.15) and (2.18). Therefore, let {ﬁ?}f\il be given by

w2 = det V2H (m;). (2.23)

On the one hand, if one has one unique global minimum, namely H(m1) < H(m;)
forie{2,..., M}, it holds

1 - i 27T€\/|detV2(H(8172))| ox H(Sl,g) —H(mg)
PR P ] p(FE ) ey
% < (H(mz) ;H(ml) + log (2)) %. (2.25)

On the other hand, if H(mq) = H(ma) < H(m;) forie {3,..., M}, it holds
- 2W5\/|deEVQ(H(Sl’2))| exp <H(8172) - H(m2)> ’ (2.26)
K1+ Ko ‘)\ (51,2)| €

1 2me/|det V2(H (s1,2))] ox H(s1,2) — H(ma2)
A (K1, k2) A~ (s1,2)] P < £ ) '

A

(2.27)

DI I
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TE) 2

Proof. By (2.15), we still have to estimate non-explicit factor % If H(my) <

H(msy), then it holds Z; = 1+ O (e*w) The factor Z»Z,, is given
by (2.16) and we obtain

2,252, _ 1 exp (_H(mz))

(2me)s  \/det VZH (my) € ’

which leads to (2.24). For the LSI, we additionally have to evaluate the factor
which can be done with the help of (2.21)

sz - ilz) (ol ()

1

~ log

That is already the estimate (2.25).
Let us turn now to the case H(mq) = H(msg) < H(ms). Then, it holds Z; + Z5 =

1+0 (e—w). In particular it holds Z, ~ Z,Z,, + Z>Z,,. Therewith, we
can evaluate the factor ZlZg# by using (2.16)

s)%
7.7 le« o (2776)% ZlZ/J« Z2ZN -~ (27‘(’5)% ZlZU« Z2ZH
Y2re)t T Z, (2re)F (2me) | ZiZu+ ZoZ, (2me)F (2me)E
(2.16) 1 1 1 1

%1-1-,%2 K1 Ky K1t K2
which precisely leads to the expression (2.26). By using the homogeneity of A(-,-)
(cf. Appendix A) and again (2.16), it follows for the LSI
ZhZy Z, 1 1

N7y, Zy) (2me)5 A(@we)% <2we>%) - A(kz, k)
ZaZp ' ZaZ,

Finally, the result (2.27) is a consequence of the symmetry of A(:,-). O

Remark 2.19 (Identification of « and o). Remark 1.2 shows that always o < p. We
want to compare this to the case H(my) = H(mz). Comparing (2.26) and (2.27)

we observe
K1tk

4 2
1<°% A1) (2.28)
where the constant 1 and ko are given by (2.23). The right hand side of (2.28)
consists of an quotient of the arithmetic and the logarithmic mean. The lower
bound of 1 can also attained by an application of the logarithmic-arithmetic mean
inequality from Lemma A.1. Moreover, equality only holds for k1 = k. Hence,
only in the symmetric case g =~ a.

Remark 2.20 (Relation to mixtures). If H(m;) < H(mz), then (2.25) gives
1 my)—H(m 1
g < §log (:?em 2 1)) ~ 3 [log Zs|, where Zs = (). (2.29)
which shows an inverse scaling in €. A different scaling behavior between the
Poincaré and logarithmic Sobolev constant was also observed by Chafai and Mal-

rieu [CM10] in a different context. They consider mixtures of probability measures
vy and v satisfying PI(p;) and LSI(w), i.e. for p € [0,1] the measure v, given by

vp =pro+ (1 —p)rs.
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They deduce conditions under which also v, satisfies PI(g,) and LSI(«,) and give
bounds on the constants. They give one-dimensional examples where the Poincaré
constant stays bounded, whereas the logarithmic Sobolev constant blows up loga-
rithmically in the mixture parameter p going to 0 or 1. The common feature of the
examples they deal with is 11 < v5 or 19 < v;. This case can be generalized to the
multidimensional case, where also a different scaling of the Poincaré and logarith-
mic Sobolev constants is observed. The details can be found in [Sch12, Chapter 6].
In the present case, the Gibbs measure p has also a mixture representation (2.3).
In the two-component case it has the form

W= Zip1 + Zapio.

Let us emphasize, that uq L po. The estimate (2.29) also shows a logarithmic blow-
up in the mixture parameter Z5 for the ratio of the Poincaré and the logarithmic
Sobolev constant.

2.4. Optimality of the logarithmic Sobolev constant in one dimension.
In this section, we give a strong indication that the result of Corollary 2.17 is
optimal. We explicitly construct a function attaining equality in (2.18) for the one
dimensional case. For this purpose, let u be a probability measure on R having as
Hamiltonian H a generic double-well (cp. Figure 2). Namely, H has two minima
mq and mo with H(m) < H(msz) and a saddle s in-between. Then, Theorem 2.17
shows
[ i A(Zy, 25) Vime JIETG)] e

inf = T, 2.30
gif;gduzl Jg?logg?du ™~  Z1Z, Z, 2me ¢ ( )

A
H(s)
\ /\ / energy barrier
H(ms) -
0 - >

mi
FIGURE 2. Double-well potential H on R (labeled).
We construct a function g attaining the lower bound given by (2.30). We make

the following ansatz for the function g: We define g on a small d-neighborhood
around the minima mq, ms and the saddle s:

g(my) ,x € Bs(my)
9(r) = { glma) + 2mgoglm) o o4y o € By(s)
g(m2) @ € Bs(ma).

The ansatz depends on the parameters g(m;y), g(ms) and . In between the J-
neighborhoods, the function g is smoothly extended in a monotone fashion.

The measure p is the usual Gibbs measure as in (1.3). We fix Z,, by assuming
that H(my) = 0. We represent y as the mixture

= Zip + Zapa, where 1= Q1 and  pp = o,
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hereby, 1 := (=00, s) and Qs := (s,00) and Z; := u(£;) for ¢ = 1,2, which implies
Zy + Zy = 1. Using via an asymptotic evaluation of [ g du one gets

/9 dp ~ Z1g%(m1) + Zag*(mo) <1

This motivates the choice

1-— 1-—
g*(my) = le and g*(my) = ZQT = 17721, for some 7 € [0, 1].

Let us now calculate the denominator of (2.30)

— T

1
/92 log g? dp = 7 log ZL +(1—7)log (2.31)
1

2

The final step is to evaluate the Dirichlet energy [(¢g’)? du. Therefore, we do a
Taylor expansion of H around s. Furthermore, since s is a saddle, it holds H” (s) < 0

/(9’)2 du ~ (M) _g(m1>)2/ e~ SIS g,
Bs(s)

Z, 2meo

N(g(mg)—g(ml))Q/ (e et )
- Z,, 2meo Bs(s)

2.32
L (232)
Bs(s)

Z, 2neo

< T 1—7')2 V2re _me 1 1
~ == — A
Zy Zy Zu 2me o /2 4 H”(S)

where we assume that o is small enough such that %—i—H "(s) > 0. The last step is to
minimize the right-hand side of (2.32) in o, which means to maximize the expression

20 + 02H" (s) in 0. Elementary calculus results in o = —H%(S) = Wl(s)l > 0 and

furan([F-57) D o

Hence, we have constructed by combining (2. 31) and (2 33) an upper bound for the
optimization problem (2.30) given by

2
T 1—7
) (\/Z:* Zz) V2re /|H"(s)] _Hm@®
min e =© .

re(0.1) | 7log 7~ + (1 —7)log % Zy, 2me

therefore

Note that the parameter 7 € (0,1) is still free. The minimum in 7 is attained at
T = Z5 according to Lemma A.3 yielding the desired statement

(\/gj?_ \/%)2 _ M2, 25)

min
e(0.1) Zylog 22 + Z log - 712

3. LOCAL POINCARE AND LOGARITHMIC SOBOLEV INEQUALITIES

In this section, we proof the local PI of Theorem 2.9 and the local LSI of The-
orem 2.10. Even if the choice of a specific admissible partition €2; of the space R™
will be crucial, let us for the moment assume that the partition €2; is given by the
basins of attraction of the deterministic gradient flow (cf. Remark 2.2).

There are standard criteria to deduce the PI or the LSI. Unfortunately, these
criteria do not apply to our situation. Let us consider the Bakry-Emery criterion
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and the Holley-Stroock perturbation principle. The Bakry-Emery criterion connects
convexity of the Hamiltonian to the validity of the PI and the LSI.

Theorem 3.1 (Bakry-Emery criterion [BES85, Proposition 3, Corollaire 2|). Let
H: D — R be a Hamiltonian with Gibbs measure pu(dx) = Z, ' exp (—e™'H(z)) d=
on a convexr domain D and assume that V2H(x) > X > 0 for all x € R™. Then u
satisfies P1(p) and LSI(a) with
A A
0> — and o> —.
€ €
One cannot apply the criterion of Bakry-Emery [BES5]| to our situation, because
H is not convex on the elements 2 of the admissible partition (cf. Definition 2.1).
Moreover, the elements €2 € Py aren’t convex in general.

In non-convex cases the standard tool to deduce the PI and the LSI is the Holley-
Stroock perturbation principle.

Theorem 3.2 (Holley-Stroock perturbation principle [HS87, p. 1184]). Let H be a
Hamiltonian with Gibbs measure p(dx) = Z,; ' exp (—e ' H(x)) dz. Further, let H
denote a bounded perturbation of H and let fic denote the Gibbs measure associated
to the Hamiltonian H. If 1 satisfies P1(0) or LSI(a) then also i satisfy PI(3)
or LSI(&) respectively, where the constants satisfy the bounds

0 > exp (—e_l osc w) 0 and a > exp (—5_1 osc(H — f[)) a,

where osc(H — H) :=sup(H — H) — inf(H — H).

The perturbation principle of Holley-Stroock [HS87] allows to deduce the PI
and the LSI constants of non-convex Hamiltonians from the PI and the LSI of an
appropriately convexfied Hamiltonian. However due to its perturbative nature, a
naive application Theorem (3.2) would yield an exponential dependence of the PI
and the LSI constant on €.

An important observation for our argument is that the perturbation principle
of Holley-Stroock can still be useful, if applied in a careful way: Assume for a
moment that the perturbed Hamiltonian H. only differs slightly from the original
Hamiltonian H i.e. osc(H — H.) = O(¢). Because the perturbation is small w.r.t. ¢,
the PI and LSI constants of 1 and fi only differ up to an e-independent factor. This
observation is summarized in the following definition and subsequent Lemma 3.4.

Definition 3.3 (e-modification H. of H). The family of Hamiltonians { H. }.~ is
an e-modification of H, if there exists an e-independent constant C'z > 0 such that
for all € small enough holds

|H.(z) — H(z)| < Cge. for all z € Q. (H.)

To each e-modification of H we associate the family of e-modified Gibbs measures ji.
by setting

1 . .
fe(dx) == - exp(—e 'H.(z)) dz, with Z; = /exp(—&:*lHE(w)) dz.

He

Lemma 3.4 (Perturbation by an e-modification). If the e-modified Gibbs mea-
sures fi. satisfy P1(9) or LSI(&), then the measure u also satisfies PI(p) or LSI(«)
respectively, where the constants fulfill the estimate

0>exp(—2Cgz)0 and a > exp (—2Cg) &,

where C is from (H.).
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Proof of Lemma 3.4. The statement directly follows from an application of Theo-

rem 3.2 by considering the estimate (H.). O

Our approach to Theorem 2.9 consists of a nonstandard application of a Lya-
punov argument developed by Bakry, Barthe, Cattiaux, Guillin, Wang and Wu (cf.
[BBCGOS§], [BCGO8], [CGW10] and [CGWW09]). Compared to these works on the
Lyapunov approach, we have to explicitly elaborate the dependence of the PI and
LSI constants on €. Moreover, the theory is only established for Gibbs measure on
the whole space. Therefore, the Lyapunov approach of the present work has two
main ingredients:

e a Lyapunov function that has to satisfy Neumann boundary conditions on 2
and certain estimates (cf. Definition 3.7 and Theorem 3.15 below), and

e a PI for a truncated Gibbs measure (cf. Definition 3.5 and Lemma 3.6
below).

With the Lyapunov function, we are able to compare the scaling behavior of the
PI constant of p with the behavior of the PI constant of the truncated Gibbs
measure fi, (cf. Theorem 3.8 and Theorem 3.15 below).

Definition 3.5 (Truncated Gibbs measure). For a given number a > 0, the trun-
cated Gibbs measures {ﬂm}f\il are obtained from the Gibbs measure p by restric-
tion to balls of radius a+/e around {ml}f\il ie.

]]‘Ba\/g(mi) (x)

Z/la,'i

with Z;,, ::/ exp(—e 'H(x)) da.
' B, sz(ms)

fiai(da) == exp(—e " H(x)) da

Because the domain and the Hamiltonian of the truncated Gibbs measure fi, ;
is convex, one can deduce the scaling behavior of the truncated Gibbs measure i, ;
from the Bakry-Emery criterion. More precisely, it holds:

Lemma 3.6 (PI and LSI for truncated Gibbs measure). For any a > 0 and i =
1,...,M the measures fiq,; satisfy P1(¢) and LSI(&) for ¢ small enough, where

1 1

-=0 d — =0(e). 3.1

5 () an 3 () (3.1)
Proof of Lemma 3.6. In the local minimum m,; the Hessian of H is non-degenerated
by Assumption 1.4 or 1.5. Therefore, for £ small enough, H is strictly convex in
B, /z(m;) and satisfies by the Bakry-Emery criterion (cf. Theorem 3.1) PI(9) and

LSI(&) with ¢ and & obeying the relation (3.1). O

The standard ansatz exp (%) for a Lyapunov function has the nice feature that
it automatically satisfies Neumann boundary conditions on the basins of attraction
wrt. H, which would be also a canonical choice of the partition Ppq (cf. Re-
mark 2.2). Unfortunately, one cannot guarantee that the necessary estimates for
exp (%) hold because there is no control on the sign of AH(x) close to saddles
(see (3.9) below). We circumvent this technical problem in the following way: By
the observation from above it suffices to consider an e-modification H, of H. We
explicitly construct an e-modification H. on the whole space R" with the prop-

ﬁi
2e

erty that the standard ansatz exp ( ) satisfies the necessary estimates for being

H.
2e
Neumann boundary conditions on the basins of attraction w.r.t. H. This problem

is solved by the following two observations.

a Lyapunov function. However in general, the function exp does not satisfy
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e The first one is that exp (gg) satisfies Neumann boundary conditions on

the basin of attraction w.r.t. the deterministic gradient flow defined by H.
ie.

Q,; = {y e R": tllglo Yo = My, Yt = _Vﬁe(yt)ayo = y} : (3.2)

e The second observation is that this partition {Ql}i\il of R" is admissible in
the sense of Definition 2.1 (see Lemma 3.10 below). This fact is intuitively
clear from the fact that H. is only a small perturbation of H.

Hence, we choose the partition Ppq := {Ql}gl of R™ according to (3.2) and apply
the Lyapunov approach to the local Gibbs measures fi. ; given by

1o, ~ .
fie i(dz) = gli(m)exp(—s_ng(x)) de, with Z;_, ::/Q exp(—e ' H.(x)) du.

He,i
(3.3)
We get that the local Gibbs measures fi.; satisfy a local PI and LSI with the
desired scaling behavior in €. This scaling behavior of the PI and LSI constant is
then transferred to the original Gibbs measure p restricted to the sets €2; by using
the perturbation Lemma 3.4.

The remaining part of this section is organized in the following way.

e In Subsection 3.1 we present the abstract framework how the Lyapunov
approach is used for deriving the local PI. We additionally motivate the
perturbative nature of the construction of the Lyapunov function. Under
the assumption of the existence of a Lyapunov function we also state the
proof Theorem 2.9.

e In Subsection 3.2, we provide the central ingredient for the Lyapunov ap-
proach, namely the existence of a Lyapunov function. We also show that
the partition obtained by (3.2) is admissible.

e In Subsection 3.3, we present the abstract framework how the Lyapunov
approach is used for deriving the local LSI. We show that one can use the
same Lyapunov function for the local PI as for the local LSI. We also state
the proof of Theorem 2.10 deducing the local LSI.

3.1. Lyapunov approach for the Poincaré inequality. We start with explain-
ing the Lyapunov approach for deducing a PI. The central notion for the Lyapunov
approach is the following definition.

Definition 3.7 (Lyapunov function for Poincaré inequality). Let H : Q@ — R be
a Hamiltonian with Gibbs measure p(dz) = lo(x)Z,, " exp (—e~'H(z)) dz. Then,
W :Q — [1,00) is a Lyapunov function for H provided that:

(i) There exist a domain U C Q and constants b > 0 and A > 0 such that
e LW < AW +b1y  ae. in Q. (3.4)

(ii) W satisfies Neumann boundary conditions on €2 such that the integration by
parts formula holds

Ve ): [ SIW)an=c [ (VAVW) dn (3.5)

Compared to the Lyapunov function of [BBCGO8] the condition (i¢) in Defini-
tion 3.7 is new. The reason is that we work on the domain 2 and not on the whole
space R™. The next statement shows that a Lyapunov function and a PI for the
truncated measure can be combined to get a PI for the whole measure.
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Theorem 3.8 (Lyapunov condition for PI on domains ). Suppose that H has a
Lyapunov functions in the sense of Definition 3.7 and that the restricted measure puy

given by 1 (2)
= p(dz) U = —22 x
po () := p(dz) U ) p(da),

satisfies PI(oy). Then, the associated Gibbs measure u also satisfies PI(o) with
constant

> }
Q_b—f—QU eu

The content of the last theorem is standard (cf. [BBCGO08|), except that we work
on the domain € and not on the whole space R"™. For the convenience of the reader
we state the short proof.

Proof of Theorem 3.8. Let us rewrite the Lyapunov condition (3.4) and observe
Lw b1y Lw b

EnhA I A .
oW AW S Taw T (3.6)
since W > 1 by Definition 3.7. By the integration by parts rule (3.5) we obtain
following estimate which is due to Definition 3.7 (ii). Therewith, we deduce the

estimate
_ 2
[ {5 () )
f2/ / (Vf,VIW)d /f2|VW|

du

1< —

(3.7)

Let us now turn this estimate into one for the variance var,(f). Due to fundamental
properties of the variance, it holds var, (f) < [ (f — m)2 du, for any m € R. Hence,
applying the estimates (3.6) and (3.7) yields

) < [(-mPan' S [o-mr GRS - mta

(37 1 b u(U) (3.8)
I
<5 v 2 (7 - du
We set m = f fdpy, then the last integral in the right-hand side of (3.8) becomes
var,, (f), to which we apply the assumption PI(oy ). O

Considering the last theorem, it is only left to construct a Lyapunov function
in the sense of Definition 3.7 in order to deduce the local PI of Theorem 2.9. An
ansatz (cf. [BBCGOS|) for a Lyapunov function is the function W = exp (5 H).
Why is this in general a good candidate for an Lyapunov function?

First note that because by our Assumption 1.4 or 1.5 it holds H > 0 hence W > 1
as desired. The second reason is that this choice satisfies Neumann boundary
conditions on the boundary of the basin of attraction  (see Theorem B.1).

The third reason is that for this choice of W the Lyapunov condition (3.4) is already
almost satisfied. One only has to have a special look at critical points. To be more
precise, let us consider the condition (3.4) which becomes

Lw 1 1 5 !
A - < — . 3.9
S = 5 AH@) - 5 IVH@)P < -A+b1y(@) (3.9)

We investigate under which circumstances this condition is satisfied:
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e At infinity: The assumption (A2p;) ensures that (3.9) is satisfied outside
of a fixed large ball B(0) (cf. (3.11) below)

e Away from critical points: The Morse assumption ensures H to be qua-
dratic around critical points, i.e. there exists a global constant cy > 0 such
that |VH(z)| > cp dist(x,S) in a neighborhoods of critical points S. This
estimate yields (3.9) for = outside of neighborhoods of order /z around
critical points (see proof of Lemma 3.11 below).

The gradient term can not help to establish the estimate (3.9), if one is close to
critical points. More precisely, it holds:

e If z is in an y/e-neighborhood around the minimum 0, then AH(x) =~
;A > 0, where {\;};_, are the eigenvalues of the Hessian at 0. Ad-
ditionally, the gradient can be estimated as |[VH(z)|* > A2, |z|*, where
Amin = min; A;. Hence, one cannot compensate the positive Laplacian by
the gradient of H. Therefore one has to choose U = B, z(0) to guarantee
the Lyapunov condition (3.9) around the minimum at 0.

e If x is close a local maximum, the Laplacian AH () is negative. Hence the
Lyapunov condition is (3.9) is satisfied in this region.

e Assume that z is in an +/e-neighborhood around a saddle i.e. a critical
point s € S of order 1 < k < n. Again, the gradient term cannot help to
establish the estimate (3.9). Hence, the condition (3.9) becomes

!
AH(z) = AT 4+ A + A 4+ A <=,

where )\, are the negative eigenvalue of the Hessian at s and )\j are the pos-
itive eigenvalues of the Hessian at s. However, for a general Hamiltonian H
it may hold that
AL+ A AL A >0
implying that W = exp (2—1EH ) is not always a Lyapunov function.
Nevertheless, these observations show that W = exp (iH ) is a pretty good guess

for a Lyapunov function: One only has to change W close to saddles of H. This
leads to the following strategy (cf. Lemma 3.12 from below):

e We construct a perturbation H. of the Hamiltonian H, which coincides
with H except of y/e-neighborhoods around saddles.

e In a /e-neighborhood around a saddle, the perturbation is constructed in
such a way that on the one hand the Laplacian of H. is strictly negative.

This implies that the function W = exp (%I:IE> satisfies the estimate (3.9),
which is necessary for being a Lyapunov function.
e To assure that W = exp (2—161‘} 5) satisfies Neumann boundary condition, we
choose Q as a basin of attraction w.r.t. the gradient flow of H. (cf. (3.2)).
After these considerations, let us summarize how the Lyapunov approach is used:
Proposition 3.9. Assume that an Hamiltonian H,. satisfies the Assumption 1.4
uniformly in €. Let M = {mq,...,mp} denote the local minima of H.. Assume

that there are constants a > 0 and A9 > 0 such that for all € > 0 small enough
holds

1 - 1 - 9 Ao
e A (2) = 5| VHA(2)[ < == for all x ¢ myM B, z(m). (3.10)

C'onsz'der~ the partition Py = {Qi}i]\il into the basins of attraction of the gradient
flow of H. (cf. (3.2)). Then the associated local Gibbs measures {/jtg’i}i]\il given
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by (3.3) satisfy PI(g;) with constant
o' = 0(e).

Proof of Proposition 3.9. The function W = exp(flaﬁg) satisfies Neumann bound-

ary conditions on each domain of attraction §2; in the sense of 3.5 by Theorem B.1.

Indeed, the gradient of W is
VW = %(VHE) exp (21€H5> .

Hence VIV | |VF~I - everywhere. Moreover, H_ € C3 is Morse and proper by Assump-

tion 1.4, which shows all the assumptions of Theorem B.1.

Let Q; be fixed. Then, the estimate (3.10) is just a translation of the esti-
mate (3.4) with constants A = % and b = b?" for some by > 0. Moreover, we choose
U = B, /z(m;). Therefore, the function W is a Lyapunov function in the sense of
Definition 3.7 on €2;. Theorem 3.8 yields that the measure fi. ; satisfies PI(g;) with

- oo

> ,
¢ = bo + €0

where ¢ denotes the PI constant of the truncated Gibbs measure fi,,; from Defini-
tion 3.5. By Lemma 3.6 holds 9~ = O(¢), which yields ;' = O(e). O

Following our strategy, the main ingredient of the proof of the local PI is the
existence of an e-modified Hamiltonian H, satisfying Assumption (3.10) of Propo-
sition 3.9.

Lemma 3.10 (Lyapunov function for PI). There exits an e-modification H. of H
in the sense of Definition 3.3 such that the Lyapunov estimate (3.10) holds for H..
The corresponding partition Py = {Qi}i]\il into the basins of attraction of the
gradient flow of H (cf. (3.2)) is admissible in the sense of Definition 2.1.

The proof of Lemma 3.10 is not complicated but a bit lengthy. It is stated in
full detail in Subsection 3.2. Now, we only have to put together the parts in order
to proof the first main result Theorem 2.9.

Proof of Theorem 2.9. By a combination of Lemma 3.9 and Lemma 3.10 we know
that the e-modified Gibbs measures fi. ; restricted to {2; satisfy a PI with the desired
scaling behavior §; ' = O(¢). Lemma 3.4 implies that then the unmodified Gibbs
measure p; restricted to §2; also satisfies a PI with the same scaling behavior g;l =
O(e). O

3.2. Construction of a Lyapunov function. .

This section is devoted to the proof of Lemma 3.10. We have to construct
an e-modified Hamiltonian H, that satisfies the estimate (3.10). Following the
motivation of Subsection 3.1 we set H, = H away from critical points. Therefore,
we have to show that H satisfies the estimate (3.10) away from critical points,
which is the content of the next statement.

Lemma 3.11. Assume that the Hamiltonian H satisfies the Assumption 1.4. Recall
that S denotes the set of all critical points of H in §); that is

S={yeQ|VH(y) =0}.
Then for a > 0 large enough exists Ag > 0 and €9 > 0 such that for all € < g
AH(x) B |V H(x)|? < Ao
2e 4e?2 T ¢

for all x € R™\ U B, z(y)- (3.11)
yeS



PI AND LSI BY DECOMPOSITION OF THE ENERGY LANDSCAPE 23

Proof. The proof basically consists only of elementary calculations based on the
non-degeneracy assumption on H. We consider two cases: One in which we ver-
ify (3.11) for |#] > R with R < oo large enough. In the second case, we verify
verify (3.11) for |z| < R.

Let us turn to the first case. We use the assumptions (Alpr) and (A2p;) and we
define R such that

Vi|z| > R: |VH| > %H and |VH|” — AH(z) > —2Ky. (3.12)
Therewith, it is easy to show that for || > R
2 (3.12)
AH(z) |VH(z)| (< 1 (KH_ |VH(x)| (VH(x) B 1))

2e 4e? - 2 2e
C% (C? Ao

Ky——H[(ZH_1))<-=
( T8 ( 8 )) - e’
ife < % (1+8/C%(Knu + )\0))_1 =: gg. The latter shows the desired statement
in this case, with \g > 0 arbitrary for € < go(\g).
Let us consider the second case. Because || < R it holds |AH (x)| < Cp. Therefore
the desired estimate (3.11) follows, if we show that there is a constant 0 < ¢y such
that

IVH(z)| > cpave  Va € BR(0)\ | ] B,yz(y) and Ya € (0,72 (3.14)
yeS

(3.13)

IN
M| =

Because, then it follows
AH(@) |VH@)P G291 (Cq cna) _ o
2 42 ) 4 ) 7 ¢

with A\g > 0 by choosing a > 2CR/CH =: ag. Hence, we can choose first a > ag,
which gives rise to some A\g(a) > 0, by the last estimate under the assumption
a < 581/2 < /2. Hence we have to choose g9 < min {g9(Xo(a)),a™?} with
eo(Mo(a)) defined after (3.13).

Finally, the estimate (3.14) is a consequence of the fact that H is a Morse function
(cp. Definition 1.3 and Assumption 1.4) and therefore non-degenerate quadratic
around critical points. That means, there exists a global constant cg > 0 such that
|VH(x)| > ¢ min {dist(z, S), 1}, which implies (3.14). O

)

Now, we consider the e-modification H. near critical points. The verification
of the following statement represents the core of the construction of the Lyapunov
function.

Lemma 3.12. Let M = {my,...mp} denote the set containing the minima of H.
Then there are constants C' >0, a >0 and Ao > 0 such that for e < C there exists
an e-modification H. of H in the sense of Definition 3.3 satisfying

H.(z) = H(z) for all x ¢ U B, z(y)-
yeS\M
and

AH.(z) |VH.(z)]? Ao
_ < —— . .
= = <2 forall we |J B,z (3.15)
yeS\M

As a direct consequence of Lemma 3.11, the estimate (3.15) is satisfied for all

.’E¢ U Ba\/g(m)

meM
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Proof of Lemma 8.12. Tt is sufficient to construct the e-modification H. only locally
on a small neighborhood of any critical point y € S\ M. By translation, we may
assume w.l.o.g. that y = 0.

Because the Hamiltonian H is a Morse function in the sense of Definition 1.3,
we may assume that u;, ¢ € {1,...,n} are orthonormal eigenvectors w.r.t. the
Hessian V2H (0). The corresponding eigenvalues are denoted by \;, i € {1,...,n}
labeled such that A1,..., A < 0 and Apt1,...,A, > 0 for some ¢ € {1,...,n}.

If £ = n, hence \; < 0 for 4 = 1,...,n, we are nearby a local maximum and
set He(z) = H(x) on B, (0) and the desired estimate (3.15) follows directly for
T € Ba\/E(O)

Otherwise, i.e. £ < n, let us choose a constant § > 0 small enough such that
14
- 1 . )
—0 = (n—2€5+2)\ <0 and 5§§m1n{)\i:z:€+1,...,n}.(3.16)
i=1

Because uy, ..., u, is an orthonormal basis of R™, we introduce a norm |- |5 on R"
by

=3 —Z =6 (g, @) + Z (i — 6) | (wg, )| (3.17)

i= Z+1

The norm [-|; is equivalent to the standard euclidean norm |-| and satisfies the
estimate

0 AMax — 0 A
glef* < laff < TS o < Smexjaf?, (3.18)
where A\ =max{\;:i=/¢+1,...,n}. The last ingredient for the construction

of H., is a smooth cut-off function ¢ : [0,00) — R satisfying for a > 0 to be specified
later

g(r)y=—1forr<ia’e, —-1<¢(r)<0forr>ta’s, &(r)=0forr>ad’
(3.19)
and in addition for some C¢ > 0,

Ce

0<g(r) < Cea’e and  [¢"(r)] < -

(3.20)

With the help of the norm |- |5 and the function £ we define the function H, by
H.(z) = H(z) + Hy(z) where Hy(z):=¢ (|[3) - (3.21)

Note that by definition of Hj, holds H,(z) = H(z) for all |z| > ay/z. Because &(r) =
O(e), it follows that H. is an e-modification of H in the sense of Definition 3.3.
Let us now turn to the verification of the estimate 3.15. It is sufficient to deduce
the following two facts: The first one is the estimate

. 5
AH.(x) < -5 forall fofs < g\@. (3.22)

The second one is that there is a constant Ay > 0 such that for a large enough and
€ small enough it holds
AH.(z)  |VH.(2)]
2 4e

Let us first derive the estimate (3.22). Using that ¢'(z) = —1 for |z|s < §1/c one
obtains that AH,(z) = —Alz|3 for |z|5 < %/e. Hence, by Taylor expansion we get

<X forall SvE< el < avE (3.23)
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for |z]; < /€ that

AH(z) = AH(0) — Alz2 + O(vz f: +(n— 20)5 + O(V/E)
i=1 i=l+1
(3.16)

+(n—2000+0(e) < —0+0(e) < —

)

N | On

I
M-
I

ke

for € small enough, which yields the desired statement (3.22).
Let us turn to the verification of (3.23). We need that there exists a constant
0 < Ca < oo independent of € and a such that

AH(z) <Cx  for all g\@ < |zfs < ave. (3.24)
Indeed, observe that

~ 2
AL (x) = AH(w) +€"(|2f}) \vm?\ +€(al3) Alel;

<0 >0

(3.20) ?

< AH(z Ty u; + Z Ai — 0) {u, ) u;
1=0+1

C 4 n
< AH() + £ <Z52|<ui,x>|2+ S (- )2 (s, >|2>
i=1 i=0+1
(3.17)

C
< AH(z) + aTi 2N |22 < Cl 4 2N, =: Ca,

max

where Ca is independent of € and a, which yields (3.24).
Additionally, we need that there is a constant 0 < ¢y < oo such that

|VH.(z)|> > ey a®> e for all gﬁ < |z|s < ave. (3.25)

Before deducing (3.25) we want to show that the observations (3.24) and (3.25)
already yield the desired statement (3.23): For a? > 4% one gets

AH.(z) |VH.(z)]? Ca cya? Ca a
_ <A <25 foran
2e 462 T 2 4e T 2 ora 2‘ﬁ <lels <ave,

which is the desired statement (3.23). Therefore, it is only left to deduce the
estimate (3.25). By the definition of H. from above, we can write

IVH.(2)* = [VH(2)|* + |V Hy()|* + 2 (VH(z), VHy(z)) . (3.26)

Let us have a closer look at each term on the right-hand side of the last identity
and let us start with the first term. By applying Taylor’s formula to VH (z), we
obtain

\VH(z) — V2H(0)z| < Cv|| e Cy s (3.27)
for some C'y, C'y > 0. Therefore, we can estimate
|VH(z)|> > |V2H(0)z|? — CZa*e?  for |z|s < av/e. (3.28)
By the definition of A\q,...\,, we also know

|VZH(0)z|? = ZAQ ug, z)[* (3.29)
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Let us have a closer look at the second term in (3.26), namely |V H,(z)|?. From
the definition (3.21) of |V Hy(x)|? follows

?
V) — 1€ (zmz, S (s 62 >|>
(3.30)

i=0+1

(3.17 9
S 2)‘I—i1r_1ax ‘.’E|5 .

Now, we turn the the analysis of the last term, namely 2(VH(z), VHy(x)). By
using the estimates (3.27) and (3.30), we get for |z|s < a/e.

(VH(z),VHy(z)) = (VZH(0)z, VH,(2)) + (VH(z) — V2H(0)z, VHy(z))

(3.27)

> (V2H(0)z, VHy(z)) — 209 Amax |2} (3.31)
(3.30)

> —Zu!g (12 3) | 1w, )] — Z XA = 0) € (|21)] [(ui, 2)* — O(e%).

i=0+1

Combining now the estimates and identities (3.26), (3.28), (3.29), (3.30) and (3.31),
we arrive for |x|s < av/e at

¢ 2
VA 2 3 (A =61¢ (2)]) | )l

#3030 Je (1)) o) P - O,

=041
By (3.19) holds |¢/(]z|2)| < 1, which applied to the last inequality yields
VH(2)* > 023 [{us, )" = O(e?).

Because 1, ... u, is an orthonormal basis of R™, the desired statement (3.25) fol-
lows for a\Q/g <lz|s < ay/e from

VA@) > = e -0} 5 2 jafp ~ 0(eh)
2 s
Z o a‘e — O(e2) > eya‘e
for some cy < 3 )\‘f and e small enough. O

max

Considering the statement of Lemma 3.12; there is only one thing to show in
order to verify Lemma 3.10:

Lemma 3.13. Let Py = {Qi}ij\il be the partition obtained from the H. from
Lemma 3.12 by considering the basins of attraction Q; from (3.2). Then Paq is an
admissible partition in the sense of Definition 2.1

Before we turn to the proof of Lemma 3.13, we show the following auxiliary
statement.

Lemma 3.14. If an Hamiltonian H : R™ — R satisfies the Assumption 1.4, then
there exist numbers R > 0 and cy > 0 such that

H(w) > min H(z) + cx(ja] ~ B).

Because H > 0 by Assumption 1.4, a direct consequence is [ exp(—H (z)) dz < co.
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Proof of Lemma 3.14. By the Assumption (Alp;) we can choose R > 0 large
enough such that
|VH(x)| > C;—H for all |z| > R. (3.32)

In particular, this implies that for all critical points s € S holds |s| < R. Now, let
us we consider the following evolution
VH(x)
\VH ()|’
with starting point x, || > R. Because by Lemma B.12

R" = {y € R": lim y, = 5,9, = =VH(y:), 50 = y}
s€ES

Ty = — Ty =2, 0<1t<o0.

and for all critical points s € S of H it holds |s| < R, the gradient line {x;} has
to hit the ball Br(0) after some time ¢ > 0 at some point x; for the first time. It
follows

H(zy) — H(zp) = / iH(:vs) ds

7VH($S) §=— t T s
/VH R /O|VH( 2l ds.

Using the lower bound (3.32) on |VH (x¢)|, we get that
cH
H(z) = H(z) /|VHxs|ds>|1lnf H()—l—t7.
Because the evolution x; moves at speed 1, we know that ¢ is the length of the

gradient-flow line connecting the points z and z;. However, this length can not be
shorter than t > |z| — R, which yields the desired statement. 0

Proof of Lemma 3.13. We start with showing that H. has the same local minima
M ={my,...,mp} as the original Hamiltonian H. Because

H.(z) = H(x) forall =z¢ U yeS\M B, z(y),

it suffices to show that H. has no local minima in the set

UyGS\M Ba\/E(y)
However, this statement follows directly from the estimate (3.15) i.e.
ML) |[VEL@)E _ X
2 42~ yeS\M
Indeed, the last estimate shows that either |V H. (z)| # 0 or AH.(z) < 0.

The fact that H, has the same local minima as H allows us to apply Lemma B.12
showing

for all =z € U B, /z(y)-

UQ = U {y €eR™: tli>noloyt =m, Y = —Vf{a(yt),yo Zmi},

=1

which is already #) of Definition 2.1.

The last step in the proof is to show that p(€;)Z, satisfies the asymptotic
expansion given by (2.1). Let us consider one local minimum m; € M. W.lLo.g. we
assume H.(m;) = H(m;) = 0. We introduce %; := (VzH(mi))f1 and define for
ro > 0 specified later the ellipsoid

_1
E; = {;z: eR™ : |38, 2(x —my)| < \/2r05|log5|},
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where the square root of Z;l is uniquely defined in the set of positive symmetric
matrices. Note that for small enough ¢ it holds F; C €; and ﬁg(x) = H(z) for
x € F;. The covariance matrix 3; is non-degenerate because of H being a Morse
function. Therefore, there is a constant cy < 1 such that

B egmoational () € B € B gz (o) (333)

We split the integral into

w(%)Z, = / exp <—HE($)> dzx —|—/ exp <—HE($)> de =1 + I5.
E; € QN\E; €

i

The results follows from an asymptotic expansion for I; and an error estimate for I5.
We start with the error estimate for I5. Let the constant R > 0 be chosen as in
Lemma 3.14. We split the term I up into

/ exp _He(=) dx+/ exp _He(=) dx
(2:\E:)NBR(0) € Q;\Br(0) €

=: Ig =+ I4.

I

Let us estimate the term I3. On a small neighborhood around m; it holds H = H,
and H is uniformly convex. Therefore, there is a constant § > 0 and £ > 0 such
that for all z with |2 —m;| <6

(V2H(2))3€]2 = (6, V2 H(2)¢) > k[¢], for all £ € R".

Hence for x € Q;\ E; we have the lower bound by additionally considering (3.33)

_ . ~ K
H.(z) > zé%ff:ﬂi H.(z2) > 5 zé%fEi |z —my|? > keproe|logel.

Now, we can estimate I3 as
I3 < exp (—rcpyrolloge|) |Br(0)].

Let us turn to the estimation of I,. An application of Lemma 3.14 yields

Iy <exp (51 min H(z)) / exp <cHx|_R> dx
lz|=R i\ Br(0) €

< Cp exp(—kepro|logel).
So overall, we have estimated the term I as

I, < Oy exp(—keprollogel) = Cye™®™ = O(e®), for ro > 2 and a > 0.

RCH
(3.34)
Hence, I becomes smaller than every power of ¢ for ry large enough.
Now, we turn to the asymptotic approximation of the term I;. The Taylor
expansion of H on E; yields for z € F;

H(z) = 1 (x,V2H(m)z) + O ((5| 1oga|)%) .
In particular, this implies

exp (7@) = exp (— o (@, VZH(m;)z)) exp (O(\/E [log s|%)) .
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For ¢ small enough it holds exp (O(\/E |10g€\%)) =14+0(y/e |log E|%) Therewith,
we get the following expression for Iy

I Z/VeXP <_é<x,V2H(mi)x>) dx <1+O(\@|log5|%))
:% b \/m exp (—s5= (7, V2H H(m;)x dx)
)< /"\E e 1))

det V2H(m (2me) 2
x (14 O(yE [loge|?)).

Now, we apply the following tail estimate for a Gaussian, which we will proofed for
the convenience of the reader below.

\/degzziHml/n\ exp (—5= (2, V2 H(m;)z)) dz = O(Ve). (3.35)

The latter yields the asymptotic expansion
(2me) 2

= Jaervrmong LT OvE llogel®)). (3.36)

Now, the desired asymptotic expansion (2.1) for p(€;)Z, follows form a combi-
nation of the expansion for the term I in (3.36) and I in (3.34) with « chosen
sufficiently large, i.e. o > (n+1)/2.

We close the argument by deducing the desired tail estimate (3.35). By the
change of variables z — y = (2521-)7% (x —m,;) and by denoting w(e) = /ro|loge|,
we deduce

v/ det V2H V/det V2H (m;) 1
¢ (m: / exp (—5 (=, V2H(m;)z))de = — e*yzdy
27'('5 \E T2 ]Rn\Bw(e)(O)
I(2,w?(e
—_ / ’I“nl_rdT— (2 n()),
F(§ + 1) w(e) F(f)

where T'(%,w?()) is the complementary incomplete Gamma function. It has the
asymptotic expansion (cf. [Olv97, p. 109-112])

P (5.02E) = 0l @ur2(e)) = 0" Irologe] * ™) = O(v2)

for rg large enough, which yields the desired result. O

3.3. Lyapunov approach for the logarithmic Sobolev inequality. The goal
of this section is to prove Theorem 2.10 deducing the local LSI. We follow the
same strategy as for the proof of Theorem 2.9, which we outlined in Subsection 3.1.
Therefore, we consider the partition P = {Qz}f\i1 into the basins of attraction of
the gradient flow of H. (cf. (3.2)).

The Lyapunov condition for proving LSI is stronger than the one for PI. Never-
theless, the construction of the e-modified Hamiltonian H. from the previous section
carries over and we can use the same Lyapunov function as for the PI, but have to
provide additional estimates. The Lyapunov condition for LSI goes back to the work
of Cattiaux, Guillin, Wand and Wu [CGWW09]. We adapt [CGW10, Theorem 1.2]
to the case for domains 2. In addition, we will work out the explicit dependence
between the constants of the Lyapunov condition, the logarithmic Sobolev constant
and especially their e-dependence.

Theorem 3.15 (Lyapunov condition for LSI). Suppose that
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i) there exists a C%-function W : Q — [1,00) and constants \,b > 0 such that
for L=eA —VH-V holds
1 LW

ii) V2H > —Kpy for some Ky > O and p satisfies PI(p).
iii) W satisfies Neumann boundary conditions on Q (cf. (3.5)).
Then p satisfies LSI(a) with

2 2
<o |1 (; RV >> L Ku Kb+ wal’) +2e)

1
@ A 0 2e\ ) (3.38)

where pu(|z|?) denotes the second moment of pu.

Before turning to the proof of Theorem (3.38), we need the following auxiliary
result.

Lemma 3.16 ([CGW10, Lemma 3.4]). Assume that V : Q — R is a non-negative
locally Lipschitz function such that
(i) for some lower bounded function ¢

Lei =LV +e|VV]* < —c¢ (3.39)

in the distributional sense.
(ii) 'V satisfies Neumann boundary condition on Q (cf. (3.5)).

Then for any g € H(u) holds

/¢92 dp < /IVQ\Zdu-

Proof of Lemma 3.16. We can assume w.l.o.g. that g is smooth with bounded sup-
port and ¢ is bounded. For the verification of the desired statement, we need the
symmetry of L in L?(u) w.r.t. to V:

Vfe H () : /f(—LV) duza/Vf-VVd,u, (3.40)
and the Young inequality:
2gVV - Vg < |VVI*g* + |[Vg|*. (3.41)
An application of the assumption (3.39) yields

/¢>g du</ LV—5|VV|2>92 du

(3.41)
(340)/( VV-Vg—|VV[g )du < 6/|Vg\2du,

which is the desired estimate. O

The proof of Theorem 3.15 relies on an interplay of some other functional in-
equalities, which will not occur anywhere else.

Proof of Theorem 3.15. The argument of [CGW10] is a combination of the Lya-
punov condition (3.37) leading to a defective WT inequality and the use of the HWI
inequality of Otto and Villani [OV00]. In the following, we will use the measure v
given by v(dz) = h(xz)u(dz), where we can assume w.l.o.g. that v is a probability
measure, i.e. [ hdu = 1. The first step is to estimate the Wasserstein distance in
terms of the total variation [Vil09, Theorem 6.15]

W3 (v, ) < 201 (v = )|z (3.42)
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For every function g with |g| < ¢(z) := A|z|?, where A is from the Lyapunov
condition (3.37) we get

/gdu— /¢du+/¢du

(3.43)

— [\lal? = Dhia) uldo) + [ b+ (o),
We can apply to [(A |z|> — b)h dp Lemma 3.16, where the assumptions are exactly
the Lyapunov condition (3.37) by choosing V' = logW. Moreover, the Neumann
condition also translates to V since W is bounded from below by 1. Therewith we
arrive at

/()\|x| —b)h dy</‘V\f‘ /‘ZZ‘ du :%I(V\u), (3.44)

by the definition of the Fisher information. Taking the supremum over g in (3.43)
and combining the estimate with (3.42) and (3.44) we arrive at the defective
Wasserstein-Information inequality

SWR ) <AL &= wlley < 5100 +b+u(e).  (345)

The next step is to use the HWI inequality [OV00, Theorem 3], which holds by the
assumption V2H > —Kp

Bty (h) < Wa(v, p) /TG00 + S22 0 )

Substituting inequality (3.45) into the HWI inequality and using the Young in-
equality ab < %aQ + %bQ for 7 > 0 results in

1 Ky

Ent,(h) < 7I(v|p) + (2 + 2) W2(v, 1)

(325)< + 21)\ (1 + KH)) I(ulu)+§ (1 + KH) (b+ 11(9))-

The last inequality is of the type Ent,(h) < a%](u\u) + B [ h dp and is often
called defective logarithmic Sobolev inequality dLSI(cag, B). It is well-known, that
a defective logarithmic Sobolev inequality can be tightened by PI(p) to LSI(«) with
constant (cf. Proposition [Led99]]

1 1 B+2

—=— 3.47
a-a T o (3.47)

A combination of (3.46) and (3.47) reveals

1 1 (1 Ky 1(1/(1 Ky
aT+2)\(T+E)+Q<)\ <T+E> (b+u(¢))+2)
1 b+pu(e) Ky  Ku(b+ p()) + 2eA 1l

:T+<2+9)+25)\+ QE)\ ::T—F?—FCz.

(3.46)

The last step is to optimize in 7, which leads to 7 = /¢ and therefore é =2\/c1+
¢o. The final result (3.38) follows by recalling the definition of ¢(z) = A |z|>. O

The crucial ingredient is a Lyapunov function satisfying the condition (3.37).
We follow the ideas of Subsection 3.1 and Subsection 3.2. We use the same e-mod-
ification H. as constructed in the proof of Lemma 3.12.
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Lemma 3.17 (Lyapunov function for LSI). We consider the e-modification H, of H
constructed in Subsection 3.2. Then the Lyapunov function W (x) = exp (%ﬁe(x))

satisfies on Q) the Lyapunov condition (3.37) with constants

for some by, \g > 0 and Hessian VQﬁIE(x) > —Kpg for some Ky >0.

The proof consists of three steps, which correspond to three regions of interests.
First, we will consider a neighborhood of oo, i.e. we will fix some R > 0 and only
consider |z| > R. Then, we will look at an intermediate regime for a\/z < |z| < R,
where we will have to take special care for the neighborhoods around critical points
and use the construction of Lemma 3.12. The last regime is for |z| < ay/e, which
will be the simplest case.

Therefore, besides the construction done in the proof of Lemma 3.12, we need
an analogous formulation of Lemma 3.11 under the stronger assumption (Als;).

Lemma 3.18. Assume that the Hamiltonian H satisfies Assumption (AlLSI)
Then, there is a constant 0 < Cy < 0o and 0 < R < oo such that H(z) = H.(z)
for |z| > R and for & small enough

M) [VH@E _ Cy |
2¢ 4e2 €

We skip the proof of the Lemma 3.18, because it would work in the same
way as for Lemma 3.11 and only consists of elementary calculations based on the
non-degeneracy assumption on H. The only difference, is that we now demand
the stronger statement (3.48), which is a consequence of the stronger assump-
tion (Alpsr) in comparison to assumption (AZ2pr).

Now, we have collected the auxiliary statements and can proof Lemma 3.17.

for all |z| > R. (3.48)

Proof of Lemma 3.17. First, let us check the lower bound on the Hessian of H..
Because we use the same H. as constructed in Lemma 3.12, the support of H. — H
is compact. Additionally, H, is smooth. This already implies the lower bound
on the Hessian V2H, for compact domains. Outside a sufficient large domain,
we know that H = H.. Hence the lower bound on V2H. follows directly from
Assumption (A2g1).
Now, we verify the Lyapunov condition (3.37). Recall that W = exp(
straightforward calculation reveals

é% = %AHa + T;\VHEF - T;\VHEF = 2—1€AHE - é|VH5|2.

QLEI}E). Hence

If |z| > R with R given in Lemma 3.18, we apply (3.48) and have the Lyapunov
condition fulfilled with constant A = CTH This allows us to only consider z € BzN(2,
which is a bounded domain. In this case, Lemma 3.12 yields for a\/e < |z| < R the
estimate

1 LW Ao Ao

= <D<

e W = € = R2%
Let us consider the final case |z| < ay/e. In this case the Hamiltonian H = H..
Additionally, H is smooth and strictly convex on B, \/5(0) Therefore one easily
obtains the bound

(3.49)

1 LW 1 bo

-— < —AH . 3.50

e W = 2 (2) < € (3:50)
A combination of (3.49) and (3.50) yields the desired estimate (3.37). O
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Before proceeding with the proof of Theorem 2.10, we remark, that the Lyapunov
condition for the PI and in particular for the LSI imply an estimate of the second
moment of y.

Lemma 3.19 (Second moment estimate). If H fulfills the Lyapunov condition (3.4)
with U = Br(0) for R > 0, then u has finite second moment and it holds

2
[ 1ol ) < 2 (3.51)

Proof. As it is outlined in the proof of Theorem 3.8 (cf. also [BBCGO8]), the Lya-
punov condition (3.4) yields the following estimate: for any function f and m € R
it holds

b
/(f—m)zduéi/IVfIQdHX (f —m)*dp.

Br(0)
We set f(z) = || and m = 0 to observe the estimate (3.51). O

Now, we have collected all auxiliary results to proof the second main theorem 2.10

Proof of Theorem 2.10. For the same reason as in the proof of Theorem 2.9, we
omit the index ¢. The first step is also the same as in the proof of Theorem 2.9.
By Lemma 3.4 we obtain that, whenever H, is an e-modification of x in the sense
of Definition 3.3, the logarithmic Sobolev constants a and & of p and fi. satisfy
a > exp(—2Cy)a.

The next step is to construct an explicit e-modification H satisfying the Lyapunov
condition (3.37) of Theorem 3.15, which is provided by Lemma 3.17.

Additionally, the logarithmic Sobolev constant & depends on the second moment
of fi.. Since H. satisfies by Lemma 3.10 in particular the Lyapunov condition
for PI (3.4) with constants A > %, b < b?(’ and R = a+/e, we can apply Lemma 3.19

and arrive at
1+R% 1+ boa®
/|x|2dﬁs <P T o).
A Ao
Now, we have control on all constants occurring in (3.38) and can determine the
logarithmic Sobolev constant & of fi.. Let us estimate term by term of (3.38) and
use the fact from Theorem (2.9), that ji. satisfies PI(g) with 571 = O(e)

2,4 <1 + ib“ﬁ;("’”' )> <o, E (; +0<1>) — 0(V3).

2 Ao
The second term evaluates to % = O(1) and finally the last one
K (b+ Mic(Jz]*)) + 22X b
a4 Mielle ) +2:0 ) (KH (0 +0(a)> +0(1)> — 0(1).
0EA €
A combination of all the results leads to the conclusion @' = O(1) and since H.
is only an e-modification of H also a=! = O(1). O

4. MEAN-DIFFERENCE ESTIMATES — WEIGHTED TRANSPORT DISTANCE

This section is devoted to the proof of Theorem 2.12. We want to estimate the
mean-difference (Em J—E, f)2 for ¢ and j fixed. The proof consists of four steps:
In the first step, we introduce the weighted transport distance in Section 4.1.
This distance depends on the transport speed similarly to the Wasserstein distance,
but in addition weights the speed of a transported particle w.r.t. the reference
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measure u. The weighted transport distance allows in general for a variational
characterization of the constant C' in the inequality

(B, (1)~ B, (1) < € [ 1V d

The problem of finding good estimates of the constant C is then reduced to the
problem of finding a good transport interpolation between the measures p; and p;
w.r.t. to the weighted transport distance.

For measures as general as y; and 1, the construction of an explicit transport
interpolation is not feasible. Therefore, the second step consists of an approxima-
tion, which is done in Section 4.2. There, the restricted measures p; and p; are
replaced by simpler measures v; and v;, namely truncated Gaussians. We show in
Lemma 4.6 that this approximation only leads to higher order error terms.

The most import step, the third one, consists of the estimation of the mean-
difference w.r.t. the approximations v; and v;. Because the structure of v; and v; is
very simple, we can explicitly construct a transport interpolation between v; and v;
(see Lemma 4.11 in Section 4.3). The last step consists of collecting and controlling
the error (cf. Section 4.4).

4.1. Mean-difference estimates by transport. At the moment let us consider
two arbitrary measures vy < p and v; < p. The starting point of the estimation
is a representation of the mean-difference as a transport interpolation. This idea
goes back to [CM10]. However, they used a similar but non-optimal estimate for
our purpose. Hence, let us consider a transport interpolation (®5 : R™ — R"™) c(0,1)
between v and vy, i.e. the family (®;)c(o,1] satisfies

Qo =1d, (P1)jro =11, and (Pg)svo = vs.

The representation of the mean-difference as a transport interpolation is attained
by using the fundamental theorem of calculus, i.e.

2

(B (9) - B0 = ( [ [ r@, 6 av, i)

At this point it is tempting to apply the Cauchy-Schwarz inequality in L?(dvg x ds)
leading to the estimate in [CM10]. However, this strategy would not yield the
pre-exponential factors in the Eyring-Kramers formula (2.15) (cf. Remark 4.2). On
Stephan Luckhaus’ advice the authors realized the fact that it really matters on
which integral you apply the Cauchy-Schwarz inequality. This insight lead to the
following proceeding

2

(B (f) = Eu, () = (/01/(Vf,<i>s o ® 1) du, ds>2

(o fover ) o)

1 2
g/ / P 00t dv, ds| dp /|Vf|2du. (4.1)
0 dp

Note that in the last step we have applied the Cauchy-Schwarz inequality only in
L?*(dp) and that the desired Dirichlet integral [ |V f ? dy is already recovered.

The prefactor in front of the the Dirichlet energy on the right-hand side of (4.1)
only depends on the transport interpolation (®s)sep,1)- Hence, we can minimize
over all possible admissible transport interpolations and arrive at the following
definition.
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Definition 4.1 (Weighted transport distance 7,). Let p be an absolutely continu-
ous probability measure on R"™ with connected support. Additionally, let vy and v
be two probability measures such that vy < p and v; < p, then define the weighted
transport distance by

2
dp. (4.2)

1
/ b, o0 <I>S_1 dvs ds
0 dp

The family (®s)sep0,1] is chosen absolutely continuous in the parameter s such
that ®o = Id on supp vy and (®1)sv0 = v1. For a fixed family and (®),e(o,1) and a
point x € supp u the cost density is defined by

7f(u0, V)= iqr)lf/

s

1
A(z) == /0 D, 0 ®7(z) ve(z) ds

(4.3)

Remark 4.2 (Relation of 7, to [CM10]). The transport distance 7, (v, v1) is always
smaller than the constant obtained in [CM10, Section 4.6]. Indeed, applying the
Cauchy-Schwarz inequality on L?(ds) in (4.2) yields

1 1
. dv dv,
2 : —-12 s S
T, (vo,v1) Slggf//o |Ds 0 7 i ds /0 m ds du

< inf ( su /1 dys(x)ds //1|<I> > ds du
=3, mp 0 d/.l, 0 s 0>

where we used the assumption that v, < p for all s € [0,1] in the last L'-L°°-
estimate.

Remark 4.3 (Relation of T, to the L?-Wasserstein distance W5 ). If the support of u
is convex, we can set the transport interpolation (®,)sc[o,1 to the linear interpola-
tion map ®s(z) = (1 — s)x + sU(x). Assuming that U is the optimal Ws-transport
map between vy and vy, the estimate in Remark 4.2 becomes

1
dv
7;2(1/0,u1) < (sup/ 5 > (z) ds) WZ (v, v1).
z Jo dp
Remark 4.4 (Invariance under time rescaling). The cost density A given by (4.3)
is independent of rescaling the transport interpolation in the parameter s. Indeed,
we observe that

T
| e @) of @) at
0

Az) = /0 D, 0 d7 () ve(z) ds

9

where ®] = &,/ and vl = Vi/T-

Remark 4.5 (Relation to negative Sobolev-norms). The weighted transport distance
is a dynamic formulation for the homogeneous negative Sobolev norm H “1(dp)
like Benamou and Brenier did for the Wasserstein distance [BB00]. Precisely, for
vy = oot and v = g1 holds

2 . 2
T2 (vo,v1) = lleo — 01157 -1(ap) = inf {/ |Vh|“dp : Lh = oo — gl} :
heH (1)
In fact, it is possible to define a whole class of weighted Wasserstein type distances
interpolating between the negative Sobolev norm and the Wasserstein distance.
Theses transports were introduced in [DNS09].
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4.2. Approximation of the local measures ;. In this subsection we show that
it is sufficient to consider only the mean-difference w.r.t. some auxiliary measures v;
approximating u; for ¢ = 1,..., M. More precisely, the next lemma shows that
there are nice measures v; which are close to the measures p; in the sense of the
mean-difference.

Lemma 4.6 (Mean-difference of approximation). For i = 1,..., M let v; be a
truncated Gaussian measure centered around the local minimum m; with covariance
matriz ¥; = (V2H(m;)) !, more precisely

1 = e—m = emmy)
vi(dz) = 7 ¢ % 1g,(z) dz, where Z,, :/ e BE dz, (4.4)
13 E;
where we write Alx] := (x, Ax). The restriction F; is given by an ellipsoid
1
E,={zeR":|%, 2(x —my)| < V2e w(e)}. (4.5)

Additionally, assume that p,; satisfies PI(g;) with Qi_l =0(e).
Then the following estimate holds

(B (1) = By (1)) < 0cXe)) [ 194 (46)

where the function w(e) : R™ — R in (4.5) and (4.6) is smooth and monotone
satisfying

w(e) > |log5\% fore < 1.

The first step towards the proof of Lemma 4.6 is the following statement.

Lemma 4.7. Let v; be a probability measure satisfying v; < p;. Moreover, if u;
satisfies P1(o;) for some p; > 0, then the following estimate holds

1 dl/i
(B (1) = BN < v, (§2) [ 194 (1)

0i dp;
Proof of Lemma 4.7. The result is a consequence from the representation of the
mean-difference as a covariance. Therefore, we note that dy; = j;l dp; since

v; < p; and use the Cauchy-Schwarz inequality for the covariance

@Aﬁ—EMﬁV=/ijdm—/ﬂmJﬁzdm

d % d i
= covii (d:,f) < vary, <d:1> var,, (f).

2

Using the fact that p; satisfies a PI results in (4.7). O

The above lemma tells us that we only need to construct v; approximating pu; in
variance for i = 1,... M. The following lemma provides exactly this.

Lemma 4.8 (Approximation in variance). Let the measures v; be given by (4.4).
Then the partition sum Z,, satisfies for € small enough

Z,, = (2me) 2 \/det Z; (1 + O(Ve w(e))). (4.8)

Additionally, v; approzimates u; in variance, i.e.

v, (§2) = Oz e (19)
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Proof of Lemma 4.8. The proof of (4.8) reduces to an estimate of a Gaussian inte-
gral on the complementary domain R™\E;. We deduced this estimate already in
the proof of Lemma 3.13. By the same argument, we deduce

Z,, = (2me)2/det Z; (1 + O(ve wi(e))) .

Since p; comes from the restriction to an admissible partition according to Defini-
tion 2.1

Z,. = Z;Z, exp (H(:”) Az, 1+ 0(Ve Wi (e)) . (4.10)

The relative density of v; w.r.t. u; can be estimated by Taylor expanding H
around m;. By the definition of v; given in (4.4), we obtain that ¥, [y — m;] —
H;(y) = O(Jy — m4|*). This observation together with (4.10) leads to
dVi
dp,

Zpy Ayl H, Z,, oUv=—mil*
(y)zziﬂle =2y 1H25H‘(y)]1Ei(y):Zie E 1z, (y)

=1+ 0(Ve w’(e)).

Now, the conclusion directly follows from the definition of the variance
dl/i dl/i 2 dVi 2
e <dm) /E <dﬂi) . </ dp;
2
:/ 1+ O(Ve wi(e)) du; — (/ dVi)

<1+ 0(Vew?(e)) — 1= 0(Ve w?(e)).

O

Proof of Lemma 4.6. A combination of Lemma 4.7 and Lemma 4.8 together with
the assumption o; ' = O(¢) immediately reveals

5 (47),(49)

(B, (f) ~ B ()? < O(E%w3(5))/|Vf|2d,ui.
O

4.3. Affine transport interpolation. The aim of this section is to estimate
(Ey,(f) - E,, (f))2 with the help of the weighted transport distance 7, (v;, v;) intro-
duced in Section 4.1 and is formulated in Lemma 4.11. For the proof of Lemma 4.11,
we construct an explicit transport interpolation between v; and v; w.r.t. the mea-
sure . We start with a class of possible transport interpolations and optimize the
weighted transport cost in this class.

Let us state the main idea of this optimization procedure. Therefore, we recall
that the measures v; and v; are truncated Gaussians by the approximation we have
done in the previous Section 4.2. Hence, the measures v; and v; are characterized
by their mean and covariance matrix. We will choose the transport interpolation
(cf. Section 4.3.1) such that the push forward measures v, := (®y)419 are again
truncated Gaussians. Hence, it is sufficient to optimize among all paths v connect-
ing the minima m; and m; and all covariance matrices interpolating between X;
and X;.

4.3.1. Definition of reqular affine transport interpolations. Let us state in this sec-
tion the class of transport interpolation among we want to optimize the weighted
transport cost.
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Definition 4.9 (Affine transport interpolations). Assume that the measures v;
and v; are given by Lemma 4.6. In detail, v; = N(m;,e %) E; and v; =
N(mj;,e71%;)LE; are truncated Gaussians centered in m; and m; with covariance
matrices e7'%; and 5’12j. The restriction £; and Ej are given for [ =1,..., M
by the ellipsoids

E :={zeR": |El_%(x —my)| < Ve w(e)},  where w(e) > [loge|? .

A transport interpolation ®, between v; and v; is called affine transport interpola-
tion if there exists

e an interpolation path (vs)sepo,r] between m; = 7o and m; = yr satisfying

v = (Vs)sepo,1] € C*([0,T),R") and Vs€[0,T]:4, € S" 1, (4.11)
e an interpolation path (¥),e(o,7) of covariance matrices between 3; and X;
satisfying
Y= (Zs)sepor) € C*([0, T, RLT L), To=23; and Iy =3,

such that the transport interpolation (®)sc(o,7] is given by

O, (z) = £255 % (& — mo) + s (4.12)

Since the cost density A given by (4.3) is invariant under rescaling of time (cf. Re-
mark 4.4), one can always assume that the interpolation path 7, is parameterized
by arc-length. Hence, the condition 45 € S™~! (cf. (4.11)) is not restricting.

We want to emphasize that for an affine transport interpolation ()0, 1 the
push forward measure ()1 = v, is again a truncated Gaussian N (v, eT1Y,)LE,,
where F is the support of v; being again an ellipsoid in R™ given by

E,={z € R": S5 (x — )| < V2 w(e)). (4.13)
Therewith, the partition sum of v, is given by (cf. (4.8))
Z,, = (2me) 2 \/det X, (1 + O(VE)). (4.14)

1
By denoting o5 = 32 and using the definition (4.12) of the affine transport inter-
polation (®,)sep0,r), We arrive at the relations

Dy (x) = o050 H(x — mo) + s,
. (y)
(i)s o (I);l<y) = d—sU;l(y - 75) +;Ys~

000y (Y — vs) + mo,

Among all possible affine transport interpolations we are considering only those
satisfying the following regularity assumption.

Assumption 4.10 (Regular affine transport interpolations). An affine transport
interpolation (s, Xs)sejo,r] belongs to the class of regular affine transport inter-
polations if the length T' < T* is bounded by some uniform T* > 0 large enough.
Further, for a uniform constant c, > 0 holds

inf {r(z,y,2) :2,y,2 €v,2 £y # 2z # 2} > ¢y, (4.15)

where r(x,y, z) denotes the radius of the unique circle through the three distinct
points x,y and z. Furthermore, there exists a uniform constant Csx, > 1 for which

Cg'ld <X, <Cgld  and || < Cs. (4.16)
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The infimum in condition (4.15) is called global radius of curva-
ture (cf. [GMSvdMO2]). It ensures that a small neighborhood of
size %” around 7 is not self-intersecting, since the infimum can only
be attained for the following three cases:

(i) All three points in a minimizing sequence of (4.15) coalesce

to a point at which the radius of curvature is minimal.

(ii) Two points coalesce to a single point and the third converges

T
to another point, such that the both points are a pair of

closest approach. FIGURE 3.
(ili) Two points coalesce to a single point and the third converges Global radius
to the starting or ending point of . of curvature

In the following calculations, there often occurs a multiplicative error of the
form 1+ O(y/2 w?(¢)). Therefore, let us introduce for convenience the notation “~”
meaning “=" up to the multiplicative error 1+ O(y/z w3(¢)). The symbols “<” and
“>” have the analogous meaning.

Now, we can formulate the key ingredient for the proof of Theorem 2.12, namely
the estimation of the weighted transport distance 7,(v;,v;).

Lemma 4.11. Assume that v; and v; are given by Lemma 4.6. Then the weighted
transport distance T, (v;,v;) can be estimated as

! dv ?
ﬁ(ui,uj)i(if/(/o |y 0 ®; d,us ds> dp

1 dv 2
ginf/(/ [T, 0wl == ds) du
WU 0 d/l,
n—1

< m( et (V2 H (1)) | T(C2)"F e

H(s; j)

(27me) % A= (si,)] NG €
(4.17)

where the infimum over V4 only considers reqular affine transport interpolations Vg
in the sense of Assumption 4.10.

In particular, if we choose w(e) > |loge|2, which is enforced by Lemma 4.6, we get
the estimate

TEA/ |A€ 2 Si,j H(sq,5)
o) < oty PO S (1 owEL@).

Before turning to the proof of Lemma 4.11, we want to anticipate the structure of
the affine transport interpolation (v, ¥) which realizes the desired estimate (4.18):
Having a closer look at the structure of the weighted transport distance 7;2 (vs,v5), it
becomes heuristically clear that the mass should be transported from E; to E; over
the saddle point s; ; into the direction of the eigenvector to the negative eigenvalue
A (s;;) of V2H(s; ;). There, only the region around the saddle gives the main
contribution to the estimate (4.18). Then, we only have one more free parameter
to choose for our affine transport interpolation (v, X): It is the covariance structure
Y.« of the interpolating truncated Gaussian measure v+ at the passage time 7*
at the saddle point s; ;. In the proof of Lemma 4.11 below, we will see by an
optimization procedure that the best ¥, is given by X! = V2H(s; ), restricted
to the stable subspace V2H (s; ;).

The proof of Lemma 4.11 presents the core of the proof of the Eyring-Kramers
formulas and consists of three steps carried out in the following sections:
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e In Section 4.3.2, we carry out some preparatory work: We introduce tube
coordinates on the support of the transport cost A given by (4.3) (cf.
Lemma 4.12), we deduce a pointwise estimate on the transport cost .4
and we give a rough a priori estimate on the transport cost A.

e In Section 4.3.3, we split the transport cost into a transport cost around
the saddle and the complement. We also estimate the transport cost of the
complement yielding the second summand in the desired estimate (4.17).

e In Section 4.3.4, we finally deduce a sharp estimate of the transport cost
around the saddle yielding the first summand in the desired estimate (4.17).

4.3.2. Preparations and auziliary estimates. The main reason for making the reg-
ularity Assumption 4.10 on affine transport interpolations is that we can introduce
tube coordinates around the path «. In these coordinates, the calculation of the
cost density A given by (4.3) becomes a lot handier.

We start with defining the caps F, and Ef. as

Ey =={z € Ey: (x—70,%) <0} and Ef:={x€ Er:{(x—7,47) > 0},

The caps E; and E}' have no contribution to the total cost but unfortunately need
some special treatment. Further, we define the slices V; with s € [0, 7]

Ve = {o € span {3} 1 [£5 22| < V2 w(e)).

In span V; we can choose a basis €2, ..., e” smoothly depending on the parameter s.
In particular, there exists a family (Qs)seo,r) € C2([0,7],50(n)) satisfying the
same regularity assumption as the family (23;),¢[o,7) such that

Qsel = /3/57 Qsei = 6?97 for i = 27 sy N, (419)
1

where (e',...,e™) is the canonical basis of R".
Let use now define the tube E as

s€[0,T7]
The support of the cost density A given by (4.3) is now given by
suppA = E; UE U EJ. (4.20)
By the definition (4.13) of E and the uniform bound (4.16) on X4 holds

diamVs < 24/2eCx w(e). (4.21)
Therewith, we find

supp A C By, 5z05; w(e) (V) refo.r]) = {x eR"” i |z —v,] <2v/2eCx w(e)} .

&
for any € small enough. The next lemma just states that by changing to tube

coordinates in E one can asymptotically neglect the Jacobian determinant det J.

The assumption (4.13) ensures that B, /5zc5 o) ((Vr)ref0,77) 1s not self-intersecting

Lemma 4.12 (Change of coordinates). The change of coordinates (1,z) — x =
Y- + zr with z € V; satisfies for any function & on E

[ @~ [ : / et 20 der

Proof of Lemma 4.12. We use the representation of the tube coordinates via (4.19).
Therewith, it holds that = v, +Q,z, where z € {0} x R"~1. Then, the Jacobian J
of the coordinate change z — (7, Q,z) is given by

J =+ Qrz,(Qr)2, .-, (Qr)n) € R™™,
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where (Q;); denotes the i-th column of @),. By the definition (4.19) of Q. follows
4r = (Q-)1. Hence, we have the representation J = Q,+Q,z®e;. The determinant
of J is then given by

det (QT FO,2® 61> - det:(?T) det (Id HQTO2) ® 61) — 14 (QIQTZ)I .

By Assumption 4.10 holds ||Q, || < Cs implying (Q] Q,2)11 = O(2). Since Q,z €
Vi, we get O(z) = O(y/e w(e)) by (4.21). Hence we get

det J =1+ O(ve w(e)),
which concludes the proof. O

F1GURE 4. The support of A in tube coordinates.

An important tool is the following auxiliary estimate.
Lemma 4.13 (Pointwise estimate of the cost-density A). For x € supp A we define

T = argmin |z — 7| and Zr =X — Yo (4.22)
s€[0,T)

Then the following estimate holds

n—1 - 51 zr] £-1zr]
Alz) S (27rs)‘T\/det171(QIE;1QT) eTET =P e E e, (4.23)
where Q is defined in (4.19) and X7 is given by
= 1
STl =20 - =B 9 B0 (4.24)
Xr 1[77]

Further, det; 1 A denotes the determinant of the matriz obtained from A removing
the first row and column.

Remark 4.14. With a little bit of additionally work, one could show that (4.23) holds
with “~” instead of “<”. It follows from (4.24) that the matrix ¥ is positive
definite. Hence, A is an R™ !-dimensional Gaussian on the slice v, + V; up to
approximation errors.

Proof of Lemma 4.13. By the regularity Assumption 4.10 on the transport inter-
polation, we find that for all € supp .4 holds uniformly

Ir(z) == {s: E, >z} satisfies H'(Ir(z)) = Oz w(e)).

This allows to linearize the transport interpolation around 7 given in (4.22). It
holds for s such that x € E

57w — ) = 57 e + 2 — 7] + O(e7 w3 (€))
=%

, (4.25)
(T = 8)Fr + 2] + Oe2w’(e)).
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For similar reasons, we can linearize the determinant det Y, and have det ¥, =
det X, + O(y/ w(¢)). Finally, we have the following bound on the transport speed

|50 & (2) 1, (2) = |6505 (& = 75) + 75| L, (2
< (|sos @ = )] + I%)llE () (4.26)
< (Cslz =7l + D 1g,(z) = (1 + O(Ve w(e))) 1p, (2).

Let us first consider the case x € E. We use (4.14), (4.25) and (4.26) to arrive with
T =7, + z; where z, € V. at

I SO DU
Aw) = [ (b8 @)] 5 e (g2 ] ) 16, o) s

1 14+ O(Ve w(e)) 1oy
= (27e) 3 /IT(I) Vdet 3 P (_2625 v = 75]) ds

();iz [0 (g5 = ohie 421 as

det Y7 V2me 1.
(27e) 2 ET_I[%] exp (2527 1[zT]) (1 +0(ve w3(5)) 7

where the last step follows by an application of a partial Gaussian integration (cf.
Lemma C.1). Finally, by using the relation (C.2), we get that

det X1
= ]
and conclude the hypothesis for this case.
Let us now consider the case x € E; U E}r . For convenience, we only consider the

case © € Ej . By the definition of E; holds 7 = 0. The integration domain Ir(z)
is now given by

= det11(Q] £71Qy),

Ir(z) =1[0,s") with s* = O(Ve w(e)). (4.27)
Therewith, we can estimate A(x) in the same way as for z € E and conclude the
proof. O

We only need one more ingredient for the proof of Lemma 4.11. It is an a priori
estimate on the cost density A.

Lemma 4.15 (A priori estimates for the cost density A). For A it holds:

/A z ST, and (4.28)

n—1

A(x)

N

(CZ) ’ for x € supp A. (4.29)

2me

Proof of Lemma 4.15. Let us first consider the estimate (4.28). It follows from the
characterization (4.20) of the support of A that

/A(x) dz = /EA(a:) dz + [EOUE; A(z) dz. (4.30)

Now, we estimate the first term on the right-hand side of the last identity. Using the
change to tube coordinates of Lemma 4.12 and noting that the upper bound (4.23)
is a (n — 1)-dimensional Gaussian density on V, for 7 € [0,7T], we can easily infer

that
/ Az) dz < 7] =
E
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Let us turn to the second term on the right-hand side of (4.30). For convenience,
we only consider the integral w.r.t. the cap E; . It follows from (4.26) and (4.27)

that
1 s
A(z) dz < / / vs(z) ds dz = / / vs(z) dz ds
Ey Ey Jo o JEy

</ : [ (o) dods =5 = O(E wle))

which yields the desired statement (4.28).
Let us now consider the estimate 4.29. Note by Remark 4.14 the matrix X1 given
by (4.24) is positive definite and the matrix we subtract is also positive definite.
Therefore, it holds in the sense of quadratic forms

- . 1

0<>x =¥

T T __7.2;1;}/7_@2;1/)/7_S2;1'
27'1[77']

Now, the uniform bound (4.16) yields

n—1
2

\/detl,l(QIi;lQT) < Cy

Then, the desired statement (4.29) follows directly from the estimate (4.23). (]

4.3.3. Proof of Lemma 4.11: Reduction to neighborhood around the saddle. Firstly,
observe that from (4.29) follows the a priori estimate

.AQ €T C n—l 1H(z
#((x)) < (2;5) Z, ez @), (4.31)

Hence, on an exponential scale, the leading order contribution to the cost comes
from neighborhoods of points where H(z) is large. Therefore, we want to make the
set, where H is comparable to its value at the optimal connecting saddle s; ;, as
small as possible. For this purpose, let us define the following set

Eyy:={z esuppA: H(zx) > H(s;;) —ew’(e)}. (4.32)

Therewith, we obtain by denoting the complement ES s i=supp A\Z, » the split-
ting

2 A(x) Ax)
Ti(vi,v;) < ., ) d +/E;,2 e dx.

w
The integral on ZF 5, can be estimated with the a priori estimate (4.31) and Lem-
ma 4.15 as follows

2 4.32 H(sij)
Az) dz ( < ) Zye < : _“’2(5)/ A%(z) da

() N =e

| > / A(z) d (4.33)

n—

(428)  Hiw) o (O \ "2
S Zue o0 <2m)

>
s

(4.29) H(s;,;
S ZHG (5 ) “’2(5)<
2me

We observe that estimate (4.33) is the second summand in the desired bound (4.17).
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4.3.4. Proof of Lemma 4.11: Cost estimate around the saddle. The aim of this
subsection is to deduce the estimate
A% (z) dp < _Zn_ JHwn 2me |det(V2H (si,;)|

Eyxz () T (271'6)% e |)‘_(5i,j)| . (4.34)

Note that this estimate would yield the missing ingredient for the verification of
the desired estimate (4.17).

By the non-degeneracy Assumption 1.7, we can assume that ¢ is small enough
such that Ej U E; C Ej 5. Hence, it follows that =, C E. We claim that
the transport interpolation ®; can be chosen such that there exists a connected
subinterval It C [0, T] satisfying

s C JVatr) and  H'(Ir) = O(VEw(e)). (4.35)

selr

Indeed, the level set {z € R" : H(x) < H(s; ;) — cw*(¢)} consists of at least two
connected components M; and M; such that m; € M; and m; € M;. Further, it
holds
dist(M M) = inf o =yl = O(VE (),
which follows from expanding H around s;; in direction of the eigenvector cor-
responding to the negative eigenvalue of V2H (si,;). We can choose the path
in direction of this eigenvector in a neighborhood of size O(y/e w(e)) around s, ;,
which shows (4.35).
Combining the covering (4.35) and Lemma 4.12 yields the estimate

2 2
A 4, </ / Atz g gy (4.36)
E'y,Z :u'(‘r) Ir 77'+Z7')

Recalling the definition (4.19) of the family of rotations (Q)-¢[o, 1], it holds that
2, = Q,z with z € {0} x R"~!. Hence, the following relation holds

2
/ A2%( %JrZT dz, dT:/ / HVT(QTZ)M dr dz.
It 7T +zT {0} xRn=1 JIp M(VT +QTZ>
(4.37)

The next step is to rewrite H (v, + Q-z). We assume, that v actually passes the
saddle s; ; at time 7 € (0,7). Then, by the reason that |z.| = O(y/ w(e)) for
zr € V, and the global non-degeneracy assumption (1.4), we can Taylor expand
H(v; + z;) around s; ; = v,« for 7 € I and 2z, = Q,z € V.. More precisely, we
get

H(vr + Qr2) — H(si ;)

= %VQH(Si,j)[% +Qrz = sigl+ Oy + Qrz — 51"

= SV H(siy)le — o]+ 5 V2 H 5:,)[Q-]
+(Qr2, V2 H(5i,5) (v — 7)) + 0|77 + Qrz —

Now, further expanding v, and @, in 7 leads to

%)

Vr = Vr* +"yT*(T—T*)+O(|T—T*|), and
Qrz=Qrz+ O(|T = 77| |2]).
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For the expansion of H, we arrive at the identity

H(vr +Qrz) — H(sij) =
SV H(si ) (7 = 7%) + O(I7 = 7] + 5V H(s3)[@r-= + O(I7 — 77| |2])
+{Qrez+ O = 7121), V2 H s45) (3o (r = 7) + O = 7)) )
+0(7r + Qrz — )

= SV H(si)lre] (r = )+ 5 V2 H s:,)[Qr 2
+(Qrz, V2 H (51,) 7= ) (T = 77)
+O(r =P 2l =717 2 I = 771 |21).

Using |7 — 7| = O(y/e w(e)) and |z| = O(y/e w(e)) we obtain for the error the

estimate
O(lr = 71>, |2l I = 77, |21 |7 — 71, |2°) = O(e® w®(e)).

The term (Q-+2z, V2H (s; ;)37 ) (T — 7*) in the expansion of H has no sign and has
to vanish. This is only the case, if we choose ¥, as an eigenvector of VZH(s; ;) to
the negative eigenvalue A~ (s; ;), because then

(Qr-2, V2H (53,37 ) (T = 7°) = A (50,3) (Qre2,47+) = 0.
Additionally, by this choice of 4.+ the quadratic form V2H(s; ;)[¥,-] evaluates to
VZH (55,3) ] = A7 (5i,5) -

Therefore, we deduced the desired rewriting of H (v, + Q-2) as

2 = /\_(Si,j)~

_ N 1 3
H(yr +Qr2) = H(si ) = N (sig)l(r = 77)% + 5 V2 H(5,)[Qr-2] + O(e7 w(2)).
(4.38)
From the regularity assumptions on the transport interpolation we can deduce that

2 Q-2) = £ [Qr2) + O — 77 |2])
22 Qe 2+ O =77 2] + O(Ir — 7| |2)
M Q2] 4+ 022w (e)).

Then, it follows easily from the definition (4.23) of P, that

P~ P, for 7 € Ir. (4.39)

Applying the cost estimate (4.23) of Lemma 4.13, the representation (4.38) and the
identity (4.39) yields the estimate for (v, + Q-2) € E4 5

2 Iy @87} —V2H(s; i NIQ =2l AT (s; ) |(r—7%)2
A% (yr + Qr2) < 7,02 po - T =T
w(yvr + Q-2)

The exponentials are densities of two Gaussian, if we put an additional constraint
on the transport interpolation. Namely, we postulate

257 — V2H(s; ;) >0 on spanV,-

in the sense of quadratic forms. It holds that spanV,« = Q.,({0} x R*"!) =
span { ¥, }J‘ is stable subspace of V2H (s; ;). With this preliminary considerations
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we finally are able to estimate the right-hand side of (4.37) as follows

A2 T T

/ / ]IVT (QTZ) M dT dZ

{0}xRn—1 JIp 1w + @r2)
(4.40)  H(s, ) (G2 V2 H(si Qpxz] (AT (sig)|(r=m)?

S Z‘u okt / / Pf* e~ 5 - 2¢e dT dZ

{0}xRr—1 JIp
. e i el
e \/%/ P g
|>\7(Si,j)| {0} xR»—1
;e VIme (2me)"T 4y
pwe ©
Gl %MU L(257F - V2 H(5:,))Q:-)

ZH Hsi,5) 21 detq 1(Q E Q-,— )

= ——= € — .
\/|)\ S’L.yj \/detl’l (Q;r* (22;*1 — V2H(Sz,j))QT*)

<Z,e

(2me)2

to optimize!

The final step consists of optimizing the choice of Y,«. Let us use the notation
A=Q. Z;lQT* and B = Q;H(si7j)QT*. Then the minimization problem has the
structure

A
inf dety.y :24—B>0 on {0} xR"'}. (4.42)
AE]R:me"Jr detm (2A — B)

In the appendix, we show in Lemma C.2 that the optimal value of (4.42) is attained
at 1 V2H(sw) restricted to V;«. The optimal value is given by

det;1 A
Because V- is the stable subspace of V2H (s; ;), it holds
det(V2H (si;)) B | det(V2H (s;;))]
A~ (si9) A7 (si5)]

The final step is a combination of (4.36), (4.37), (4.41) and (4.43) to obtain the
desired estimate (4.34). This together with (4.33) concludes (4.17) of Lemma 4.11.

= \/dety 1 (QL V2H(5:,/)Q;-).

dety 1(QL.V*H(s; ;)Q).) = (4.43)

4.3.5. Proof of Lemma 4.11: Total error estimate. For the verification of Lemma 4.11,
it is only left to deduce the estimate (4.18). For that purpose we analyze the error
terms in the estimate (4.17) i.e.

Z Hsig) V/|det(V2H (s; 2
T2 (v, v) < —H e 27 i) e’“’ ).
n ) S ) o

=0(1) —O(e" B e—w2(2)

w3

By the choice of w(e) > |log E|%, enforced by Lemma 4.6, we see that

O(e 2 ) = 0(V/3).

Recalling, that “<” means “<” up to a multiplicative error of order 1+0(y/€ w3(e))
we get the desired estimate (4.18)

Z,u eH(SEi,,j) ome |d€t(v2H(Si’j)‘

Teivi) S ey (o))

(1+0(Ve w’(e))) -

N3
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4.4. Proof of Theorem 2.12: Conclusion of the mean-difference estimate.
With the help of Lemma 4.6 and Lemma 4.11 the proof of Theorem 2.12 is straight-
forward. We can estimate the mean-differences w.r.t. to the measure p; by intro-
ducing the means w.r.t. the approximations v; and v;.

(Eui(f)_EMj (f)) = (Euz (f)_]EVL(f) + Ew (f)_EuJ (f) + EVJ' (f)_Euj (f))

We apply the Young inequality with a weight that is motivated by the final total
multiplicative error term R(e) in Theorem 2.12. More precisely,

2 2

2

(B (F) = By, (1) < (14 £20%(6)) (Buy () — By ()" +
+2(1+ e (@) (B (1) = Bua (1))’ + (B, (/) — By (1))

Then, the estimate (4.6) of Lemma 4.6 yields

2 2
(B (f) —Eu () < L+ Vew®(©) (B, (f) — Ey, (f)” +O(e) / V1 dp,
(4.44)
which justifies the statement, that the approximation only leads to higher-order
error terms in €. An application of (4.1) to the estimate (4.44) transfers the mean-
difference to the Dirichlet form with the help of the weighted transport distance

(B (F) — By (1) < (14 VE () T2 (i) + O(E) / V5P du,

The weighted transport distance 7,(v;,v;) is dominating the above estimate. Fi-
nally, we arrive at the estimate

(o () — By (1) < T2 1) / V£ du

Now, the Theorem 2.12 follows directly from an application of the estimate (4.18)

of Lemma 4.11 and setting w(e) = |log5\%.

APPENDIX A. PROPERTIES OF THE LOGARITHMIC MEAN A

In this part of the appendix, we collect some properties of the logarithmic
mean A(-,-). A more complete study can be found in [Car72].
Let us first recall the definition of A(,-) : RT™ x Rt — R*

1 a—b b
Aa,b) = / a®b* ds = {log“_logb a : (A.1)
0

a ,a=1>b

The equation (A.1) justifies the statement, that A(-,-) is a mean, since one immedi-
ately recovers the simple bounds min {a,b} < A(a,b) < max{a,b}. Moreover, two
other immediate properties are:

e A(-,-) is symmetric

e A(:,) is homogeneous of degree one, i.e. for A(Aa, \b) = AA(a, b) for A > 0.

The derivatives of A(-,-) are given by straight-forward calculus

1 _ Alad) _A(Z,b)
OuA(a, b)) = ———2— >0 d OA(a,b) = ——>— > 0.
(2,) loga—logb> an vA(a;0) logb—loga>

Hence A(:,-) is strictly monotone increasing in both arguments.
The following result is almost classical and proven for instance in [Car72, Theo-
rem 1], [Miell, Appendix A] and [Bha08].
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Lemma A.1. The logarithmic mean can be bounded below by the geometric mean

and above by the arithmetic mean

a+b
2 )

Vab < A(a,b) < (A.2)
with equality if and only if a = b.

The bounds in (A.2) are good, if a is of the same order as b, whereas the following
bound is particular good if § becomes very small or very large.

Lemma A.2. It holds for p € (0,1) the following bound
Alp, 1 — 1 1
Alp.1-p) < min T — ¢ (A.3)
p(1—p) plog (1 —p)log —;

Proof. Let us first consider the case 0 < p < % Then, it is enough to show, that

- 1-2p)logl |
M logEZW%l. (A.4)
p(1—p) P (1-p)log =~

This follows easily from the following lower bound on the denominator

1
(1—p)log > (1 —2p)log —,
p

1 1 1
P = (1-2p)log ~ + plog ~ — (1 p)log

p p I—p
since plog% - (1-p) loglflp >0for0<p< % The case % < p < 1 follows by
symmetry under the variable change p — 1 — p. It remains to check the case p = %

The left-hand side of (A.4) evaluates for p = 1 to

A(p,1— 1
lim M plog — =log2 < 1.
p—1 p(1—p) p
O

The logarithmic mean also occurs in the following optimization problem, which
appears in the proof of the optimality of the Eyring-Kramers formula for the loga-
rithmic Sobolev constant in one dimension (cf. Section 2.4).

Lemma A.3. Forp € (0,1) and t € (0,1) we define the function hy,(t) according

to
2
t_ 1-t
h(t) = (i~ VE) (A.5)
P tlog L 4+ (1 —t) log =L ’
D 1-p
Then it holds A )
. p,1—p
h,(t) = ————=. A6
o 0 = ) (A0

The minimum in (A.6) is attained for t =1 — p.

Proof. Let us introduce the function f, : (0,1) — R and g, : (0,1) — R given by
the nominator and denominator of A, in (A.5), namely

fp(t) == (\/% - \/g)z and  gp(t) == tlog% + (1 —1t)log ﬁ.

It is easy to verify, that the following relations for the derivatives hold true
') = t . f1=t 1 1 / - t_ 1-t
£0 = (% - =) ( J+ (1_p><1_t>> L gt =logt —log 1=t (A7)
_ . Ja-t —
» () =\ 1= 77 > 0 9 (1) = =gz > 0.



PI AND LSI BY DECOMPOSITION OF THE ENERGY LANDSCAPE 49

Hence, both functions f, an g, are strictly convex and have a unique minimum for
t = p, where they are both zero. The derivative of the quotient of f, and g, has
the form

o) = (240 = i (00 - 5,00) (A9
The representation (A.7) for g, leads to
hy (g5 (t) = (t£,(t) = fp(t) log § + (1 = ) f,(t) + f,(t)) log 1= (A.9)

Now, we can use (A.7) for f; to find

-s0= (/5 V) (Vi v Vi V)
Va-p) (-t p)(lt(\F’W)

(=), (1) + fp(1) (\f \/>) (A.11)

Using (A.10) and (A.11) in (A.9) leads by (A 8) to

-3 - megl_t <)

= e l?) =y (1)

(A.10)

and likewise

Since g,(p) = g,(p) = 0 and g, (p) > 0, the function q%(t) has a pole of order 4

in ¢ = p. Moreover, the function v,(t) has a simple zero in ¢t = p. We have to do
some more investigations for the function w,(t). First, we observe that w,(t) can

be rewritten as
t—p Vip log /(1 -1)(1 —p) log =)
A—tt(1—pp \ (t—p) (p—1) '

=y (t) =1y (t)

wy(t) =

The function w,(t) can be expressed in terms of the logarithmic mean
- Vip V(A =H)(1 —p)
) = — A12
P = R p) T AI— 11— p) (A.12)

and is measuring the defect in the geometric-logarithmic mean inequality (A.2).
Let us switch to exponential variables and set

t 1-—t
z(t) = log\/7 and y(t) :=log/——.
(1 : (v =
Note, that either z(t) <0 < y(t) for t <por y(t) <0 < z(t) for t > 0 with equality
only for ¢t = p. Therewith, (A.12) can be rewritten as
- (t) y(t)
Wp(t) = = - = .
sinh (z(t))  sinh (y(¢))
By making use of the fact, that the function » +— Li— is symmetric, strictly

monotone decreasing in |z| and has a unique maximum in 1, we can conclude that

Wp(t) =0 if and only if  x(t) = —y().

The solutions to the equation z(t) = —y(t) are given for ¢ € {p,1 — p}. Let us first
consider the case t = p, then z(t) = y(¢t) = 0 and w,(p) is a zero of order 2, since
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the function x — = is strictly concave for ¢ = 0. Now, we can go back to By, (t)

and argue with the representation
t)w, (t)w,(t
lim A/ (¢) = lim U@y (D, (1) )w§< )8, (1)
t—p t—p 95 (t)
This is a consequence of counting the zeros for ¢ = p in the nominator and denomi-
nator according to their order. For the denominator gg (p) is a zero of order 4. For
the nominator we have v,(p) is a zero of order 1, wy(p) is a zero of order 1 and
Wy (p) is a zero of order 2, which leads in total again to a zero of order 4 exactly
compensating the zero of the denominator.
The other case is t = 1 — p. Let us evaluate h,(1 — p), which is given by
2
s = (1-p))
1—
(1 —p)log =2+ plog t£;
_ 1 (P—(1-p)* _ Alp1-p)
p(l=p)(p— (1 —=p))log & p(1-p)
Since, t = 1 — p is the only critical point of h,(¢) inside (0,1), it remains to check
whether the boundary values are larger than h,(1 — p). They are given by
1 1

e S R 7

0.

hy(1—p) =

We observe, that the demanded inequality to be in a global minimum

Alp,1—p) ' . 1
h,(1 —p) = ———= < min ,
=P == plog I’ (1= p)log .=

is just (A.3) of Lemma A.2. O

APPENDIX B. INTEGRATION BY PARTS ON BASINS OF ATTRACTION

The goal of this appendix is to proof the integration by parts formula, which is
an ingredient of the Lyapunov approach in Section 3.

Theorem B.1 (Integration by parts). Let H € C3(R™,R) be a Morse function
(cf. Definition 1.3) with compact sublevel sets and let Q be the basin of attraction
associated to a local minimum of H (cf. Definition B.7), then it holds

V1.9 € H' ko) with Vgl|VH on 00 [ f(-Lg)du== [ (VS.Vg) d
Q Q

where Vg||VH means |Vg(z) - VH| = |Vg(z)| [VH(z)| for H" 1-a.e. z € 09Q.

Remark B.2. The property of H possessing compact sublevel sets is called proper.
This gives enough compactness, i.e. the Palais-Smale condition [Jos08, Defini-
tion 6.2.1.], to apply several results from Morse theory and dynamical systems.
Moreover, if H satisfies Assumption (1.4), then H is proper.

B.1. Properties of gradient flows.
Definition B.3 (Gradient flow). Let ¢:(x) be the trajectory associated to the
negative gradient flow of H started in z, i.e.

e =—VH(¢:) and  ¢o(z) =z €R"

Lemma B.4 (Properties of gradient flow trajectories).

i) For each x the trajectory t — ¢¢(x) has a mazimal interval of definition of
the form (—ayg, 00) for a, € (—o0,0) U {—o00}.
it) For each x: limy o0 1(x) =: doo() € S.
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iii) Stability on finite time intervals, i.e. for any T > 0 holds if x, — x also

¢r(wn) = ¢r(2).

Proof. Since H is locally Lipschitz, the trajectory ¢.(x) has a maximal interval of
definition 0 € (ay, B;) U {£oo} by the Picard-Lindelof theorem. Moreover, since

OH (1) = — |[VH(zy)]> = — |in[> <0 (B.1)

the trajectory {¢¢(x)},~, is confined to the sublevel set {y : H(y) < H(z)}, which
is compact, since H is proper. On this sublevel set H is globally Lipschitz and the
limit lims—, o0 ¢4 (2) = doo(x) exists proving ¢). In addition, this implies

/oo IVH(¢)? dt "2 - /OO O H(¢y) dt = H(z) — H(¢oo(2)) < 0.
0 0

Therefore, it follows ¢ (2) € S := {x € R" : VH(x) = 0} is a critical point prov-
ing i1). The stability follows from the estimate

(67 (2n) — 67(2)] = |20 + / Orbr () lt — z — / D1 (2)

(B.2)
T
< Jon —2| + / VH(6r(,)) — VH(6,(x))] dt.

All ¢¢(z,,) are confined to a common compact set by properness of H and in par-
ticular VH is Lipschitz continuous in this compact set. This leads for some K > 0
and all ¢ € (0,T) to the estimate

IVH(¢u(xn)) = VH(¢e(2))] < K [dr(2n) — ¢u()]

Using this estimate in (B.2), we can apply the Gronwall inequality to obtain
|p7(20) — b7(2)| < |7 — 2| (1 + 5T, which proves iii). O

We want to define a global flow w.r.t. VH. Since, VH can have superlinear
growth and is in particular not globally Lipschitz continuous, we use the following
reparameterized version for a global flow.

Theorem B.5 (Global flow by reparameterization [Wei07, Theorem 4.4.]). A global
flow of diffeomorphism ¢; : R™ — R™ w.r.t. H is defined by

VH@GE)
T VHG@) ¢ e =e B

This flow is equivalent to the negative gradient flow of H upon a reparameterization
of time. The vector field F is globally Lipschitz and bounded. It defines a global
flow on R", i.e. ¢r1s = Pt o s for allt,s € R.

i) = F(du(a) =

Corollary B.6. Fach point x € R™ belongs to exactly one trajectory t — ¢.(x).

Proof. We apply [Jos08, Corollary 1.9.1.] to the global flow ¢, and by Theorem B.5
translate the result back to ¢;. O

B.2. The stable manifold.

Definition B.7 (Stable manifold). To each critical point s € S the stable manifold
is defined by

W=(s) := {:v ceR": tlim oi(x) = s} .
Moreover, we call the dimension k € {0,...,n} of the unstable subspace of V2H(s)

the index of the saddle point s. If m is a local minimum of H, i.e. a critical point
of index 0, we call W=(m) the basin of attraction for m.
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Lemma B.4 i7) and Corollary B.6 ensure the stable manifold to be well-defined
and immediately provide:

Corollary B.8 (Partition of state space). Let S be all critical points of H, then R™
is the disjoint union of all stable manifolds denoted by
R" := U W3(s).
seES

Theorem B.9 (Local stable manifold theorem [Jos08, Theorem 6.3.1.]). Let s € S
and E3(s) be the stable subspace of V%H(s), i.e. V2H(s)|es has a positive spectrum.
Then there exists a neighborhoods U, U of s, such that We(s)NU is a Ct-graph over
(s+E&3(s))NU. Especially, the dimension of W3(s)NU and E3(s) are equal to n—k,
where k is the index of s.

The local result can be extended by the reparameterized flow to the global man-
ifold theorem.

Theorem B.10 (Global stable manifold theorem [Jos08, Corollary 6.3.1]). The
stable manifolds W=(s) for s € S of the flow associated to F (B.3) are immersed
C'-manifolds of dimension n — k, where k is the index of s.

In the present case of a gradient flow the result can be strengthen to

Theorem B.11 (Global stable manifold theorem for gradient systems [Jos08,
Corollary 6.4.1]). The stable manifolds W=(s) for s € S of the gradient flow associ-
ated to H are embedded C' -submanifolds of dimension n — k, where k is the index

of s.

Proof. We have to modify the proof of [Jos08, Corollary 6.3.1], since VH can have

superlinear growth. Instead considering the gradient flow w.r.t. H we consider the

equivalent flow ¢, of Theorem B.5. We have to observe two additional facts, which

we postpone to the end of the proof

a) The flow has no nonconstant homoclinic orbits, i.e. nonconstant orbits with
limy_, oo ¢ () = limy o0 @1 () (cp. [Jos08, Lemma 6.4.3.]).

b) For each z, holds |VH(¢;(x))| — 0 as t — oo and either |VH(¢;(x))| — 0 or
H(¢y(z)) = 00 as t — —oo (cp. [Jos08, Lemma 6.4.4.]).

This allows to conclude the proof by first applying Theorem B.10 to F(z) =

—VH(z)/(1 + |VH(x)|). Every point x € R™ is contained in a unique trajec-

tory ¢.(x) by Corollary B.6. However, a trajectory is typical not compact. In b)

we show that limit points in R™ are critical points of H. The local situation around

critical points is given by the local stable manifold theorem B.9, which provides a

local chart around the critical point. Selfintersection of trajectory is excluded by

the observation in a). Hence, the immersion of Theorem B.10 is an embedding.

We still have to show a) and b):
Ad a): The energy also decreases w.r.t. to the reparameterized flow

_VHGE)
4 IVH(G(@)]

Hence, for a trajectory either holds |VH| =0 or [VH| > 0 for all ¢, which gives a).
Ad b): Integrating the identity (B.4), we obtain for ¢t > ¢;

H(Gn (@) ~ Hdo() = [ 0> [F9m(G )

Since H is bounded from below, we get that H(¢oo(x)) > —00. Hence H((];lgl (z)) —
H (¢, (x)) < oo for all 5 > t; and we immediately deduce from (B.4) that ¢ () €

O H (¢y(2)) = —VH - 0ypy () = (B.4)
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S showing the first part of b). If H(¢_o(z)) < oo, then by the same argument
d_oo(x) € S. Hence, we have shown the dichotomy b). O

B.3. The boundary of the basin of attraction.

Lemma B.12. The set {W=(m)},, .\ is a partition of R™ upon Lebesgue null sets,
denoted by

R" = [H W*(m). (B.5)
meM

Moreover, it holds

U OW*=(m) = U W3(y). (B.6)

memM yeS\M

Proof. For (B.5), we observe that W#*(y) for y € S\ M are Lebesgue null sets, since
they are n — k dimensional C'-submanifolds for 1 < k <n (cf. Theorem B.11).

Theorem B.11 proves in particular, that for each m € M the embedded subman-
ifold W#(m) is open in R™, hence dW*(m) N W#=(m) = (. Therewith, the second
statement (B.6) follows from Corollary B.8. O

Theorem B.13 (The boundary of the basin of attraction). Let m € M be a local
minimum of H. There exists a set S,, C S\ M of k-saddles with k > 1 such that

owem) = ) W*(y)

YESm

Proof. We define a critical point y € S to be in S, if for each open neighborhood
U(y) holds U(y) N W=(m) # (. From B.6 follows that y € S,, cannot be another
local minimum and hence S,, C §\ M. Now, we take z, — z € IW?*(m).
From (B.6) follows, that z € W#(y) for some y € S\ M. We have to prove, that
y € Sp. There exists an open neighborhood U (x) such that z,, € U(z) for n > N.
Then for any open neighborhood U (y) of y exists T > 0 such that ¢r(x) € U(y). By
existence of the flow ¢; for positive time, it follows hat ¢ (U(x))NU(y) =: U(pr(x))
is an open neighborhood of ¢r(z). By stability of the flow on finite time intervals
(cf. Lemma B.4 ii1)), it follows ¢7(z,) — o1 (x), hence ¢r(x,) € U(dr(z)) for n
large enough, which shows that W=(m) N U (¢ (z)) # 0 and finally y € S,,. O

Proof of Theorem B.1. Let m be a local minimum of H. By Theorem B.13 the
boundary of W#(m) is the union of C'-submanifolds. The relevant submanifolds
for integration, are the n — 1-dimensional ones. By Theorem B.11, these n — 1-
dimensional submanifolds correspond to stable manifolds of saddle points of index
1, denoted by S;. Hence, for H" !-a.e. x € 9W*(m) exists a 1-saddle y € S,,, NSy
such that @ € W*(y). Therefore, the normal on W#(m) exists H" !-a.e., which

gives enough regularity to integrate for f,g € H'(u|q) by parts
[fetgdu=c [ (9599 du-c | reganian)

Q Ws(m) Ws(y)

yeSHNS1

By the assumption Vg||VH, it is enough to show that VH(z)-n = 0 for H"1-
a.e. € OW#(m). This is proven by contradiction for z € OW=(m). Assume
that = ¢ S, i.e. VH(z) # 0 and VH(z) -n # 0. Then for some ¢ > 0 there
exists t* € (—e, ) such that ¢ (x) € W=(m). By definition of W=(m) and global
existence of the trajectory {¢¢(x)},s,. from Lemma B.4 ii) follows x € W#(m),
which contradicts (B.6) and Corollary B.8. O
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APPENDIX C. AUXILIARY RESULTS FROM SECTION 4

C.1. Partial Gaussian integrals. This section is devoted to proof the represen-
tation for partial or incomplete Gaussian integrals. Lemma (C.1) is an ingredient
to evaluate the weighted transport cost in Section 4.3.

Lemma C.1 (Partial Gaussian integral). Let X1 € R+ be a symmetric posi-

tive definite matriz and let n € S"~! be a unit vector. Therewith, {rn + 2} e 18
for z* € R™ with (n,2z*) = 0 an affine subspace of R™. The integral of a centered
Gaussian w.r.t. to this subspace evaluates to

- ) v2r SEETO
/]Rexp (—;Z [rn+ 2z ]) dr = 221[77]exp (—E [z ]),
B Ylpe Tl
vl

Proof. To evaluate this integral on an one-dimensional subspace of R™, we have to
expand the quadratic form X ~![rn + 2z*] and arrive at the relation

/]R/exp (—;El[w]—kz*]) dr
= exp (;21[2*0 /]Rexp (izl[n] +r{n, zlz*>) dr
= exp (—12_1[2:*]) _Yar exp <<n’ EIZ*>2>

with X~ l1=x"1

2 ==1[n] 25
2 1 r! r!
(4 EE )
S-1n] 2 )
which concludes the hypothesis. O

C.2. Subdeterminants, adjugates and inverses. Let A € R:yf;f 4, then define
for n € S"~! the matrix
B An® An

Aln]

The matrix A has at least rank n— 1, since we subtracted from the positive definite
matrix A a rank-1 matrix. Further, from the representation it is immediate, that
A has rank n— 1 if and only if 7 is an eigenvector of A. In this case ker A = span.
It immediately follows A > 0 on V := span {n}", which is the (n — 1)-dimensional
subspace perpendicular to 7. Then for a matrix A € ]R;Lyxn? 4+ we want to calculate
the determinant of A restricted to this subspace V. This determinant is obtained
by first choosing @ € SO™ such that Q({0} x R"~!) = V and then evaluating the
determinant of the minor consisting of the (n — 1) x (n — 1) lower right submatrix
of QT AQ denoted by dety 1(Q " AQ). Hence, we have

det1 1(QTAQ),  withQ € SO(n): Q' n=¢'=(1,0,...,0)".

A=A (C.1)

Since V' = span {n}{ it follows that the first column of @ is given by 7 and we can
decompose Q" AQ into

T
QTAQ = (f@T Q/ﬁ>,
QTAn  QTAQ

where for a matrix M, M is the lower right (n — 1) x (n — 1) submatrix of M and
for a vector v, ¥ the (n — 1) lower subvector of v. Therewith, we find a similarity



PI AND LSI BY DECOMPOSITION OF THE ENERGY LANDSCAPE 5

ot

transformation which applied to QT AQ results in

detA:detQTAdeet«/A@T Qjﬁ) (1 ‘QAT[?]"»
Ay GTAQ) \0 1d.

; t( A[n}T 0 )
= de —_—
Q Ay QTAQ - Anxdi

T T
— ap]dets, (Q7AQ - LALEL AT

The determinant of the minor is given by

T T
e (@740 - SRR = (@ (- ) ).

Hence, by the definition (C.1) of A and the subdeterminant we found the identity
det A = A[n] det1 1(QT AQ). (C.2)

C.3. A matrix optimization.
Lemma C.2. Let B € R, , then it holds
inf $:2A>B = Vdet B
AERZXT det (2A — B)
and for the optimal A holds A = B.

Proof. We note that
det A 1

Vet 2A-B) \/det 1 det(21d—A-2BA-})

Therewith, it is enough to maximize the radical of the root. Therefore, we substitute
A=2 = CB~% with C > 0 not necessarily symmetric and observe that A7z =
B~2CT. We obtain

det(A™") det(2Id —A~2 BA™2) = det(B ") det(CCT) det(21d —CCT).

Note, that CCT € R¢, ., and it is enough to calculate

Sym

sup {det(C’) det(21d—C) : € < 21d} :

nxmn
CERDym +

From the constraint 0 < C' < 21d we can write C = Id +D, where D is symmetric
and satisfies —Id < D < Id in the sense of quadratic forms. From here, we finally
observe

det(C‘) det(21d —C’) = det(Id +D) det(Id —D) = det(Id —D?).
Since D? > 0, we find the optimal C' given by Id, which yields that A = B. O

C.4. Jacobi matrices. For a smooth function f : R" — R™ denotes Df(x) the
Jacobi matriz of the partial derivatives of f in x € R™ given by

Df(x) = (jj( >>

i,j=1
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Lemma C.3. Let A, B € R™*"™ and f: R™ — R"™ smooth, then it holds

- x TM
V|Az + f(Bz)| = (A+ Df(x)B) e F B (©.3)
flz) 1 @) f@) )
Dt = e (e © o) A (©)

Proof. Let us first check the relation (C.3) and calculate the partial derivative

2
d|Az + f(Bz)| 1 d | |
de,  2[Az+ f(Ba)] Z dz; (2 Agke fa“-%)) (C5)

i

The inner derivative of (C.5) evaluates to

2
% (Z Ajie + fj(Bl")> =2 (Z Ajetr + fj(3$)> (Aji + W) :
K2 k . Z

(C.6)
The derivative of f;(Bz) becomes
dfj(Bl‘> - dfj (Zk Blk:vk, ey Zk Bnk:vk)
dx; N dz;
(C.7)

Hence, a combination of (C.5)

d|Az ;rxf(Ba:)l _ |A$+; ol Z i+ £(Bx)) (A;i(Df(Bz)B);;)
_ o7 LA+ F(Be)),
= ZJ:(A +Df(B )B)U | Az + f(B:C)‘ ’

which shows (C.3). For the equation (C.4), let us first consider the Jacobian of the
function F(z) = fo7» Which is given by

DF@) = ~ (1% o 2.
|| 2| ||

Then, by the chain rule, we observe that

D = DIF o f)a) = DF () D a).

which is just (C.4). O

ACKNOWLEDGMENT

This work is part of the Ph.D. thesis of the second author, written under the
supervision of Stephan Luckhaus at the University of Leipzig.

The authors are greatly indebted to Felix Otto for drawing their attention to the
low temperature regime and for several helpful discussions.

Moreover, they want to thank the anonymous referees for pointing out the role of
the Neumann boundary conditions in the Lyapunov argument.

They wish to thank the Max-Planck-Institute for Mathematics in the Sciences in
Leipzig where the paper was written under great working conditions. The second
author gives thanks the DFG project FOR718, the IMPRS of the Max-Planck-
Institute and the University of Leipzig for financial support.



[Arr89]
[BBOO]

[BBCGOS]

[BCGOS]

[BES5]

[BEGKO04]

[Ber11]
[BG99]
[BGKO5]
[Bhaog)]
[CarT2]

[CGOo6]

[CGW10]

[CGWWO09]

[CM10]

[DNS09]
[DS89)]
[DSC96]
[DV76]
[Eyr35]

[FWos|
[GMSvdMO2]
[GOVWO9]
[Gro75]

[HKNO4|

[HNO5]

PI AND LSI BY DECOMPOSITION OF THE ENERGY LANDSCAPE 57

REFERENCES

S. Arrhenius. On the reaction velocity of the inversion of cane sugar by acids.
Zeitschrift fiir physikalische Chemie, 4:226fF, 1889.

J.-D. Benamou and Y. Brenier. A computational fluid mechanics solution to the
Monge-Kantorovich mass transfer problem. Numer. Math., 84(3):375-393, 2000.
D. Bakry, F. Barthe, P. Cattiaux, and A. Guillin. A simple proof of the Poincaré
inequality for a large class of probability measures including the log-concave case.
Electron. Commun. Probab., 13:60-66, 2008.

D. Bakry, P. Cattiaux, and A. Guillin. Rate of convergence for ergodic continuous
Markov processes: Lyapunov versus Poincaré. J. Funct. Anal., 254(3):727-759,
2008.

D. Bakry and M. Emery. Diffusions hypercontractives. In Séminaire de probabilités,
XIX, 1983/84, volume 1123 of Lecture Notes in Math., pages 177-206. Springer,
Berlin, 1985.

A. Bovier, M. Eckhoff, V. Gayrard, and M. Klein. Metastability in reversible dif-
fusion processes. I. Sharp asymptotics for capacities and exit times. J. Eur. Math.
Soc. (JEMS), 6(4):399-424, 2004.

N. Berglund. Kramers’ law: Validity, derivations and generalisations.
arXiw:1106.5799, 2011(x):24, June 2011.

S. G. Bobkov and F. G&tze. Exponential integrability and transportation cost re-
lated to logarithmic Sobolev inequalities. J. Funct. Anal., 163(1):1-28, 1999.

A. Bovier, V. Gayrard, and M. Klein. Metastability in reversible diffusion processes.
II. Precise asymptotics for small eigenvalues. J. Eur. Math. Soc. (JEMS), 7(1):69—
99, 2005.

R. Bhatia. The logarithmic mean. Resonance, 13(6):583-594, September 2008.

B. C. Carlson. The logarithmic mean. Amer. Math. Monthly, 79:615-618, 1972.

P. Cattiaux and A. Guillin. On quadratic transportation cost inequalities. J. Math.
Pures Appl. (9), 86(4):341-361, 2006.

P. Cattiaux, A. Guillin, and L.-M. Wu. A note on Talagrand’s transportation in-
equality and logarithmic Sobolev inequality. Probab. Theory Related Fields, 148(1-
2):285-304, 2010.

P. Cattiaux, A. Guillin, F.-Y. Wang, and L. Wu. Lyapunov conditions for super
Poincaré inequalities. J. Funct. Anal., 256(6):1821-1841, 2009.

D. Chafai and F. Malrieu. On fine properties of mixtures with respect to concentra-
tion of measure and Sobolev type inequalities. Ann. Inst. Henri Poincaré Probab.
Stat., 46(1):72-96, 2010.

J. Dolbeault, B. Nazaret, and G. Savaré. A new class of transport distances between
measures. Cale. Var. Partial Differential Equations, 34(2):193-231, 2009.

J.-D. Deuschel and D. W. Stroock. Large deviations, volume 137 of Pure and Ap-
plied Mathematics. Academic Press Inc., Boston, MA, 1989.

P. Diaconis and L. Saloff-Coste. Logarithmic Sobolev inequalities for finite Markov
chains. Ann. Appl. Probab., 6(3):695-750, 1996.

M. D. Donsker and S. R. S. Varadhan. On the principal eigenvalue of second-order
elliptic differential operators. Comm. Pure Appl. Math., 29(6):595-621, 1976.

H. Eyring. The activated complex in chemical reactions. The Journal of Chemical
Physics, 3(2):107, 1935.

M. I. Freidlin and A. D. Wentzell. Random perturbations of dynamical systems,
volume 260 of Grundlehren der Mathematischen Wissenschaften. Springer-Verlag,
New York, second edition, 1998.

O. Gonzalez, J. H. Maddocks, F. Schuricht, and H. von der Mosel. Global cur-
vature and self-contact of nonlinearly elastic curves and rods. Calc. Var. Partial
Differential Equations, 14(1):29-68, 2002.

N. Grunewald, F. Otto, C. Villani, and M. G. Westdickenberg. A two-scale approach
to logarithmic Sobolev inequalities and the hydrodynamic limit. Ann. Inst. Henri
Poincaré Probab. Stat., 45(2):302-351, 2009.

L. Gross. Logarithmic Sobolev inequalities. Amer. J. Math., 97(4):1061-1083, 1975.
B. Helffer, M. Klein, and F. Nier. Quantitative analysis of metastability in reversible
diffusion processes via a Witten complex approach. Mat. Contemp., 26:41-85, 2004.
B. Helffer and F. Nier. Hypoelliptic estimates and spectral theory for Fokker-Planck
operators and Witten Laplacians, volume 1862 of Lecture Notes in Mathematics.
Springer-Verlag, Berlin, 2005.



[HNO6]

[HS87]
[HY95]

[JSTVO04]

[Jos08]
[Kra40]

[Led99]

[LedO1]

[Lel09]
[LL10]
[Miell]

[Muc72]
|Dks98]

[O1v97]
[OR07]
[OV00]
[Rot78]
[Rot86]

[Roy07]

[Sch10]
[Sch12]
[Sug95]

[Vil09)]

[Wal03]

[Wei07]

GEORG MENZ AND ANDRE SCHLICHTING

B. Helffer and F. Nier. Quantitative analysis of metastability in reversible diffusion
processes via a Witten complex approach: the case with boundary. Mém. Soc.
Math. Fr. (N.S.), (105):vi4-89, 2006.

R. Holley and D. Stroock. Logarithmic Sobolev inequalities and stochastic Ising
models. J. Statist. Phys., 46(5-6):1159-1194, 1987.

Y. Higuchi and N. Yoshida. Analytic conditions and phase transition for ising mod-
els., 1995.

M. Jerrum, J.-B. Son, P. Tetali, and E. Vigoda. Elementary bounds on Poincaré
and log-Sobolev constants for decomposable Markov chains. Ann. Appl. Probab.,
14(4):1741-1765, 2004.

J. Jost Riemannian Geometry and Geometric Analysis. Universitext — Springer,
5th ed., 2008.

H. A. Kramers. Brownian motion in a field of force and the diffusion model of
chemical reactions. Physica, 7:284-304, 1940.

M. Ledoux. Concentration of measure and logarithmic Sobolev inequalities. In
Séminaire de Probabilités, XXXIII, volume 1709 of Lecture Notes in Math., pages
120-216. Springer, Berlin, 1999.

M. Ledoux. Logarithmic Sobolev inequalities for unbounded spin systems revisited.
In Séminaire de Probabilités, XXXV, volume 1755 of Lecture Notes in Math., pages
167-194. Springer, Berlin, 2001.

T. Leliévre. A general two-scale criteria for logarithmic Sobolev inequalities. J.
Funct. Anal., 256(7):2211-2221, 2009.

F. Legoll and T. Leliévre. Effective dynamics using conditional expectations. Non-
linearity, 23(9):2131-2163, 2010.

A. Mielke. Geodesic convexity of the relative entropy in reversible markov chains.
Calc. Var. Partial Differential Equations, 48(1-2):1-31, 2012.

B. Muckenhoupt. Hardy’s inequality with weights. Studia Math., 44:31-38, 1972.
B. Qksendal. Stochastic differential equations. Universitext. Springer-Verlag, Berlin,
fifth edition, 1998. An introduction with applications.

F. W. J. Olver. Asymptotics and special functions. AKP Classics. A K Peters Ltd.,
Wellesley, MA, 1997.

F. Otto and M. G. Reznikoff. A new criterion for the logarithmic Sobolev inequality
and two applications. J. Funct. Anal., 243(1):121-157, 2007.

F. Otto and C. Villani. Generalization of an inequality by Talagrand and links with
the logarithmic Sobolev inequality. J. Funct. Anal., 173(2):361-400, 2000.

O. S. Rothaus. Lower bounds for eigenvalues of regular Sturm-Liouville operators
and the logarithmic Sobolev inequality. Duke Math. J., 45(2):351-362, 1978.

O. S. Rothaus. Hypercontractivity and the Bakry-Emery criterion for compact Lie
groups. J. Funct. Anal., 65(3):358-367, 1986.

G. Royer. An initiation to logarithmic Sobolev inequalities, volume 14 of SMF/AMS
Texts and Monographs. American Mathematical Society, Providence, RI, 2007.
Translated from the 1999 French original by Donald Babbitt.

Z. Schuss. Theory and applications of stochastic processes, volume 170 of Applied
Mathematical Sciences. Springer, New York, 2010. An analytical approach.

A. Schlichting. The Eyring-Kramers formula for Poincaré and logarithmic Sobolev
inequalities. PhD thesis, University of Leipzig, 2012.

M. Sugiura. Metastable behaviors of diffusion processes with small parameter. J.
Math. Soc. Japan, 47(4):755-788, 1995.

C. Villani. Optimal transport, volume 338 of Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences|. Springer-Verlag,
Berlin, 2009. Old and new.

D. Wales. Energy Landscapes: Applications to Clusters, Biomolecules and Glasses.
Cambridge University Press, 2003.

J. D. Meiss. Differential Dynamical Systems, Volume 14 of Monographs on Math-
ematical Modeling and Computation. SIAM, 2007.

GEORG MENZ, STANFORD UNIVERSITY

ANDRE SCHLICHTING, UNIVERSITY OF BONN
E-mail address: gmenz@stanford.edu, Schlichting@iam.uni-bonn.de



	1. Introduction
	1.1. Poincaré and logarithmic Sobolev inequality
	1.2. Setting and assumptions

	2. Outline of the new approach and main results
	2.1. Partition of the state space
	2.2. Discrete logarithmic Sobolev type inequalities
	2.3. Main results
	2.4. Optimality of the logarithmic Sobolev constant in one dimension

	3. Local Poincaré and logarithmic Sobolev inequalities
	3.1. Lyapunov approach for the Poincaré inequality
	3.2. Construction of a Lyapunov function
	3.3. Lyapunov approach for the logarithmic Sobolev inequality

	4. Mean-difference estimates – weighted transport distance
	4.1. Mean-difference estimates by transport
	4.2. Approximation of the local measures 
	4.3. Affine transport interpolation
	4.4. Proof of Theorem 2.12: Conclusion of the mean-difference estimate

	Appendix A. Properties of the logarithmic mean 
	Appendix B. Integration by parts on basins of attraction
	B.1. Properties of gradient flows
	B.2. The stable manifold
	B.3. The boundary of the basin of attraction

	Appendix C. Auxiliary results from Section 4
	C.1. Partial Gaussian integrals
	C.2. Subdeterminants, adjugates and inverses
	C.3. A matrix optimization
	C.4. Jacobi matrices

	Acknowledgment
	References

